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Separable infinite harmonic functions in cones

Marie-Francoise Bidaut-Véron
Marta Garcia-Huidobro
Laurent Véron

Abstract We study the existence of separable infinite harmonic functions in any cone of RY vanishing on its

boundary under the form u(r,0) = r~?w(c). We prove that such solutions exist, the spherical part w satisfies

a nonlinear eigenvalue problem on a subdomain of the sphere SV ~! and that the exponents 3 = 3, > 0 and

£ = P— < 0 are uniquely determined if the domain is smooth.
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1 Introduction

Let S be a C3 subdomain of the unit sphere SV ~! of RY and Cg := {A\oc € RN : A\ > 0, 0 € S} is the

positive cone generated by S. In this paper we study the existence of positive solutions of
1 2
Asu := §V [Vul” . Vu=0
in Cyg vanishing on 9Cs \ {0} under the form

u(z) =wu(r,o) = T*Bw(a)

(1.1)

(1.2)
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where # € R and (r,0) € R, x S™V~! are the spherical coordinates R"; such a function w is called a
separable infinite harmonic function. The function w satisfies the spherical infinite harmonic problem in

S
%v' Vw2 Vi + 828+ 1) [Viwlw+ BB+1)wd =0  inS

w=20 on 05

(1.3)

where V' is the covariant gradient on S™V~! for the canonical metric and (a,b) + a.b the associated
quadratic form. The role of the infinite Laplacian for Lipschitz extension of Lipchitz continuous func-
tions defined in a domain has been pointed out by Aronsson in his seminal paper [1]. When the infinity
Laplacian A is replaced by the p-Laplacian, the research of regular (5 < 0) separable p-harmonic
functions has been carried out by Krol [7] in the 2-dim case and by Tolksdorff [13] in the general case.
Following Krol’ s method, Kichenassamy and Véron [9] studied the 2-dim singular case (8 > 0). Fi-
nally, by a completely different approach and in a more general setting Porretta and Véron [12] studied
the general case. In that case, the function w satisfies the spherical p-harmonic problem in S

din ((5%2 + |V’w|2)pT_QV’w> + BB + [Vw[2) T w=0 inS

(1.4)
w=>0 on 9S

where \g = B(p — 1) + p — N and div’ is the divergence operator acting on vector fields in 7'S N=L
Following an idea which was introduced by Lasry and Lions [11], Porretta-Véron’s method was to
transform the equation (1.4) by setting

w:—llnw (1.5)
3 .

in the case 5 > 0. The function w satisfies the new problem

—dZ"UI <(1 + |V/w|2)p/271 v/w> + (1 + |V/w|2)p/271 (ﬁ(p— 1)|V/w|2 +)‘ﬁ) —0 in S

lim w(o) = oo,
p(o)—0

(1.6)

where p(o) := dist (o, 0.5) is the distance is understood in the sense of the geodesic distance on S.

In this article we borrow ideas used in [12] to transform problem (1.1) by introducing the function
w defined by (1.5). Then w satisfies, in the viscosity sense,

1
5V |V Vw+ 5[Vl + 26+ 1) [Ve]" +5+1=0 ins
1.7
lim w(o) = oc. (7
p(o)—0
We first prove

Theorem A. Let S € SN~ be a proper subdomain of SN=1 with a C3 boundary. Then for any > 0
there exists a Lipschitz continuous function w and a unique \(3) > 0 such that
1
—§V’ {V’w{Q N'w+ 3 {V’wrl +(26+1) |V’w{2 +ApB)=0 inS

lim w(o) = oo.
p(o)—0

(1.8)
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where p(.) is the geodesic distance from points in S to 0S.

We then prove that there exists a unique /3 such that \(3) = 5 + 1. In a similar way we study the
regular case with 5 < 0 and we obtain

Theorem B. Let S C SV~ be subdomain of M with a C® boundary. Then there exist exactly two
real numbers 3, > 0 and B_ < 0 and at least two positive functions w, and w_ in CH1(S) (up
to multiplication by constants) such that the two functions uy and u_ defined in Cg by uy(r,0) =
r=P+w, (o) and u_(r,c) := r~P-w_ (o) are infinite harmonic in Cs and vanish on 9Cs \ {0} and dC'g
respectively. Furthermore 4 and [5_ are decreasing functions of S for the inclusion order relation on
sets.

The previous results can be extended to general regular domains on a Riemannian manifold.

In the special case of a rotationally symmetric domain .S we have a more precise result which allows
us to characterize all the separable infinite harmonic functions in C's which keep a constant sign and
vanish on 9Cy \ {0}. We denote by ¢ € (0, ) the azimuthal angle from the North pole N on SV 1,

Theorem C. Let S,, be the spherical cap with azimuthal opening o € (0, ]. Then there exist two positive

Sfunctions w4 and w_ in C*°(S), vanishing on 0S, such that the two functions

7'r2
wi(r,0) = 1 T w, (o), (1.9)

and
2

u_(r,o) = rmw,(a), (1.10)

are infinite harmonic in C's,, and vanish on 0Cs,, \ {0}. The two functions w. and w_ are unique up to
multiplication by constants and depend only on the variable ¢ € (0, a/.

This study reduced to an ordinary differential equation which has been already treated by T. Bhat-
tacharya in [4] and [5]. But for the sake of completeness we present it in the last section of the present
paper.

Using these previous results we prove the existence of separable infinite harmonic functions in almost
any cone Cg.

Theorem D. Assume S C SN is an outward accessible domain, that is 0S = 0S°. Then there exist
two positive exponents ﬁ_]‘f > B and two positive functions w_]‘f and W' in C*°(S), vanishing on 0S
such that

ul (r,0) = r WM (o) and ul(r,0) = r W (o), (1.11)

are infinite harmonic in C's and vanish on 9Cs \ {0}.

Note that a similar result holds if one considers regular infinite harmonic functions in C's which
vanish on 0Cy.

Acknowledgements This article has been prepared with the support of the collaboration programs ECOS
C14E08 and FONDECYT grant 1160540 for the three authors.
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2 The General case

We assume that (r, o) € R, x SV~! are the spherical coordinates of 2 € RY. If u is a C'! function, then
Vu = u,e + %V’ u where e = % and V' is the tangential gradient of u(r, .) identified to the covariant

gradient thanks to the canonical imbedding of SV~1 into RY. Then |Vu[?> = u2 + % |V'u|?, thus

1 1 1
—Apott = — (u% - ﬁ]V’u]2> Uy — ﬁV' (u% + ﬁ\V'u]2> NV'u=0.

T

A solution —A,u = 0 which has the form u(z) = u(r, o) = r~Pw(0) satisfies, in the viscosity sense,
the spherical infinite harmonic equation

1
§V’ V> V'w+ (28 + 1) |[V'w]?w+ 8B+ Dw? = 0. (2.1)

Theorem 2.1. For any C? domain S C SN~ there exists a unique 3, > 0 and one nonnegative function
w € C%L(S) solution of

1
—§V’]V’w\2.V’w =28+ 1)|Vwfw+p(B+1)w® in S
w=0 in 0S.

(2.2)

such that the function (r,0) +— ug(r,0) := 1~ Psw(0) is positive and oo-harmonic in the cone Cy =

{x =X € RN : A\ >0, 0 € S} and vanish on 9S \ {0}.

Following Porretta-Veron’s method, we transform the eigenvalue problem into a large solution prob-
lem with absorption by setting

w——llnw (2.3)
=3 . .

Therefore the formal new problem is to prove the existence of a unique 8 > 0 and of a nonnegative
function w such that

1
5v’|v’w|2.v'w — BIVw|* =28+ 1)|Vw?=8+1 in S

(2.4)
w = o0 in 08S.

The two problems are clearly equivalent for C? solutions. Since the mapping w > w is smooth and
decreasing, it exchanges supersolutions (resp. subsolutions) into subsolutions (resp. supersolutions).
Therefore the two problems (2.2)-(2.4) are also equivalent if we deal with continuous viscosity solutions.

In order to increase the regularity of the solutions and to avoid the difficulties coming form the fact the
above problem is invariant if we add a constant to a solution, instead of (2.4) we consider the regularized
problem with absorption

1
—0Aw — §V’|V’w|2.V’w + 4| V'w* + 2y + D)|Vw?+ew=0 in S
(2.5)
w=o00 in 09,
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where ¢, § are two positive parameters. We will obtain below local estimates on V’w independent of € and
0. Thanks to these estimates we will let successively d and € to 0 and obtain that, up to a constant, the term
ew converges to some unique g called the ergodic constant although it has a probabilist interpretation
only in the case of the ordinary Laplacian [11]. The limit problem of (2.5) is the following

1
—§V’]V’w\2.V’w+’y\V’wl4+(27+1)\V’w\2+)\5 =0 inS 06
6)
w=o00 in JS.

2.1 Two-sided estimates

We denote the "positive" geodesic distance p(o) = dist (o, 9S). If o € S¢ we set p(o) = —dist (g, dS).
If o1 and o5 are not antipodal points there exists a unique minimizing geodesic between o and o. It is
an arc of a Riemannian circle (or great circle). The geodesic distance between o and o3 is denoted by
{(01,09). It coincides with the angle determined by the two straight lines from 0 to o1 and 0 toos. At
this point it is convenient to use Fermi coordinates in S in a neighborhood of 95. We set

Sy ={oeS:plo) <7}, S5=5\5., Ls={o€S:p(o) =1}

If 7 < 79 for any o € S; there exists a unique z, € 0S such that ¢(c,z,) = p(o). These Fermi
coordinates of ¢ are defined by (7, z) € [0, 79) x 9S. The mapping IT such that

(o) = (p(0), 2) Vo € S5

is a C? diffeomorphism from S, into [0,7) x 0S. The expression of the Laplace-Beltrami operator in
Sr, is given in [3]:
0u ou

i (N-2)H—+Au  Yo=T"(r,2)) (2.7)

A'u(o) = A

where H = H(r, z) is the mean curvature of 3, and A’Z is a second order elliptic operator acting on
functions defined on X,. If g = (g;;) is the metric tensor on SV=1 and by convention, |g| = det(g;;),

this operator admits the following expression
NZ o (Vs
0z \V oz

for some a; > 0 if we take for coordinates curve-frame z; a system of orthogonal 1-dim great circles
on I intersecting at z, (these circle corresponds to the (N — 2)-principal curvatures at this points). The
coefficients a; depend both on z and 7. Thus, if u depends only on p,

0%u ou
A/ =—— —(N—-2)H—. (2.8)
wo) =55 — (N -2)Ho
The expression of H is given in [3] and we can assume that 7y is small enough so that H remains

bounded.
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We extend the geodesic distance p(z) = dist (x,dS) as a smooth positive function so that p(z) =
p(x) if p(z) < 79 and thus, it the same neighborhood of 05, Vj(x) = n.,, the unit outward normal
vector to 0.5 at the point z, = Projsq(z).

If w depends only on p, (2.6) becomes

5w// _ (N _ Q)H’LU/ 4 w/?,w// _ ,Yw/4 _ (27 + 1)11)/2 —ew=0 in STO

w=o00 in OS. (2.9)

In the sequel we put
1 -
Ps(u) := —0Au — §V’\V’u\2.V’u + 4| V'ult + (27 + D) |V'ul? + eu = Ps(u) + eu. (2.10)
Proposition 2.2. There exist 1 € (0, 7], three positive constants M, €y and &y and two positive func-
1 1
tions w*, w, € C?(8S) such that w* > w, in S,, w* + =Inp € L>=(S) and w, + = Inp € L>=(S) with
v
the property that for any € € (0, €y] and § € (0, dy) the two functions

(o) = w* + 2.11)

and o
w(o) = w, — — (2.12)
€

are respectively a supersolution and a subsolution of Ps(u) = 0. Furthermore any solution w of problem
(2.6) satisfies w < w < w.

Proof. Let a > 0. We first notice by a standard computation that the solutions of

sy +y%y =t —ay?=0  in (0,1)

J(0) = o0 (2.13)

are negative and given implicitely by

) 1 46 Y. 1 a 1
—+(-—= — tan —— | = —p (2.14)
ay'(p)  \v a)Va 7Y (p)
In order to have a global estimate, we set 3y’ = —z~1, thus (2.14) becomes
0 )
i + <— — —) \/itan_1 (z\/§> =p, (2.15)
a v ooa a v
provided a > ~4. Since tan~! <z\/§> < z\/g, we derive

1
z(p) > yp <= 0>y (p) > T Vp >0, (2.16)

with equality only if p = 0. Since we can write (2.15) as

\ﬁé (Z 2) n (l _ §> \ﬁtan—l <Z\/§) — p > tan~! (;;\/E) , 2.17)
aa ¥ Y ooa a Y y
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we obtain
z < \/gtan (p, /ay) =19 (p) < —\/gcot (,0w /ay) Vp > 0. (2.18)
Finally
1 a
S Y'(p) < —\/; cot (py/ay)  Yp e (0,70). (2.19)
and in particular, for any 7, € (0, 79],
a
Y (p)| > \/;cot (7'1, /ay) Vp € (0,7]. (2.20)
From this estimate we derive
1 sin pg./ay 1 00
y(po +—ln<.7>§y,0 < y(po +—ln<—> Vp e (0, 7). (2.21)
(o) 5 (s ) < wo) < wloo) + S (5 (0.7]

The solution y depends on the value of a and §. Since 0S is smooth, we can assume that (N —2) |H |
is bounded by some constant 7 > 0 in S;,. Denote by w; a solution satisfying w(7) = 0, then it is
positive in S, and

Ps(w,) = (N — 2)Hw, + (2y + 1 — a)w? + ew,

> [wr|((2y +1—a)lwi| —m)

T

>l |(2y+1— a)\/gcot (T/@y) —m).

If we take 1 < a; < 2y + 1, we choose 7 := 7 € (0, 7] such that

a
(2y+1— al)\/;cot (ryary) > m, (2.22)

which implies that w; is a supersolution in .S;. In assuming now a := as > 27 + 1, we also have,
Pi(ws) < wl((2y+1 — ayw, —m) + ew,
< ] (29 + 1 - a)lwl] +m) + ew,

< |wl| (m— (a —2y— 1)\/§cot (T cw)) + ew;.
Y

We choose as = 4v + 2 — aq, then

m—(a—27—1)\/§cot(7'\/cw)§—c<0 v € (0,7].
Y
Therefore

Wr

w/
Ps(wr) < wy <e + —T>
Since w), < 0 and wr, (11) = 0T, there exists €y > 0, such that for any € € (0, €]

wr, (p)
wry (p)

€+ <-1 Vpe(0,7m].
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Therefore w;, o, and wr, 4, are respectively supersolution and subsolution of Ps(u) = 0in S;,. We
extend them in S7. as smooth functions 1, 4, and Wy, 4, in order ‘755(12)717%)‘ to remain bounded by

some constant M. Finally w = w0, , +M e lisa supersolution and w = Wy, 4, +M ¢~ 1 is a subsolution
of Ps(u) = 0.
Next, we replace w by
wy(6) = w(é+ h)

and w by
wp =w(d — h)

for h small enough, we still have a sub and a super solution of Ps(u) = 0 in S;, and Sy, \ Sp. In the
remaining part of S, we extend smoothly w;, and wy, in order Ps (wy,) and ﬁg(wh) be bounded. We
can adjust M in order Ps(w;,) < 0 and Ps(wy) > 0 in whole S, and all these manipulations can be
done uniformly with respect to h and e. If w is any C? solution of (2.5), we prove that it dominates the
subsolution w;, in S: actually, if we assume that w;, and w are not ordered in S, there exists oy € S such
that

wy,(00) — w(og) = max{w,(c) —w(c) : 0 € S} > 0.

Since the two functions are C2,
Vw, (o) = Vw(oy) and D*w,(00) < D*w(oy),
where D? is the Hessian form, in the sense of quadratic forms, i.e.
D*wy,(00)(Vawy (00), Vawy,(00)) < D*w(00)(Vw(ao), Vw(oo)).

This implies Ps(wy,)(c0) > Ps(w)(og) = 0, contradiction. Therefore

wy, < w in .S, (2.23)
uniformly with respect to h. Similarly

Wy, > W in S. (2.24)
Letting A to O the claim follows. 0

2.2 Gradient estimates
If op € S¥1and R < 7, we set Br(og) = {0 € SN~1: 4(0,00) < R}.

Proposition 2.3. Ler 0 < §,¢ < 1 and w be a smooth solution of
1
—§V’\V’wl2.Vw — Aw + | V'w|* + 2y + 1)|[V'w]? + ew =0 in Bg(og) C S, (2.25)

where S is a domain of SN L. Then there exists ¢ = c¢(N) > 0 such that

C
|V'w(og)| < R (2.26)
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Proof. Weset z = |Vw|?, then 2Aw = V'|V'w|2.V'w = V'2.V'w. We define the linearized operator
of A, at w following h by

d 1
Bu(h) = = Aco(w + th) [1mo= 5V'h.V'z 4+ V'w. V' (V'w.V'h).

Thus the linearized operator of A, + dA at w following h is
Ly (h) = By (h) + §Ah. (2.27)
Thus 1
Lo(z) = §|V'z|2 + V'w.V' (V' Vz) 4+ 6Az.
We can re-write (2.25) under the form
VwVz=2(v22+ (2v+ 1)z 4+ ew — 6Aw) . (2.28)

Thus
V' (V'wV'2) =2 ((2y2 4+ 2y + 1)V'z + eV'w — 6V (Aw)) ,

and then
Vw V' (V'wV'z) =2 ((2vz + 2y + )V'2.V'w + ez — 6V'(Aw).V'w) .

By the Weitznbock formula, since Ricc (SV 1) = (IV —2)go (go is the metric tensor on SV 1), we have

1
Az = |D2w|? + V' (Aw).V'w + (N — 2)|V'w|?
= ‘DQw‘Q + V' (Aw).V'w + (N — 2)z.
Hence 1
Ly(z) = 3 IVz)? +2((2v2 + 2y + D)V 2.V'w + 2z — 20V'w.V' (Aw))
+ 28 | D?w|? + 20V (Aw).V'w + 26(N — 2)z.

Expanding the above identity, we see that the terms of order 3 disappear, hence
1
Ly(z) = 5 V224 2((2v2 + 2y + 1)V 2.V'w + 2¢2) + 20 |D2w|2 + 20(N — 2)z. (2.29)

If ¢ € C?(Bg(0y)), we set Z = &2z and we derive

Ly(Z) = By(£22) + 0A(£22)
= 2L, (2) + 2L,E% + 2(V'w.V'E2)(V'w.Vz) + 26V'E2.V 2,

where 1
Lo = SV2VE + Vw.V (V. V'E) + A
1
= §V’z.V’§2 + D2w(V'E2).V'w + D22(V'w).V'w + 6AE?
= V'2.V'¢2 + D262(V'w).V'w + S AE?

> V2.V — 2| D?¢?| + 6AE2.
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By Schwarz inequality, (Aw)? < 1~ |D2w|2, we derive from (2.27) and (2.28),

1
Ly(z) > 3 IVz)? +4(2y2 + 2y + 1) (v22 4 (27 + 1)z + ew — Aw) + 4ez
20 9

1 )
> §|VZ|2+m(Aw) + 47223 — ¢,

for some ¢y = co(IN,y) > 0. In the sequel the different positive constants ¢; which will appear bellow
depend only on /N and ~. This implies

Ly(Z) > 2(V'2V'E — 2| D*?| + 6AE?) 4+ 2(V'w.V'E?) (V'w.V2) 4+ 20V'2.V 2

(2.30)
+§2< V22 + —— N (Aw) + 472z —co>
We choose ¢ such that 0 < £ < 1,|V¢| < ¢y R™! and | D%¢| < ¢;R72, then
2 ) 2
(z+26){V'z.V'£2| < M{V' | <= ‘V’zf%—@%,
2 2,2 c3(2 + 20)*
2 (30 2 | D) < 2L
|V'w.Vz{ <Vz|Vz|,
2
V'w.V€?) < 2¢ [Vul [Ve| < M,
4clfz|Vz| 22
[2(V'w.V'E*)(V'w.Vz)| < T |V/ | +C4R2

We consider a point zyp € Bpr where Z is maximal, then £, (Z )(zo) < 0, which implies that at this
point,

1 ) £2 cs(z + 26)?
2 (= 24— (Aw)? + 49223 — < = 2y A 2.31
& (51Vaf + o Ouf? + 4728 - ) < S 1vap + SO @31)
We assume R < 1 and 20 < 1, we multiply by £* and obtain
1 o 0¢8 c6((£22)% +1)
Z |£3Vz| + m(Aw)Q + 4,)/2(52,2)3 S T + co- (232)
From the inequality
20623 < (52 )?
we deduce .
€2, < 3_82 with cg = max {C7, 73} . (2.33)
If we assume that (og) = 1, we finally infer
Vuloo)| < Yo, (234
which is the claim. U

As an immediate consequence, we have
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Corollary 2.4. Let 0 < ¢,6 < 1. If w is a solution of (2.5) in S, it satisfies

c
Vuw(o)| < Vo € S, 2.35
VO o) (239
for some ¢ > 0 depending only of N.
2.3 Proof of Theorem A
We write
W = Ws ey
and )
—0Aw — §V IV'w|? V'w +~ |[V'w|* + (27 + 1) |[V'w|* + ew = 0, (2.36)

and ws . -, satisfies the estimate (2.35). By Proposition 2.2 it satisfies also

1 M M 1 M
——Inp—-—<w, Swsey W+ —<—=lnp+ — (2.37)
~ € € y €

The set of functions {ws . }e,s is clearly locally equicontinuous in S. By classical stability results on
viscosity solutions (see e.g. [8, Chap 3]), there exist a subsequence {ws, ¢~} and a function we ,, such
that ws,, ¢, — We ~, and we -, is a viscosity solution of

1
—=V'|V'w|2.V'w + BIV'w* + 28+ 1)|V'w*> +ew=0 in S
2 (2.38)
w=o00 in JS.

Furthermore w, , satisfies the same estimates (2.35) and (2.37) as ws . Put We(0) = we(0) —
We ~(00) With og € Q, then @ := W, , satisfies

1
—5V V5|2 V' + 7 [V'0|* 4 (2y 4+ 1) |V'@|? + et + ew(og) = 0. (2.39)

Moreover
c
|We ~(0)| = |we,(0) — we~(00)] < max {— 1T € o, 00]} lo — o9l
i o) e 7

Thus, as € — 0, e, — 0 locally uniformly in .S. Up to some subsequence {e,}, W, , — w locally
uniformly in S and €,we, ~(00) — A(7y). Asin [12] the expression A(y) does not depend on o. By
analogy with the semilinear case studied in [11], this last limit is called the ergodic limit. By the same
stability results of viscosity solutions, we infer that w., is a positive solution of

1
— V|V Vw+~ |Vw* + 2y +1) [Vw?+ A7) =0 inS

2 (2.40)
w=o00 onds.
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Furthermore, there holds from (2.37) and (2.35),

1
‘wv—k—lnp <M, (2.41)
Y
and .
Vuw,| < —. 2.42
V| < 4

Proposition 2.5. For any C? domain S C SN71, the ergodic limit \(v) := (v, S) is uniquely de-
termined by . Furthermore it is a continuous decreasing function of v and S for the order relation of
inclusion.

Proof. Assume that the set {ew, (o)} of values of the solutions of (2.40) at oy admits two different clus-
ter points A\; and Ao. Then there exist two locally Liptchitz continuous functions w; and wo satisfying

—%V’|V’wi|2.V’wi+7|V’wi|4+(27+1)|V’wi|2+)\l- =0 in S, (2.43)
in the viscosity sense, and such that
wi(o) = —% Inp(o) (14 o0(1)) asp(o)— 0. (2.44)
We can assume that A\; > Ag. For e > 0let v = (1 4 €)wy. Then
—%V’|V’U|Q.V’v + (1 +e) YV + 1 +e)2y+ DIV +(1+€3X=0 inS. (245)

For X > 0, we put

F(X) = 17;6)(2 — 27+ 1)eX + A — (14 €)* X
Then
€ € € 2

Therefore there exists ¢y > 0 such that for any X > 0, f(X) > 0, or equivalently
(146 X2+ (1+)2y+ DX + (14 63X <y X%+ (27 + 1) X + Ay (2.46)
This implies that
1
—§V’|V’U|Z.V’v+7|V’v|4+(27+1)|V’v|2+)\1 >0 inS, (2.47)

in the viscosity sense. Since wy; < v near 0.5, it follows from comparison principle that w; < v in S.
Letting € — 0 yields
w1 < wo in S. (2.48)
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Since for any k € R, wy + k satisfies the same equation as w; and the same estimate (2.44) as the w; we
obtain a contradiction. Thus A = A(7y) is uniquely determined.

For proving monotonicity, assume y; > 2 > 0 and let w, 1 and w, » be solutions of
1 .
—§V'\V'ws,i\2-vlws,i + 7 V'weal* + (27 + 1)IV'weif> + ewe; =0 in S, (2.49)

such that 1
wei(0) = ——1Inp(o) (1+0(1)) asp(o) — 0. (2.50)

2

Then 1

—§V’|V’we,1|2.v’we71 + 72|V'w6,1|4 + (2’}/2 + 1)|V'w€,1|2 + ewe 1 < 0.
Since we 1 < we2 near 99, it follows by comparison principle that w. 1 < w, 2 in S and in particular
€W < €W o. Since A\ = limy, o0 €W, 1(20) and Ag = lim,,_, o €we,, 2(x0), we infer that A; < Ag.

For proving the continuity, let {7,,} be a sequence converging to « and let w,, be corresponding
solutions of

1
—§V’|V’wn|2.v’wn + Y| V' |* + (290 + D|V'wn|? + AMym) =0 in S, (2.51)
subject to
1

for some K > 0 independent of n. Since {wy, } is locally bounded in W/lf)’coo (€2) we can extract sequences,
denoted by {wy,, }, {\(wp, )} such that A(w,, ) — A and wy,, converges locally uniformly to a viscosity
solution w of

1 _
—§V’|V’w|2.V’w +y|V'w* + 2y + D)|Vw?+X=0  inS, (2.53)

1
subject to w(o) = ——1Inp(o) (14 o(1)) as p(0) — 0. The existence of such a function implies that
v

A = A(7). Thus the whole sequence {\(7,,)} converges to A(7), a fact which implies the continuity.

Next, let 51 C S5 be two C* subdomains of SV, We denote by ws ¢ +,5,. 7 = 1,2, the solutions of
(2.5) respectively in S and Ss. Since these solutions are limit of solutions with finite boundary values
and that the maximum principle holds, we infer that ws, 5, < Wse~,5, in S1. Letting & — 0 yields
We 9y < Wep,s,- Taking g € Sp and since the ergodic constant is uniquely determined, we have
€We ~,5,(00) < €we .5, (00) and thus A(7, S2) < A(7, S1) and finally A(7, S2) < A(7, S1).

O

2.4 Proof of Theorem B

We prove below the following proposition using the result of Theorem C, which proof does not depend
on the previous constructions.

Proposition 2.6. For any C? domain S C SN™1, there exists a unique 3 := Bs such that \(3) = 3+ 1.
Furthermore Bg is a decreasing function of S for the order relation between spherical domains.
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Proof. The function 7y — A(7, S) — is continuous and decreasing. For € > 0 we consider two spherical
caps S; C S C Se; by Proposition 2.5

A, 8e) < A, 5) < Ay, Si), (2.54)

then
AV, 8e) =7 S A1, 8) =7 < A(Y, Si) — . (2.55)

By Theorem C, there exists v = g, and v = g, such that

)‘(/8567 Se) - /Bse =1 and )‘(ﬂsia SZ) - ﬂsi - 17

and g, < (g, unless A\(8s,,Se) = A(Bs;,S;) and S; = S.. This implies that

ABs,,S) = Bs. > 1 and A(fBs,;,S) — Bs; < 1. (2.56)

By continuity there exists a unique 3 = g € [Bs,, (s,] such that A(8g, S) — Bs = 1. To this exponent
{3 corresponds a locally Lipschitz continuous function w solution of problem (2.4). Then w = e """ is a
viscosity solution of (2.2). Notice also that the construction of Sg and the monotonicity of S — A(y, S)
imply that S — [g is decreasing.

Similarly we can consider separable infinite harmonic functions under the form (1.2) with negative
B < 0. We set = —f3, then (2.2) is replaced by

—%V’]V’w\Q.V/w =328 - D|V'wfPw+ BB -1)w®  in S

(2.57)
w=0 in 0S.
If w is a positive solution of (2.57), we set
1
w=—=lnw
B
Then w satisfies
Lrior 12 o 3o, |4 3 1,12 ot .
5V [Vul" Vu+g|Vol + @28 -1 [Vu["=-1 inS
2.58
lim w(o) = oo, (239
p(o)—0
This equation is treated similarly as (2.4). O

Remark. 1t is an open problem whether the positive functions which satisfy (2.2) are unique up to the
multiplication by a constant. Up to now the only thing that we can prove is that any two positive solutions
w1 and wo satisfy

w w
0 < infg “L < supg “ < . (2.59)
w9 w2
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3 The spherical cap problem

3.1 Problem on the circle

For k € N, we set , ,
k ~ k
= orr1 M=

Bk

15

(3.1)

Proposition 3.1. For any k € N* there exists two T -anti-periodic C™ functions wy, and Wy, positive on

(0, ) such that x ]w\*ﬁkwk(ﬁ) is infinite harmonic and singular in R*\ {0} and = \x]*Bchk(‘—fJ‘)

is infinite harmonic and regular in R

Proof. We write V'w = w,et with S' ~ R/27. Thus (2.2) becomes
—wWywes = B3(B + 1w + B(26 + 1wiw,

which for w # 0 can be written as

3 W?f 3
—=2200 — 526 +1)25 + BB+ 1).

WesetY = &,then Y, +Y2= Yoo and
w w

VY, =Y + BB+ )Y + BB+ 1) = (Y2 + B%)(Y? + B(B + 1)).

Standard computation yields

B B+1 B
<Y2+62 - Y2+B(6+1)>Y"_1
Case 1. If § = —1, (3.3) becomes

Yo _
Y241 ’
thus
tan"'Y(0) = —0 = Y (0) = —tano = w(0) = sino.

This corresponds to the fact that the coordinate functions are separable and infinite harmonic.

(3.2)

(3.3)

(3.4)

(3.5)

Case 2. If B(3 + 1) > 0, or equivalently either 3 > 0 or 8 < —1, since Y is C'! and 4a-periodic, then
ko = 7 for some k € N*. Fixing w(0) = 0, w,(0) > 0, we see from (3.2) that w has to change sign.

Assuming that 0 = « is the first critical point of w on (0, 4cr), we derive

[tanl (5) - (L)
3 5 NCCES) P
with Y'(0) = oo, Y () = 0. This implies
6+1 T B 2
( B _1>§_a{:>5_4(a2+0m)'
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If 6 > 0, the periodicity condition yields

B+1 1 k?
:1 — _ _ .
B T T AT

()

and the periodicity condition implies

[B+1 . 1 R
5 _1—E<:>5_ﬁk_1_2k. (3.7)

Case 3. If B(5 + 1) < 0 or equivalently —1 < 3 < 0, we can write (3.3) under the form

d tan1<z> 1/5“1 VBBV (3.8)
do B 2V - Y+\/ B(B+1) ' '

Then Y runs from Y (0) = oo to Y (a) = 0, but it could happen that Y is not C* on whole (0, «)
in particular for the value oy where Y (0g) = /—8(8 + 1). From the equation it would mean that
wy(0p) = 0 i.e. the graph of w has an horizontal tangent at o = 0. We can integrate (3.8) on (0,009 —€)
and let e — 0. Since § > 0, it yields

g+tan_1<M>_% ﬁ+1ln<|YUO—€ W|>

(3.6)

fg<—1

B - Y(og—€) + ,B(ﬂ-l-l
The left-hand side expression tends to co when € — 0. Hence there is no such 5 € (—1,0). u

Remark. When k = 1 the coordinate functions are infinite harmonic and vanish on a straight line. When
k = 2 the regular solution with —f3; = =

4
3

u(e,y) = b —y
has been discovered by Aronsson [2]. The corresponding circular function, w(o) = (cos O')% —(sino) 5,
admits four nodal sets on S'. When k = 1, then ; = % It is proved in [4] that any positive infinite
harmonic function in a half-space which vanishes on the boundary except at one point blows-up like the
separable infinite harmonic function u(r, o) = r_%w(a).
3.2 Proof of Theorem C
The following representation of SV~ is classical

SN-L = {o=(singpo’,cos¢): 0’ € SN2 ¢ e [0, 7] }

Then V'w = wge + V/ ,w where e is a tangent unit downward vector to .S N=1 following the great circle

going through the point ¢. Then |[V'w|* = w3 +|V/,w|?, thus, if w depends only on ¢, we have

1
§V'|V'w|2.V'w = w¢¢wi.
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Therefore such a function w, if it is a C'! solution of (2.2) in the spherical cap S, defined for ¢ € (0, @),

satisfies
—w¢¢wi = 626 + 1)wiw¢ +B3(B+ 1w in(0,a)

3.9
wo(0) = 0, w(a) = 0. 39
The conclusion follows from Proposition 3.1. U
Remark. If oo = 7, the exponent 5 is % and w := w__ is a positive solution of
9 5 .
— Wi = MW?’ + 3—2wgw in (—m,m) (3.10)

w(—7m) =w(n) =

Then the function u_, (r, ) = r*%wzc (o) is an infinite harmonic function in RV \ L_,, which vanishes

on the half line L__ := {x = t¥ : t > 0}. The function Y = £= can be computed implicitly on (0, 7)
»e w

thanks to the identity

tan~1(8Y () — 3tan1(§Y (0)) = 0. (3.11)
This yields, with Z = &, tan=1(3Z(0)) — 3tan~!(Z(0)) = o, hence
37 —tan(3tan—1(2)))
=t 3.12
1+ 3Ztan(3tan=1(Z)) me ©-12)
since 5
3tanz — tan’ x
t =
an(3z) 1—3tan?z
This yields
—87°
S 3.13
15 62° 371 ano, (3.13)

which gives the value of Y by solving a fourth degree equation and then w = w__ by integrating Y".

Using Theorem C we can prove the existence of a singular infinite harmonic function in a cone C_
generated by a spherical annulus Sy ,, of the spherical points with azimuthal angle k < ¢ < .

Proposition 3.2. Assume 0 < k < o < 7 and let v = %(a — k). Then there exists a positive singular

infinite harmonic function u and a regular infinite harmonic function u inC which vanish
Sk,a Sk,a Sk,

respectively on 0Cg_ \ {0} and OC_  under the form ug__(r,0) = rPsna wg, , and ug (r,o) =

5T
r Seawl  where
Sk,a
2 2

T and ﬁ; = T

dv(m + v)
and wg_ and wlﬁ , are positive solutions of (3.2) in Sy o with B = B ., and ﬁ;m . respectively,

Bspa = (3.14)

d(r—v)’

vanishing at k and c.

Proof. By Theorem C there exists a positive and even solution w of
d)wwi = B(28 + 1)&? 500 + BB+1)o in(—v,v):=(3(k— ), 3(a— k)
w(-=v) =0, w(v )—0

with § = 3, or 8 = ﬁ;n .- Then ¢ — w(@) := &(¢ + (k4 a)) is a positive solution of (3.2) in
(K, «). The proof follows. O

(3.15)
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3.3 Proof of Theorem D

The next technical lemma is a variant of Proposition 3.2 and Proposition 3.2.

Lemma 3.3. Assume 0 < o < 7 and €,y > 0. Then the solution v = v 5 o of

020"+t (2y+ 1)V +ev =0 in (0, )
v(0) = 00, v(a) = o0,

(3.16)

is an increasing function of €. If 0 < oo < «, there exists A = M «,y) = lime_,0 €V 4, (00) and this
value is independent of 0. The function O = Uc .o = Ve ~,a — Veq,a(00) converges locally uniformly in
(0, ) to a solution v = v,y of

V20" ™t 2y F D2 A =0 in (0, )
(3.17)
v(0) = 00, v(a) = 00,
with
L (— 2 (3.18)
A =—|(——7(2 1 . .
(@) = 7 (T - v+ )
Furthermore .
U'y,oz(¢) = _; Ing as ¢ =0, 3.19)
and .
Uy,al) = - In(a —¢) as ¢ — a. (3.20)

Proof. From the proof of Theorem A, we know that v, o is an increasing function of e. It satisfies
estimates (2.37) and (2.35). Furthermore there exists A = A(c,y) = limc_,0 €vc 4,o(00) > 0, which is
a value independent of og € (0, ), and ¥ = V¢ y,0 = Ve,y,a — Ve v,a(00) converges locally uniformly in
(0, @) to a solution v = v, o of (3.17). Weset Y = —~v/, then

VY 4+ Y4+ 92y + 1)Y2+ A2 =0 in (0,a)

We write it under the separable form

y? Ve 1o A? 1 B2 1 vi— 1
Y4+ 42y +1)Y2 + \y3 B A2 —B2Y24+ A2 A2 - B2Y?4 B2 -

for some A, B > 0 and with A > B if we assume 2y + 1 > 2y\. Actually A?B? = \y3 and
A% + B? = y(2y + 1). Thus

<Atan1 (%) — Btan™! (%)) = B? - A? (3.22)

By integration on (0, ) we derive the identity

A+ B= g (3.23)
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Since A+ B = \/7(27 + 1) + 24/\y3, we deduce (3.18) from (3.23). Finally, since

tan"!'z =

1 1
g 2 + 3.3 +0(27%) when z — oo,
we derive

T U ;
(@)~ ¥(g) ¢TOW) whené =0

from (3.22), which implies (3.19) by I'Hospital rule. Relation (3.20) is proved similarly.

O

Next we denote by S, (a) the spherical cap with vertex a € S™V~! and azimuthal opening « from a
and S¥(a) = Su(a) \ {a}. The next statement is a rephrasing of Lemma 3.3 in a geometric framework.

Corollary 3.4. Let o, € and v > 0 be as in Lemma 3.3 and a € SN~™1. Then there exists a unique
solution W = Wq o~ Of

1
—§V’ V'w|®> V'w + 5 |Vw|* + (27 + 1) [V'w|* + ew =0 in S¥(a),

li =

E(U}ar)gow(o) 00, (3.24)
lim w(o) =00

L(o,a)—a

rotationally invariant with respect to a. If a is replaced by o' € SN™1, the solution Wa! a,y,e Of (3.29)
in Sk(a’) is derived from wg. o . by an orthogonal transformation exchanging a and a'. The mapping
€ = Wa,a,y,e is decreasing and for any og € S} (a)

hII(l] Ewa,a,'y,e(o-()) = )\(Oz,’)/) = )‘(75 S;(CL)), (3.25)
€e—

(this notation is coherent with (v, S) already used). The function Wa o~ = Wa,a,y,c — Wa,a,v,e(00)
converges locally uniformly in S},(a’) to the unique viscosity solution w := wq,«  rotationally invariant
with respect to a of

1
—§V’ ]V’w\Q Nw+ v ]V’w\A‘ +(2v+1) \V’w\Q + Ma,y) =0 inSk(a),

li =
o, () =00 (3.26)
lim w(o) = .
L(o,a)—a
Finally
1
Wa,a~(0) = —; In({(a,0)) +O(1) as o — a, (3.27)
and )
Wa,aq(0) = - In(a—¥(a,0))+O(1) as £(o,a) — 0. (3.28)

The following statement is formally similar to Corollary 3.4. It makes more precise the approxi-
mations used in the proof of Theorem A, in the construction of the proof of Theorem B in the case
o =T.
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Corollary 3.5. Let e and v > 0 and a € SN™L. Then there exists a unique rotationally invariant with
respect to a solution v = vy - ¢, of

1
-5V V0> Vo4~ Vol + (27 + 1) [V +ev=0 in SV 1\ {a},

3.29
lim w(o) = oo, (3:29)
£(o,a)—0
For any og € SN\ {a}
I (00) = A() = —— (X — 52y + 1) 2 (3.30)
51—I>I(1) €Va,v,el00) = (7) = 4[_}/3 4 Y 2y : .

The function Uy, ~ ¢ = Vg ~.c —Va.~.c(00) converges locally uniformly in SN =1\ {a} to the unique viscosity
solution v := v, rotationally invariant with respect to a of

1
—5 VIV Vot [Vl + (29 + 1) [V + A(y) =0 in SY\ {a},

31
lim wv(o) = c0. 33D
L(o,a)—0
Finally
1
Vay(0) = ——In(l(a,0)) +O(1) as o — a. (3.32)

v

As in Corollary 3.4, if a is replaced by ' € SV, the solution v, - . of (3.29) in SV~1\ {a'} is
derived from v, by an orthogonal transformation exchanging a and a’. The mapping € — g is
decreasing.

Proof of Theorem D. Step 1: Approximate solutions. We consider two sequences of smooth spherical
domains, {Sj} and {5} } such that

Sk C Sk C Ser1 €S and | S =5,
k

S C Sy CSpyr €S, and int <ﬂs{<> =8.

k
Such a sequence of domains {5} } exists since 9S = dS°. To each domain we associate the positive
exponents 3, := fg, and 3}, := ﬁs;c and the corresponding spherical p-harmonic functions wy, := wg,
and w), := wg; , defined respectively in Sy and S}, and such that wy(cp) = w},(0g) for some oy € S,
so that the functions uy,(r,.) = 7~ Pkwy and u) (r,.) = r~Pkw), are respectively p-harmonic in the cones
Cs, and Cg, and vanishes on 9Cy, \ {0} and 0Cs; \ {0}. For 7,6, e > 0, we denote by wg s, the
solution of

1
—0Aw — §V’ IV'w|? V'w +~ |Vw|* + (27 + 1) [V'w? +ew =0 in S,
(3.33)

lim w(o) = 0,
pr(0)—0
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and by wy, _ 5 _the one of

1
—0Aw — §V’ V' |2 V' + 5 V' |* + (29 + 1) [V |? +ew' =0 in S,
(3.34)
lim w'(0) = oo,
()0

where py,(.) = dist (., 0S,) and pj,(.) = dist (., S}, ). By the maximum principle all the functions wy . ;.
and wy, - s . are positive and the following comparison relations hold:

(Z) wg,%&e < W ~,5,¢ in S]; Vk, 0> 0,

(41) Wy 56 S Whvy,6,e in S, Vk </,

(i) Wy s Zwhos. S, Vk<Y, (3.35)
(iv) wk7%575 § wkﬁ,(;,e/ in Sk VEI S €,

(v) wﬁcm&e < wz,%&e/ in S}, Ve < e.

Furthermore it follows from Corollary 2.4,

1 Vwg 56.600)] < Vo € Sk,
‘ .
i1 ‘Vw’ (o (g Vo e S,
( ) k7,96, ( ) P;(U)
where ¢ = ¢(N'). Moreover, similarly to in (2.37),
1 M, 1 M,
(i) —~Inpi(0) = = Swpgse0) < —~lpp(o) + = Vo €Sy,
K ‘ ! ‘ (3.37)
. . 1 / M]’C / 1 / M]’C ! .
(11) - In p).(0) — - <w5.(0) < - In pj.(0) + -~ Vo e S;.

We let 5 — 0 and derive that, up to a subsequence, Wy .5,.c —+ Wk, locally uniformly in S and
Wy, 5.« — Wy, locally uniformly in Sj. The two functions wg  c and wy, _ _ satisfy (3.35), (3.36)
and (3.37) and are viscosity solutions of

1
—§V’ IV'w|? V'w +~ |Vw|* + (27 + 1) [V'w]> +ew =0 in S,

(3.38)
lim w(o) = oo,
pir(0)—0
and 1
2 4 2 .
—§V’ V'W'|" V' + 4 VW™ + (27 4+ 1) VW |+ ew’ =0 inS) 539

lim w'(0) = oo,
P}, (0)—0
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respectively. Furthermore w), e S Wiy in Sy for any k, £ > 0, (k, €) — wy,,  is nonincreasing and
(k,€) — w) e is nondecreasing with respect to k£ and nonincreasing with respect to e. Next we let
k — oo. Then wy, ¢ | wyc and w1 w’, . The two functions w’, . and w., . are defined in S and are
nonincreasing functions of e. Furthermore there holds

(1) wlwng% <w <w7€§wkw§w17€ Vk, 0> 1,

(74) max {{wa,e( { |Vw, (o ]} < Vo € S, (3-40)

where ¢ = ¢(NN). Estimate (3.40)-(i) can be made more precise in the following way: for each o € S,
there is ky € N such that o € Sy and

1 1 1 1

__ _Z < < __

fylnp() egﬁa):Mk Wy (o) < fylnp()—l—eglkriMk, (3.41)
and

Uinp(0) = L max ML <!, (0) < — L Inp(o) + 2 min M] 342

) e ML S W () S Tnpl) ¥ Ty @

Step 2: boundary blow-up.

The compactness of approximate solutions vanishing at a fixed point in the local uniform convergence
topology is easy to obtain thanks to the uniform estimate of the gradient. The main difficulty is to preserve
the boundary blow-up when the parameters k, 7, J, € tend to their respective limit.

Case 1. We first assume that there exist g € S, two decreasing sequences {¢, }, {J;} converging to 0
and an increasing sequence {k; } tending to infinity with the property that

, .
Wi, 5 5.6 (00) < Emwkm 5p.em(00) forall m <mn, jleN. (3.43)
. ~/ o /
Since Wi, 5, e = Wi v 5pen — wkjmémn(ao) satisfies

— 8y A" — %V’ ’v/qjj’2 N+ v ’v/qjj‘ﬁl +(2v+1) ’v/w\ + €, + ank],,y 5pen(00) =0 in S,Q,j
lim w(o) = oo,
P; (0)=0
(3.44)
there holds

-, - )
Wk ~,80,en z Wk ~,80,6m forall m <n, j, £ €N. (3.45)

. : , , . o , .
Letting oy — 0 we derive that w;, = W e locally uniformly in S k; and W yen satisfies

j7775Z76n

1
—§V’ Vw2 V'w+~ |[Vwl|* + (27 + 1) [Vw|* + eqw =0 in S,;j

lim w(o) = 0. (3.46)
pggj (o0)—0
Furthermore, forallm <n, j € N,
(i) Wiy vien 2 Why yiem
(ZZ) w;€j7'y75n o ;CJ ( ) Z w;Cj7’y75m o w;CJ 7775m(0'0) (347)

(141) enw;%_mE (00) < emwk e (00)-
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By monotonicity with respect to S " w), as j — oo. Leta € 95 and {a;} C 05,
converging to a (such a sequence exits since 9S = 95¢). Let Va; e, DE the solution of (3.29) with

€ = €, and a = a; which exists by Corollary 3.5. Then

/
77 €n T wﬂ/ve’n

/ .
vaj777€n < wkj,'y,sn mn Sk‘j (348)
Since v e, 1s obtained from Vaj y,en by an orthogonal transformation on .S N=1 we derive
Vay,en < wfy,en in S. (3.49)

This proves that w’, . is a viscosity solution of

1
—§V’ V'w|? V'w+~ |[Vw|* + (27 + 1) |[Vw? + ew=0 inS

. (3.50)
lim w(o) = oo,
p(o)—0
and from (3.47),
(i) W, 2 W,
(”) w'lﬁfn B w'lﬁfn (UO) Z w',nym B w'/YvEm (O-O) (351)
(#4) enw’, . (00) < epur, . (00)-
Because 0, = w!, . —w . (00) is increasing with respect to n, locally compact in the topology of
local uniform convergence and satisfies
1
5V V' V' 4 [Vl + (29 + 1) V'] + e + equl, ., (00) =0 in S 15
lim w(o) = oo, (3:52)
p(o)—0

/

. ) ) . o .
and since e, w’, . (00) — N (7,5) as n — oo, we infer that @), = limy, o @,

continuous viscosity solution of

is a locally Lipschitz

1
—5V V'@ V' +y |V'a|* + (27 +1) VD + XN (7,5) =0 inS

lim @(o) = oc.
p(o)—0

(3.53)

Case 2. If the condition of Step 1 does not hold, for any oy € S there exist two decreasing sequences
{€n}, {6¢} converging to 0 and an increasing sequence {k; } tending to infinity, all depending on o, such
that

A/(ry’ S) > Enw;ﬁ,%&bgn (00) > emwzmﬁﬁm,em (00) Vn >m, (3.54)

where

NOwS)= | Hm ety 5,0,(%):
/

-, B
We fix some o € S. Then Wi, .600en = Wy y,50sen

, :
— wkj,v,ég,sn(ao) satisfies

1
—0 AT — SV IV'B[* 4+ [V'd|' + (27 + 1) [V + ey + N(7,5) >0 in S},
lim  @(c) = oo. (3.55)
P; (0)=0
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We introduce the problem

1
—0AZ — SV V' ZP 4y V2 + 2y + 1) V' ZP + enZ + N (7,5) =0 inS)

J
lim  Z(o) = 0. (3.56)
pggj (o)—0
Since (3.56) can be re-written as
1
—0 A7 = SV V' ZP A V2 + 2y + DIV Z )P+ e Z =0 in S
(3.57)

lim Z'(0) = oo,

with Z' = Z + ¢, Ly (v, .S), existence is ensured by the approximation by finite boundary data as above.
We denote by Zj,; +,5,,c, and Z},__ 5 . . which coincides actually with @y, _ 5 . . the solutions of (3.56)
and (3.57) obtained by such approximation. Using Corollary 3.5 as in Case land comparison, we obtain
the following estimate

X(.S) _ X(3.5)

v [e— fe—
Ok V5En en  — Kkimdeen

_ ~/ : !

€n - ijv%fse,ﬁn < wk}j,’y,6575n m Sk;j’ (358)
where, again ai; € Sy, and vy, ., is the solution of (3.29) with € = ¢, and a = a; which exists by

J
Corollary 3.5. Now the sequences {Z; ».5,.c, }en.k; a0 {Wk; .5, }&, are increasing. Letting succes-
sively 6 — 0 and k; — oo we infer that, up to a subsequence, ij,v,éz,en converges locally uniformly
~/ : ~/ _ / / :

to some Zmen'and Whj ry,60,n COMVETEES locally uniformly to some @/, = w/  —w. . (00) which are
respectively viscosity solutions of

1
5V VZP+4 IV Z + 2y + 1) V' ZP+ N, 8) +6,Z2=0 inS

lim Z(0) = oc. (3:59)
p(e)—0
and
1
5V V'@ 4~ V0] + (27 + 1) [V + epu, ., (00) + € =0 in S \ 0
lim w(o) = oo. (3.60)
p(o)—0

Furthermore Z, ., and u?imn are locally bounded in S, relatively compact for the local uniform topology
and they satisfy
Zyen S0, in S (3.61)

Atend, the sequence {Z, c, }, is nondecreasing. Hence, up to a subsequence, {«, . } converges locally
uniformly in .S to some u?fy which satisfies

lim Z =7, <w
en—0 Vy€n Y =

5 inS. (3.62)

Since

lim Z,., (0) =00 < lim Z,(0),
p(a)—=0 "

p(o)—0
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it follows that uN)fy is a locally Lipschitz continuous viscosity solution of (3.53).

Because of (3.35) we can easily construct the solution -, of

1
5V V5|2 Vi 4~ V') 4 2y + 1) V'O +A(,5) =0 inS

lim w(o) = oo,
p(o)—0

(3.63)

as approximations from inside, with A(, S) > X'(v, S) and it dominates w0,

Step 3: end of the proof. As in the proof of Proposition 2.6, the functions v — X(v,S) — v and
v +— A(v,S) — v are non increasing functions of . We recall that A(c,y) = (7, S%(a)). By formula
(3.18), for any o > 0 limy_,0 A(cr,7y) = o0. Since

A7, 8) =y >N, 8) —v > Am,y) — v (3.64)

it follows that (v, S) — v and X (7, .S) — ~ converge to infinity when ~ converges to 0. Let a > 0 such
that S, (a) C S forsome a € S. If

7T2

v = Bi(a) = Ta(r+a)

then A(a, B+ (a)) — B+ (a) = 1. Since

N(B4(a), §) = Bi(a) < A(By(a), S) = Bi(@) < MB+(a), S(a) — Bi(a) =1, (3.65)
it follows that
inf {\(7,8) —v:v >0} <inf{A(,5) —v:7y>0} <1 (3.66)
We set
BY =inf {y: X(7,8) —v <1} and BT =inf{y:N(y,5)—~<1}. (3.67)

Let {7, } be a sequence decreasing to 37" when v — oo and such that lim, o, X' (7,,5) = 7 + 1.
As in Step 1 we denote by w;ﬁ'ﬁuyébfn the solution of (3.34) with (k;,7,,0¢,€,) = (k,7,6,€). There
always holds

/ / H
W' vy Soien = Whi 0,80, ifv > pu. (3.68)
Again we distinguish two cases

Case 1. We assume that there exist o € S and monotone sequences {k;}, {J¢} and {€, } such that

enw;j7%75l7en(ao) < emw;j’,ﬁ“ébem(ao) forall m <n,u<v, j,l €N, (3.69)

(notice that the monotonicity with respect to v is always satisfied). As in Step 2-Case 1 it implies

- w;cj-m,ée,em(ao) forall m<n,pu<v, j,f €N.
(3.70)

/ o > o
wkjv’yﬂvéfvgn wkj,’}/y7(5e,€n (O-O) - wkjvyuvéfvgm

/

Letting 6, — 0 and k; — oo we obtain that the limit function w;

. satisfies

1
—§V’ IV'w|? V'w + 7, [V'wl* + 2y, + 1) [Vw?+euw=0 inS

lim w(o) = oo,
p(o)—0

(3.71)
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oy , . . : :
an,d wl, o= w%fn — w’YwEn(UO/) is increasing both with respect to n and v. If ¢,, — 0 we derive that
wh, = limy, 00 wr, . satisfies w; (09) =0 and

1
5V V'@ VD + 7, [V + 2y, + 1) VB + N(,S) =0 inS
(3.72)
lim w(o) = oo,
p(o)—0
By gradient estimates and since @, (o) = 0, the set of functions {«, }, is relatively compact for the
local uniform convergence in S. Furthermore uN)fYV is increasing with respect to v, with limit @w’. Using
(3.67) and the definition of {, }, we conclude that

1
-5V V'@ PN BTV (287 + ) [V P BT +1=0 inS

lim @' (o) = oo,
p(o)—0

(3.73)

holds in the viscosity sense.

Case 2. We assume that for any o € S and v there exist two decreasing sequences {¢, }, {0/} converging
to 0 and an increasing sequence {k;} tending to infinity such that

ﬂ—T +1> Enw;gjﬂ/uvélyen(ao) > Emw;'f?my')’uyismyfm (UO) vn > m, (374)
where
™ 4+1= lim X S) = lim EnW,. 00)-
5—" + V—00 (%/’ ) n—00,j—+00,f—00 " kj”y”’ée’gn( 0)

We follow the ideas in Step 2-Case 2 and consider the problem

1
—0,AZ = V' VZP 40 V2 + 2y + DIV ZP + 2+ BT +1=0 in S}
lim  Z(o) = oo. (3.75)

py, (0)=0
J

Since (3.75) can be re-written as (3.57) with ~, replaced by v, and setting Z' = Z + ¢, (87 + 1), we
have existence and uniqueness of the solution Z ;:j o Bsen (we do not use the previous notation Z, Y 00s6n
since the constant term is not of the form A(+y,,, .S)). The function Z’Zﬁ%ﬁe’e" =2, v bsen T e, (BT +

1) satisfies (3.57) with ~y replaced by ,. Then (3.58) is replaced by

BT +1

€n

™41
EL_ g < in S}, (3.76)

kjv’yﬂvéeven - kj Yvs00,€n

1%
Uakj Yvs€n S Z kjy’YVy(sZ@n B

€n

. . . e ~ -
where Vay, v en 18 3 above with obvious modifications. We denote by @, . = Wn, ¢, — Wy, e, (00)

the limit, when 6, — 0 and k; — oo, of W),

*
one of ijm/u,

— _ *
j,’Yy,é[,Gn - wk] 777/7§Z76n . wk-jp/l/véfyen- (UO) and by Zﬁ/uyen the
5,.¢, under the same conditions. They are respective viscosity solutions of

1
—5V IV'@]* + 3 VB! + (29, + 1) [V + equ! ., (00) + € =0 inS -
lim w(o) = oco. 3.77)
p(o)—0
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and
1
-5V V' ZP 43 V' ZI + (29 + 1) [V'ZP + 7 +1+€e,Z=0 inS 1
lim Z(o) = oo. (3.78)
p(o)—0

Furthermore Z* . and @’
Yv,€n Yv

ogy and they satisfy

e, are locally bounded in S, relatively compact for the local uniform topol-

ZF <l in S. (3.79)

Yvi€n — Yv€n

The sequence {Z} .} is nondecreasing both with respect to n and v. Therefore the boundary condition
is kept. Letting ¢,, — 0 and v, — 37" we conclude as in Step 1 that , up to a subsequence {v;} there
exists a locally Lipschitz continuous function @’ such that @), . ~— @' when v — oo and v — B

succesively, and @’ is a viscosity solution of (3.73).

We end the proof by setting wﬂ\f = e P wY O

s€n

Mutadis mutandis in the above proof, we have an existence result for positive regular infinite har-
monic function in C's vansihing on 0C'.

Theorem 3.6. Assume S C SN~ is an outward accessible domain, that is 9S = OS°. Then there exist
two negative exponents M > B™ and two positive functions w™ and w™ in C*(S), vanishing on .S
such that

uf(r, o) = r_ﬁwa/[(a) and u™(r,0) = r P~ W™ (o), (3.80)

are infinite harmonic in Cg and vanish on 0C'g.
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