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Deriving Euler's identity and Kummer's series of Gauss's hypergeometric functions using the symmetries of Wigner d-matrix

Starting from the symmetries ofWigner d-matrix of rotation in the theory of Angular Momentumwe find not only Euler's identity but alsoKummer's series of Gauss hypergeometric functions and therelations between the elements of the series.

Introduction

The angular momentum has been studied for long time ago by many scientists and by different methods [START_REF] Wigner | Gruppentheorie und ihreAnwendung auf die Quantenmechanik Deratomspektren[END_REF][START_REF] Schwinger | On angular Momentum[END_REF][START_REF] Vilenkin | Fonctions spéciales et théorie de la représentation des groupes[END_REF][START_REF] Messiah | Mécanique Quantique Tomes I et II[END_REF][START_REF] Chaichian | Symmetries in Quantum Mechanics[END_REF][START_REF] Rose | Elementary Theory of Angular Momentum[END_REF][START_REF] Edmonds | Angular Momentum in Quantum Mechanics[END_REF][START_REF] Wybourne | Classical Groups for Physicist[END_REF] and it is part of the course of quantum mechanics. But the matrix elements of finite rotations or Wigner d-matrixand its symmetries was determined by Wigner and then by other scientists and by different methods [START_REF] Wigner | Gruppentheorie und ihreAnwendung auf die Quantenmechanik Deratomspektren[END_REF][START_REF] Schwinger | On angular Momentum[END_REF][START_REF] Vilenkin | Fonctions spéciales et théorie de la représentation des groupes[END_REF].These matrix elements are simply expressed in terms of Gausshypergeometric functions [START_REF] Schwinger | On angular Momentum[END_REF][START_REF] Vilenkin | Fonctions spéciales et théorie de la représentation des groupes[END_REF][START_REF] Rose | Elementary Theory of Angular Momentum[END_REF][START_REF] Edmonds | Angular Momentum in Quantum Mechanics[END_REF][START_REF] Wybourne | Classical Groups for Physicist[END_REF][START_REF] Erdelyi | Highertranscendal functions[END_REF][START_REF] Gradshteyn | table of integrals series and products[END_REF] ,and its symmetries are easily determined and are only mentioned in the literature. The Gauss hypergeometric function,GHF, z) C; b; (a, F 1 2 is a solution of Euler's hypergeometric differentialequation andthe parameters a,b,C are independents of z.Also it is importantto note that Kummer [START_REF] Erdelyi | Highertranscendal functions[END_REF] found 24-solutions of the hypergeometric function equation and are classified into six group's u 1 … u 6 according to the expression of the parameter C.

In Schwinger approach of angular momentum [START_REF] Schwinger | On angular Momentum[END_REF] it is easy to compute the Wigner d-matrix, or SU(2) d-matrix, and to derive two expressions: the first one is function of the variable z=tgθ/2, and the second is a function of the variable z=cosθ/2 and moreover the expressions of the symmetries of these elements can be derived simply.

In this work we will derive the relations between these functions starting from the symmetries of the matrix elements. We find simplythe Euler's identity and also the Kummer's series of GHFandwe find that u 1 = λ i u i , λ i = constant. The plan of this paper is as follows: We begin, in section 2, by reviewing the angular momentum and GHF. In section 3, we derive from the symmetries of SU(2) d-matrixthe Euler identity and other relations between hypergeometric functions with C=c. In sections 5 to 8 we derive the relations between hypergeometric functions with C=1+a+b-c, C=1+a -b, C=1-a +b , C=2-c and finallyC=1+c-a -b.

2-Revision of angular momentum and Hypergeometric function

The Wigner D-matrix, or SU(2) D-matrix,is expressed in terms ofGHFconsequently we make a reminder of these functions. Then we follow Schwinger approach for its simplicity for the calculation of these matrix elements and their relations of symmetries. Finally we give the expressions of the particular cases with z = cos(θ/2), z = sin (θ/2), z = tg (θ/2), z = cot(θ/2) which are very important for the rest of this work.

2.1-

The hypergeometric function [START_REF] Erdelyi | Highertranscendal functions[END_REF] is a solution of Euler's hypergeometric differential equation:
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, very useful relationship for the rest of this work. [START_REF] Schwinger | On angular Momentum[END_REF] is: 

2.2-The Schwinger's realization of SU(2) in terms of boson operators
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The symmetries of the D-matrices arise from the unitary of SU(2) and the simple exponentialform of 
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2.4-And by applying the
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symmetry we find:
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The numbers of relations between hypergeometric functions are very manyso we limit ourselves to those that are useful for the presentation.

The symmetries of SU(2) d-matrix and the Euler's identity

Of the hypergeometric functionsWith C=c
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and the Euler's Identity:
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After comparing the above expressions we find: 
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4-The symmetries of SU(2) d-matrix and the relation between

The hypergeometric functions with C=1+a+b-c 
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5-The symmetries of SU(2) d-matrix and the relation between

The hypergeometric functionswith C=1+a -b
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6-The symmetries of SU(2) d-matrix and the relation between

The hypergeometric functionswith C=1-a +b 
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7-The symmetries of SU(2) d-matrix and the relation between

the hypergeometric functionswith C=2-c
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We find the relation: Conclusion: we therefore find that symmetry is not restricted to men but extends to hypergeometric functions [START_REF] Weyl | Symmetry[END_REF][START_REF] Hage-Hassan | Newsimple applications of Symmetry and division algebras[END_REF].
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 3 The special values of the elements of the rotation SU(2) d-matrix are:1
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 2 Using the expressions (3.3) and (8.1) we find:

(7.7) We find the relation:

8-The symmetries of SU(2) d-matrix and the relation between

The hypergeometric functionswith C=1+c-a -b F6.1-Let us take: