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STABILITY OF GLOBAL EQUILIBRIUM FOR THE
MULTI-SPECIES BOLTZMANN EQUATION IN L* SETTINGS

MARC BRIANT

ABSTRACT. We prove the stability of global equilibrium in a multi-species mix-
ture, where the different species can have different masses, on the 3-dimensional
torus. We establish stability estimates in L3° (w) where w = w(v) is either poly-
nomial or exponential, with explicit threshold. Along the way we extend recent
estimates and stability results for the mono-species Boltzmann operator not only
to the multi-species case but also to more general hard potential and Maxwellian
kernels.

Keywords: Multi-species mixture; Boltzmann equation; Perturbative theory;
Stability in L*°; Exponential trend to equilibrium.

CONTENTS
1. Introduction 1
2. Decomposition of the linear operator and toolbox 6
3. Exponential decay of solutions with bounded initial data 16
Appendix A. Proof of Lemma 2.2 19
References 21

1. INTRODUCTION

The multi-species Boltzmann equation rules the dynamics of a dilute gas composed
of N different species of chemically non-reacting mono-atomic particles. More pre-
cisely, this equation describes the time evolution of F;(t,x,v), the distribution of
particles of the i species in position and velocity, starting from an initial distribu-
tion. It can be modeled by the following system of Boltzmann equations, stated on
Rt x T? x R3,

(1.1) V1<i<N, OF(t,z,v)+v- V. EFi(t,z,v)=QiF)(t z,0)
with initial data

V1<i< N, V(z,0) €T xR®,  F(0,7,v) = Fy,(z,0).

Note that the distribution function of the system is given by the vector F =
(F1,...,Fy).
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The Boltzmann operator Q(F) = (Q1(F),...,Qn(F)) is given for all i by
N

Qi(F) = Z Qi (Fi, Fy),

where ();; describes interactions between particles of either the same (i = j) or of
different (i # j) species and is local in time and space.

QR F)) = [

R3 xS2

Bij (‘U - U*|7 COs ‘9) [FZ/F;* - EF;] d’U*dO',

where we used the shorthands F} = F;(v'), F; = F;(v), F;* = F;(v}) and F} = Fj(v,)
with the definition

1
vV = ——— (mjv + mjv, + mjlv — v
mi+mj( iU+ myv. + my| <o) o
*
1 ,and COSQZ<W,O—>.
, —
U, :W(miv+mjv*_mi‘U—U*|U) *

These expressions are a way to express the fact that collisions happening inside the
gas are only binary and elastic. Physically, it means that v" and v, are the velocities
of two molecules of species i and j before collision giving post-collisional velocities
v and v, respectively, with conservation of momentum and kinetic energy:
m;v + m;v, = mgv’ + mjvi,

1 1
2 2 2 2
5 [o” 4 gmy o™ = gma [V 4 omy ]

The collision kernels B;; encode the physics of the interaction between two par-
ticles. We mention at this point that one can derive this type of equations from

(1.2) 1

Newtonian mechanics at least formally in the case of single species [J][10]. The
rigorous validity of the mono-species Boltzmann equation from Newtonian laws is
known for short times (Landford’s theorem [10] and, more recently, [13][15]).

1.1. Global equilibrium, stability and the perturbative regime. It is now
well known [12][11][5] that the symmetries of the collision operator imply the con-
servation of the total number density ¢ ; of each species, of the total momentum of
the gas psolico and its total energy 3ps.fs/2:

VE>0, Cooi= / Fi(t,z,v)dxdv (1<i<N)
T3 xR3

N

|
Ung = — mvFi(t, z,v) dedv
(1’3> Poo ZZ:; T3 xR3
1N
‘900 - 5 / my |U_uoo‘2F’i(tax>U) dxdv,
3poo “= J13 xRS

where po, = Zfil M;Coo,; 1 the global density of the gas. These expressions already
show that there exist non-trivial interactions between each species and the mixture,
unlike independent single-species Boltzmann equations that preserve the momentum
and energy of each of the species independently.
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The operator Q = (Q1, ..., Qy) also satisfies a multi-species version of the clas-
sical H-theorem [I12] from which one deduces that there exists a unique global
equilibrium, i.e. a stationary solution F to (1.1), associated to the initial data
Fo(z,v) = (Fo1,..., Fon). It is given by the global Maxwellian

, 3/2 - 2
VI<i<N, F(tav) = F() = s (=" ) exp |—m el |
' 27T]€Bt900

By translating and rescaling the coordinate system we can always assume that u., =
0 and kgf,, = 1 so that the only global equilibrium is the normalized Maxwellian

-\ 3/2 ]2
(1.4) p= () ey With  pi(v) = cooi <ﬁ) -

Recently, E. Daus and the author [7] solved the existence and uniqueness problem
for the multi-species Boltzmann equation (1.1) around the global equilibrium g
in LLL(1 + |v|*) for k larger than an explicit threshold. They also proved the
stability of p by showing the exponential decay in time of F(¢) — p as long as one
starts sufficently close to the global equilibrium.

The present work is intended to be a companion paper to [7] and we thus refer
to it and the references therein for more details about previous works. Our aim is
to obtain a similar perturbative theory but in L3° (w), where the weight w is either
polynomial or stretched exponential, and thus show the exponential stability of p.
The importance of polynomial weights relies on the physically relevant problems of
initial data having solely finite moments, rather than having a Maxwellian decay.
Such results are very recent in the case of mono-species Boltzmann equation [15] and
the present paper fills up the gap for the multi-species case. The interest of this L3°,
study is that, combined to the already mentionned L! L2 one, a mere interpolation
arguments then offers the stability of p in every underlying Lebesgue spaces in the
v variable, with explicit threshold on the polynomial weight.

More precisely, we study the existence, uniqueness and exponential decay of so-
lutions of the form F(t,x,v) = u;(v) + fi(t,x,v) for all i when one starts close to
. This is equivalent to solving the perturbed multi-species Boltzmann system of
equations

(1.5) of +v-V.f =L(f) + Q(f),
or equivalently in the non-vectorial form
VI<i<N, Oifi+v-Vofi=Li(f) + Qi(f),

where f = (f1,..., fy) and the operator L = (Ly,..., Ly) is the linear Boltzmann
operator given for all 1 <7 < N by

N

Li(f) = ZLij(fi> fi) with  Li(fi, f3) = Qi (e, f5) + Qij (fi 1)

Jj=1
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The conservations of individual mass, total momentum and total energy (1.3) of F
are translated onto f as follows

vt >0, 0:/ filt,x,v)dedv (1 <i< N)
T3 xR3
(1.6) N

m;v
- Z/ﬂ‘3xR3 |: m; ‘U|2 :| fi(t,x,v) dxdv.

i=1

If the mono-species Boltzmann equation has been extensively studied in the per-
turbative context (we refer to the discussion in [7] and the exhaustive review [19]),
the only result in our knowledge of a Cauchy theory for the multi-species case is [7].
We however mention the existing works [1][5], where they studied the diffusive limit
of the linear part of (1.5), [ 1], where they obtained an explicit spectral gap for the
linear operator L, and finally [12] where they derived the multi-species H-theorem
and dealt with the case of chemically reacting species.

The main strategy of the present work is an analytic and non-linear adaptation
of a recent extension result for semigroups [15] that has also been used in [7] in a
different setting. In a nutshell, we decompose the linear operator as L = —v+A+B
where v is a positive multiplication operator, A has some regularising properties and
B acts like a “small perturbation” of v and decompose our full equation (1.5) into
a system of differential equations for f; + fo = f

8tf1 +v- fol = —V(U>f1 + B (fl) + Q(fl + f2)
atf2 “+v- foz == L(f2) -+ A(fl)

The key contribution of this article is a generalisation of the control of the operator
B in weighted L°,. This operator was estimated in [15] in the case of mono-species
with hard spheres. We extend the result not only to multi-species but above all to
hard potential and Maxwellian kernels (see rigorous definition below). The possi-
bility of having different masses is an intricate computational extension. Indeed, of
important note from (1.4) is that each species evolves, at equilibrium, at its own
exponential rate and one has to understand how the linear operator actually mix
these different speeds. Moreover, the non hard spheres case brings new difficulties
and new behaviours for small relative velocities.

We conclude by emphasizing that our result includes the case of mono-species
Boltzmann equation recently obtained [15] and extend them to more general kernels.
Our proofs will also involve to track down thoroughly explicit constants in order to
exhibit the explicit threshold for the polynomial weights.

1.2. Main result and organisation of the paper. We start with some conven-
tions and notations.

First, to avoid any confusion, vectors and vector-valued operators in RY will be
denoted by a bold symbol, whereas their components by the same indexed symbol.
For instance, W represents the vector or vector-valued operator (W1, ..., Wy). We
shall use the following shorthand notation

(W) = /1 + |v]*.
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The convention we choose for functional spaces is to index the space by the name
of the concerned variable, so we have for p in [1, 4+00]

Ly =L17(0,1), LY=L (R"), Lp=L"(T°), Lj=L"(R%).

At last, for W = (Wy,...,Wy) : R® — RT a strictly positive measurable function
in v, we will use the following vector-valued weighted Lebesgue spaces defined by
their norms

N
||f||Lgf>U(W) = Z HfiHLng(Wi) where HfiHng’v(Wi) = sup  (|filw,0)[Wi(v)).
i=1

(z,0)€T3 xR3

We will use the following assumptions on the collision kernels B;;. Note that there
were the assumptions also made in [7] (less restrictive than [11]) and translate into
the commonly used description for the mono-species collision kernel [9][10].

(H1) The following symmetry holds
Bij(|v — vs|,co80) = Bji(Jv — v.|,cos6) for 1l <i,j <N

which means that the probability of a particle of species ¢ colliding with a
particle of species j is the same as j colliding with 7.
(H2) The collision kernels decompose into the product

Bij(Jv — vi|, cos0) = ®;5(Jv — v,])b;(cosd), 1<4i,j <N,

where the functions ®;; > 0 are called kinetic part and b;; > 0 angular part.
This is a common assumption as it is technically more convenient and also
covers a wide range of physical applications.

(H3) The kinetic part has the form of hard or Maxwellian (v = 0) potentials, i.e.
(I)ij(|U—U*|):C£I;‘U—’U*|V7 Cz'q;'>07 ’}/6[0,1], V1<Z>]<N
which describes inverse-power laws potential in between particles [20, Section
1.4].
(H4) For the angular part, we assume a strong form of Grad’s angular cutoff (first

introduced in [11]), that is: there exist constants Cy;, Cpe > 0 such that for
all 1 <4,7 < N and 6 € [0,7],

0 < bij(cost) < Cy|sinb]|cosf], bj;(cosf) < Chy.
Furthermore,
b o : 0 b (o - Ao -
C’ = 121§HN 01’102282 /S2 min {bm(al 03), bii(0g 03)} dos > 0.

Again, this positivity assumption is satisfied by most of the physically rele-
vant cases with Grad’s angular cutoff, for instance hard spheres (b=~ = 1).
It is required even for the mono-species case in order to construct an explicit
spectral gap for the linear Boltzmann operator [L1][1][L7].
We emphasize here that the important cases of Maxwellian molecules (v = 0 and
b = 1) and of hard spheres (7 = b = 1) are included in our study. We shall use the
standard shorthand notations

(17) bzo]o = ||bij||L[°le] and lbij = Hb o COSHLé2 .

Under these assumptions we shall prove the following theorem.
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Theorem 1.1. Let the collision kernels B;; satisfy assumptions (H1) — (H4) and
let w; = eFt VD™ yith 1) > 0 and ko in (0,2) or w; = (/mv)* with k > ky where
ko is the minimal integer such that

N

. )2
(18) Co(w)= T max ZCgbfj% <Z V;?ll’“) <1

— 1 — v 1<i<N 2—2 ¢
k 1 fy =T 2’]’)’L.2 1<k<N C’Lk’ bik

j=1 m, j

Then there exist n,, Cy and A\, > 0 such that for any Fo = pu + fo > 0 satisfying
the conservation of mass, momentum and energy (1.3) with us, =0 and O = 1, if

[P — fll e, ) <

then there exists a unique solution F = p +f in LY (W) to the multi-species Boltz-
mann equation (1.1) with initial data f5. Moreover, F is non-negative, satisfies the
conservation laws and

Vit > 0, HF - u’”Lg‘fv(W) < Cwe_)\wt ||F0 - I’I’HL%’U(W) :

The constants are explicit and only depend on N, w, the different masses m; and
the collision kernels.

Remark 1.2. We make a few comments about the theorem above.

(1) As mentioned in the introduction the above Theorem has been proved in
L1 + |v|") o L, (w) in [7]. We therefore do not need to tackle the
issue of existence or uniqueness and are only left with proving the a priori
stability of p in the considered spaces.

(2) Unlike the classical mono-species Boltzmann equation, the natural weights for
the multi-species case strongly depend on the mass of each species. Indeed,as
given by w;, each species has its own specific weight depending on its mass. As
we shall see, this is needed to balance the cross-interactions generated inside
the mizture. More precisely, the Boltzmann operators involve interactions
between different species that will be weighted differently for each species, a
mixing operates so that each species is balanced by its own weight.

(3) We emphasize here that the result still holds for any other global equilibrium
M(¢i 00, Uoos o) and also that the uniqueness has only been obtained in a
perturbative regime, that is among the solutions written under the form F =
p+ £ with ||f]| o ) small [7].

(4) In the case of identical masses and hard sphere collision kernels (y =b=1)
we recover the threshold ko which has recently been obtained in the mono-
species case [10].

2. DECOMPOSITION OF THE LINEAR OPERATOR AND TOOLBOX

As noticed in [15, Section 4] for the mono-species Boltzmann linear operator and
extended in [7, Section 6] for the multi-species case, the linear operator L can be
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decompose into a regularizing operator and a “small perturbation” of the collision
frequency v, where v is a multiplicative operator defined by

(2.1) vi(v) = Z%j(v)

with
vij(v) = 05 /R3 . bij (cos 0) [v — v.|" pj(vs) dodv..

Each of the v;; could be seen as the collision frequency v(v) of a single-species
Boltzmann kernel with kernel B;;. It is well-known (for instance [9][10][20][15]) that
under our assumptions: v;;(v) ~ (v)?. We can be more explicit by making the
change of variable v, /5 Vs

C@lb
Vij (v) = 1+w (\/_U)

47ij

with v being the frequency collision associated to the hard sphere kernel B = 1.
From [15, Remark 4.1] it follows the explicit equivalence

(22)  — max {m]-/z ol —} < vy () < 2 (m) ol + 2).

2 en 2
m; m;

We shall use the decomposition derived in [7], that we recall now.

For ¢ in (0,1), we consider ©5 = Os(v,v,,0) in C* that is bounded by one
everywhere, is exactly one on the set

{lv] <67" and 26 <|v—w|<0" and |cosf] <1-—25}
and whose support is included in

{lv] <267" and d<|v—0v)<25" and [cosf] <1—4d}.
We define the splitting
(2.3) L=-v+BO +A®
with, for all 7 in {1,..., N},

AP (n Z c /

[u;*h; + il ;* — ,uih;] bi; (cos 0) [v — v,|" dodu.

R3xS2
and
(2.4)
BY(h Z C"I’/ (1—05) [u;*h; + ;* — ,uih;] bi; (cos 0) [v — v.|" doduv,.
R3xS2

We have the following regularizing effect for A9,
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Lemma 2.1. Let w; = eWMlD™ with k; > 0 and ky in (0,2) or w; = (/mv)*
with k > 5+ ~. Then for any B > 0 and § in (0,1), there exists Cy > 0 such that
for all £ in LY, (W)

1A (5)]

L2, ((0)fp=1/?) & HfHLg?U(w) :

The constant Cy is constructive and only depends on k, 3, 6, N and the collision
kernels.

Proof of Lemma 2.1. The operator A can be written as a kernel operator where

the kernels kg)’(é) are of compact support (see [7, Lemma 6.2]):

vie{l,... N}, A9F)(z,0) = / KD (4 ) £z, 0.)) do..
R3
The desired estimate is therefore straightforward. O

The estimate on B is more delicate as it requires sharp estimates. Indeed, as one
would like to control B by the collision frequency v one needs to derive an exact
ratio between the latter two operators in our weighted spaces. Since our weights
are radially symmetric, we need a technical lemma that gives an estimate of the
collision operator when applied to radially symmetric functions. Such a symmetry
brings more precise estimates on the operator. Note that this result is an extension
of [15, Lemma 4.6] (proved in the case of hard spheres v = b = 1) not only to the
multi-species framework but also to more general kernels.

Lemma 2.2. Fori, j in {1,..., N}, define
HEG) = / bi;(cos0) [0 — v, F(v')G(v) dodu..
R3 xS2
Then for F and G radially symmetric functions in L. we have the following bound

+o0o +o0
Q5(F.O) ()] < / / Lty et 2omoy B ' ) | FL () |G (7)) dr'dr
0 0

where we denote r = |v| and

(m; +m;)? r'r!

/i 27.00 . / /
B(r,r',r,) = 167 bij min {m;r, m;r., m;r',m;r.},

a7l =

with the definition r, = \/mimj_l(r’)2 + ()2 — ml-m;lr?.

The proof of Lemma 2.2 is technical and closely follows the one of [15, Lemma
4.6]. We therefore leave it in Appendix A for the sake of completeness and also
because the case m; # m; has to be handled carefully as we need to track down
the constants precisely. We furthermore emphasize that dealing with more general
kernels is delicate as, for instance, one has to decompose between large and small
relative velocities to control terms like |v — v*\l_“’, which disappear in the case of
hard spheres v =1 [15].
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The previous lemma can be directly used to obtain a control on the full non-linear
operator. This is a well-known result for the mono-species Boltzmann equation that
the control on the non-linear operator implies a loss of weight v(v) in the case of a
polynomial weight and v(v)'~¢, with ¢ > 0, in the exponential case (see for instance
[15, Lemma 5.16]). We prove here a similar result for the multi-species operator.

Lemma 2.3. Let w; = e W™lD™ with ;> 0 and ky in (0,2) or w; = (/mv)*
with k > 5+ 7y, there exists Cg > 0 such that for every f

N
Z |Qi(f, g)HLﬁ(Wch(w)) < CQ |If]] poo, () 18] £oe, () -
i=1 ' ' ’ ’

The constant Cg is explicit and depends only onw, N, the masses m; and the kernels
of the collision operator. The power c¢(w) is zero when w is polynomial and can be
taken equal to Kb/~ for any 0 < Ky < ko for w exponential.

Proof of Lemma 2.3. We remind the definition
N
Qi(f,g) =D Qi;(fir 95)-
j=1

It is therefore enough to prove the estimate for Q;;(fi, g;)-
Firstly, since the collision kernels satisfy the Grad’s cutoff assumption we can
decompose ();; into a loss and a gain term as

Qi (fir95) = C% [ ;;(fz',gj) - Qz-_j(fz',gj)]
with @}; has been defined in Lemma 2.2 and
Qi;(fis95)(v) = </ ) v — v.]" byj(cos 0) g; dadv*) fi(v).
R3 xS2

In this proof we will denote by C any positive constant independent of f, g and v.
We shall bound the gain and the loss terms separately.

Step 1: Estimate on the loss part. This operator can be controlled rather

easily. Indeed,
-1 v =]
1| 4 Iy, — dv, | .
|g]||Lz7v(u)j) VZ (U> <bzg /Rd w](v*) v )

To conclude the estimate on the loss term, we bound |v — v,|” by (v)7({v,)? and we
remind that (v)?” < Cv;(v). The remaining integral in v, is finite due to the weights
w;(v,) considered here.

‘wiyi_l(U>Qi_j(fi>gj)‘ < ||fi||Lgf>v(wi)

Step 2: Estimate on the gain part for |v| < 1. Bounding crudely the gain
term for |v| < 1 we get

‘wi’/i_l(“) ;;(fwa)} S b?wi(l)m(v)_l (/R3 s? W

X ||f||Lgf>v(w) HgHLg?U(w)'
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First we bound as before |v — v,|" by Cv;(v){v,)?. Then we use the energy conser-
vation of elastic collisions to see that m; |[v/|* +m; |v.]|* = m; |v.|* and therefore that

|| = \/m;/(2m;) |vs| or |v,| = \/1/2]|v.|. Since v — 1/w;/;(|v]) is decreasing and

also that w(|v]) = 1 it follows that the following always holds

‘U - ,U*W <,U*>ﬂ/
(25) ; aoX CVZ'(U)
wz(U )wj(v*) w<mm{,/%,,/%}v*>
We infer
(2.6)

_ Us)”
Vol < 1, lwiv; (0)QF(fig;)| < C max (/ % dv*) £l oo () 118120 () -
rs W(1/20,) : :

1<i<N 5

Step 3.1: Estimate on the gain part for |v| > 1 when w; is poynomial.
Bounding f; and f; by their L3°, (w)-norm and since w(v) = w(|v|) we use Lemma
2.2 and obtain

(2.7) lwiv; ! (v) ;;(fi,fj)} < Cw;(v)v(v) (o)) ||f’|Lgf>v(w) HgHLg?U(w)
with
(2.8)
oo p4oo r'r! / / g0
( ) o o Aij( )T‘T,_T;‘l—’ywi(,r/)wj(,r;) { J J }
and

1 ,
A (r) = {mi(r') + m;(r))* > mir®} C {r’ > ﬁr} U {r; > 2”7:;-7"} |

We decompose I(r) into two integrals. The first one when ' > r/ V2 and 7. > 0,
on which we bound min{m,r, m;r., m;r’, m;r.} by m;r, and the second one when
> \/mi/2m;r and " > 0, on which we bound the minimum by m;7’. This yields

O +o0 ! +oo 1\2
I(r) g—/ r - </ , ,(7;*_)7 , dri) dr’
r %r wZ(r) 0 |T - T*‘ ?,Uj(’f’*)
C “+oo / “+oo 2
+ — T*, (/ (lev dr’) dr!,
TS wi(rl) \Jo " =77 wi(r)

400 / 400 72
e / o / _(r) dr' ) v,
P GTHEDP Sy = (1 ()22

where we defined @ = min {\/1/2, \/mi/Qmj} and we used that there exists C' > 0

such that for all 7, w;(r)™! < C/(1 + r*)¥/2. Finally, we define R = ar/2 and we
decompose the integral in 77, into the part where |’ — r.| < R and the part where
|7 —rl| > R. This yields

C [T r r+R (7“/)2
<] T </R = )

e () ([ w i)
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Since for all p > 0, 1/(1+2?)? is decreasing for x > 0 and since r, > ' — R > ar —
R >0, in the first term on the right-hand side of (2.9) we bound (r/)?/(1+ (r.)2)*/2
first by C/(1+(r’)?)*=2/2 and then by 1/(1+4 (ar— R)?)*=2/2 We compute directly
the second term on the right-hand side of (2.9).

I(r) < (1 + (ar CRZ)(k 2)/2 (/a:oo 1—|—( )2 )k/2d ) </R \rfl|r )
e ([ ) ([ o >k/2‘”’)

< CRY

[r(l + (ar — R)? )(k—2)/2(1 + (ar)?)k=2)/ rR(l + (ar) ]

Now we use R = ar/2, the fact that r” < Cv;(v) and the inequality 72(1+ (ar)
C(1 +r?)P™! for @ and p nonnegative and r > 1. We deduce

vi(v)
1) < ¢ e

and therefore, with (2.7) we obtain
(2.10) VIl > 1, Jwiy (0)QF(fis )] < CIEll oo, ) 1811 o0, )

+1].

Step 3.2: Estimate on the gain part for |v| > 1 when w; is exponential.
Let 0 < k), < ko. We start with (2.7) that is

1+—

142
(211) w7 (©Qf(fi, 95)| < Cwi(w)wi(w) ™ I(0]) €l oo, ) I8l om0

where I(r) is defined in (2.8). We make the following change of variable (r/,7})

(r'/y/ms, v/ /m;) which yields

+o00 +oo 1.0 : rou!
<C r'r, min {7’ r} (Y2 ()2 g g
)24(r,)2=m,r2} 7€ Tar,.

-1/2 , -1/2 ,

Note that we bounded the minimum of four terms by the minimum of two terms,
also we bounded the masses by their maximum.

We decompose the integral on the right-hand side into {r’ > r.}, on which we
bound the minimum by 7, and {7, > '}, where the minimum is bounded from
above by 7’. The two integrals are equal after the relabelling (17, 7") into (., ") and
thus

+oo 400 (7”/)27’, . e
T) < C/ / 1{(7”/)24_(7”;)227711'7"2} - 1— 6_51((T) 2+(r)"2) d?” d?"
0 v rlm Y2 Y2 K
(A ¥l *
From [15, Proof of Lemma 4.10], if we denote p = 1/(')? + (r.)? we note that r, > 7’

implies r' < p/ v/2 and hence the following upper bound

—_ AL AV _ Ko AV
1 (V24 ()"2) o mrap2 (i)

Y
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where 7 only depends on k. We make the change of variable (', 77) — (17, p) (recall

' < p/V?)
C +OO K % "\K ! 2
I(r) < —/ pe 1P / * ()2 () — dr'dp,
r T 0 ’m;lﬂr’ _ mj_l/2 /p2 _ (7,/>2

which we can rewrite thanks to the change of variable " — ap, with a belonging to

[0,1/v2):

+o0 L 3—(ka—kKh) 42
I(’f’) < g/ pm—n'z-i-ﬁe—mpﬂ /ﬁ 6_5177((”))&2 P C v — dadp.
r 0 )mi—l/za B mj—l/2 1= a2 a2‘

;T

For any 0 < a < 1/v/2, the following holds
C _M(
2

e mia)*2,

3—(k2—k3) ,—r1m(ap)"2
P ve < a3—(l€2—li2/)
The integrand in a variable is therefore uniformly bounded in p by an integrable
function (because 0 < 1—7 < 1 and —1 < 1— (k2 — k%) < 1). Hence, by integrating
by part,

C [ C Y
—Krh+y ,—Kr1p"2 1+y— -1 _,—K1p"2
](,r) < _ pRQ 2 “{e 1P dp: _ P Y RngQ e K1p dp
T Jmr r mir
/ K9 oo / K9
< Op7raemlvmin)™2 4 o A T P
mg;r

To conclude we integrate by part inductively until the power of p is negative inside
the integral. For 0 < b < v — &}, we have r < 7R since r > 1. Recalling that
vi(v) ~ (1 + |[v)7/? (see (2.2)) it follows that for |v| > 1,

I(|v]) < Cwy(v) ™" o] < Cwi(v) " wi(v) =

Plugging the above into (2.11) terminates the proof. O

We conclude this section with an explicit control for the operator B().

Lemma 2.4. Let w; = W)™ with k; > 0 and ky in (0,2) or w; = (/mv)*
with k > ko. Take 6 be in (0,1). Then for all f in L, (wv) and all i in {1,... N},

N
DB ey € OO0 Bz
i=1 2N ’

Moreover we have the following formula
CB(W> 5) = CB(W) + 5w(5)

where €,(9) is an explicit function depending on w that tends to 0 as § tends to 0
and

m‘ m;v

“2 N CB(W) = 0,’

(i) in the case w; = e
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(ii) in the case w; = (\/mzv)*:

4 i
Cp(w) = T max ZCq’bm% ( )
1<I<:<N

E—1—ri<i<n m. ;

Remark 2.5. We emphasize here that, by definition of ko given by (1.8), for every
choice of weight w considered in this work one has Cg(w) < 1. We can thus fix dy
small enough such that for all 6 < dy, Cp = Cg(w,d) < 1. In the rest of this article
we will assume that we chose § < 0y and for convenience we will drop the exponent

and use the following notations: B = B®, A = A® and finally Cz = C(w,§).

Proof of Lemma 2.4. Following the idea of [15] for the mono-species case in the hard
spheres model we split the operator Bi(‘s) (recall (2.4)) into three pieces.

(2.12)

)Bz(é ‘ ZC;I’boo/ 1\v|2R ‘U ,U*"y <Iu] ‘f | + luz

) dodo,
X:C@bOO /5 . 1y<r (1 = 05) v —v.| <M;* VARST

Zc@bm/ (1—065)|v—v|" i | f

The last two terms are easily handled. Indeed, we use |v — v.|” < Cv;(v)(v,)? for
the last one:

w0y (v) / (1= 05) v — . i |f;
R3xS2

v
(2.13) < Cwi(0)pi(v)1pjzm ( /R ) dv*do’) 1] e, oy

3xs2 Wj (U*)
{v:)?

w;(vy)

f],* ) dodv,

+ Cw;(R) </ Livj<r (1 = ©5) dv*da) Il e, ()
R3 xS? ’

Then notice that for all 4, j,
5 (V) c {v)”
v * g g CVZ' v .
| | wi(v) T w(v)w;(vl) )w(mm{w/%}v
where we used (2.5). As the same holds when exchanging i with j and v" with v/ we
can handle the second term in (2.12) by taking the L3° (w)-norm of f out:

(2.14)
wilo @) [ e (1= 5) o= o (4 1521+ a1

) dodv,

(0:)?
w(min {\/m} Vy)

< Cw; (R) / 1y<r (1 —65) dv.do | €]l oo, w) -
R3 xS2 ’
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One has for 67! > 2R

Lp<r (1 = 05) < Ljyj<rljp—v. 61 + Ljv—u.|<25 + Ljcos o126
<

1
1, 125-1/2 + Ljo—v,|<26 + Licoso|>1-25-

Firstly, w;(v)u;(v)1j,>r tends to zero as R goes to infinity. Secondly, the function
¢ : v = (v,)7/w(v,) is integrable on R? thus the integral of 1,<p (1 — ;) ¢(vs)
tends to zero for fixed R as d goes to zero. Therefore, (2.13) and (2.14) both tend
to zero. Hence (2.12) becomes

(2.15)

Wfl‘ ) (ZH (i i) + Qi (wi y)) 1'”'>RHL8?U(W:1>> iz

+ (ew(R) + wi(R)ew(0)) 1f]l oo (w)

The conclusion in the case of w;(v) being exponential is direct from Lemma 2.3
(more precisely, the control of Q;F which is the same as the whole @);) since the gain
of weight ™ implies that the sum in (2.15) tends to zero when R tends to infinity.

The case where w;(v) = (\/_ m;v)* is a bit more computational since the control of
the bilinear term QF;(p;,w; ") does not tend to 0 as [v| goes to infinity. It requires
explicit estimates from Step 3.1 in the proof of Lemma 2.3. Applying Lemma 2.2
we have

‘Qz] /’I’Z7 )(U”
+oo +oo 1oy, (o]
=C) / / | i r*,ulz_(r ) min {m;r, m;r., mgr’,mgrl } dr'drl,
0 =l wg(r])
where we recall that

and

m;

T A T R T PR oS

which holds for any ¢ in (0,1). As for (2.8) we decompose into two integrals on each
of the subsets above. On the first one we bound the minimum by m;r, while we
bound it by m;r’ on the second set. This yields

OO +oo —m-ﬁ +o00 ( /)2617’,
‘sz Hi, W ‘\ 977)3/2 / dr'r'e”" / | k/2
(2m)*2r ] ver o | =TT (L 4my(rl)?)

T/)Q
T dr oo (pr)2emmitss

= 11(5) + 12(5).
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Il(s) is easily dealt with using the same techniques as for (2.9) with R = \/er/2. We
infer that there exists C' > 0 independent of r and e such that

9 < o 1 N 1 +oo e € o
b (1 +er2)®=272 7 (=72, ()/2 re "

< C 1 1 —m; S5-
- (14 er2)(-=2)/2 tanaee ) ©

which implies, for any ¢ > 0,

(2.17) 0)1jy=R -0

‘Lgo(wil/il)

We denote by C' any positive constant independent of ». We decompose 1'2(8) into

an integral over {|7” —r|<n %r} and its complementary, where 0 < n < 1.
J

Note that from |’ — .| < n ﬁr one can deduce r’ > (1 — 1), /LS £ and
thus

We get

o) ———p m2(1—e
128) <€ /+ 7"; d?”; /77 mj d?"/ e_z(le)(l—n)Qé
r \Jo  (L4my(r})?)H? 0 (r') 1=

o0 )2
X (/ (r') e ™2 dy’
0

mF(1—e) 2 12 CA(1 (1 — &)r2 H
(e o(1+mi(1 —e)r?) =
SCrTe ’ t -3 57 Ly g9
drm; Pmy? (1—e) 2 plr2

+o0
u
X / ——du
< Vmii—e)r (1 +u2)" 2

SO e dm (it my)? C2pper!

:Oe mj + — 5
k—1-v m. ;m? (1—&) = r2=7(1 + my(1 —e)r2)s !

where we used that » > R > 1 and the definition (2.16) of Cy. As v; = >, v, we
use the lower bound (2.2) and obtain for [v| > R > 1

= VI ) oo
9 1 4 (mi+m;)? K <1g£N Cﬁlbik) v (1+mir?)?

Iy <w; v, —
2 k— 1—7m?—%m;% (1—e)= r2(1+m(1 — e)r2)z

_mz(l 5)72
+w; C’(l—i—r)?‘”e ™3 4}.
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This indicates that for all € in (0, 1),

(2.18)
. 4t (m; +m; - nt
lim ‘]2 V)1>r = ( — ;ﬂ C’?b Z -
Roo Lpwe")  k—1-v m *m.? 1<k<N (1—¢)>

J

From (2.17) and (2.18), which holds for any ¢ and 7 in (0, 1), we can bound (2.15)
as the stated in by the lemma for w; polynomial. This concludes the proof. O

3. EXPONENTIAL DECAY OF SOLUTIONS WITH BOUNDED INITIAL DATA

Let w; = e Wmil)™ with k; > 0 and kg in (0,2) or w = (y/mv)* with k > ko,
defined by (1.8). Let g > 3/2.

As described in the introduction, we look for a solution f(, z,v) in L3S, (w) of the
Boltzmann equation

of+v-V.f=L(f)+ Q(f)
1) {

£(0,z,v) = fo(x,v)

in the form of £ = f; + fo. We look for f; in L, (w) and f; in L, ((v)°p=*?) C
Ly, (w) (due to the weights w considered here) and (fy, f2) satisfying the following
system of equations

(32) Ofy +v-Vofy = —v(v)fy + B(f1) + Q(fy + £2) and  £,(0,2,v) =fo(z, v),
(33) 8tf2 +v- mez = L(f2) + A(fl) and f2(0, Z, ’U) = 0.

The operators A and B have been defined in (2.3) with ¢ as described in Remark
2.5.

[7, Theorem 2.2] shows that for some n in (2,3) there exists n > 0 such that if
[foll 11 poo ((uyny < 71 then there exists a unique solution f to the multi-species Boltz-

mann equation (3.1) in L)L ((v)") with fy as initial datum and satisfying the
conservation of mass, momentum and energy. Our choice of weight w implies

(1+ o)
(3.4) 1foll 1 poo (o)) < (/]R3 T wl) dv | [[foll Lo, (w)

and the integral is finite because either w is exponential or w is polynomial of degree
k > ko > 6 by (1.8) and n belongs to (2,3). Thus L, (w) C Ly L ((v)"). Therefore
we can use the existence and uniqueness result of [7, Theorem 2.2] to obtain a unique
solution f to (3.1) in L} L ((v)™) if [foll 1< (1) is sufficiently small.

Moreover, [7, Section 6] showed existence and uniqueness of (fy,fs) such that
(f1+£2) satisfies the conservation of mass, momentum and energy. More precisely, [7,
Propositions 6.6 and 6.7] and the control (3.4) shows that if ||fo| Lee, (w) 18 sufficiently
small then there exist a unique f; in L)L ({(v)") solution to (3 2) and a unique
solution f5 of (3.3) in L, ((v)?p™/?) and satisfies the following exponential decay

(35) 302, )\2 > O, Vit 2 O, ||f2(t)||Lg‘f’U((U>BM_1/2) < 026_)\2t HfOHL%L%"((w”) .

The constants Cy and A9 are constructive.
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As a conclusion, the proof of Theorem 1.1 will follow directly if we can prove that
f; is indeed in Lg%, (w) and decays exponentially. Thus, it is a consequence of the
following proposition.

Proposition 3.1. Let w; = et W™ilPD™ with k1 > 0 and ko in (0,2) orw = (/mv)*
with k > ko. Let fo be in L, (w). There exist 91, Ay > 0 such that if

[foll oo, wy <
then the function f; solution to (3.2) is in L3S, (w) and satisfies
V20, (1)l e, w) < e M 1foll Loc, (w) -

The constants n; and Ay are constructive and only depends on N, w and the collision
kernel.

We adapt a method developed in [6] and improved in [8] that relies on a Duhamel
formula along the characteristic trajectories for f;.

Proof of Proposition 3.1. Since f; is solution to (3.2) we can write each of its com-
ponents under their implicit Duhamel form along the characteristics. As the space
variable lives on the torus, these trajectories are straight lines with velocity v. We

thus have the following equality for almost every (z,v) in T3 x R? and for every 4 in
{1,....N}.

(3.6)
t
Vi >0, fu(t,z,v) =" foi(z —to,v) + / eI B (fy) (5,0 — (E— s)v,v) ds
0

t
+ / e_Vi(U)(t_S)Qi(fl -+ fZ)(S? r— (t - S)U, U) ds.
0

We would like to bound w;(v) f1;(t, z,v) in x and v and we therefore bound each of
the three terms on the right-hand side.

Since v;(v) = 1y > 0 for all ¢ and v we have the following bound
(3.7) }wi(v)e_”i(”)tf()i(x — to, U)} < e ot ||f0’|Lgf>v(w) )

Multiplying and dividing by v;(v) inside the first integral term on the right-hand
side of (3.6) yields

t
w;(v) / e W B (£)) (s, 2 — (t — s)v,v) ds
0

t
< [ ) O B () (0, )

t
<Oy, / ()¢ O £y (5)]] 1, )

where we used Lemma 2.4 to estimate the norm of B; (f;) with Zf\il Cpi = Cpg.
Since for any ¢ in (0,1)

VO<s<t, —u(0)(t—s) < —evpt —v(0)(1—e)(t —s) + cps
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we can further bound

t
w;(v) / e IR (£)) (s, 2 — (t — s)v,v) ds
0

t
< Ot </ Vi(v)e—vi(v)(l—a)(t—s) ds) sup [eaz/os ||f1(S)HL°° (W)] .
0 v

0<s<t

We thus conclude for all € in (0, 1)
¢
w; (v) / eI B (£ (s, 2 — (t — s)v,v) ds
0

C 1 ey Evos
Bi_o=emt gup [6 0 ||f1(S>HLg?U(W)]'

1—¢ 0<s<t

(3.8)
<

Finally, the last integral on the right-hand side of (3.6) is dealt with exactly the
same way but using Lemma 2.3 to control the operator ¢);. This yields

(3.9)
i) [ Oy +85) s, — (0= 5)ov0) s
0

CQ —vot L0 S
<L (Il o+ 2, ) s [ ()] |

IS

CQ evps 2
1 s [ )l )

Gathering (3.7), (3.8) and (3.9) into (3.6) we see that for all ¢ in (0, 1),
(3.10)

EV C EV0S 2
et Hfl(t)HLg?v(w) < HfOHLg?v(w) +1 Qg Sup [6 ’ Hfz(s)HL%?u(W)]

— C0<s<t

4 sup e [£3(5) 3, o

0<s<t

CB CQ —vot
x{1_5+1t;e (I, o +20Eels, )]

We can now conclude by choosing ¢ and fy sufficiently small. Indeed, first Cg < 1
(see Remark 2.5 so we can choose Cp < 1 — ¢ and thus a := 1 — Cg/(1 —¢) > 0.
Second, the exponential decay of fy given by (3.5) also implies that

0 162 (3)]| ey < € B2 () ey < C ol

as long as evy < Ag. It thus follows

2
Co
sup [65”05 £1(5)]] 7 W} <Co |lfoll e (wy + ———— | sup [65"05 f1(8)] ;0o W} )
s [ U9 ] <ol 0+ gy (0 [ I

Define

s€[0,t]

cmmz&m{t>m=mp&@wwﬂ@mmmﬂ<4awﬁhmm},



STABILITY FOR THE MULTI-SPECIES BOLTZMANN EQUATION IN L* SETTINGS 19

which is well-defined because ¢t = 0 belongs to the set, and it follows than for any ¢
in [07 Tmax]v

EVpSs C
up e 64(5)] 12, | < O Woll gy + 16C8 25 Mol

s€[0,t]
which is strictly smaller than 2Co |[fol| oo () if [[foll foc. () is sufficiently small. If T},ax
is finite then it follows sup |:€8VOS 1£1(5)]] 00 (w)] < 209 [[foll oo, () Which contradicts

s€[0,t]
the definition of T,,,«. Therefore, T},.. = +o0 and

sup [ [ (0] 2, )] < 2C0 [foll 1z -

which concludes the proof. O

APPENDIX A. PROOF OF LEMMA 2.2

We will denote by d4 the dirac distribution in dimension d. First of all, one has the

following rewriting (see [2, equation (3.6)] or [3, Lemma 1] or [15, equation (4.20)])
(A1)
1 1
voe C) vue R [ lulo-wydo= o [ s () + 1) do
S2 |UJ‘ R3 2

Then, by definition we have

V=v+m;(jlwlo—w) and v, =uv.—m;(Jw|o—w)

with w = (v — v,)/(m; +m;). We can therefore use first |[v —v,| = [v —v}| and
second (A.1) to our Q;; operator which implies
|QF(F.G)(v)]

<t [ o [ 1w+ myulo - w) = o = mi(lol o - )P

|E| (v +mj(Jw] o —w)) |G| (v, = my(jw]o —w)) do
1

<b??m‘ﬂn'// — (v + myy)G (v, — myy
J( J) R3 Rg‘(’u—}—mjy)_(v*_mzy”l ~ ( ]) ( )
1
(o=
mz+m3 / // |F| U+mﬂy)|G‘(U* 771;;23
o Jao Juo | (0 ) — (0. — mi2)

(A.2) X 01 <(y, w) + 5 |y|2) 03 (y — z) dydzdu..

Defining v = v + m;y and v, = v, — m;z we compute
—1

ms;m;

/ /
y—z= (mv + mjv, —mv’ — m;v))
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and also that for y = z

1
m; |UI|2 +mj \Ui|2 —my \0\2 —m; |U*\2 = 2mym;(m; + m) [(y,w + 5 |y\2] .

Denoting
Cn = {(U,U*,U/>UL)G(R3)4, miv+mjv*:miv’—|—mjv;}
4
Co = {ounl) € (B mulo sl = miof? 0.}

and using the property 64(az) = |a|~*d4(z) the above implies

1
o1 () + 5 1) 0= 2) = 2o + ), B

where ¢4 is now the distribution on the set A. Using the change of variable (y, z) —
(v',v.) in (A.2) therefore gives

F|(
‘Q+ F G )} < 2b§;mzmj m; —}-m] /3 /5 /5 ‘ |L |G| )(5 606 d’U*dU/d’U
R3 JR3 JR -

U’|

Since F' and G are radially symmetric we infer by using spherical coordinates v, =
reo., v =1'0" and v, =10,

(A.3)
i °°|F\ DIGI ()
}Q (F,G)(v)| < 2b3 g (my + my) / // /|1ﬂ{
5

o. K(r,ry, v rl)dr.dr'dr,

where
K(r,r,r',r.) = / / dc,, do.do’do’..
s2 Js2 82
Note that we used the triangular inequality |v" — v.| = |[r" — 7]
From [15, Step 3 proof of Lemma 4.6] we have that for any (a1, as, as, as) in (R*)*

/ /
A(a'la Qg, a3, a4) = / / / 5{alg+a20*:a3g/+a4g;} dO'*dU dO'*
S2 Js2 Js2?

does not depend on ¢ in S? and A(ay, as, as, ay) is invariant under permutations of

the variables (ai, as, as, as). Moreover, [15] also proved that for a; > as > a3 > ay
one has
872
A(al, ag, a3, CL4) = W (Cl4 + a3 — max {(CLl - CLQ), (CL3 — a4)}) .

From the latter equality it follows that

1672 1672 .
A(ay, az, a3, a4) < ———ay = ——— min{ay, as, as, a4},
a1a2a304 1020304

which holds for any (ay, as, as, as) thanks to the permutation invariance. We there-
fore obtain that
K(ra Ty 1, 7“;) = (T’*)2(T’,)2(T/ )2A(mir> TG s mﬂ’,, ij’;)

*
2 /ot
167 ror'r,

2,2
m;m; 1

<

min {my;r, m;r., mr’, mir,}
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which we can plug inside (A.3) to obtain
Q5 (F, G) (v)] < 32n2pe e Z ) et ) / / / rer'r, min {mr, myr., mar’, myri}

el =l

e, |[F| (7 |G| (rl)dr.dr'dr,

m;mg;

which gives the expected result noticing that

J

[1]

[14]
[15]

[16]

[17]

2
m; m;
clip0y = 0 my r? — ( f(r’)2 + (1) — fr2) 14503

m; m;
1 ;i 2 9 M 4
- 5 (= iy 4 ()2~ T2 ) 1y -
2m;r, m; m; {m—?(r’)2+(r;)2—m—?r2>0}
J J
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