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THE BOLTZMANN EQUATION FOR A MULTI-SPECIES
MIXTURE CLOSE TO GLOBAL EQUILIBRIUM

MARC BRIANT AND ESTHER S. DAUS

ABSTRACT. We study the Cauchy theory for a multi-species mixture, where the
different species can have different masses, in a perturbative setting on the 3-
dimensional torus. The ultimate aim of this work is to obtain existence, uniqueness
and exponential trend to equilibrium of solutions to the multi-species Boltzmann
equation in L1L°(m), where m ~ (1 + |v|") is a polynomial weight. We prove
the existence of a spectral gap for the linear multi-species Boltzmann operator
allowing different masses, and then we establish a semigroup property thanks to
a new explicit coercive estimate for the Boltzmann operator. Then we develop an
L? — L™ theory & la Guo for the linear perturbed equation. Finally, we combine
the latter results with a decomposition of the multi-species Boltzmann equation
in order to deal with the full equation. We emphasize that dealing with different
masses induces a loss of symmetry in the Boltzmann operator which prevents the
direct adaptation of standard mono-species methods (e.g. Carleman representa-
tion, Povzner inequality). Of important note is the fact that all methods used
and developed in this work are constructive. Moreover, they do not require any
Sobolev regularity and the L1LS® framework is dealt with for any k > ko, recov-
ering the optimal physical threshold of finite energy ko = 2 in the particular case
of a multi-species hard spheres mixture with same masses.

Keywords: Multi-species mixture; Boltzmann equation; Spectral gap; Perturba-
tive theory; Convergence to equilibrium; L? — L theory, Carleman representation,
Povzner inequality.
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1. INTRODUCTION

The present work establishes existence, uniqueness, positivity and exponential
trend to equilibrium for the multi-species Boltzmann equation close to equilibrium,
which is used in physics and biology to model the evolution of a dilute gaseous
mixture with different masses. The physically most relevant space for such a Cauchy
theory is the space of density functions that only have finite mass and energy, which
are the first and second moments in the velocity variable. This present article proves
the result in the space L:L°(14|v|*) for any k > ko, where kq is an explicit threshold
depending heavily on the differences of the masses, recovering the physically optimal
threshold ky = 2 when all the masses of the mixture are the same and the particles
are approximated to be hard spheres.

We are thus interested in the evolution of a dilute gas on the torus T? composed of
N different species of chemically non-reacting mono-atomic particles, which can be
modeled by the following system of Boltzmann equations, stated on R x T3 x R3,

(1.1) VI<i< N, OF(tzv)+v- V. Ei(t z,v)=QiF)(t z,v)
with initial data
VI<i< N, V(z,v) € T xR® Fi0,2,v) = Fy,(z,v).

Note that the distribution function of the system is given by the vector F =
(Fy,...,Fy), with F; describing the i'" species at time ¢, position z and velocity
v.

The Boltzmann operator Q(F) = (Q1(F),...,Qn(F)) is given for all i by
N

Qz(F) = Z Qij(ﬂa Ej)?

where ();; describes interactions between particles of either the same (i = j) or of
different (i # j) species and are local in time and space.

Qu(FF)) = [

R3 xS2

Bij (Jv = v.|, cos 0) | FF}" = FiF} | dv.do,

where we used the shorthands F] = F;(v'), F; = F;(v), FJI* = Fj(v,) and F} = Fj(v.).
1

v = ———— (mu + mjv, +mylv —wv
mi+mj( iU+ myvs +my| <o) 0w
*
1 ,and 0086:<m,0>.
’ —
VU, :m(mw—i—mjv*—mi\v—v*b) *

Note that these expressions imply that we deal with gases where only binary elastic
collisions occur (the mass m; of all molecules of species i remains the same, since
there is no reaction). Indeed, v" and v/, are the velocities of two molecules of species
¢ and j before collision giving post-collisional velocities v and v, respectively, with
conservation of momentum and kinetic energy:

miv + myv, = mv' + m;vl,
(1.2) 1 1 2 1 1

g™ Jof” + 5 [vl” = gm o[ + 5™ ol
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The collision kernels B;; are nonnegative, moreover they contain all the informa-
tion about the interaction between two particles and are determined by physics. We
mention at this point that one can derive this type of equations from Newtonian

mechanics at least formally in the case of single species [11][12]. The rigorous va-
lidity of the mono-species Boltzmann equation from Newtonian laws is known for
short times (Landford’s theorem [25] or more recently [17][33]).

1.1. The perturbative regime and its motivation. Using the standard changes
of variables (v,v,) — (v',v)) and (v,v,) — (vs,v) (note the lack of symmetry be-
tween v’ and v/, compared to v for the second transformation due to different masses)
together with the symmetries of the collision operators (see [11][12][37] among oth-
ers and [I1][13] and in particular [7] for multi-species specifically), we recover the
following weak forms:

Qij (Fi, Fy)(v)i(v) dv = / / Bij([v = v.|, cos(0)) F Fy (1; — 4) dodvdo,
R3 R6 Js2

and

(1.3)
| QutBu Byt v+ [ QulEr E)olusto) do =

1 ! 1% * !/ Ix *
_ 5/ / Bij(|v — v, cos(8)) (FIF — FF?) (6] + 0/ — 1 — %) dodvdu,.
RS J§S2

Thus

(1.4 > [ QB By do =0

ij=1
if and only if ¢(v) belongs to Span {ey,...,en,vim, vom, vzm, ]v\zm}, where ey
stands for the & unit vector in RY and m = (my, ..., my). The fact that we need

to sum over ¢ has interesting consequences and implies a fundamental difference
compared with the single-species Boltzmann equation. In particular it implies con-
servation of the total number density ¢ ; of each species, of the total momentum of
the gas pootie and its total energy 3poobuao/2:

vt >0, coo’i:/ Fi(t,z,v)dxdv (1<i<N)
T3 xR3

N
|
Upy = — muF(t,x,v) dedv
(1.5) Poo ; T3 xR3
1N
900 = 5 / my ‘U—UOO‘QE(t,x,U) dxdv,
300 =1 Y T3xR3

where po, = Zfil MiCoo,i 1 the global density of the gas. Note that this already

shows intricate interactions between each species and the total mixture itself.
The operator Q = (Q1, ..., Qx) also satisfies a multi-species version of the clas-
sical H-theorem [1/] which implies that any local equilibrium, i.e. any function
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F = (F,..., Fy) being the maximum of the Boltzmann entropy, has the form of a
local Maxwellian, that is

e N, Eltn) — o) ) 0 = o (1,2)
<1 <N, Fi(t,z,v) = Clocs(t, ) | m———F— exp | —my; .

loc, 21k 50hoc(t, 7) P 2k nboc(t, 1)
Here kg is the Boltzmann constant and, denoting the total local mass density by
Ploc = Zf\;l MiCloci, We used the following local definitions

VI<i<N, 0oeilt,z) = / Fi(t,z,v) dv,
R3

N N

1
muEF; dv,  Oc(t, x) =

2
m; v — uie|” F; dv.
Ploc T JR3 3Ploc i—] JR3

uloc(ta x) =

On the torus, this multi-species H-theorem also implies that the global equilib-
rium, i.e. a stationary solution F to (1.1), associated to the initial data Fo(z,v) =
(Foq, ..., Fon) is uniquely given by the global Maxwellian

3/2 2

] my; |U_uoo|
VISi<N, Ft,z,0) = F0) = cu; | —— e o I
i (t,z,v) (V) = Coo, <27rk3000> exp[ m inf ]

By translating and rescaling the coordinate system we can always assume that u., =

0 and kgl = 1 so that the only global equilibrium is the normalized Maxwellian
. mi\3/2 _ w2
(1.6) p= )iy With (o) = e (50) e

The aim of the present article is to construct a Cauchy theory for the multi-
species Boltzmann equation (1.1) around the global equilibrium g. In other terms
we study the existence, uniqueness and exponential decay of solutions of the form
Fi(t,x,v) = p(v) + fi(t, z,v) for all i.

Under this perturbative regime, the Cauchy problem amounts to solving the per-
turbed multi-species Boltzmann system of equations

(1.7) of +v-V,.f=L(f) + Q(f),
or equivalently in the non-vectorial form
VIKi<N, Ofi+v-Vefi = Li(f) + Qi(f),
where £ = (f1,..., fn) and the operator L = (Ly,..., Ly) is the linear Boltzmann
operator given for all 1 <7 < N by

N

Li(f) = Z Li(fir [5),

J=1
with
Lij(fis f5) = Qij (i, f5) + Qij (fis 1)
Since we are looking for solutions F preserving individual mass, total momentum
and total energy (1.5) we have the equivalent perturbed conservation laws for f =
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F — p which are given by

YVt >0, 0:/ filt,x,v)dedv (1 <i<N)
T3 xR3

N

0= / mufi(t, x,v) drdv
(1.8) Z T3 xR3 ( )

i=1

N
0= Z/ m; [v]® f;(t, x,v) dzdv.
i=1

T3 xR3

1.2. Notations and assumptions on the collision kernel. First, to avoid any
confusion, vectors and vector-valued operators in R will be denoted by a bold
symbol, whereas their components by the same indexed symbol. For instance, W
represents the vector or vector-valued operator (Wy,..., Wy).

We define the Euclidian scalar product in RY weighted by a vector W by

N
w = Zfigiw
i=1
In the case W =1 = (1,...,1) we may omit the index 1.

Function spaces. We define the following shorthand notation

W) =\/1+ [v].

The convention we choose is to index the space by the name of the concerned
variable, so we have for p in [1, +o0]

Ly =L2([0,T), LY =17 (R"), ILE=LP(T°), LY=LF(R%.
For W = (Wy,...,Wy) : R — R a strictly positive measurable function in v,

we will use the following vector-valued weighted Lebesgue spaces defined by their
norms

N 1/2
||f||Lg<W:(;nfiuig(wi)) Wil = L)

N 1/2
2
171122, (z HfiuLg,U(WH) Wl oy = Al W)
N
11l 2o, wry 1ill Lee, Ifill oo, wy = sup (I i@, 0)[ Wi(v)),
’ i=1 ’ (x,0)€T3xR3
N
||f||Lngo(W) > ||fl||L1L°°(WZ)’ ||fi||L},Lg°(Wi) = ||sup |fi(z,v)[ Wi(v)
i=1 z€T3 L}

Note that LZ(W) and L2 (W) are Hilbert spaces with respect to the scalar products

(f, g>Lg(W) = 2(W;) Z fzng dv,

N
T3 xR3

i=1

(f,8)r2,(w) =

N
Z fi» 901
o
Z fisgi)L
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Assumptions on the collision kernel.
We will use the following assumptions on the collision kernels B5;;.

(H1) The following symmetry holds

Bij(Jv — v.],cos0) = Bji(|v — vi|,cos6) for1l<1i,j<N.
(H2) The collision kernels decompose into the product

Bij(|v —vi|,co88) = ©;;(|v — vi|)byj(cosb), 1<i,j<N,

where the functions ®;; > 0 are called kinetic part and b;; > 0 angular part.
This is a common assumption as it is technically more convenient and also
covers a wide range of physical applications.

(H3) The kinetic part has the form of hard or Maxwellian (v = 0) potentials, i.e.

Oy(lv—v)) = Cllv—w]", CE>0, y€[0,1], V1<i,j<N.

(H4) For the angular part, we assume a strong form of Grad’s angular cutoff (first
introduced in [19]), that is: there exist constants Cyy, Cpz > 0 such that for
all 1 <4,7 < N and 6 € [0,7],

0 < bij(cost) < Cy|sind|[cosf], bj;(cost) < Cpy.

Furthermore,

Cb = i inf i bu . 7bii . d > 0.
i B, win st o0 b)) o
We emphasize here that the important cases of Maxwellian molecules (7 = 0 and
b = 1) and of hard spheres (v = b = 1) are included in our study. We shall use the
standard shorthand notations

(19) b,bo‘;) = HbinL[ole] and lbij = HbO COSHLéZ .

1.3. Novelty of this article. As mentioned previously, the present work proves
the existence, uniqueness, positivity and exponential trend to equilibrium for the full
nonlinear multi-species Boltzmann equation (1.1) in L)L ((v)*) with the explicit
threshold k& > k¢ defined in Lemma 6.3, when the initial data Fq is close enough to
the global equilibrium g. This is equivalent to solving the perturbed equation (1.7)
for small fg. This perturbative Cauchy theory for gaseous mixtures is completely
new.

Moreover, one of the major contributions of the present article is to combine and
adapt several very recent strategies, combined with new hypocoercivity estimates,
in order to develop a new constructive approach that allows to deal with polynomial
weights without requiring any spatial Sobolev regularity. This is new even in the
mono-species case even though the final result we obtain has recently been proved
for the mono-species hard sphere model [22]) (which we therefore also extend to
more general hard and Maxwellian potential kernels.).

Also, as a by-product, we prove explicitly that the linear operator L — v -V, gen-
erates a strongly continuous semigroup with exponential decay both in L?E’U (;1,_1/ 2)
and in Lg°, ((v)#p=1/2); such constructive and direct results on the torus are new to
our knowledge, even for the single-species Boltzmann equation.
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At last, we derive new estimates in order to deal with different masses and the
multi-species cross-interaction operators, and we also extend recent mono-species
estimates to more general collision kernels. Note that the asymmetry of the elastic
collisions requires to derive a new description of Carleman’s representation of the
Boltzmann operator as well as new Povzner-type inequalities suitable for this lack
of symmetry.

1.4. State of the art and strategy. Very little is known about any rigorous
Cauchy theory for multi-species gases with different masses. We want to mention
[0], where a compactness result for the linear operator K := L + v was proved in
L2(p~%/?). For multi-species gases with same masses, the recent work [13] proved
that the operator L has a spectral gap in L? (p~/2) and obtained an a priori expo-
nential convergence to equilibrium for the perturbed equation (1.7) in H2, (n="/?).
We emphasize here that [13] only studied the case of same masses m; = m; for all 7,
J. On the contrary, the single-species Boltzmann equation in the perturbative regime
around a global Maxwellian has been extensively studied over the past fifty years
(see [37] for an exhaustive review). Starting with Grad [21], the Cauchy problem has
been tackled in L2H? (/2) spaces [31], in H:, (0= /2(1 + |v])*) [21][35] was then
extended to Hy, (1~'/?) where an exponential trend to equilibrium has also been
obtained [31][25]. Recently, [22] proved existence and uniqueness for single-species
Boltzmann equation in more the general spaces (W' N W4) WE? (1 + |v])*) for
a < B and B and k large enough with explicit thresholds. The latter paper thus
includes L} L ((v)*). All the results presented above hold in the case of the torus
for hard and Maxwellian potentials. We refer the reader interested in the Cauchy
problem to the review [37].

All the works mentioned above involve to working in spaces with derivatives in
the space variable x (we shall discuss some of the reasons later) with exponential
weight. The recent breakthrough [22] gets rid of both the Sobolev regularity and
the exponential weight but uses a new extension method which still requires to have
a well-established linear theory in H3, (u™/?).

Our strategy can be decomposed into four main steps and we now describe each
of them and their link to existing works.

Step 1: Spectral gap for the linear operator in L? (p'/2). It has been
known for long that the single-species linear Boltzmann operator L is a self-adjoint
non positive linear operator in the space L? (,Lfl/ 2). Moreover it has a spectral gap
Xo. This has been proved in [10][19][20] with non constructive methods for hard
potential with cutoff and in [1][7] in the Maxwellian case. These results were made
constructive in [][30] for more general collision operators. One can easily extend
this spectral gap to Sobolev spaces HS (u~'/?) (see for instance [27] Section 4.1).

Recently, [13] proved the existence of an explicit spectral gap for the operator
L for multi-species mixtures where all the masses are the same (m; = m;). Our
constructive spectral gap estimate in L? (;fl/ 2) closely follows their methods that
consist in proving that the cross-interactions between different species do not perturb
too much the spectral gap that is known to exist for the diagonal operator L;; (single-
species operators). We emphasize here that not only we adapt the methods of [13]
to fit the different masses framework but we also derive estimates on the collision
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frequencies that allow us to get rid of their strong requirement on the collision
kernels: B;; < B8B;; for all ¢, j. The latter assumption is indeed physically irrelevant
in our framework.

Step 2: L2, (n/?) theory for the full perturbed linear operator. The
next step is to prove that the existence of a spectral gap for L in the sole veloc-
ity variable can be transposed to L2, (u™/?) when one adds the skew-symmetric
transport operator —v - V,. In other words, we prove that G = L —v -V, generates
a strongly continuous semigroup in wa (;fl/ 2) with exponential decay.

One thus wants to derive an exponential decay for solutions to the linear perturbed
Boltzmann equation

of +v-V,.f=L(f).

A straightforward use of the spectral gap A;, of L shows for such a solution

d

dt
where 7y, stands for the orthogonal projection in L2 (p~'/?) onto the kernel of the
operator L. This inequality exhibits the hypocoercivity of L. Roughly speaking, the
exponential decay in Li}v (ufl/ 2) would follow for solutions f if the microscopic part
7 (f) = £ — 7, (f) controls the fluid part which has the following form (see Section
3)

||f||ig’v(u—1/2) < —2Ap[If — (f)”ig,v(u—l/z) )

[v]* = 3m; !
2

where a;(t,x), c(t,z) € R and b(t,x) € R? are the coordinates of an orthogonal basis.
The standard strategies in the case of the single-species Boltzmann equation are

based on higher Sobolev regularity either from hypocoercivity methods [31] or elliptic

regularity of the coefficients a, b and ¢ [23][25]. Roughly speaking one has [23][27]

(1.10) Arr(f) ~ 9*rf f + higher order terms,

which can be combined with elliptic estimates to control the fluid part by the mi-
croscopic part in Sobolev spaces H®. Our main contribution to avoid involving
high regularity is based on an adaptation of the recent work [15] (dealing with the
single-species Boltzmann equation with diffusive boundary conditions). The key
idea consists in integrating against test functions that contains a weak version of the
elliptic regularity of a(t,z), b(t,z) and c(¢,x). Basically, the elliptic regularity of
7, (f) will be recovered thanks to the transport part applied to these test functions
while on the other side L encodes the control by 7y (f).

It has to be emphasized that thanks to boundary conditions, [17] only needed the
conservation of mass whereas in our case this “weak version” of estimates (1.10)
strongly relies on all the conservation laws. The choice of test functions thus has to
take into account the delicate interaction between each species and the total mixture
we already pointed out. This leads to intricate technicalities since for each species
we need to deal with different reference rates of decay m,;. Finally, our proof also
involves elliptic regularity in negative Sobolev spaces to deal with d,a, d;b and 0;c.

VI<i<N, 7TL<f)i(t7x’ U) = a’i(tvx) + b(t’x) U C(t, J}) mi:ui(v)’

Step 3: L2, ((v)’n~'/?) theory for the full nonlinear equation. Thanks
to the first two steps we have a satisfactory L? semigroup theory for the full linear
operator. Unfortunately, as it is already the case for the single-species Boltzmann
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equation (see [11][12] or [37] for instance), the underlying L? ,-norm is not an alge-
braic norm for the nonlinear operator Q whereas the LZ° -norm is.

The key idea of proving a semigroup property in L* is thanks to an L? — L*®
theory “a la Guo” [20], where the L>®-norm will be controlled by the L?*norm along
the characteristics. As we shall see, each component L; can be decomposed into
L; = K; — v; where v;(f) = v;(v)f; is a multiplicative operator. If we denote by
Sg(t) the semigroup generated by G = L — v - V,,, we have the following implicit
Duhamel representation of its i component along the characteristics

t
Sg(t); = et 4 / e ViE=9) K (S (s)] ds.
0

Following the idea of Vidav [30] and later used in [20], an iteration of the above
should yield a certain compactness property. Hiding here all the cross-interactions,
we end up with

t

SG(t) :eV(U)t+/ efl/(’u)(th)Kefy(v)s ds
0

t s
+ / / e V=K e VWIESUK (S (s1)] dsyds.
0 Jo

We shall prove that K is compact and is a kernel operator. The first two terms will
be easily estimated and the last term will be roughly of the form

t s
/ / / ISa(s1, 2 — (t — s)v — (s — s1)v1, V2| dvadvidsyds.
0 0 v1,v2 bounded

The double integration implies that v; and vy are independent and we can thus
perform a change of variables which changes the integral in v; into an integral over
T3 that we can bound thanks to the previous L? theory. For integrability reasons,
this third step actually proves that G generates a strongly continuous semigroup
with exponential decay in L ((v)?p=1/2) for g > 3/2.

Our work provides two key contributions to prove the latter result. First, to
prove the desired pointwise estimate for the kernel of K, we need to give a new
representation of the operator in terms of the parameters (v, v),) instead of (v, o).
In the single-species case, such a representation is the well-known Carleman rep-
resentation [10] and requires integration onto the so-called Carleman hyperplanes
(v —wv,v, —v) = 0. However, when particles have different masses, the lack of
symmetry between v and v/, compared to v obliges us to derive new Carleman ad-
missible sets (some become spheres). Second, the decay of the exponential weight
differs from one species to the other. To obtain estimates that are similar to the
case of single-species we exhibit the property that K mixes the exponential rate of
decay among the cross-interaction between species. This enables us to close the L>
estimate for the first two terms of the iterated Duhamel representation.

Step 4: Extension to polynomial weights and L!L% space. To conclude
the present study, we develop an analytic and nonlinear version of the recent work
[22], also recently adapted in a nonlinear setting [¢]. The main strategy is to find
a decomposition of the full linear operator G into G; + A. We shall prove that
G acts like a small perturbation of the operator G, = —v -V, — v(v) and is thus
hypodissipative, and that A has a regularizing effect. The regularizing property of
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the operator A allows us to decompose the perturbative equation (1.7) into a system
of differential equations

atfl . G’l (fl) —|— Q(fl ‘l‘ fz, fl ‘|— fz)
ath +uv- V;sz = L (fg) -+ A (fl)

The first equation is solved in L3°, (m) or LyLy® (m) with the initial data fo thanks
to the hypodissipativity of G;. The regularity of A (f;) allows us to use Step 3 and
thus solve the second equation with null initial data in L, ((v)?p~"/2)). First, the
existence of a solution to the system having exponential decay is obtained thanks
to an iterative scheme combined with new estimates on the multi-species operators
G; and A. Then uniqueness follows a new stability estimate in an equivalent norm
(proposed in [22]), that fits the dissipativity of the semigroup generated by G.
Finally, positivity of the unique solution comes from a different iterative scheme.
In the case of the single-species Boltzmann equation, the less regular weight m(v)
one can achieve with this method is determined by the hypodissipative property of
G and gives m = (v)* with k > 2, which is indeed obtained also in the multi-species
framework of same masses. In the general case of different masses, the threshold kg
is more intricate (see Theorem 2.2), since it also depends on the different masses m;.

1.5. Organisation of the paper. The paper follows exactly the four steps de-
scribed above.

Section 2 gives a precise statement of the main theorems that will be proved in
this work and the rest of the article is dedicated to the proof of these theorems.

Section 3 deals with the spectral gap of L. The semigroup property in L2 , (p='/?)
is treated in Section 4. This property is then passed on to Lg°, (<U>5 pY 2) in Section
5.

At last, we work out the Cauchy problem for the full nonlinear equation in Section
6.

2. MAIN RESULTS

As explained in the introduction, the ultimate goal of this article is a full per-
turbative Cauchy theory for the multi-species Boltzmann equation (1.1). Along the
way, we shall also prove the following important results about the linear perturbed
operator L — v - V,.

Theorem 2.1. Let the collision kernels B;; satisfy assumptions (H1) — (H4). Then
the following holds.

(i) The operator L is a closed self-adjoint operator in L? (pﬁl/z) and there exists
Ar, > 0 such that

VR L2 () BT gy ey < AL IE = 7 (62 (e

(ii) Let £ = L2, (p™'/?) or B = L2, ((v)° %) with 8 > 3/2. The lincar
perturbed operator G = L —v -V, generates a strongly continuous semigroup
Sc(t) on E and there exist Cr, Ag > 0 such that

Vt >0, |Se(t)(Id—Tg)||y < Cpe
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where Ty, is the orthogonal projection onto Ker(L) in L? (ufl/Q) and Ilg s the
orthogonal projection onto Ker(G) in L2, (n=/?).

The constants A, Cg and \g are explicit and depend on N, E, the different masses
m; and the collision kernels.

We now state the results we obtain for the full nonlinear equation.

Theorem 2.2. Let the collision kernels B;; satisfy assumptions (H1) — (H4) and
let E = LLL ((v)*) with k > ko, where ko is the minimal integer such that
(2.1)

k+2 k+2

2 2
92 iy mitm; ig matmy 4byy
Cy = Fry— max < 1.
k+2 1 —max - iy,
i ity

where Iy, and b3 are angular kernel constants (1.9).
Then there e:mst ne, Cg and Ag > 0 such that for any Fo = u+ 15 = 0 satzsfymg
the conservation of mass, momentum and energy (1.5) with us =0 and O =1, if

[Fo—pll < ne

then there exists a unique solution ¥ = pu+f in E to the multi-species Boltzmann
equation (1.1) with initial data fo. Moreover, F is non-negative, satisfies the con-
servation laws and

Vi 20, |F—pllp<Cre |[Fo—pll,.

The constants are explicit and only depend on N, k, the different masses m; and the
collision kernels.

Remark 2.3. We make a few comments about the theorem above.

(1) As mentioned in the introduction, p can be replaced by any global equilibrium
M(Ci 00, Usos Un0). Moreover, as we shall see in Section 6, the natural weight
for this theory is the one associated to the conservation of individual masses
and total energy: (1 + mf/Q 0| )1<icn.  This weight is equivalent to (v)*
and we keep the latter weight to work without vector-valued masses outside
Subsection 6.1.2.

(2) The uniqueness has to be understood in a perturbative regime, that is among
the solutions that can be written under the form ¥ = pu+f. We do not give
a global uniqueness in LyL° ((v)*) (as proved in [22] for the single-species
Boltzmann equation).

(3) As a by-product of the proof of uniqueness, we prove that the spectral-gap
estimate of Theorem 2.1 also holds for E = LYL® ((v)¥) with k > k.

(4) In the case of identical masses and hard sphere collision kernels (b = 1) we
recover Cy, = 4/(k 4+ 2) and thus ko = 2 which has recently been obtained in
the mono-species case [22].
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3. SPECTRAL GAP FOR THE LINEAR OPERATOR IN L? (p~1/?)

3.1. First properties of the linear multi-species Boltzmann operator. We
start by describing some properties of the linear multi-species Boltzmann operator
L= (L) First recall

1<iKN

with
Lij(fi, [3) = Quj (w5 f3) + Qij (fis 15)

= [ Bl = vulcostO) (45 8+t = i = ) v
R3 xS

where we have used ;" s = i pj for any i, j, which follows from the laws of elastic
collisions (1.2).

Some results about the kernel of L have recently been obtained [!3] in the case of
multi-species having same mass (m; = m;). Their proofs are directly applicable in
the case of different masses, and we therefore refer to their work for detailed proofs.

L is a self-adjoint operator in L? (pu~/2) with (f, L(f))L%(H,l/Q) = 0 if and only if

f belongs to Ker(L).
Ker (L) = Span {¢, (v), ..., ¢n,4(v)},

where (¢;);<;c 44 1 an orthonormal basis of Ker (L) in L2 (p~'/?). More precisely,
if we denote 7y, the orthogonal projection onto Ker (L) in L2 (u=/?):

N+4

m0) =3 ([ (00 8u(0e ) d4(0)
k=1
and
€k = (5ik)1<i<N>
we can write
(
1
= 1<k<N
&5, (v) @}Mkek,
Op(v) = il (miﬂi)1<i<N7 N+1<k<N+3.

(3.1) (é micoo’i> :

1 v]* — 3m;?
¢N+4(v) - N 1/2 ( \/6 ml:ul ' .
(Z Cos z) 1<i<N
=1

\
Finally, we denote 73 = Id — .. The projection my,(f(¢, x,-))(v) of f(¢,z,v) onto

the kernel of L is called its fluid part whereas 7 (f) is its microscopic part.

L can be written under the following form
(3.2) L=—-v(v)+K,



MULTI-SPECIES BOLTZMANN EQUATION 13

where v = (1), <i<n is a multiplicative operator called the collision frequency

(3.3) vi(v) = Z vij(v)

with
vij(v) = 05' / bij (cos 0) [v — v.]" pj(ve) dodv.,.
R3 xS2

Each of the v;; could be seen as the collision frequency v(v) of a single-species
Boltzmann kernel with kernel B;;. It is well-known (for instance [11][12][37][22])
that under our assumptions: v(v) ~ (1 + |v|") ~ (v)?. This means that for all 4, j

there exist yz(jo ), Z(J)

Vo e R%, v (14 u]") < wiy(v) < v L+ o)),

Every constant being strictly posmve, the following lemma follows straightforwardly.

> 0 (they are explicit, see the references above) such that

Lemma 3.1. There exists a constant 8 > 0, and for all i in {1,..., N} there exist
Vi(o), VZ-(l) > 0 such that

(3.4) voeR? v 1+ ) <vilv) < v (14 v

Thus, we get the following relation between the collision frequencies

(3.5) Yo e R y(v) < Bry(v).

Remark 3.2. Estimate (3.5) is a crucial step in the proof of Lemma 3.4. In [13]
the additional assumption B;; < CB;; for a constant C' > 0 has been used in order
to get (3.5). We want to point out that despite of even having different masses to

handle, we manage to get rid of this assumption. The prize we have to pay is a
slightly more restrictive assumption on the collision kernel B in assumption (H3).

Next we decompose the operator L into its mono-species part L™ = (L");<i<n
and its bi-species part LP = (L?);<;<n according to

(36) L:Lm+Lba L;n(fz) = u(fzafz Lb ZLU fzaf]
J#i
Thus f can be written as

(3.7) f = 7pm () 4+ T (£),
where mm is the orthogonal projection on Ker(L™) with respect to L2 (u~1/?), and
Tpm i= (1 — pm).

By employing the standard change of variables, the Dirichlet forms of L™ and LP
have the form

1 N
(38)  (EL™(E) 1z (u12y = —3 Z/RG , Bttt (Ai [fo " fon )"

(39) <f Lb >L2 1/2 = — ZZ/ Z]ILLZILLJ ij [fl#z_la fj:uj_l:|)2a

i=1 j#i
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with the shorthands
(310) Ay [fuw ! fong ] = (Fn) o+ ()™ = (fo) = (farg )"

Since L™ describes a multi-species operator when all the cross-interactions are
null,

(3.11) mrm (£); = maps(v) (ai(t, ©) + wi(t, z) - v+ ei(t, z)|vf*), 1<i<N,

where a; € R,u; € R® and e; € R are the coordinates of mm(f) with respect to a
5N-dimensional basis, while

(3.12) 7L (F)s = maps(v)(as(t, ) +u(t, ) v +e(t,z)v]*) 1<i< N,

where a; € R,u € R® and e € R are the coordinates of 7 (f) with respect to an
(N + 4)-dimensional basis.

Finally, since

(3.13) / i dv = ¢, / pi|v|* dv = 3e;m; !, / pi|v|* dv = 15¢;m;2,
R3 R3 R3
the following moment identities hold for a;, u;, ¢; defined in (3.11)
fi dv = C; (miai + 361'),
R3
(3.14) Jiv dv = ciuy,

RS

/ filv]? dv = ¢i(3a; + 15e;m; ).
R3

3.2. Explicit spectral gap. This subsection is devoted to the proof of the follow-
ing constructive spectral gap estimate for the multi-species linear operator L with
different masses.

Theorem 3.3. Let the collision kernels B;; satisfy assumptions (H1)-(H4). Then
there exists an explicit constant A\, > 0 such that

<f7 L(f)>L%(p,—l/2) < _)\LHf - WL(f)“i%(@wﬂu—l/?) Vf € DO’ITL(L),

where Ar, depends on the properties of the collision kernel, the number of species N
and the different masses.

The next two lemmas are crucial for the proof of Theorem 3.3, generalizing the
strategy of [13] to the case of different masses. The key idea is to decompose L into
L = L™ + LP (see (3.6)), and to derive separately a spectral-gap estimate for the
mono-species part L™ on its domain Dom(L™) (see Lemma 3.4), and a spectral-gap
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type estimate for the bi-species part LP on Ker(L™) (see Lemma 3.5) measured in
terms of the following functional

N
oo - 5 (0t (0-),

ij=1

where for a fixed f € Ker(L™), ugf ) and egf ) describe the coordinates of the it
component of f with respect to the basis defined in (3.11). To lighten computations,
we introduce the following Hilbert space H := L? (v'/?pu~'/?), which is equivalent

to L2 ((v)2pu=12):

N
19 = {ren ) =3 [ st do<oc.
i=1 /R

Lemma 3.4. For all £ in Dom(L™) there exists an explicit constant Cy > 0, such
that

<f7 Lm(f)>Lg(u—1/2> < _Ol||f — TLm (f)||i%(<v>'y/2”71/2)7

where C depends on the properties of the collision kernel, the number of species N
and the different masses.

Proof. By [30, Theorem 1.1 and Remark 1 below it] together with the shorthand
introduced in (3.10),

1

—/ By (A [firi fz',ui_l])z pipt; dvdvdo > /\mCoo,i/
4 R6xS?

R3

(fi — mom (£);) vt dv,

where \,, > 0 depends on the properties of the collision kernel, the number of species
N and the different masses. Summing this estimate overz = 1,..., N and employing
(3.9) yields

(3.16) — (B L) (porzy 2 A Z Cooi /R3(fi - ”L"’(fi))2% dv.

(3

Now we can estimate v in terms of v; by using (3.5), and plugging this bound into
(3.16) together with the fact that H is equivalent to L2 ((v)?/?p~1/2) finishes the
proof. O

Lemma 3.5. For all £ in Ker(L™) N Dom(LP) there exists an explicit Cy > 0 such
that

<f7 Lb(f)>L12}<u—1/2) < _CQ 8(f)’
with the functional £ defined by

ul) — o)

2 2
+ (el = ) ) 7

where for fized f € Ker(L™) it holds that ugf), ez(f) describe the coordinates of the ith
component of £ with respect to the basis defined in (3.11), and Cy > 0 is defined in
(3.19).

(3.17) E: Ker(L™) - R", E&(f) := Z (
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Remark 3.6. Note that for f in Ker(L™) it holds that
Ef)=0 <« fc Ker(LP),

since Ker(L) = Ker(L™) N Ker(LP). This fact together with a multi-species version
of the H-theorem show that the left-hand side of the estimate in Lemma 3.5 is null
if and only if the right-hand side is null.

Proof. Let f € Ker(L™) N Dom(LP). Writing f in the form (3.11) and applying the
microscopic conservation laws (1.2) yields
Alfire s fing ' = ma(us — ) - (v =) + male; — e) (V'] = Jof),
and thus
—(EL(6) 13 (1)

N
= zll > mf/ Bij[(wi —uz) - (v =) + (e — e5)(J0'[2 = |0]*)] puass.
i=1 RO xS2
JF
Using the symmetry of B;; and of u;u; together with the oddity of the function
G(v,v4,0) = Bij(u; — uj) - (v — v)(|v'|* = |v|*) with respect to (v,v., o) yields that
the mixed term in the square of the integral above vanishes. Thus we obtain

N
1
3.18 —(f,LP(f iy = o m?/ B;;
( ) < ( )>L12}(y, 1/2) 4; RO xS2 J
J#i

X (|(u; —uy) - (0" = 0) P + (e; — &) (|V']* = [v]*)?) papt dvdv.do.
We claim that the following holds

]2
/ Bz*j((ui—uj)-(v'—v))2,uiu;dvdv*dcr = M/ B,-j|v—v'|2,uiu;dvdv*da.
R xS2 3 R6 xS2

To prove this identity, we write u; and v, for the kth component of the vectors u;
and v, respectively. The change of variables (vi, v}, or) — —(vg, v}, o%) for fixed k
leaves B, i, and pf unchanged but vj, — —uvj, such that

/ Bijopvepipsy dvdv.do =0 for £ # k.
R6xS?
Moreover,
/ Bijvpvepip; dvdvido =0 for £ # k,
R6xS?
since the integrand is odd. Thus,

/ Bij((u; — uy) - (v — v))pagt dvdv,do
R6xS2

3

Z (i — wjp)(Uip — ujp) / Bij(v), — i) (v — ve) papt dvdv,do
RO xS2

1

I

Ns
3

(wig — uj,k)2/ Bij(vg — U;c)2,um; dvdv,do.
k=1 R6xS2
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Since the integral is independent of k, we get

/ Bij((u; — uy) - (v — ) pipst dvdv,do
R6 xS2

3
1
- g Z(u%k - uj,k)2 /RG o Bz]| | ,uzllj dUdU*dO'
k=1 X

which proves the claim.
This implies that for all f in Ker(L™) N Dom(LP) it holds that

<f7 Lb<f)>Lg<p;1/2) < =0y S(f)’
where £(+) is defined in (3.17) and

1 1
(3.19) Cy=- min / m; By; min {§|v — '), (JV)* — ]v|2)2} pipt; dvdv,do.
xS?

4 1<i,j<n Jpe

The last part is to prove that Cy > 0. For this we note that the integrand of (3.19)
vanishes if and only if |[v'| = |v|. However, the set

X ={(v,v,,0) €ER*xR* x §*: |v'| = |[v]}

is closed since it is the pre-image of {0} of the function H(v,v.,0) = |v'|* — |v|?
which is continuous. Now X ¢ is open and nonempty and thus has positive Lebesgue
measure, and since the integrand in (3.19) is positive on X°¢, we get that Cy > 0,
which finishes the proof. 0

Proof of Theorem 3.3. The proof will be performed in 4 steps. To lighten notation,
we will use the following shorthands for f € Dom(L):
(3.20) fl = rpm(f), fr=f—1fl nl=pf mE=ptht

1

Step 1: Absorption of the orthogonal part.
The nonnegativity of —(f, Lb(f)>L2<M_1/2) > 0 and Lemma 3.4 imply that

(321) (£ L) sy 2 CllE — £ — (6 LP(0) v
where n € (0, 1] and Cy > 0 was defined in Lemma 3.4. Now it holds that
Az’j[hiah ] > A [h‘z‘7h|j|] Aij[hiLvhjL]Qv

and plugging this into (3.9) and (3.21) implies

L 2 G+ LSS [ BAlhd 1P dvdv.o

=1 j#i Oxs?

N
(3.22) ZZZ / » By Ay i, B sl dvdv,do.
i—1 R6xS?

Now we prove that (up to a small factor) the last term on the right-hand side
can be estimated from below by ||f*]]%,. For this we perform the standard change of



18 MARC BRIANT AND ESTHER S. DAUS

variables (v,v.) — (v, v) together with ¢ <» j and (v,v,) — (v/,v]), and by using

!, I*x

the identity p;u; = p;p we obtain

N
Z Z / Biinj [hf‘, hj]{uzu;‘ dUd’U*dO'
RO xS?

i=1 j#i

<4 ) /R B ((h))? 4 ((h)™)? + (B + ((h)")?) pag; dvdv,do

i=1 j#i JROXS?

N
<16 ) /RS Bij(hi)* i dvdv.do.

i=1 ji

Taking into account the definition (3.3) of v;, we get for the last term on the right-
hand side of (3.22)

77 *
Bl Z Z/ Bij Aij[hi, i) gty dvdv,do

> / Bij(f") iy dvdv,do

IV

N

—an 3 [ (P do = ) £
i=1 /R

Finally (3.22) yields

(6 L)) 112 > (Cr— ) || — 1]

N
2
SIS [ By [ Al] s e
R6 xS2

i=1 j#£i
Thus
2 n
(3.23) <f, L(f)>L%(M,1/2) < —(Cl — 477) ||f — fll H?—L + §<fH’ Lb<f||)>L%(“71/2),
where 0 < 7 < min{1, C; /8}.

Step 2 : Estimate for for the remaining part. Due to Lemma 3.5 there exists
an explicit Cy > 0 such that

(ELL(ED) 1y an) < ~Ca € (E1).

Step 3 : Estimate for the momentum and energy differences.

We need to find a relation between E(fll), ||f — £]| and ||f — 71 (f)|| respectively.
To this end, we decompose f = fll 4 £+ recalling that fl = 7pm(f) and £+ = f — fl.
Using an arbitrary orthonormal basis (), <5y of Ker(L™) in L2 (p='/?), we first
show that

B24) €= 7O < 2+ ko (1125 e — 17O o)

where ko = 10N max; <y e<sn [(Vk, Ye)nu|.
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To this end, we start with
(3.25) I1E = me ()13, < 2(1E4 115 + 1 — 7w (6)]5,)-

Denoting the last term by g := fll — 7 (f) € Ker(L™) (note that Ker(L) C Ker(L™))
and using Young’s inequality implies

el = Z /

Z Y Pk) 13 (e 1/2) (8 W) 13 (- 172) (Wi o)

k=1

2

v;(v) dv

g> ka Lz( _1/2)% )

1
< - max ¢k,¢g H’ Z ( "/)k Lz( _1/2) <g7¢e>ig(u—1/2))

2 1<k,0<5N &
= 2
— 5N1§r]§?§>§N (Y1, Ye) n| HgHL%(WW).

Thus, (3.25) implies

1 2
1€~ wu (€)1 < 2161 + 10N max (b el IE) = 7 (D)2 )

Now Ker(L) C Ker(L™) implies mrm7y, = 7y, thus
||fH - 7TL<f)|’i%(”—1/2) = Hf““i%(u—uz) - ||7TL(f)||i%(u—1/2)7
which indeed yields (3.24).

Now the moment identities (3.13) and (3.14) yield

N
Hf”H —1/2 Zcooz m CL + mz|ui|2 + 15622 + 677711'@7;61'),
=1
and
N+4
||7TL( ||L2 1/2 Z ¢J L2 1/2)
7j=1
N 2 N 2
00,1 Coo,i
:ZCooZ mzaz+3€z) +poo pr U; +6Coo (Z C7€Z‘> s
=1 0 i=1

where (¢;), _j<na 18 the orthonormal basis of Ker(L) in L2(p~'/?) introduced in
(3.1).

Inserting these expressions into (3.24), we conclude that

2

pooz pooz
If — 7 (E)13, < 2IIf — £113, + kopoe Z :

N ¢ N ¢ ’
00,1 00,1
4 6koCoo E e?— E €;
c c

i=1
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The next step is to prove that the following estimates hold:

N ' 2 N
(3.26) I = Z%W— <3 Ju -l
i=1 "

,5=1

N
Poo,i
u

i

N N
Coo,i 9 Coo K

3.27 I = —eF — | < _
21) oy i (Z ) S (o)

=1 =1 3,j=1
Note that we only need to prove the estimate for I, since the arguments for I, are
exactly the same. In order to handle the expression I, we define for u = (u;)1<;<n
and v = (v;)1<icy € R3Y the following scalar product on R3" with corresponding
norm

N
p 7‘
=5 Pl v, = (W),
im1 Poo

where u; - v; denotes the standard Euclidean scalar product in R3. Note that the
vector 1 = (1,...,1) € R satisfies ||1]|, = 1. Now we use the following elementary
identity

[ull7 = (u,1); = [lu— (u,1),1[7,
which can be written as

Np ' Np ‘
[:E 20 g |* — ZE ootV —
1 i=1 poou i=1 Poo !

By using the fact that Zjvzl Pooj = Poc, WE get

(1_ Pooz) Zpoo,y

J#i J#i
Inserting the additional factor (3" poor/poc)? leads to a convex combination of \;

2

N
poo,i
Uy

L p
00,]
>t
p
j=1 7

2 2

N
[1 _ pooz

Poo

N
Poo,i

i#i
such that 37, A; = 1:
2
I — Z Poo,i Z Poo,k Zj;éi(poo,j/poo)(Ui _Uj>
- Y
Poo ki Poo ki Poo,k/ Poo
2 2
-3 () S )
i=1 7% N\ ki 7° i

where \j = (poo,j/Poo) (D gsi(Pook/Poo)) ! Thus we can apply Jensen’s inequality
to this convex combination and obtain

9 2
]1 Zpooz <Zp00k> Z)\j(ui—uj <Zpooz (ZPOO]C> Z)‘j|ui_uj|2.
Poo \ozi P> ) |57 Poo Nizi Poo /) i

Finally, we can estimate the right-hand side easily by using the definition of the )\;
and that po ; < poo to obtain

I, < pooz (1_ pooz) pr,j’uz_u]‘z < Z ’uz_u]‘Z

Poo j#i ij=1
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For I, in (3.27) exactly the same calculations hold. This implies that
(3.28) —E(f1) < ~Cs(|If — mu(B)]3, — 201 — £1]3,),
where C3 = 1/Cy > 0, with

Cy, = 10N max

1<k (<5N max {poc, oo}

N
Z Vk,ieivi dv
i=1 /R®

recalling that (1), .5y is an arbitrary orthonormal basis of Ker(L™) in L (p=12).

Step 4: End of the proof.
Putting together (3.23), Lemma 3.5, and (3.28) yields

(6, L)) o vy < —(Co — Am)|f — £, — Ca/2 £(8Y)
< = (G = 4 = CoCam) || = £1]15, = (C2Cam) /2If — mu(£) [I5
The first term on the right-hand side is nonnegative if we choose
0<n<min{l,C/(4+ C:C3)},

and the desired spectral-gap estimate follows with A, = (C2C3Cyn)/2, where the ad-
ditional constant Cy > 0 takes care of the fact that H is equivalent to L? ({v)?/2p~1/2).

Remark 3.7. (1) We obtain the following relation between the spectral-gap con-
stant A\ deriwed for same masses m; = m; for 1 <i,j < N in [13, Theorem
3] and our new constant Ap, for different masses in Theorem 3.3 :

600
AL = A min m? P ,
1<<N " max{ P, 6Co0 }

where po = Zfil MiCooi ANA Cop = Zfil Cooi- Thus, increasing the differ-
ence between the masses m; makes the the spectral-gap constant A smaller,
while in the special case of identical masses the two spectral-gap constants A
and \p, are equal.

(2) Furthermore, the spectral-gap result of Theorem 3.3 only holds for a finite
number of species 1 < N < oo, since for N — oo we get that A\, — oco. 1t
remains an open problem whether or not it is possible to extend the result of
Theorem 3.3 to the limit N — oo.

4. L? THEORY FOR THE LINEAR PART WITH MAXWELLIAN WEIGHT

This section is devoted to the study of the linear perturbed operator G = L—wv-V,
in L2, (p™/?), which is the natural space for L. We shall show that G gencrates a
strongly continuous semigroup on this space.
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Theorem 4.1. We assume that assumptions (H1) — (H4) hold for the collision
kernel. Then the linear perturbed operator G = L — v -V, generates a strongly
continuous semigroup Sg(t) on L2, (™) which satisfies

V20, |Sa(t) (Id—Ta)lps (ue) < Coe

where g is the orthogonal projection onto Ker(G) in wa (ufl/Q).
The constants Cq, Ag > 0 are explicit and depend on N, the different masses m;
and the collision kernels.

Let us first make an important remark about Ilg. Note that G(f) = 0 means
Vie {l,...,N}, V(z,v) € T* xR? v-V,fi(z,v) = Li(f(z,-))(v)
Multiplying by ;' (v)fi(z,v) and integrating over T3 x R? implies

0= [ (E@ ) e oy o

and therefore by summing over i in {1,..., N}

0= [ (L) 80 vy
T3
The integrand is nonpositive thanks to the spectral gap of L and hence
Vo e T?, Yo € R, f(x,v) = m(f(z,-))(v)

and therefore L(f(x,-)) = 0. The latter further implies that v - V,f(x,v) = 0 which
in turn implies that f does not depend on z [, Lemma B.2].
We can thus define the projection in L2, (u~/2) onto the kernel of G

N+4

a0 e =3 ([ 0@l drdo) 6,00

k=1

where the ¢, were defined in (3.1). Again we define TI§ = Id — IIg. Note that
1§ (f) = 0 amounts to saying that f satifies the multi-species perturbed conservation
laws (1.8), i.e. null individual mass, sum of momentum and sum of energy.

In Subsection 4.1, we show the key lemma of the proof that is the a priori control
of the fluid part of Sg(t) by its orthogonal part, thus recovering some coercivity
for G in the set of solutions to the linear perturbed equation. Subsection 4.2 is
dedicated to the proof of Theorem 4.1.

4.1. A priori control of the fluid part by the microscopic part. As seen in
the previous section, the operator L is only coercive on the orthogonal part. The key
argument is to show that we recover some coercivity for solutions to the differential
equation. Namely, that for these specific functions, the microscopic part controls
the fluid part. This is the purpose of the next lemma
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Lemma 4.2. Let fo(z,v) and g(t,z,v) be in L2, (n™/?) such that Tlg(fo) =
lla(g) = 0. Suppose that £(t,z,v) in L2, (;fl/Q) is solution to the equation

(4.2) Of =L(f) —v-V.f+g

with initial value fy and satisfying the multi-species conservation laws. Then there
exist an explicit C. > 0 and a function N¢(t) such that for allt >0

() INE()] < CL IR, (uory;
i

ii)
t 5 t 9
[ ImOI ey ds <8e0) = 820+ Co [ O, (1

t
+@/nm2d&
0 L2, (n1/2)

The constant C'| s independent of £ and g.

The methods of the proof are a technical adaptation of the method proposed in [17]
in the case of bounded domain with diffusive boundary conditions. The description
of Ker(L) associated with the global equilibrium g is given by orthogonal functions
in L2 but that are not of norm one. Unlike [17] where only mass conservation holds
but boundary conditions overcome the lack of conservation laws, we strongly need
the conservation of mass, momentum and energy.

Proof of Lemma 4.2. We recall (3.1) the definition of 7y, (f) = (m(f)), ;< y and we
define (a;(t,x))1<i<n, b(t,x) and ¢(t,x) to be the coordinates of 7y, (f):
(4.3)
, |v2| — 3m; !
V1I<i<N, m)t,zv)=a(t,z)+0btz) v+c(t,z)——

5 mipi(v).

Note that we are working with an orthogonal but not orthonormal basis of Ker(L)
in L2 ,(#=*/2) in order to lighten computations. We will denote by p; the mass of
T .-

The key idea of the proof is to choose suitable test functions ¥ = (¢3), .y in
H ;,U that will catch the elliptic regularity of a;, b and ¢ and estimate them.

For a test function ¢ = (¢, x, v) integrated against the differential equation (4.2)
we have by Green’s formula on each coordinate

/0 %/Tast (1, f)1 dedvds = /1r3xR3<¢(t)7f<t)>l dxdv — / (1, fo)1 dxdv

T3 xR3

t t
= / / (f, 0p1p)1 dxdvds + / / (L (f), )1 dedvds
0 JT3xR3 0 JT3xR3
N :
+ Z/ / fiv - Vo dodvds + / / (1, g)1 dedvds.
i—1 Y0 JT3xR3 0 JT3xR3
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We decompose f = 7, (f) + 7 (f) in the term involving v - V,, and use the fact that
L (f) = L[r{ (f)] to obtain the weak formulation

(4.4) Z/ / £)v - V1 dedods = U (t) + Wy (t) + Uy (t) 4+ Ty (t) + Us(t)
'J1‘3><R3
with the following definitions

(4.5) Uy (t) = /TgX]RB(ipo,fo)l dxdv—/TBXR?)(z,b(t),f(t)}l dxdv,
N t

(4.6) Uy(t) = Z / / 7 (F)iv - Vi dedvuds,
: T3 xR3

(4.7) Us(t) = Z/ /]1'5 . (mp (£ ), i dzduds,

(4.8) Uy(t) = Z /0 /T . fi0s1; daduds,

(4.9) Uy(t) = /Ot /T (o dudvds.

For each of the functions a = (a;), <y, b and ¢, we construct a 9 such that the
left-hand side of (4.4) is exactly the L?-norm of the function and the rest of the
proof is estimating the four different terms W;(¢). Note that Wy(¢) is already under
the desired form

(4.10) Uy (t) = Ne(t) — Ne(0)
with |Ne(s)| < C Hini,U(u‘l/Q) if ¥y (x, v)ug/z(v) is in L2 , for all i and their norm is

controlled by the one of f (which will be the case in our next choices).

Remark 4.3. The linear perturbed equation (4.2) and the conservation laws are
mwvariant under standard time mollification. We therefore consider for simplicity
i the rest of the proof that all functions are smooth in the variable t. Fxactly
the same estimates can be derived for more general functions and the method would
obviously be to study time mollified equation and then take the limit in the smoothing
parameter.

For clarity, every positive constant will be denoted by Cj.

Estimate for a = (a;), ;.- By assumption f preserves the mass which is
equivalent to

0= / f(t, z,v) dedv = / (/ (£(t,z,v), ) =172 dv) dr = / a(t,x) dx,
T3 xR3 T3 \JR3 T3

where we used the fact that u € Ker(G), fy € Ker(G)* and the orthogonality of
the basis defined in (4.3). Define a test function v, = (¢;),,c v by

1/%‘(’2% U) = <|U|2 - ai) v - vm¢z(t7 SL’)
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where
_Ax¢z(ta IL') = ai(t7 17)
and «; > 0 is chosen such that forall 1 <k <3
-1

2
[ o =) L2 ) v =0
R3

The integral over T? of a;(t,-) is null and therefore standard elliptic estimate [1(]
yields:

(4.11) V20, ¢i)]lgz < Collai(®)ll Lz -

The latter estimate provides both the control of Uy = Nf(a) (t)— Nf(a) (0), as discussed
before, and the control of (4.9), using Cauchy-Schwarz and Young’s inequality,

W51 <cz/mmmpmM<ugw

(412) /H ||L2 1/2 d5+05/ ||g||L2 —1/2 S’

where C; > 0 is given in (4.13) below and where we defined p = (p;), ;. v the vector
of the masses associated to (m;u;)1<i<n-

Firstly, we compute the term on the left-hand side of (4.4).

—Z / /TR £)o - V1), dedods
:_Z > //alsx (/R (Jv]* = o) vjoemip(v) dv) O, Oy #; dads

i=1 1<5,k<3
_ Z Z / / S, ) (/ (|v|2 — ozi) VUMt (V) dv) O, O, i dxds
i=1 1<j,k<3 T ?
2 g -1
— Z / / c(s,x (/ (|v|2 - Ozi) wﬂjvkmimdv> 3xj3xk¢i-
i—1 1<j,k<3 3

The second term is null as well as the first and last ones when j # k thanks to the
oddity in ». In the last term when 7 = k we recover our choice of «; which makes
the last term being null too. It remains the first term when k& = j. In this case,
the integral in v gives a constant C; independent of ¢ times p;. Direct computations
give a; = 10/m; and C; > 0. It follows

N ¢
— Z/ / f)v- V) dedvds = —C) Z/ / a; (s, 2)piApi(s, x) dxds
’]I‘3><]R3 — Jo Jr3

N
- ClZ/t/ a?pids
=170 JT?

(4.13) e /0 Ja()l13 2y ds.
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We recall L = —v(v)+K where K is a bounded operator in L? (;fl/Q). Moreover,
the HZnorm of ¢;(t,z) is bounded by the L?-norm of a;(t,z). Multiplying by
,uZ/Q( )ui(v) 712 inside the i** integral of Wy (4.6) and of W3 (4.7) a mere Cauchy-
Schwarz inequality yields

(4.14)

Vk € {2,3}, |Ui(t) CZ/ Iv/piaill » |73 (£ ||L2 () ds

Zl/o a3 e ds—l—C'g/O RGPS

We used Young’s inequality for the last inequality, with C defined in (4.13).

It remains to estimate the term with time derivatives (4.8). It reads
N t
w = 3 L[ 5ol =) v 0.0 doduds
- T3 xR3
= Z Z/ / |v| — az) 0, 0; 0y, i dxdvds
’]I‘3><R3

=1 k=1

/ / |/U‘ - 051) [atvx(ﬁl] dxdvds
']I'3><R3

Using oddity properties for the first integral on the right-hand side and then Cauchy-
Schwarz with the following bound

[ ol = 0" o (0) o = Ciy < 00
RS

we get

(4.15) Tyt CZ/ [ZszkaLg%—Hﬂ }|L2 () |10:V 2l 2 ds.

Estimating [|0;V.¢al[;2 will come from elliptic estimates in negative Sobolev
spaces. We use the decomposition of the weak formulation (4.4) between t and t +¢
(instead of between 0 and ¢) with (¢, x,v) = ¢(r)e; € H!, where e; = (05i)1<jn
We furthermore require that ¢(x) has a null integral over T3. 1) only depends on z
and therefore W,(t) = 0. Moreover, multiplying by s;(v)u; ' (v) in the i" integral of
W5 yields

/ / ), 1i€;) 13(w 1/2)gb(m) dxdvds = 0,
T3
by definition of Ker(L).
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From the weak formulation (4.4) it therefore remains

/11‘3 o o(x)(e;, £t + €)1 dedv — / () (e;, £(t))1 dxdv

T3 xR3

t+e
/ / f)v - V,é(x) dedvds + / / T (f)v - Vad(z) doeduds
'11‘3><]R3 t T3 xR3

t+e
+ / / 9i(s,z,v)p(x) drdvds
t QxR3

which is equal to
/ pilai(t +¢) —a;(t)] o( C / pib(s,x) - Vyo(x) deds
T3

-cf
n / / () ) - Vo)

+/ / gi(s,x,v)p(x) dedvds,
t OxR3
where C' does not depend on 7.

Dividing by p;e and taking the limit as € goes to 0 yields, after a mere Cauchy-
Schwarz inequality on the right-hand side

Oa;(s,x)op(x) dx

']I‘S

c [llb(twﬂhg + ||7Tf(f)Hng(“i—1/2)} IVad(@)ll 2
FCNgill 5 (172 19112

¢ [||b(t717)||Lg + ||7T¢L(f)}|Lgm(Hi—1/2) + ||gi||L%,v<ui—1/2>}
X[V (@)l 3 -

We used Poincaré inequality since ¢(z) has a null integral over T¢. The latter
inequality is true for all ¢ in H! with a null integral and therefore implies for all
t=>0

(110) 0t 2l gy < C 102z + 70 oom) + ol )

where (H1)" is the dual of the set of functions in H! with null integral.
Thanks to the conservation of mass we have that da,(t, z) have a zero integral on
the torus and we can construct ®;(¢, x) such that

—A,D;(t, z) = Oa;(t, )
and by standard elliptic estimate [10]:

193]l < [10eaill 31y < C 16t @) |2 + Hﬁf(f)HL%U@;l/z) + ||gi||L§U(#;l/2) :
where we used (4.16). Combining this estimate with

HatvxfbiHLg - ”VxA_lataiHLg S HA_lataiHH; - H(DiHH;
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we can further control Wy in (4.15) using p; = \/pi\/Pi
(417) [ W4(0)] < / (Z IVabl5s + I (O3 ey + Hgiui%v@%) ds.

We now plug (4.13), (4.10), (4.14), (4.17) and (4.12) into (4.4)
t t

Jall s s SN0 = N+ Con [ b1y
) 2(p/?) ; 2(p
(4.18) o 2
4 Co [ [Im 0, ) + gl ]

Estimate for b. The choice of function to integrate against to deal with the b term
is more involved technically. We emphasize that b(t, x) is a vector (by (¢, z), ba(t, ), bs(t, x)),
thus we used the obvious short-hand notation

1BI1Z2 (12 ZZHmkaLQ.

=1 k=1

Fix J in {1,2,3} and the conservation of momentum implies that for all ¢ > 0

/ by(t,x) dz = 0.
T3
Define 9, (¢, z,v) = (¥is(t,7,v)), <y With

@/sztl‘l) Z@Z]tl‘v

with

7 e
|v|2UjUJ(9zjng(t,x) ~ o (UJQ —m; ") Oy, 05t ), ifj#£JT

QO'E;]) (t,I,U) = 7 '
(v?, — mi_l) Op,045(t, ), if j=J.

Qmi

where
_Ax¢J(t> ZL’) = bJ(t> :E)

Since it will be important, we emphasize here that for all j # k
(4.19) / (vi —m; ') pi(v) dv =0 and / (v —m; ) vips(v) dv = 0.

R3 R3
The null integral of b; implies by standard elliptic estimate [10]
(4.20) V20, |os(®)llg < Collbs(O)ll L2 -
Again, this estimate provides the control of W, (t) = Nf(‘]) () — Nf(‘])(O) and of W(t)
as in (4.12):

C
(421) |\I’5 \ 1/ ||bJ||L2 1/2 d5+05/ ||g||L2 —1/2) d87

where C} > 0 is given in (4.22) below.
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We start by the left-hand side of (4.4). By oddity, there is neither contribution
from any of the a;(s, x) nor from ¢(s,z). Hence, for all ¢ in {1,..., N}

// f)v - Vb deduds
QXR5

- Z Z/ /bl S, & (/ |U ‘Ulvkvj/UJmlﬂz )d’U) azka (Z5J(3 ill') dzds

1<k,I<3 ] 1

bl (s, (/ 122 — mi_l) vlvkmiuidv> Ou, Oz, 0y dds

1<k J1<3 j 1

/ /bl s, x (/ v?] — mi_l) VUM 1 (V) dv) O, 0z, 0 dads.
R3

The last two integrals on R? are zero if [ # k. Moreover, when | = k and [ # J it is
also zero by (4.19). We compute directly for [ = J

1<k 1<3

2

[ @3 =) (o) do =
R3 m;

The first term is composed by integrals in v of the form

/ ]v[z Vv VUi (v) du
R3

which is always null unless two indices are equals to the other two. Therefore if j = [
then £ = J and if j # [ we only have two options: k = j and [ = J or kK = [ and
j = J. Hence, for all i in {1,..., N}

/ / f)v - Vb deduds

QXR3

:_Z/ /bJ(s,a:)é?xjxjng (/ \v| V3 UszMz( )dv) dxds
—'Jo Ja
oy

3 t
—Z/ /bj(s,x)(‘?mmqﬁ(] (/ |v|20203mlﬂl( )dv) dxds

— Jo Ja R3

i

T < [ T

e b (5, 2)8y 0 by drds — —— b (s, 2)0, 0, 2 dads.
+m§j/ [ ot 2100,y dris = =5 [ ] iy .2)02,01,01(5.2) o

J# T

To conlude we compute for j # J

/ |U2‘ U; Usz”z dU = %pz
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and it thus only remains the following equality for all ¢ in {1,..., N}.

t
// f)v- Vs dedvuds = —723/ /pibJ(s,x)Axng(s,x) dxds
Q><]R3 i Jo Ja
7/ 2
= w3, Vpibsll7s ds

Summing over ¢ yields

N t t
Z 7
i=1 1

We recall p = (pi);<jcn-

Then the terms W, and W3 are dealt with as in (4.14)

(4.23) VE € (2,3}, [W,(t) /HbJHLz /2 d5+02/ (1G] [

It remains to estimate W4 which involves time derivative (4.8):
3

U, (t) = ZZ/O /QX]R3 fzat% s, x,v) drdvds

=1 j=1
N 3

— ZZ/ /ms )0y (s, ,v) dedvds

=1 j=1

I#J

N
+Zj 1i2mz/ /QXRS v —my ) Op, @y dxduds.

=1

By oddity arguments, only terms in a;(s,z) and ¢(s,z) can contribute to the last
two terms on the right-hand side. However, j # J implies that the second term is
zero as well as the contribution of a,(s, z) in the third term thanks to (4.19). Finally,
a Cauchy-Schwarz inequality on both integrals yields as in (4.15)

@21) W 02 [ 1ol + I @ )| 101 s

To estimate ||0;V ¢ JH 12 we follow the idea developed for a(s,z) about negative
Sobolev regularity. We apply the weak formulation (4.4) to a specific function be-
tween ¢ and ¢ +e. The test function is ¥(z,v) = ¢(z)v;m with ¢ in H} with a zero
integral over T®. Note that 1) does not depend on t so ¥, = 0 and multiplying by
i (V) (v) in the 7" integral of W3 yields

/ /Tr3 (mifti)1<i< >L%(u_1/2)axk¢(x) dxdvds = 0,

by definition of Ker(L
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It remains

N

c Z / pi by (t+2) — by (1)) 6(x) do

—Z [ e Vaota) deduis
+Z / /Q O Vo) deduds
+Z [ awsste) doduas.

As for a;(t, z) we divide by ¢ and take the limit as £ goes to 0. By oddity, the first
integral on the right-hand side only gives terms with a;(s,z) and ¢(s,z). The other
two integrals are dealt with by a Cauchy-Schwarz inequality and Poincaré. This
yields

(4.25)

/8tbjtx

< Cllalla (i) + lell gz oy + 17T El 1 (ur2y 18I o2y | 1Vl
2(e1?) 2(e'?) 20 (nm12) 2o(nm72)

The latter is true for all ¢(x) in H! with a null integral over T3. We thus fix ¢
and apply the inequality above to

_Am¢(t7 l’) = ath<t7 I)

which has a zero integral thanks to the conservation of momentum and obtain
_ 2 _
102015 = VoA~ 000y, = / (VoA 0b)) Voo(x) da

We integrate by parts

0V.0ul; = [ abutt )o(a) do.
Q
At last, we use (4.25)

0.9,0, 4
<C _||a||L%(p1/2) + ||C||L%(p1/2) + Hﬂ-ﬁ<f)HLg26’U<u—l/2) + ||g||Lg’v(,fl/2)_ INELPA

= :”aHLg(pm) + ||C||Lg(p1/2) + Hﬂf(f)HLg}v(H—m) + ||g||L§7v(p*1/2): ||V;BA;18thHL§.

=C ”aHL2 1/2 +||C||L2 1/2 +H7Tf(f)HL2 —1/2 +||g||L2 —1/2 ||atvac¢J||L2'
|12z (p1/2) 2(p'/2) 20(nm172) Fo(n172)) z
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Combining this estimate with (4.24) and using Young’s inequality with any &, > 0
(4.26)

t
Wit <eo [ Jalliy iy ds
0 £2(p'/?)
t

2
+Co(e) [ [Iellygoey + I (O3 ey + gl ]

We now gather (4.22), (4.10), (4.23), (4.26) and (4.21)

t t t

16512, ey ds SN(8) = NO(O) + 2 / lal, o ds + Coles) / el
/0 Iz () ds <Ng f | Nallig gy s+ Caelen) [ Nellzgprr

+Coen) [ (181 oy + IO ]

Finally, summing over all J in {1, 2,3}
(4.27)

t . .
181152 (pr/2y ds <NE(8) = N;”(0) + & / lall2z (/2 + Che / el
/0 Lg(pl/z) f f o Lg(p1/2) o Lg(p1/2)
t
2
+Cb/ [Hﬂﬂ_(f)HLiv + ||g||i2“j(“—1/2>} dS,
0 , )

with Cy. and O, depending on &y,

Estimate for c. The contribution of ¢(¢, x) is really similar to the one of a(t, x).
Since f preserves mass and energy the following holds

/ c(t,x) dr = 0.
T3

Define the test function ¥ = (Yic(t, v, v)), ;< y With
wic(ta xz, 'U) = (”U’Q - aic) v - Va:¢c(ta Z’)

where
—Apd(t,x) = c(t, x)
and oy, > 0 is chosen such that for all 1 <k <3

/ (]v|2 — i) v pi(v) dv = 0.

R3

Again, the null integral of ¢ and standard elliptic estimate [16] show
(4.28) V20, [[oe(®)llg2 < Colle(@)ll Lz -

Again, this estimate provides the control of U, = N (t) — N{?(0) and of Ws(t) as
n (4.12):

(4.29) |‘1’5 < /HC||L2 1/2 d3+05/ ||g||L2 1/2 ds,

where C > 0 is given in (4.30) below.
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We start by the left-hand side of (4.4).

// f)v - V. dedvods
11'5><R5

:_Z T //T (5,2 (/3(|v|2—aic)vjvkm,-,ui(v)dv) Oy, 00, 6 s

i=1 1<5,k<3
— Z Z / / S, ) </ (|v|2 — ozic) VUM, 11 (V) dv) 02,0, ¢ dxds
i=1 1<j,k<3 ’
2 1
3
— Z Z / / c(s,x (/ |U| — ozw) M%wmmmﬂv) Oz, Oy, Pe-
i—1 1<5,k<3 ?

By oddity, the second integral vanishes, as well as all the others if j £ k. Our choice
of «;. makes the first integral vanish even for j = k. It only remains the last integral
with terms j = k and therefore the definition of A,¢.(t :U) gives

// f)v- V. dedvds = C’l/ /pl c(s, r)* dzds
'IF3><]R3 T3

(4.30) = O / le(s)l 2 (pr/2) ds-
0
Again, direct computations give a;. = 5/m; and C; > 0.

Then the terms Uy and V5 are dealt with as in (4.14)

C’
430 Ve 231, 1001 < [ el ds+ s [ Int®

_1/2) dS.

As for a(t, z) the estimate on W, (4.8) will follow from elliptic regularity in negative
Sobolev spaces. With exactly the same computations as for (4.15) we have

t
(4.32) 90 < C [ It Oy, o) 105l s

Note that the contribution of 7, was null by oddity for the a(t,z) and c¢(t, z) terms
and also for the b(t, z) terms thanks to our choice of a.
To estimate |0,V ¢.| ;2 we use the decomposition of the weak formulation (4.4)

between ¢ and t + ¢ (instead of between 0 and t) with
1!’(757% U) - (ml(|v|2 - 3mi_1)¢(x))1<i<1\7

where ¢ belongs to H! and has a zero integral on the torus. ¢ does not depend on
t and therefore W,(t) = 0. Moreover, multiplying by s;(v)u; ' (v) in the i* integral
of W3 yields

v|” — 3m
/ / <| i 2 i’ui) >Lg(“71/2)3xk¢(9€) dxdvds = 0,
" 1<i<N

by definition of Ker(L).
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From the weak formulation (4.4) it therefore remains

c /T e+ e) — ()] 6 Z / /T . £ ""‘2 v Vad()
+ Z/ /qrsst = m,,\vg = V()
n 2 [T ™ =B

As for a(t,z) we divide by ¢ and take the limit as & goes to 0. By oddity, the first
integral on the right-hand side only gives terms with p;b(s,z). The last two terms
are dealt with by multiplying by p;(v)™"/?p;(v)'/? inside each integral and applying
a Cauchy-Schwarz inequality. Note that again we also apply Poincaré inequality.
This yields

Ore(t, x)p(z) dx

T3

<O (Bl oy + [Tz (uesrey + 18z )| 1V -

That estimate holds for all ¢(z) in H} with null integral over T?. We copy the
arguments made for a(¢, x) or b, (¢, x) and construct

—A,P.(t,x) = Oe(t, x)
and obtain by elliptic estimates

[0V scllz = VoA 00e]],, < A7 0]y = [12cl
< CHatC(t’x)H(H;)*

< € [Ibllagprrmy + ITEE) g () + ez, (i)

Combining this estimate with (4.32) and using Young’s inequality with any e, > 0
(4. 33)

t
0 / V13 5+ Cotee) [ [ImE @3, vy + el o] s

We now gather (4.30), (4.10), (4.31), (4.33) and (4.29) into (4.4):

t
[ ey s <80~ NI0) 2 [ 101y s
(4.34) 7° 0

t
2
#Culed) [ [Im 3, ey + el o]

Conclusion of the proof. We gather together the estimates we derived for a, b
and c¢. We compute the linear combination (4.18) + a x (4.27) + 5 x (4.34). For all
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gp > 0 and e. > 0 this implies
! 2 2 2
[ Ty + @ 00y + el ]
t
2
< Ne(t) = Ne(0) + O /0 L) A T A %

t
+/ agy ||al|?s 10y F (Cap + Bee) 1521 joy + aChele) el o 12y | ds.
e allZg ey (Con - Bee) 1Bl ) + @Chelen) Nellzg o]

We first choose o« > Cl 5, then ¢, such that ag, < 1 and then § > aCj.(gp).
Finally, we fix €. small enough such that C,; + 8¢, < a . With such choices we can
absorb the last term on the right-hand side by the left-hand side. This concludes
the proof of Lemma 4.2 since

2 2 2 2
||7TL(f)||LgYU(“—1/2) = HaHLg(pm) + HbHLg(pm) + ||CHL§(,,1/2) :

4.2. Generation of a C° semigroup on L2 (p™'/?). We now have the tools to
develop the hypocoercivity of G into a semigroup property.

Proof of Theorem /.1. Let fg be in wa (;fl/ 2) and consider the following equation
(4.35) of =L(f) —v-V,f
with initial data f.

Since the transport part —v -V, is skew-symmetric in L7 , <,u;1/ 2) (mere integra-
tion by part) and L is self-adjoint, Ker(G) and (Ker(G))" are stable under (4.35).

We therefore consider only the case fo in (Ker(G))" and the associated solution

stays in (Ker(G))" for all t.
Moreover, L has a spectral gap A, and so by Theorem 3.3, if £ = (fi),,.y 15 a
solution to (4.35) we have the following

1d .,
= If 2 — = af,f ~172 dxd
2t Wiz (urr2) /< tE £)priz dudv
N
= - Z/ vV, (filt,z,0)%) pi ' (v) dedv
— JT3xR3
+/ <L(f)(t7$a')7f(t7$a')>L%(H—1/2) dx
T3
2
(436) < _)\L HTF]JJ(f)“L%m(M_l/Q) .

We remind that 7 = Id — 7, where 7, is the orthogonal projection (3.1) onto
Ker(L) in L2 (u=/?). The norm is thus decreasing under the flow and it therefore
follows that G generates a strongly continuous semigroup on L? (;1,_1/ 2), we refer
the reader to [27] (general theory) or [31][35] (for the special case of single species
Boltzmann equation).
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_ Let f = Sa(t)fo and define £(t, 2, v) = eMf(t,z,v) for A > 0 to be defined later.
f satisfies the conservation laws and is solution in L7 (;fl/ 2) to the following
equation

Of = G(F) + Mf.

As for (4.36) we obtain the following estimate
(4.37)

¥

2 t 2 t 192
<ol oy =280 [P ¥ -
sty SV oy =20 O, e [,

Along with the latter estimate, we have the following control given by Lemma 4.2
with g = M

t t
/ ds gN'fr(t) — N’E(O) + CJ_/ ds
0 0

t ~
cewe [
0
where C| > 0 is independent of f and | Nz(s)| < C Hf‘(s)‘
(4.37) yields
2

~12 t ~
f —eNglt)| + Ce | (|
|:H LQQC,U(I‘I‘_I/Q) c f( )} + C /0\ ( WL( ) L?:,v(u_1/2>
t ~
< lfoll3  (orrz) = ENF(O) + (22 +2CLA?) / I
: 0
where C. = min {2\ — £C,e}. By the control on |Nj(s)| and the fact that
; 2 L 2 2

we can choose € small enough such that C. > 0 and then A small enough such that
(2\ +eC 1 \?) < C.. Such choices imply that HAf:

i ()|

2
12, (n1r2
(4.38) ()

2
L2, (n=1/?) ds

, then e x (4.38)+

2
L2, (n=1/?)

+ wa(f)

2
L%,v(u‘1/2)>

2
12, ()

=7

is uniformly bounded in

2
12, (u?)

time by C ||f0||i% S(u172):

By definition of ?, this shows an exponential decay for f and concludes the proof
of Theorem 4.1.
O

5. L°° THEORY FOR THE LINEAR PART WITH MAXWELLIAN WEIGHT

As explained in the introduction, the L? setting is not algebraic for the nonlinear
operator Q. We therefore need to work in an L framework. We first give a
pointwise control on the linear operator K in Subsection 5.1 and then we prove
that the linear part of the perturbed equation (1.7) generates a strongly continuous
semigroup in Lg%, ((U)ﬁufl/Z) in Subsection 5.2.
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5.1. Pointwise estimate on K. We recall that L can be written under the follow-
ing form
L=-v(v)+K,

where v = (v;),,. v is a multiplicative operator satisfying (3.4):

voeR? 01+ o) < wmilv) < v+ o)),

with Vi(o), Vi(l) > 0.

In the case of single-species Boltzmann equation, the operator K can be written as
a kernel operator ([20] or [12] Section 7.2) and we give here a similar property where
the different exponential decay rates, due to the different masses, are explicitely

taken into account. These explicit bounds will be strongly needed for the L> theory.

Lemma 5.1. Let f be in L2 (u=/?). Then for all i in {1,..., N} there exists k¥
such that

mamg_ﬁgw%um%ﬂm»mw

Moreover there exist m, Cx > 0 such that for all i in {1,...,N} and for all 1 <
J<N

2
| 1012 10xl?

pi(v)
115 (vs)

The constants m and C are explicit and depend only on (m;),;n and the collision
kernel B.

‘ —m|v—vy|?—m
(5.1) ky('z)(%“*) < Ck v e fo=ve| P

[[o = v]" +]v—

Proof of Lemma 5.1. By definition, K = (Kj;), ;. with

N
62 KO0 =3[  Bylv—uvl.cos0) [ fi+ s = if;] dodo.
=1 S2xR3

We used the identity j;(v)p;(ve) = pi(v")pej(v),) that is a consequence of the conser-
vation of energy during an elastic collision.

Step 1: A kernel form. The third term in the integral is already in the desired
form. The first two terms require a new representation of the collision kernel where
the integrand parameters will be v" and v/, instead of v, and ¢. Such a representation
has been obtained in the case of a single-species Boltzmann equation and is called

the Carleman representation [10]. We derive below the Carleman representation
associated with the multi-species Boltzmann operator. We follow the methods used
in [10][12] Section 7.2 and [15]. However, the existence of different masses generates

an asymmetry between v' and v] as we shall see.

The laws of elastic collisions gives
V=V+—L—|v—uv]o and V.=V - ——|v—0v0
m; +m; m; +m;
where V' is the center of mass of the particles ¢ and j:
m; m;

V= v+ Vs
mH—mj mﬁ—mj
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We can also express

v:V+L(v—v*) and v*:V—L(v—v*).
ml-—i—mj mi—i—mj
Note that
(5.3) lv—v] = v =,
2 .
(5.4) -] < —Y |y~
mi—l—mj
5.5 v—2| < W =7.
( * *

The points v, v,, v and v, therefore belong to the plane defined by V' and
Span(o, v—wv,). We have the following geometric configuration, which gives a perfect
circle in the case of equal masses.

mi+m;

Rl

Vs

FIGURE 1. Relation between pre-collisional and post-collisional velocities

Geometrically, mj_l(v —V),m; (v =V), m; (v, — V) and m; '(v. — V) are on the

same circle of diameter |m; ' (v"* = V) —m;(v/ — V)| = mim |v — v.|. Therefore,
iTMm;

<i(v; O P 1 B v>> _0.

m; m; m; m;
Using the laws of elasticity to see that
m; m;
V = ! UI + J U;
m; + m; m; + m;

we end up with the following orthogonal property (that is also easily checked by
direct computations)

(5.6) vl — mitmy, i T v—0v ) =0.
Qmj 27TLj

We can now apply the change of variables (v., ) = (v, v]), where v" evolves in
R? and v, in E,. E!, is the hyperplane that passes through

vv’ "

m; +m; m; —m;
5.7 Vi = — Ly — — Lo
(5:7) 5V, v) 2m; ! 2m; ’
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and is orthogonal to v — v; we denote dE(v,) the Lebesgue measure on it. Note
that v, = V (v, v)) is now a function of v’ and v’:

1 1

/o / 1 4 _
V(') = v, +mim; v —mym; .

Up to the translation and dilatation (generating a constant C;; > 0 only depending
on m; and m;) from v to the origin of £/, this change of variables works as derived
in [18]. Our operator thus reads

/ B(v—wv,,0)f'q* dv,do
R3 xS2

(5.8) 1 B (v — V(' v), %) )

vl — ']

We can also give a Carleman representation where we first integrate against v’.
In the case m; = m; the orthogonal property (5.6) is entirely symmetric in v’ and
v, and we reach the same representation (5.8) with the role of v" and v, swapped.
This is the classical case of a single-species Boltzmann operator.

In the case m; # m;, (5.6) is equivalent to

9 m; m; 2m; m; +m;
[V —2<U’, v — J v;> = <U,—] v, - —— Ty
mi—mj mi—mj mi—mj mi—mj
which is itself equivalent to

m; m;
U/ + —]'U; — —
m; — mj m; — mj

The same change of variables as before but (v,, o) — (v.,v’) instead of (v,, o) —
(v',v]) thus yields

) 2
‘ v, — v
mi—mj mi—mj

(5.9)

(5.10)
/ B(v — v, a)f'gl* dv,do
R3 xS2
. B (v - Vo), ) ,
~cy [ / g apay | o v,
RS

lo—vil \ JE A

*

ij
’U’U;

where Ef}]v, stands for Effv, if m; = m; or for the sphere defined by (5.9); and dE is
the Lebesgue measure on it.
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We therefore conclude gathering (5.2), (5.8) and (5.10) with a relabelling of the
integrated variables,

(5.11)
N 1 By (v = V(uv.), 22)
O0) =26 [\ o=l fe, r— (u) dE(w) | f;
1 ) ) ’|u—_v*|
i C‘i/ wi(u) dE(u) | f dv,
; " re \ o = vl S, w— .| j(u) dE(u)

N
— Z/ Bij (|v — vi], cos 0) pi(v) f; du..
j=1 /R
This concludes the fact that K; is a kernel operator.

Step 2: Pointwise estimate. It remains to show the pointwise estimate (5.1).
The assumptions on B;; imply that

U — Uy

B;; (U—V(v*,u), )’ < Clo—V(v,u)|",

ju = v.|

where C' denotes any positive constant independent of v and v,. We shall bound
cach of the three terms in (5.11) separately.

From elastic collision laws (5.3), for u in E% one has [v — V(v,,u)| = |u—v,],
and hence
/ B (v—V(v*,U),—ﬂ:ﬁ]) W dBw| < ¢ 1 o lu? 4B ()
(u u)| < ———e M 2 u).
i, [u—v.] " g, Ju— v

We can further bound, since (5.4) is valid on E%

VU ?

v > Ty ]
2mj
and get
/ B (v—V(v*,u)wZ:m) (u) dE(u)| < C / e JE ()
(u Wl ——— e 2 w).
B, lu — v, Hi |v—v*|1MY o

To estimate the integral over E% we make the change of variables
u=Vg(v,v) +w

with Vg(v,v,) the origin (5.7) of E¥ and w in (Span(v — v,))". Using (v,w) =
(v4, w) we compute

1 i
[ul* = Va(v,v.) + ol = ]w+§<v+v*>+2%<v—v*>
2 m2 m
; 2 7 2 2
= ’w+§(v+v*) —1—477;]2 v — v|” + om, (Jo]* = |v.]%)
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Now we decompose v + v, = V*+ + VI where VI is the projection onto Span(v — v,)
and V+ is the orthogonal part. This implies

2 2

1
lu> = ‘w+§VL v —v,]> 4+ ——

(o = o).

4m§
By definition,
2

(U + Vs, v — 0y)

|V”‘2 |2

v — v,

and therefore the following holds

(5.12)
1 Bi; (v — V(vs,u), %) i
v = vl Jm, ju — v 1) 4B ()
C i pom el L) ey [?
< WB Bmy T TR o2 Z( ) {/ e 7 eVt dE(w)
UV — Uy HiUsx (v—v.)*t

The space (v—uv,)* is invariant by translation of vector —27'V1 and the exponential

term inside the integral only depends on the norm and therefore the integral term
is a constant not depending on v or v,.

We now turn to the term involving Ezjv, which is a bit more technical. In the case
m; = m; then E}, = E?, We therefore have the bound (5.12) to which we use

i) (0) = Cogts (W) (v) sinee m; = m.
Assume now that m; # m;. As for E% | the elastic collision properties (5.3) and

VU«

(5.5) give for all v, in R?® and u in Efﬂv*

By (0= V(uw,), 25t ) C e
/~__ wi(u) dE(u)| < ﬁﬁ ™2 dE(u).
B, Evvs

[u — v, v — v,

Since E',_is the sphere of radius
R’U’U* =

and centered at

Oypp, = v — V.
m; — mj m; — mj

We make a change of variables to end up on S*:

Vx—U

By V(u, v.), |u7m)
(5.13) v —v*l /;J,,* lu— 0] pi(u) dE(u)

S2
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Decomposing the norm inside the integral and using Cauchy-Schwarz inequality
yields

(5.14)
2
m; 2 M 2 my 2
~—IR Om <= ——9 _jy—p P — " v —m,
m;m;
+ ———— [v — v ] |mv — myu,
(m; —my)

2 2
The idea is to express everything in terms of |v — v,| and % We recall

that we defined v + v, = V*+ + VI with V! orthogonal to Span(v — v,) and VI =
{odvet—ve) (1) 4,). We first use the identity

|[v—vx|

1
v — .| |miv — mjv,| = — [|(1 +m;)v— (1+ mj)v*|2 — (T =my)v— (1 - mj)v*m

4
and then the following equality that holds for all a and b,

2
lav — bv,|>? = a;b(v+v*)+a+b(v—v*)
2
(a=b)? 12, (a=b)?* [l — o]
5.15 = — |V +
( ) 4 ‘ } 4 |U—U*|2
a—"b)(a+b a+b)?
+( )2( >(|'U‘2_"U*’2)+< 1 ) |'U_'U*|2.

Direct computations from (5.14) then yield

2 22
m; 2 m; 112 My HU’ — | } my 2 2
—— | Ry, Op, ' <——V | -—"0—7— — — |vs
G R+ O < = Bt [V = R L T (o )
oo -
—— v ="
8
Taking (a,b) = (1,0) and (a,b) = (0,1) in (5.15) we have
Do = By, 2 2T 2 T T [[of = o [*[
4 4 " 16 16 v —v.|?
M MG g2y L T
8 (|U’ |,U*‘ )+ 16 ’U U*|
At last we obtain
m; 9 m; 9 m; 2 mi—ij 112
—7|va*u+0vfu* <—I|U| +I|U*| —T|V ’
v” — [
+U<Wv'”—”*'>
where U(x,y) is a quadratic form defined by
Uz,v) = —mi+mjx2 _ _mjxy— i +mjy2.

16 8 16
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The latter quadratic form is associated with the symmetric matrix

m; 4+ m; m; —m;
m; 1—6mj my; 11-6mj
16 16

which has a negative trace and determinant m;m;/64 > 0. It therefore is a neg-
ative definite symmetric matrix and thus, denoting by —A(m;,m;) < 0 its largest
eigenvalue we have

V(z,2) € R, Ulz,v) < —A(my,m;) [22 + %] .

Plugging the latter into (5.16) and going back to the integral of interest (5.13) we
get

» Tu—v.]

1 Bi; (v —V(u,v,), &= ) () dE(w)

U — V| S U — Uy
| | JEi, | |

(5.17)

2
v]? | vx|?

pi(v)
115 (Vi)

2
[v=vs "= A(mi,mg) =y

<Clo—u]" g Mmms)

To conclude we turn to the last integral term in (5.11) which is easily bounded by

|Bij (|U - U*| ,COSQ) ,LLZ(U)| < C |U — U*P/Li(?})

< Clo—w.]” e*i(mi|v|2+mg'|v*|2) 1i(v)

pi(ve)
Using Cauchy-Schwartz
2 212 2
v Vs UV — Vg, U+ Uy
IR e )
v — ] v — ]
<o =o'+ o+ 0" =2 (Jof* + ) ,
this implies
— D v P = 5 ol 1o [ i)
(5.18) |Byj (Jv — va|,c080) j1i(v)| < C'lo —w,|Te” 5 77 75 TP A
5 (V)
where m;; = min {m;, m;}.
Gathering (5.11)-(5.12)-(5.17)-(5.18) gives the desired estimate on kj(z) O

The pointwise estimate on k;](-i) can be transferred into a decay of the L!-norm
with a relatively important weight. This has been proved in [20, Lemma 7] for the
right-hand side of (5.1) with m = 1/8. The case of general m is identical and leads
to
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Lemma 5.2. Let f > 0 and 6 in [0,1/(32m)). There exists Cpz > 0 and g g > 0
such that for all i, j in {1,...,N} and all € in [0,eq.4),

2
2 2
| 1012~ o]

2
sm|va*|2+€m‘U_f*‘2 <U>ﬂ€9w ,ul-(v)_lm Cﬂ}g
(0. )Pedlvel 1y (0,) =12 77 T 1 o

A (v,v4)] €

J

J.

From Lemma 5.1 and 5.2 we conclude that K is a bounded operator on L ({v)?p~1/2).

5.2. Semigroup generated by the linear part. Following ideas developed in [20]
in the case of bounded domains, the L? theory could be used to construct a L™ one
by using the flow of characteristics to transfer pointwise estimates at x — vt into
integral in the space variable. Such a method is the core of the L* theory thanks
to the following lemma.

Lemma 5.3. Let § > 3/2 and let (H1) — (H4) hold for the collision kernel. Assume
that there exist Ty > 0 and X, C, > 0 such that for all £(t,z,v) in L, ((v)? p='/?)
solution to

(5.19) Of +v-V,.f =L(f)
with initial data fo, the following holds for all t in [0, To]

t
IO, vy < P Molli, gy + Co | 166) g oy .

Then for all 0 < A < min {\, Ag}, defined in Theorem 4.1, there exists C =

C

(ﬁ,X) > 0 such that for all £ solution to (5.19) in L, ((v)°u=*?) satisfying

HG(f> =0,

vt > 07 Hf(t>”Lg<’>v<<v)ﬁ”*1/2) < CeiAt HfOHLg‘fU(@)ﬁu*l/Q) .

Proof of Lemma 5.53. To shorten the computations we use the following notation

wp(v) = (v)°p

n

-1/2.

Let f be a solution to (5.19) in L3°, (ws) associated with the initial data fo. Taking

in N we can apply the assumption of the lemma to f(¢,z,v) = £f(t + nTp, z,v).

This yields, with a change of variables ¢t — t — nTj,

6+ DT, ) < BT, o)+ Cr [

(5

20)

(n+1)To

()l g, (172 ds-

nTy

We can iterate the process for f(nTj) as long as n # 0. We thus obtain

IE(( + DT0) e, () <€ Mol o o)

n - (n+1-k)Tp
T CTO Z e [ Hf(s)”[,%v(ﬂ—l/z) ds.
k=0 n

—K)To
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We see that multiplying and dividing by (v)? gives

-1 3 L 2
€12, a2y Z/Tsst drdv < |T| (/R (1+|U|2)5> 1250, (ws) -

Since 3 > 3/2, the integral is finite and f also belongs to L2, (u™/2). By Theorem
4.1 it follows that f(t) = Sg(t) (fo) and thus if [Ig(f) = 0 we have the following
exponential decay

Vit > 0, ||f(t)||L§:,u<u_1/2) < C’Ge—)\ct HfOHL%,U(H_I/Q) < Cgﬁe_)\ct ||f0||L§?U(WB) .

Plugging the latter into (5.20) and taking 0 < A < A\ < min {N A}
£+ DT,

n (n+1,k)T0
67(n+1))\To + CB,G Z e*k)qTo /(' 67/\15 ds ”fOHLg?,U<Wﬁ)
k=0

n—k)Ty

<

Cs geMTo
+1)A\T; B8,G
s { B v ws)

At

< CTO7X6_(n+1)/\To HfO”Lgf’u(wB) )

(n+ 1)e—<n+1>A1To} 1ol

where we used (n + 1)e~(+HMTo Cle—(n+1DATo.

At last, for ¢ > 0 there exists n in N such that nTy < ¢t < (n + 1)Ty. Using the

mequahty satisfied by sup ||f(t — nTp, x,v)|| Les, (wy)» SAIME computatlons as above
0<t<To
gives

Hf(t)HLg?v(wﬂ) < Clf((n+ 1>T0)HLg<jv(w;;) < Ce~(mH1ATo HfOHLg?v(

< Ce ™M HfO”Li‘,’U(Ws) )

w/;)

where C' is any positive constants depending on 7Ty. This concludes the proof. [
We now state the theorem about the linear perturbed equation.

Theorem 5.4. Let § > 3/2 and let assumptions (H1) — (H4) hold for the collision
kernel. The linear perturbed operator G = L — v -V, generates a semigroup Sg(t)
on L, ((v)Pu=/2). Moreover, there exists Ao and Cog > 0 such that

vt > 0, HSG(t) ([d HG)“LOO ( By,—l/?) < Cooe_/\OOt>
where Tlg is the orthogonal projection onto Ker(G) in Li’v (ufl/Q).
The constants Cy, and Ao are explicit and depend on 5, N and the collision kernel.

Proof of Theorem 5.4. As before, we use the shorthand notations wg = (v)?p~1/2

and wg; = (v)7p; 2.
Let fo be in LY, (wg) with 8 > 3/2. If f is solution of (5.19):

af = G(f)
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in L, (wg) with initial data fo then because § > 3/2 we have that f belongs
to wa (p='/?) and £(t) = Sc(t)fo in this space. This implies first that f has to

be unique and second that Ker(G) and (Ker(G))" are stable under the flow of the
equation (5.19). It suffices to consider fy such that Ilg(fp) = 0 and to prove existence
and exponential decay of solutions to (5.19) in Lg%, (wg) with initial data fo.

We recall that v(v) = (v;(v) )1<i<nv is a multiplicative operator and so the existence
of solutions to equation (5.19) is equivalent to the existence of a fixed point to its
Duhamel’s form along the characteristics of the free transport equation. These
characteristic trajectories are straight lines of constant speed. We thus need to
have existence and exponential decay of a fixed point f = (f;) to the following
problem for all 4 in {1,..., N}:

1<i<N

t
fz(tv Z, U) = eiyi(v)tf()i(x - Utv U) + / eiyi(v)(tis)Ki (f(57 T — (t - S)U7 )) (U) ds.
0
Thanks to Lemma 5.1, each operator K; is a kernel operator and we thus have for
all 4in {1,..., N},
fi(t, z,v) =e it fo(x — vt, v)

N t ]
- Z/ / e LD (4 v ) fi(s, 2 — (E— $)v, v,) dvgds.

Iterating this Duhamel’s form we end up with the following formulation
(5.21) fit,z,v) = DY (£)(t, 2, v) + DS (£)(t, z,v) + DS (£)(t, z,v)
where we define

(5.22) DY (fo) = e foy(x — vt v),

<wwﬁ®=2/@fWMVWWan

X foj(x — (t — $)v — sv., v,) dv,ds,

ZZ//// - 7Vj(v*)(37sl)k§i)(v,v*)kl(j)(v*,v**)
R3 JRS

=1 Il=1

(5.24) X fi(s1,2 — (t — 8)v — (8 — 81)Vs, V) AUssdV1dS1dS.

Thanks to this Duhamel’s formulation, the existence of a fixed point to (5.21) in
LPLY, (wg) follows from a contraction argument. The computations required to
prove such a contraction property follow exactly the ones leading to the exponential
decay of the latter fixed point. We therefore solely prove that if f satisfies (5.21)
then f decreases exponentially in L3°, (wg).

We shall bound each of the terms (5.22), (5.23) and (5.24) separately. From (3.4),
for all i there exists 1/(()’) = minyegs {v;(v)} > 0. We define by vy > 0 the minimum

of the I/éi) and every positive constant independent of ¢ and f will be denoted by C}.
The first term (5.22) is straightforwardly bounded.

(5.25) (RSO

< et HfOiHL;%‘?v(wm) .

z,v\ Wi
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In the second term (5.23) we multiply and divide inside the v, integral by wpg;(v,)
and take the supremum T2 x R3.

ws () DS (o) (1) <Cte™"

J=1

(v)Pu;"?
- dv, Al o )
<U*>ﬁﬂj;1/2 ° HfOJ”vav(wﬁj)

Applying Lemma 5.2 with § = ¢ = 0, the integral term is bounded uniformly in ¢, j
and v. Hence

(5.26) | Dt 1)

7 *)

< Cgte_uot HfO”Lg"v(Wa) .

Lgf’v (’wgi)
The third and last term (5.24) is more involved analytically and requires to con-
sider the cases |v| > R and |v|] < R, for R to be chosen later, separately.

Step 1: |v| > R. We multiply and divide by wg (v« ) inside the v, integral of
(5.24) and take the supremum in space and velocity for f;. The exponential factor
can be bounded by

efui(v)(tfs)fuj(v*)(sfs1) < 671/701‘,67”70(tfs)efl%o(tfsl)e%)si
Hence, for all ¢, x and v,
(5.27)

\MMMD?GMtxw

DY / / ) () fill e ()

1<j,I<KN
X {/ ® (v, vy) wsi(v) (/ wi(v) dv**> dv*} dsyds.
e |7 wgi(vs) \Jps W1 (Vi)

We use Lemma 5.2 twice to bound the term inside bracket independently of j, [ and
v by

kl(j) (Vsy Vs

C3 _ C3
< :
14+ "1+R

We conclude
C3 _Y04

5.28 su wivD(i) f)(t,z,v)| < e 2" su [62 fll
528) s ws) DL (O (00| < 775 2 s [¥ 0l

Step 2: |v| < R. In order for the change of variables y = = — (t — s)v — (s — s1)v.
in the v, integral to be well-defined we need s — s; bounded from below. Moreover,
in order to make the L2-norm appearing we would need to have k;l) (v, v,) uniformly
bounded which is not the case. We therefore need to approximate it uniformly by
compactly supported functions, which is possible on compact domains. We take
n > 0 and divide (5.24) into four parts

t s—
CEY AW NS O A B
s—n JR3XR3 |ve|22R JR3
s t ps—
A S L & A B
[v«|<2R J |vsx| 23R 0 Jo [vs|<2R J |5 |<3R

(5.29)
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where, using
efz/i(v)(tfs)fuj(v*)(sfsl) < efuo(tfsl)

Y

we have the following bound

dy) < emmot=s) Z kj(»i)(v,v*)kl(j)(v*,v**)
1< I<N
X |fi(s1, — (t — 8)v — (8 — $1)Vs, V)| dUsndvids1dSs.

The first integral in (5.29) is dealt with by using Lemma 5.2 twice, as for (5.27).

We get
t ps
6—7015 (/ / e_TO(t_Sl) dslds) sup [6 2 Hf”L°o (W5>
s—n 0<s<t

(5.30)
<nCe 3 sup [e% £ ()]

‘w / / /3 3 (Z
s—n R3 xR
0<S<1

For the second and third terms in (5.29) we remark that for |[v] < R we always
have either |v — v,| = R or |v, — V4| = R in the domain of integration and therefore
we have for any € > 0 either one of the following inequalities

(@) (@) melv—us|?
ki (v, v.) ki (v, v.)e™

—meR?
< e

—meR?
<

_ 2
e kl( )(v*, D,y €M

‘k:l(j) (Ui, Vs

Now we take £ small enough to apply Lemma 5.2 as before but with the first inequal-
ity above for |v,| > 2R or the second inequality above for |v,| < 2R and |v..| > 3R.
Exactly the same computations as (5.27) before yields

t s—n )
(5.31) ‘wﬁi// / /dgf)
|ve|>2R JR3
5=
532‘>wm / [
vs]>2R J|v.s]>3

At last, the last term in (5.29) deals with a set included in the compact support
Q= {(v,v.,0.) €R®, |v]| <3R, Jv,] < 2R, |v.| <3R}.

< Ce—mERQQ_VTOt sup |:62 HfHLOO (Wﬁ):|
0<s<t

< O e sup [ ] )]

0<s<t

As discussed earlier, Lemma 5.1 shows that krj(-l (v,v,) has a possible blow-up in
|v — v,|”. However, since € is compact we can approximate k:](-i) (v,vy), for all ¢ and
j, by a smooth and compactly supported function kg?j(v, v,) in the following uniform

sense

(5.33) sup / o ‘kj(i)@, Vi) — kg?j(v,v*)

[v|<3R

Wpi(v) 1
———dv, < —=.
wsi(v) © R

Thanks to the following equality
£, 0 )k (0., 0,0) = (k](z')(v, v,) — kg}j(v,v*)> K9 (v, v00)
N (kl(f')(v*, ve) — k) (0., v**)) kD (v,0,)

+ k) (0,0 )k (0., 0.0)
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the last term in (5.29) is bounded by

\wm/ L Lol
‘U*‘<2R ‘U**‘<3R

— _70t sup [62 ||f||Loo (w )] sup sup / ’kl(j)(v*,v**)
R 0<s<t Pl < gisn [v«|<2R J |v4x |<3R

wai(v) )

wat(Vss )
wﬁi(”) d
v,
wgi(vs) )

[fi(s1,9(04), Ve

C v i
4 Ze 2t sup [e 2 Hf||Loo (w )} sup sup/ ‘k;g%)j(v,v*)
R 0<s<t P 1<i <N \wi<r Jjoaj<er |

—I/o t 81)
[ [<2R
|'U**|<3R

where we made the usual controls (5.27) and used (5.33). We also defined y(v,) =
r—(t—s)v— (s - sl)v* The first two terms are dealt with using Lemma 5.2 while we

k‘g?j(v, v*)k%) (Vs Vi)

1<y, l<N

can bound k:R Jk( by a constant Cg depending only on R (note that all constants
only depending on R will be denoted by Cg). This yields

t s—n
L L
0 0 |[v«|<2R J |vsx|<3R

C _n
< ¢ 2t sup [62 ||f||Loo (ws) +CRZ/ / [MQR | f1(81,y(vs), Vi) -

0<s<t [vsx|<3R

We first integrate over v,. We make the change of variables y = y(v,) which has a
jacobian |s — 31|73 < n73. Since we are on the periodic box, y has to be understood
as the class of equivalence of y(v,) and is therefore not one-to-one. However, v, being
bounded by 2R we cover T? only finitely many times (depending on R). Hence,

5=
o[
|v«|<2R |v**|<3R
< o sup [62 11 e, (o Z/ /S n/ | fi(51, Y, V)| -
R 0<s<t T3 xR3

Finally, a Cauchy-Schwarz inequality against /L;l/ *(0,)/ ufl/ ?(v,) yields the follow-

< —e ~% sup [62 HfHL<>o —|——t/ I (s1 HL2 (u-172) ds;.

R 0<s<t

(5.34)

Plugging (5.30), (5.31), (5.32) and (5.34) into (5.29) gives the final estimate

U ) —me 1
sup ‘wm(v)Dé) (f)‘ <Cye 2t (77 4 emeR? E) sup [e 2 ||f||Loo (Wa)]
lv|<R 0<s<t

(5.35) .
+ Chp, t/ IE(S)| ;2 ¢, -1/2) ds.
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We can now conclude the proof by gathering (5.21), (5.25), (5.26), (5.28) and
(5.35). We get that for all ¢ in {1,..., N}

(5.36)

¢
ezt ”fi(t)HLg?v(wm) <(1+ Cyt) e ||f0||L§?v(W3) + C’R,nt/O ||f(s)HL%7U(M_1/2) ds

2 1 0}
w0 (e 1) sup [eF g o]

0<s<t

We remind the reader that C'; and C5 are independent of 1, R and ¢; moreover € > (
is fixed. We choose R large enough and 7 small enough such that

Cs (7] te e %) < %
and Ty > 0 such that

2(1 4 CyTp)e T = =20,
Such choices with (5.36) yields that for all ¢ in [0, Tp],

t
Y0 (7, —
Hf(t)“Lgov(@)Bp—l/?) ez o2 HfOHLgov((v)Bu—l/?) + OTO/ Hf(s)HLgv(u—lﬂ) ds.
: 2, 0 z,

Lemma 5.3 then concludes the proof of Theorem 5.4. O

6. THE FULL NONLINEAR EQUATION IN A PERTURBATIVE REGIME

This section is devoted to the proof of Theorem 2.2. We divide our study in three
steps. Subsection 6.1 deals with the existence of a solution with exponential decay
to the perturbed multi-species Boltzmann equation that reads

(6.1) Of +v- V£ =L(f) +Q(f).

Then Subsection 6.2 proves the uniqueness of such solutions and, at last, Subsection
6.3 shows the positivity of the latter.

6.1. Existence of a solution that decays exponentially. We refer to the defini-
tion of Ilg (4.1) and recall that IIg(f) = 0 is a convenient way to say that f satisfies
the conservation laws (1.5) with 6, = 1 and uy = 0.

This subsection is dedicated to the proof of the following proposition.

Proposition 6.1. Let assumptions (H1) — (H4) hold for the collision kernel, and
let k > ko, where kg is the smallest integer such that Cy, < 1 where Cy, was given by
(2.1). There exists ng, Cx and A, > 0 such that for any fo in L} L ((v)k) satisfying
Ilg(fo) =0, if
[[foll <
then there exists £ in LLLY ((v)*) with Ilg(f) = 0 solution to (6.1) with initial data
fo such that
vVt >0, ||f||L%Lgo(<v>,€) < Che Mt ||f0||L%Lgo(<v>k) .

The constants are explicit and only depend on N, k and the collision kernels.
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6.1.1. Decomposition of the perturbed equation and toolbox. As explained in the in-
troduction, the main strategy is to find a decomposition of the perturbed Boltzmann
equation (6.1) into a system of differential equations where we could make use of
the L* semigroup theory developed in Section 5. More precisely, one would like
to solve a somewhat simpler equation in L} L% (<v>k) and that the remainder part
has regularising properties and could thus be handled in the more regular space
L7, ((v)ﬂ;flﬂ). Then the exponential decay of Sg(f) in the more regular space
could be carried up to the bigger space.
Remark that
L, ((0) 1) © LI ((0)Y).

We propose here a decomposition of the mutli-species linear operator G = L —
v -V, that follows the idea used in [2?] for the single-species Boltzmann operator.
We define for § € (0,1) to be chosen later the truncation function O(v,v* o) €
C>(R? x R3) bounded by one on the set

{]v! <0t and 29<|v—v <5 and |cosf| <1 - 25},
and its support included in the set
{lv] <267" and §<|v—0v]<26"" and |cosf| <1—6}.
Thus we can define the splitting
G=L-v-V,=AY4+B® —» 4.V,

with the operators A% = <A§6)> and B = <B£5)> defined as
1<i<N 1<i<N

N
Ag‘s)(f(v)) = Z C;I;A O (1 fi + 1l f7 — i f7) bij(cos )|v — v*|"dodv®,
j=1

3%S2
N
B (8(v)) =Y Cf / L (1= 08) (W5 L4 pifj” = i) bis(cos O)o — v [dodu”.
=1 X2

Our goal is to show that A has some regularizing effects and that Gy := B©®) —v —
v-V, acts like a small perturbation of G, := —v—v-V, and is thus hypodissipative.

Lemma 6.2. For any k in N, 5 >0 and ¢ in (0,1), there exists Cy > 0 such that
for all £ in LLL ((v)*)
||A(6) (f)HLg?v(<’U>ﬁH_l/2> g CA Hf”L})LgO((v)k) .

The constant Cy is constructive and only depends on k, 3, 6, N and the collision
kernels.

Proof of Lemma 6.2. As we proved it in Lemma 5.1, the operator A®) can be written
as a kernel operator thanks to Carleman representation:

Vie{l,...,N}, AP(f)(z,v) = / KO (,0.), £z, v.)) do..
R3

Moreover, by definition of A its kernels kg)’(é) are of compact support which
implies the desired estimate. 0
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Thanks to the regularizing property above of the operator A® we are looking for
solutions to the perturbed Boltzmann equation

atf =G (f) + Q(f)

in the form of f = f; + f5 with f; in LIL ((v)*) and f in L, ((v)’p~/?) and
(f1, f2) satisfying the following system of equation

(6.2) fi = GV E)+QE, +6) and £(0,2,v) = fo(x,v),
(6.3) Ofy = G(fy)+AC(f) and f5(0,2,v) =0.

The equation in the smaller space (6.3) will be treated thanks to the semigroup
generated by G in L ((v)ﬂ pY 2) whilst we expect an exponential decay for solu-
tions in the larger space (6.2). Indeed, B() can be controlled by the multiplicative
operator v(v) thanks to the following lemma.

Lemma 6.3. Define
Wi = (1 +mp? |v|k> and Wiv = <(1 +mp? |v|k)1/i(v)>
1<i<N

1<iKN

There exists ko in N such that for any k > ko and 6 in (0, 1) there ezists C(k,0) > 0
such that for all £ in LLLY (Wiv),

[BO)

Lz S OB(R; O) IEl] 1y oo (o)
Moreover we have the following formula
Cp(k,d) = Cy + x(9)

where €(0) is an explicit function that tends to 0 as 0 tends to 0 and Cy, is defined
by (2.1) and ko is the minimal integer such that Cy, < 1.

We make an important remark.

Remark 6.4. We emphasize here that for k > ko we have that lims_,o Cp(k,d) =
Cy < 1. Until the end of this article we fix 6, > 0 such that Cg(k,d;) < 1. For
convenience we will drop the exponent and use the following notations: B = B0k
A=A G, = G(lék) and finally Cp = Cp(k,dx). The equivalent of this result
for the mono-species Boltzmann equation can be found in [22, Lemma 4.4] for k > 2
which is recovered here when m; = m; (note that our Lemma deals with more general
collision kernels).

We also notice here that the weighted norm Wy required for this sharp lemma is
equivalent to (v)*.

The proof of Lemma 6.3 relies on a Povzner-type inequality. Such inequalities are
now common in the mono-species Boltzmann literature (for both elastic and inelastic

collisions) [32][29][2][3][22] and state that the integral on S? of [|v’|k + |v;|k] can be

controlled strictly by the integral on S? of Cj, [Mk + |v*|k] with C, =4/(k+2) < 1

(for hard sphere collision kernels) and a remainder term of lower order when k > 2.
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As we shall see, the asymmetry brought by the difference of masses generates a
larger constant Cj, that can still be less than 1 if k is large enough.

The method proposed here to prove such a Povzner inequality is inspired by [3,
Lemma 1 and Corollary 3]. The main idea is to consider kinetic energies m; |v'|* and
m; |v.)? to exhibit the problematic term arising from m; —m; which can be non-zero.
We state our result, which covers the mono-species case when m; = m.

Proposition 6.5 (Povzner-type inequality). Let i and j in {1,...,N}. Then for
al k> 2,

k/2

Iy,
/ (2 1 ml2 | do < G ol 4+ my o)
S2

g J = 7100

where Cy, was defined by (2.1) and Iy, by by (1.9).

ij 7

Proof of Proposition 6.5. By definition of v and v we can expand \'U’|2 and ]01]2 as
follows
1+ Qg5 + bij<€, 0'>
2
1 —a;; — bjle, o)
2

where we denoted by e the direction of the vector m;v 4+ m;v, and we defined

m; V') = E

m; |v;|2 = F

E =m; |v]* + m; |v.|*

Y

1 my —m; m; —m; , o m; — my 9 m;m;
Qi; = — m; v+ my—— + 44—, v
(6.4) ™ Em;+m, Zmi—l—mj| | ]mi—l—mj| . mi+mj< Xk
1 4mym,
by = —— VI |y — v+ M .
Y E(my +my)? [v = vl fmiv 4+ mje]

We will drop the dependencies on v and v, The first important property to notice
is that for all o on S%, m; [v'|> and m; [v.|* are positive and this implies

(65) |CLij| g 1, |aij + sz| g 1 and |aij — b”| < 1.

Plugging these equalities inside the integral yields

/ [mf/2 |U/|k + mh? ]v;|k} do
S2

:
k/2 k/2
:Ek/z/ (1+aij+bij<6a0>> / n (1_“ij—bij<€70>) /] do
S2

2 2

1 k/2 k)2
1 2 2
8w /2
(6.6) = k:+2E [Frjo(lass] ; bij) + Frja(—lai] , bij))

(1+a+b)P+1 . <1+a—b)P+1

F,(a,b) = 2 5 2
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When |a| < 1, a mere study of the function F,(a, -) shows that the latter function
is increasing on [0, 1 +a] if p > 0. Therefore, since |a;;| < 1, for k > 2 we can bound
Fijo(|ag] , bij) and Fyjo(— |ag] , bij) with their value at an upper bound on b;;. Using
(6.5) we see that 0 < b;; < 1 — |a;;|. Bounding into (6.6), this gives

k/2+1
81 w2l — layj| P (1= Jag )R/
k}+2 ]_—|Cll‘j|

©0) [ [mi 1w+ mb® ] do <
SQ

To conclude the proof it suffices to see that the function

L—Jal**"! 4 (1 — Ja])"/2+!
1 —1af

a+—

is increasing on [0, 1]. Proposition 6.5 will follow if |a;;| < |m; — m;| /(m; +my).
Going back to the definition of a;; and decomposing v, as v, = Av + v+ with vt
orthogonal to v we see that

1 |m, —mj|
E mi—i—mj

0 (mf + mymj (4N — N2 — 1) + A\?m?
CLij =

2 m; — m; 2
L) o+ my—— ot [7].
mi—i—mj

m; + mj
But then, direct computations show first

‘ m; —m;j

J
m; + mj
and second

|mf +mymi(4X — A2 — 1) + )\Zmﬂz — (m; 4+ my)2(my; + N2m;)?

Hence
| < = sl (s Xy o+ o]
a/. .
S m; + m; 1)
which terminates the proof of the proposition. O

Now we can prove the estimate on B(®),
Proof of Lemma 6.3. We use the definition Wy, = (1 + mf/Q 10|")1<i< . Moreover, as
we will drastically bound B®)(f) by the absolute value inside the integral in v, it is
enough to show Lemma 6.3 only for f = f(v).

With the multi-species Povzner inequality (Proposition 6.5, the proof follows
closely the proof of [22, Lemma 4.4] with appropriate characteristic functions that
fits the invariance of the elastic collisions (1.2).
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First we bound the truncation function from above by cutting the integral in the
following way

IBEE 1

N
<G / = 00) [ L) gl 1] bieos O = v o do
ij=1
N
< Z o5 / bij(cos 0)[v — v.|" | fil (Wr; + Wr;" + Wi )dvdv.do
Z,jzl {|COS€|€[1*6,1]}
N
+ Z Cf;/l - bij(cos 0)|v — .| 3| fil(We; + Wr;" + Wi })dvdv.do
ij=1 v <
N
+) Cf;/ [Mj Fil il 5 1+ il £71 | bij(cos ) v — v .
ij=1 {|v|=6—1 or |v—wvy|=6-1}

Note that we used the change of variables (v,v,,0) — (v, 0", v — v,/ |v — v,|) for

,u;*fz’ Then for ,u;fj/* we used first (v, v,,0) — (vi, v, —0) which sends (Ugj,v;;) to

(’u;’;, U;l) and then relabelling ¢ and j we come back to the first term u;* fl.
Defining the characteristic function x4 on the set

A= {\/milvP + mylv|? = min {/m;, /m;} 67 or [v—v,] > (51}

we can bound b(cos @) by its supremum b, and use the equivalence between v; and
1+ |v]” to get

(6.8)
é
IBOE 1y
< 0C(R) I 11 (s
N
+2 Czq;/ xa [l L+ L+ gl 1] Bigeos ) = va i, dvdv.do
i,j=1 R3xR3xS2

where C'(k) will denote any positive constant independent on § and f.

We shall deal with the second term on the right-hand side of (6.8) thanks to
the Povzner inequality. Indeed, the set A is invariant by the changes of variables
already mentioned (remember that when changing v to v, we also change 7 and j)
and therefore
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> Cq)/ X4 [M;'*\fﬂ + il £+ Mi’fﬂ] bij(cos0)|v — v.| wy; dvdv.do
R3 xR3xS2

()
ij=1

N
- Z Cf/ X abij(cosB)|v — U*|Wﬂ;|f1|(w_kf/ + Wy, + W) dvdv,do
ij=1 R3xR3xS2
4,j=1 R? s
+ 87 Z Cq’bw/ Xalv — v pi| filwy; dvdo,
i,j=1 IxR?
+ 4m Z C@boo/ Xalv — v "] fi[wy; dvdv,
i,j=1

We can use Proposition 6.5 for the first term on the right-hand side of the in-
equality. Indeed,

— — % — —
/ [wkj + Wy — Wi, — wki] do
SQ

Iy
< GG (m o+ m, [02) " = drm”? o]} — dmm}? o,
l
< 2R [(me o) 272 m o )12 4 (i o) 72y s )27

Iy,
—47r< - boo )[m§/2yv|’“+m§/2|u*|k

< 1. We can thus plug this back

For k > ky we have that C} = boo

into (6 9) we find, recalling that wy; = 1 + mk/2 Bl

S / xa [ L+ 157+ sl 1] bigleos )l — v ', dvdv. do
R3 xR3 xS2

4,j=1

5> [ xalo= el [JoF e + ol o] dode,
R3xR3

z]l

+127 Z C%OO/ xalv — w2 £l dvdv.t
>< 3

731

+ 87 Z C@bo"/ Xalv— v*|'y,u]|ﬁ|mk/2 v, |* dvdo,

,Jl

rayer / xalo = w5 | filmi o] duvdv,

3,j=1
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From here we can use that

Xa(v,v.) < 2max {m;, m;} 5(m; [v]* + m; [v*[*)
2,7

and the fact that v+ 1 < kg < k to bound the first, second and third term on the
right-hand side by 0C(k) [|f]| 11wy And finally, we exactly have the definition of
v;(v) in the last term on the right-hand side. This gives

(6.10)

Socr [ xa [l sl ] bs(cos)lo — v, dudv.do
R3 xR3xS2

ij=1

N
< Ckz 1 fill £ e ) + OC (R I1E]] £ ey -

i=1

Combining (6.8) and (6.10) yields the desired estimate. O
We conclude this subsection with a control on the nonlinear term.

Lemma 6.6. Define Q(f, g) by
N

(6.11) V1<i<N, @i(f, g) = %Z (Qi(fir 95) + Qij(gs, f5)) -

J=1

Then for all £, g such that Q(f,g) is well-defined, the latter belongs to [Ker(L)]™:

L, (Q(f’ g)> = 0.
Moreover, there exists Cg > 0 such that for all i in {1,..., N} and every f and g,

H@i(ﬂ g)’

L}JLgO((v)k) < CQ [ Hfi“L%Lgo«v)k) HgHL%Lgo(Mky)

1l 2y () 18 aze (e ]

The constant Cq s explicit and depends only on k, N and the kernel of the collision
operator.

Proof of Lemma 6.6. The orthogonality property is well-known for the single-species
Boltzmann operator [, Appendix A.2] and [7] and follows from the same methods
as to prove (1.3) and (1.4).

The estimate also follows standard computations from the mono-species case, we
adapt them to the case of multi-species for the sake of completeness. Since we
are dealing with hard potential kernels, we can decompose the bilinear operator

Qij(fiyg;), for any ¢, j in {1,..., N}, as

Qij(fi, 95) :/ Bi; (|v — |, cos 0) flg;" dv.do

R3 xS?

- / Bij (Jv — v, cos 0) fig; dv.do.
R3 xS?
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By Minkowski integral inequality we have for all ¢ in [1, c0),

/]R3<U>k [/Tg |Qij(fz‘,gj)|qd$:| 1/qdv </SQ><]R3><R3 {/ ‘szf .
" /SQXR3xR3<U>k [/Tg }Bijfig; !

Since the function (v, v,) — (v, v}) is its own inverse and does not change the value
of B; (|v — .|, cos ), we make the latter change of variables in the first integral and
we obtain

s /SQX]R?,X]RS ()% + (v')F) Mg By g |”

1/q
< Cij/ WY (v, ) v — v,|” [/ \fig;‘|qda:} dodv,.dv.
S2xR3 xR3 T3

The constant Cj; > 0 will stand for any constant depending only on m;, m;, the
integral over the sphere of b;; and Cf; (see assumptions on the kernel B;;). Finally
we use the fact that |v — v, |7 < (V)7 + (v*)7.

/R3 (v {/w |Qii(fi=9j)|qu] " dv

<Gy (#0041 | [ 1l

/q
dm} dodv,.dv

1/q
] dodv.dv.

1/q
} dodv,.dv

S2xR3 xR3

1/q
] dodv,dv.
We take the limit as ¢ tends to infinity and conclude
1Qia(Fis ) s (e < Ca | Il ) N9l e (o)

+ ||fiHL5Lg°(<u>k+W) ||gj||L},Lg°(<v)k) } :

We remind (3.4) which states that v;(v) ~ (v)7 and the lemma follows after summing
over j, Cg being the maximum of all the Cj;. 0J

6.1.2. Study of the equations in LLL® <<’U>k) We start with the well-posedness of
the system (6.2) in LLL® ((v)*).

Proposition 6.7. Let k > ko. Let fo be in LLL ((v)*) and g = g(t,z,v) be in
LPLILY (v(v)k). There exist mi, A1 > 0 such that if
foll sy () <M and 302> 0 €00 (o) < C Mol () ¢
then there ezists a function fy in L LLL ((v)¥) such that
o1 =G1(f1) +Q(fi+g) and £:(0,z,v) = fo(z,v).

Moreover, any solution fy satisfies

vVt >0, Hfl(t)HL})LgO«v)k) < Cre™! ’lfOHL%L§°(<v>’“) '
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The constants C1, 61, my and \y are independent of fo and g and depends on N, k
and the collision kernel.

Proof of Proposition 6.7. We start by showing the exponential decay and then prove
existence. As a matter of fact, we saw in Lemma 6.3 that the natural weight to
estimate B is Wx = 1 + m*2 [v|" which is equivalent to (v)*. We will therefore
rather work in L!L%® (Wy) which just modifies the definition for C4, d; and 7.

Step 1: a priori exponential decay. Suppose that f; is a solution to the
differential equation in L} LS° (Wy) with initial data fo.
We recall that for ¢ in [1, 00),

N 1/q
k
[ [FyP—— /R (14+ml olt) (/Tsyfu\q da:> .
=1

Therefore we can compute for all 7 in {1,..., N}

d
a ””L%Lg(umf/ﬂv\k)

= [ (el 1ty ([ st ™ o ) a
R3 T3

Observing that
Oifri=—v-Vofu—vi(v)fu+Bi(f1)+Qi(fi +8),

that the transport gives null contribution

- 1
/ Sgn(fll) ’flilq ! v - foll dm = 51} . /
T3

v:): (’flzlq) dr = 07
T3

that the multiplicative part gives a negative contribution,
— [ ) sl Ll do < —wi(0) £l
T
and that by Hélder inequality with ¢ and ¢/(q — 1),

(6.12) /T3 sgn(fii) | ful*™" gi dz

-1
< il Ngill g

we deduce
d
T 1 fiall 1y 1o (L4mt/2p) < = Wuill gy 1o (Lm0 +1Bi (E)ll 1 10 (Lm0

+ ||QZ (fl + g) ||L11)Lg (1+mf/2\v\k)> .
First sum over ¢ in {1,..., N} and then let ¢ tend to infinity (on the torus the
limit is thus the L*-norm). This yields for all ¢ > 0.

d
E ||f1||L%Lg°(Vk) < - ||f1||L%Lg°(VWT() + ”B (fl)HL}ngO(Vk)

+1Q (1 + &)l 11 1oe () -

(6.13)
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We use Lemma 6.3 to control B, recalling that 0 < Cg < 1, and the control of Q
given in Lemma 6.6 for Q (of course, since Wi, ~ (v)¥ the Lemma still holds with a
different C). We get that for all ¢t > 0,

d
61l g 15m oy < = [1 = C = 2C0 (60l 3120y + 2N 20 ) | 1B o

+Collg(®)]

2
Ly L (vwi) ©

Since Cp < 1, if [[£1(0)[| 11 ooy 18 sufficiently small and thanks to the exponen-
tial decay of ||g(t)||L?oL%Lgo(
desired exponential decay.

) & direct application of Gronwall lemma yields the

Step 2: existence. Let f(®) = 0 and consider the following iterative scheme

OFTY 4o VD = —p(v) (D) + B (™) + Q (™ + g)

with the initial data f®+1(0,z,v) = fo.
For each n in N, f®+1) i well-defined by induction since we have the explicit
Duhamel formula along the characteristics for all 4 in {1,..., N}

t
fi(”H)(t, x,v) = e Vi fy, +/ e viW)(t=9) (B (f(“)) + Q; (f(“) +g)] (z — sv,v) ds.
0

We are about to show that (f (n))ne is a Cauchy sequence in L°LL L (Wy).

N

Direct computations on the nonlinear operator gives

) (f(n+1) — f(n)) = —v(v) (f(n+1) _ f(n)) +B (f(n) — f(n—l))
+ Q (f(n) . f(n—l), f(n—l) + g) + Q (f(n) + g, f(n) . f(n—l)) 7

where we remind that Q was defined by (6.11) and that Q(a,a) — Q(b,b) =
Q(a—Db,b)+ Q(a,a—b) .

Taking the L!L%° (Wi)-norm of (£®1) — ™) and summing over ¢ from 1 to N
gives for all t > 0

Ly L2 (W)
N

t
< / dS/ dv e_l/i(v)(t—s) <1 + mf/2 ’U|k) ||Anz (f(n) . f(n—l))|
0 R3

=1

L

x

where we defined

A, (f(n) _ f(nfl))
=B (f(n) _ f(nfl)) + Q (f(n) _ f(nfl)7 f(n-1) + g) 4 Q (f(n) + g, fF) _ f(nfl)) .
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As v;(v) = 1 for all i and v we further get
(6.14)

£ () — £ (2) ds

t
(wo) S /0 e | A (£ = £ )|
< o o (I 15 + i)
t
" / ¢t || () — fn-1) ()
0

t
#Co | [ e (|
0

X sup ||f(n ) — £ (s)
s€[0,t]

ds

& (vwi)

o) ds]

LILg (vwi)

(W)’
where, as above, we used Lemma 6.3 and the estimate of Lemma 6.6.

Let us look at the terms inside the time integrals. To this end, we take the
Ly LLL (vwi)-norm of (£ — f®)) and we sum over i.

t
/0 £®+D(s) —f(n)(s)”%w ()+v) ds
N t s
< Z/ / / e—w(w(s—sn,,i(v)mi(v) HAn (f(n) _ f(n—l)) HLoo (s1) dsqds.
i—=1 Y0 0 R3 2

We exchange the integration domains in s and s;, which implies

[ ) )
[ ([ e i<v>ds)m<v>uan<f<n>—f<n1>>\\Lgo<sl>dsl.

Since the integral in s is bounded by 1, we use Lemma 6.3 and Lemma 6.6 again
and obtain

(6.15)
/ Hf n+1) ( )
S [CB +Co (Hf ; HL?"L%LQ%O(VTk) + Hf(n_l)”L?L%Lf(w*k) 2 |’g"L?L%Lf(Vk)>]
t
« / £ (s) — £V (s)
0

+Co| [ (I,

X sup ||f(n ) — £ ()
s€[0,t]

& (Wkv)

ds

Wikv)

dSl

v L2° (Wiev)

)+ I

z (Wkl/

(W) ) dsl}

||L%L$° (W)

We now conclude the proof of existence. Indeed, exact same computations but
subtracting e V(")fy instead of f™ lead to (6.14) and (6.15) with f®*=1) replaced
by 0. Therefore, since Cp < 1 it follows that for ||foll 1 e (e a0 18]l 12 £ £ (w50
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sufficiently small we have that there exists C' > 0 such that for all n in N and all
t>0,

IE N 1y e oy < C Mfoll e o

t
/ 166 gy 85 < €Iy 5 < C Mol -

Therefore, denoting by C' any positive constant independent of £™ and g, adding
(6.14) and (6.15) yields
/ Hf n+1 (n (8)

<Oy sup Hf —f(n D(s)

[0 (1) — £ (1) ds

& (Wiev)

o° (W)

+ 10+ Om] [ [[£9(6) 10

Since Cp < 1, choosing 7y such that Cz + Cn; < 1 implies that (f("))nEN is a

Cauchy sequence in L°L! L (Wy). Hence, (f (”))n oy converges to a function f; in

2 (Wiev)

L LI L (Wy) and since k > ko > 7 we can take the limit inside the iterative scheme
and f; is thus a solution of our differential equation. O

6.1.3. Study of the equations in L, ((v)’pu=/?). We turn to the system (6.3) in
L, ((v)Pp=1/2) with 3 > 3/2 so that Theorem 5.4 holds.

Proposition 6.8. Let k > ko, 5 > 3/2 and let assumptions (H1) — (H4) hold for
the collision kernel. Let g = g(t,z,v) be in L{°LLLY ((v)*). Then there exists a

unique function £ in L°L, ((v)Pp=2) such that
Ofa =G (f2) + A(g) and f£3(0,2,v) =0.
Moreover, if Tlg (f2 +g) = 0 and if
30y > 0,2 0, 00 () <o

then for any 0 < Ay < min{\;, A}, with Ao defined in Theorem 5.4, there exist
Cy > 0 such that

Vt 2 O, ||f2(t)||Lg?v(<U>ﬁ”,1/2) < C2nge_>‘2t
The constant Cs only depends on \s.

Proof of Proposition 6.8. Thanks to the regularising property of A, Lemma 6.2,
A (g) belongs to LL, ((v)?p~*/?). Theorem 5.4 implies that there is indeed
a unique fy solution to the differential system, given by

£ — / Salt - 5) [A (g) ()] ds,

where Sg(t) is the semigroup generated by G in LS, ((v)Pp=1/2).
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Suppose now that Ilg (f2 +g) = 0 and that there exists 7, > 0 such that
Hg(t)HL}JLgo(@)k) < e
Using the definition of IIg (4.1), the projection part of fy is straightforwardly
bounded for all t > 0:
(6.16) [He (f2) (t)HLgf’v((v)ﬁp,—l/?) = [|lle (g) (t)“Lg?v(@)ﬁH—l/?) < O ||g||L11)Lg°((v>k>
< Crgny e M.

Applying I15 = Id — Ilg to the equation satisfied by fa we get, thanks to the fact
the definition of Ilg (4.1) which is independent of t,

0; [lg (f2)] = G (Mg (f2)] + I (A (g)) -
This yields

¢
1 () = [ Sa(t—s) [N (Ale) (9] ds
We now use the exponential decay of Sg(t) on (Ker(G))", see Theorem 5.4.
¢
1186 (B2)l o (5172 < o /0 e [T (A (8)) (5)]| s, (g0y2p-112) @S-

Using the definition of IIg (4.1) and then the regularising property of A Lemma 6.2
we further bound, for a fixed Ay < min {As, Ay},

t
H]__[L f2 HLOO >ﬁ“,1/2) < COOCHGCACQTIQ /0 e—/\oo(t—s)e—)\gs dS
< CGOOOCHGCACQUQ te” min{Ag,Aoo }t
(6.17) < 02()\2)77967)‘215.
Gathering (6.16) and (6.17) yields the desired exponential decay. 0

6.1.4. Proof of Proposition 6.1. Take fo in LLL® ((v)*) such that Ilg(fy) = 0.

The existence will be proved by an iterative scheme. We start with fl(o) = féo) =0
and we approximate the system of equation (6.2) — (6.3) as follows.

atf{n-i-l) e ( (n+1) ) +Q ( gn+1) I fén))
atfz(nJrl) el <f2(n+1)) L AG) (f n+1)> :
with the following initial data

£(0, 2,0) = fo(z,v) and £"V(0,2,0) = 0.

Assume that (1 + C1Cy) ||fo|| < m1, where Cy, m were defined in Proposition 6.7
and Cy was defined in Proposition 6.8. Thanks to Proposition 6.7 and Proposition
6.8, an induction proves first that (fl(n)> and (fén)> are well-defined sequences

neN neN

and second that for allnin N and all ¢t > 0
(6.18) Hff‘)(t)‘

-
pir(er) S © Mol (o
(6.19) 5O iy € OO Mol
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with As < min{A\;, Axc}. Indeed, if we constructed fi™ and £i™ satisfying the
exponential decay above then we can construct fl(nH) with Proposition 6.7 and

g = fén), which has the required exponential decay (6.18), and then construct fénﬂ)

n+1)

with Proposition 6.8 and g = ff . Finally, we have the following equality

0 (60 4+ 670) = G (50 4 7)1 q (070 4 )

Thanks to orthogonality property of Q in Lemma 6.6 and the definition of Ilg (4.1)
we obtain that the projection is constant with time and thus

e (fl(n+1) + f2(n+1)> _ HG(fo) —0.
Applying Proposition 6.8 we obtain the exponential decay (6.19) for fénﬂ).

We recognize exactly the same iterative scheme for f* as in the proof of Propo-
sition 6.7 with g replaced by f;n). Moreover, the uniform bound (6.19) allows us
to derive the same estimates as in the latter proof independently of fén). As a con-

clusion, (ffn)) is a Cauchy sequence in L°LL L ((v)¥) and therefore converges
neN

strongly towards a function f;.
By (6.19), the sequence (fén)> is bounded in L{°L%, ((v)?p~/?) and is there-

neN
fore weakly-* compact and therefore converges, up to a subsequence, weakly-* to-

wards fp in L°L, ((v)Pp=1/2).

Since the function inside the collision operator behaves like |v — v,|" and that in
our weighted spaces k& > ky > 7, we can take the weak limit inside the iterative
scheme. This implies that (f;,f2) is solution to the system (6.2) — (6.3) and thus
f = f; + f5 is solution to the perturbed multi-species equation (6.1). Moreover,
taking the limit inside the exponential decays (6.18) and (6.19) yields the expected
exponential decay for f.

6.2. Uniqueness of solutions in the perturbative regime. As said in Remark
2.3, we are solely interested in the uniqueness of solutions to the multi-species Boltz-
mann equation (1.1) in the perturbative setting. In other terms, uniqueness of solu-
tions of the form F = p + f as long as Fy is close enough to the global equilibrium
. This is equivalent to proving the uniqueness of solutions to the perturbed multi-
species equation

(6.20) of = G(f) + Q(f)

for fy small.

Proposition 6.9. Let k > ko and let assumptions (H1) — (H4) hold for the collision
kernel. There exists my, > 0 such that for any fo in LLL ((v)*); if ||f0||L1L°<>(<v>k) <
Nk then there exists at most one solution to the perturbed multi-species equation
(6.20).

The constant n, only depends on k, N and the collision kernels.
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The uniqueness will follow from the study of the semigroup generated by G in a
dissipative norm as well as a new a priori stability estimate for solutions to (6.20)
in the latter norm. They are the purpose of the next two lemmas.

Lemma 6.10. Let k > ko and let assumptions (H1) — (H4) hold for the collision
kernel. The operator G generates a semigroup in L1L® (<v>k) Moreover, there

exist Cy, A, > 0 such that for all fo in LLL ((v)*) with Tlg(fo) =0
Vi 2 0, ||SG(f)||L})Lg°((v)k) < Oke_/\kt ||f0HL11)Lg°((v>k) .

Proof of Lemma 6.10. From Proposition 6.1 with a collision operator Q = 0 we have
the existence of a solution to the equation

af = G (f)

with initial data fo in LLLS® ((v)¥). Moreover, that solution satisfies IIg(f) = 0 and
it decays exponentially fast with rate \.
Let g be another solution to the linear equation then

of—-g)=]-v-V.—v+B+A|(f-g).

Similar computations as to obtain (6.13) yield

d

at £ — gHL})LgO((v)k) < [If - gHL})LgO((v)ku) + [|[A(f — g)”L}}LgO((’u)k)

HIBE = &)l 1 () -

Using Lemma 6.2 and Lemma 6.3, there exists 0 < Cp < 1 such that

d
(6.21) T £ — gHL%L;o(@)k) < —(1-Cp) |If - gHL%Lgo«U)ku)—FCA £ — gHL%Lgo((v)k> )

Since (1 — Cp) > 0 we can further bound

d
7 If — gHL%LgO((wk) <[Ca—(1-Cp)|f - gHL})LgO((v)k)

and a Gronwall lemma therefore yields f = g if go = fo.
We thus obtain existence and uniqueness of solution to the linear equation which
means that G generates a semigroup in L} L%® (<v>"“) Moreover it has an exponential

decay of rate A, > 0 for functions in (Ker(G))™. O

We now derive a stability estimate in an equivalent norm that catches the dissi-
pativity of the linear operator.

Lemma 6.11. Let k > ko and let assumptions (H1) — (H4) hold for the collision
kernel. For a > 0, we define

+oo
1Ello = @l 11 oo (o +/ 1SG (8) (E)| 11 oo 1y @S-
Bl = MMy + ) 19008 By (o)

There exist n, o, Cy, Cy and A > 0 such that ||-||,,, ~ ]|~||L1Lm(<v>k) and for all fy in
LiL ((v)k) with Ng(fo) = 0 and such that

HfOHL}ngo(@)k) <



66 MARC BRIANT AND ESTHER S. DAUS

if £ in LLL ((0)*) with Ilg(f) = 0 is solution to the perturbed equation (6.20) with
mitial data £y then

d
1Bl < = (€1 = ol ) IEl s

where the subscript v refers to the fact that the weight is multiplied by v;(v) on each
coordinate.

Proof of Lemma 6.11. Start with the new norm. Lemma 6.10 proved that for all fy
such that IIg(fy) = 0 and all s > 0,

||Sg(8) (fO)HL})L;"((v)k) < Cke_AkS ||f0||L11}Lg°(<’U>k)

and hence

Cy
ol ) < Wollos < (0 55 Mol -

Suppose that f is the solution described in Lemma 6.11. Same computations as
to obtain (6.13) and (6.21) yields
d
2 Wl e () < — (U= CB) Il pe (yro) + CallEll g poe (upry +IQEN Ly poe gy -

To which we can apply Lemma 6.6:

(6.22)
d
a1 e oy < = (1= C = Ca e (1)) IE y 5 (0yin) +Ct 1N e (g0

We now turn to the second term in the |||, norm. For ¢ in [1,00) we denote

®,(F) = sgn(F)|F|*"!, where it has to be understood component by component.
We thus have

G| 186 (O g )

[ [t se@li ([ @ (Sels)0) Sa(s) (G0 dr) dus
[ [t se®l ([ 2 5a)0) e Q)] de ) dua

First, by definition of Sg(s) we have that
Dq (Sa(s)(£(t))) Sals) [G(E(t)] = d% [Sa(s)(E(@))]"-
Second, by Hoélder inequality with ¢ and ¢/(¢ — 1) (see (6.12)):
/TS , (Sa(s)(£(1))) Sa(s) [QUE(N))] dr < [|Sa(s)EW)T:" 156 (s)(QEM))| 1 -

We therefore get
d [T o d

G186l CO gy a5 < [ S NSO O)yusoy 0

+00
+/0 |Sa(s) QUM o) 4



MULTI-SPECIES BOLTZMANN EQUATION 67

We make ¢ tend to infinity. Then we have IIg(Q(f(¢))) = 0 by Lemma 6.6 so we
are able to use the exponential decay of Sg(s) Lemma 6.10. This yields

d [+
i) 1Sa(s) (EE) g ree () b5 < = IEON 1y 10 (o)

w0 ([ ) 1QEO) g

With Lemma 6.6 we control Q(f):

(6.23)

d [T
T ; [Sa(s) (f(t))HL}}LgO((v)k) ds < — ||f(t)||L%L§°(<v>k)

CrCo
+ e HfHL})LgO(@)k) HfHLM?((W’“’/)'

To conclude we add «a x (6.22) 4 (6.23),

d CiCo
= < — _ _
0y i1k < = |00 = o) = (aCa+ B Y1811z )| 1lisiz o
+ [OzCA — 1] ||f||L})Lg°((v)k) .
Choosing « such that (a«Cy — 1) < 0 yields the desired estimate. O

We now prove the uniqueness proposition.

Proof of Proposition 6.9. Let f and g in LLLZ ((v)¥), k > ko, be two solutions of
the perturbed equation with initial datum fy.
Thanks to Lemma 6.11, if ||f0||L1L°o(<v)k) is small enough we can deduce from the

differential inequality that for all t > 0,

d
7 Ml < —Cr [If]

akw

and the same holds for g with the same constant C; > 0. We therefore have two
estimates on f and g. Either by integrating from 0 to ¢:

t
(6.25) W20 [0 ds < G Il
0

or by Gronwall lemma:
(6.26) vt 0, (£, < e lfoll -

The same estimate holds for g.

Recalling the definition (6.11) of the operator Q, we find the differential equation
satisfied by f — g:

0,(f-g)=G(f-g+Q(f-gf)+Q(gf-g).
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Using controls on B (Lemma 6.3), A (Lemma 6.2), Q (Lemma 6.6) and the
semigoup property (Lemma 6.10), exact same computations as for (6.24), gives

d CrCq
=l <~ = )~ (ot ) (18l -+ lglln) | I~ s

+ [aCi =1+ Co (Il + I1Elas ) | 1~ &l

Note that we used the equivalence of the [|-[|,, , norm and our usual norm (see Lemma
6.11).
First, by (6.26) and Cp < 1, if fo is small enough then for all £ > 0,

C.C
ol — Cy) - (aoQ e Q) (18105 + lgll) < 0.
k

Second we take « small enough so that (a«Cs — 1) < 0. Hence, integrating the
differential inequality from 0 to ¢:

1£(8) = g0l < Co [ / (I s + 185 o) ds} sup [|£(s) = &(5) 0 -

s€[0,t]
To conclude we use (6.25) to obtain
2C,
W0, 100~ &0 0 < 22 fols <sup I£(s) - g(s)HM) ,
k s€[0,t]

which implies f = g if [/fo]|,, ;, is small enough. O

6.3. Positivity of solutions. This last subsection is dedicated to the positivity of
the solution to the multi-species Boltzmann equation

(6.27) OF +v-V,F =Q(F)

in the perturbative setting studied above.

Proposition 6.12. Let k > kg, let assumptions (H1) — (H4) hold for the collision
kernel, and let fo be in LLL° ((v)¥) with Ilg(fo) = 0 and

||f0||qungo(<v>k) < Nk,

where ng, > 0 is chosen such that Proposition 6.1 and Proposition 6.9 hold and denote
f the unique solution of the perturbed multi-species equation associated to fy.
Suppose that Fo = p+fo > 0 then F = pu+f > 0.

Proof of Proposition 6.12. Since we are working with the Grad’s cutoff assumption
we can decompose the nonlinear operator into

Q(F) = —Qq(F) + Q2 (F)
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where

N

Qu(F) = Z/ Bij ([v — vi|,cos 0) FiF; dv.do
=1 R3xS?
N

Qq(F) = Z/ Bij (Jv — vl cos 0) F{F;* dv,do.
=1 R3xS?

Following the idea of [2(], we construct an interative scheme for the multi-species

Boltzmann equation
O, Ft) 4oy F0tD) 4 QI(F(MI)’ F(n)) — Q2(F(n))’

with the non-symmetriized bilinear form Q, defined as

N
Qu(F,G) = Z/ Bij (v — v, cos 0) ;G dv.do
j=1 R3xS2

N
QuE.G) = 3 [ By vlcost) G duado
j=1 R3 xS2

Defining f™ = F™ — p we have the following differential iterative scheme
HECTY 4y V0D = () (D) £ K (F™) + Qg (F™) — Q; (D) )

As before, we can prove that (f (“))neN is well-defined and converges in L} L ((v)*)
towards f, the unique solution of the perturbed multi-species equation and thus
the same holds for F™ converging towards F the unique perturbed solution of the
original multi-species Boltzmann equation.

We prove that F™ > 0 by an induction on N.
By definition we see that

(51<]_:‘(n+1)7 F(n)) _ ql(F(n))F(nJrl),
and thus applying the Duhamel formula along the characteristics gives

FOY (¢ 2 v)
t
= exp [— / @ (F™)(s,z — (t — s)v,0) ds] Fo(z — tv,v)
0

+ /Ot exp {— /: 01 (F™) (51,2 — (£ — 51)0,0) dsl} Qa(F™) (s, 2 — (t — )v, 0) ds.

By positivity of F™, all the terms on the right-hand side are positive and therefore
F»+1 > (. Passing to the limit implies that F > 0. O
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