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APPLICATIONS OF THE OHSAWA-TAKEGOSHI EXTENSION THEOREM TO DIRECT
IMAGE PROBLEMS

YA DENG

ABSTRACT. In the first part of the paper, we study a Fujita-type conjecture by Popa and Schnell, and give an
effective bound on the generic global generation of the direct image of the twisted pluricanonical bundle. We
also point out the relation between the Seshadri constant and the optimal bound. In the second part, we give an
affirmative answer to a question by Demailly-Peternell-Schneider in a more general setting. As an application,
we generalize the theorems by Fujino and Gongyo on images of weak Fano manifolds to the Kawamata log
terminal cases, and refine a result by Broustet and Pacienza on the rational connectedness of the image.
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1. INTRODUCTION

The first goal of this paper is to study the following conjecture by Popa and Schnell on the global generation
of pushforwards of pluricanonical bundles twisted by ample line bundles.

Conjecture 1.1. (Popa-Schnell) Let f : X — Y be a surjective morphism of smooth projective varieties, with
dim(Y') = n, and let L be an ample line bundle on Y. Then, for every k = 1, the sheaf

(KL
is globally generated for any | = k(n + 1).

In [PS14], Popa and Schnell proved the conjecture in the case when L is an ample and globally generated
line bundle, and in general when dim(X) = 1. In a recent preprint [Dut17], Dutta was able to remove the
global generation assumption on L making a statement about generic global generation with weaker bound on
the twist, as in the work of Angehrn and Siu [AS95], on the effective freeness of adjoint bundles. Her theorem
is as follows:

Theorem 1.2 (Dutta). Let f : X — Y be a surjective morphism of projective varieties, with Y smooth and
dim(Y) = n. Let L be an ample line bundle on Y. Consider a kit pair (X, A) on X, with A Q-effective, such
that k(Kx + A) is a Cartier divisor for some k > 1. Denote P = Ox (k(Kx + A)). Then, for every m > 1,
the sheaf

f+P® L'
is generated by global sections at a general point y € Y, either
(a) for alll = k((";l) +1)

or
(b) for alll = k(n + 1) when n < 4.

Date: October 20, 2017.



2 YA DENG

Here ("’QH) is the Angehrn-Siu type bound in their work on the Fujita conjecture [AS95].

Inspired by Demailly’s recent work on the Ohsawa-Takegoshi type extension theorem [Dem15] and P&un’s
proof of Siu’s invariance of plurigenera [Pau07], we are able to prove the following theorem:

Theorem A. Let f: X — Y be a morphism of smooth projective varieties, with dim(Y') = n, and let L be an
ample line bundle on Y. If y is a regular value of f, then for every k = 1, the sheaf

f«(K) @ L!

is generated by global sections at y for anyl = k(L(L—nu)J +1). Here e(L,y) > 0 is the Seshadri constant of L

at the point y.

Motivated in part by his study of linear series in connection with the Fujita conjecture, Demailly introduced
the Seshadri constant to measure the local positivity of the ample line bundle at a point [Dem92]. After that
FEin and Lazarsfeld systematically studied the Seshadri constant, and they first proved that for any ample line
bundle L on a projective surface Y, the Seshadri constant

e(L,y) =1
for a very general point on Y [EL93]. Inspired by this result, they further raised the following conjecture:
Conjecture 1.3 (Ein-Lazarsfeld). Let Y be any projective manifold, and L any ample line bundle on'Y. Then
the Seshadri constant

e(L,y) =1
at a very general point yeY.

In [EKLI5], they proved the existence of universal generic bound in a fixed dimension. However, the bound
is suboptimal by a factor of n = dim(Y").

Theorem 1.4 (Ein-Kiichle-Lazarsfeld). Let Y be a projective variety, and L an ample line bundle on' Y. Then
for any given 6 > 0, the locus
1
eYle(L,y) > —
yeYle(L,y) > —
contains a Zariski-dense open set in'Y .

Applying Theorem 1.4 to our Theorem A, we have the following general result:
Proposition B. With the same setting in Theorem A. For any k > 1, the direct image
f(E) @ L'

is generated by global sections at general points of Y for any | = k(n? + 1). In particular, if the manifold Y
satisfies Congecture 1.3, then Congjecture 1.1 holds true for general points in Y ; that is, the direct image

f (B ® L
is generated by global sections at general points of Y for any l = k(n + 1).

Compared to Theorem 1.2 by Dutta, our bound for [ is also quadratic on n but slightly weaker than hers.
However, if we apply the result that Ky + (n + 1)L is semi-ample for any ample line bundle L, we can obtain
a linear bound for [. Moreover, when Ky is pseudoeffective, [ can be taken independent of n.

Theorem C. Let f : X — Y be a surjective morphism of projective varieties, with X normal, Y smooth and
dim(Y') = n. Let L be an ample line bundle over Y. Consider a kit Q-pair (X, A) on X, with A effective. Then
for any positive integer m such that m(Kx + A) is a (integral) Cartier divisor, the direct image

fs(m(Kx +4)) ® L'
is generated by global sections at a general point y € Y, either
(a) for alll =m(n+1)+n%—n

(b) for alll = n? + 2 when Ky is pseudo-effective.

The second part of the paper is to study a question by Demailly-Peternell-Schneider in [DPS01]:

Problem 1.5. Let X and Y be normal projective Q-Gorenstein varieties. Let f : X — Y be a surjective
morphism. If —Kx is pseudo-effective and its non-nef locus does not project onto Y, is —Ky pseudo-effective?

Inspired by the recent work of J. Cao on the local isotriviality on the Albanese map of projective manifolds
with nef anticanonical bundles [Caol6], we give an affirmative answer to the above problem in a more general
setting:

Theorem D. Let X be a normal projective variety and D an effective Q-divisor on X such that the pair (X, D)
is log canonical. Let Y be a normal projective Q-Gorenstein variety, and f : X — Y is a surjective morphism.
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(a) Assume that —(K x + D) is pseudo-effective, such that the non-nef locus NNef (— (Kx + D)) does not project
onto Y wia f. Then —Ky is pseudo-effective.

(b) If we further assume that both X and 'Y are smooth, with A a (not necessarily effective) Q-divisor on'Y,
such that —(Kx + D) — f*A is pseudo-effective, with its non-nef locus does not map onto Y. Then —Ky — A
is pseudo-effective with its non-nef locus contained in f(NNef(—Kx —D — f*A))|JZ|J Zp, where Z is the
minimal proper subvariety on'Y such that f : X\f~1(Z) — Y\Z is smooth, and Zp is an at most countable
union of proper subvarities containing Z such that for every y ¢ Zp, the pair (f_l(y), Drf—l(y)) 1s also lc.

The following theorem by Fujino and Gongyo [FG14, Theorem 1.1] is a direct consequence of our Claim (b)
in Theorem D.

Theorem 1.6 (Fujino-Gongyo). Let f : X — Y be a smooth fibration between smooth projective varieties. Let
D be an effective Q-divisor on X such that (X, D) is lc, Supp(D) is a simple normal crossing divisor, and
Supp(D) is relatively normal crossing over Y. Let A be a (not necessarily effective) Q-divisor on Y. Assume

that —(Kx + D) — f*A is nef. Then so is —Ky — A.
Moreover, we can also use analytic methods to prove the following theorem.

Theorem E. Let X be a normal projective variety and D an effective Q-divisor on X such that Kx + D 1is

Q-Cartier. Let'Y be a normal projective Q-Gorenstein variety, and f : X — Y is a surjective morphism.

(a) Assume that both X and Y are smooth, with (X, D) klt. Let A be a (not necessarily effective) Q-divisor
overY, such that —Kx — D — f*A is big and its non-nef locus NNef(—Kx — D — f*A) does not dominate
Y, then —Ky — A is big.

(b) Assume that the restriction of f to NNef(—Kx — D)| JNKIt(X, D) does not dominate Y, then —Ky is big.
Here NKIt(X, D) denotes the non-klt locus of (X, D).

As a combination of Theorem D and E, we prove the following result, which is a generalization of another
theorem by Fujino and Gongyo [FG12, Theorem 1.1].

Corollary F. Let f : X — Y be a smooth fibration between smooth projective manifolds. Assume that A
is a (not necessarily effective) Q-divisor over Y, (X,D) is kit, and (X,,Dx,) is lc for every y € Y. If
—Kx — D — f*A is big and nef, so is —Ky — A.

Finally, we apply Claim (b) in Theorem E to refine a result by Broustet and Pacienza on the rational

connectedness of the image (compared to Theorem 5.6 below):

Theorem G. Let X be a normal projective variety and D an effective Q-divisor on X such that Kx + D is
Q-Cartier. Let Y be a normal and Q-Gorenstein projective variety. If f : X — Y is a surjective morphism such
that —(Kx + D) is big and the restriction of f to NNef(—Kx — D) | JNkIt(X, D) does not dominate Y, then
Y is rational connected modulo NNef(—Ky), that is, there exists an irreducible component V' of NNef(—Ky)
such that for any general point y of Y there exists a rational curve Ry passing through y and intersecting V.

2. TECHNICAL PRELIMINARIES
2.1. Definitions and Notations.

Definition 2.1. A pair consists of a normal variety X, together with a Weil Q-divisor A = > d;A; on X, such
that the Q-divisor Kx + A is Q-Cartier on X.
For a pair (X, A) with A effective, the non-klt locus of is defined by
NklIt(X,A) :={z e X| #(X,A)s # Ox 2}
Let us recall the definitions of non-nef locus and restrict base locus for any pseudo-effective line bundle on the

normal projective variety in [BBP 13, Definition 1.5]:

Definition 2.2. Let X be a normal projective variety. Let D be a pseudo-effective R-divisor on X. The non-nef
locus of D is defined as
NNef(D) := {ex (v)[o([| DI]) > 0},
where cx (v) denotes the center on X of a giwven divisorial valuation v. The restricted base locus of D is defined
by .
B_(D) := B(D+ —A),
()= B+ o)

where A is an ample divisor, and B(e) denotes stable base locus of the R-divisor.
It was proved in [BBP13, Lemma 1.6] that,
NNef(D) « B_(D),

and equality was shown to hold when X is smooth.



4 YA DENG

2.2. Seshadri Constants. In the work [Dem92], Demailly define the following Seshadri constant:

Definition 2.3. Le L be a nef line bundle over a projective algebraic manifold X. To every point x € X, one
defines the number

L-C
L = inf ———
e(L,x) :=1in (o)
where the infimum is taken over all reduced irreducible curves C passing through x and v(C, x) is the multiplicity
of C at x. e(L,x) will be called the Seshadri constant L at z.

On the other hand, Demailly also introduced another constant (L, z) for any nef line bundle L. First, we
begin with the following definition.

Definition 2.4. A function ¢ : X —] — 00,400] on a complex manifold X of dimension m is said to be
quasi-plurisubharmonic (quasi-psh for short) if 1 is locally the sum of a psh function and of a smooth function
(or equivalently, if v/—100¢ is locally bounded from below) . In addition, we say that ¢ has neat analytic
singularities if every point x € X possesses an open neighborhood U on which v can be written

N
¥ =clog > |g;|* + w(2)

j=1
where g; € O(U), ¢ = 0 and w(z) € €*(U).

Definition 2.5. A singular metric h on the line bundle L is said to have a logarithmic pole of coefficient v at
a point x € X, if on a neighborhood U of x, the local weight ¢ of h can be written

p= VlOgZ |z — z)? + w(z)
where v > 0 and w(z) € €°(U). In this setting, we set v(h,z) 1= v.
Then we set
V(L) := supv(h,z),
h

where the supremum is taken over all singular hermitian metrics h of L with positive curvature current, whose
local weight ¢ has neat singularities and logarithmic poles at z.

The numbers (L, x) and v(L, 2) will be seen to carry a lot of useful information about the local positivity of
L. In case L is big and nef, these two constants coincide outside a certain proper subvariety of X (see [Dem92,
Theorem 6.4])

Theorem 2.6 (Demailly). Let L be a big and nef line bundle over X. Then we have

e(L,x) =~(L,x)
for any x ¢ B (L), where By (L) is the augmented base locus of L (see [Laz0/, Definition 10.2.2]). In particular,
if L is ample, then e(L,x) = (L, z) holds everywhere.

As we mentioned in Section 1, in [EKL95], Ein, Kiichle and Lazarsfeld gave the existence of universal generic
bounds for the Seshadri constants in a fixed dimension.

Theorem 2.7 (Ein-Kiichle-Lazarsfeld). Let Y be an irreducible projective variety of dimension n, and L a nef
line bundle on Y. Suppose there exists a countable union B <Y of proper subvarieties of Y plus a positive real
number o > 0 such that

(2.1) L"- Zz=(a-r)
for every irreducible subvariety Z 'Y of dimension r (1 <r <n) with Z £ B. Then
«(L,y) =

for all y € Y outside a countable union of proper subvarieties in Y . In particular, for any ample line bundle L
onY,

(2.2) e(L,y) =

SN

for a very general point y.

The above theorem gives a lower bound on the Seshadri constant of a nef and big line bundle at a very
general point. However, as was also proved in [EKL95], for the ample line bundle, the above theorem is valid
on a Zariski-open set by the semi-continuity of the Seshadri constant of the ample line bundle. In other word,
let L be an ample line bundle on an irreducible projective variety Y. Suppose that there is a positive rational
number B and a smooth point y € Y for which one knows that

e(L,y) > B.
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Then the locus
{zeYle(L,z) > B}

contains a Zariski-open dense set in Y.

2.3. L? Extension Theorem. Before we state Demailly’s Ohsawa-Takegoshi type Extension Theorem, we
begin with a definition in [Dem15].

Definition 2.8. If ¢ is a quasi-psh function on a complex manifold X, the multiplier ideal sheaf # (1) is the
coherent analytic subsheaf of Ox defined by

I W)y = {f € Ox4;3U 22, fU |f|?e”YdX\ < 40}

where U is an open coordinate neighborhood of x, and d\ the standard Lebesgue measure in the corresponding
open chart of C*. We say that the singularities of 1 are log canonical along the zero variety Y := V(_Z (¢)) if

J((1—=e)) = Oxty for every e > 0.

If ¢ possesses both neat and log canonical singularities, it is easy to show that the zero scheme V(_# (Y)) isa
reduced variety. In this case one can also associate in a natural way a measure dVyo ,[¢] on the set Y° := Y8
of regular points of Y as follows. If g € €.(Y°) is a compactly supported continuous function on Y°, and g
compactly supported extension of g to X, we set

(2.3) f gdVyo o[9] := lim supJ §(x)dVx 4.
o t——00 zEX,t<1,ZJ(:E)<t+1
m!
on the continuous extension g, and one gets in this way a measure with smooth positive density with respect
to the Lebesgue measure, at least on an (analytic) Zariski open set in Y°.

Here w is a Kéhler metric on X, and dVx ,, = 5. In [Dem15] Demailly proved that the limit does not depend

We are ready to recall the Ohsawa-Takegoshi type extension Theorem by Demailly. We only need a special
case of his very general statement:

Theorem 2.9 (Demailly). Let X be a smooth projective manifold, and w a Kdhler metric on X. Let L be a
holomorphic line bundle equipped with a (singular) hermitian metric h on X, and let ¥ : X —] — o0, 4+00] be
a quasi-psh function on X with neat analytic singularities. Let Y be the analytic subvariety of X defined by
Y =V(Z(Y)) and assume that 1) has log canonical singularities along Y, so that'Y is reduced. Finally, assume
that the curvature current

i@L,h + a\/flagdl =0
for all a € [1,1+ 6] and some § > 0. Then for every section s € H*(Y°,(Kx ® L)y-) on Y° := Y8 such that

| IS Vi ofv) < e
YO

there is an extension of S € H°(X, Kx ® L) whose restriction to Y° is equal to s, such that

34

| A0SR e avn <55 [ 1ol i alul
X Yo

Here we set

e 2 if x>0,
Y= 1 .
1122 if z<0O.

A direct consequence of Theorem 2.9 is the following extension theorem for fibrations:

Corollary 2.10. Let f : X — Y be a surjective morphism between smooth manifolds. For any ample line
bundle L on'Y , any regqular value y of f, if the Seshadri constant of L satisfies that

(2.4) e(L,y) > dim(Y) = n,

then for any pseudo-effective line bundle L1 over X with a singular hermitian metric h such that O, , = 0,
and the restriction of h to X, is not identically zero, any section s of

H°(X,,(Kx® f*L® L1)1x, ® 7 (hx,))-
can always be extended to a global one
SeH(X,Kx ® f*L® L)

with certain L? estimates which do not depend on L.
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Proof. Since L is ample over Y, one can find a smooth hermitian metric hy on L with the curvature form
iOr p, = w, where w is some Kéhler form on Y.

By the lower bound of Seshadri constant ¢(L,y) > n, we can find a global quasi-psh function ¢ with neat
singularities on Y such that

(a) 1O h, + v/ —100¢p = 0;
(b) ¢ is smooth outside y;
(¢) on a neighborhood W of y, we have
o= (1+ 5)n10g2 |z —y* + w(z)
where § > 0 and w(z) € €* (W) with w(y) =0
Now set ¥ := 1—41r530 o f, which is a quasi-psh function with neat singularities on X. Moreover, since y is the

regular value of f, the inverse image X, := f~'{y} is a finite disjoint union of closed smooth submanifolds of
codimension n in X, and the multiplier ideal sheaf

J W) = 7(Z{)) = Ix,.
Here Ig(? is the ideal sheaf consisting of germs of functions that have multiplicity > n at a general point of X,:

Ié(? :={f e Ox|ord,(f) = n for a general point x € X}.
Thus _# (1) has log canonical singularities, and we have

1O1,h +1O s prp, +av/—100¢ =0
for all e [1,1+ ¢]. Then for any section s of
H(Xy, (Kx ® f*L® L1)1x, ® 7 (hx,)),
we can apply Theorem 2.9 to extend s to a global section
SeH (X, Kx® f*LO®L1® 7 (h))
such that
L{ 7(51/))|S|i,f*hohlefdeX,w < 36_4 N |S|i,f*h0h1dVXy,w[‘/’]-

Assume that dim(X) = m +n. From (2.3) one can then check that dVx, .[¢] is the smooth measure supported
on X, such that

Y

Wik
dVx, w[v] = Co m!y ;
where Cj is some contant depending only on m,n. Since § depends only on €(L,y), write C := %Co which
does not depend on L;. We thus obtain

m

w
_ 1 Xy
(2.5) J 7(5¢)|S|i,f*hohle YdVx . < COJ |S|i,f*hgh1—| )
X b'e m.

Yy

where the L? estimate does not depend on L;. O

2.4. The Extension Theorem for Twisted Pluricanonical Bundles. We recall the following twisted
pluricanonical extension theorem, which was inspired by that used by J. Cao to prove the local triviality of
Albanese maps of projective manifolds with nef anticanonical bundles [Caol6]. Tt is a consequence of [BP10,
Section A.2].

Theorem 2.11. Let Y be a n-dimensional projective manifold and let Ay be any line bundle on'Y such that the
difference Ay — Ky is an ample line bundle. Let f : X — Y be a surjective morphism from a smooth projective
manifold X toY and L be a pseudo-effective line bundle on X with a possible singular metric hy, such that

i®, (L) = 0.
Assume that there exists some regular value z of f, we have
(i) all the sections of the bundle mKx_ + L extend near z,
(it) HO(Xe, (mEx. + Lix) ® F (b)) # @
Then for any y € Y such that

(a) y is the regular value of f,
(b) the Seshadri constant e(Ay — Ky,y) > n,
(c) all the sections of the bundle (mKx + L)x, extend locally near y,

the restriction map
1
HY(X,mKxyy + L+ f*Ay) —» H(X,,(mKx, + Lix,) ® # (hi’x,))

is surjective. In particular, the choice of Ay depends only on'Y and is independent of f, L, m.
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Proof. Thanks to [BP10, A.2.1], the conditions (i) and (ii) imply that there exists a m-relative Bergman type

m—1

m=1 1
metric by, p on mKx )y + L with respect to hy, such that iO,, ,(mKxy + L) = 0. Thus h := h, g - hp'
defines a possible singular metric on

~ -1 1
L= (mKypy + L)+ —L=(m—1)Kxy +1L,
m m
with i©,(L) > 0.
1
Take any s € H°(X,, (mKx, + Lix,) ® /(hfrxy)). It follows from Condition (a), (b) and (c), and the
construction of the m-relative Bergman kernel metric that |s|,2Im L, I8 %°-bounded. Then we see that

9 2(m—1) 2
| lBaave. = | lsh T v,
’ w,h ™

Y Y

2
< C |S|m LdVXy#—U < +00.
X, wh

We then can apply Corollary 2.10 to K x +.z+f*(Ay—Ky), to extend s to a section in H%(X, KX/y—l—Z—l—f*Ay).
In conclusion, the restriction

1
H(X,mKxyy + L+ f*Ay) — H*(X,,(mKx, + Lix,)® # (hi’x,))
is surjective and the theorem is proved. O

One can see that there exists a non-empty Zariski open set of Y° < Y such that for any y € Y°, it satisfies
Condition (a), (b) and (c¢) in Theorem 2.11.

3. ON THE CONJECTURE OF POPA AND SCHNELL

Let f: X — Y be the surjective morphism between smooth projective manifolds, and let L be an ample line
bundle on Y with a smooth hermitian metric hg such that the curvature form i0j, > w for some Kéahler metric
won Y. Assume that dim(Y) = n and dim(X) = m + n. Fix any point y on Y which is the regular value of f.
Take any positive real number v such that

1
E(Lvy) > -
v
Then we have
e([nv|L,y) > n.

Set L := [nv|f*L with the smooth hermitian metric h := f*hgw], then we can restate Corollary 2.10 in the
following variant form:

Proposition 3.1. There is a globally defined quasi-psh function o defined over X and a positive number o
such that, for any pseudo-effective line bundle L1 equipped with the possible singular hermitian metric hy, whose
curvature current iOr, n, = 0 and hy is not identically zero when restricted on X, for any section

se H(X,, (Kx ®!i®L1)rxy ® 7 (hx,)),

there is a global section
SeH' (X, Kx @ L® L)

whose restriction to Xy is s, such that

L Y(00)ISP 5, € Vi < C L 15I2 . AV, -

Here dVx, ., 1= Xy and C is some constant which does not depend on L.

m! 7

Thus from Proposition 3.1, if we set L; to be the trivial bundle on X, we see that the following morphism

HO(X,Kx ® f* L2y — HO(X,, (Kx ® f*L&"1)1x,)
is always surjective. As one can take v to be arbitrary close to ﬁ so that [nv] = L(L—"U)J + 1, we see that

the direct image f+Kx ® L®L€<Ln~y>J+1 is generated by global sections at y. Since y is an arbitrary regular value
of f, we thus prove Theorem A for k = 1. In order to prove the theorem for any k£ > 2, we need to apply the
techniques in proving Siu’s invariance of plurigenera [Siu97] by Paun [Pau07].
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Proof of Theorem A. Fix any k > 2 and any o € H°(X,, k(Kx + E)rxy)- We want to find a global section
¥ e H(X,k(Kx + L)) whose restriction to X, is o.
Choose a very ample line bundle A on X such that for every » = 0,...,k — 1, the line bundle Fp, :=
r(Kx + L) + A is globally generated by sections
{’U/E-O’T) }j:l,...,NT C HO(X, FQJ‘).
We then define inductively a sequence of line bundles
Fyri=(qgk+7)(Kx +L)+ A

for any ¢ > 0, and 0 < r < k — 1. By constructions we have

Fopp1n=Kx +F,.+L it r<k-—1,
(3.1) {"'“ o

Fq+1,0:KX+Fq)k_1+.Z/ if r=kFk—1.

We are going to construct inductively families of sections, say {ug-q"r)} j=1,....N,, of Fy, over X, together with

(g,r) (g,r)

ad hoc L? estimates, such that each u;" 7 is an extension of e where we set

ot = otug) e HO(X, By,

Now, by induction, assume that such {ug-q"r)} j=1,...,N,. above can be constructed. Then F}, , can be equipped
with a natural singular hermitian metric h,,, defined by

o lep
S e

such that i©,,, > 0. Let hi, be the smooth hermitian metric of the canonical bundle Kx induced by the

€17,

volume form dVx ., and set = hKXfL to be the smooth metric on Kx + L, then by construction the pointwise
norm with respect to the metric hy, is

| (o, T+1)|
(gr+1)12 = ]—““hA ; _
v B ZN’" (0 1 if r<k-—1,
(3.2) i=1 1% o O];LT‘]‘LA
(¢+1,0)|2 _loliloy . o
|vj gk = Z |U. 5 if r=k—1.
j=11"% hk=1h 4

where h 4 is a smooth hermitian metric on A with strictly positive curvature. Since the sections {vgo’r)}i:L N,
generates Fpy,1x,, there is a constant C; > 0 such that (3.2) is uniformly %° bounded above by C;. From (3.1),

it then follows from Proposition 3.1 that one can extend v(q’r+1) (or v(q+l 9'if p = k—1) into a section ugq’”l)

(u §q+1 ) respectively) over X such that

NT 1
J (0¢o)e Z R AV <G i r<k— 1

(3.3)
J (Go)e Z WOV, < G if r=k—1.

for some uniform constant Cy. From (3.2), (3.3) is equivalent to

Z r+1| (g,r+1) |2

J Y(3hp)e¥o > M A gV < Co if r<k—1,
X Zi:1 |u " |hqk+ThA
(34) Z |u q, T+1)|2
f Y (S1pg)e %o WA (Vg < C it r=k—1.
X S 2

Let us denote by

a’qk+’l" Z |u or )|hqk+ThA
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which is a quasi-psh and bounded non-negative smooth function on X. By the integrability of log~y(d1g) and v
with respect to the standard Lebesgue measure over X, combined with the concavity property of the logarithmic
function as well as the Jensen inequality, we can find some constant C3 and Cy such that

(3.5) f log —L dVy o < Cs — J log 7(640)dVi o + f bodVy.w < C4
X X X

aj—1

for any { > 1. Since aq(z) is a bounded smooth function on X, we can also find a constant Cs > C4 such that

f loga1dVx ., < Cs.
X

Combined these inequalities together we obtain

I
J o8 dVx,., < Cs
x !

for any [ > 1. Set f, := log#, and we have the following properties:

(a) for any ¢ = 1, we have
J JqdVxw < Cs;
X
(b) the inequality
~ = 1
k©;(Kx + L) +v—-100f, = _59’“‘ (A)

holds true in the sense of currents on X;
(c) on X, the following equality is satisfied

farx, =loglol2, +ao(2))x,

where ag(z) = log vaz"l |u§0’0)|hA is a smooth function on X.

By the mean value inequality for the psh functions, as a consequence of the properties (a) and (b), one can
show the existence of a uniform upper bound for the functions f, over X. Thus the sequence f,(z) must have
some subsequence which converges in L' topology on X to the potential f., in the form of the regularized limit

foo(z) :=limsup lim_ fq,(C),

(—
which satisfies
kO; (Kx + L) +vV—190fy = 0
as a current on X. Moreover, by Property (c) fs is not identically —co on X, as well as
(3.6) foo = loglol?, + 0(1)
pointwise on X,.
Now we construct a singular hermitian metric hy on (k — 1)(Kx + L) defined by
he = hh—le=*F fo

Then O, ((k — 1)(Kx + L)) = 0. Write k(Kx + L) = Kx + (k — 1)(Kx + L) + L, where (k — 1)(Kx + L) is
equipped with the singular hermitian metric hy. Since

2(k—1)
o2, = lola,, =10l f

%
“|o] i,
which is €° bounded, we then can apply Proposition 3.1 to extend o to a global section ¥ € H(X, k(Kx + L)).
In conclusion, for any regular value y of the morphism f, the following morphism
HO(X,KQ* @ f*L%®) — H°(X,, (K" ® f*L%)x,)

is always surjective for any | > ﬁ Thus Theorem A is proved. g

In order to improve the above quadratic bound to linear, we need to apply the twisted pluricanonical extension
theorem in Section 2.4 instead. First, we recall the following result arising from birational geometry:

Theorem 3.2. Let L be an ample line bundle over a projective n-fold Y, then the adjoint line bundle Ky +
(n+ 1)L is semi-ample.

Based on the Mori theory, one observes that n+1 is the maximal length of extremal rays of smooth projective
n-folds, which shows that Ky + (n 4+ 1)L is nef. By the base-point-free theorem, one can even show that
Ky + (n+1)L is semiample. In his work on the Fujita conjecture [Dem96], Demailly also gave an analytic proof
for the fact that Ky + (n + 1)L is nef.
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Proof. (Proof of Theorem C) Take a a log resolution p : X’ — X of (X, A) such that
Kx: = /L*(KX + A) +ZaiEi 721)ij,
i J
where a;,b; € Q4, and Zi) jEi+ Fjisa divisor with simple normal crossing support. By the assumption that
(X, A) is kIt and A is effective, each E; is an exceptional divisor and 0 < b; < 1 for each b;. Denote f’' := fopu.
Then f’: X' — Y is a surjective morphism between smooth projective manifolds.

It follows from Theorem 3.2 that Ky + (n + 1)L can be equipped with a smooth hermitian metric hy
with semi-positive curvature. If we further assume that Ky is pseudo-effective, (m — 1)Ky + L is big for
any m > 1 and thus can be equipped with a singular hermitian metric h with mild singularities such that
Op > ew for some hermitian form w over Y. Observe that if m(Kx + A) is a (integral) Cartier divisor,
then ma;, mb; € Z* for each a;,b;. Let us equip the divisor }, ; mb; F; with the canonical singular hermitian

metric ha so that /=104, = >, mb;[F;]. For any point y € YV, denote by X the fiber of f' : X' — Y.
Let us denote P := (m — 1) f*(Ky + (n + 1)L) + 2., mb;Fj equipped with the (semi-positive curved) singular
hermitian metric hp := f"‘h;’“‘*1 - ho in the general setting; and when Ky is pseudo-effective, denote P :=
f*((m — 1)Ky + L) + 2., mb;Fj with the (semi-positive curved) singular hermitian metric hp := f*h - ho.
1
Recall that }; F} is simple normal crossing and 0 < b; < 1. Then for general y € Y, /(hlng;) = Ox;. By
Theorem 2.7, when k > n? + 1, the Seshadri constant
e(kL, y) >n
for a general y € Y. So we can apply Theorem 2.11 to show that, the restriction map
HY(X',mKxy + P+ f*(Ky +1L)) — H*(X,, (mKx: + Y mb;F});x,)
J
is surjective for a generic y in Y. In other word,

HO (X', g (mEx +mA +1f*0) + Y mai i) — HO(Xp,m(u(Kx + A) + Y a:Ey) )

is surjective for a generic y in Y for any I = m(n + 1) + n? — n in the general cases, and for [ > n? + 2 when
Ky is pseudo-effective.
Since each F; is an exceptional divisor of the birational morphism p : X’ — X, the natural inclusion

H (X', p*(mKx + mA +1f*L)) - H* (X', p*(mKx + mA + [f*L) +ZmaiEi)

is thus an isomorphism. Thus one also has the surjectivity
HO (X' " (mEx +mA +1f*L)) — HO (X, m (i (Kx + A)) ).
In other words, the direct image
fi(p*(mKx + mA +1f*L)) = fo(mKx + mA)® Lt

is generated by global sections at the generic points of Y when [ = m(n + 1) + n? —n, and for [ > n? + 2 when
Ky is pseudo-effective. This completes the proof of Theorem C. O

Remark 3.3. In a recent very interesting preprint [LPS17], Lombardi, Popa and Schnell proved that, when Y
is an Abelian variety, the sheaves fy(mKx) become globally generated after pullback by an isogeny. Their result
is surprising since the extension does not require any local positivity. Since they use deep tools like GV sheaves,
it is tempting to ask whether one can use analytic methods to give another proof of their results.

4. ON A QUESTION OF DEMAILLY-PETERNELL-SCHNEIDER

In this section, we prove Theorem D and thus give an affirmative answer to Problem 1.5 in the case that
both X and Y are smooth manifolds.

Proof of Theorem D. Take a sufficiently divisible ¢ € N such that both ¢A and ¢D are Cartier divisors, and a
sufficient ample line bundle Ax on X such that Ax + ¢D is ample a smooth hermitian metric h on Ax + ¢D
such that i©; > 3w for some Kéhler metric w, and the direct image f«(Ax) is a torsion free coherent sheaf
which is not only locally free but also globally generated over the Zariski open set X° := X\f~!(Z). Then
f+(Ax) is locally free outside a subvariety W < Z of codimension at least 2. Set r to be the generic rank of
fx(Ax), and denote by
det fi(Ax) := A" fx(Ax)™
to be the bidual of A" f,(Ax) which is an invertible sheaf over Y, then there is coherent ideal sheaf Z supported
on W such that
A fi(Ax) = det f4(Ax) ® .
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Let us also choose a very ample line bundle Ay on Y such that Ay — Ky generates n + 1 jets everywhere and
Ay + det fx(Ax) is also an ample line bundle on Y. In particular, the Seshadri constant e(4y — Ky,y) > n
for any y.

It follows from Definition 2.2 that, for any R-divisor F, the restricted base locus of F is defined by

B (E)= | B(E+ %A)

m>0

where A is an ample divisor, and the definition being independent of A. Equivalently, in [BDPP13], it is shown

that
B_(E)= |J[E:(D),
meN T
where T runs over the set ¢;(E)[—-—w] of all closed real (1,1)-currents T € ¢1(E) such that T' > —Lw, and
E,(T) denotes the locus where the Lelong numbers of T are strictly positive. By [Bou02], there is always
a current Tinin,m which achieves minimum singularities and minimum Lelong numbers among all members of
c1(E)[—Lw], hence
B_(E) = | B+ (Tuinum).
meN
By Demailly’s regularization theorem in [Dem92b], for every m € N, we can find a closed (1,1)-current T}, € ¢1(E)
with neat singularities such that T,, > —%w, and
E+ (Tmin,Qm) c E+ (Tm) < E+ (Tmin,m)-
Therefore, when F is a Cartier divsor, there exists a singular hermitian metric Ry on E with neat singularities,

such that the curvature current

2
i@;l =T = ——uw.
m m

Set E := —q(Kx + D) — f*(gA). Since B_( — q¢(Kx + D) — f*(qA)) = B_(— (Kx + D) — f*A) does not
project onto Y, thus for any me N, Z,,, := f(EJr (Tm)) is a proper subvariety of Y, and the singular hermitian
metric A&"h on —mq(Kx + D) — mqf*A + Ax + ¢D is smooth on X\ f~(Z,,).

For the Q-effective divisor D = Zf.:l a; D;, there is a canonical singular hermitian metric hp defined on ¢D,

with the local weight
t

oD = Y qailoglgil,
1=1

where g; € T'(U, Oy) is a holomorphic function locally defining D; on some open set U < X. Therefore, the
curvature current

iy, = [¢D] = 0,
and thus hp is a singular hermitian metric with neat singularities.

Recall that Zp is denoted to be the minimal set containing Z, such that for every y ¢ Zp, the pair (X, D)x,)
is also lc. Here we denote by X, := f~!(y). Since (X, D) is lc, thus Zp is an at most countable union of proper
subvarieties of Y. Indeed, the set

1 .
Yo ={y¢ Z|(Xy,(1— E)Der) is klt}
is an Zariski open set of Y. Therefore, one has

o0]

Zp = | Y\Ya.

m=1

Thus for the singular hermitian metric h,, := ﬁ%mhh%m_l on —gqmKx + Ax — mqf*A, the multiplier ideal
sheaf

. 1

(4.1) S (hiix,) = (1= —)Dix,) = O,
for any y € Y;,\Z,,. Moreover, the curvature current iy, , > w.

Denote L := —mqKx +Ax —mf*(qA). For any y € Y,,,\ Z,,, all the sections of the bundle (mgKx +L)x, =
(Ax —mf*(qA)) 1x, extend locally near y, and thus it satisfies Condition (a), (b) and (c) in Theorem 2.11. It
then follows from (4.1) and Theorem 2.11 that the restriction

HY(X,mqKx;y —mqKx + Ax —mqf*A + f*Ay) - H°(X,, Axx,)
is surjective for any y € ¥;,\Z,,. In other words, the direct image sheaf

(4.2) fe(mgKx )y —mgKx + Ax —mgf*A+ f*Ay) = (—Ky — A)®"1 @ Ay ® f+(Ax)
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is generated by global sections over Y,,\Z,,, and by the assumption that f.(Ax) is locally free over Y\Z, we
conclude that the top exterior power
A ((=Ky = A)®™M @ Ay @ f«(Ax)) = (—Ky — A)®"™ @ AY" @det f4(Ax) QT
is also generated by global sections over Y;,,\Z,,. In particular, for every m € N, the base locus
(4.3) Bs((—Ky — A)¥™ @ A" @ det f«(Ax)) © Zn | JY\Von-

By our choice of Ay, rAy + det fx(Ax) is an ample line bundle on Y, thus let m tends to infinity, we obtain
the pseudo-effectivity of —Ky — A. Moreover, it follows from (4.3) that the restricted base locus

B (—Ky —A)c | Zn|JY\Vin = F(B_(=Kx — D — f*A))| ) Zp.

Hence Claim (b) is proved.

Let us prove Claim (a). Let p: Y’ — Y be a log-resolution of singularities of Y. Let p: X’ — X be a log
resolution of (X, D), such that the induced rational map f’ : X’ — Y’ is in fact a morphism. We have the
following commutative diagram:

x .o x

J{ f\ l ;

vy Ly
Moreover, Kx» + D' = p*(Kx + D) + F, where D’ and F are both effective Q-divisors without common
components. Moreover, D’ is log canonical and F is exceptional. For any ¢ € N such that ¢(Kx + D) is a

Cartier divisor, both ¢F and gD’ are also Cartier. By [BBP13, Lemma 2.6], we also have
u(NNef (= *(Kx + D)) ) = NNef (= (Kx + D)).
Thus by the assumption of the theorem, we have
(4.4) f'(NNef(-Kx — D'+ F)) ¢ Y.
Repeat the proof of Claim (b) with Kx + D replaced by K% + D’ — F, one can prove that, after one fixes
certain ample divisors Axs and Ay~ over X’ and Y”, for any m € N, the restriction
HO(X/,quX//y/ —mqKx: +mqF + Ax: + f*Ay/) — HO(X;, (mgF + AX/)rX;)
is surjective for a general point y in Y. Since ¢F is an effective exceptional divisor, the natural inclusion
HY(X',mgKx:jyr —mqKx + Axs + f*Ayr) —» H (X', mqK x/ s — mgKx: + mqF + Ax/ + f*Ay/)
is an isomorphism, and thus the restriction
HO(X',mqK xjyr —mgKx + Axr + [ Ayr) - HO(X,, Axix)

is surjective for a general point y in Y. By the same proof as above, we conclude that — Ky~ is pseudo-effective,
and it follows from Lemma 4.1 below that — Ky is also pseudoeffective. We finish the proof of Claim (a). O

Lemma 4.1. Let pn: Y’ — Y be a birational morphism from the smooth projective variety Y' to the normal
Q-Gorenstein variety Y. When —Ky+ (resp. Ky ) is pseudo-effective, so is —Ky (resp. Ky ).

Proof. For any sufficiently large m € N such that mKy is Cartier, there exists effective exceptional divisors F
and F on Y’ such that
w*(—mKy) = —mKy, + E — F.
Take an ample divisor A over Y such that, for some effective exceptional divisors G, u* A — G is also ample over
Y’. When —Ky- is pseudo-effective, —mKy+ + p*(A) — G is big, and thus for a sufficiently large [ € N, there
exists a non-zero section
se H(Y' lu*(A —mKy) — G + IF — IE).

The non-zero section s - G - IE € HO(Y',lp*(A — mKy) + IF) gives rise to a section s’ € H(Y,lA — ImKy).
Since m can be chosen arbitrarily large, we conclude that — Ky is pseudoeffective. The same proof also holds
when Ky~ is pseudoeffective. O

If f is a smooth fibration, Supp(D) is a simple normal crossing divisor, and Supp(D) is relatively normal
crossing over Y, then the condition that (X, D) is lc implies that (X, D)x,) is also Ic for every y € Y. Thus
Zp=g. it —Kx — D — f*Ais nef, then B_(—Kx — D — f*A) = ¢J. Thus from Theorem D, B_(—Ky — A)
is also empty which implies that —Ky — A is nef. This completes our proof of Theorem 1.6.

By setting D = 0 and A = 0 in Theorem 1.6, the following theorem by Miyaoka is a direct consequence.

Theorem 4.2 (Miyaoka). Let f : X — Y be a smooth morphism between smooth projective manifolds X and
Y. If —Kx is nef, then so is —Ky.
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Remark 4.3. The original proof of Miyaoka [Miy93] relies on the mod p reduction arguments. There is also
another Hodge theoretic proof by Fujino and Gongyo without using the mod p reduction arguments [F'G'1]].

Remark 4.4. In [CZ13], M. Chen and Q. Zhang proved the similar result as Claim (a) in Theorem D, under
the stronger assumption that —(Kx + D) is nef. In a very recent preprint [Oul7], W. Ou extended the theorem
by Chen-Zhang to the rational dominant maps, which was a crucial step in his proof of the generic nefness
conjecture for tangent sheaves by T. Peternell [Pet12, Conjecture 1.5].

5. ON THE INHERITANCE OF THE IMAGE

5.1. On the Images of Weak KLT Fano Manifolds. One says that a projective manifold X is weak Fano
if —Kx is big and nef. In the series of articles [FG12] and [FG14], Fujino and Gongyo studied the image of
weak Fano manifolds. They proved the following theorem:

Theorem 5.1 (Fujino-Gongyo). Let f : X — Y be a smooth fibration between two smooth manifolds X and Y.
If X is weak Fano, then so isY .

In this section, we will prove Claim (a) in Theorem E:

Proof of Claim (a) in Theorem E. Take a very ample line bundle Ay over Y such that Ay generates n+ 1 jets
everywhere. Since —Kx — D — f*A is big, we can find a a sufficiently divisible a € N such that —a(Kx + D +
f*¥A) —2f*Ay is an effective line bundle. Fix any effective divisor E € | — a(Kx + D + f*A) — 2f*Ay|. Since
(X, D) is klt, then there exists a sufficiently divisible integer m > a such that the multiplier ideal sheaves
1 m

(5.1) f(mEer) = /(mDer) = Ox,
for the generic fiber X, and both mD and mA are Z-divisors. We can also find a singular hermitian metric
hy with neat singularities on —(m? — a)(Kx + D + f*A) such that i), > & for some Kéhler metric @ on X.
Take some small rational number € > 0 such that 7 (h{,x ) = Ox, for the generic fiber X,.

On the other hand, since the non-nef locus NNef (— K x —D— f*A) does not project onto Y, it follows from the
proof of Theorem D in Section 4 that, one can find a singular hermitian metric k. over —(m?—a)(Kx +D+ f*A)
with neat singularities, such that i©, > —e® and the singularities of h. does not project onto Y. Set h := h{hl=¢

which is also a hermitian metric on —(m? — a)(Kx + D + f*A), then we have i0), > €*© and the multiplier
ideal sheaf

(5.2) S (hx,) = Ox,
for the generic fiber X,,.

Take a generic fiber X, of f such that y is the regular value of f, and both (5.1) and (5.2) are satisfied. We
equip the line bundle —m?(Kx + D + f*A) —2f* Ay +m?D with the singular hermitian metric hg := hEhh%m2,
where hg (resp. hp) is the tautological singular hermitian metric on —a(Kx + D + f*A) —2f*Ay (resp. D)
induced by the effective divisor E (resp. D), such that

04, = [E]( esp. i, = [D]).

_1_
Then we claim that the multiplier ideal sheaf /(hé’”f;y) = Ox,. Indeed, for any s € Ox, ., let g, pp and ¢
be the weights of the metric hg, hp and h on a small neighborhood U < X, of a point z € X,,. Then by the
Hoélder inequality we have

| 1spem e < ([ fsPereyne ([ fspe I (| e ) < o
U U U U

Here we use the conditions (5.1) and (5.2). By applying Theorem 2.11 with L = —m?(Kx + f*A) — 2f*Ay
endowed with the singular hermitian metric hg, for general y € Y, we obtain the desired surjectivity:
HY (X, m*Kxyy + (—m’Kx —m?f*A = 2f*Ay) + f*Ay) — H°(X,, f*(-m’Ky — m?A — Ay)x,) = C,
where [ is the number of the connected components of X,,. In particular, we have the non-vanishing
HO(X, f*(—m*Ky —m*A — Ay)) # 0.

Now we claim that —m2Ky —m?A — Ay is a pseudo-effective line bundle over Y. Indeed, we first take a Stein
factorization of f

x Ly 2y,
where p: Y’ — Y is a finite surjective morphism and the morphism f’: X — Y’ has connected fibers. Then we
have an isomorphism
fi HY(X, f*(—m*Ky — m*A — Ay)) = HO(Y', p*(—m*Ky —m*A — Ay)),

which implies that the line bundle p* (—m?Ky — m2?A — Ay ) is effective. Since p: Y’ — Y is a finite surjective
morphism, by a result of S. Boucksom [Bou02, Proposition 4.2], —m?2Ky —m?A — Ay is a pseudo-effective line
bundle, which also shows that —Ky — A is big. O
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Therefore, we can extend Theorem 5.1 to the weak klt Fano cases:

Proof of Theorem F. Since f is a smooth fibration, (X, D) is klt, and (X, D}x,) is also kit for every y € Y,
from the very definition of Zp in Theorem D we see that Zp = ¢J. By the nefness of —(Kx + D) — f*A, the
set

B,(— (Kx + D) —f*A) = .
Thus from Theorem D we conclude that —Ky — A is nef. The bigness of —Ky — A follows from Theorem F
directly. This completes the proof. O

By setting D = 0 and A = 0 in Theorem F, we obtain Theorem 5.1 directly.

Remark 5.2. If we only assume that —Kx is big, then the following example given in [FG12] shows that, even
if f is smooth, —Ky is not big.

Example 5.3. Let E < P? be a smooth cubic curve. Consider f : X = Pgp(Or ® Or(1)) > E =Y. Then, we
see that —K x is big. However, —Ky is not big since E is a smooth elliptic curve.

It is noticeable that, in [Paul2] S. Boucksom pointed out that the following theorem, which is a special case
of Theorem 1.2 in [Ber09], implies [FG12, Theorem 4.1] or [KMM92, Corollary 2.9]:

Theorem 5.4 (Boucksom-Paun). Let f : X — Y be a smooth fibration between two smooth manifolds. If —Kx
is semi-positive (strictly positive), then —Ky is semi-positive (strictly positive).

Finally, let us mention that, in [FG12], the authors raised the following conjecture, which was solved very
recently by C. Birkar and Y. Chen [BC16]:

Theorem 5.5 (Fujino-Gongyo, Birkar-Chen). Let f : X — Y be a smooth fibration between two smooth
projective manifolds. If —Kx is semi-ample, then so is —Ky.

The proof in [BC16] relies on very deep consequences of the minimal model program in birational geometry
and of Hodge theory. It is an interesting question to know whether we can use pure analytic methods to give a
new proof of this theorem.

5.2. On the Rational Connectedness of the Image. By Mori’s bend-and-break, Fano varieties are uniruled;
in fact by [Cam92, KMM92] a stronger result holds: the projective Fano variety is rationally connected. Later
on Q. Zhang and Hacon-McKernan proved that the same conclusion holds for a klt pair (X, D) such that
—(Kx + D) is big and nef [Zha06, HM07]. This was generalized by Broustet and Pacienza [BrP11, Theorem
1.2], who proved that a klt pair (X, D) with —(Kx + D) big is rationally connected modulo the non-nef locus
of —(Kx + D), that is, there exists an irreducible component V of B_( — (Kx + D)) such that for any general
point x of X there exists a rational curve R, passing through X and intersecting V. Moreover, they also proved
the following result for the image:

Theorem 5.6 (Broustet-Pacienza). Let (X, D) be a pair such that —(Kx + D) is big. Let f : X --»Y be a
dominant rational map with connected fibers such that the restriction of f to NNef( —(Kx + D)) (UNKIt(X, D)
does not dominate Y, then Y is uniruled.

In this subsection, we will refine their results in a more general setting. First, we need to prove Claim (b) in
Theorem E:

Proof of Claim (b) in Theorem E. Let p: Y’ — Y be a log-resolution of singularities of Y. Let 7 : X’ — X be
a log resolution of (X, D), such that the induced rational map f’ : X’ — Y’ is in fact a morphism. We have the
following commutative diagram:

X T X
N
v Ly
Let D’ be an effective Q-divisor on X’ such that 74 (D’) = D and Kx/+ D' = 7*(Kx + D)+ F, with F effective
and not having common components with D’. Note that

7(NkIt(X’, D)) < Nklt(X, D).
By [BBP13, Lemma 2.6], we also have
m(NNef (— 7*(Kx + D)) ) = NNef (— (Kx + D)).
It then follows from the assumption of the theorem that

(5.3) f'(NNef (=K x/ — D' + F)|_JNklt(X’, D")) < Y
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Take a very ample line bundle Ay over Y’ such that Ay, — Ky generates n + 1 jets everywhere. We can take
an ample line Ay~ := p* Ay, — Ey over Y’, where Ey = Zj cjE’s are exceptional divisors of p. Since —Kx — D
is big, so is —Kx» — D' 4+ F, and we can find a sufficiently divisible a such that —a(Kx: + D' — F) — 2f"* Ay
is an effective line bundle. Fix any effective divisor E € | — a(Kx + D' — F) — 2f"* Ay.|. By (5.3), for any
sufficiently divisible m > a, the multiplier ideal sheaf

(5.4) J(ﬁErxg) = /(%D?x;) = Ox,

for the generic (smooth) fiber X/ of f': X’ — Y’. We can also find a singular hermitian metric ~; with neat
singularities on —(m? — a)(—Kx — D' + F) such that i©j, > @ for some Kéhler metric @ on X’. Take some
small rational number € > 0 such that /(hirxg) = O for the generic fiber X.

On the other hand, it follows from (5.3) that the non-nef locus NNef(—Kx, — D’ + F) does not project
onto Y’, and from the proof of Theorem D in Section 4, one can find a singular hermitian metric h, over
—(m? —a)(Kx: + D' — F) with neat singularities, such that 19, > —ew and the singularities of h. does not
project onto Y. Set h := h§h!=¢ which is also a hermitian metric on —(m? — a)(Kx/ + D’ — F), then we have
i0, > €20 and the multiplier ideal sheaf

(5.5) S (hx;) = Ox;

for the generic fiber X, .

Take a generic regular value y € Y of f’ such that the fiber X is reduced and smooth, and both (5.4) and (5.5)
are satisfied. We equip the line bundle —m?(Kx: + D' — F) —2f"* Ay +m?D’ with the singular hermitian metric
ho := hgphhp:, where hg (resp. hp/) is the tautological singular hermitian metric on —a(Kx/ +D'—F)—2f"* Ay
( resp. m2D') induced by the effective divisor E (resp. m2D’), such that

01, = [E]( resp. 0y, = m*[D']).

1
Then we claim that the multiplier ideal sheaf /(h(;"rz’x,) = ﬁX;. Indeed, for any s € ﬁX;)z, let g, ¢pr and @

be the weights of the metric hg, hps and h on a small neighborhood U < X; of a point z € X;. Then by the
Hoélder inequality we have

[ psbe i < [ ey ([ ey ([ e ey < o
U U U U

Here we use the conditions (5.4) and (5.5). By applying Theorem 2.11 to the surjective morphism f': X’ — Y’
with L = —m?(Kx: — F) — 2f"* Ay endowed with the singular hermitian metric hg, we obtained the desired
surjectivity:

H° (X/, m2le/y/ + (*m2KX/ — 2f,*Ay/ + m2F) + f’*Ay/) — HY (X;, (7m2f/*Ky/ — f’*Ay/ + m2F) TX{J) #0

for general fiber X/. In particular, we have the non-vanishing
H (X', f*(—m* Ky’ — Ay') + m*F) # 0.

Since X is normal with F the exceptional divisors of the birational morphism 7« : X’ — X, the natural
isomorphism

HOY (X', f*(—m? Ky — Ayr)) = HO(X', f*(—m*Ky+ — Ay) + m*F)

is an isomorphism. Take a Stein factorization of f’
xLyty
where ;1 : Y — Y is a finite surjective morphism and the morphism f : X’ — Y has connected fibers. Then we
have an isomorphism
f* . HO (X, f/*(*m2KY/ — Ay/)) i HO (Y/, /L*(*m2KY/ — AY/)),
which implies that the line bundle u*(—m?Ky: — Ay/) is effective. Since p : Y/ — Y is a finite surjective
morphism, by a result of S. Boucksom [Bou02, Proposition 4.2], —m2?Ky+ — Ay~ is a pseudo-effective line
bundle. Take [ sufficiently large such that [ Ky~ is Cartier and there exists a section
se H'(Y',~IK} — Ay).
Since
7])*(le) = 7ZKY/ + El - E2
with both E; an Fs effective and exceptional, by Ay := p* Ay — Ey with Ey effective exceptional divisor, one
has
s-Eie H(Y',—p*(IKy + Ay) + B> + Ey),

which in turn gives rise to a non-zero section s’ € H(Y, Ky — Ay). Thus —Ky is big. g
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Proof of Theorem (. The proof is more or less direct. By Claim (b) in Theorem E we see that —Ky is big.
By Broustet-Pacienza’s Theorem [BrP11, Theorem 1.2], Y is rationally connected modulo the non-nef locus
NNef(—Ky). The theorem is thus proved. |
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