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The Stern Sequence and Moments of Minkowski’s
Question Mark Function

Roland Bacher

March 15, 2017

Abstract': We use properties of the Stern Sequence for numerical com-
putations of moments fol t"d?(t) associated to Minkowski’s Question Mark
function.

1 Introduction

Minkowski’s question mark function x —7(x) and its inverse function, Con-
way’s box function x — O(z), are related to continued fraction expansions,
transcendence properties and probabilistic distributions of rationals in the
Calkin-Wilf tree. Denjoy proved apparently that 7(z) is monotonic contin-
uous and singular (derivable on a set of full measure with zero derivative on
this set), see [4]. Using a functional equation satisfied by ?(z), Alkauskas
investigated the sequence mg,mq,...,m, = fol x"d?(s) of moments of the
probability density d? in a series of articles. Denoting by O(y) the recip-
rocal function, known as Conway’s Boz function, of the increasing homeo-
morphism ? : [0, 1] — [0, 1], the substitution ¢ =7(x) (with d?(x) = dt and
x = 0(t)) yields

1
mn:/o Q)"dt (1)

In the present paper we link these moments to the Stern sequence (which
underlies the Calkin-Wilf tree) s(0) = 0,s(1) = 1,s(2n) = s(n),s(2n+1) =
s(n)+s(n+1), n > 1. This gives new proofs for many results of Alkauskas,
see for example [1], [2], [3]. It also leads to the discovery of some new
properties.

The sequel of the paper is organized as follows:

Section 2 links the Stern sequence with Conway’s Box function O ap-
pearing in (1).

'Keywords: Minkowski’s Question Mark Function, Conway’s Box Function, Stern se-
quence, Farey Sequence, Continued Fraction. Math. class: Primary: 11A55, Secondary:
11B57.



Section 3 recalls properties of Minkowski’s question mark function.

Section 4 lists a few well-known identities among binomial coefficients
and elements of the Stern sequence for later use.

Section 5 presents a set of linear relations obtained by considering Rie-
mann sums for fol O(z)"dx. These relations differ from the relations found
by Alkauskas: they are perhaps slightly simpler but more interestingly, a
crude spectral analysis of the underlying linear operator T is easy. 1" has a
unique eigenvector (mg,mi,ma,...) of eigenvalue 1. All other eigenvalues
belong to the closed complex disc of radius 1/2. The maximal error of the
associated algorithm is thus roughly halved at each iteration.

Section 6 discusses a different set of Riemann sums which leads to linear
relations used by Alkauskas.

We extend in Section 7 the moment-function n — m,, to an entire
function z — m, for z € C.

A computation of the derivative of this function at 0 to high accuracy
suggests the conjectural identities

= m 1 m 1

o n _ n A n

10g2_—§: m <1%_2n1> __E: n <2n ( D >
n=1 n=1

given in Section 8.

Section 9 introduces a third type of Riemann sums, particularly well
suited for asymptotic computations. The resulting asymptotic formula

= (log2y X1 \"
§=0 h=2

is the object of Section 10. It is more complicated but experimentally more
accurate than Alkauskas’s asymptotic formula given in [3]. Alkauskas’s for-
mula can however be deduced from (2) by a simple application of Laplace’s
method.

Section 10.2 derives a second asymptotic formula related to (2) by a
finer subdivision in the underlying Riemann sum. Since this should lead to
slightly more accurate results, we consider (admittedly in a not completely
rigorous way) in Section 10.3 the difference between the two formulae as a
measure of accuracy for (2).

Section 11 is devoted to values m_,, of moments at negative integers.
This leads to a sequence of identities among mg, m1,ma, . ... The two initial
identities are

G 5 = 11
ij:§ and ijj:mg—i—?.
7=0 7j=1

Finally, Section 12 discusses the starting point of this work: asymptotics
n+1
for Hf;zn sj allowing to compute some geometric means for values of the
Stern sequence.



2 Conway’s box function

We denote by D = Z[1/2] N [0, 1] the subset of all rational dyadic numbers
in [0,1]. The restriction to D of Conway’s Box function O is recursively
defined as follows: 0(0) = 0,0(1) = 1 and

- 2m+1\ a+c
ontl | b4 d

ifD(Zﬂn) = ¢ and D(m+)

S where a, b, respectively c,d, are coprime

2m ) —
natural numbers. The values O(m/16) for m =0,...,16 are:
m ‘ 012 3 4 5 6 7v 8 9 10 11 12 13 14 15 16
O (ﬂ) ‘ ¢ 1121 3 2 3 1 4 3 5 2 5 3 4 1
6/!1 5 4 7 3 8 5 7 2 7 5 8 3 7 4 5 1

Values of O for arguments in D are easy to compute as follows: We define
the Stern-sequence s(0),s(1),s(2),... recursively by s(0) = 0,s(1) = 1,
s(2n) = s(n) and s(2n+ 1) = s(n) + s(n+ 1). Its first coefficients are given
by

n (0123456789 10111213141

ot

smy[o[T [T [2[1[3[2[3[1[4[3]5]2]5]|3]4
n [16[17 (181920212223 [24[25][26[27[28[29]30]3

—_

sy [ 15|47 ]3[8|5 7 |2][7|5|8[3|7]4][5

The main tool used in this paper is the following simple observation which
defines O on D in terms of the Stern-sequence:

Proposition 2.1. We have

for all natural integers m,n such that 0 < m < 2",

We leave the easy proof to the reader. O
Since § < g with bd > 0 implies § < ZTJrg < g, the function O is strictly
increasing. Induction on k shows

m 1 ka+c
O — &+ = k>1 3
<2n 2n+k> Wrd "7 ®)
if O (&) =% and O (&£ + &) = £ (with a,b and ¢, d pairs of coprime nat-

ural numbers). In particular, O extends to a strictly increasing continuous
function (still denoted) O : [0,1] — [0, 1]. Since

Oy -0 et
e to-nk b(kb+d)

the function O has a vertical tangent at dyadic arguments.



Proposition 2.2. We have
Oxz)=1-0(1-2) . (4)

Proof. Continuity of Conway’s Box function implies that it is enough to

prove Proposition 2.2 for all dyadic rationals of the form 2. This is done

2”
by induction using the trivial identity ‘;ig =1- %. O

Corollary 2.3. The function xr — 20 (3: — %) — 1 is symmetric.

Thus we have

1 . 2n+1 om+1 o
0:/0 (O(x) = 1/2)* de =) < L >(—2)k =L, (5)

k=0
for every odd natural number 2n + 1. This can be restated as:

Corollary 2.4. For all n > 0 we have the identity

2n + 1

In particular, mopiq is a Z [L] —linear combination of mg, ma, my, ..., Moy,
p ’ + 2 05 ) ) )

3 Minkowski’s question mark function

Given an irrational real number z in (0, 1) with continued fraction expansion

given by
1
r = [0;a1,a2,a3,...] = ———5—,
ay + as+...

Minkowski’s question mark function is defined by
> k
(=1
) ==2) o (7)
k=1
Proposition 3.1. Minkowski’s question mark function is an increasing

homeomorphism of [0,1] such that Oo?(x) =7 o O(x) = z.

Proof (given for the sake of self-containedness). Since O is an increasing home-
omorphism of [0, 1], it is enough to prove that Oo?(z) = x for every rational
number z in [0, 1]. We show this by induction on the length n of the contin-

ued fraction expansion z = [0;a1,as,...,a,] of z. The result clearly holds
for n = 0 (corresponding to z = 0) and for n = 1 (corresponding to the
inverse of a non-zero natural integer). Writing Z—’; = [0;a1,...,ax] we have
n—1 (_1)j
? <M> - _22 i+ Fa; m 1
Gr—1 = 2a1 j a1+ +an—1



for a suitable natural number m. We also have
2 Pn—2 _9 Pn—1 _ (_1)11
’ gn—2 o dn—1 201+ Fan—1—1"

Using the induction hypothesis Z—: = 0o? <Z—:> for k < n and applying (3)

2 (Pn) _ m _ (=1)"
: In T 9a14-Fan—1—1 9an9ai+-+an—1—1

to

we get

AnQn—1 + qn—2 dn .

Oo? (@) _ ApPn—1 + Pn—2 _ ]ﬁ
dn

O

The graph of 7 is well-known to behave in a self-similar way as shown
by the following well-known result:

Proposition 3.2. We have
(l—z)=1-7(x) (8)

and

(52) - o

for all z € [0,1].

Proof. Identity (8) follows from Proposition 2.2 and Proposition 3.1. Iden-

tity 9 follows from the Definition (7) applied to 7 = 7 +11 Tz = [0;1 4+

al,ag,ag,...]. ]

The aim of this paper is to study the moments

mz:/OID(t)Zdt:/Olmzd?(x)

of the probability measure d? associated to the distribution function ?(z) =
Jo d?(t). The inequalities

o0 ] o0 ]
1 1\’ 1 1\’
E —(1—-— Smj§2§ —(1—-—
2n n 2n n
n=1 n=1

coming from the evaluation O(1 —27™) =1 — and the trivial upper

1
m-+17
bound ‘(_Z_j”l)‘ < (‘Z‘Jr]?_l) < (|2] + 7)"¥l show that z — m, is an entire

function of C.



The function m, is also given by the expression
oo
k—1
mz:l;)<z+k )%k—{—z)mk

(see (24)) where v(z) is the entire function defined by

1 1
7 )_;2"(1+n)z'

We give the series expansion of the entire function z — m, at z = 0 and
study the asymptotics of m, for real z — +oc.

Proposition 3.3. We have the identities

j=0 7=0

where (5) = Z(zfl)(zfi?”'(z*j“)
The main contribution to m_; given by Proposition 3.3 corresponds to

indices j such that %e_\/ (log2)/j 1 yielding j ~ %.
Thus we have for example

o)
m_1 = E mn
n=0

o0
m_g = Z(n + 1)ym,
n=0
1 o0
moy =g Zo(n +1)(n 4+ 2)m,
n—

and more generally

Proof of Proposition 3.3. Proposition 2.2 implies the equalities

m, = /01 O(t)?dt = /01(1_5(75))% = i (j) (—1)Ym; = f: (‘Z +jj a 1>mj

Jj=0 Jj=0

which hold for all z € C since O(t) € (0,1) for t € (0,1). O



4 A few useful identities

Almost all results of this paper are based on a few trivial identities, recorded
in this Section for later use.

4.1 Binomial coefficients
Lemma 4.1. We have the series expansion
1 > (n+k—1 n+k—1\ 4
— 10
() Z<n_1 )+ w
k=0 k=

for x in the open complex unit-disc.
Proof. Apply the equality (") = (—1)k("+llj_1) (where (}) = W)

to Newton’s identity (14 (—2))™" = Y52y (7")(—2)* or use induction on
n. O

Remark 4.2. Lemma 4.1 has the following nice combinatorial proof: = x)

18 the generating series for colouring Faster eggs with n different colours (or,
equivalently, for the number of monomials in n commuting variables). The
k-th coefficient is thus given by (]H'" 1).

Lemma 4.3. We have

£0)0)- Qe

In particular, for x = %1 we get

S ()() = (1) 2

Proof. Compare the coefficients (g) (,i) and (i) (%:]]:) of 2! of both sides. O

4.2 Identities for the Stern sequence

We recall that the Stern sequence s : N — N is recursively defined by
s(0) =0,s(1) =1,s(2n) = s(n) and s(2n + 1) = s(n) + s(n+ 1) for n > 1.

Proposition 4.4. For all n > 0 and for all v such that 0 < r < 2", the
Stern sequence satisfies the identities

s(2"+7r)=s(2" —r)+ s(r), (11)
s(2" + 1) = s(2" — 1), (12)
s(r)=2s(2" +r)—s(3-2" +7r). (13)



Proof. The identities hold for n = 0 and r € {0,1}. Since s(2m) = s(m)
they hold for r even by induction. For odd r = 2t + 1 < 2", we sum
the identities corresponding to (n — 1,¢) and (n — 1,¢ 4+ 1) which hold by
induction. The definition s(2m+1) = s(m)-+s(m+1) and induction implies
the identities for odd r. O

The main idea of this paper is to apply Lemma 4.1 to the trivial identities

as+pS  as 1 15} 1
e 2 = 14
vs+0S 55(1—}—%%)_'—5(14—%%)’ (14)
as+pBS  « <ﬁ a) 1
—_— = — + ~ - ) 15
vs+0S v o v) (1+213) (15)
as+pS B (a ﬁ’y) s 1
vs+ 0S5 5 6 02)S(1+1%) (16)
5 A simple set of linear equations for my
Theorem 5.1. The sequence mg = 1,m; = %,mg, ... of moments defined

by my, = fol O(t)"dt (see (1)) satisfies the equalities

1 [n/2] n
=30 2 (53)0u (7)

k=0

where

> k—1\ my,
Gn=> <n+k >7§nj,f . (18)

k=0
Remark 5.2. Since the increasing function

(n+ll:*1) 2n+k+1 B E+1

PG

k —

(for k > 0 and n a fized natural integer) equals 1 for k = n — 2 and since
the moments m,, are slowly decreasing, the main contribution to ¢, comes
asymptotically from summands with indices k roughly equal to n.

The main contribution to ¢, is thus given by moments of the form may i
with [ an element of Z of small absolute value.

Similarly, the main contribution to my, in Formula (17) corresponds
asymptotically to indices k ~ n/4. and involves thus mainly moments of
the form myy; for 1l a small integer.



Theorem 5.1 is an immediate consequence of the following result.

Proposition 5.3. For all n € N we have the identities

/0 Y oy = %kzn:o (Z)(—
//2 ) dt = 2n+1z< >

with ¢, defined by Formula (18).
Lemma 5.4. We have

and

1
b = 2/1/2(25@) —1)"dt . (19)

for ¢, defined by Formula (18).
Corollary 2.3 shows that Lemma 5.4 can be restated as ¢,, = fol [20(¢) — 1™ dt.

Proof of Lemma 5.4. Proposition 2.1 and the definition of Riemann sums
show that we have

1 2! ! n
n 2" 41)
2/1 (2D()_1) dt—2llig1021+1::< 2l+1+2l+7n)_1>

/2
. 1§: 252! +7) — s(3-2 +7)\"
1m —
T oo 2 s3-21+r)

Using (13) we get

1 n
2/1/2(25(0 Lt = liglo 2! Z (25 2L+ 7) —s(r )) (20)

or equivalently

! 1 & s(r) " 1
2/ (20(t) — 1)"dt = lim ; ( . ) —
1/2 l—o00 2 —o 28(2 —+ 7") 1— 23(2(1J)rr)

Applying (10) we have

2/1 (20() 1yt =3 (n e 1) ot

1/2 =0

which ends the proof. O



Proof of Proposition 5.3. Using Lemma 5.4 we have

n

2ilg:(2)&4ﬁ¢k=;;[;§:<2y1—m1nﬁﬁ

=0

:/lu_uwwa
1/2

which equals fol/ 2 O(t)™dt by (4). This proves the first equality.
The proof of the second equality is similar and left to the reader. O

5.1 Spectral properties

Theorem 5.1 expresses the moment-vector (mg,mi,me,...) as a fixed point
of a continuous linear operator T acting on the vector space [*°(R) of real
bounded sequences. We study here a few spectral properties of T'. They
imply in particular uniqueness of the fixed point (mg,mq,...) satisfying
mo = 1.

We denote by [ = [*°(R) the real Banach space of bounded sequences
with norm || v ||ec= sup,ex |vn| for v = (vg,v1,...) in [*°. We set

U= sup  [[U() ]

Vel [[v]leo=1

for the norm || U || of an endomorphism U € End(I*°). Similarly, we consider
the norm
ILl= s |L()
vEl®, [|v]|co=1
of a continuous linear form L : [*° — R.
Formulae (17) and (18) suggest to consider the sequence of operators

[n/2] o0
1 n 2k +1 — 1\ vop4y
v:(vo,vl,...)b—>Tn(v):2—n g <2/<:>E ( ] )% (21)
1=0

k=0

Proposition 5.5. Formula (21) defines continuous linear forms Ty, T1, T, . . .
of norm | Ty ||= 1 and || T, ||= 3 forn > 1.

We define an endomorphism 7' : [*® — [*° of the vector-space [*° by
setting T = (Tp, T1,To,...). Proposition 5.5 and Ty(vo, v1,...) = v imply
the following result:

Corollary 5.6. The restriction of the linear operator T = (Ty,T1, T, ...)
to the subspace I3° formed by all bounded sequences (vg,vi,ve,...) starting

with vg = 0 yields an endomorphism of I§° whose spectrum is contained in
{zeC| 2 < 1}.

10



In particular, the linear map

UV T(U) = (TQ(U),Tl(U), .. )

defines a bounded linear operator of [°° which has a unique eigenvector of

etgenvalue 1 of the form (1, %, e )
1

The coordinates (mg, my,...) = (1, 5 ) of the unique eigenvector of
eigenvalue 1 of T are of course the moments m,, = fol x™d?z of the density

function associated to Minkowski’s question-mark function ?.

Proof of Proposition 5.5. For v € [*° such that || v |[oc< 1, we have

[n/2] o0 ‘
1 n\ 1 2k — 144\ 1
me< g 2 ()m s (M) )

k=0 §=0

with equality if and only if v is (up to a sign) the vector 1 = (1,1,1,...

with all coefficients equal to 1.
Applying (10) we have thus

[T || = [Tn(1)]
n 2k
1 a1 ( 1 )
= o 2% 7
o 2= \2k ) 228 \ 11

which completes the proof.

Remark 5.7. Laplace’s method shows that the coefficient
1 an/% n m—1\ 1
2n P 2k ) \2k — 1) 2m

of vy, in T, given by Formula (21) is asymptotically equal to

1 1 <((1+/~6)/2)1+“>n
2./ 2mnu(l + p) I

11

)



for p = T having a bounded logarithm. This coefficient is asymptotically
maximal for p =1 and decays exponentially fast otherwise. We have

i [ (((1+M)/2)”“>"duzé

n—o00 5 271-”#(1 + :U') Iu,ﬂ

in agreement with Proposition 5.5.

Remark 5.8. The linear operator T has an unbounded eigenvector of eigen-

value % given by w = (0,0,2,3,4,5,6,7,...) as can be seen as follows: We

have Ty(w) = Ty (w) = 0. Forn > 2, Formula (21) withw = (0,0,2,3,4,5,6,. ..

boils down to
[n/2] oo
1 n 2k +1—1\ 2k +1
r =5 3 () () B
_ 2k
Computing the derivative Qk(lffﬁ of <ﬁ> at x = % either directly

or using the series expansion (10) given by Lemma 4.1 we get the identity

2%k +1—1\2k+1
4k:z< I )22k+l'

5.2 Computational aspects

Theorem 5.1 is useful for computing numerical approximations of the first
moments mg, mq, ..., my of Minkowski’s question mark function.

This can be done by computing an approximation (mg,mq,...,my) of
the unique attracting fixed point (mg,mq,...) of the form (1,...) of the
linear operator 1" o w where my : [°° — [*° is the projection defined by

TN (T0, T1, -y TN, TN41,---) = (T, 1, .., ZN,0,0,0,...).
The error |m; — m;| is of order O(my41) = O (N1/4e’2vN1°g2), see

Formula (42).

12



Since the distance to the fixed point is essentially divided by 2 under
each iteration of T omy, the complexity of the resulting algorithm is roughly

of order O <\/N /log 2N 2) if aiming at maximal accuracy.
More precisely, the algorithm can be implemented as follows:

010 g := 1,
020 Forn=1,2,3,...,N do:
030 My, =0,
040 End of loop over n,
050 TIterate the following loop:
060 For n =0,2,4,...,2|N/2| do:
070 bi= o,
080 b =0,
090 For k=0,1,2,...,N —n do:
100 On 2= On + by,
110 b= %’;—*fl)b,
120 End of loop over k,
130 End of loop over n,
140 Forn=1,2,3,..., N do:
150 bi= 5,
160 my, =0,
170 For k=0,1,2,...,|N/2] do:
180 M, == Ty, + Doy,
190 bi= Ut ob,
200 End of loop over k,
210 End of loop over n,
220 End of outer loop (starting at 050).
Comments:
1. Computations should be done over the real numbers with sufficient ac-
curacy (maximal achievable accuracy is of order O(my41), see Section
10 for estimations).
2. The range and increment of the loop-variable n in line 060 is due to the
fact that my, ..., my depend only on ¢o, @2, @4, ..., P3| n/2) in Formula
(17).
3. Instructions 070 and 150 need a loop in many programming languages.
4. The variable b in line 070, 100, 110 corresponds to the factor ("+,]:_1) ﬁ
in Formula (18).
5. The variable b in line 150, 180,190 corresponds to the factor 2%(272) in
Formula (17).
6. Maximal possible accuracy is achieved by iterating the outer loop (in-

structions 060-210) roughly 2,/N/log2 times, see Corollary 10.2.

13



7. Using a known sequence of good approximations for mq,...,my in-
stead of 0 when initializing mq,...,my (instruction 030) decreases
the number of useful (i.e. leading to significantly better precision)
iterations for the outer loop.

8. A progressive increase of N (starting from some small initial value)
during the iteration of the outer loop yields a small speedup.

6 Formulae of Alkauskas

Theorem 5.1 is based on Riemann sums for the integral
1
A= 2/ (20(¢t) — 1)"dt
1/2

obtained by subdividing the interval [%, 1] into 2! sub-intervals of equal
length #

In this section we give a new proof of some formulae obtained by Alka-
uskas by considering the infinite subdivision

1 1 Ul 11 U 11
2h—17 2h—2 4’2 2’1

suggested by the easy evaluations O (2%) =1

h+1°
Theorem 6.1. We have

1 1 Z(k+n—1\ m
e E (e JaE @

0,1] = {0} U... [2% 2,}_1] U

and

11 =/(k+n—-1\ m
m":ZQ_’lh—nZ< w1 )(—hk)k' (23)

Remark 6.2. From a computational point of view it is perhaps useful to
rewrite the formulae of Theorem 6.1 as

= [k -1
mn=2< o >%+nmk (24)

n—1

and

14



where

and

where Li, (z) =Y 50 lf—: for x in the open complex unit-disc.

Formula (22) (or (24)) should be preferred over (23) (or (25)). It con-

verges faster (under iteration) and positivity of all coefficients ensures nu-

merical stability.

Precomputing (and storing) the constants vy, and using (24) needs only

twice as much memory but provides a significant speed-up.

Formula (25) has been used by Alkauskas for numerical computations of

the first values of m,, see Appendiz A3 of [1] or Proposition 5 of [2].

Since vy ~ Qn% for large n, the arguments of Remark 5.2 show that
the main contribution to my, in Formula (24) corresponds asymptotically to

summands k ~ n involving Mp_q, ..., Mptq-

Proposition 6.3. Setting

we have

and

Lemma 6.4. We have

1 r 528+ 1)
- <2_h + 2h+l> B (h+1)s(2t +7) — s(r)

and

1 7 s(2l +7)
O —+ =
2h ~ 2h+l hs(2 + 1) + s(2t —r)

for 0 <r <2,

15

(26)

(27)

(28)

(29)

(30)



Remark 6.5. More generally, if

q a q+1 c
O(—=) = - O — —
<2h) p @ < oh > d
with (a,b) € N? and (c,d) € N? pairs of relatively prime natural numbers,
then

q r as(2' + 1)+ (c —a)s(r)

- <2_ + 2h+l) T 5520+ 1) + (d—b)s(r)
B es(2+7) + (a—c)s(2 =)
Cds(2 )+ (b—d)s(2l — 1)

forl € N and for r such that 0 < r < 2'. One can then apply (14), (15), (16)
(or a similar identity) with S = (2! + 1), s = s(r) in order to get Riemann
sums for f://;lD(t)"dt.

Proof of Lemma 6.4. An induction on h establishes the formula for [ = 0
(and r € {0,1}).
An induction on [ (for constant h) ends the proof. O

Proof of Proposition 6.3. We have

n
In(n) = 2h llgi 9l Z ( 2h+l> :

By (29) we have

1. (2 +7) "
Tn(n) = 2h lg& 2 — ((h +1)s(2t+7r) — s(r))
1
= lim Z
0o 2l+h n s(r)
l—00 2 = (h+1) 1— D@

and (10) implies now

e e )
2’12(]{:2;1)#%-

This proves the first equality.

16



The second equality follows from (12) applied to (30) yielding the iden-
tities

ol n
1., 1 s(28 + 1)
I = — lim —
n(n) 2h liglo 2! TZ; <hs(21 +7)+ 5(7“))

n

2
. 1 1 1
= am l+h Z_n s(r)
l—o0 2 o h 1+ Fos (2147
1 X (k+n-1 Mk
~on n—1 (=1) hktn

k=0
O

Proof of Theorem 6.1. Follows from m,, = > ;7 I(n) where Ij(n) is eval-
uated using Proposition 6.3. O

7 Holomorphicity of m,

Theorem 7.1. (i) The map n — m,, extends to an entire function x —
my.
(i) The series expansion of x — m, at x = 0 is given by

[e.9] xn (e 9]
Z o Z Cn KMk (31)
" k=n

n=0
where
(o]
S ot = (log(1 - 2))" . (32)
k=n
Equivalently, the numbers c, . are given by the equality
Cn,k = (_1) ES(]C,TL) (33)

where the numbers s(k,m) defined by Zﬁbzo s(k,m)a™ = z(z — 1)(x —
2)---(x — k + 1) are Stirling numbers of the first kind.

Remark 7.2. The rational numbers cy i, defined by (32) are given by the
recursive formulae coo =1, cor, =0 if K >0 and

k—1 c
n,k—j
cn+1,k:_§ ~]7n>0'
J=1

J

They are also defined by the equality
1
= (=1)" — .
Cn’k; ( ) Z 1.a2...an

a
ai,...,an>1, a1+-+an==~k

17



Proof of Theorem 7.1. Extending formula (26) by considering

2—h+1

Ih(.%') _ / emlog(D(t))dt
2

—h

for arbitrary € C (where log(0O(t)) € R denotes the usual logarithm of the
strictly positive real number O(t)), the inequalities

1 1
—— _—o@EeM<ow <oty = = tecph g htl
e =0R M SB() < BE ) =3 e ot
show il
1 1 z
|In(z)] < ~;  max |t*| < % .
2 el A ?

This implies

o0
D In(@)
h=1
The map z — my = Y oo In(x ) defines thus an entire function which

coincides with m, for z € N.
Using the symmetry O(z) = 1 — O(z) we have

2! z 2l—1 z
1 s(k) )
=1 — _ = .
e J&zlk ((21+k)> zf&lz< 2l+k:)>

The n—th derivative of m, at x = 0 evaluates thus to

3 (v (-5

o0
1 h\x\
R
=1

k=0
2l 1 o0 N\
— lim 1 _Zl (ﬂ)j
I—o0 2! =0 = ] 8(21 =+ k)
which proves formula (31). O

Remark 7.3. Holomorphicity of © — m, can also be proved using Propo-
sitton 3.35.

8 Two conjectural relations

The derivative of the holomorphic function & — m, (see Theorem 7.1) is
given by
= m
— Z — ~ —0.7924251285954891181912115152998913988894127820438
n

n=1

18



at the origin x = 0. It coincides experimentally with the number
= m
-2 <log 2 — nZ:l n—;‘>
leading to the following conjectural identity.
Conjecture 8.1. We have

logZ—Z;n—< 2n11> . (34)

A variation is given by
Conjecture 8.2.

log 2 = i % (2% - (-1)”) . (35)

n=1

9 A third set of formulae

In this section we consider the partition

1 13 37 7 15
1 1} = = = - - = - —|U....
o = o3 ul5 2 o[ E] v |2 2]y
The resulting identities, well suited for computing asymptotics, are given by
the following result:

Theorem 9.1.
Ix/n+j—1 ,
D 3 (R [T
y J
7=0
X1 (h=1\"& /n b —1+) P
i J_kTg
() 20 Gog) B0
h=2 k=0 §=0
and

me=2 () B0 () S0 )

h=1 §=0

Remark 9.2. Only terms of order h ~ \/n/log2 + O (n1/4) yield large
contributions to the first sum of the formulae in Theorem 9.1. Corresponding
terms of the second sum (over k) for such contributions decay exponentially
fast. Terms of the third sum (over j) decay also exponentially fast for fized
h > 1 and for k small.
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We set

1—2—h
To(n) = /1 o) dt (36)

_9—h+1

Proposition 9.3. We have for all h € N, h > 1 the identities

= (5 £ 0 oo B )y

=0
(37)
and
1 h\" <= (1 b -1 —{—] Mot
non=g (i) 2 0) () 2 (75 )ty
2h \h+1 = k) \h(h+1 = (h+1)
(38)
Observe that (37) boils down to
Ie~/n+j—1 ,
=53 (") i, (39)

for h = 1.

Proof of Proposition 9.3. Identity (11) of Proposition 4.4 implies
9—h+1
Jh(n) = / (1—0)"dt .
2

—h

Using Formula (30) of Lemma 6.4 we get

INE I N s(2' +7) "
Jp(n) = =1 P (1 s T)>

s(2L+7) + s(2L —

s(2' +7) !
1
2hz£&212< 21+7°)+s( )>
2! n
_ 1 h—1 n 1 s(r)
N llf& 2h+ = h h? S(2l + )+ #

:&I&QLI( 21>ZZ%<> R (R 1 —1F <s<2l+i§2%s<ﬂ>k'
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Using the identity

k
i < 1 +g) ( };)J’ (Sé@r))kﬂ

Jj=0

obtained by applying formula (10), we get the first equation.
Starting with

11 s(2'+7) ’
Tn(n) = o lim o > <1 (b4 1)s(2 4 7) — s(r)>

r=0
2 ( 1 (r) !
s(r
= li
0% 2h+l Z <h+ 1 (h+1)? <S(21 ) Z(I%))
I ol 0\
s(r
~ lim < > Z 3 ( > < ) |
h+l s(r
oo 20 Nh+ 1) i + 1) 3(2l+7°)_h(+%
and finishing as above yields the second identity. O

Proof of Theorem 9.1. Follows from Proposition 9.3 applied to the obvious
identity my, = > ;= Ju(n). O
10 Asymptotics

We set

o0

Z log 2 (40)

Numerically, A is approximately equal to
1.42815984554560290424313465212729430726822547802532544939052972 .

Theorem 10.1. For every strictly positive € there exists a natural integer

N such that
=1 (h—1\"
‘mn — )\hE_22—h <T> <e mn

ifn>N.
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The error given by the asymptotic approximation
o0 n
1 1

in Theorem 10.1 is surprisingly small, see Section 10.3.

Corollary 10.2. We have

1/4
My~ A —672””0g (42)
" (log2)3/4

for n — oo.

Corollary 10.2 is of course equivalent to Theorem 1 in [3]. The constant
A defined by (40) is related to the constant

1 1 1 1 /!
CO:/ ot (1 Loy) ar = ——/ 27(t)dt
0 2 10g2 2 0

in Theorem 1 of [3] by

A =cp2log?2
and satisfies the following additional identities:

Proposition 10.3. We have

log 2)m™ log 2 2. (log 2)?+1
vead R, S ldn, St
n=0

Observe that the constant A\ appears also in the asymptotic expression

A for m_,,, see [2] or Proposition 11.8.

(log 2)"+ !
Remark 10.4. A computation of \ with high precision needs only relatively

few initial values of mg, m1,mo,.... I ignore however a direct approach for
accurately computing only the first few values of ma,ms, my, ... .

Proposition 10.5. We have

—1
nl'/4 aTog? — 1 "
: IR —2y/nlog?2 i - —
A ((log 2)3/4 \/7 hzz2 2h (1 h> L

Proof of Proposition 10.5. We apply Laplace’s method to > 72 ,, 2% (1 — %)n
The derivative

1 1\" (n+z(1 —z)log2)
/
——(1-=
Inl2) 27 ( x) z(x —1)
of the function f,(x) = 2% (1 — %)n has roots given by the solutions of

2 _ . n
T _x_logQ'
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Assuming z real and positive, the positive root of f/ is given by
1+ +/144n/log?2 n 1 1 /log2 1

p= [log2 _ ot/ 20—
2 log2 2 8 n NG

and we have . .
fu(p) = EG_Q‘ nlog2 (1 +0 <%>> .

A straightforward computation shows

" :Le—Z nlog2 [ longB l
i) = eV ( 2% +0(n)>. (43)

Applying Laplace’s method

!

/ fn(h)dh ~ fn(p)/ e In" 2 dt
2 —0

_[2nfu(p)?
—f7(p)

to the integral approximation [, fn(h)dh of 332, fn(h) we get the result.

O
Proposition 10.6. For every € > 0 there exists a natural integer A such
that
|\/n/ log 24+ An1/4 |
0<my— Z Jn(n) < emy,

h€|4/n/log2—Anl/4|
for all n large enough with Jp(n) = 11:22:hh+1 O(t)"dt given by (36).

Proof. The easy evaluation O (1 — QL) =1- hLH for h € N shows
1 ! <0 <1
S

for t € [1— Qh%l,l— 2%] and we have

1 1\° 1 1 v
—(1-2) < < —(1-—
2h< h> —Jh(x)—2h< h+1>

for real positive x. Since the unique positive root of the logarithmic deriva-

tive df/dh
X
I e T
7 82t T
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with respect to h of f = Lh (1 — %)x is given by h ~ /x/log2 for large z,
the decay of the function

. 1 , 1 :
2\/@4—%”4 x/log 2+ spl/4
is exponentially fast in |s| for large x. This implies the result. O

Proof of Theorem 10.1. Setting

i) =2 (25) o

formula (37) of Proposition 9.3 shows the identities

n

e
_ " (log2)+ 11i= ( ) <—1+J> _qy Mg
K <h(h 1)10g2>"“J0 Y

For k fixed and for h = \/n/2log2 + O(n'/*) we have

et (1)

nlinéom =1
——log2

and we get the asymptotics

o0

k=0

for h = y/n/log2+ O (n1/4).

Proposition 10.6 shows now

|\/n/ log 24+An1/4]
My ~e Z Jn(n)

h=|+/n/log2—Anl/4]
\/n/log 2+Ant/4
v gZJr J 1 (h-1 ! T (n)

€ oh h h

h=|4/n/log2—Anl/4]

— 1 (h—1\"
27 ()
h=2
for n — oo and fixed A (depending on €) with a ~, b denoting |a — b| < ea

for arbitrary small € if n is large enough. O
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Proof of Proposition 10.3. Working with formula (38) we get the asymp-
totics

1 B \" o= (—log2)F
mnwzz_h<h+1> 2

1 (h=1\"X (—log2)k
:2;22_h< h ) D

which imply the first equality by comparing with Theorem 10.1. The two
other identities are easy consequences. ]

Proof of Corollary 10.2. Follows from Theorem 10.1 and Proposition 10.5.
O

10.1 Asymptotic formula for ¢,

Using similar techniques, we get the asymptotic approximation
[ee] n
1 2
b ~ 2 h§3 o <1 - E) (44)

(where A is given by (40)) for ¢, = 2 f11/2 (20(t) — 1)" dt, see Formula (19) in
Lemma 5.4. The relative error seems again to be of order O ((ﬁf?/ 4) and has

again (suitably normalized) a more or less periodic behaviour as a function
of \/n.

Using Laplace’s method for the right side of (44) we get the simpler and
less accurate expression

Cn)YAT L oniege

10.2 A second asymptotic formula

The motivation for this section is the estimation of the order of the error in
the asymptotic approximation (41).
A refinement of the Riemann sum underlying Formula (41) should yield
a slightly more accurate approximation for m,,. The order of the difference
between the two formulae should be a measure for the accuracy of (41).
We subdivide the interval underlying the integral .Jj,(n) defined by (36)
into two intervals of equal lengths. We have J,(n) = Ap(n) + By(n) where

1—2-h

1-3.270=1
Ap(n) = /1 O(t)"dt and Bp(n) = / O(t)"dt .

—2—h+1 1-3.2-h-1
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We have

2! n
)= gt i 3 (1 ) )

hs(2t + 1) + (h + 1)s(r

1 <2h 1 s(r) !
2h+1 i 2l 2h+1  (2h+1)2(s(2\ +7) — 7Ls(r)

k
1 (21 "Z Py (CDE 2 2 s(r)
2h+1 \ 2p 41 =0 k (4h2 — 1)k =00 2! p— 23(2l + r) — Ms(r)

2h+1

which yields

_ 1 (2h—1\"(n\ (-DF
Am An(n) = ghe <2h+1> - (k) @z =12

by Identity (20).
For h = y/n/log2 4+ O(n'/*) we have thus

1 [(2h—1\" X (—log2)¥
Ah(n) ~ 2h+1 <2h—|—1> kzo 2k k! Qbk .
A similar calculation shows
1 [2h—1\" X (log2)F
Br(n) ~ g <2h+1> D ok

for h = \/n/log2 + O(n'/*).

We get thus for large n and h = y/n/log2 + O(n1/4) the approximation

log 2)?
2h Z 22k

Setting

[e.e]

1
p= Z 22g2 ¢2k (46)

=0

we have asymptotically

Np22h< 2h+1> '

Using Laplace’s method we get the asymptotic approximation

& n 1 4
Z i 1— 2 / \/_ nlog
2h 2h+1)  (log 2)3/4

h=1
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This shows

1/4
m, ~ pMe—wnlog? (47)
(log 2)3/4
and implies the identity
A
=— 48
r=7 (48)
as can be seen by comparing the two asymptotic approximations (42) and
(47) of my,.
The asymptotic formula
[e.e] n
1 1
mnNAhzlylH/Z (1—h+1/2> (49)

should thus be slightly better than (41), see Figure 1 in Section 10.3.

10.3 An estimation for the error of the asymptotic formulae

Setting

=1 1 \"
xr—>S$(n):ZW<l—h+x> ) (50)
h=1

the asymptotic formulae (41) and (49) can be rewritten as m,, ~ ASy(n) and
My, ~ AS}j2(n). Since x — Sz(n) is almost 1-periodic (for small positive
x and huge fixed n) and oscillates experimentally around the exact value of

the integral
1 1\"

it is tempting to rescale the errors m,, — S;(n) by the inverse of the factor

2 2
r(n) =/ (So(m) = Sp(m) "+ (S14(n) = S5 () (52)
given by the “amplitude” of the almost 1-periodic function x —— S, (n) —

Sp(n).

The sequence S f(n) of integrals is easy to compute recursively: We have
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the initial values

o dt 1
SI(O)_/l 5_210g2
<1 1
= [ L (-
1 —log2 et
= —dt?
210g2+/OO t

1 [e%¢) —t
- - / a7
2 lOg 2 log 2 t

1
— — 4 Fi(—log?2)

2log 2
(where Ei(z) = [ %tdt e e—;tdt is the exponential integral) and
integration by parts yields the recursion relation
g B log 2 g g
f(n) = 2+n_1 f(n—l)— f(n—2). (53)

The normalized errors

Eﬂn)z%(m,b—)\/lw%(l—%)ndt) (56)

are depicted in Figure 1 representing the points (v/n, Ep(n)), (\/ﬁ, Ey o (n))
and <\/ﬁ, Ey (n)) for n in {100,...,400}. Points on the smallest sinusoidal

curve are associated to F Ik points on the sinusoidal curve of intermediate
size to E /3 and points on the largest curve to Ep. In all three cases the error
seems to be close to a damped periodic function of y/n of local amplitude

O(r(n)).

Remark 10.7. The existence of the linear recurrence relation (53) implies
the existence of asymptotic recurrence relations (given by the same formula)
for the sequences my, and Sy;(n).

The asymptotic linear recurrence formula for m, can be improved into
an affine asymptotic formula using ideas of the next Section.

Remark 10.8. It would be interesting to understand the asymptotic be-
haviour of the amplitude k(n) given by Formula (52). (The number rk(n) is
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Figure 1: Error of asymptotical formulae

essentially the error term in Euler-MacLaurin’s summation formula.) For
moderate values of n it seems to be comparable to

\/ﬁ 6—9/2\/n10g2
logn loglogn

which implies k(n) < m?/4. The accuracy of the asymptotic formulae m,, ~
ASi(n) (for + =0,1/2 and [) is thus surprisingly high.

10.4 Increasing accuracy

The behaviour of the error-terms E,(n) occurring in the previous Section
suggests to try an asymptotic formula of the form

My ~AS[(n) +a <So(n) - Sf(n)> +b (51/4(n) - Sf(n)> (57)

with A defined by (40) and S, (n) as in the previous Section. Experimentally,
such a formula seems to exist with

a ~ —.521901056340432536774725873446,
b ~ —.148755851763595338634628933193.

The term \S f(n) is of course the principal contribution and plays the role

of Formula (41) or (49). The two remaining terms a (So(n) - Sf(n)) and
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b <Sl/4(n) — Sf(n)> sum up to a fairly regular (damped) oscillatory con-
tribution of much lesser size. More precisely, its local amplitude should be

asymptotically equal to Aiv;z(i:)rlﬂ with k(n) given by Formula (52).

10.5 An improved algorithm

Accurate asymptotic approximations can be used for improving the algo-
rithm given in Section 5.2. Indeed, the cutoff at IV induces large relative er-
rors for the last values of ¢,,. It is thus natural to compute ¢g, do, . . . , o IN/2)
using the first N + 1 values mg,...,my and M — N additional values
MN+1,--., My given by asymptotic approximations of my41,...,mas (for
M > N asuitable integer depending on N and on the accuracy of the chosen
approximation).

We illustrate this by modifying the algorithm of Section 5.2 using high-
level instructions in order to involve the asymptotic approximation (41) (the
approximation (42) is of much lesser interest):

Add the lines
005 Precompute (and store) sufficiently accurate values S(n) of Sy(n) (or,
slightly better, of Sp(n)) forn=N+1,..., M.

051 Compute \ := Zano (loi—?)nrhn,
052  Set i, = AS(n) forn =N +1,..., M.

at the obvious locations.

Replace 090 by
090 For k=0,1,2,...,M —n do:

The resulting algorithm can easily be modified in order to work with
other asymptotic approximations. The author used mainly (57) (this needs
precomputations of approximations for Sp(n), So(n), S1/4(n) with n in {N+
1,...,M}).

Concerns using an algorithm based on a conjectural formula can be
avoided by checking the final data using a single iteration of (the main
loop in) the original algorithm (described in Section 5.2) with a sufficiently
high value N’ > N (with missing values replaced by their (conjecturally very
accurate) approximations). The obtained data are exact up to an absolute
error bounded by max(|e|, mnr41) with € denoting the maximal modification
of my,...,mys during the final checking-run.

The improved version has smaller memory requirement and a much bet-
ter running time : The (conjectural) accuracy of the used approximation
should more than double the number of achievable correct digits for a given
value of V. In order to achieve the same accuracy, the original algorithm has
to be run with N multiplied by more than 4 which multiplies the running
time of the main loop by more than 16 = 42.
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11 Values of m at negative integers

Proposition 11.1. The equality

e = tn +k§jo () (s mo) (59)

holds for n € N a natural integer.

Remark 11.2. The generalization

o0

m, = %Z <_]€Z> (m_g +my)

k=0
of Proposition 11.1 fails for arbitrary complex values of z. Indeed, Proposi-
tion 11.1 is based on the identity (1+ z)* = Y32 (?)a" for arbitrary x € R
which breaks down if —z is not in N.

Proof of Proposition 11.1. We have for n € N

Using (11) we have

e b (20
- jim 5 223 (1 " 8<281(;)r>>"
w3 B § (%)

- ()5 (55 - (@) )
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which implies the result. ]

11.1 Matrices relating m_y and my

Identity (58) of Proposition 11.1 implies the existence of infinite lower di-
agonal triangular unipotent matrices A, B = A~! with integral coefficients
such that

mo mo mo mo
m_1 A miq mq B m_q
m_—_o = mo and me9 = m_o

The first few rows and columns of the matrices A, B = A~! are

1 1

2 1 -2 1

6 4 1 , 2 -4 1
26 18 6 1 —2 6 -6 1
150 104 36 8 1 2 -8 12 -8 1

and their coefficients are described by the following result.

Proposition 11.3. Let 0, n € Z be a sequence (with values in a commu-
tative ring containing 1) indexed by the set Z of all integers such that

T — O = nzl (Z) (0_p +0%) -

k=0
Then

7

oi =y o
j=0
7

i =Y Bijo—j
j=0

for all v € N where oy j,3; 5, 0 <1,j are integers given by the formulae

()2

h=1

and
B 1 ifi=j
Big = 2(—1)itJ (;) otherwise.
In particular, the matrices A and B with coefficients «; 5, 5; 5, 0 < 4,75 are
mutually inverse lower triangular unipotent integral matrices.
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Proof. We have o;; = 1 as required and the matrix A is clearly lower trian-
gular. The proof is now by induction on the row-index i of the coefficients
«a; j for A. Equation (58) of Proposition 11.1 shows that we have

L i1
Qiy15 = Z ( ! ) (cuj =+ duy)

=0

for i +1 > j, where 6;; = 1 if [ = j and ¢; ; = 0 otherwise.

We get
i+1 h“‘1 J
(305"

= (51 - (11)
(0
s

h=1 k=0
0 Z 1 i+1

141 h“‘lj g 1+1-— i
-(5)-(5 SR

i1 thrlf] > (h_i_l)ZJrlf]
() (B e

h=1 h=1

i+ 1\ o= AT

)RS

This implies the formula for the coefficients of A.
We prove the formula for the coefficients of the inverse matrix B = A~!
by computing the product AB. We have

i 7
(K
> qipbiy =2 (=1 < > — i
k=j k=j

J
hi=F 0N [k fot i
=22 () ()
h=1k—=j
S ()RS (0 (k)1
_Z 9oh—1 Z k j (_h)k — Qg -
h=1 k=j
Identity 4.3 of Lemma 4.3 shows that this simplifies to
i (h — 1) <2>
T oh—1 \ ;) %ig-
h=1 2 J
This equals 1 if ¢ = j and 0 for ¢ > j by definition of o ;. O

The sum appearing in (59) defines natural integers having a recursive
definition:
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Proposition 11.4. The natural integers
[ee] hn
Tn = oh

h=1

(appearing in (59)) have the recursive definition vo =1 and
n—1 n
=14 ( .)w
i=o

forn > 1.

The sequence of integers g, 71, ... starts as
1,2,6,26,150,1082, 9366, 94586, 1091670, ... ,

see sequence A629 of [5].

Proof of Proposition 11.4. We have

which implies the result. ]

Remark 11.5. Lower triangular matrices with lower triangular coefficients
Vi, of the form (;)cl-,j for some sequence cy,cq, ... form a commutative al-
gebra. Indeed, the map associating to such a matrixz with coefficients (;) Ci—j
the formal exponential power series Y .- cn% defines an isomorphism of

algebras onto the algebra of formal exponential power series (with product

given by the obvioui “bilinear” extension ofnf—,z?—{ = (ZJZF]) (f:;]),) The easy
equality Y 07 o Bnosr = 1+23 07 (-1)"% = 2" — 1 shows thus the
identity
> n & n
T T 1
Dy = D a0y = ey
n=0 n=0

Proposition 11.1 and Proposition 11.3 imply the following result:
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Corollary 11.6. We have

m—n = i (Z) In—kME (60)

k=0
(with ~, defined by Proposition 11.4) and

My = M, + 2222(_1)”% (Z) m_i (61)

for all n in N.

Corollary 11.6 is better suited than Proposition 3.3 for computing values
m_p using my. It involves only finitely many terms of my with coefficients
which are decreasing. (The main contribution to m_, given by the formula
onProposition 3.3 corresponds to summands indexed by integers close to

n
og?°)
Combining Formula (60) of Corollary 11.6 with Proposition 3.3 we get:

Corollary 11.7. We have for all n in N the identity

3 ()i = 3 (" s (62)

k=0 §=0 J
Corollary 11.7 yields

00
2mg +my = E mj,
7=0

00
6mg + 4mq + mo = Z(] + 1)m]’,
=0
00 .
Jj+2
26mg + 18mq + 6mo + mg = Z; < 9 )mj,
j:

(o] .
3
150mq + 104m + 36msy + 8ms + my = Y (‘7 _;: >mj.
j=0

Using the easy evaluation mg = 1,m; = %, the case n = 1 yields the nice
evaluation

- 5
ij - 5 (63)
7=0

which can be used as an accuracy-check for numerical computations.
Similarly, using n = 2, we get the identity mo +8 = 3> °72(j + 1)mp.
Subtraction of (63) yields

> 11
Z] mj:mg—l—?. (64)
j=1
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11.2 Asymptotics for m_,
Proposition 11.8. We have

n—1
lim m_nM =\

n—o0o n!

for X=3724 10g2) my, given by (40).

The following easy result is probably well-known:

Lemma 11.9. We have

log 2)" 1 SN k"
lim 7(0g ) —

=1.
n—o0 n! ok

Proof of Lemma 11.9. We apply Laplace’s method to floo 27 dr ~ Y 0 K2k,
The derivative

i (xne—xlogQ) _ (ﬁ o log 2) xne—mlogZ
T

dx
of 27" has a unique strictly positive root at 10 5 and second derivative
n
—@ (&) e~ " at the critical point = = @ corresponding to the

maximum < n ~" of the function z —— x"™27%.

log 2
Laplace’s method yields thus the asymptotics

X 1n n 00 o 2)2
>~ () [
k:12 log 2 oo

2mn n \" _,
—|—=] e
(log 2)? \ log2

1 \/Q—n"
= ™ —
(log 2)n+1 en

n!

~ (log 2)n+1
where the last asymptotic equivalence follows from Stirling’s formula n! ~

V2mnls. O

Proof of Proposition 11.8. Using Corollary 11.6 and the asymptotics Y -, g—: ~
given by Lemma 11.9, we get the asymptotics

= “/n\  (n—k)!
S 2 @ Togz o™

k=0

n!
(log 2)m+1

log2 n!
~ A
10g2 yntl Z (log 2)n+1

with A given by (40). O
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12 Geometric means for the Stern sequence
It is an easy exercise to compute the arithmetic mean 2% ij:; s(7)-
The following result gives asymptotics for the geometric mean:

Theorem 12.1. There exists a real constant 3 such that

2n+1
Jim e 0o T () =1
=2
where
_ _ 27
a = log 2 jzl oY

~ .39621256429774455909560575764994569944470639102190 .

Remark 12.2. The constant « is involved in the Hausdorff dimension of
growth points for ?(x), see Kinney or Alkauskas. See also Conjecture 8.1
for a conjectural manifestation of a.

I am not aware of the existence of an efficient method for computing the
value of f ~ —.0851895 with high precision.

Lemma 12.3. Given an increasing function ¢ : [0,1] — [0, 1] and a strictly
positive natural integer N we have

: L) re (Y]
/Ogo(t)dt—ﬁkzo 5 <ov

Proof. The error of the trapezoidal rule

[ ottt - oy £le e

is bounded by ‘M if ¢ is monotonous. U

Proof of Theorem 12.1. We consider

antl
S(n) = 5 O loa(s(k))
k=2n
1 > log(s(2" + k — 1)) +log(s(2" + k))
AL 2
k=1
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where the second identity follows from the evaluations s(2") = s(2"*!) = 1.
Using (12) we get

2n+1
1 log(s(2"t + k — 1)) + log(s(2""! + k))
5(”+1)=2n+1z D)
k=1
1 N log(s(2M 4k — 1)) + log(s(2nH! + k)
T 9n+tl Z 2
k=1
1 20 log(s(nt 4k — ntl
g(s( + 1)) +log(s(2" ™ + k))
+ on+1 Z 2
k=1+2m
2 Klog(s(3- 2 + k — 1)) + log(s(3 - 2" + k)
T 9n+tl Z 2
k=1
and (13) yields
27’L
1 log(2s(2" + k —1) —s(k — 1)) + log(2s(2" + k) — s(k))
1) = —
S(n+1) on ; 5

— log(2) + zin i log(s(2" +k —1) — 1s(k —21)) +log(s(2" + k) — Ls(k))
k=1

Using % log(u —vx) = —(k — 1)!(L

u—vx)k

for k > 1, we get

SN P sth—1) Y sth) Y’
Stn+1) =log2) + S = >_ 5> 3 ((ﬁ) ! <ﬁ> )
which implies

lim (S(n+1) — S(n)) :10g2—z,—: =

n—oo

by Proposition 2.1.
Lemma 12.3 shows

S L (o — 1 stk—1) )’ s(k) O\’
S5 (e s () + (o)

=11 1
<20y 2D g =

This proves the existence of . O
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