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A DISCRETE FRAMEWORK TO FIND THE OPTIMAL MATCHING
BETWEEN MANIFOLD-VALUED CURVES

ALICE LE BRIGANT

ABsTrRACT. This paper introduces a detailed discrete framework to study curves on a
manifold of constant sectional curvature regardless of parameterization. This model
results from the discretization of the elastic metric G1:1/2 studied in the square root ve-
locity framework extended to smooth manifold-valued curves, and is itself a Riemannian
structure on the product manifold M™ 11! of "discrete curves" given by n + 1 points. We
show that the discrete energy of a discretization of size n of a path of smooth curves
converges to the continuous energy as n — oo. We also study the quotient structure of
the space of unparameterized curves (or shapes) of the continuous model, and charac-
terize the associated horizontal subspace of the tangent bundle. We introduce a simple
algorithm that constructs the horizontal geodesic between two parameterized curves us-
ing a canonical decomposition of a path in a principal bundle. Illustrations are given for
curves in the hyperbolic plane M = H?, the plane M = R? and the sphere M = S2.

1. INTRODUCTION

The study of curves and their shapes is a research area with numerous and varied appli-
cations, which is why it has known a great deal of activity over the past few years. These
curves can be closed or open, and take their values in a Euclidean space or more generally
in a Riemannian manifold. To name a few examples, closed plane curves are central in
shape analysis of objects [18]; the study of trajectories on the Earth requires to deal with
open curves on the shere [20], and in signal processing, locally stationary Gaussian processes
can be represented by open curves in the hyperbolic plane, seen as the statistical manifold
of Gaussian densities [7], [8]. Here we are concerned with the study of open curves in a
manifold M of constant sectional curvature.

There are naturally many ways to go about comparing curves in a manifold. One way
is to see the space of manifold-valued curves as an (infinite-dimensional) manifold itself,
and equip it with a Riemannian metric G. Then two curves can be compared using the
induced geodesic distance, and the geodesics are the "optimal deformations" from one curve
to another. The advantage of this strategy is that it provides all the convenient tools of the
Riemannian framework. An interesting property for our metric, from the point of view of the
applications, is reparameterization invariance: for closed curves, this amounts to considering
only the shape of an object; for an open curve representing the evolution in time of a given
process, this allows us to analyze it regardless of speed or pace. A common strategy is to
consider the quotient space S of curves modulo reparameterization, where two curves are
considered identical if they pass through the same points of M but at different speeds, or
equivalently when one can be obtained by reparameterizing the other. This quotient space
is often called the shape space. If the scalar product G is the same at all points of M which
project on the same "shape", then G induces a Riemannian structure on the quotient space,
which allows us to compare curves regardless of their parameterization.

Since the simplest metric one can think of, the L2-metric (slightly modified to stay
constant along the fibers), induces a vanishing distance on the quotient space [9], different
classes of metrics have been studied to perform shape analysis. The large class of Sobolev
metrics involves higher order derivatives to overcome the vanishing problem of the L?-metric
[10]. To study plane curves, the authors of [12] introduced the family of elastic metrics G*°,
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parameterized by two constants a and b which control the degree of bending and stretching
of the curve. In [13], the authors show that for a certain choice of parameters, the metric can
be mapped to the L?-metric using the so-called square root velocity (SRV) framework, where
a curve is represented by its speed renormalized by the square root of its norm. A similar
idea was introduced in [16] and used in [17], where a Sobolev metric is also mapped to an
L2-metric. The SRV framework was generalized in [2] for any elastic metric with weights a
and b satisfying a certain relation. A quotient structure for the metric used in [13] is carefully
developed in [6], where the authors prove that if at least one of two curves is piecewise-linear,
then there exists a minimizing geodesic between the two, and give a precise algorithm to
solve the matching problem. In [3], it is proven that in the same framework, there always
exists a minimizing geodesic between two C! plane curves. Another approach is proposed
in [15], where the authors restrict to arc-length parameterized curves and characterize the
horizontal space of the quotient structure for these curves in the elastic framework.

Concerning manifold-valued curves, the geodesic equations for Sobolev metrics in the
space of curves and in the shape space were given in [1] in terms of the gradient of the
metric with respect to itself. The SRV framework developed in [13] was generalized to
curves in a manifold in [19] and [7], and to curves in a Lie group in [4]. Both metrics in [19]
and [7] coincide with the metric of [13] in the flat case, however in [19] the computations
are moved to the tangent spaces to the origins of the curves, whereas in [7] they are done
directly in the base manifold. In [19] the geodesics are computed using geodesic shooting in
the product space C of tangent spaces, and retrieved in the space of curves using covariant
integral. The pairwise registration of two curves is done using dynamic programming, and
these methods are applied to curves in the space of symmetric positive definite matrices
for visual-speech recognition and hand-gesture classification. The specific case of spherical
trajectories is detailed in [20] : the geodesics of the product space C are shown to have
a circular arc for a baseline curve, which allows the authors to find the geodesic between
two elements of C by solving a minimization problem on a reduced space. On the other
hand, in [7] the geodesics are computed using a geodesic shooting method that requires
the equations of Jacobi fields for the induced geometry, and this is applied to curves in the
hyperbolic plane for radar signal processing applications. However the quotient structure is
not studied.

The aim of this paper is to give a detailed discretization of the Riemannian structure
introduced in [7] that is itself a Riemannian structure on the finite-dimensional manifold
M1 of "discrete curves". We show that the discrete energy of a discretization of size n
of a path of smooth curves converges to the continuous energy as n — oo. Moreover, the
problem of the quotient structure is adressed. The horizontal space of the quotient structure
for an elastic metric G**, and in particular for our metric, is given for any curve (not only
arc-length parameterized). To find the optimal matching between two curves, we propose a
simple algorithm that iteratively approaches the horizontal geodesic between one of the two
curves and the fiber of the other. This yields the "closest parameterization" of the second
curve with respect to the fixed parameterization of the first curve, and thereby an optimal
matching between the two. We restrict ourselves to open curves in a manifold M of constant
sectional curvature K, and all the formulas are derived for the two-dimensional examples
of the hyperbolic plane M = H? (K = —1), the Euclidean plane M = R? (K = 0) and the
sphere M = S? (K = +1). After reminding the continuous model previously introduced in
[7], Section 2 describes the horizontal space of the quotient structure and a way to compute
horizontal geodesics. In Section 3, we introduce the discretization, and give the convergence
result toward the continuous model, which is later proved in Section 5. Section 4 shows
results of simulations in the three settings of positive, zero and negative curvature.
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2. THE CONTINUOUS MODEL

2.1. Some notations. Let (M, (,-)) be a Riemannian manifold of constant sectional cur-
vature K. We first introduce a few notations. The norm associated to the Riemannian
metric (-, -) is denoted by |- | and the Levi-Civita connection by V. If t — ¢(t) is a curve in
M and t — w(t) € T, M a vector field along ¢, we denote by ¢; := dc/dt = ¢’ the derivative
of ¢ with respect to t and by Viw := V. w, Viw := V., V,.w the first and second order
covariant derivatives of w along c. We use various notations depending on the context to
denote parallel transport according to connection V. If u € T ;,)M is a tangent vector to
M in c(t1), the parallel transport of u from c(t1) to c(t2) along ¢ is denoted by P!:t2(w),
or when there is no ambiguity on the choice of the curve ¢, u'%2, or even ull to lighten
notations in some cases. We associate to each curve c its renormalized speed vector field
v:=c'/|c|, and to each vector field ¢t — w(t) along ¢, its tangential and normal components
w?l == (w,v)v and w" := w — w’. Finally, for all z € M we denote by expM : T,M — M
the exponential map on M and by logﬂ/[ : M — T, M its inverse map.

2.2. The space of smooth parameterized curves.

2.2.1. The Riemannian structure. We represent open oriented curves in M by smooth im-
mersions, i.e. smooth curves with velocity that doesn’t vanish. The set M of smooth
immersions in M is an open submanifold of the Fréchet manifold C*°([0, 1], M) and its tan-
gent space at a point ¢ is the set of infinitesimal deformations of ¢, which can be seen as
vector fields along the curve ¢ in M

M =Tmm([0,1], M) = {c € C*([0,1], M) : ¢'(t) £ 0 ¥t € [0, 1]},
T.M = {w € C([0,1], TM) : w(t) € Toy M ¥t € [0,1]}.

Reparametrizations are represented by increasing diffeomorphisms ¢ : [0,1] — [0, 1] (so that
they preserve the end points of the curves), and their set is denoted by Diff*([0,1]). We
adopt the so-called square root velocity (SRV) representation, i.e. we represent each curve
¢ € M by the pair formed by its starting point = and its speed vector field renormalized by
the square root of its norm, via the bijection M — M x T'M

c— (x =¢(0), q:= \/C|/C7/|>

The inverse of this function is simply given by M x TM 3 (z,q) — 7wam(q) € M, if Ty
is the canonical projection T M — M. The renormalization of the speed vector field in ¢
allows us to define a reparameterization invariant metric, as we will see shortly. For any
tangent vector w € T, M, consider a path of curves s — ¢*(s) € M such that ¢¥(0) = ¢
and c?(0) := 9c¢”/0s(0) = w. We denote by ¢* := c}’/|c¥’|'/? the square root velocity
representation of ¢*. With these notations, we equip M with a Riemannian metric G,
defined at point ¢ € M for two tangent vectors w,z € T.M by

(1) Ge(w, 2) = (w(0), 2(0)) + / (Vaq" (0, £), Vog* (0, £)) .

This definition does not depend on the choice of ¢ and ¢* and we can reformulate this scalar
product in terms of (covariant) derivatives of w and z. Indeed, note that Vs q“(0,t) =
Vew.n (@ /[ ]?) = 1 (0,0)] 72 (Vew 0.0 — 1/2(Vew.nci)T), which gives after in-
verting the derivatives according to s and ¢,

V" (0,t) = || (Vew™ + %Vth)-
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The scalar product can then be rewritten
1
Ge(w, 2) = (w(0), 2(0)) + / (Ve Ve2N) + 1(Vew”, V")) |71,
0

1
(2) G.(w,z) = (w(0),2(0)) + /() (<V[wN’ ngN> + %<Vsz7 szT>) ds,

where d¢ = |¢/(t)|dt and V, = T}t”vt respectively denote integration and covariant deriva-
tion according to arc length. This metric belongs to the class of so-called elastic metrics
parameterized by any a,b € R, which can be defined for manifold-valued curves as

1
G (w, z) = (w(0), 2(0)) +/0 a® ((Vew™,VzV)y + b2 (Vew™, V,2T)) de.

With formulation (2) it is clear that G = G*2 is invariant under the action of reparameter-
izing the curve and its tangent vectors by any increasing diffeomorphism ¢ € Diff" ([0, 1])

(3) Geop(wo ¢, z0¢) = G.(w, 2).
This reparameterization invariance property will allow us to induce a Riemmannian struc-

ture on the quotient space as we will see in Section 2.3.

2.2.2. Geodesics between parameterized curves. Two curves cp,c; € M can be compared
using the geodesic distance induced by G, i.e. by computing the length of the shortest path
of curves [0,1] 3 s+ ¢(s) € M from ¢y to ¢;

(4) de(co,e1) =inf {L(c): ¢(0) =cp,c(1) =1},

where the length of a path of curves ¢ can be written in terms of its SRV representation
(2,q) : s+ (2(s) = c(s,0),q(s) = ci(s)/]ce(s)[V/?) € M x TM as

1 1
Ko = [ \/ (o) + [ [Vaas.fat ds.

Note that here - and in all that follows - we indifferently use the notations c(s,t) = c(s)(¢),
q(s,t) = q(s)(t) for all s,t € [0,1]. Now we recall a result shown in [7], which characterizes
the geodesic paths of M, i.e. those which achieve the infimum in (4), by searching for the
critical points of the energy functional £ : M — R,

5) B - | 1 (P + | 1 Vs, 0Pt ) s

Proposition 1 (Geodesic equations). A geodesic path [0,1] 3 s — ¢(s) € M for G, or
more specifically its SRV representative s — (x(s), q(s)), verifies the equations

Vsxs(s) +7(s,0) = 0 Vse[0,1],
VaViq(s,t) +lals, O] (r(s,t) +(s,)7) = 0 Vs €[0,1],

where x(s) = ¢(s,0), q(s) = ci(s)/+v/|ct(s)| and the vector field r is given by

(6)

1
r(s,t) :/ R(q,Vsq)cs(s,7)7tdr, t€[0,1].
¢

Remark 1. In the flat case M = R?, the curvature term r vanishes and we obtain V,x,(s) =
0, VsVsq(s,t) = 0 for all s and t. This means that the geodesic between two curves (zg, go)
and (z1, ¢q1) in the SRV representation space M x T'M is composed of a straight line s — xz(s)
and an L?-geodesic s + q(s,-). This is illustrated in simulations of Section 4.
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A possibility to construct the geodesics of M is to use geodesic shooting. By solving the
geodesic equations (6) we can construct the geodesic path starting from a given curve ¢y at
a given speed u € T, M - this is the exponential map on M. Given two curves cg,c; € M,
we can iteratively find the appropriate initial speed v which will make the geodesic land on
c1. Let us denote by logf2 the inverse of the exponential map for the L?-metric on M -
it is simply given by logfo2 (1)) = logi\g(t) (c1(t)) for t € [0,1]. The steps of the geodesic
shooting algorithm are the following.

Algorithm 1 (Geodesic shooting in M). Let cg,c1 € M. Set u = logfoz(cl) and repeat
until convergence :

(1) compute the geodesic s — ¢(s) starting from cg at speed u by solving the geodesic
equations (6),

(2) evaluate the difference j := 1ogCL(21) (c1) between the target curve ¢; and the extremity
¢(1) of the obtained geodesic,

(3) compute the initial derivative VJ(0) of the Jacobi field s — J(s) along ¢ verifying
J(0) =0 and J(1) = j,

(4) correct the shooting direction u = u + VJ(0).

This algorithm requires the characterization of the Jacobi fields for G on M, and a way
to deduce the initial derivative V;J(0) of a Jacobi field from its initial and final values
J(0), J(1). Concerning these two points, we refer the reader to [7] : the Jacobi fields of M
are shown to be solutions of a linear PDE, which can be solved to obtain the final value
J(1) of a Jacobi field J along a path of curves ¢ knowing its initial conditions J(0) and
VsJ(0). If we consider only Jacobi fields with initial value J(0) = 0, then the function
¢ TyoyM — ToyM, Vo J(0) — J(1) is a linear bijection between two vector spaces
and its inverse map can be computed by considering the image of a basis of T;)M. The
equations characterizing the Jacobi fields in the discrete setting will be given in Section 3.

2.3. The space of unparameterized curves.

2.3.1. The quotient structure. In order to compare curves regardless of parameterization, we
consider the quotient S = M /Diff* ([0, 1], M) of the space of curves by the diffeomorphisms
group. This quotient is not a manifold, as it has singularities, i.e. points with non trivial
isotropy group. If we get rid of these singularities and restrict ourselves to elements of M
on which the diffeomorphism group acts freely, then the space of free immersions My, the
quotient shape space Sy = M ;/Diff*([0,1]) and the group of diffeomorphisms Diff " ([0, 1])
form a principal bundle, the fibers of which are the sets of all the curves that are identical
modulo reparameterization, i.e. that project on the same "shape". We denote by 7= : My —
Sy the projection of the fiber bundle and by ¢ := 7(c) € Sy the shape of a curve ¢ € M.
The tangent bundle can then be decomposed

TM;y = Ver @ Hor

into a vertical subspace consisting of all vectors tangent to the fibers of M ¢ over S¢, that
is, those which have an action of reparameterizing the curve without changing its shape

Ver, = ker T, = {mv = mc' /|| : m € C>([0,1],R), m(0) = m(1) = 0},
and a horizontal subspace defined as the orthogonal of the vertical subspace according to G
Hor, = (Ver.)"® = {h € T.M; : G.(h,mv) =0, ¥m € C*=([0,1],R),m(0) = m(1) = 0}.

If G is constant along the fibers, i.e. verifies property (3), then there exists a Riemannian
metric G on the shape space Sy such that 7 is a Riemannian submersion from (M, G) to

(S, G),

Gc(whor, zhor) = Gr(e) (Tem(w), Tem(2))
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where w"°" and z"°" are the horizontal parts of w and z, as well as the horizontal lifts of
T.n(w) and T.m(z), respectively. This expression defines G in the sense that it does not
depend on the choice of the representatives ¢, w and z ([11], §29.21). If a geodesic for G
has a horizontal initial speed, then its speed vector stays horizontal at all times - we say it
is a horizontal geodesic - and projects on a geodesic of the shape space for G ([11], §26.12).
To compute the distance between two shapes ¢y and ¢; in the quotient space we choose a
representative ¢o of ¢y and compute the distance (in M) to the closest representative of ¢;

d(cy,c1) = inf{d(co,q 0 ¢) | ¢ € Diff"(]0,1]) }

By definition, the distance in the quotient space allows us to compare curves regardless of
parameterization

CZ(COO¢,010¢)=CZ(%7G)’ V¢7¢€Dlﬁ+([071})

We now characterize the horizontal subspace for any elastic metric G*? and in particular
for our metric Gl’%, and give the decomposition of a tangent vector.

Proposition 2 (Horizontal subspace and decomposition of a vector). Let ¢ € M be a
smooth immersion. A tangent vector h € T.M is horizontal for the elastic metric G*° if
and only if

((cc/b)2 — 1) (Vih, Vi) — (ViVih,v) + || 71V, v) (Vih,v) = 0.
In particular, for a = 2b =1 we obtain
Hore = {h € T.M : 3(V;h, Viv) — (V,Vih,v) + || Vi, 0)(Vih,v) =0, Vt € [0,1]}.

Any tangent vector w € T,M can be decomposed in horizontal and vertical components
w = who" + w" given by

W’ =mou, W' =w—mo,
where the real function m € C*°([0, 1], R) verifies m(0) = m(1) =0 and
(7) m" — (Vi /||, v)m’ — 4|V w|*m = (V,Viw, v) — 3(Viw, Viv) — (Vid' /||, v){(Viw, v).
Proof. Let h € T.M be a tangent vector. It is horizontal if and only if it is orthogonal
to any vertical vector, that is any vector of the form mov with m € C°([0,1],R) such
that m(0) = m(1) = 0. We have Vi(mv) = m’v + mVv and since (Viv,v) = 0 we get
Vi(mv)N = mV and V,(mv)T = m/v. The scalar product can then be written

1
Gg’b(h,mv) = (h(0), m(0)v(0)) +/ (a2<VthN,Vt(mv)N> + b2<VthT,Vt(mv)T>) \c’\fldt
0
1
_ / (a2m(V b, Vy0) + Bm (V4h, v)) ||~ 1dt
0
1 1 d
:/ a2m<vth,vtv>|c’|*1dt—/ me%(mh,mc’rl)dt
0 0

1
= / m/|c| ((a2 — b (Vih, Vi) — b3 (V,V,h,v) + b2<Vtc’,v)(Vth,v>|c'|71>dt,
0

by integration by parts. The vector h is horizontal if and only if G.(h, mv) = 0 for all such
m, and so dividing by b? and multiplying by |¢/| gives the desired equation. Now consider
a tangent vector w and a real function m : [0,1] — R such that m(0) = m(1) = 0. Then
according to the above, w — mw is horizontal if and only if it verifies

3(Vi(w — mv), Viv) — (Vi Vi(w — mv),v) + || "NV, 0)(Vi(w — mv),v) = 0,
i.e., since (Vyv,v) = 0, (V;Vv,v) = —|Vw|? and V,V,(mv) = m"v + 2m'V,v + mV, V0,
3(Vw, Vi) — 3|V|*m — (Vi Viw, v) +m” —m|Vwl]? + || 71V, v) ((Viw, v) —m) = 0,

which is what we wanted. O
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2.3.2. Computing geodesics in the shape space. Recall that the geodesic path s — &(s)
between the shapes of two curves ¢y and c¢; is the projection of the horizontal geodesic
s+ cp(s) linking cg to the fiber of ¢; in M - i.e. such that ¢;(0) = cg, cp(1) € 7=1(¢7) and
dscn(s) € Hor, () for all s € [0,1],
¢ =7(ep).

In saying so we suppose that this horizontal geodesic ¢p, exists. The end point of ¢; then
gives the optimal reparameterization c; o ¢ of the target curve c¢; with respect to the initial
curve cg, i.e. such that

d(zg, 1) = d(co, c1 0 ¢).
Here we propose a method to approach the horizontal geodesic ¢. To that end we decom-
pose any path of curves s — ¢(s) in M into a horizontal path composed with a path of
reparameterizations, c(s) = ¢ (s) o ¢(s), or equivalently
(8) (s, t) = " (s,p(s,t)) Vs, t €[0,1],
where the path [0,1] 5 s — ¢"°"(s) € M is such that ¢"°"(s) € Horgnor () for all s € [0, 1],
and [0,1] 3 s — ¢(s) € Diff" ([0, 1]) is a path of increasing diffeomorphisms. The horizontal

and vertical parts of the speed vector of ¢ can be expressed in terms of this decomposition.
Indeed, by taking the derivative of (8) with respect to s and ¢ we obtain

(9a) cs(s) = 47" (s) 0 B5) + ds(s) - 1" (s) 0 B(5),
(9b) ce(s) = ¢e(s) - ¢/ (s) 0 6(s),
and so with the notation v"°"(s,t) := cl"(s,t)/|ch"(s,t)|, since ¢; > 0, (9b) gives
v(s) = v""(s) 0 (s).
We can see that the first term on the right-hand side of Equation (9a) is horizontal. Indeed,

for any m : [0,1] — C*°([0,1],R) such that m(s,0) = m(s,1) = 0 for all s, since G is
reparameterization invariant we have

G (2" () 0 d(s), m(s) - v(s)) = G (ca” (s) © ¢(s), m(s) - v""(s) 0 b(s))
2 (s), m(s) o p(s) "t - "7 (s))
7 (s), 1(s) 0" (s))
with m(s) = m(s) o ¢(s)~ 1. Since m(s,0) = m(s,1) = 0 for all s, the vector m(s) - v"°"(s)
is vertical and its scalar product with the horizontal vector ¢!°"(s) vanishes. On the other
hand, the second term on the right hand-side of Equation (9a) is vertical, since it can be
written

Ps(s) - ¢ 0 ¢(s) = m(s) - v(s),

with m(s) = |ci(8)|ds(s)/Pe(s) verifying m(s,0) = m(s,1) = 0 for all s. Finally, the vertical
and horizontal parts of the speed vector c¢s(s) are given by

(10a) cs(5)"" = m(s) - v(s) = |ci(s)[ds(s)/P1(s) - v(s),

(10b) cs(5)"" = cs(s) —m(s) - v(s) = ¢ (s) 0 4(s).

Definition 1. We call ¢"" the horizontal part of the path ¢ with respect to G.

Proposition 3. The horizontal part of a path of curves c is at most the same length as c
Lo (™) < Lg(c).

Proof. Since the metric G is reparameterization invariant, the squared norm of the speed
vector of the path ¢ at time s € [0,1] is given by

lles(s, M = Nl (s, 85, DG + s (s, ) Pller ™ (5, 0(s, ) 1%
= [1e87 (5, )IE + s (s, )P et (s, )1

where ||-||% := G(-,-). This gives ||c?"(s)|l¢ < ||es(s)|| for all s and so Lg(c"*") < Lg(c). O

S
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Now we will see how the horizontal part of a path of curves can be computed.

Proposition 4 (Characterization of the horizontal part of a path). Let s — c(s) be a path
in M. Then its horizontal part is given by c"°"(s,t) = c(s, ¢(s)"1(t)), where the path of
diffeomorphisms s — ¢(s) is solution of the PDE

(11) (bS(S,t) =m(s,t)/|ct(s,t)| '¢t(85t)a
and where m(s) : [0,1] = R, t — m(s,t) is solution for all s of the ODE
me — (Vice/|ce|, v)ms — 4 Viv|*m = (ViVics, v) — 3(Vics, Viv) — (Vic/|ct|, v) (Vics, v).

Proof. We have seen in Equation (10a) that the vertical part of c4(s) can be written as
m(s) - v(s) where m(s) = |ci(s)|ds(s)/de(s), and as the norm of the vertical part of ¢,(s),
m(s) is solution of the ODE (7) for all s. O

If we take the horizontal part of the geodesic linking two curves ¢y and c¢;, we will obtain
a horizontal path linking ¢y to the fiber of ¢; which will no longer be a geodesic path.
However this path reduces the distance between ¢y and the fiber of ¢1, and gives a "better"
representative ¢; = ¢1 0 ¢(1) of the target curve. By computing the geodesic between ¢y and
this new representative ¢;, we are guaranteed to reduce once more the distance to the fiber.
The algorithm that we propose simply iterates these two steps.

Algorithm 2 (Constructing horizontal geodesics in a principal bundle). Let co,¢1 € M.
Set ¢; = ¢; and repeat until convergence :
e Construct the geodesic s — ¢(s) between ¢y and ¢ (e.g. using geodesic shooting).
e Compute the horizontal part s — c""(s) of ¢ and set & = c"°"(1).

This algorithm yields an approximation of the horizontal geodesic ¢, = c"*" between cq
and the fiber of ¢; as well as the optimal reparameterization ¢; = ¢, (1) of ¢;. Before we
test Algorithms 1 and 2, we first introduce a formal discretization of the continuous model
presented so far.

3. THE DISCRETE MODEL

3.1. The Riemannian structure. Applications usually give access to a finite number
of observations of a continuous process and provide series of points instead of continuous
curves. It is therefore important to discretize the model presented above and to consider
the product manifold M™*! as the space of "discrete curves" given by n + 1 points, for a
fixed n € N*. Its tangent space at a given point « = (zg,...,z,) is given by

T M™M= {w = (wo,...,wn) : wgp € Ty, M, k=0,...n}.

Assuming that there exists a connecting geodesic between x; and zy4q for all k& — which
seems reasonable considering that the points xj should be "close" since they correspond to
the discretization of a continuous curve — we use the following notations

(12) 7 =logh! zrr1,  ak = Vum/VITl,  ve =T/ |7k]s

as well as w,! = (wg, v)vg, and w,iv = wy, — wy ! to refer to the tangential and normal
components of a tangent vector wy € T, M. Given a tangent vector w € T, M" !, we
consider a path of piecewise geodesic curves [0,1]2 > (s,t) — ¢¥(s,t) € M such that
c”(0,%5) = @y, for k = 0,...,n, ¢“(s,-) is a geodesic of M on the interval [£ £t1] for all
s €[0,1] and k — and in particular ¢{’(0, £) = n7; — and such that ¢ (0, £) = wj,. Then we
define the scalar product between w and z by

1 n—1
(13) Giw, 2) = (wo, 20) + = 3 (Vaa" (0, £), Vo (0, £)).

k=0

This definition is a discrete analog of (1), and just as in the continuous case, it does not
depend on the choices of ¢* and ¢®. Indeed, we can also obtain a discrete analog of (2).



OPTIMAL MATCHING BETWEEN DISCRETE MANIFOLD-VALUED CURVES 9

W1

Xp—1

Xk

X1

Proposition 5. The scalar product between two tangent vectors w,z € Ty, M™ 1 can also
be written

Gi(w,2) = (wn. 20+ 3 (D™, (Do2)6™) + (D" (D7) ) Il
k=0

where Dy : T,M™ — T, M" T w— D,w= ((DTw)O7 o (DTw)n) is defined by

(Dyw)g = lVtc;"(O, %) = (wk+1“ — wk)T + b,:l(wkH” — akwk)N,

n
and the coefficients ap and by take the following values depending on the sectional curvature
K of the base manifold M

cosh |rg| if K = —1, sinh |7g|/ || if K = —1,
(14) ap =141 ifK =0, by =41 if K =0,
cos |Ti| if K =+1, sin |7 |/ |7k if K =+1.

Remark 2. Notice that in the flat case our definition gives (D,w)r = wg+1 — wg. In the
non-flat case, when the discretization gets "thinner", i.e. n — oo and |7| — 0 while n|7y|
stays bounded for all 0 < k < n, we get (D,w)r = wps1! —wy +o(1).

n—oo

Before we prove this proposition, let us recall a well-known result about Jacobi fields that
will prove useful to derive the equations in the discrete case.

Lemma 1. Let vy :[0,1] — M be a geodesic of a manifold M of constant sectional curvature
K, and J a Jacobi field along ~v. Then the parallel transport of J(t) along v from ~(t) to
~v(0) is given by

J()40 = JT(0) 4 ar(t)JN(0) + t V. JT(0) + b (1) VIV (0), Yt € [0,1].

where
cosh ([v'(0)t) if K=-1, sinh (|7/(0)[t) /|y (0)| if K = 1,
ap(t) =<1 if K =0, br(t) =<t if K =0,
cos (Y (O)1)  if K = +1, sin(1/(O)18) /7(O)] i K = +1.

Proof of Lemma 1. For the sake of completeness, the proof is reminded in the appendix. [

Proof of Proposition 5. Let a € M™*! be a "discrete curve" and w, z € T,M"™*! tangent
vectors at «. Consider a path of piecewise geodesic curves s — ¢¥(s) that verifies all
the conditions given above to define G"(w, z), and set (D;w) := 1V,c¥(0, %) Then by
definition, the vector field Ji(u) = c¥(s, ££%), u € [0,1] is a Jacobi field along the geodesic
linking xj, to xp41, verifying Ji(0) = wy, Jr(1) = wi1 and V,,Jx(0) = (D, w)g. Applying
Lemma 1 gives

Wi = wiT + apwr™ + (Dyw)e” + be(Drw) ™.

Taking the tangential part and then the normal parts on both sides gives
(wera)" = wp” + (Drw), ",

(wk_;'_l”)N = (Zk’lUkN + bk(DT'lU)kN.
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and so (Dyw) = (Drw)i” + (Drw)e = (wpar! — wi)T + by, H(wg 1!l — agwy)N. Finally,
we observe that the covariant derivative involved in the definition of G™ can be written

Vg (0, ) = |c(0, )72 (Ve (0, B)~ 1V,6(0, 2)T) = |ny,| 72 (n(Drw)i—3n(Drw)i’),
i.e.
Vg (0, 2) = (n/|7) V2 (Drw)i ™ + L(Drw)").

Injecting this into (13) gives the desired formula for the scalar product. O

Now we present our main result, that is, the convergence of the discrete model toward
the continuous model.

Definition 2. Let a = (zg,...,2,) € M™! be a discrete curve, and t — c(t) € M a
smooth curve. We say that « is the discretization of size n of ¢ when c(%) = xy, for all
k=0,....n. If s = a(s) = (20(8),...,2,(s)) € M is a path of discrete curves and
s+ ¢(s) € M a path of smooth curves, then « is the discretization of size n of ¢ when a(s)
is the discretization of c(s) for all s € [0,1], i.e. when zj(s) = c(s, £) for all s and k. We
will still use this term if ¢ is not smooth, and speak of the only path of piecewise-geodesic

curves of which « is the discretization.

Consider a path [0,1] 3 s — a(s) = (z0(s),...,2,(s)) € M™! of discrete curves.
Defining 7(s) and gx(s) as in (12) for all s € [0,1], the path « can be represented by its
SRV representation [0,1] — M x T, M"+1,

(15) s (w0(s), (a(s)osrsn1).

To compute the squared norm of its speed vector o'(s), consider the path of piecewise
geodesic curves [0,1]2 3 (s,t) — c(s,t) € M such that c(s, £) = 24(s) and ¢;(s, £) = nri(s)
for all s and k. Then, notice that we have

(16) Vsq(s, %) = Vsai(s), (Dra/(s)k = tVics(s, %) = Vs7i(8),
and so the squared norm of the speed vector of a can be expressed in terms of the SRV
representation

G0/ (), () = o (9 + - 3 V()]
k=0

In the following result, we show that if s — «(s) is the discretization of a path s — ¢(s) € M
of continuous curves, then its energy with respect to G™,

1 n—1
(7) o) =3 | <|xs<s>l2 +23 Ivsqk<s>|2> ds,
k=0

gets closer to the energy (5) of ¢ with respect to G as the size of the discretization grows.

Theorem 1 (Convergence of the discrete model to the continuous model). Let s — ¢(s)
be a Cl-path of C?-curves with non vanishing derivative with respect to t. This path can be
identified with an element (s,t) — c(s,t) of C12([0,1] x [0, 1], M) such that c; # 0. Consider
the C-path in M"Y, s — a(s) = (2o(s),...,2.(8)), that is the discretization of size n of
c. Then there exists a constant X > 0 such that for n large enough, the difference between
the energies of ¢ and « is bounded by

1700)3 )

[E(c) = E™(o)] < % (inf |ee|) ™ esl3 00 (1 + ez
where E and E™ are the energies with respect to metrics G and G™ respectively and where
[ct]1,00 1= [Ctloo + [Viect| oo,
|Cs]2,00 = |€s]oo + [Vics|oo + |V?Cs|007

if |lw|oo:=sup |w(s,t)| denotes the supremum over both s and t of a vector field w along c.
s,t€[0,1]
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Remark 3. Note that since we assume that c is a C'-path of C?-curves, the following
norms are bounded for i = 1,2,

‘ct|007 |cs|ooa |v§ct|oov ‘vécs|oo < 00.
Proof of Theorem 1. For the sake of clarity, the proof is put off to Section 5. O

Now that we have established a formal Riemannian setting to study discrete curves defined
by a series of points, and that we have studied its link to the continuous model, we need to
derive the equations of the corresponding geodesics and Jacobi fields to apply the methods
described in Section 2. For the sake of readability, we first introduce some notations.

3.2. Computing geodesics in the discrete setting.

3.2.1. Notations. The purpose of the notations that we introduce here is to lighten the
equations derived in the rest of the paper. For any discrete curve o = (zg, ..., x,) € M"H!
we define for all 0 < k < n, using the coeflicients ay and by defined by (14) and (12), the
functions fr, gk : To, M — Ty, M,

fe:w — wT + apw?,
gk w — |qe|QwT + brw').

and for £k =0,...,n — 1, the functions f,i_),g,(c_) : T,

wna M — Ty M by
I = fro Prievme gl7) = g o P

where 7, denotes the geodesic between zp, and 241, which we previously assumed existed.
Notice that when the discretization gets "thinner", that is n — oo, |7%| — 0 while n|7y|
stays bounded for all 0 < k < n, we get in the non flat setting, for any fixed w € T,,, ., M,

k+1
fr(w) = w+o(1/n) and gr(w) = |qr|(w+wT)+0(1/n) - in the flat setting, these are always
equalities. Now if we consider a path s — a(s) = (zo(s),...,x,(s)) of discrete curves, we
can define for each s the functions

fk'(s)v gk(s) : ka(s)M — Txk(s)Mv 0 < k < n,
fk(s)(_)7 gk(s)(_) : Trk+1(5)M — Tzk(s)My 0<k<n-1,

corresponding to the discrete curve a(s). It is of interest for the rest of this paper to compute
the covariant derivatives of these maps with respect to s.

Lemma 2. The first and second order covariant derivatives of fi and gr with respect to s
are functions Ty, (oM — T, (syM defined by

Vsl : w— Osar w” + (1- ak)(<w, Vg vk + (w, vk>V5vk),
Vogr : w = 95|/ lar| gr(w) + [ar] 0oy w™ + |gi|(2 = by) ((w, Vsor)vg + (w, v) Vvg),
VsVsfi :w e O2ap w™ — 205ax ((w, Vsvp)og + (w, ) V)
+ (1 — ar) ({(w, VsV svp)vg + 2(w, Vsvr) Vg, 4+ (w, vi) Vs Vug)
VsVagr s w = 0 (Dslarl/|ar]) g1 (w) + Os|arl/|ar |V sgr(w) + (9s|qr|Dsbr + |ax|03bx)w™
+ Jarl(2 = o) ((w, Vi Vsvp)vr + 2(w, Vor) Vo + (w, 0p) ViV uy,)
+ (0s]qk|(2 = br) — 2| qi|0sbi) ((w, Vsvi)vr + (w, vk) Vvr).
Proof. For any vector field s — w(s) € Ty, (s)M along s — zx(s) we have by definition
Vs (fi(w)) = Vs fi(w) + fr(Vsw),
( k(w)) = Vg (w) + gi(Vsw),
Vs (fr(w)) = VsV fr(w) + 2V, fr(Vsw) + fr(VsVsw),
Vs(gr(w)) = VsVigr(w) +2 Vg (Vsw) + g1 (Vs Vsw).

~

9k
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Noticing that Vg(wT) = (Vsw)T +(w, Vv ) v+ {w, vk ) Vv and Vg(w) = Vaw—V(wT),
the formulas given in Lemma 2 result from simple calculation. (]

Using these functions, we can deduce the covariant derivatives of f,i_) and g,(f_). Denoting
by 7 (s) the geodesic of M linking x(s) to zx4+1(s) for all s € [0,1]] and 0 < k <n —1, we
have the following result.

Lemma 3. The covariant derivatives of the functions f,gf) and g,Ef) with respect to s are
functions T, yYM — Ty, (s M given by

V(7)) s w s (Vo fi) O (w) + fi (R Vi, i) (i),
Vs (g,(;)) rw e (Vage) T (w) + 9x (R (Ye, k) (wk_)'_ll‘)),
where (Vs fi)(s)7) = V, fi(s) 0 PEer1(8)ar(s) (vsgk)(s)m _ ngk( ) o PrEr(an(®) o g

k+1(s

J R

Vi (8) Ve ()
(18) Y. = (xk')T + by (z, ) + V SThY + K | | v oY ,
if K is the sectional curvature of the base manifold.
Proof. The proof is given in Appendix A. O

3.2.2. Geodesic equations and exponential map. With these notations, we can characterize
the geodesics for metric G™. The geodesic equations can be derived in a similar way as in
the continuous case, that is by searching for the critical points of the energy (17). We obtain
the following characterization in terms of the SRV representation (15).

Proposition 6 (Discrete geodesic equations). A path s — a(s) = (zo(s),...,z.(s)) in
M"™*1 s a geodesic for metric G™ if and only if its SRV representation s +— (xo(s), (qk(s))k)
verifies the followz'ng differential equations

Va4 (Bo+ 157 () + ---+fé‘)o~~of£:>2<Rn-1>):o,

1 _
VsVsar + ﬁ gk (Rk+1 + fk+1(Rk+2) .+ fk+1 + 0 fq(zf)z(Rn—l)) =0,
forallk=0,...,n— 1, with the notations (12) and Ry := R(qk, Vsqr)zi'.
Proof. The proof is given in Appendix B. a

(19)

Remark 4. Let [0,1] 2 s = ¢(s,:) € M be a C! path of smooth curves and [0,1] > s
a(s) € M™*! the discretization of size n of c. We denote as usual by ¢ := ¢;/|c;|'/? and
(gr)r their respective SRV representations. When n — oo and |7;| — 0 while n|7y| stays
bounded for all 0 < k < n, the coeflicients of the discrete geodesic equation (19) for «
converge to the coefficients of the continuous geodesic equation (6) for ¢, i.e.

Vsxo'(s) = —ro(s) + o(1),
Vs Vsai(s) = —lar(s)|(re(s) +ri(s)T) +o(1),
forall s€[0,1] and k =0,...,n — 1, where r,_y =0 and for k =1,...,n — 2,

LS

é k+1

:\?r

eq)ce( %)) — 7’(8, ﬁ)a

n—oo

with the exception that the sum starts at ¢ = 0 for ro. More details on this can be found in
Appendix B.

Remark 5. Just as in the continuous case, when the base manifold is a Euclidean space,
the curvature terms Rj’s vanish and we obtain

20"(s) =0, ql(s)=0, k=0,....n—1, Vse][0,1]

i.e. the geodesics are those for which the SRV representations are L?-geodesics.
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Using equations (19) we can now build the exponential map, that is, an algorithm allowing
us to approximate the geodesic of M™*! starting from a point (z§,...,2%) € M™*! at speed
(ugy ..., up) with ug, € T, M for all k =0,...,n. In other words, we are looking for a path
[0,1] 3 5 — a(s) = (zo(s),...,xn(s)) such that x(0) = 2 and z;/(0) = uy, for all k, and
that verifies the geodesic equations (19). Assume that we know at time s € [0, 1] the values
of x(s) and x;'(s) for all k =0,...,n. Then we propagate using

Ti(s+¢€) = logx(s) exy’(s),

2 (s +€) = (w1 (8) + eVixy/(5))

5,5+€

In the following proposition, we see how we can compute the acceleration Vz}' for each k.

Proposition 7 (Discrete exponential map). Let [0,1] 3 s — a(s) = (o(s),...,zn(s)) be a
geodesic path in M" L. For all s € [0, 1], the coordinates of its acceleration Vo (s) can be
iteratively computed in the following way

1 _ _ _
Voo =~ (RO +O@®R) A+ 4+ 00 ,5)2(3,%1)) ,
1 1
Vil = Vo filar)) + fu(Vszy) + ﬁvsgk(vs(ﬂc) + Egk(vsvsq/c) + R 7k, Yie) (@11,

fork =0,...,n—1, where the Ry,’s are defined as in Proposition 6, the symbol - denotes
the parallel transport from xy11(s) back to x(s) along the geodesic linking them, the maps
Vsfik and Vsgy are given by Lemma 2, Yy, is given by Equation (18) and

[ n 1 1
Vst = (D‘ral)kn stk = m (vsTk: - 2VsTkT> , Vv, = m (VSTk - vsTkT) y

1 _ _ _
stsqk = _E g( ) (Rk+1 +f}§+)1(Rk+2) +"'+fk(;+)1 ©---0 r(L—)Q(Rn—l)> .
Proof. The proof is given in Appendix B. |

The equations of Proposition 7 allow us to iteratively construct a geodesic s — «(s) in
M™ ! for metric G™ from the knowledge of its initial conditions a(0) and o/(0). The next
step is to construct geodesics under boundary constraints, i.e. to find the shortest path
between two elements o and o of M™+1

3.2.3. Jacobi fields and geodesic shooting. As explained in Section 2.2.2 for the continuous
model, we solve the boundary value problem using geodesic shooting. To do so, recall that
we need to characterize the Jacobi fields for the metric G", since these play a role in the
correction of the shooting direction at each iteration of the algorithm. Jacobi fields are
vector fields that describe the way that geodesics spread out in the Riemannian manifold:
for any geodesic s — a(s) in M™*! and Jacobi field s — J(s) along a, there exists a family
of geodesics (—d,9) 3 a — a(a,-) such that «(0,s) = a(s) for all s and

J(s) = %

ala, s).
a=0

Proposition 8 (Discrete Jacobi fields). Let [0,1] 2 s — a(s) = (xo(s),...,z,(s)) be a
geodesic path in M™ 1, [0,1] 3 s = J(s) = (Jo(s),...,Jn(s)) a Jacobi field along o, and
(=6,0) 3 a— afa,-) a corresponding family of geodesics, in the sense just described. Then
J wverifies the second order linear ODE

1 B B _
V.Vodo = Ry Jo)ao' =~ (vaRO S VaB) + o+ £ 000 frgjz(vaRn,l))

n—2 k

1 - — _
7ﬁzzf(§ )O"'Ova(fe( ))O"'szg '(Ris1),

k=0 ¢=0
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1
Vo Vedis1!l = f(VsVedi) + 2V (Vi) + VeV fiu(Ji) + Egk(vsvsank)
2 1
+ Evsgk(vsva(ﬁﬂ) + ;stsgk(va(ﬂc) + 2R (75, Vi) (Vs 1)

+ R(Vori Ye) (i) 4+ R VoY) (i) + R(7as i) (R(¥i ) () ).

for all 0 < k < n —1, where Ry := R(qk, Vsqr)xr' and the various covariant derivatives
according to a can be expressed as functions of J and V4J,

VaRi = R(Vaar, Vsar) ' + R(ar, VsVaar + R(J, 2" )ae) oe’ + R(ak: Vi) Vs,

1 1
Vagr = - (vaTk - VaTkT) » Vame = (D7), Vevr = — (VaTk - VaTkT) )
V I7x 2 75|

VVaae = nge (Vo) + RV ) (Ji1 1) = V() = fr(Vidi)

+nVo(ge ") (Jopa! = fi( ).
Vi ViVaak = R(Vsxi', Ju)ae + R(xx', Vi) ae + 2Rz, Ji) Vsqi

n—1 n—1 ¢—1
1 _ _ _
_EZ g,(C)Of,ng)lm VR@ Zzgk (f]( ))0' ( )(Rz)
=kl M ik
V.Y, = (stk’)T + bk(V xk')N + (1 — bk)(<xk/7 \Y% vk>vk + (xk’,vk>stk) + 8sbk(1’k/)N
1-— 1
+ (Vo Ver) T + K ‘ kP E(T Vo)™ + 0, (K W)(V )N

1—a
+ <% -K ‘Tk|2k)(<vs7-k:7 Vsvk)vr + (VsTk, vk) Vo),
with the notation conventions f,gjr)l 0...0 f,57 =1d, >, L= 0 and with the maps

Vo (7)) = (Vafe) 2 (w) + fi (R(Zk ) (wia))
Va(97) (@) = (Vag) 7 (w) + i (R(Ze, m) (wies) )

Vi(gx 1) (w) = 0s(lanl ™ )lar gx = (w) + |qr| 105 (b5 1) w™
+ k7 (1/2 = b 1) ((w, Vo) v + (w, v) Vsur),
and

Zy = 1T+ b N + 19,mT e el S VP

| 7|2
Proof. The proof is given in Appendix B. ]

The equations of Proposition 8 allow us to iteratively compute the Jacobi field J along
a geodesic « - and in particular, its end value J(1) - from the knowledge of the initial
conditions {J;(0),0 < k < n} and {V,J;(0),0 < k < n}. Indeed, if at time s € [0,1] we
have Ji(s) and VgJi(s) for all K =0,...,n, then we can propagate using

Je(s+€) = (Ji(s) + eV Ji(s)) ™",
Vodi(s +€) = (Vo () + €V, Vidi(s) ™™,

where ViV Ji(s) is deduced from Vi Vi Ji_1(s) using Proposition 8. We can now apply
Algorithm 1, where we replace the smooth geodesic equations (6) by the discrete geodesic
equations (19) and we solve them using the exponential map described in Proposition 7.
Notice that in M™*!, the k" component of the L*- 1ogar1thm map between two elements
ap=(2,...,2%) and ag = (z},...,xL) is given by logx (7).

Algorithm 3 (Geodesic shooting in M™Y. Let (x),...,29), (z,...,2L) € M" T Set

r'n rrn

u = loggj(ozl) and repeat until convergence :
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(1) compute the geodesic s — «(s) starting from «g at speed u using Proposition 7,

(2) evaluate the difference j := logézl) (a1) between the target curve a7 and the extrem-
ity (1) of the obtained geodesic,

(3) compute the initial derivative VJ(0) of the Jacobi field s — J(s) along « verifying
J(0) =0 and J(1) = j,

(4) correct the shooting direction u = u + VJ(0).

Recall that the map ¢ : To )M — ToyM, Vs J(0) = J(1) associating to the initial
derivative V,J(0) of a Jacobi field with initial value J(0) = 0 its end value J(1), is a linear
bijection between two vector spaces which can be obtained using Proposition 8. Its inverse
map can be computed by considering the image of a basis of T,y M.

3.3. A discrete analog of unparameterized curves. The final step in building our
discrete model is to introduce a discretization of the quotient shape space. There seems to
be no natural, intrinsic definition of the shape of a discrete curve, as by definition we are
lacking information : we only have access to a finite number n + 1 of points. Therefore
to introduce our model, we will make the assumption that we know the equations of the
underlying curves, that is, that for each discrete curve «, we have access to the shape ¢ of
the smooth curve ¢ of which « is the discretization. In applications, if we don’t have access
to this information, we can set ¢ to be the shape of an optimal interpolation. Recall that
a = (xg,...,Z,) is the discretization of size n of t — c(t) if ¢(k/n) = zy for all 0 < k < n.
For an element ¢ of the shape space S = M/Diff" ([0, 1]), we denote by

Disc,, (¢) := {a € M™™! : 3c € 771(€), a is the discretization of size n of ¢}

the set of its discretizations, i.e. the set of elements of M™*! that are discretizations of
smooth curves with shape ¢. Recall that 7 is the natural projection M — S. We denote by
M., the set of discrete curves of size n paired up with their underlying shapes

M., = {(a,¢) € M" x S : a € Disc,,(¢)}.

The goal, for two elements (o, ¢) and (aq,¢1) of M, is to redistribute the n + 1 points
on ¢ to minimize the discrete distance to the n + 1 points ag on g, i.e. to find the optimal
discretization " of &1

(20) P = argmin{d,, (oo, @), o € Disc,(¢1)},

where d,, is the geodesic distance associated to the discrete metric G™. We want to approach
this reparameterization aj” " using Algorithm 2, i.e. by iteratively computing the "horizontal
part" of the geodesic linking «q to an iteratively improved discretization &; of ¢1. To define
the horizontal part of a path of discrete curves, we need two things : a notion of horizontality,
and a notion of reparameterization. Let us start with the former. We define the discrete
vertical and horizontal spaces in a as the following subsets of T, M"*!

Ver? := {mv: m = (my), € R""},
Hor” := {h € T,M" ™" : G"(h,mv) =0 VYm = (my), € R"™ my =m,, =0},

where v = (vg) is still defined by (12). Similarly to the continuous case, we can show the
following result.

Proposition 9 (Discrete horizontal space and decomposition of a vector). Let o € M"H1
and h € T,M"™*. Then h € Horl} if and only if

|7k
1]

((Deh)svi) = AT (Doh)e, bt yoel + (4 = b2 DA ) = 0.
Any tangent vector w € T, M™ can be uniquely decomposed into a sum w = w®e" + wher

where w'®" = mv € Verll, w"*" = w — mv € Hor! and the components (my)i verify
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mg =m1 = 0 and the following recurrence relation

) 2 /1 -2
02+ X0 = 52) e+

|7k
|Tk—1]

|7k
1]

|7k

Ak—1mMpg—1
|Tk—1]

AkMp41 — <1 +4

= ((Drw)g, vi) — 4 (blzil«D‘rw)k—laU]lb +(3- b,;ll)/\k—1<(DTw)k—17vk—l)) ,

with the notation A\ := (v,ll+1,vk>.

Proof. Let h € T, M be a tangent vector. It is horizontal if and only if it is orthogonal to
any vertical vector, that is any vector of the form mwv with m = (my)r € R*™! such that
mg = m, = 0. Recall that by definition

(D.,-w)k = (wk+1“ - wk)T + b;l(wk_;,_” - akwk)N

and so with the notation A\ := <vk+1” , Ug), wWe get
(D (m))f = mps1(vk1)T = mgvr, = (M1 Ak — ma)og,
(Dr(m"’))kN = bglmkﬂ(vk-s—l”)N = blzlmk+1(1}k+1” — AKUE).

The scalar product between h and mwv can then be written

n—1

G (h,mv) = Z (bglmk+1<(Drh)k,Uk+1” — AeUk ) + 3 (Mpg1 A — mk)<(Drh)k7vk>) 7|

ot
= O

= Myl ! (b];1<(DTh>k:7Uk:+1H — Aevk) + i)\k<(Drh)k,Uk>)
k=0

n—1
-1 Z me|me| " ((Dr ), vr)
k=0

Changing the indices in the first sum and taking into account that my = m,, = 0, we obtain
n—1
Z mk(lTk—1|7l<(DTh)k—17 b]:_llvku + (% - b,;_ll))\k_lvk_1> — i|7—k|71<(Drh)kavk>) =0.
k=1

Since this is true for all such m the summand is equal to zero for all £ and we get the desired
equation. The decomposition of a tangent vector w into a vertical part mv and a horizontal
part w — mv with m = (my)x € R™*! such that mg = m,, = 0, is then simply characterized
by the fact that w — muv verifies this equation. O

Now let us define a discrete analog of the reparameterization action. Let us fix an integer
p € N* and set N := np. To each element (o = (zg,...,zy),¢) of M, we associate
the unique discretization 8 = (yo,...,¥yn) € Discy(¢) of size N, such that yg, = x) for
k =0,...,n and the p — 1 points {ys, kp < £ < (k + 1)p} are regularly distributed on ¢
between yx, and y(x41), for all k. In other words, 3 is the discretization of size IV of the only
parameterized curve ¢ € 7~ 1(¢) of which « is a discretization and which is parametrized by
arc length on the segments c|[k/n’(k+1)/n], 0<k<n.

Definition 3. We call the discrete curve 8 € Discy (¢) the refinement of size N of («, ©).

The discrete analogs of the increasing diffeomorphims of the continuous case are defined
as increasing injections ¢ : {0,...,n} — {0,..., N} such that ¢(0) = 0 and ¢(n) = N.
Their set is denoted by Inj*(n, N). We then define the discrete analog of reparameterizing
as the action * : Inj™ (n, N) x M,, — M,,,

¢ ((Tr)k, €) := ((Tk)k, €),  With Ty = ygr), bk =0,...,n,

where (yi)r is the refinement of size N of ((zx)r,¢). Note that the action of ¢ is non
transitive. This definition of reparameterization in the discrete case simply boils down to
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redistributing the n 4+ 1 points on ¢ by choosing among the N + 1 points of the refinement
of «, while preserving the order and keeping the extremities fixed. We can now define the
horizontal part of a path of discrete curves.

Definition 4. The horizontal part (a"°",¢) of a path s — (a(s),e(s)) € M, is defined by

(a(s),e(s)) = ¢(s) x (a7 (s),e(s)), Vs €[0,1],
where ¢(s) € Inj* (n, N) verifies for all s € [0, 1]

(s) _
(21) ¢s(s)(k) = s (8)|A¢( s)k), k=0,...,n,
with Ag(s)(k) = N/2(¢(s)(k+1) — ¢(s)(k— 1)), 1 <k < N —1 and where m = (my), is
the norm of the vertical component of o/(s) and verifies

(bi_y + Ah (3 —bj_ 1))) mg +

7%
|Tk—1]

mig

|7k

|1

|7k

|Th—1]

AMpr1 — (1 +4 Ak—1Mk—1

(22) = (Vi vp) — 4 (bk—1<VsTk—17U;L|> +(3- bk—l)/\k—1<vs7'k—17vk—1>) .
Remark 6. Equation (21) defining the path of "reparameterizations" ¢ is merely a dis-
cretization of Equation (11). The recurrence relation (22) verified by the my’s translates the
fact that m(s)v(s) is the vertical component of o/(s), and as such it verifies the recurrence
relation of Proposition 9, with (D,a/(s))r = Vs7i(s) (16).

To find the horizontal part of a path of curves a, we proceed as follows. For all s € [0, 1],
we compute the values of ¢(s)(k), 0 < k < n (which correspond to the n + 1 points
2, (8) = Yrp(s)) and interpolate between these values in order to have a value corresponding
to each point y,(s), 0 < £ < N, of the refinement of a(s). The k" coordinate z°"(s) of
the horizontal part of a(s) is chosen to be the point y,(s) whose value is closest to kp. Now
we can go back to our initial problem, which was, given two pairs of discrete curves and
their underlying shapes (ag, ) and (aq,¢7), to find the optimal reparameterization (20) of
¢ while fixing «g. We propose the following algorithm.

Algorithm 4 (Computing the optimal matching between the shapes of discrete curves).
Let (o, @), (a1,¢1) € M,,. Set &3 = ay and repeat until convergence :

e Construct the geodesic s — «a(s) between g and &; using Algorithm 3.

e Compute the horizontal part s — a°"(s) of @ and set a; = a°7(1).

Output : a?" := ;.
4. SIMULATIONS

We test Algorithms 3 and 4 in three settings : the negative-curvature case, when the base
manifold is the hyperbolic half-plane H?, the flat case M = R?, and the positive-curvature
case M = S?. For the geometry of H? and the useful algorithms such as the exponential
map and the logarithm map, we refer the reader to [7]. Concerning the geometry of S?,
we have used the same formulas as those given in appendix in [20]. Results of geodesic
shooting (Algorithm 3) in these three settings can be found in Figure 1. We show the
geodesic paths in M"*! with respect to the discrete metric G (in blue) and the L?-metric
(in green) between pairs of curves (in black), for M = H? (top row), M = R? (middle row)
and M = S? (bottom row). The pairs of curves considered in the hyperbolic half-plane and
the plane are the same, and so the differences observed are due to the different geometries.
The flat case (M = R?) allows us to validate our geodesic shooting algorithm. Indeed, we
have an explicit equation for the geodesics in that case as they are simply the projections
in M™t! of the L2-geodesics between the square root velocity representations of the curves,
as stated in Remark 5. We can see that these exact geodesics (shown in red) are close to
the geodesics obtain by geodesic shooting (in blue). In the three settings (negative, flat and
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5
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\"‘
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0
s
‘\

FIGURE 1. Geodesics (in blue) between parameterized curves in H? (top row),
R? (middle row) and S* (bottom row) obtained by geodesic shooting. The L>3-
geodesic is given in green for comparison. For plane curves, the geodesics com-
puted using geodesic shooting are compared to the exact geodesics in red.

FIGURE 2. Geodesics between parameterized curves in H? (blue) and corre-
sponding horizontal geodesics (red).

0.654 | 0.645 | 0.692 | 0.645 | 0.660 | 0.645
0.665 | 0.644 | 0.666 | 0.644 | 0.648 | 0.644

FI1GURE 3. Length of the geodesics shown in Figure 2

positive curvature), we can observe that our metric has a tendency to "shrink" the curve as
it optimally deforms from one state to another, compared to the L?-metric.

We then tested Algorithm 4 to obtain geodesics between shapes of discrete curves. Results
are shown in Figure 2, where the geodesics between parameterized curves of the hyperbolic
half-plane are shown in blue and the horizontal geodesics are shown in red. We always con-
sider the same pair of curves, which are identical modulo translation and parameterization,
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FIGURE 4. Geodesics between the shapes of two elements of H™ ™" (in black)

and always fix the parameterization of the curve on the left-hand side, while searching for the
optimal reparameterization of the curve on the right-hand side. On the top row, the points
are "evenly distributed" along the latter, and on the top row, along the former. We can see
that the red horizontal geodesics obtained as outputs of Algorithm 2 redistribute the points
along the right-hand side curve in the way that seems natural : similarly to the distribution
of the points on the left curve. The length of these geodesics are given in the table of Figure
3, in the same order as the corresponding images of Figure 2. The horizontal geodesics are
always shorter than the initial geodesics, as expected, and have always approximatively the
same length. This common length is the distance between the shapes of the two underlying
curves. We also find that the underlying shapes of the horizontal geodesics are very similar.
Testing other combinations of parameterizations for the same pair of shapes and overlapping
the obtained horizontal geodesics gives an idea of the geodesic in the shape space, as shown
in Figure 4.

5. PROOF OF THEOREM 1
We conclude this paper with the proof of Theorem 1. Let us first remind the result.

Theorem 1. Let s — c(s) be a Ct-path of C?-curves with non vanishing derivative with
respect to t. This path can be identified with an element (s,t) — c(s,t) of C12([0,1] x
[0,1], M) such that ¢; # 0. Consider the C'-path in M™ 1, s — a(s) = (zo(s),...,xn(s)),
that is the discretization of size n of c. Then there exists a constant A > 0 such that for n
large enough, the difference between the energies of ¢ and « is bounded by

A _
B(c) = E"()] < = (inf [e]) ™ e300 (1 + [erh,00)”

n
where E and E™ are the energies with respect to metrics G and G™ respectively and where

|ct]1,00 := [et|oo + [Vict]oo,
‘Cs|2,oo = |cs|oo + ‘vtcs|oo + |V?Cs|oov

and |w|oo 1= SUpy scio1] |w(s, t)| denotes the supremum over both s and t of a vector field w
along c.

Proof of Theorem 1. To prove this result, we introduce the unique path ¢ of piecewise
geodesic curves of which « is the n-discretization. It is obtained by linking the points
x0(8),p1(8),...,zn(s) of a by pieces of geodesics for all times s € [0, 1]

6(53 %) = C(Sa %) = SCk(S),

é(s, )|[£ k1] is a geodesic,
for k =0,...,n. Then the difference between the energy of the path of curves E(c) and the

discrete energy of the path of discrete curves E™(«) can be controlled in two steps :
|E(c) — E"(a)| < |E(c) — E(&)| + |E(¢) — E™(a)].
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Step 1. We first consider the difference between the continuous energies of the smooth and
piecewise geodesic curves

1 1
IE@—E@H:[;A(Ww@ﬂ?—Wﬁ@ﬂﬂdMs

1 1
<[] IVt 0 = [9.dts 0P aeds
0 Jo
1 1 N N
<[] 9.+ 19205 0) - 92056 = V(s ds
0 Jo

Note that the parallel transports Vsq(s, t)t’% and Vq(s, t)t’% are performed along different

curves — c(s,-) and ¢(s,-) respectively. Let us fix s € [0,1], 0 < k < n and t € [£ EH]

Using the notation wl (¢) := w(t):% to denote the parallel transport of a vector field w from
t to % along its baseline curve, the difference we need to control is
IVsg!l = Vil = [lee) 72 (Ver — AV ) — |67V (Ve — V6]
= [(Vsee = 5Vsee ) (e 712 =& 77%)
e TV (Ve = Vi) = 3(Vse — v,e)T)).

Since |w — 2w”'| < |w| for any vector w, we can write
(23) Voq! = V| < [Voerl - [lee] 72 = oo 72| 4 el 721V oe! = vl

. . . L kL .
Let us first consider the difference |cy - cy |. Since é;(s,t)bn = é4(s, %), we can write

k N k k N
lee(s,8)m — &(s,8)0 7 | < ey(s,t)0m — (s, §)| + [ed(s, %) — &i(s, §)|~

The first term is smaller than 1/n - |Vi¢t|s. To bound the second term, we place ourselves
in a local chart (¢, U) centered in c(s, £), such that ¢([0,1] x [0,1]) C U. After identification
with an open set of R? — where d is the dimension of the manifold M- using this chart, we
get

lee(s, &) — &5, B)] < |eals, &) — n (s, L) — ¢(s, B))]|
k

+ |ét(s, %) —n (c(s, %) —c(s,
Since a geodesic locally looks like a straight line (see e.g. [5]) there exists a constant A; such
that |&(s, £) — n(c(s, BEL) — (s, £))| < At]e(s, EEL) — (s, %)!2, and so
leo(s, &) = (s, £)] < glentloo + SElerl -

The second derivative in ¢ of the coordinates of ¢ in the chart (U, ¢) can be written
il = Vet — Ffjctictj for £ = 1,...,d, and so there exists a constant )y such that
lew] < Ao (|vtct|oo + IctIZO), and

(24) lef —é)

<22 (letlio0 +ledlf o) -
This means that for n large enough, we can write e.g.
(25) %inf|ct| <& < %|Ct|oo-

From (24) we can also deduce that

N|=

o dled—lall el el

1 L1 _
20) “Ct| Folal= ‘Ct|% —|—|ét|% o |Ct|% +|é 2 inf [c.]) (|Ct‘1’m+|0t|i°°)'
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Let us now consider the difference |V,¢,| — V,é,1]. Since ¢4(s, By =é,(s, &), we get
tk ~ t k
[Vscr(s,t)m — Vgér(s, )
k) k kgl kL, k
— Vics(s, ‘—i— ‘Vtcs 5,%) —n(cS(S, e —03(8,5))‘

’Vtcs (s t) —Vtcs( ~) ’ ‘Vtcs ﬁ)—n(és(s,g) o

k
n

< ‘Vtcs (s, )"

and so
(27) |Vsct(s,t)t’% — Vie(s, )7 | < 2 ViVies(s,7) oo + 2| ViVies(s,T)|oo

|
We can decompose V,Vés(s,t) = ViVséi(s,t) = Vs Viéi(s,t) + R(E, 5)é(s,t), and since
Viéi(s,t) = 0 and [R(X,Y)Z] < |K| - ({Y, 2)||X] + [(X, Z,)[[Y]) < 2[K| - |X]-[Y]-[Z] by
Cauchy Schwarz, we get using (25)

(28) [ViVids| < 206 |6 < §ledlZo1es].

k
n

To bound |és| we apply Lemma 1 to the Jacobi field J : [0,1] 2 u +— &,(s, ©2%) along the
geodesic v(u) = é(s, EE4), that is

(29) J(w)? = J(0)T + ar(u) J(0)N +uV,J(0)T 4 b (u)V,J(0)
where, since 7/(0) = 2¢,(s, £) = 7,(s), the coefficients are defined by
cosh (|1 (s)|u), if K =—1, sinh (|7 (s)|u) /|me(s)| if K = -1,
ag(u) =<1 it K=0, br(u) =< u it K=0,
cos (|mx(s)u), if K =41, sin (|75 (s)|w) /|Tk(s)|  if K = +1.

This gives J(1)10 = J(O)T + ak(l)J(O)N + th(o)N + b (1)V,J(0)" and so
= (I - J)"
VtJ( ) =bi(1 ) LI — a(1)J(0))
Injecting this into (29), we obtain since u = nt — k and &,(s, £) = ¢ (s, £),
= ca(s, 1) ax(nt = k)ea(s, )N+ (nt = k) (es(s, K5 T —ea(s, 5)"
BB (i (s, B S F — ag(D)es(s, )V

Whenn — o0, ax(1) — 1, bx(1) — 1, and since 0 < nt—k < 1, ap(nt—k) — 1, bp(nt—k) — 1
also. Therefore, for n large enough we can see that |és| < Ay|cs|oo for some constant A4.
Injecting this into (28) gives

N

k
n

(30) és(s, )"

‘Vtvt65|oo < %lctlgo‘%loo’
and so we obtain the following bound for the difference (27)
(31) Ve = Vel < 2 (IVeVies|oo + Btlerl X lesloc) < 22 Jeslao0 (14 [eef o0 ),
for some constant As. Injecting (25), (26) and (31) in Equation (23) we obtain
Vgl = Vol < 22 (inf fee)) ™ feala.o0 (Jerlo0 + lerlf )
+ 222 (inf fer]) 2 a0 (14 erff )
)2,
for some constant Ag. To conclude this first step, let us bound the sum
Vg + V] = lei| "2 [Vaer — 1940, | + 6073 | Vot — 2,67
< (inf [er]) TF | Vies]oo + V2(inf [er]) 72 [Viés] oo

(82)  [Veq! = Vog!| < 25 (inf [er]) 72 [es 2,00 (

(33)
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Taking the derivative according to ¢ on both sides of (30), we get since n|7(s)| = |é:(s, =)

Vtés(s, t)t’%

T
ei(s, B)len(nt = k)es(s, 2N +n (es, B! — (s, 4))
+n 7%15%—)@ (cs(s, EELYE — g (1)es (s, %))N,
since by (u) = aj(u) and aj,(u) = |75 (s)|ex(u) = L]é(s, £)|ex(u), where

sinh (|7 (8)|u), if K =-1,
ep(u) =40 it K=0,
—sin (|7 (s)|u), if K =+1.

Since the coefficients e (nt — k), ag(nt —k)/bx(1) and a(1) are bounded for n large enough,
and since |¢&;| < 3|c¢|oo, We can write for some constant Az,

(34) |vtés‘oo <7 (|ét‘oo|cs|oo + |vtcs|oo) < 32ﬂ|cs|2,oo (1 + |Ct|1,oo) .
Inserting this into (33) gives

|VSQ| + |V5Q| < (inf |Ct‘)_1/2(|vt08|oo + 3% ‘CS|2 o (
(35) < As(inf [er]) 7% |es|2,00 (1 + |Ct|1,oo)-

o))

Finally, we are able to bound the difference between the energies of the smooth and piecewise-
geodesic paths by combining Equations (32) and (35)

. AeAg . _
|B(e) = B(&)] < =55 (inf Jeg]) s[5 0 (14 [esl1,00)*

Step 2. Let us now consider the difference of energy between the path of piecewise geodesic
curves and the path of discrete curves. Since Vygi(s) = Vid(s, £) for all s € [0,1] and
0 < k < n, we can write

/ </ V(5. ) thﬁDvqu )ds
/ / ‘ [Vsd(s,t)]” — [Vsd(s, \2 ’dtds

|Vs (s 8) +[Vsd(s, B))Vsa(s, 1)
kZ// g i(s, B))IVsd

|E(¢) — E"(a)| =

k
n

— Vid(s, )| dtds.

We fix once again s € [0,1], 0 <k <n and t € [£, EEL] Since |¢(s, t)| = |&(s, £)|, we get
= V(s B)
= L(Tatuls ) = Vaia(s, )"
< |eu(s, |V (s, )b b Vsét(s,%)|.
k+u

Considering once again the Jacobi field J(u) = é(s, %), u € [0,1], along the geodesic

v(u) = é(s, %), Equation (29) gives

és(s,t)! = =cs(s, E)T+ ap(nt — k)es(s, YN+ (t — £)Vies (s, B)T + by (nt — k) 2V,e,(s, E)N.

Recall that b} (u) = ax(u) and aj,(u) = |7x|ex(v), and so taking the derivative with respect

to ¢t and decomposing Vés(s, £)7 = V,é,(s, £) — V,é,(s, £)N, we obtain

Viés(s,t) o Viés(s, n) |é: (s, §)|ek(nt —k)cs(s E)N + (ak(nt —k)— I)Vtés(s, %)N

‘n
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Noticing that % — 1 and % — 0 when n — oo, we can deduce that for n
large enough,

lex(nt — K)] < 20t — B)|r] < 2i7] = 2Jeu] < 2lerlo

la(nt — k) = 1] < (nt = k)|7| < |7 = Slee] < 5 letloo-

This gives
k41

/ | Vies(s, 1)
k

Recall from (34) and (35) that
‘Vtés|oo < %‘Csb,oo (1 + |Ct‘1,oo) 5

[Vsdloo < 22 (inf [er]) ™ fesl200 (14 [etlr.00)

k
n

- Vtés(s, %)‘ dt S %(|Ct|zo|cs|oo + Ict|oo‘vtés|oo)~

and so
k41
n

(IVsa(s, )] + [Vad(s, 2)I) - [Vod(s, )7 = Vod(s, £)]dt

3=

k+1

< 2|V 5G| V2(inf |¢;]) "2 / | Vits(s, 1) — Vié(s, £ dt

< 6A7(inf o) leslzo0 (14 [etl1.00) 25 (et 3o lesloo + letloo 257 [es]2,00 (1 + et
< 28 (inf o) 7Hes |3 o0 (1 + lezlo0)*.

Finally, we obtain

1700))

R " Ao . _
|E(¢) — E"(a)] < ;9 (inf |ee]) 7 esl3 o0 (1+ Jetf1.00)”
which completes the proof. O
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APPENDIX A

Lemma 1. Let v :[0,1] = M be a geodesic of a manifold M of constant sectional curvature
K, and J a Jacobi field along v. Then the parallel transport of J(t) along v from ~(t) to
~v(0) is given by

J()40 = JT(0) 4 ar(t)JN (0) 4+t Ve JT(0) 4 b (1) VIV (0), Vt € [0,1].

where
cosh (|7 (0)[t), if K = —1, B sinh ([7/(0)[t) /|7 (0)] if K = -1,
ap(t) =<1 if K =0, b(t) =<t if K =0,
cos (|7/(0)[t), if K =+1, sin ([7/(0)[t) /17 (0)]  if K = +1.

Proof of Lemma 1. As a Jacobi field along ~, J satisfies the well-known equation
ViV (t) = =R(J(t),7' ()7 ().

If M is flat, we get V;ViJ(t) =0 and so J(¢t) = J(0) + ¢V:J(0). If not, we can decompose
J in the sum J = J7 4+ JV of two vector fields that parallel translate along 7, by projecting
it in the basis (v =+'/|7'|,n). Since (V:V:J(t),~'(t)) = 0 and 7 is parallel along v, we get
by integrating twice that

(J (), (1)) = (Ve J(0),7'(0))t + V1T (0),7'(0)),

(J(t),v(t)) = (Ve J(0),v(0))t + (J(0),v(0)).
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Since V;VJT(t) = V,V(J(t),v(t)) = (V;VJ(t),v(t)) = 0, the normal component JV is
also a Jacobi field, that is it verifies
VeV V(1) = =R(IV (1), ()7 (1)
And since M has constant sectional curvature K, for any vector field w along v we have
(RN AW w) = K (v, 20N w0) = (IV ) w) = (K PTY w),

and the differential equation verified by JV can be rewritten V,V,JN (t) = —K |7/ (t)|? JV (¢).
Since the speed of the geodesic v has constant norm, the solution to that differential equation
is of the form

IN(t) = ar(t) TN (0) + b () Ve J(0)V,

where the functions g (t)’s and by, (t)’s depend on the value of K as defined in the lemma. [

Lemma 3. The covariant derivatives of the functions f,gf) and g,Ef) with respect to s are
functions T, yYM — Ty, ()M given by

V(7)) s w e (Vo fi) O (w) + fi (R (Vi i) (wia 1),
V(i) w e (Vogn) O (w) + gr (R (Ye, 1) (wiesa ),

where (Vo f)(5)) = Vi fi(s) o P (V,g0)(5) ) = Vagi(s) o PLEE ™) and

k+1(s

l1-a
Vi = (z))" + b ()N + %VSTkT + K|7_7|2k Ve,
k

if K is the sectional curvature of the base manifold.

Proof of Lemma 8. Fix 0 < k < n and let wi41 : s — wiy1(s) be a vector field along the
curve g1 : S+ Tr41(s). By definition,

Vo (7 i) = Vo (£ wrsn) + £ (Vwign)s
Ve(gy ) (wis1)) = Vo (987) (i) + 957 (Vi)

Consider the path of gedesics s — ~i(s,-) such that for all s € [0,1], v(s,0) = zx(s),
Yi(8,1) = xp41(s) and t — (s, t) is a geodesic. We denote by w41/l the vector field along
the curve x obtained by parallel transporting back the vector wgy1(s) along the geodesic
(s, ) for all s € [0,1], i.e. wyyql(s) = PA},;(ES,)(U%-&-I(S)) We have

(36) Vs (f,i_)(wkﬂ)) = Vo(fo(wrs1) = Vo fe(wpr!) + fu (Vo(wisa ),

and so we need to compute V,(wi1!l). Let V(s,t) := Pyl,;t(s _)(wk+1) so that V,V(s,1) =
Vswgy1 and ViV (s,0) = Vs(wk+1|‘), then

1
V. V(s, )M =V, V(s,0) +/ V.V V(s,t)"0dt,
0
1
= V(04 [ RO, 0V (s,
0
since ViV = 0, and where 9,71 (s,t)"° = 71,(s). We get, since VR = 0,

1
(37) (Vswp1)l = V(wiyr) +R (Tk,/ as’th’Odt> (wr11),
0

To find an expression for d,7,"?, we consider the Jacobi field J(t) := sk (s,t) along the
geodesic t — i (s,t). The vector field J verifies

J(0) = 21/ (s), J(1) = zp41'(8), Vi J(0) = Ve7i(s),
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where the last equality results from the inversion V957 (s,0) = V0:vk (s, 0) and 9y (s,0) =
Tr(s). Applying Lemma 1 gives, for all k =0,...,n— 1,

Ok (5, )" = 2/ ()T + ar(s,t) m' ()N + t Vori(s)T + br(s, ) Vri(s)Y.

with the coefficients

cosh (| (s)]t), if K =-1, sinh (|7, (s)|t) /|7 (s)| if K = —1,
ap(s,t) =4 1 if K =0, b(s,t) = { 1 if K =0,
cos (|me(s)|t), if K =41, sin (|1e(s)|t) /|me(s)| if K = +1.
Integrating this and injecting it in (37) gives
(38) Vo(wipa) = (Vowp )l + R (Vi 1) (w1,

where Y}, is defined by

1—ag

Y. = (xk/)T + bk(xk/)N + %VST/CT + K VSTkN,

|75|?
and injecting this in (36) finally gives,
Vo (£ 7 (wir)) = Vi frlwrp D) + fi (Vswrs)) + £ (R (Ye, i) (wiia 1))
— (Vo ft) D (wigr) + 7 (Vowrsn) + f1 (R Vi, i) (wiga 1)),

which is what we wanted. The covariant derivative V (gé_)(wk+1)) can be computed in a
similar way. O

APPENDIX B

Proposition 6 (Discrete geodesic equations). A path s — a(s) = (2o(s),...,2(8)) in
M™ is a geodesic for metric G™ if and only if its SRV representation s — (xo(s), (qx(s))k)
verifies the following differential equations

1 - - -
Vo' + - (Ro+ f57 (B + oo £ 000 75 (Ramn) =0,

1 _ _ _
sts(Ik + E g](g ) (Rk+1 + f}i+)1(Rk+2) +.o 4+ f}i+)1 ©--+0 r(z—)Q(RTL—l)) = O’

forallk =0,...,n— 1, with the notations (12) and Ry := R(qk, Vsqr)xi'-

Proof of Proposition 6. We consider a variation (—=6,0) 3 a — a(a,-) = (zo(a,),...,xn(a,"))
of this curve which coincides with « for a = 0, i.e. a(0,s) = a(s) for all s € [0, 1], and which
preserves the end points of «, i.e. «a(a,0) = a(0) and a(a,1) = «(1) for all a € (-4,9).
The energy of this variation with respect to metric G™ can be seen as a real function of the
variable a and is given by

1 1 1 n—1
E™(a) = 5/0 <8s:r0(a,s)|2 + = IVaara, s)|2> ds,

k=0
and its derivative with respect to a is

(E") (a) = /01 <<aaasxo, 6s$0> + %

= /01 <<353aa:o, 85x0> + %"* <VSVan + R(Ouk, s ) Qi stk>> ds,

k=0

n—1

(VY. vsqk>> ds,

k=

= O

_ /01 <<Vs (0sg) 76{11‘0> + ;nz_:l <sts%, Van> + <R(Qk, Vsqi)0sxk, 3a$k>> ds,

where we integrate by parts to obtain the third line from the second. The goal is to express
O0qxy in terms of O,z and Voqe, £ =0, --- , k. That way, the only elements that depend on
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a once we take a = 0 are (0ux0, Vaqo, -+ , Vagn—1) which can be chosen independently to be
whatever we want. Let us fix 0 < k <n—1and s € [0, 1] and consider the path of geodesics
a — k(a,-) such that yx(a,0) = zk(a, s), vk(a,1) = xgr1(a,s) and d4yk(a,0) = 7(a,s) =
10g,, (a,5)(Tk+1(a, s)). Then by definition, for each a € [0,1], t — J(a,t) := Juvk(a,t) is a
Jacobi field along the geodesic ¢t — i (a,t) of M, and so Lemma 1 gives

(39) 8a.13k+1“ - 811ka + ag aaka + vaTkT + bkvsTkN7

where 8axk+1” denotes the parallel transport of d,zp4+1 from xgy1(s) to zx(s) along the
geodesic. Differentiation of ¢ = /n7/|7k| gives Vyqr = N (VsTk — %VSTkT)
and taking the tangential part on both sides yields V gz = \/E|Tk|71/2%VSTkT, and so
finally V7, = [72:|Y2/v/n (Vsar + Vsar") = |axl/n (Vsar + Vsar"). Injecting this in (39)
and noticing that (fi(w), z) = (w, fr(2)) and (gi(w), z) = (w, gx(2)) for any pair of vectors
w, z gives

1
(40) Oarsr = fi(Oawr) + -~ 95(Vagr),
_ 1, (=
(41) (wier, Qowian) = (7 (1), Bure) + — (037 (W), Vaar),
for any tangent vector wgi1 € Ty, , M. From equation (41) we can deduce, for k = 1,...,n,
=
(we, Bun) = (67 00 TN (), 0azo) + — D (g7 0 i) 0+ 0 FT (we), Vage).
£=0
With the notation Ry := R(qk, Vsqr)zr' we get
k—1

_ _ 1 _ _ _
(RisOoi)y = ($57) 00 0 (Ra), Guo ) + = > (g7 0 £ 0+ 0 ST (), Vade ).

~
I
o

and we can then write the derivative of the energy for a = 0 in the following way

1 n—1
) == [ (e + 1 X457 000 40 (). o)
k=0
n—1

k—1 n—1
+EZZ<95 Of£+1 Ofk+1(Rk aql>+%z \Y Vsle an>>d37
k=1 ¢=0 k=0

where in the first sum we use the notation convention fyo---o f_; := Id. Noticing that the
double sum can be rewritten

n—2 n—1

S X (o e sl oo DR V),

=0 k=041

we obtain

1 1 n—1
) ) = [ (T L 37 oo 5 (R oo )
+ — Z<V Vs%'i‘* Z gk Ofk+1 'sz(i(Rf)aank>>dsv

é k+1

where in the last sum we use the convention > ,_ = 0. Since this quantity has to vanish for
any choice of (9520(0, ), Vaqo(0,), ..., VaGn— 1(0 -)), the geodesic equations for the discrete
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metric are
LS 0 (-)
/ — - DY - =
Vszo + D ofo oo i (B) =0,
k=0
1 n—1
VoVaaet— 0 gk o fi oo ) (R =0,
f=k+1
for all k =0,...,n — 1, with the conventions Z?;ll =0and fygo-- o f_1:=1d. ]

Remark 4. Let [0,1] 2 s — ¢(s,:) € M be a C! path of smooth curves and [0,1] > s —
a(s) € M™ a discretization of size n of c. We denote as usual by ¢ := c;/|c¢|'/? and (qx)x
their respective SRV representations. When n — oo and || — 0 while n|7;| stays bounded
for all 0 < k < n, the coefficients of the discrete geodesic equation (19) for a converge to
the coefficients of the continuous geodesic equation (6) for ¢, i.e.

Vo' (s) = —ro(s) + o(1),
ViVear(s) = =lar(s)[(rx(s) +71(s)") + o(1),
forall s€[0,1] and kK =0,...,n — 1, where r,_y =0 and for k =1,...,n — 2,

n—1
A
S P

l=k+1

3=

(R(q, Veq)es(s, £))  ——  r(s, £),

S|

ri(s) =

with the exception that the sum starts at £ = 0 for rg.

Proof of Remark 4. This is due to three arguments : (1) at the limit, fx(w) = w + o(1/n)
and gx(w) = |gx|(w + wT) + o(1/n), (2) parallel transport along a piecewise geodesic curve
uniformly converges to the parallel transport along the limit curve, and (3) the discrete
curvature term Ry(s) converges to the continuous curvature term R(gq, Vsq)cs(s, £) for all
k. Indeed, let ¢ be the unique piecewise geodesic curve of which « is the discretization,
i.e. c(%) = é(%) =z for all k = 0,...,n and ¢ is a geodesic on each segment [%, %]
Defining
7 ':l(R -I—f(_)(R )+ +f 0.0 (_)(R )) for k=1 n—2

k- n k+1 k+1\{tk+2 cee k+1 n—2\1Itn—-1 PR )

. 1 - - - .
Po 1= E(RO + fé )(R1) + ...+ fé )o.0 f,(l_)Q(Rn_l)) and 7,_1:=0,
the geodesic equations can be written in terms of the vectors 7

Vo' (s) + 7o(s) = 0,

VoVaar(s) + g7 (7r(s)) = 0.

We can show that for any 0 < k </ < n — 2 and any vector w € Ty, , M,
(=) (=) Hik - (=) (=)
> o...ofl (U})*PC” n(w)‘§2|aj71|.fj+lo...o ) (w)’
j=k
41k 2SIy
P ) - P ’”(w)‘.

Since |a; —1|/|7%|*> — 0 when n — oo and n|7y| stays bounded, we have for all 0 < j < n and
n large enough |a; — 1| < %, and using the fact that parallel transport along a piecewise

geodesic curve uniformly converges to the parallel transport along the limit curve, we get

(-) (=) HlE
|fk O"'ofe (w)_PCn n(w)|_>0
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when n — co. Now, denoting by R(s,t) := R(q, Vsq)cs(s,t) the curvature term involved
in the continuous geodesic equations, we have since z;(s) = ¢s(s, £) and [R(X,Y)Z| <
(K- (Y, 2)[1X] + (X, Z)[[Y]) < 2[K] - [X]-[Y]-|Z] by Cauchy Schwarz,

[Ri — R(E) < [Rlgr — a(%), Vsar)zi'| + [R(a(%), Vsar — Vsa(y))ak'|
<lax = a(2) - [Voar| - 21| + |a(E)] - [Vsar — Vsa(£)] - |

Let us show that both summands of this upper bound tend to 0 when n — oco.
g = a()] = [In7al 20y — e (5)] 7 20 (£)

< nmel =2 = e BTV il + e (B)1 72 nm — eo(£)]

Il = le(®)]
172 + Jeu(E)] 172

7| - )
< <|n7k|1/2+|6t(k)|1/2 + led(57)] In7 — ¢ (£)]

fnmel + e () T2 e — e(3))

k %] is close to a geodesic at the limit,

and since the portion of c(s,-) on the segment [,
InTk — c:(£)] — 0 when n — oo, and so does |gx(s) — ¢(£)|. Similarly,

T

)

IVoar — Vsq(£)] = ‘lnTkl_l/Q(nvsTk: —nven ) — e T3 (Ve (B) — AV e ()
< sl 72— Jee ()] Inamad el Va5,

where once again ||n7y,| /2 — |¢;(£)|71/2| = 0 and |nV 74| is bounded. The last term can
be bounded, for n large enough, by

InVsri, — Ve (B)] < [nVeri — n (s (B — ey

n

n))| ‘ CS(:) ’[’L(Cs(kT)H CS(’II'CL))|
—1 I ]
<n“ _bl, |.|CS(T’1)”—CS(:2)‘ n|CtCtCS|OO

1
< E(lvtcS|OO + ‘vtvtcs|oo)a

since Vo7, = (D0’ ) = (zpl — )7 + b;l(xkﬂ' —x3")N and b,;l — 1. Finally, we can
see that

. 1 1 n—2 B B ﬂyo
70(s) = 7o(s)| < ~|Ro = RO+~ D" |f7 00 f7 (Rea) = P (i)
£=0

n—2
1
+ o Z |Resr — R(5E)
=0

goes to 0 when n — oco. We can show in a similar way that |g,(€_)(f’k) — lgr|(re + )| — 0
when n — oo.

Proposition 7 (Discrete exponential map). Let [0,1] 3 s — a(s) = (zo(s),. ..
geodesic path in M1, For all s € [0, 1], the coordinates of its acceleration V4
iteratively computed in the following way

n(8)) be a

, T
a/(s) can be

1 _ _ _
Veae = == (Ro+ f§7 (R) +...+ £ 00 Ty (Ramn))
1 1
Vearsr | = Vo filar)) + fr(Vsar) + ﬁvsgk(vs@c) + Egk(vsvscﬂf) + R 7k, Yie) (i 1),

fork =0,...,n—1, where the Ry,’s are defined as in Proposition 6, the symbol -l denotes
the parallel transport from x11(s) back to xk(s) along the geodesic linking them, the maps
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Vsfr and Vgi are given by Lemma 2, Yy, is given by Equation (18) and
n 1

Vst = (Dra/)k7 stk = |Tk|

1
(vsTk - 2Vs7—kT> ) vsUk: (VsTk - VsTkT) ’

|7k

1 - _ _ _
VoVetr = = 90 (Rirt + S0 (Brsa) + - 4+ 51 000 S5 ()

Proof of Proposition 7. For all s € [0,1], we initialize Vsa'(s) for k = 0 using the first
geodesic equation in (19); the difficulty lies in deducing Vsagi1'(s) from Vai'(s). Just as
we have previously obtained (40), we can obtain by replacing the derivatives with respect
to a by derivatives with respect to s

(43) $k+1/” =z +apa + Vear' + b Veri,

1
l’k+1'” = fi(z') + -~ 9k(Vsaqr),

and by differentiating with respect to s
/| / l 1 1
(44) Vs <$k+1 ) = Vifi(zr') + fr(Vsay') + ﬁvsgk(vsmﬂ) + ﬁgk(vsvsqk)-

We have already computed (38) the covariant derivative of a vector field s — wk+1(s)H €
Ty, (syM and so we can write

Vs(l‘m-l’“) = (Vzpy1') +R(Yka7'k)(1'k+1/“)a

where Y}, is defined by Equation (18). Together with Equation (44), this gives the desired
equation for V5$k+1/‘|. Finally, V7, = (D) results directly from (43), VVgqy is
deduced from the second geodesic equation and the remaining equations follow from simple
computation. O

Proposition 8 (Discrete Jacobi fields). Let [0,1] 5 s — a(s) = (xo(s),...,zn(s)) be a
geodesic path in M™1,[0,1] 2 s — J(s) = (Jo(5),...,Jn(s)) a Jacobi field along o, and
(=0,9) > a— ala,-) a corresponding family of geodesics, in the sense just described. Then
J wverifies the second order differential equations

1 _ - _
V.V = R0’ Jo)ao’ = = (VaRo + [§7 (VaRe) .+ f§7 00 fih(VaRa-1))

n—2 k

B % sz(g_) o0 Va( z(_)) oo fi ) (Risr),

k=0 ¢=0

1
Vo Vedii!l = fl(VeViedi) + 2V fr(Vadi) + VoV fiu(Ji) + ~91(VsVVagr)
2 1
+ Evsgk(vsank) + ngngk(Van) + 2R (7k, Vi) (Vs a1 )

FR(Vorr, Yi) (Tesa ) + R, Vi) (T + R(7x, i) (R(Yk, 7)) (Jsn “)),
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for all 0 < k < n —1, where Ry := R(qr, Vsqr)xr' and the various covariant derivatives
according to a can be expressed as functions of J and V4J,

VaRe = R(Vaak: Veai)xr' + R(aks VsVaak + R(J, 21 V) 2x’ + R(qr, V) Vi,

1 1
Vaqi = E (vaTk - VaTlcT) , VT = (DTJ)kH Vv = — (VaTk - VaTkT) 5
V 7%l 2 |7kl

ViVaak = nge (Vi) + RV, ) (Ji1 1) = Vi fe(T) = fr(VisTi)

+nVo(gx ") (Jopa! = fi( ).
Vi ViVaar = R(Vsxi', Ju)ae + R(xx', Vedi)ae + 2R (x', Ji) Visqi

n—1 n—1 £—1
1 _ _ _
— S T e o SR — - ST S gl oo V() oo )R,
=kt 1 " =k
V.Y, = (szk’)T =+ bk(V xk')N =+ (1 — bk)(<1’k/7 \Y% ’Uk>1)k =+ <.’Kk/,’l)k>vs’l)k) + 8sbk(£€k/)N
1-— 1
+ %(stsTk) + K—— ‘ ‘2 (V V Tk) + 85( W) (V Tk)

1—ay
+ (% - KW) (VsTh, Vsor)vr, + (VsTr, vk) Vo),

with the notation conventions f,gjr)l 0...0 f,g:)l = 1d, Z;:; := 0 and with the maps
Va(£7) () = (Vafi) @) + i (R(Zk ) (wia) )
Vi) (@) = (Vagi) D) + g1 (R(Ze ) (wia) )

Vel(ge ™) (w) = 8 (lar]™)laxl ge~* (w) + lgr| 71 9s (b 1) W
+ k7 (1/2 = b 1) ((w, Veog)ve + (w, vp) V),

g

and
— ag

Z = BT+ bp N+ 3van” +K| e Vari".

Proof of Proposition 8. For all a € (—4,9), a(a,-) verifies the geodesic equations (19). Tak-
ing the covariant derivative of these equations according to a we obtain

n—1
1 _
VaVs0sxg + g E Ve <f(g ) o - ( ) (R(Qka stk)asxk)> =0,
k=0

1= O e
(45) VaVSVSQk + E Z Va <g,(€ ) (¢] f’i+)1 O---0 ( )(R(QZ, qu)asxg)> = O
{=k+1

Since for a =0, V,V0s20 = VsVsJo + R(Jo, Os20)0s 0, we get

n—1
V.Vado = R(@uro, Jo)Oso — >V (#6700 FTN (Rlan, Veg)dsar) ).
and the differentiation .
k—1
Va(fs o0 fiN(RN)) = £5 Vo0 fN(VaR)+ Y fy ) 0oe-0Va(fi ) o w0 f{Z) (Ra)
£=0
gives the desired equation for V4 VJy. Now we will try to deduce ViV Jx11 from (45). If

Jis1!(s) denotes the parallel transport of the vector Jyi1(s) from @gi1(s) back to z(s)
along the geodesic that links them, we know from (40) that

(46) T = frolJi) + %gk(ank)'
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We also know from (38) that
(47) (VoTrs) = V(i) + R(7a, Yi) (Jisa D),
and by iterating
(VsVidir) = Vo (VT )) + R (72, Vi) (Vs Tig))
= Vo Va(Jrs1!) + Vo (R, Yie) (Jea ) + R (71, Vi) (Vs Tisn))

Developping and injecting Equation (46) in the latter gives

(VsVedie) = VoV (fe(Ji)) + %sts (9(Vaar)) + R(Vs7i, Yi) (Jri1!)
+ R (7, Vo Yi) (Joga ) + R(7h, Vi) (R (Vi 7)) (k1) + 2R (7, Vi) (Vs Tog)).

Developping the covariant derivatives V,V (fk(Jk)) and V,V, (gk(Vaqk)) gives the desired
formula. Now let us explicit the different terms involved in these differential equations.
Since VR = 0 and V,0;xr = V0,21, we have

VoRr = R(Vaar, Vsqr)O0str + R(qk, VaVisqr)Ostr + R(qr, Vsqr)Vsr
=R(Vaar, Vear)xr' + R(qk: VsVaaqr + R(J, 21 )ar) 2" + R(qr, Vi) Vi

By taking the inverse of (46) we get
Vaar = gy (Jrar! = fe(Jx)),
and taking the derivative according to s on both sides and injecting Equation (47) gives
ViVaar = 191~ (Veder )+ RV ) (Jea ) = Vs fu(T) — fe(Vi i)
+ 0V (ge ™) (Jeai! = fe( )
To obtain V;V;V,qi, notice that

vsvsank = vsvaVSQk +V; (R(asxkv Jk)‘]k)a
= vaVSVSQk + R(asxka Jk)vsqk + Vs (,R’(as‘rka Jk)qk)7

and injecting Equation (45) with

Valgy o fih oo fill(Re)) =gy o fi1 00 £ (VaRe)

-1
+3 0 0o Va(f ) oo ST (RY),
j=k

gives us the desired formula. VY results from simple differentiation, and differentiating

the maps f,gf) and g,(;) with respect to a is completely analogous to the the computations
of Lemma 3. Finally, the inverse of gy, is given by g, =% : Ty, M — Ty, M,

gt iw e |q;€|71 (b,:lw + (% — b,;l) wT) ,

and since V(w?) = (Vow)T + (w, Vvr)vg + (w, vg) Vsvg, it is straightforward to verify
that V(g ) (1) = V4 (g1~ (w)) — g~ (V) gives

Velge ™) (w) = 95 (larl ™ larl gr " (w) + |gu| s (b ") w™
+ak| ! (1/2 — b;l) (<w, Vsvp) vk + (w,vk>vsvk).
O
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