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Neutron-star magnetospheres are structured by very intense magnetic fields extending from 100 to
10° km traveled by very energetic electrons and positrons with Lorentz factors up to ~ 107. In this
context, particles are forced to travel almost along the magnetic field with very small gyro-motion,

potentially reaching the quantified regime.

We describe the state of Dirac particles in a locally uniform, constant and curved magnetic field
in the approximation that the Larmor radius is very small compared to the radius of curvature of

the magnetic field lines.

We obtain a result that admits the usual relativistic Landau states as a limit of null curvature.
We will describe the radiation of these states, that we call quantum curvature or synchro-curvature

radiation, in an upcoming paper.

I. INTRODUCTION

Electron and positron states with very low momen-
tum perpendicular to the magnetic field have been of
interest in the field of rotating neutron stars magneto-
spheres almost since their discovery in 1968 [1]. Indeed,
the community soon realized that the extremely intense
rotating magnetic fields of those magnetospheres, rang-
ing from ~ 10% Teslas at the surface of old millisecond
pulsars to ~ 10! Teslas at the surface of some mag-
netars with a typical ~ 10® Teslas [2], could generate
extremely large electric-potential gaps along the open
magnetic-field lines ( see e.g. [3] for a review) which in
turn accelerate charged particles to energies only limited
by radiation reaction. It is believed that these magne-
tospheres are mostly filled with electron and positrons
resulting from a cascade of pair creations : pairs are
created by quantum-electrodynamics processes involving
gamma rays, and in turn radiate their kinetic energy in
gamma-rays that make other pairs. The process of radia-
tion is that of an accelerated charge that inspirals around
a curved magnetic field. Because the magnetic field Bis
so intense, the gyro-frequence w = ;—Ji of an electron of
charge —e, mass m and Lorentz factor ~, is so large that
the momentum perpendicular to the local field is dissi-
pated to very low values almost instantaneously because
of synchrotron radiation reaction. It follows that elec-
trons and positrons are believed to remain mostly very
close to the local field line, radiating mostly because of
their motion along the curved field line rather than per-
pendicular to it. Such motion and radiation are described
either by the synchro-curvature regime (see e.g. [4-8])
or the curvature regime [9], depending on whether the
residual perpendicular motion is taken into account or
neglected. With basic energetic arguments one then re-
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alizes that this can lead the particle to fall down in the
quantified regime, both because radiation is efficient and
because the energy levels are large in intense magnetic
fields. This led the community to study transitions be-
tween low-lying Landau levels, see in particular the work
of [10]. However, Landau levels are defined as the states
of an electron in a constant uniform magnetic field and
therefore are unable to produce transitions of momentum
along the magnetic field, no more that they can explain
a curved trajectory of the particle. Additionally, one will
notice that the case of curvature radiation corresponds
to an unphysical motion : a particle of charge e with a
velocity ¢ aligned with the local magnetic field B cannot
undergo the Lorentz force et A é, and therefore cannot
follow the magnetic field line.

Therefore, in this paper our purpose is to generalize
the quantum motion of electrons and positrons to the
motion in a locally uniform, circular and constant mag-
netic field, within the assumption that the radius of cur-
vature is large compared to the Larmor radius. To this
end we found a very precious help in the previous works
about the motion of an electron in a constant uniform
magnetic field by [11], [12] and particularly [13]. Basing
ourselves on the present paper, we will then be able to
derive in an upcoming article the radiation of an electron
on its lowest perpendicular levels, which could be called
quantum synchro-curvature radiation.

We shall start by setting up the symmetries of the
problem in section II, before deriving the solutions for a
Klein-Gordon particle and more generally for the second
order Dirac’s equation in section III. Based on those re-
sults we derive the full set of Dirac’s Hamiltonian proper
states in section IV. Finally in section V we propose an
interpretation of the obtained states.



II. SYMMETRIES

We consider a particle along a circular magnetic field
line of radius p and of axis Z, that we call in the following
the main circle.

Further we assume that the characteristic extension
Ar of the wave function perpendicular to the magnetic
field is very small compared to the radius of curvature.
This, of course, must be checked a posteriori. In this
case one may consider that the magnetic field is locally
homogeneous upon an error of ~ %B .

Within these assumptions we have locally three sym-
metries of the system : one rotation around Z, one rota-
tion around the magnetic-field line and one radial trans-
lation from the magnetic-field line. This generates a solid
torus around the field line. According to Noether’s the-
orem there will be three corresponding conserved quan-
tities, and so three quantum numbers characterizing the
proper states of a particle in such a field, to which one
has to add one for the spin symmetry :

e s that quantizes the orthogonal translation,

e [, that quantizes the rotation around the field line,
e [ that quantizes the rotation around Z,

e ( that accounts for the spin orientation.

The only difference with the assumptions prevailing
in the computation of regular Landau states is that the
invariance by translation along the magnetic field is re-
placed by a rotation around the ¥ axis.

III. SECOND ORDER AND KLEIN-GORDON
SOLUTIONS

In this paper, except otherwise stated, we always as-
sume summation over repeated indices, latin indices for
space components and greek for space-time with a metric
of signature (+ — ——).

We start from Dirac’s Hamiltonian for an electron of
charge —e with minimal coupling to a classical magnetic
field given by a potential A

H = o'P, + Bmc?, (1)

where ¢ = {x,y, 2z} and the generalized impulsion is given
by

B = —ih (ai + i%Ai) . (2)

Dirac’s matrices o' are given in standard representa-
tion (e.g. [14]§20) b

Ar

FIG. 1. Representation of a circular magnetic field line
(green) of radius p, that we call in this paper the main circle.
The blue shadow around the line represents the wave func-
tion of a ground orthogonal level with a characteristic extent
A. The relation between the toroidal coordinates (r, 0, ¢) and
the cartesian coordinates (z,y, z) is also shown.

where the o® are the Pauli matrices :

e E ) P (R Y

We need a coordinate system that makes explicit both
the assumed rotation invariance around axis Z and the
part orthogonal to the magnetic field. Such a system is
given by the "toroidal” coordinates, represented in fig-
ure 1. Toroidal coordinates are related to the cartesian
system (z,y, z) by the homeomorphism

T = TCOoSs ¢
y=cosb(p+rsing) |,  (5)
z =sinf(p + rsin @)

T:(r,0,0) —

where 6 represents the direct angle with respect to the
¥ axis in the (¥, Z) plane. ¢ represents the direct angle
with respect to Z in the plane (f,gj’) of the local frame
(Z,y,Tp) image of (Z,7,Z) by a rotation of § around
Z and r represents the distance to the main circle. In
particular we will need

tig = (0, —sinf,cos0) z - - . (6)

In order to write Dirac’s equation in this system of
coordinates we need to use the Jacobian of T, Jp, given
in by formula (A2) in A.

Then the covariant quantities, and in particular the
impulsion operators transform as follow,

pj = (Jp")ijb (7)



where i’ = {r,0, ¢}.

It is can be shown that Dirac’s Hamiltonian keeps the
same shape as in (1) if we express it with Dirac’s matrices
transformed in a ” contravariant” way (see appendix A 3),
namely

o' =’ (Jp)ij (8)
It follows that Dirac’s Hamiltonian reads
H =o' Py + Bmc®. (9)

We define a suited expression for the magnetic poten-
tial A in toroidal coordinates. Since the magnetic field
is along 8;, A, or Ay are its only non zero components.
Since we impose rotation invariance A does not depend
on 6 and the local quasi-uniformity hypothesis implies
the dependency in r and ¢ should be negligible as long
as r < p, and more precisely on the scale of the wave
function Ar. From the expression of the rotational in
toroidal coordinates given by (A19) in A, a simple po-
tential yielding a constant magnetic field to lowest order
in r/p along Jy is

1
A" =0,A% =0,4% = —5B (10)
Using the metric gr (A10) we obtain the covariant

component

1
Ay = §T2B. (11)
This corresponds to a magnetic field
B =Big+O(r/p). (12)

Let’s remark that this is compatible with the uniform
homogeneous field when p — oo, as required, since the
toroidal coordinates then tend to the cylindrical system.

Following the procedure described in [14], we seek a
second order equation of which solutions include Dirac’s
equation solutions by the taking covariant form of Dirac’s
equation

DU =0 (ey" P, = me?) ¥ =0, (13)
C’y“pu + mc?

One obtains what we call here the second-order Dirac
equation

and applying to it the operator C =

CDV =0 & h20%20 = Hy U, (14)

Where I:IQ is the second-order ” Hamiltonian” which for
the magnetic potential given in (10) is explicitely given
by

H, =

2 2 1 cos ¢ 2 %
(he) [8 FOr + ptr coszb8 Ty 7205 r(p+rcos ¢) <
2iE A%, + S APA, zepii‘sof¢A¢ ’
+W892 — %B . Z — mh2c

(15)

—

where ¥ = (U (_),
0o

standard representation. The full derivation of (15) is
given in B.

Now we notice that the interaction between the mag-
netic field and the state of the electron involves the char-
acteristic magnetic length scale

1/2
(”ﬂ . (16)
eB

Anticipating on the result, we shall consider that A de-
fines the characteristic perpendicular extent of the wave-
function for low-perpendicular-momentum states. This is
backed by the fact that the same magnetic length scale
plays a similar role in the uniform-magnetic-field case

(see e.g. [13], where A\=? is denoted 7).
We can define a dimensionless coordinate x = § and

are the spin % rotation generators in

the parameter € = 2. Following our primary assumptions
we shall consider that ¢ < 1. One can check that this is
particularly well verified in the case of a typical pulsar
magnetic field of intensity B ~ 10® Teslas and curvature
radius p ~ 10* meters

e~10710B 12 p (17)

where py = p/10* and Bg = B/10%. Notice it could also
be true in large particle accelerators, because of the soft
(square-root) dependance on the magnetic-field intensity.
We can now give a quantitative meaning to the as-
sumption of low perpendicular momentum, that is

Oy ~ 0y < e 1. (18)

The longitudinal momentum can be larger. However
we assume that

dp < €732, (19)

and justify this approximation at the end of this section,
where (46) translates in terms of maximum Lorentz fac-
tor the above approximation.

We now rewrite H (15) in terms of z, € and A keeping
only the lowest order terms in €

Hy =
(5)? [02 + L0, + 4 322 +2i0,— 2> (20)
+292, — 2y - % — }+Q()

Compared to (15) the rightmost term of the two first
lines have vanished and we used the fact that

p+r sm¢

s +0O (6 ) to simplify the others. The eigen problem
of operator (20) is separable, which would not have been
the case if we had considered 9y > €=3/2 since we would
have to take into account an additional 2e3x cos ¢p9%,. It
is also worth noticing that, as expected, this equation is
very similar to the one found when solving the uniform
field problem in cylindrical coordinates (see [13]).



Our symmetry requirements impose that the sought
states be proper states not only of the Dirac Hamiltonian
but also of two rotation generators

Jo = —ihdy + =ilp - %, (21)
Jp = —ihidyg + =%y, (22)
where Jp is the angular-momentum operator around the
magnetic field centered on the main circle and J, is the
angular-momentum around the axis of the main circle.
These operators commute exactly, while commutation
with the Dirac Hamiltonian is ensured to order € ,
o, .| =0, (23)
1.0, = O o). (24)

This leads to consider proper states of both operators
which are of the form

. _ 1 ijy ¢+ibl
Xy .. (0,0) = ze+ !
_i0 i _ie 0 i _i¢
e"2 (bie2 +bye 2 | —e2 [bie2 —boe™ 2
0 i _i¢ 0 i _i¢
e”2 (bie2 +bye 2 | +e2 (be2 —boe™ 2 ,
0 i _i¢ 0 i _i¢
e 2(b362 + bye 2)—62 (b3€2—b4€ 2)

e~ 7 (b3€ 2 + bye” %) + e? (bge% — b4€_%)

where by, ba, b3, by are constants of ¢ and 6, and hj,

and Rl are the proper values of Jp and J, respectlvely

lj and j. are half-integers ... — 3, -2, 2.3 ..

We seek a solution to the eigen problem
HyU = B, (26)

where one can show that £ £ are also a proper energies
of the Dirac Hamiltonian H. We seek a solution of the
problem (26) with the help of the ansatz

\IJ('/E)G?(M = X(9,¢)@($) (27)

Inserting this ansatz into (26) one gets for x an eigen
problem of the form

(203: — - ) x(0,0) = ~Cox(0),  (28)

where Cy is a constant. As expected, the operator on the
left hand side of equation (28) commutes with J, and
Jy. Therefore X is necessarily a combination of xi, ;, -
Moreover, it is ca be shown that the operator in (28) is
degenerate with respect to j. but not to /. Therefore

we have that
0 ¢) = Z Xiyj.g. (0, 9), (29)
Ji

where each x;, ;, has a different set of unknowns (b;) =

(b7+), i ranging from 1 to 4.

However, we notice that a solution of (28) can be
found with a combination of only two states, x(0,$) =
Xty.ji—1+ X4, if for a given j, one takes bj* = by" =

bt = bt =0, giving

X(6,6) = eii0cito

—i¢ (1ji-1 j -1 j
1 J L J L 7 J L J L
e "2 (b +by ) —e'z (b — by
—;8 jp—1 j i 2 jp—1 j
1 J L J L 1 J L J L
e "2 (byt byt )+t (b — by ., (30)
_;8 1 —1 i i 2 1 —1 i
1 J L J 1L 7 J L J L
e "2 (by " 4by ) —e'2 (by — by

e—i% bg)}*l + bZLL bgj}*l _ bil
where we define [;, = j, — % With this choice, [ is
no longer the exact angular momentum, it will however
simplify upcoming calculations and allow a direct com-
parison with the uniform case as presented in [13]. We
will give its exact meaning in section (V).

Then, x is a solution provided that the remaining free

coeflicients satisfy the following systems, obtained after
inserting (30) back into (28) ,

M, béi =0 31
0 bJL71 5 ( )
1,3

where Mjy is defined by the matrix coefficients

Mpyy = —€*(21 + 1) - 4(2 — Cy),
Myyy = —(1 — 2l||)2€2 - 4(2 — Cy),
Myoy = —(1 — 21”)262 +4(Cp + 2).

This system has a none trivial solution only if

0_1 2.2 2 /12 4

which leads to the solution coefficients
b;}% =cio (2 — l”e2 +o lﬁe4 + 4) , (34)

M, = (20 boyfibt+4), (39)

where ¢; and ¢y are for now arbitrary constants describ-

ing the two proper spaces found for (béL,beﬂ) (two

first lines of ) and (bfﬁ,b?j*l) (two last lines of x) re-
spectively. The number o = +1 distinguishes two classes
of solutions that we shall denote 1= +1 and |= —1 for
reasons that will become obvious when we see its physical
meaning in section V.

Let’s now solve the equation for ®(z). After inserting
our ansatz (27) including the previously found expression
for x, we get the equation

l2

(a% + =0y — ; — 2% - 21L) O(z) = —C, (), (36)



where C; is a constant to be determined. We give the
detailed resolution of this equation in C, where we find
that

®(z) = ot e~ L1 (2?) (37)

Cw=4(n+;>, (38)

where L. is a generalized Laguerre polynomial of degree
s as defined in [15] (§18.5) by

S

L) =S Wi Ui i (g9

P (s —a)la!

where (a), =T'(a 4+ n)/T'(a) is a Pochhammer’s symbol.

Besides, n = s+1 is the primary perpendicular quan-
tum number, s is a positive integer and the perpendicu-
lar angular momentum must be positive or null /; > 0 to
ensure that the wave function vanishes at infinity and is
square-integrable. We will come back later to the inter-
pretation of these quantum numbers. Notice that we use
the same notations as in [13] for the uniform-magnetic-
field case, where the radial dependency has exactly the
same form but is expressed with a different coordinate
system. Notice as well that (37) is proportional to a nor-
malization constant that we dropped here for simplicity.
Normalization will be determined farther on.

Putting the whole ¥ back into the main equation (26),
we get the proper energies

E?=m2ct + P (Cu+CY) (40)
- x 0/

which develops as

hw, 1 hew,
2 c c
E =+mec {1+2m62 <n+2>—|—0m02 1+ (e2))?
MmN 1 \|°
() Go)] .

where w, = % is the cyclotron pulsation and €2 = %

is the pulsation of the circular trajectory.

Proper functions ¥ and proper values E? are the exact
solutions of eigen problem of the approximated operator
H, (20). However, our approximations do not allow us
to take meaningfully into account terms of order ¢ and
higher. At this order, the complete solutions of the sec-
ond order eigen problem (26) is explicitly given by

22 . .

\PQ(I707¢) - 4I1L67% iL (IQ)GZlHGGled)
0

o —ig

+eit
e’ 2

o @

cf (oe
i
oe "z
—it 0

c§ (oe™'2 +e'2

Y
oge 'z

1 0\
E = +mdc? 1—&—2hwC n+ to + sy 2,
mc? 2 mc? I

(43)
where in such a development, one has to remind that [
can be of order e~!. In this limit we obtain degenerate
states : indeed states with n,o = +1 have the same en-
ergy as states with numbers n + 1,06 = —1. The only
exception is for what we will from now on call the per-
pendicular fundamental state : n = 0,0 = —1, which is
non-degenerate.

Before going farther, let’s notice that we already ob-
tained the solution of the Klein-Gordon equation for
an electron in a circular magnetic field. Indeed, Ho
corresponds to the Klein-Gordon ”Hamiltonian” plus a
spin term g - X . Neglecting this term it comes that
x(0,¢) = e1%e+¢ and the proper states of energy (43)
are given by

) . 22
Uka(z,0,0) = ellfeiledgle =" [1r(22), (44)

We now justify a posteriori approximation (19). As-
suming as in typical pulsar magnetospheres that the
motion is dominated by the momentum along the field
and that particles are ultra-relativistic with a classical
Lorentz factor v > 1 we obtain, using equation (43),

E =~mc® =l + O (lll) . (45)

This allows to translate approximation (19) in terms of
a limit on the Lorentz factor

v < 610052 B34, (46)

compatible with a variety of pulsar magnetospheres sit-
uations. We briefly come back to the interpretation in
terms of possible drifts at the end of section V.

IV. DIRAC’S EQUATION SOLUTIONS
A. General solution

It is can be shown from the derivation of the second
order equation (14) that from any second-order solution
a first-order solution can be obtained by applying the C
operator to it like

\I/(Z',e,(b) = ée_i%t\PQ(m7ea¢)' (47)

This is the approach suggested in [14]. However, fol-
lowing naively this procedure leads to obtain as many
first order solutions as second order solutions while there
should be half as many. One can check that we now
have 4 independent second-order solutions for each triplet
(n,11,1)), two for each value of o, as shown in equations
(34) and (35). Moreover, one can check that the obtained

second-order solutions are neither directly solutions of C



or of D which implies that proper states for a given en-
ergy must be linear combinations of the second order
solutions.

We are going to show that such solutions can be ob-
tained using the combination

i E
U=e""" (Ugy, 1 omr1+ Vo, o=1), (48)

2
E = +mc? 1+2hwcn+ Lt 12. (49)
2 mc? I

mc

The state ¥ above is thus defined by the superposi-
tion of two states having the same quantum number s.
The proper energy (49) can be equivalently defined as
E21L,1,o_:+1 or Ezll,(,:,l. We chose the second option
n (49). Remark that as such ¥ is undefined for [, = 0.
Prescribing that W9; __; = 0, we find the perpendicular
fundamental state as the particular case Ws—g;, —0,

One can show that solving the equation DU = 0
amounts to solve the linear problem

MD + = Oa (50)

Calculations to obtain the matrix Mp are lengthy but
appeal to relatively simple operations for which a formal
calculation engine can be helpful. We consider the details
of it would be of little interest for the reader, for this
reason we give here only the main steps. It goes as follow

e Divide by the following common factor to isolate
the ”spinor part” of the equation

S = D\Il/(eil”eei(ufl)d’zliefé) =0. (51)

e The remaining function can be expanded on the
basis of the four orthogonal functions : (e‘”%ebi‘z’),

where ¢ = £1 and b = {0, 1}. Taking into account
the four spinor components, labeled by j hereafter,
this gives us 16 coefficients depending on the four
unknowns (¢}, ¢5, ¢l el that we call s;,,. It fol-
lows that the equation DU = 0 reduces to a linear
system of 16 equations

V4,Va, Vb, .45 = 0. (52)

Notice that, at this stage, the coefficients still de-
pend on functions of x .

e A lot of these equations are actually equivalent.
The coefficients with a = +1 are proportional to
coefficients with ¢ = —1 for any given doublet (4, b).
Also notice that the components of the spinor are
related two by two : S14p X 5243 and s34p X
84,4, for all @ and b. Finally, there are only four a

priori independent equations. To fix ideas, we will
go on with the system

s1,110 = 0
s31,10 = 0
110 = 0 (53)
s310 = 0
e Using the two relations
LlHt(z?) = Lot (2?) + LI (22), (54)
it (x2) _ (1 + ll)LéL_H(J?) - xQ’ Li:L—-il_Q(xQ) (55)
s (s +1 + 1)

which can be derived from the Laguerre-polynomial
recurrence relations given in [15] §18.9, one shows
that s111 and s31,1 are proportional to zLl+*+1
while s1 10 and s31 o are proportional to L.

e It follows from the previous point that after divid-
ing each equation by its respective x polynomial as
well as 2hic/\ (to make it dimensionless), the sys-
tem (53) gives (50) with

Mp =
E—mdc? .
Fic/X EZH , 0 21
-y -HEEE 2 0 . (56)
0 —2i(l+n) Zzme g
2i(1 +n) 0 T E;c’}lfz

The determinant of Mp is null which means, as ex-
pected, that the kernel of Mp is not empty. One finds
two independent solutions given by

1 E—i—mc2 T
(%) = he/A | and (?) =2n (0) . (57)
Co —EZH Cy 1

4 —el T ;

‘1) = 1) and (Cl> =2n (Z> 58
(&) (E,;CT; ) 4 o)

Notice that the perpendicular fundamental state comes
out naturally from the two solutions (57) and (58). In-
deed, for n = 0 the o =1 coefficients vanish, and the en-

ergy becomes E = mc?(/1 + (5% )2 lﬁ. Then the two so-

lutions are proportional, as expected from the non degen-
eracy of the perpendicular fundamental, since one finds

E—mc?

(58) by simply multiplying (57) by — =~ 7+ The two so-

lutions (57) and (58) correspond to two spin states that
we shall respectively label by ( = —1 and ( = +1. Some
more details will be given in section V.

B. Normalization

We now have obtained the three parts of the wave func-
tion. We still need to impose normalization with

4
/ dP*ED W, =1. (59)
1=1



We need the Jacobian determinant of the toroidal co-
ordinates

3% = |r(p+rsing)|dr do de . (60)

Expressing it as a function of the dimensionless variable

z,

@7 = Np|z(1 + exsin ¢)| dz df dg (61)

it becomes obvious that the sin ¢ term can be removed
at lowest order in e.
For the integration over x the following integral [15]

oo 2 !
/70 22e™™ [Lls (xQ)]Qxda: = 7(32_:!” (62)

is useful.
We get the normalization

VY'LCZ 2
N = 47r\/pA2 (”_”!«Eﬁ“?s), ) (6)

C. Complete proper states

Eventually the proper states of a particle of energy E
(49) in a toroidal magnetic field can be explicitly given
by

U= %6_§eillleei(ll_%)¢ (e—i%le—lLiJ__l (.232) XZ(H)
teifpli Ll (z?) X‘CL(H))

(64)
The two x¢ spinors are explicitly given by
LB — 5 ) (—e 7' et
1+¢ E4me® _ 1—¢ —ig i5
s Ren —ozoel) (—eTt e (65)
‘ —Heey + 1R BT ) (—e T 4
— Ll + L Eeme ) (—emif —eif
8 (et et
1 1;2C 671‘% - eig
Xe = 2ni 1 (il | it (66)
2

One can see that the constant uniform-magnetic-field
case can be recovered by taking the limit p — oo in
(64) after having performed the replacements : 0 — z/p,
I — pk* where 7 is the axis along the magnetic field and
k* is the associated wave number.

=
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FIG. 2. Left panel : probability density of detecting an elec-
tron in a state s = 1,/ = 1 in a plane orthogonal to the
magnetic-field line of radius p. The color goes from blue (in-
ner part of each ring), spin aligned with the magnetic field, to
red (outer part of each ring), spin anti-aligned. Here the par-
allel motion is small, [ S e~ ! such that both spin components
are almost equally important. In the case of a relativistic par-
allel motion, I > ¢!, only the anti-aligned (red) component
plays a significant role as one can see from equation (64),
(65) and (66). Right panel : representation of a family of
off-centered classical trajectories defined by a = 1.5 where a
is defined in (D22).

V. INTERPRETATION OF THE QUANTUM
NUMBERS

In this section we always consider an electron state
(positive energy) to simplify the discussion without any
loss of generality.

The parallel quantum number [ quantifies, by con-
struction, the angular momentum around the & axis.
From the expression of the proper energy we can also
interpret A as the "component” of the energy corre-
sponding to the motion along the magnetic field.

We move on to interpreting the perpendicular motion.
Our treatment is similar to that of [13]. The energy of the
motion perpendicular to the magnetic field is quantified
by the quantum number n = s+ [,. It can be inter-
preted as the quantification of the square of the radius
of the trajectory of the electron since the classical gyro-
radius can be expressed as 1y = py /(mw.) with p; the
perpendicular momentum and, in case of a purely per-
pendicular motion, E? = p? + m?c*. We see below that
this assertion can be very quickly proven in the classical
limit in the particular case n =1, .

As we saw in the previous section the wave function
is not defined for a strictly negative [;. From a classi-
cal point of view this is easily understandable since [
quantifies the angular momentum around the local axis
of the magnetic field. Therefore, [, > 0 corresponds to
a rotation in the direct sense, which is the orientation
that an electron takes under the action of the classical
Lorentz force ¥ A B, where ¥ is the speed of the electron.

Going a little bit deeper, one can show that the so-
lution (64) is a proper state of the angular momentum



around the magnetic field J, of proper value i (I, — 1/2).
This means that the perpendicular fundamental has a
negative angular momentum of —%/2. However, it does
not mean that the electron classically turns backwards
around the magnetic field, but rather that the spin is
oriented backward, while the orbital angular momentum
is zero. Indeed, one can show that the spinors x¢ are
proper states of the operator of projection of the spin
onto the main circle of the magnetic field, %ﬁg ) (the

spin part of jg), with proper values fioc /2. We here justify
the notation 1 or | for 0 = +1 as meaning that the spin
is aligned or anti-aligned with the magnetic field. The
perpendicular fundamental state is thus the only purely
anti-aligned state, as we will see. Since it has no orbital
momentum, one cannot interpret the trajectory of the
particle following the magnetic field as the result of the
classical Lorentz force but rather as a strictly quantum
phenomenon of the interaction between spin and mag-
netic field. States with n > 0 (i.e. I >0 or s >0 ) are
in a superposed spin state, both aligned and anti-aligned
with the magnetic field which results into a degeneracy
into two states parametrized by (. It is in theory possible
to find measurable quantities, hermitian operators that
commute with the Hamiltonian, such that this degener-
acy would be lifted and the spin orientation fixed (see
e.g. [13] or [16] for possibilities in the case of a uniform
homogeneous magnetic field). However, it is usually im-
possible to determine the state of the spin, in particular
in astrophysics. We therefore prefer to consider the most
general case in which a state of energy F is the super-
position of the two ¢ states of (64) combined through a
mixing angle 7 ,

U = cos(n)We=—1 +sin(n)Pe=y. (67)

Parametrization by such an angle takes into account the
constrain of having a norm of the final state that is still
one. Notice that it is impossible to form a purely aligned
or anti-aligned state for any value of the mixing angle, as
we previously stated.

We now explain the role of the quantum numbers s and
11 and why their role in the energy is degenerated. First
consider an electron with s = 0, then the radial part of
the wave function (64) is merely e~ 220 where p =
11 —1 for the anti-aligned term and p = [, for the aligned
term. Now, this function is peaked at x, = \/p with an
amplitude at the peak of pP. This means that, apart for
the perpendicular fundamental, the electron always has
a double orbit : one of aligned spin and, a bit further,
one of anti-aligned spin, as shown in figure 2.

Considering a high value of the perpendicular angular
momentum one can quickly recover classical results anal-
ogous to the uniform magnetic field case. For simplicity
we will consider that momentum along the field is zero,
l) = 0. From the previous discussion the particle orbits

at a distance 7, ~ A/l . Expressing [, as a function of

the energy one gets

FE2 _ m2ct
l, = ———. 68
+ 2me? hw, (68)
In the classical limit the numerator simply identifies with
the square of the perpendicular momentum of the par-
ticle p2 . Inserting (68) into r,, we obtain the classical
(relativistic) Larmor radius :

po— DL

9 eB
This is in agreement with the more general result given
above. Moreover, it confirms that the typical extent of
the wave-function can be taken to be the gyro-radius, at
least for high enough quantum numbers, and approxima-
tion (18) can we written in a more intuitive way

rg L p (70)

(69)

Tp =

Similarly, one finds that the group velocity of a wave-
packet, vy = ‘g—‘,’:, can be found after identifying w = E/h
and k =1, /rp: vy = rpw./y withy = E/(mc?). We here
recognize the classical relativistic gyro-frequency w. /v of
an electron in a uniform magnetic field.

Now, for a same energy we may as well have states of
lower [, and higher s. This degeneracy also appears, to
some extent, in the classical treatment of this problem.
Since the radial part of the motion is mostly identical
to the uniform-magnetic-field case, we can use the later
to better understand the former. We developed in D
the Newtonian solution of the uniform problem based
on the Hamilton-Jacobi formalism which, because of its
parenting with quantum mechanics, allows a formulation
in similar terms. In particular, it is found that there are
two terms in the perpendicular energy : one related with
the angular momentum (noted pp in the classical case)
and the other to a shift of distance rg of the center of the
trajectory with respect to the origin of the coordinate.
This is summarized in formula (D33) recalled here,

1
E = ppw. + imrng. (71)

We will follow that guide. If [ obviously corresponds
to the angular-momentum, py term, we can show that
s corresponds to the second term. The position of the
center of the trajectory given by equation (D31) can be
generalized as the operator
Ty =1+ LPA (72)

mwe f‘

Where 7 is the position operator, f)’ the impulsion and

J the angular momentum with respect to the coordinate

origin. For our set of solutions J = Jg and the previous
operator simplifies to the two components

oy g (73)
mwe
Wo=19 + -0, (74)

mwe



where (z,y’) are the coordinates locally perpendicular to

the magnetic field as defined in figure 1. From that, an
~2

operator 73 = &3 + v/, is readily obtained. Using the

dimensionless coordinate z = r/A

1 1

2 2,2 2 2 .

Ty = A (x — 8932 — ;az — ﬁad)z + 27/84;) s (75)
where one recognizes the radial part of the second order
equation previously solved (see (36) or (C3) ) except for
the 0y term which sign is reversed. From that observation
it is straightforward to see that the proper values of 72
are

r2 = 4X3(s + %). (76)

The % term comes from the spin interaction that broad-
ens the orbits as we saw previously. Now interpreting
the trajectory as an off-centered circle obviously breaks
the assumed rotation invariance around the coordinate
center. This apparent paradoxe is solved by considering
that a proper wave-function is analogous not to a single
classical trajectory but to the set of all the trajectories
corresponding to the invariants of motion defining the
proper state : n or the perpendicular energy and [, or
the perpendicular angular momentum. We see from the
expression of the trajectory (D20) that this set is clas-
sically parametrized by the constant of integration 6.
This constant is defined by the initial conditions of the
motion, and sets the position of the center of trajectory
on the circle of radius rg centered on the main circle.
Then it is obvious that this set is invariant by rotation,
as shown in figure 2. Thus, we recover the interpretation
of s as characterizing the radial symmetry assumed in
section II.

One notices that in the present solution, the parti-
cle remains localized around the magnetic-field line, and
therefore there is no drift perpendicular to the line as
in the classical theory where the drift is due to the cen-
trifugal force (see e.g. [8]). This is justified by the fact
that we considered only the lowest perpendicular states
and a "moderate” longitudinal momentum (19) that al-
lows us to neglect coupling terms between longitudinal
motion (Jy terms) and perpendicular motion (z, 9, and
0y terms). We notice that several works on the classical
theory of synchro-curvature radiation ( for example [4—
7]) did not take this drift into account either, and this
approximation is widely used for lepton trajectories in
pulsar magnetospheres even with Lorentz factors largely
above the limit given in (46). Besides, in [8] the authors
show that the effect on radiation of the drift classically
results in an effective radius of curvature.

VI. CONCLUSION

In this paper we were able to generalize the relativistic
Landau states to the case of circular magnetic field (64),

in the approximation that the curvature radius is large
compared to the Larmor radius of the particle while the
momentum along the field is not excessively large ((18)
or (70) and (19) ). Our main interest is for applica-
tions to the very intense magnetic fields around rotating
neutron stars, pulsars and magnetars, in which radiation
from very low perpendicular momentum electrons and
positrons is believed to be ubiquitous. In an upcoming
paper, we will address the problem of radiations from
transitions between the states derived in the present pa-
per. We could call them quantum curvature radiation for
transitions involving only the ground perpendicular state
and more generally quantum synchro-curvature radiation
(see e.g. [4]).

Appendix A: Toroidal coordinates toolbox

The toroidal coordinates are defined by the following
diffeomorphism T

r x 7 COS ¢
T:{0| = |y]| =[cosb(p+rsing) |, (A1)
o) z sin@(p + rsin ¢)

such that surfaces of constant r are torii centered on the
circle of radius p > 0.

The primed quantities denote quantities in the basis
(aT aT aT).

or 90 9¢

1. Jacobian

The Jacobian of this coordinate system is

Cos ¢ 0 —rsin ¢
Jr = | cosfsing —sinf(p+rsing) rcosfcos¢ |,
sinfsing cosf(p+rsing) rsindcosd

(A2)

with determinant det Jr = —r(p 4 rsin¢), and inverse

cos¢ cosfsing sinfsin ¢

J71 _ 0 _ sinﬁ@ CosiH A3

O NN G T (A%
K I T

2. Transformation of covariant quantities

Covariant quantities transform like A; — A

A =1JrA e Al = (Jr)ji A ,
A=A & A = (J5h)A).

(A4)
(A5)



Here is an example with the derivation operators ,

sin ¢

Oy = c0s pO, — . 0s, (A6)
) sin 6 cos @ cos ¢

0y = cos 0sin ¢p0, — ot rsing (] Op(AT)
. . cosf sin 6 cos ¢

0, = sinfsin @0, + P B " 04.(A8)

The Minkowski metric n = (1,—1, —1,—1) transforms
according to

10
MT = <0 JT) ’ (Ag)
which gives
10 0 0
o 10 -1 0 0
= "MrgeMr =1 o _()4rsing)? 0
0 0 0 —r?
(A10)

3. Transformation of contravariant quantities

Contravariant quantities transform like A" — A"’

A= JAe A = (J7Y gAY,
A=JpA & A = (Jp),; A”.

(A11)
(A12)

This is the case for example of the magnetic potential or
of the Dirac matrices v (which are not really contravari-
ant but we use this type of transformation i the text). In
particular,

a” = cos pa” + cos O sin pa? + sin O sin pa®,  (A13)
1

af = S remd (—sinfa? + cosba®), (A14)

o — _sinanl, . cosHCOS(/)ay n Sin9005¢az('A15)

r T

4. Transformation of differential operators
a. Laplacian

The Laplacian is needed for the kinetic part of the
second order Dirac equation,

V3 = ol (0 (r o+ rsing] 8,) +
T r|p+rsm¢5 (A]_G)

O (g o) + 06 (122220, ))

Practically, we always have p+7rsin ¢ > 0 in this paper.
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b. Divergence

The divergence can be used to derive the second order
Dirac equation and is given by

1
ot rand)]
Dy (|r(p + rsin @) A’9> +

0y (|r(p + rsing)| A’¢>) .

Vr-A = (O (Ir(p+rsing)| A") +

(A17)

c. Rotational of covariant components

We need the rotational of the magnetic covariant vec-
tor which gives the magnetic field

B = (Vp A (A)", (A18)
which explicitly reads
Br = - (- letrsntly, 4 25ing) A%+
_r ¢ ’
|pér7‘sin [ 8914 L . 4
. el (7054 - (2+709,)A%) . (A19)
B? = " rlp+rsin ] (789‘4 +

(2008¢\p+rsin¢| + |p+rsin¢|28r) A9) '

Appendix B: Second-order Dirac equation in
toroidal coordinates

Greek indices are used for Minskowski space-time of
metric signature (+ — ——) while latin indices are used
for the spatial part only. 0., represents the Minkowski
metric, €% the fully antisymetric (Ricci) pseudo-tensor,
1 represents the identity.

We start with the derivation of the second-order Dirac
equation in Cartesian coordinates and then turn it into
toroidal coordinates. We take into account the coupling
of an electron of charge —e to a classical electrgmagnetic

field defined by a four-potential (A*) = (® /¢, A) through
the covariant derivative defined as

D, = <au + ;eA“> . (B1)

For convenience we use the natural units such that i =
¢ = 1. Then the Dirac equation reads

(iv*Dy, —me) ¥ = 0, (B2)

on which we apply the ”squaring” operator

(iv*D,, + me).
The second-order Dirac equation then takes the form

—((v"Du) (D) +m?) ¥ = 0. (B3)



Developing the kinetic part one finds
(v"Dy) (v"Dy) = (8“% + (ie)ZA“AN)+ie{’y"AH, v O, },
(B4)
where
{’)ﬂuAua ’YVBV} = {7“7 PYV}A;LaV + fyyfyuau (AM) ) (B5)
and where
1
710 (A) = 5 V70 (Av) + 97770, (A)] - (B6)
1
= - V" (0,4, — 0, AL) + 20" 0, A, .

2
Using the identities

{27} =291, (B7)
’)/l’}/j = _5ij — iéijkzk, (BS)
7yt = al, (B9)
and recognizing the electromagnetic field tensor,
F,, =0,A, —0,A,, (B10)

from which we get the contravariant components of the
electric and magnetic fields (see e.g. [17])

E' = Fy = —Fy,
Bi — Giijjk,

(B11)
(B12)

we get
VD, (A,) = —d - E —ix* TRgA; 4200, A,.
N—_——

curl(A)k=BF
(B13)
The anti-commutator (B5) then becomes

1 L
{74,700} = 2410, + 50, A")~G- E—iB-5. (Bl4)

Inserting (B14) back into (B4), and reorganizing the
terms a little we obtain

(v*Dy) (v*D,) =

e 1 e2
010, + 2i— (A", + =0, A") — —AMA ) -
( I h( I 2 M h2 H : (B15)

(au+i%A;L)2
ied-E+eB-X

from what we get the same expression for the second-
order Dirac equation as in [14] (One will pay attention
that in Cartesian coordinates A, = —A" and that the
usual magnetic potential A is defined as a contravariant
quantity. With the metric signature used here : A% =
(I)/C = Ao.),

- ZzG{z,y,z} (893 + Z%Az)2 -
U =0

|o
2
w51
Jr

&

M

_|_
3[\)

(B16)
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We now switch to another spatial coordinate system
denoted by primes, with the only assumption that this
system is orthogonal. The Jacobian of the transforma-
tion is given by (J¥). In (B17) we separate the time
components from the space components,

(’Y“Dﬂ) (’YVDI/) = (at + 7:6@)2 — v
(A’ _ 21% (Aﬂaz/ + %v/ . E/) + %A”Ag) _ (Bl?)
ied - E —+ eé . i

Where A, = JYA; and A’,V’'- represent the Lapla-
cian and the divergence in the primed system of coordi-
nates. We have used the orthogonality of J;; to eliminate
cross terms. If only spatial coordinates change the elec-
tric field E here transforms like a covariant vector and
@ like a contravariant quantity (as shown in the text)
such that @ - E = @ - E'. The rules of transformation
of the magnetic field are less straighforward and it might
be simpler to just express it as a function of the primed
variables without changing its basis. That is the choice
of this paper.

In the case proposed in this paper, we use the toroidal
coordinates defined in A, with a Laplacian and a di-
vergence respectively given by (A16) and (A17). The
magnetic potential is assumed to be only along the third
direction : A’ = (0,0, A%?). All replacements made we
obtain

(1) [~ 02
OF + 300 + rreanay O + 72052~
2C A0, + GAPA, — B -5 — m

72
cos ¢ sin ¢ . rsing _
p+r cosqﬁa’“ " r(ptrcosd) 8¢ —we A¢:| =0

p+rcos ¢

(B18)

The non-negligible (see the text) Laplacian terms are

on the second line. The terms involving the magnetic

potential are on the third line. All the terms on the

fourth line are neglected in this paper, the two leftmost

terms coming from the Laplacian and the rightmost term
being the divergence.

Appendix C: Resolution of the radial differential
equation

In this appendix, we develop the detailed solution of
the differential equation (36) giving the radial depen-
dency of the proper states of Dirac’s equation. Here we
recall the equation

(C1)
Where —C' is the proper value of the equation, to be
determined.
Assuming the following form for f :

f(z, ) = *%g(x) (C2)



And inserting it into (C3) we obtain
o+ io,— & o _a2ic =0 C3
%t 0, o 26024 0) o) =0 (C3)
We notice that
02 18 _ 1 0% (Vr L C4
b2+ 0 g(x) = z ( 559(95))4‘@9(35), (C4)
which once put into (C3) gives the following form

1
i—&

o2 (vag(w) + (4

— 26— a2 + C) (Vzg(z)) = 0.
(C5)

Here we recognize the differential equation giving gen-
eralized Laguerre functions given in [15], table 18.8.1,

1 2
(@2+4xff—x?+@+aa+2>h@):a (C6)

where « is a real parameter stritly larger than —1, s a
positive integer and the solution h is

22

h(z) =e 2 xo‘Jrl/QLga)(xZ). (Cn

Identifying o and C in (C5) we find

NN AEES
a‘{ €] if J¢] > 1 (C8)
and
[ ds2(eE e +2if [¢ <1
C_{4s+2(€+|§|)+2if|€|21' (©9)

Finally the solutions of equation (C3) are

) 22
f(z,¢) = e*%e™ Tz L (22). (C10)
In the specific case of this paper we have £ = [;.
Therefore we obtain
+ 1ifl =1
- 2 2
“= { |l1| otherwise (C11)
and
_ 4s +2 ifl; <0
C—{4(s+u)+2 ity >0 (C12)

Appendix D: Resolution of the Newtonian
Hamilton-Jacobi problem of an electron in a
constant uniform magnetic field

We work out the general solution, without assuming
the center of motion, of the motion of an electron in
a uniform constant magnetic field in polar coordinates
using the Hamilton-Jacobi formalism of Newtonian me-
chanics. Although heavy, this way of obtaining a com-
mon result is interesting in view of the comparison with
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the quantum mechanical result, given the parenting be-
tween the Hamilton-Jacobi formalism and Hamiltonian
quantum mechanics.

Without loss of generality we restrict ourselves to a
plane motion with polar coordinates (r,6). The position
vector 7 and the velocity 7 are then expressed in the polar
basis (i, dg) by

Ty, (D1)
(D2)

=
I

’/‘LZ fﬁr + ’/‘éﬁg.

The link with cartesian coordinates comes with u, =
(cosf,sinf) and @y = (—sinb, cosh).

We choose to write the magnetic potential giving a field

of flux intensity B orthogonal to the plane of motion in
a symmetric gauge with

o1
A= *’I“B’l_j@.

5 (D3)

Then the Lagrangian of an electron of charge —e is
given by
Lo o 12 Ly
L= im(r + (r9)*) — zer 0B. (D4)
We readily see that 6 is a cyclic coordinate as only its
derivative participates in the Lagrangian. Therefore, its
conjugate momentum is a constant of motion

oL 9
Po = — =mr
00 (
Notice that pg is actually the angular momentum of the
particle.
We may now define the typical time scale T and length

. wC

). (D5)

scale A
-1
eB
2= — D6
@ =(52) (06)
2
A= 22 (D7)
MW
which define an energy scale
e =m(w./2)% (D8)
We switch now to dimensionless coordinates
r—ox=r/\ (D9)
tor= %t, (D10)
and to a dimensionless Lagrangian
~ 1
L=Lje=3 (x’2 T+ x2)) ~1-2%,  (DI1)

where ’ denotes the derivation with respect to 7 while
was with respect to t.
The momentum conjugated to x is simply

ok _ (D12)



The Legendre transform of L gives us the correspond-
ing Hamiltonian

. = 1 1
H:pzx’+p99’—L:2(pi+962+2—|—x2), (D13)

where we made obvious that § was an ignorable coordi-
nate by using (D5) to get that ' = 1/22 +1 .

Let’s now introduce the Hamilton characteristic func-
tion W (see e.g. [18]), of which we consider only the z
dependence. We get the following Hamilton-Jacobi equa-
tion

ow 1

2
() +— +2+2” =2E, (D14)
X

ox

where E = E /e is the dimensionless energy of the sys-
tem. It follows that one gets the following Hamilton func-

tion
~ 1
W::I:/dm\/E—z—2—x2.
T

Choosing FE as the new momentum we get that its
conjugate coordinate is :

(D15)

ow d
Qp = ~::t/ I (D16)
OF 2/E- Lk —2-a
which integrates as
1 a— x2
5 = t—arctan | ————— D17
Qg = yoremn (bt ) 017

where a = E — 1.
The denominator of the arctan argument in (D17) is

necessarily positive since it is proportional to (aW) . By

ox
0H _ ;
0B = 1. Integrating and

construction we now have @’z =
equating to (D17) one obtains :

a — x>

- = —+tan(27+6 D18
V2ax? — 2zt —1 n (27 +6o) (D18)

Solving for z? in (D18), one obtains
2% = a4+ Va2 —1[sin(27 + 6p)|. (D19)

In order to keep a continuous trajectory, one will switch
from the + to the — solution whenever the sin function
switches as well.

Finally, we use the conservation of angular momentum
(D5) to obtain the equation for 6 and switch back to the
international unit system

r= /\\/a+ Va? — 1sin (w.t + o),

) = <t + arctan [atan (%t + %0) + m + nm,
(D20)
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with
2
A= 2 (D21)
mwe
E
o= -1 (D22)
5PoWc
and
wepy bo _ 1
n= = + floor (2""22) . (D23)
2 s

Thus, we obtained a solution depending only on the
invariants of motion, E and py, and a constant of inte-
gration 6y depending on the initial conditions.

Let’s interpret the different trajectories. First, if we
assume that r or # is constant, from the expression of py
(D5) we see that the other one is constant as well. From
(D20) we see that this is allowed only for a = 1 . In this
case we find readily that

r=A,
0 = w.t.

(D24)
(D25)

Using the relation between the conjugate momentum
py and the orthogonal "kinetic” momentum p; = mr6

w

P =TpL — mTQEC. (D26)

Replacing r by A in the above expression one obtains

that the radius of the trajectory is the usual Larmor ra-
dius

(D27)

In this configuration the radial momentum is zero, and

E = pow.. (D28)
In this particular configuration we see that p, is constant
as well.

We see that by construction : a > 1. Now, we con-
sider the solutions for higher energies i.e. higher values
of a. We see that they are all circles after computing the
curvature radius using the formula

(gz + r2)3/2

= dd29 — (D29)
T T
25 tri-rge

We obtain, after a lengthy but straightforward calcu-
lation, the general formula for the radius of curvature

_)\/a—l-l_ 2F
P= 2\ mw?’

Reminding that the magnetic field does not work, we
find that the kinetic energy is constant and therefore
these circles are circulated at constant speed w.p. This

(D30)



allow us to find the center of each circle 7y by simple
geometric considerations

(D31)

where py is the vectorial angular momentum, which here
is orthogonal to the plane of motion. The distance of
the center of motion to the origin of coordinates takes a
simple form

. E — pow
IFoll = V7 — 3 = 22D

b, (D32)
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Put differently, this gives a simple expression for the
energy in terms of

1
E = pyw. + imrgwf. (D33)

Thus we found the very intuitive result that, when the
trajectory is centered on the origin of coordinates all the
energy is stored in the angular momentum. However,
we also see that the energy is ”degenerate” with another
invariant of motion, 7"(2) , as in the quantum case. In any
case, according to equation (D30) the radius of the trajec-
tory is proportional to the square-root of the full energy.
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