
3D X-RAY COMPUTED TOMOGRAPHY RECONSTRUCTION
USING SPARSITY ENFORCING HIERARCHICAL MODEL BASED ON

HAAR TRANSFORMATION

Li WANG, Ali Mohammad-Djafari, Nicolas Gac, Mircea Dumitru
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Abstract
In this paper, we consider the 3D X-ray CT reconstruction problem by using the Bayesian approach with a hierarchical prior model. A generalized Student-t distributed prior
model is used to enforce the sparse structure of the multilevel Haar Transformation of the image. Comparisons with some state of the art methods are presented, showing
that the proposed method gives more accurate reconstruction results and a faster convergence. Simulation results are also provided to show the effectiveness of the proposed
hierarchical model for a reconstruction with more limited projections.
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Computed Tomography

Figure: X-ray Computed Tomography.

Discrete forward model:
g = Hf + ε (1)

where ε represents the noise vector, and matrix
H corresponds to the projection operator.
Mathematical Model:
(a) Projection: g =Hf
(b) Back-projection: f =H tg
(c) Filtered Back-projection: f =H t(H tH)−1g
Regularization methods:

J(f ) = ‖g −Hf‖2 + λR(f )

R(f ) = ‖Df‖2
2 ⇒ QR

R(f ) = ‖f‖1 ⇒ LASSO
R(f ) = ‖Df‖1 ⇒ TV'
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Bayesian Approach

Bayes rule

p(f |g) = p(g|f )p(f )
p(g)

∝ p(g|f )p(f ) (2)

Hierarchical model
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Figure: The Hierarchical Model.

z: multilevel Haar transformation coeffi-
cient.

Hierarchical Structure of Student-t Distribu-
tion

p(z|αz0, βz0) = Stg (z|αz0, βz0)

=

∫ ∞
0
N (z|0,vz)IG(vz|αz0, βz0)dvz

(3)

Hierarchical Model

p(g|f ,vε) = N (g|Hf ,Vε)
p(f |z,vξ) = N (f |Dz,Vξ)
p(z|vz) = N (z|0,Vz)

p(vz|αz0, βz0) = IG(vz|αz0, βz0)

p(vε|αε0, βε0) = IG(vε|αε0, βε0)
p(vξ|αξ0, βξ0) = IG(vξ|αξ0, βξ0)

(4)

Vi = diag [vi] and vi = [vi1, · · · , viN]
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JMAP and VBA Algorithm

Joint Posterior
p(f ,z,vz,vε,vξ, | g)
∝p(g|f ,vε)p(f |z,vξ)p(z|vz)p(vz|αz0, βz0)·

p(vε|αε0, βε0)p(vξ|αξ0, βξ0)

JMAP Method(
f̂ , ẑ, v̂z, v̂ε, v̂ξ

)
= arg max

f ,z,vz,vε,vξ
p (f , z,vz,vε,vξ|g) (5)

Optimization

iter : f̂ (k+1) = f̂ (k) − γ̂(k)f ∇J (f̂
(k));

iter : ẑ(k+1) = ẑ(k) − γ̂(k)z ∇J (ẑ(k));

v̂zj =

(
βz0 +

1
2

ẑ2
j

)
/ (αz0 + 3/2) ;

v̂εi =
(
βε0 +

1
2

(
gi −

[
Hf̂

]
i

)2
)
/ (αε0 + 3/2) ;

v̂ξ j =
(
βξ0 +

1
2

(
f̂j − [Dẑ]j

)2
)
/ (αξ0 + 3/2) ,

(6)
∀j ∈ [1,N] and ∀i ∈ [1,M], where

J (f ) = 1
2

∥∥∥V −1
2

ε (g −Hf )
∥∥∥2

+
1
2

∥∥∥V −1
2

ξ (f −Dz)
∥∥∥2

;

J (z) = 1
2

∥∥∥V −1
2

ξ (f −Dz)
∥∥∥2

+
1
2

∥∥∥V −1
2

z z
∥∥∥2
,

(7)
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Numerical Results

Figure: The middle slices and zones of the
reconstructed 3D Shepp-Logan phantom by using
different methods with 1/4 of total projections with noise
of SNR=40dB. top: QR, middle: TV , bottom: HHBM .
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Numerical Results

Relative Means Square Error (RMSE):

δf =

∥∥∥f̂ − f∥∥∥2

‖f‖2

0 5 10 15 20 25 30 35

iteration

0.06

0.07

0.08

0.09

0.1

0.11

0.12

0.13

0.14

0.15

0.16

δ f

QR

TV

HHBM

(a)

0 5 10 15 20 25 30 35

iteration

0.1

0.11

0.12

0.13

0.14

0.15

0.16

0.17

0.18

0.19

δ f

QR

TV

HHBM

(b)
Figure: Comparison of NMSE of reconstructed Shepp
Logan phantom of size 643 by using different methods
with respectively 64 and 32 projections and a low
SNR=20dB.

phantom size: 64*64*64
64 projections

40dB 20dB
QR TV HHBM QR TV HHBM

δf 0.1138 0.0598 0.0228 0.1354 0.0636 0.0739
δg 0.0020 0.0013 5.1537*e-4 0.0046 0.0060 0.0105

Tc(s) 0.2561 0.7681 1.8336 0.2346 0.7880 2.1800
32 projections

40dB 20dB
QR TV HHBM QR TV HHBM

δf 0.1537 0.1296 0.0696 0.1799 0.1333 0.1080
δg 0.0015 0.0030 0.0019 0.0030 0.0077 0.0102

Tc(s) 0.2287 0.7526 1.6044 0.2121 0.7185 1.5533
Table: Comparison of RMSE of reconstructed phantom
with 30 iterations and the computation time of each
iteration by using different methods.
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Conclusions and Perspectives

3 A three-level hierarchical model is proposed.
3 The heavy-tailed Student -t distribution is
used to define the prior model.
3 Semi-supervised model. Parameters are
estimated and hyper-parameters are easy to
fix.
3 Preserve edges.
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