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ON THE BOUNDARY OF ALMOST ISOPERIMETRIC DOMAINS
ERWANN AUBRY, JEAN-FRANCOIS GROSJEAN

ABSTRACT. We prove that finite perimeter subsets of R™™! with small isoperimetric
deficit have boundary Hausdorff-close to a sphere up to a subset of small measure. We
also refine this closeness under some additional a priori integral curvature bounds. As an
application, we answer a question raised by B. Colbois concerning the almost extremal
hypersurfaces for Chavel’s inequality.

1. INTRODUCTION

In all the paper, B,(r) and S,(r) denote respectively the Euclidean ball and sphere
with center z and radius r in R"*!. We also set B* the unit ball centred at 0 in R¥ and
Sk~ the unit sphere centred at 0 in R”.

For any Borel set Q of R"*!, we denote || its Lebesgue measure, P(f2) its perimeter

(see definition in section 2) and () = PE)_itg isoperimetric ratio. Then it satisfies the

‘Q| n+1
isoperimetric inequality

(1.1) 1(Q) > 1(B™)

with equality if and only if 2 is a Euclidean ball up to set of Lebesgue measure 0. To
study the stability of the isoperimetric inequality, we denote by

1(9)

() = W

-1
the isoperimetric deficit of a Borel set € of finite perimeter and address the following
question:

"How far from a ball are almost isoperimetric domains?(i.e. with small 5(2))”

More quantitatively, by stability of the isoperimetric inequality, we understand the validity
of an inequality of the form

?distance” from 2 to some ball < C§ (Q)l/ @ for a given category of Q ¢ R"H!

where the ”distance” need to be defined and where C and « are some positive universal
constants. Many authors have studied this stability problem with the Fraenkel asymmetry
A(f2) as distance function. We recall that
QAB,(R
A(Q) ;== inf [2AB, (Ro)| for Q ¢ R™!
xeRn+1 |Q|
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2 E. AUBRY, J.-F. GROSJEAN

where R is given by Rpy™ B+ = | and UAV = (U\V)U(V\U). So the isoperimetric
inequality is said stable with respect to the Fraenkel asymmetry if there exists C'(n), a(n) >
0 such that

(1.2) A(Q) < C(n)s(Q)Y/m)

holds for a given category of domains 2 C R*+1.

Such inequalities were first obtained for domains of R? by Bernstein ([4]) and Bonnesen
([5]). The first result in higher dimension was due to Fuglede ([11]) for convex domains.
Without convexity assumption, the main contributions are due to Hall, Haymann, Weits-
man (see [17] and [18]) who established this inequality with a(n) = 4, and later to Fusco,
Maggi and Pratelli who proved this inequality with the sharp exponent a(n) = 2 in [15]
(see also the paper of Figalli, Magelli and Pratelli ([10]) or [8] and [14] for other proofs of
this last result).

To get more precise informations on the geometry of almost isoperimetric domains than
a small Fraenkel asymmetry, we can take as ”distance” function the Hausdorff distance.
The first result in that direction was the following inequality proved by Bonnesen ([5]) for
convex curves and by Fuglede ([12]) in the general case: if OQ is a C'-piecewise closed
curve there exists a Euclidean circle C such that

(1.3) 167d3;(C, 00) < P(Q)? — 47| < 47(Q8(2) (2 + 6(2))

where dp denotes the Hausdorff distance. Note that assuming §(£2) < 1 and using the
isodiametric inequality || < Z(diam )?, we infer the following inequality

du(C,090) _ V3T

diamQ ~ 4
However, this result is false for more general domains in R?, especially non connected
one (consider for instance the disjoint union of a large ball and a tiny one far from each
other). Moreover, in higher dimension n > 2, even for connected smooth domains, we
cannot expect to control the Hausdorff distance from 02 to a sphere by the isoperimetric
deficit alone, as proves the sets obtained by adding or subtracting to a ball a thin tubular
neighbourhood of a Euclidean subset of dimension not larger than n — 1 (see for instance
[6]). So to generalize this kind of stability result in higher dimension, it is necessary
to assume additional informations on the geometry of the domains we consider. In [11]
Fuglede proved that if n > 3, Q is a convex set and (2) small enough then

dH(Q, Ba:(RQ)) < C(n)g(Q)ni-k?

(1.4) 5(Q)2

(15) a:Elﬂgf"'l Rq =

(5(9)%2 is replaced by /6(Q) for n = 1 and by (6(€)log[1/6(Q)])"/? for n = 2). Note
that since §2 is convex, 0f2 is also close to a sphere of radius Rg. Actually, Fuglede deals
with more general sets called nearly spherical domains and this Fuglede’s result has been
generalized by Fusco, Gelli and Pisante ([13]) for any set of finite perimeter satisfying an
interior cone condition.

In this paper, we prove generalizations of inequalities (1.4) and (1.5) to any smooth
domain (even nonconvex) with integral control on the mean curvature of the boundary.
We even get a weak Hausdorff control for almost isoperimetric domains that need no
additional assumption on their boundary.
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1.1. No assumption on the boundary. Let F(2) be the reduced boundary of €2 (see
the section 2 for the definition). When € is a smooth domain, we have F () = 0f2.

Theorem 1. Let Q be a set of R™ with finite perimeter with §(£2) < % There exists
zo € R and A(Q) C F(Q) such that
H(F(2) \ A() 1
) TR @),
d (A(), Szo (Ra))
() WA
Q

Here H™ denotes the n-dimensional Hausdorff measure and B(n) = min(ﬁ, é)

N

< C(n)s(Q)PM,

In other words, the boundary F(Q2) is Hausdorff close to a sphere up to a set of small
measure. Note that we have

AQ) =F@NA

where for any 1 > 0 we set A, = {z € R""!/ ||z — zg| — Ra| < Ran}.

Remark 1. Note that the sets of the previous theorem also satisfy
QAB,
(1) BEE ) < caay

(2) du (Q N BIEQ (é%;)v BJBQ (RQ))

In other words QN By, (Rq) is Hausdorff close to the ball By, (Rq) up to a set of small
measure, which is a weak generalization of inequality (1.5).

< C(n)5(9)2("1+1) (see the end of the section 2).

Remark 2. When n =1 or Q convex Theorem 1 easily implies earlier results a la Bon-
nesen [5] and Fuglede [11] but with non optimal power S(n).

Remark 3. See also Theorem 8 in Section 4.4 that is a reformulation of Theorem 1 in
term of Preiss distance between the normalized measures associated to F(€2) and Sy, (Rq).

To get informations on the smooth domain 2 itself, and not up to a set of small measure,
additional assumptions are required. A reasonable assumption is an integral control on
the mean curvature H. In the sequel, for any p > 1, we define

1 1/p
fllp = <P(Q) /BQ \f|pd’H”> for any measurable f : 9Q — R.

Note that a upper bound on ||H||, with p < n — 1 is not sufficient. Indeed, we can refer

to examples constructed by the authors in [2, 3]: by adding small tubular neighbourhood
of well chosen trees to By(1), we get a set almost isoperimetric domains on which ||H||, is
uniformly bounded for any p < n — 1 and that is dense for the Hausdorff distance among
all the closed set of R"*! that contain By(1).

1.2. Upper bound on ||H|/,—;.

Theorem 2. Let Q be an open set with a smooth boundary OS2, finite perimeter and 6(€2) <
%' There exists a subset T of R™1 which satisfies whose 1-dimensional Hausdorff

measure satisfies
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(1) H(T) < CRa [ [,
ONA 174
(2) dp (09, Sz (Ra) UT) < C(n)Rad ()P,
3) the set Asiyi/a UT has at most N 4+ 1 connected components,
6(Q)

where H1(T) denotes the 1-dimensional Hausdorff measure of T and N is the number of
the connected components of X2 that do not intercept A5(Q)71¥'

Note that by Theorem 1 at least one connected component of 0f) intercepts A(S(Q) 1 and
so if J€2 is connected then we have N = 0 and A4 UT is connected. Moreover note
that for n = 1 we recover Fuglede’s result (1.3) for C2-piecewise closed curves.

The case N = oo in Theorem 2 is trivial since the sets obtained by the union of a sphere
and infinitely numebrable many points are dense for the Hausdorff distance among all the
closed sets containing Sy, (Rq).

Similarly to the case of curves, Theorem 2 is quite optimal as prove examples given

by a domain Q. = [Bo(R) \ UT”] U UTJ?&’ where (7;) and (7}) are some families of
i J

Euclidean trees and the T; . denotes the e-tubular neighbourhood of 7;. In these examples,
the integral of [H|"~! on 9§ \ Ad(Q)% will converge, up to a multiplicative constant C'(n),

to the sum of the length of the trees as ¢ tends to 0.
We refer to Theorem 10 of Section 5.2 for a generalization of inequality (1.5) similar to
Theorem 2.

1.3. Bound on |H|, with p > n — 1. If we assume some upper bound on the LP norm
of [H| with p > n — 1, then combining Theorem 2 and Lemma 2 with Holder inequality
readily gives the following improved result.

Theorem 3. Let p > n — 1 and Q be an open set with a smooth boundary 0X), finite
perimeter and §(2) < ﬁ Let (0€;)icr be the connected components of O that do not

intercept Aa(g)i' For any i € I, there exists x; € 0F); such that
p—n+l1

A (99,5, (Re) U i}) < Cln,p)Ra [5(2)7) + 8(0) 5 (P(Q)F [H]l,)"?
i€l

Moreover if p = n and if H is LP-integrable then I is finite and we have

(1.6) Card(I) < C(n, p) P(Q)|H||26(2) 5 .
Remark 4. We will see in the proof that the above estimates are more precise since as in
1
Theorem 2, we can replaced ||H]|, by <P(19)/ \H‘Pd’,l-[n> P
A5(Q)1/4

Remark 5. If we assume that 0) is connected, then Theorem & implies that O is Haus-
dorff close to a sphere. If OQ) has N connected component, the it asserts that OS) is
Hausdorff close to a sphere union a finite set with at most N — 1 points.

Note that in the case p < n we can not control the cardinal of I in terms of ||HJ|,.
Indeed, consider the sequence of domains ;, obtained by the union of B"*! and & balls
By, (r;/k) where x; are some points satisfying for instance dist(0, z;) = 2i. If er_p is

120
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convergent then klim 3(Q) = 0 and P(Qy)||Hg||p (where Hy, denotes the mean curvature
—0

of 9Qy;) remains bounded when Card(I) tends to infinity.
Here also we refer to Theorem 11 of Section 5.2 for a version of Theorem 3 generalizing
inequality 1.5.

1.4. Bound on |H|, with p > n. When p > n, it follows from 1.6 that if §(€2) is small
enough then I = () and 99 is Hausdorff close to Sy, (Rq). More precisely we have that

Theorem 4. Let p > n. There ezists a constant C(n,p) > 0 such that if Q is an open
set with smooth boundary 0Q such that H"(0Q)|[H[[; < K and 0(2) < m then

O is diffeomorphic and quasi-isometric to Sy, (Rq). Moreover the Lipschitz distance d,

satisfies
2(p—n)

dL(agvgﬂm (Rq)) < C(n,p)d(Q)rinia—2n
for any n > 2 and the Hausdorff distance

d11(092, Suy (Ra)) < C(n, p, ) Rod(Q) % 2rins

when n > 3 and X
dp (082, Spq(Ra)) < C(p, K)Ra(—4(22) Ind(Q2))?
when n = 2.

Remark 6. Actually, under the assumption of the previous theorem, we show that 02 =
{go(w)w,w S stz(RQ)}f where ¢ € WLOO(Swfz(RQ)) N WQ’p(stz(RQ))f with Hd(pHOO <

C(néii’md(ﬁ) i and |Vdell, < C(n,p,K)/R%. So Q is a nearly spherical domain

in the sense of Fuglede and is the graph over Sg,(Rq) of a Cl’k%(Sm(RQ)) function.
It implies that any sequence of domain () with 0(S%) — 0 and H™(O,)|[Hy|; < K
converges to Sy, (Rq) in CH? topology for any ¢ <1 — L.

Remark 7. The estimates on dy and dg in Theorem 4 are sharp with respect of the
exponent of 6(Q2) involved, but not for what concern the constant C(n,p, K). We show it
by constructing example at the end of section 6. Note moreover that in the case p = oo
we recover the same exponent as in the conver case.

1.5. Stability of the Chavel Inequality. In the last part of this paper we answer a
question asked by Bruno Colbois concerning the almost extremal hypersurfaces for the
Chavel’s inequality: if we set A} the first nonzero eigenvalue of a compact hypersurface ¥
that bounds a domain €2, Chavel’s inequality says that

H'(X)\2

1. P

(17) ! (n—|—1)2< Q| )

Moreover equality holds if and only if ¥ is a geodesic sphere. Now if we denote by ()
n 2

the deficit of Chavel’s inequality (i.e. v(2) = A%Tn-H)Q (H‘T('2)> — 1), we have

Theorem 5. Let ¥ be an embedded compact hypersurface bounding a domain € in R*1,
Ify(Q) < ﬁ then we have

5(Q) < Cn)y()'/?
Consequently, 6(Q2) can be replaced by ’y(Q)% in all the previous theorems, which gives

the stability of the Chavel’s inequality. Note moreover that v small implies readily that
Y = 99 is connected and so we have N = 0 and I = () is this case.
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2. PRELIMINARIES

2.1. Definitions. First let us introduce some notations and recall some definitions used
in the paper. Throughout the paper we adopt the notation that C'(n,k,p,---) is function
which depends on p, ¢, n, ---. It eases the exposition to disregard the explicit nature of
these functions. The convenience of this notation is that even though C' might change
from line to line in a calculation it still maintains these basic features.

Given two bounded sets A and B the Hausdorff distance between A and B is defined
by

dy(A,B) =inf{e | AC B; and B C A.}

where for any subset E, E. = {z € R"*! | dist(x, E) < ¢}.

Let i be a R""!-valued Borel measure on R™*!. Its total variation is the nonnegative
measure |u| defined on any Borel set Q by

1l(©) :=sup{2uu<nk>u Lone =0, o csz}
kEN keN
Given a Borel set Q of R"™! we say that € is of finite perimeter if the distributional
gradient Dyq of its characteristic function is a R"*!-valued Borel measure such that
|Dxa|(R"*1) < co. The perimeter of Q is then P(Q2) := |Dxq|(R"*!). Of course if Q is a
bounded domain with a smooth boundary we have P(Q2) = H"™(0f2). For any set 2 with
finite perimeter, we have P(2) = H"(F(€2)) where F(Q) is the reduced boundary defined
by
. DXQ(B;E(T)) }
F(Q):=3zeR"™ | Vr>0, |D B.(r)) >0and lim —————"— € §"
@ | IDxal(B.(r) i XS

Moreover Federer (see [1]) proved that F () C 0*Q2 where 0*€2 is the essential boundary
of Q defined by
o =R\ (QPu Q)

QN B,
where Qf := {2 € R™™ | lim 120 Be(r)] _ to.
r—0 | Bg(r)]

2.2. Some results proved in [10]. Now we gather some results proved in [10] about
almost isoperimetric sets, that will be used in this paper.

Theorem 6. (A. FigarLl, F. Maccl, A. PRATELLI, [10]) Let Q be a set of R"tL of
2 — 2T

3

finite perimeter, with 0 < |Q| < co and 6(2) < min <1, k?(g)2> where k(n) :
Then there exists a domain G C § such that

(1) 0< 19— |G <12\ G| < 35319,

(2) P(G) < P(9),

(3) 8(G) < 539,

(4) There exists a point xq € R"™! such that
10(n +1)3

1/2
R )

/ H:c—xQ]—Rg‘dHné
F(G)

where X is the vector position of R"t1,
3
(5) |GAB,q (Ra)| < 25esl|als(@)12.
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The following property is important for our purpose and derive easily from [10], but
since it is not proved nor stated in [10], we give a proof of it for sake of completeness.

Lemma 1. There exists a constant C(n) > 0 such that under the assumptions and nota-
tions of the previous theorem, we have

(1= Cn)s()H"(F(Q)) < H"(F(Q) N F(G))

Proof. We reuse the notations of [10]. First of all, by the previous theorem, we have

(1 g™

H(FE) > BTG > (1 - e F @ el > — Ko ()
(2.1) > (1 - C(n)3(Q)H" (F()

and by the construction made in [10], £ is the disjoint union of G and a set Fy, which
satisfy
H (F(Foo)) < (1+ k() H" (F(Q) 0 F(Fx)).

Then we have
H'(F(Q) =H"(F(Q)NF(G)) + H'(F(Q)NF(Fx))

and
(1+k(n)H" (F(Q)) + (1 = k(n))H" (F(G) N F())
= 21" (F(G)NF(Q)) + (1 + k(n))H" (F(Q) N F(Fx))
> 21" (F(G)NF(Q)) + H"(F(Fx))

where we have used Inequality

H"(F(G)

o>
Bl
2
Y
=
|
2
2
=
2
X
3
B
2

g

2.3. Proof of remark 1. Up to a translation we can assume that xqg = 0 and from the
Theorem 6 we have :
|GABy(Rg)| < C(n)|Gl5()"?
Since
QABy(Rqo) C (QAG) U (GABy(Re)) U (Bo(Ra)ABo(Ra))
we deduce immediately that [QABy(Rq)| < C(n)|]6(2)'/2 which proves the point (1) of
the remark.
On the other hand let € By(Rgq) and Rq > ¢ > 0 such that
B.(g) N (22N By(Rgq)) = 0.

We then have B,(¢) N By(Rq) C QABy(Rgq) and since B, (g) N By(Rq) contains the ball
with diameter Rx N B, (¢) N Bo(Rg) whose length is larger than e, we get

et <|QABy(Rg)| < C(n)|02]5(Q)Y?

C(n)
Since QN By(Rq) C Bo(Rq), it suffices to get the point (2) that is

di(Q N Bo(Rg), Bo(Rg)) < C(n)|Q]716(Q) 750
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3. CONCENTRATION IN A TUBULAR NEIGHBORHOOD OF A SPHERE
The main result of this section is the following theorem :
Lemma 2. Let Q be a set of R™! with finite perimeter and let
Ay = {2 e ™|l — 20| - Ro| < Ran}.
If 6(Q) < m then for any a € (0,3%), we have
H(F(9)\ Asye) < C)P@)SQ)7 "

Proof. By inequalities (4) and (1) of Theorem 6, we get
1

'H"(}'(G)\An) < 7RQ7’] /}_(G)\A “.CL'—IEQ| —RQ’d’Hn
U]

1 / |Ra — Re|

< - x — zq| — Rg|dH™ + —=——“1"(F(G
Ran f(G)\An“ | | nRq (F(®)
1 10(n+1)3 15 |Ra — Rgl

< Gls(Q)Y? + =y (F(G
Ran  k(n) lot) nRq (F(@)

< o vim)

where we have used that ’H”(]—"(G)) = P(G) = C’(n)(l + 5(G))]G|ni+1 < C(n)‘Q’nL-H (by
Theorem 6 (1) and (3)).

Now by Lemma 1 and Inequality (2) of Theorem 6, we have

H* (F(G)\ (F) NF(G))) <H (FQ)\ (FQ)NF(G))) < Cn)s(QH" (F(Q))
And so

H(F(Q)\ Ay) SH'((F(Q) N F(G)) \ Ay) +H (F(Q)\ (F(Q) N F(A)))

H"(F(G)\ ) + C(n)H™(F(2))6()
C

NN

;”)\mma( Q)2 4 C(n)|Q)7H15()

1 n
) (S50 45 ) )75
Then choosing 7 := §(2)* and 6(2) < 1 we get the desired result. O

N

Q

4. DOMAINS WITH SMALL DEFICIT WITHOUT ASSUMPTION ON THE BOUNDARY

In this section, we gather the proofs of several geometric-measure properties of the
boundary of almost isoperimetric domains.

4.1. Proof of Theorem 1. By Lemma 2, we have Inequality (1) with A(2) = F(2) N
A5(Q)1 /4. Inequality (2) will be a consequence of the following density theorem.

Theorem 7. Let Q be a set of R*™! with finite perimeter and p € [C(n)é(Q)%RQ,RQ].
Then for any x € Sy, (Rq) we have
‘”H” (Ba(p) N Saq(Ra))  H"(F(Q) N Balp)) ‘
R Vol S™ H™ (F())
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Let z € Sy, (Rg) and p = C1(n)Rod(Q2)°™ with B(n) := min(%, £). Then for Ci(n)

large enough and §(Q) < (1/Cy(n))V/B™), p e [C(n)é(Q)éRQ,Rg] and the estimate of
Theorem 7 combined to the fact that there exists a constant C2(n) such that

H™ (B:c(p) N Socn(Rﬂ)) P "
R Vol S > Ca(n) (RQ>

gives for C'1(n) great enough

> —C(n)s(Q)Y* + Ca(n) (Ri)"

(=C(n) + Co(n)Cy(n)™)s(Q)™n(s 3)

>
> C3(n)s(Q)min(E 1)

Moreover from the lemma 2 we have

H™ (F(2) N Asy/a N Ba(p)) = H”( ( ) Bx(p)) C(H)P(Q)5(Q)1/4

min(2,1
(03( ) = C(n))P(2)é ( )i )
> Cy(n) P(Q)5(Q)™"5
If C1(n) is large enough. This implies that F(2) N Agqy1/4 N Bz (p) has non-zero measure,

hence is non-empty for any x € Sy, (Rq). Putting A(Q2) = F(2) N Ayqy1/4, we obtain that
du(A(Q), Sz (Rq)) < p for Ci(n) large enough which gives the fact (2) of Theorem 1.

Note that Theorem 7 implies that density of F(€2) near each point of S"(Rg) converges
to 1 at any fixed scale. It will be combined with Allard’s regularity theorem in Section 6
to prove Theorem 4.

4.2. Proof of Theorem 7. It will be a consequence of the following fundamental pro-
position.

Proposition 1. Let Q be a set of R** of finite perimeter, with §5(Q) < ﬁ For any
f € CHR™), we have

1 / 1
— faH" — ———— / fdH"| <
’ P(Q) ]:(Q) RQVOI Sn SzQ (RQ)

where we denote ||df ||oc = sup |dy f(y)|.
y

Cn) (£l + 1df | o0) 5()2,

Proof. Up to translation, we can assume that xg = 0 subsequently. Let G C €2 be the
subset associated to 2 in Theorem 6. We note X the field X, = x for any x € Q2. We
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have div,(fX) = df:(Xz) + (n + 1) f(x) and so we get

| / FIX, ve)dH" — / FaH"
So(Rg)

[ e [ X
F(G) So(Rg)

:] / div(fX)dH" " — / div( fX)d?-l"“‘
G Bo(Rg)

S(n—l—l)‘/ fdan+1_/ fden+1’
G Bo(Rg)

n+1l n+1
n \ /G df (X)dH /B . df (X)dH ]
<+ 1) ([ flloo + lldf[loc) IGABoy(Re)|

20(n+ 1)? 1/2
O GI (1 flloo + lldf [l o) 5(€2)

Where we have used Inequality (5) of Theorem 6. Now we have

(4.1) <

|f(Ra — (X, vg))|dH"
F(G)

< anoo/ Rg — | X||dH" + \fuoo/ X — (X, vg)|am”
F(@) F(G)

= £l / |Res — [X||dH" + [ f]o / X [dH™ — [ lloc / (X, ve)dH"
F(G) F(G) F(G)

< 2||f”oo/ |Re: — |X||dH" + Ra| fllocH" (F(G)) — ||f||c>o/GdiV(X)dH"+1

< 20(n + 1)3

S " h ) Gl fllocd ()2 + I f o ReH (F(G)) = [If oo (n + 1)|G]

Now a straightforward computation shows that §(G) = ReH" (£10))

(4.2) / |f(Ra = (X,va))[dH" < || flleC(n)|Gl6()"/?
F(G)
Combining Inequalities (4.1) and (4.2) gives
Gl

1 n . . o
Q)‘/]-‘(G) faH /”(Rc) JdH S C( )P( ) (HfHoo+ ”deOO) ( )

1
(4.3) < C)([Iflloo + lldfll0)5(2)2
Where we have used Inequality (1) of Theorem 6 to get

Gl
P(Q)

Q7+

(4.4) P

< C(n) < C(n) < C(n).

P(Q)Rg

B ) e/ 1. Consequently
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We have

1 / 1
L fd?-[”—n/ FAHM| < Ay + Ay + Ay + A
P(Q) ]:(Q) QVOISn Sn(RQ) ! 2 3 4
with
A —1/ fd?-t"—/ FaH"
TP | re F(@)
1
A :/ de"—/ fanr
2T PO) |Jre S"(Rey)
1
Ag— 1 / FdH" — / FaH"
P PQ) | Jsnae) s" (Ra)

_ | Favols®
P(©)
Note that Ay is controlled by Inequality (4.3). Let us now estimate A;. By Lemma 1
we have

— 1| flloe < C()S(Q)]| f]loc

- FAH" — / FAH"
P(Q) Vf(ﬂ)\(f(mmf(c» FG\F(G)NF ()

< ||f||ooc<n>% (@) < 7l C (@)

As P(Q) n ’RGf(RGu) - RQf(RQu)’d/H
1 n
< 5@ / |(R& — R3) f(Rau)| + R\ f(Rau) — f(Rgu)|dH
27 — |G| Rn / /
<
< Cm)([[flloe + lldf lloc)o(2)
where once again we have used the estimates of Theorem 6. U

PROOF OF THE THEOREM 7: Up to translation, we can assume that xqg = 0. Let p < Rq.
By Lemma 2, we have

‘Hn(]-"(Q) NB:(p) H™(F(Q) N By (p) N A(S(Q)%) ‘

(4.5)

We set n = 5(9)% < 3 and ¢ : [0,+00) — [0,1] be a C! function with compact support
n (0,2Rq), R%)—Lipschitz and such that ¢(t) = 1 on [Ro(1 — 1), Ro(1 + n)]. For any
function v € C'(So(Rq)), we set f(z) = o(|z))v(£22). Then |df.(x)] < 4|v)s and

||

applying Proposition 1 to f, we get

1 / 1 / 1
4.6 Y fdH" — ——— vdH"| < C(n)||v]|cd(€2)2
@ gy Lo S oy (Mlolld(2)
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BO(R)f

By (R(l + n))

FiGURE 1

Let z € Syp(Rq) and v, be the characteristic function of the geodesic ball of center & and
radius 7 in Sp(Rgq). By convolution, we can approximate v, in L' (So(Rgq)) by C* functions
ug such that ||ugllco < 1. Applying Inequality (4.6) to v = uy and letting &k tends to oo,
we get

| gy P Corna 0 S0l

N |=

(4.7)

‘ < C(n)s(Q)

where f, = (,ORQ(HI'H)’UT(]‘T;Z'T) and where C = {y € R"*1\ {0}/ (L %} cosa}. Now,

since || fr]loo < 1, Lemma 2 gives us

1
4.8 / frdHn—/ frdH"
4.8) P“D‘fm) FONA

()1

It

< C(n)s(Q)

By construction of f,, we have

4.9 AN =HN(FQ)NA__ 1 NC,
(49) /}‘(Q)ﬂA I HATE N Aoy O o)

Combining Inequalities (4.7), (4.8) and (4.9), we get

Hn(f(Q) NnA (Q)% N CT/RQ) - Hn(CT’/RQ N S()(RQ))
Ho (F(Q) REVolS"

(4.10) ‘

We now assume that ¢ (Q)i < %. The following angles
Q

N

1+ (1= 6(Q)3)2 — £ L+ (1+3(Q)4)? - £

2
- Ro ) and i = arccos(
2(1 —46(Q)71)

Qlext = arccos(

satisfy the following property (see figure 4.2)

Cint N A(S(Q)Zlf C B, (p) N Aé(ﬂ)zlf C Cext N A5 Q
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where we have set Cip, = Cy,,, and Cexy = Cl,,,, S0 we get the following inequalities
H™(F(Q) N By(p) N Am)%{) N H™(F(Q) N Cing N A(s(g)i)
H(F(Q)) ~ H(F(Q))

H" (Cint NSy (RQ))

> T Ravelsr Cmow@r
H" (F(92) N Ba(p) N A, (Q)%) _ H™ (F(Q) NCext N A, (Q)%)
Hr (F()) = Hr(F())
< H'(Con NSo(R)) | C(n)3(Q)s

S RRVoIS®

2

Since we have B.(p) N So(Ra) = Ca, N So(Ra) for a, = arccos(l — %), we infer the

2R%
estimate
D= (H (FEO N B:0) N 4501) _ Balp) N So(Re) ’
H" (f(Q)) R Vol S™
H" (Cext N So(Ra)) — H™(Cint N So(Ra)) 1
<
Now, by the Bishop’s and Bishop-Gromov’s theorems, we have
Vol (S*—1
M (Coxe 1 S0(Re) = H" (B (Rgosy) < Rsoly Vol (B = Y& g
and
Hn(Bfo(Rﬂ) (Roting)) N Hn(BxSO(RQ) (Rattext))
H"(Bo(Roains)) ~ H™(Bo(Rotext))
that is

int

Hn (Cext m SO(RQ)) - agxt7

H™ (Cint N S()(RQ)) S alt

where BfO(RQ)(r) denotes the ball of center x and radius r in Sp(Rgq). These inequalities
give

1 o\ Vol (S*71) 1
< _ _int n_n
X R6V01 (Sn) <1 ag(t> n Rﬂaext + C(n)é(Q) 4
Vol (S*1)

n-l xt — (in Q i
Vol (§) T | text — Quint| + C(n)d(Q)4

Since by assumption ¢ (Q)i < we get |Qext — Qint| < C(n)d (Q)% which gives

p22
2RZ’

=

D < C(n)é(Q)
Finally, by Lemma 2, we have

‘Hn(f(Q) N Bz(p) M A(S(Q)%) B Hn(F(Q) N Bx(p)) ‘
H(F(€)) H (F(€))
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which gives

’H" (Bx(p) N So(Ra))  H"(F(22) N Ba(p)) ‘
R Vol Sn H(F())
0

4.3. A control of the unit normal to F(2). In this subsection, we prove a result that
we will use latter. It gives a weak control of the oscillation of the tangent planes of F(£2).
Note that another proof of this result is proposed in [14].

Lemma 3. Let 2 be a set of finite perimeter such that §(§2) < ﬁ' Then we have
/ va— = awn < cmyP@)s@)
F(Q) |z

Proof. By Lemma 1 and the fact that v = vg H"-almost everywhere in F(G) N F(£2),

we have
2
}/ ngi d’H"/ ngi d’H")
F(Q) |z F(Q) 2]
2 2
- ’/ v — | dHn —/ ve — | dH"| < 40(n)(Q)P(Q)
FQ\F(G) 2] FG\F(Q) ||
Now, we have
z 2
/ vg — —| dH" = 2 vg, — ) | dH"
F(@) |z| | |

and by inequality (4.2), we have that

\/ ® (1‘<”G’\ r>>d”n ’/HG <1‘<”G’§Q>> aH
|y o~ g )

<Cn) ga(mﬂ/ 2] — Ro|dH"
Ro Jr )

N

< C(m)RE3 ()2 < C(m)P(G)H(Q)2 < Cn) PQ)S(Q)
where the last inequality comes from fact (4) of Theorem 6. O

4.4. A stability result involving the Preiss distance. First we recall the definition
of the Preiss distance on Radon measures of R?*1.

Definition 1. Let i and v be two Radon measures on R™T1, for any i € N, we set

Fiu) =swpd| [ fau— [ fav) spes  BuGi), £ > 0., Lins <1}
and .
dp(p.v) = oy min(L, Fy(v, 1))
€N
it gives a distance on the Radon measure of R™1 whose converging sequences are the
weakly* converging sequences.
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For almost isoperimetric domains we have a control on the boundary in term of Preiss
distance

Theorem 8. Let  be a set of R* with finite perimeter. Then there exists zq € R
such that

(4.11) dp (’DX%RQ)' [Dxq

< (2
REVoIS® ’ P(Q) > Cn)vo@)
where dp is the Preiss distance on Radon measures of R"H1.

Proof. Note that if f has support in By(¢) and is 1-Lipschitz, then by convolution, it can
be uniformly approximated by a sequence of 1-Lipschitz, C! and compactly supported
functions (fx). We then have liin | filloo = || flloo < @ and ligl\dxfk(X)\ < liin ldfi |0t < @

and applying Proposition 1 to fr and letting k tends to oo gives us

1 / 1
— fAH" — —— / fdH"

FA(’DXQ| |DXBm(Rg)|
"\ P(Q) " P(Buq(Rg))

Hence we get that if §(2) < %, then we have

< 2iC(n)6(Q)2

and so

) < 2iC(n)\/3(9)

|Dxa| 1DXB,(re)l
o <P<Q> B, <RG>>> S Ve

Since for any couple of measures p, v we have dp(u,v) < 2, we infer that we can leave the
condition 6(Q2) < ﬁ as soon as we consider a larger C(n). O

5. DOMAINS WITH SMALL DEFICIT AND ||HJ|, BOUNDED IN THE CASE p < n

5.1. Proof of Theorems 2 and 3. These theorems are consequence of the following.

Theorem 9. (E. AUBRY, J.-F. GROSJEAN, [3]|) There exists a (computable) constant

C = C(m) such that, for any compact submanifold M™ of R"! and any closed subset

A C M that intercepts any connected component of M, there exists a finite family (T;)er

1

of geodesic trees in M with ANT; # 0 for anyi € I, dH(AUUTi,M) < C(Vol (M\A)) m
i€l

and Y HNT;) < Cm(ml)/ [H|™ L
2 i

Remark 8. Note that by construction the A U UTZ has the same number of connected
i€l
components than A.

PROOF THEOREMS 2 AND 3 : We set 0,2 the union of the connected components of

0f) that intercept Aé(ﬂ) 1 and we apply Theorem 9 to the hypersurface 9,2 and the set

Ag = 00N A5(9)1/4 = 0,2N A5(Q)1/4. We set Tp the union of the trees given by the
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theorem. Then we get H!'(Tp) < C’(n)/ |H|" !, the set Asya UTp is connected
8,0\ Ao
and by the first point of Theorem 1 (or Lemma 2) and Theorem 9, we have

drr(Ao U Ty, 8,2) < C(n)H"(9,2\ Ag)w < C(n)H™ (92 \ Agiqpr/s)
< C(n)P(Q)Y"5(Q)1 < C(n)Rad(Q)n

If we now apply Theorems 9 and Theorem 1 to each connected component C; of 9 \
0 with A; = {x;} C C;, we get a connected union of trees T; such dy(T;,C;) <

C(n)RQ(S(Q)ﬁ and HY(T;) < C(n)/ [H|" " YdH"™. If we set T = Ty U UTi’ then we
Ci iel

3=

have H(T) < C(n) / [H|" " 1dH"™ and
ONA 4
5()4
411 (09, S (Re) UT) < max (dpr (9,2, Sug (Ra) U Th), (drr(Ci, To)ier )
< max(dH(&Q, Ao UTyH) +dy (Ao U Tp, Sz (Ra) U To)7C(n)RQ5(Q)ﬁ>

< C(n)Rgé(Q)ﬁ + dg (Ao, Sz (Ra))
< C(n)Rad(0)P™

the last inequality comes from Theorem 1. This completes the proof of Theorem 2.
Now to prove Theorem 3, we have

(89 Szo(Ro) U (U{xl}»
iel

< dH(aQ, Szo(Ra) U T) +dy (Sxﬂ (Ra)UT, Sz, (Ra)U (U{@}))

el

< C(n)Rad(Q)P™ + dy < , (To N Siq (Ra)) (U{:m}))

el
< C(n)Rad ()™ + max(dy (To, To N Saq (Ra)), (du (T}, {z:}))ier)

< C()Rad(Q)P™ + C(n) / ([
oAy

To finish the proof of Theorem 3 we just have to use Holder’s inequality and Lemma 2.
For what concerns cardinality of I, remark that the Michael-Simon Inequality applied to
the function f =1 and to any connected component C' of 92\ 9,8 gives us

1

l —
H ) < C(n)/ H|dH" < C(n) (/ HPaH") " ()"
C C
and so [, [H|"dH" > ﬁ for any connected component of 9 \ 9,Q2. We infer that
Card(I) / /
—— < H|"dH" < H|"dH"
C(n) ZCI c & O0\A =

1
s5(Q)4

we conclude for any p > n by Holder inequality and Lemma 2. 0
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5.2. Variants of Theorems 2 and 3 that generalize inequality (1.5).

Theorem 10. Let 2 be an open set with smooth boundary, finite perimeter and §(§2) <
%. There exists a subset T C R™T! with

1 n—1 n
(1) H{(T) < C(n)Ro faﬂ\Bm (Ra+5@h) [H[" ™ dH",
(2) d(Q, By (Ro) UT) < Cln )RaS(€)PM),
(3) the set By, (Ra(1+6(Q)1 )) UT has at most N + 1 connected components,
where N is the number of connected components of O that do not intercept the ball

By (Ra(1 +6(R2)1)).

Theorem 11. Let p > n — 1 and Q be an open set with smooth boundary 0F), finite
perimeter and 5(§2) < & ( - Let (89 )icr be the connected components of OS2 that do not

intercept the ball By, (Ro(1+ 6()1 )) For any i € I, there exists x; € 0); such that

11 (2 Bag (Ra) U Hz:}) < Clnp)Ra [5(@)7 +5() 5 (P(Q)F |H],)"

iel

Moreover if p =2 n and H is LP-integrable then I is of finite cardinal N and we have

N < C(n,p) P(Q)[H[25() 7 .

P
Remark 9. The norm |[H||, can be replaced by (P(lﬂ)/ ]H\pd”;’-["> )
0!

O\Bug, (Ro(14+6(2) 1))

PROOF OF THEOREMS 10 AND 11 : We set 0,£2 the union of the connected components
of 99 that intercept By, (Ra(l + 5(Q)i) and then we construct 7' as in the previous
section. Arguing as in the previous subsection, we get that the C(n)Rqd(€2)?("-tubular
neighbourhood of By, (Rq) U T contains 99\ By, (Ra(1 + (5(9)%)) We set with Ry, =
Ra(1 + QC(n)é(Q)m) (where C(n) is the constant of Remark 1 (2)). Then for any

1
z € Q, either we have z € B, (R{,) and then d(:c,Bm(RQ) U T) < 2C(n)Rqd(Q) 21
either we have x € Q \ By, (Ry,), and then 2 € QAB,,(Rq). From the Remark 1 (1), we
infer (as in the proof of Remark 1 (2)) that

d(z,99) < C(n)Rad(Q) 7m0

and even more precisely, d(z,9Q \ By, (Ro(1 + 6(9)%))) C(n)Rad(2)2 0. We infer
that we have

d(2, Bug(Ra) UT) < C(n)Rod(Q)™"( 7a)
On the other hand, for any xz € B,,(Rq) UT, either x € Bxo(Rq) and then d(z,Q) <
1
C(n)Rqd(Q2)2»+1) by Remark 1 (2), either x € T' and then d(z,Q) = 0. We then get
di (Bug(Ra) UT, Q) < C(n)Rd(Q)™" (5 3r)

which gives the result as in the proofs of Theorems 2 and 3. 0
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6. A QUASI-ISOMETRY RESULT : PROOF OF THEOREM 4

Let us first remind Duggan’s version of Allard’s local regularity theorem about hyper-
surface of suitably bounded mean curvature.

Theorem 12 (J.P. Duggan [9]). If p > n is arbitrary, then there are n = n(n,p), v =
y(n,p) € (0,1) and c = c(n,p) such that if M C R" ! is a hypersurface, x € M and p > 0
satisfy the hypotheses

(1) H™"(Bz(p) N M) < (1 +n)p" B

(2) p" " [HPdH" <7
Bz (p)nM
then there exists a linear isometry q of R™' and u € W2P(BE" (vp)) with u(0) = 0,
M N By(vp) = (z + q(graph w)) N By(yp) and

(6.1) Sulyu‘ + sup |du| + P h </ .

1/p
1
]Vdu]pd’Hn> < cenin.
By (vp)

So the Morrey-Campanato says that for any v € WHP(Bg§" (1)) we have

ap AU ) ( / fPdH" + / \dv\pdﬁ">
z£yeBR" (1) ‘«T - y! p BE" (1) B (1)

Up to a normalization and under the assumptions of Theorem 12, the Morrey-Campanato
theorem gives us that

_n dug| — |d
g ldus] —ldu)

1_n
eAyeBE (vp) T —y| P

Now let @ : B (vp) — R*"™! | a '+ q(a,u(a)). Then d®,(h) = q(h, dug(h)). Since g is an
(V)|a,—1)

V1+|Vulq|?
_n Vy — UV
(6.2) p Ty sup lyilf’ﬂ < Cln,p)nin
Y,2€BL(yp)N0Q, y#z [y — 2| P

< C(n,p)nin

isometry, a unit normal is given by vg,) = q( ) which gives for any x € 92

Lemma 4. Let p > n. There exist 3 positive constants Cy(n,p), Co(n,p) and Cs(n,p)
such that for any domain Q with smooth boundary 0N satisfying P(Q) [|H|} < K, and

1

0(Q) < Crnp) Kt We have
(6.3) sup ||z — zq| — Ro| < Ca(n, p)Rad ()™,

€02
and the assumptions of Theorem 12 are satisfied for p = ——£2  Moreover we have

Cy(n,p) K "(p=n)

_n Zy— 7

(6.4) pr sup % < C(n, p)nin
Y,2€Bo (vp)NOQ, y#£z [y — 2| P

Where Z, = ‘ﬁ:i& — vy. Here we have set a(n,p) = %.

Proof. Since the computations are a bit messy, we organize them in several steps:
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(1) For what concern the point (2) of Theorem 12, we have for any p > 0

p—n
P [H[PdH™ < pP~"P(Q)||H|JE < <P(p> Kn

B (p)NOQ Q)%

From (1.1) and the definition of Rq, we have R¢ < C'(n)P(£2) and so

p—n
pp-n/ HPAH" < C(n, p)( P > Kt
Ba(p)noQ Rq

From this we deduce that there exists a constant Cs(n, p) large enough such that 9

satisfies assumption (2) of Theorem 12 for p = p = —Fa
Cs(n,p)K nr—n)

(2) Let x € S™ then there exists a r(n, p) €]0, 1] such that we have %W €1/2,1+
n(n,p)/4], for any r < r(n,p), where n(n,p) is the constant of Theorem 12. By
Michael-Simon Sobolev inequality, we have K > P(Q)[[H|; > k(n), and so we can
assume C3(n,p) large enough to have p/Rq < r(n,p) < 1.

From now on C3(n,p) is fixed so that it satisfies both the two previous conditions.

(3) Since K > k(n), we can assume Cj(n,p) large enough for 6(2) < W to

imply that §(Q) < min( 14, (%)8) < 1 in what follows, where C'(n) is the
constant of Theorem 7.
(4) From Theorem 3, the number N of connected components of 92 that do not intercept

As(q)1/4 satisfies

N < C(n, p)PQ[H|Z6(Q)% < C(n,p)K6(Q)'F < C(n,p)K6(Q) 707

So, when 0(£2) < W, we have N = 0. We infer by Theorem 3

411 (99, 82 (Ra)) < Cln,p)Ra [5(2)70) +5(0) 7 (P(@) 7 [H]),)" "]
<C(n,p)RQ< —1—6(9)( (5 )K g )5(9) (n)

éC(n,p)RQ<1+(5( a(nP)K )6 Q)Am)
< Ca(n, p)Rad ()P

which gives inequality (6.3) for any C(n,p) > (2C(n,p))*™P) such that the previous
condition (3) also holds. Note that we have used 6(Q2) < 1. At this stage, Co(n,p) is
fixed, and does not depends on C1(n,p).

(5) Similarly for C1(n,p) large enough and 6(Q) < &= Ka, we have from the previous point
that

Co Cy 1
6.5 z| > Ro(l — C28(0)P) > Ro [ 1 — >Ro|1—-——=— | > -Rq
(65)  Jo]> Ra(l - C23(@)°) S o) 2 2
From this we deduce that
T—z y—z0
[t—zq] ~ Jy—zql 4 n a1 1 C(n,p
Ll ¢ eyl <CpRE < e < Sl

= 1
lz -yl L ﬁl—;C;p K1/n pr
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which gives with 6.2 the inequality 6.4.

(6) We want to apply Theorem 7 to dQ and B,(5) and so need g € [C(n)6(Q)/8Rq, Ra)
Note that p < Rq was already obtained in (2). On the other hand, we have that

C(n)5(Q)sn
C(n)5(Q)5r Cs(n, p) K 7o-m

C(n)5(Q) 5 Cy (n, p)sn
C(n)Cs(n, p)[5(Q)Cy(n, p) Kmp)] s

P
Ro

1
1 Oy (n7p)§
> C(n)o(Q)s —--"—.
D G,
Now it is clear that for C}(n, p) large enough, we have RLQ > C(n)é(Q)i > C(n)o(2)
(7) Now we prove that for Ci(n,p) large enough, 02 satisfies (1) for p =

1
5.
Ro
__p
C3(n,p)K "P=m)
with Cs(n,p) fixed in (2). Let x € S;,(Rq). Then Theorem 7 gives us
" (Bal(p) () Su (o) s H(Balp) 0 Sag(Re)
< C(n)s(Q)/* - L
P(O) O T Ry sn)

1 (Bar(45) N 520 (1))
< C(n)s()"/* -
(a1 S
where ' = xq + Riﬂ(x — xq). Now by the condition (2) above, we have
P P
" By zo(1) )] < (1 4)|B" | =
H (B (55) 1 Sea(D) < (4 m/ 1B 1
and so

P(Q)B™|p"
H (Ba(7) 1 Sea (Be)) < Cn) PG 4+ (14 /)T CEP
H(S™) R,
2C(n)H"™(S"™) R4, nin
<( ( \)Bnlin ) 25(Q)14 4 (14 5/4) (1 + 6(2)) ) B"|5
2H™(S™) 1 _
< 5B 4 (1 4)(14+4(2)) )|B"|p"™
(g Y + /(1 +5(2) ) Bl
where we have used the fact that % =1440(2) <2, and ]ZT? < W
proved in (5). Now from the condition §(£2) < min(

B"|(C(n))"
7714,(' ls(H’(l(é)n) ")8) we deduce
that

W (B2(0) 0 S () < (044 Lm0+ ) 187197 < (0 B

0
Now, using Duggan’s regularity theorem, we can show a Calderon-Zygmund property
of almost isoperimetric manifolds with LP bounded mean curvature:

Lemma 5. Let p > n. There exists C(n,p) > 0 such that for any domain  with smooth
boundary O satisfying P(Q) [H||) < K and §() < W we have

PQ)|B|" < C(n, p)K v

Remark 10. We can improve the proof below to get P(2)||B|; < C(n,p)Kp%n
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Proof. Let (z;); be a maximal family of points of J€2 such that the balls By, (yp/2) are

disjoints in R™™. Then the family (9Q N By, (’yﬁ))i covers 0f). By (6.3), all the balls

By, (vp/2) are included in By, T+ ﬁcz + 1] Rqn ) and for C7 and C3 large
2Cgkp—n  Crk*P

enough, they are included in B, (3Rq). And so the family has at most (%)"Jrl <

(n+1)p
C(n,p)Kn®=n) elements (note that using the fact that 0 is Hausdorff close to Sy, (Rq)
(n+1)p P
we could replace K »(»-») by the better K ).
By Theorem 12, denoting by u; each corresponding function we then have |B| <

2y, b
\/ﬁ\/% on 02N By, (yp) and

dPu,|P
/ BIPH" < / npﬂ%cl?{"
99N Bz, (17) BY (vo) (14 |du|2)" T
Bg" (vp) I
from which we get
n n/p P(Q = n
Pyl =r@' 3 ([ proe)” < cmn (F52) 7 ki
a0 p
p—n
P(Q 2\ P _.n Pl
= C(n,p) < };n)Cngpn) Ki=v < C(n, p)Kin
Q

O

Using Duggan’s Theorem we now improve the L? smallness of Z given by Lemma 3 in
an L one.

Lemma 6. Let p > n. There exists C(n,p) > 0 such that for any domain Q with smooth
boundary 0 satisfying P(Q) [[H||; < K and 6(2) < W, we have

(6.6) sup | Zo| < C(n, p) K% 6(Q)7etnm
€0

Here a(n,p) is the same as in Lemma 4.

Proof. Let

7 Catnp) = max( S, S ()

where C'(n) is the constant of Theorem 7 and Cy(n,p) is the constant of Lemma 4. We
set o/ = 29C4(n, p)d ()5 Ro.

Assume now that 6(2) < W where C| > Cy. For C}(n,p) large enough we
have §(Q) < C{(n,p)lKa(mm < (20403)81HKQ(M) and p’ < yp. As explained in the point (2) of

the proof of Lemma 4, we can assume C(n, p) large enough to get that

1 1
Co " ~Cy

(6.8) 5(2)5+ < min(
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where C3(n, p) is the constant used in the proof of Lemma 4. For any = € 092 and for any
Y,z € 002N By(p'), Inequality (6.4) and the value of p give us

C 1/4n s NG St
2, - 2] « SRR, i3 < ot (2]
P 0

Since, K > k(n), we can assume C7(n,p) large enough so that Lemma 3 applies and then

for any z € Q

1
Za| S Zy — Z,|dH" +/ Z,|dH"
200 < S 00 Uy %~ 2@ [ w)

1,p \1-n 1 / 9 ms \1/2
<Cn,p)Kn(—=—) 7+ Zyl“dH" (y
DK () + (G a0 2 0)

1—n
P

/

1 p
<Cn,p)Kn [ £-
(n, p) (RQ>

P(Q) T
+Om) (H"<Bx<p'> A aﬂ)) o)

Now let 2/ = zq + Ror—2 € Sy, (Rq). From (6.3), an easy computation shows that

lz—zql

/

By (%) C Bu(p'). Indeed if y € By (%), then
I o
[ =yl <l — wo = Ro| + 5 < CoRa6(Q)° + o

From the choices made in (6.7) and (6.8) we have 6(Q)% < %5(9)1/8” and |z —y| < p'.
We then get

ol
PN

69) 12 < COup RSO +Cln) (s ) o)

Now (6.7) and (6.8) imply that §(Q)'/®" < 1/4Cy4 and Cy > C(n)/~y which gives %l S
[C(n)d(2)Y8Rg, Rg). So we can apply Theorem 7, and since we have p—; < r(n,p) (see

(2) in the proof of the previous lemma), we get H" (BI (ﬁ) N S”) > @(%)n and
1 (B () n09) _H(Be (4) N Sea(Ra)) S
= - n
P(Q) RS
H' (B (o= ) N Sag (1))
> <2|};‘;? L Cn)s()
B"| r\" 1/4
it B (L
> B(2-) - cmse)
_ IB"[(vCa(n, p))"

5(Q)§ — C(n)s(Q)/4

2
> C(n)o(Q)'/3
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where 2" = zq + R%Z(:c’ — xq) and in the last inequality we used again (6.7). Reporting
this in (6.9) we obtain

|Z,] < C(n, p) KY/m6(Q) 7005 + C(n, p)o(2)3/16
(

C n7p) 1/n5(9)m

1/” na(n
< C(n7p)K 5(9) P+ k(n (n\1/n

< Cs(n, p)KV/"8(Q) 7t
which gives the desired inequality by putting C(n,p) = max(C(n,p), Cs(n,p)). O

Since we have an upper bound on the second fundamental form, we could also perform
a Moser iteration as in [3] to prove the previous lemma.

Let © be an almost isoperimetric domain. We consider the map F' : 0Q — Sz, (Rq)
defined by

r—x

F(z) = Rg——L
| — zq]

PROOF OF THEOREM 4 : In this proof, C'(n,p) is the constant of the Lemma 6. For

more convenience up to a translation we can assume xq = 0. Under the assumptions of

Lemma 4, we have |z| > 1Rg. Hence F is well defined on 0. Moreover, for any z € 99
and u € T,0Q, we have dF,(u) = £2 (u - ﬁfﬁx) = fo ( <Zx,u>‘ |) and we have

T=f ||

R o 2
|dFs (uw)]? = ﬁ(!u\ (Zz,u)”)
Let D(n,p) > C(n,p) large enough and assume §(£2)*/? < prea- Since by Inequality (6.6)
of Lemma 6 we have

Kl/n
‘nyg Kl/nd(Q) 1 < C1 T Cl
Dna Kn Dna
Hence we can assume ||Z||oc < 1/2 for D(n,p) large enough, which infer that F is a

local diffeomorphism form 02 into Sy(Rgq). Let 0y be a connected component of 9f.
Since 09 is compact and Sy(Rgq) is simply connected, we get that F' is a diffeomorphism.

Moreover since ||z| — Rg| < CgRg(S(Q)ﬁ we have ’@ = 1) < 2025(9)5 and

|]
dFx () — Juf?] < \ ] ; 1'| 2 \Z 2Ju?

(6(3’26(9 + 2HZHOO> \u|2

< ( 6C% 5(Q)77a +20) KYns(Q)na [uf?

k(n)l/n
6C; S()ma
< (k(n)l/n +20> Dyl
(6.10) < Cs(n, p)5(Q2) 2 [ul?

Now if 02 as at least 2 connected components 9€y and 92 we have for any i € {0,1}

. o [ @ (Ba\" e H(O)
M (SO(RQ))_/amFdH _/am ] (m) S T G()p)y
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and

(1= Co())"
1+0(Q)

P(Q) = H (00) + H (02 = 2(1 — Co8(Q)°)"H™(So(Rg)) = 2 P(Q)

Where we have used the fact that Hzi(gg?gz])) = I({B(,ﬁ)l) = 146(€2). Now we can prove easily

that % > 1/2 for D great enough and we deduce that 92 has one connected

component.
1
Actually Inequality 6.10 gives for D great enough that dr, (92, So(Rq)) < Cg(n, p)d(2) zna

= Cg(n,p)d (Q)% But we can improve this bound in order to have sharp estimates with
respect to the powers of §(€2) involved in the estimates on dy and dp.

Let ¢ : So(Rq) — R given by ¢(w) = ||[F~!(w)||/Rq. Then we have 92 = {p(w)w,w €
So(Ra)}, ¢ = 1/2 and from 6.3 [l — 1] < C20(22)°. Moreover for any u € T,,Sy(Rq)
we have :

dipu(u) = Rla<de1<u>7w> -

<dF1;1(u)7 ZF—l(w)>
Rq

Consequently Rqlde,| < |dF,Y|Z F-1(w)| and for D great enough we deduce from 6.10
that |dF,L;1|2 < W < % and from 6.6 we get
Ralldg|e < C(n,p)KM"5(Q)/

Now the second fundamental form B of the boundary can be expressed by the formulae

pVdip — dp @ dp — 7 (F1)*g

2
N

(F')'B

which gives

1 H‘PHQ -1 2 1 -1
|Vdp| < — \/Idwllio + o [(F7) Bl + [ldells + o [(F7) gl
@ R} R

1 o2 _ _ 1 B
<<\/!de§o+H$”\BoF Y|dF 1\2+Hd<p|!§o+Rﬁ\dF 1\2>
@ 2 2

< 2 Nidglz, + 1805 8 o o1 1ojpaglz, +
20 > R% & R?l

1
< AP B) (gl
R (' ° |+RQ>

On the other hand

1 1
BoF‘lP:/ BoF—lpd’H":/ BIPF*dH"
1B E 0 = S @a) Jsumn T S B oo

L[ pllell (Be)" p  2HOD) g,
<Hn<so(RQ)) /89\B| ™ (m) dH <Hn(SO(RQ))”B”p




25

H%gﬁ?ﬁ;)) = I({B(,?ﬁl) =1+ 6(Q) < 2 which gives with Lemma 5 and the fact that

P(Q)l/n _ RQ’BnJrl‘l/nJrlI(Q)l/n

Now

1 1 C(n,p, K
uwupwm,p,m( )< (n.p, K)

R T RaP(Q) 7 R}

If we set u : S — R defined by u(x) = ¢(Rqx) — 1 we have for D large enough ||ullecc =
o — oo < Ca6(Q)°P < m and ||dul|eo = Rolld¢llee < CKY™5(Q)'/" < 1/2 and so
Q) is a nearly spherical domain in the sense of Fuglede.

Moreover since ||Vdul|, = R3||Vdyl|l, < C(n,p, K) we have ||dully1, < C(n,p, K) and
by the Campanato-Morrey estimate, we then get for any x, zg € S™ that

[ N

dgn(SE,l‘Q) P

and choosing g such that |dus,| = ||dul|s We have

|du| > ||dulloc — C(n,p, K)(dsn (2, 70))' >
Let ¢ := (gki"ﬂo%))@ We can assume rg < 5 by taking C(n,p, K) large enough.
Integrating the above inequality on the ball of S™ of center xy and radius rg and using the
estimates of [11] and then Inequality (I.a) of [11] we get that

1 n
106(0) > [|dull2 > |Sn‘/  JduPan
BS; (ro)

n—1 0 "
> B [ il = o )05 s
0
2 n—1 Snfl 70 n
g <> | o | (dullos — C(n,p, K)t'~ ») %" Ltdt
™ ’S | 0
1 24"y
(6.11) > [|dull  ?
C'(n,p, K)

From which we infer that

n

2+1"n 2+1—%
(6.12) (Ralldglloc) 7 = l[dufloc " < Cln,p, K)5(Q2)

Using Inequalities (I.b) of [11] and the above inequality (6.12), we get that

n—2
< C(n,p, K)Rod ()7 3wim

for n > 3 and dp (99, Sa, < C(p, K)Ra(—3(Q)In ()2 for n = 2.
Now since for any = € 99Q, F~1(z) = zp(z), and so |dF5L (v)]? = (1 + u(z))?|v|> +

Rox
(duz(v))?, we can use the previous estimates on u to obtain

_ 2p—2n
1dF e, (0)1 = [0]?] < ([ dull3e + 2[[ulloc + [ullZ)of* < C(n,p, K)§() =277 |vf?
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From this and the definition of the Lipschitz distance we conclude that for §(€2) small
enough

dr (09, Sy, (Ra)) < (|Indil(F)| + [Indil(F~1)])

2p—2n

< max(|In(1 + C&(Q) Tzt |, | In(1 — C5(Q) T2t )|)
2p—2n
< Cln,p, K)3(0) 7557

where for any diffeomorphism f from 02 into So(Rq), dil(f) = sup |df(x)| (for more
€N
details on the Lipschitz distance see [16]). 0

We end this section by the construction of simple examples that prove the sharpness of
Theorem 4 with respect of the power of delta involved in our estimates:

The sharpness in the case n = 3 is already contained in Fuglede’s work [11]. In the case
n 2 3, let ¢ : R® — R the function defined by

0 if |z| > 7= 5T n o
(6.13) () =9 Lr—|z))" > if 2 < 2| <7
527 —al”r) i f2l <r/2
pisa 7% function on R” with
0 if || >
-z .
(6.14) V() =< 3(3 =20 —lz)) "rg i § <z <
-2 .
%(%—2)]&;\ Pﬁ if 2] < r/2

from which we infer that || = C(n,p)é‘@fginizm, ldp]loo < C(n,p)(s% and
mé < Jgn ldp|?dH™ < C(n,p)s. ¢ can be transposed to a function defined on
S™ (via the exponential map at a fixed point of S™) for ¢ small enough. The previ-
ous estimates will be preserved and the surface S, = {(1 + ¢(z))z,z € S} will be
an almost spherical surface in the sense of Fuglede. In particular, according to the in-
equality (I.a) of [11], the isoperimetric deficit of the domain €, bounded by S, satisfies
% < 6(Q) < C(p,n)d. Since dy (S, Seq(Ra)) = ||¢]|oc, and for any ¢ < p there exists
K (n, q) such that ||Vdy|; < K(n,q) for any § > 0, we infer that ||B||; < K(n,q) for any
6 > 0. These examples prove that the estimate of Theorem 4 are sharp with respect to
the powers of § involved in the estimate on dp. An easy computation show that it is the
same way for the estimate on d,.

7. ALMOST EXTREMAL DOMAINS FOR CHAVEL’S INEQUALITY

PROOF OF THEOREM 5 Let ¥ be an embedded compact hypersurface bounding a domain
Q in R™*! and let X be the vector position. Up to a translation we can assume that
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/ XdH"™ = 0 which allows us to use the variational characterization. Then
)

Vg = (g [, g - (e [ o0 Cmn>2

[dX[)5
<X < IXIE < 557 = 5
(n 4 1)*H"(£)2/" e
= - (1+7(Q) = (n+1)? 5 (1+7(2))
1(9)2() Ho(2)?
Let us put po := (n+ 1>HL (‘Z) From the inequalities above we deduce that

[IX15 = P&l < pdy () and | [[X]1] — pd] < pé(©)
which gives for v(Q2) < 1

I1X] = pallz = I1X115 — 200 [ X1, + pé;
<PA((1+7() = 2(1 = 7(2)2 +1) < 3p57(Q)
Now by the divergence theorem to the field Z = (| X| — pg)é—‘, we get

. n X n
27\ Bo(pa)| < / divZdH™H = / (11— po) (. )M
N\ Bo(1)(ps) OO\ Bo(pa) X

"O1X] = pall, < 3YPH(D)pay ()2

Now since pq = mRQ < Rq and |By(Rq)| = |2 we have
| Bo(pa) \ | < |2\ Bo(pa)| < 3'°H"(£)par(2)'/?
It follows that ||| —[Bo(pa)|| < 2(3Y2)H™(2) pay(Q)/2. From the expression of pq, ()
and the fact that I(By(1)) = (n+ 1)|Bo(1)|»+T = , the last inequality can be rewritten as
I(Bo(1))"* 1/2
1— =l | < 2(n + 1)3Y2 ()12
which gives the desired result. 0
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