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Abstract

A derivation of the model for a poroelastic elliptic membrane shell is undertaken. The flow and
deformation in a three-dimensional shell domain is described by the quasi-static Biot equations
of linear poroelasticity. We consider the limit when the shell thickness goes to zero and look
for the limit equations. Using the technique developed in the seminal articles by Ciarlet, Lods,
Miara et al and the recent results on the rigorous derivation of the equations for poroelastic
plates and flexural poroelastic shells by Marciniak-Czochra, Mikeli¢ and Tambaca, we present a
rigorous derivation of the linear poroelastic elliptic membrane shell model. After rescaling, the
corresponding velocity and the pressure field are close in the C([0,T]; (H.)? x (L2)?) norm and
the stresses in C([0,T]; (L2)?) norm. In the case of a spherical membrane shell we confirm the
results by Taber from the literature.
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1 Introduction

The present work is devoted to the derivation of a model of the poroelastic elliptic membrane shell.

We follow the standpoint of Ciarlet et al, who derived the Kirchhoff-Love models for thin elastic
bodies in the zero thickness limit (see [6, 7, 8]).

While this approach to the effective behavior of three-dimensional linearized elastic bodies is
well-established, much less attention has been paid to the poroelastic thin bodies. As the recent
example of the special issue of the journal Transport in Porous Media [34, 19] shows, this is likely to
change. Also there is a related experimental work, see [17].

The poroelastic bodies are characterized by the simultaneous presence of the deformation and
the filtration (flow). They are described by the quasi-static Biot’s system of PDE’s. It couples the
Navier equations of linearized elasticity, containing the pressure gradient, with the mass conservation
equation involving the fluid content change and divergence of the filtration velocity. The filtration
velocity is the relative velocity for the upscaled fluid-structure problem and obeys Darcy’s law. The
fluid content change is proportional to the pressure and the elastic body compression. In the quasi-
static Biot’s system the mechanical part is elliptic in the displacement and the flow equation has a
parabolic operator for the pressure. For more modeling details we refer to [10], [21] and [33] and for
the mathematical theory to [28], [26] and [23].

The simplest relevant two dimensional poroelastic thin body is a poroelastic plate. A physically
relevant choice of the time scale and the related coefficient size was set up by Marciniak-Czochra
and Mikeli¢ in [20]. They rigorously derived the effective equations for the Kirchhoff-Love-Biot
poroelastic plate in the zero thickness limit of the 3D quasi-static Biot equations. The limiting zero
thickness procedure is seriously affected by the presence of coupling structure-flow. As in the purely
elastic case, the specificity of the poroelastic plate model from [20] is that the limit model contains
simultaneously both flexural and membrane equations. This remarkable property does not transfer
to the shells.

Following both Ciarlet et al zero thickness limit approach to flexural linearized shells and handling
of the Biot quasi-static equations in a thin domain by Marciniak-Czochra and Mikeli¢, Mikeli¢ and
Tambaca have undertaken the derivation of the equation for a linear flexural poroelastic shell in
[22]. In this article we undertake derivation of a model for linear elliptic membrane poroelastic shell
through the same type of the limit procedure.

The coupling elastic structure - flow is scaled as in [20]. It corresponds to the physical parameters
leading to the quasi-static diphasic Biot’s equations for the displacement and the pressure. As in [30]
and [31], it means that the characteristic time scale is of Taber and Terzaghi and in the dimensionless
form there will be the ratio between the width and length squared, multiplying Laplacean of the
pressure. The flexural and the membrane poroelastic shells correspond to different regimes of the
filtration, different sizes of the applied contact forces, different geometries of the shell and different
boundary conditions. In our case they are applied at the top and the bottom boundaries. For the
membrane shell case, we impose a given inflow /outflow velocity of order of the characteristic filtration
velocity through a shell of width ¢. The applied contact forces at the same top/bottom boundaries
should be of order of the pressure drop between these boundaries. We recall that in the case of the
flexural poroelastic shell, studied in [22], the contact forces at the top/bottom boundaries are an
order of magnitude smaller and even smaller than the related inflow/outflow velocities.



The motivation for studying the flexural poroelastic shells comes from the industrial filters mod-
eling. For instance, the results from [20] and [22] can be applied to the modeling of the air filters for
the cars, while some oil car filters can be modeled as membrane poroelastic shells.

The motivation for studying the membrane poroelastic shells also comes from the biomechanics.
An important example is the study of the mechanical behavior of fluid-saturated large living bone
tissues. We recall that the bulk modulus of the bone is much larger than the bulk moduli of the soft
tissues and the bone deformation is small. A full physiological understanding of the bone modeling
would provide insight to important clinical problems which concern bones. For detailed review we
refer to [27] and [11]. Many other living structures are fluid-saturated membrane shells, see e.g. [13].

Another modeling question, raised in [11], is of the modeling of the elastic wave propagation in
a bone. As the Biot theory was originally developed to describe the wave propagation, the subject
attracted attention. The reader can consult [3], [15] and [32] and references therein. With our scaling,
our spatial operators do not coincide with models from these references, but rather with Taber’s works
[30] and [31]. Furthermore, the dynamic models of the diphasic Biot equations for a viscous fluid
exhibit memory effects, as proposed by Biot through the introduction of the viscodynamic operator
(see [33]). The homogenization derivation of the dynamic diphasic Biot’s equations gives the memory
terms (see [9]) for a viscous fluid. If the pores are filled by an ideal fluid, there are no memory effects
(see [16]). The analysis of the relationship between the dynamic and the quasi-static diphasic Biot
equation was undertaken in [24] and there are scalings when the memory effects are not important.
But in general it is not possible just to add the acceleration to the quasi-static Biot system. Hence
modeling of the elastic waves propagation in poroelastic plates/shell requires some future research.

Since in [23], the quasi-static Biot equations are obtained by homogenization of a pore scale fluid-
structure problem, one can raise question why we do not study simultaneously homogenization of the
fluid-structure problem and the zero thickness limit. In the applications we have in mind (industrial
filters, living tissues...) the thickness is much bigger than the RVE size and such approach does
not make much sense. For some other problems like the study of the overall behavior of curved
layers of living cells, having a thickness of one cell, the simultaneous homogenization and singular
perturbation would give new models.

The flexural shell model is formulated on a subspace of infinitesimally inextensional displacements
involving boundary conditions, usually denoted by Vr. However this function space for some geome-
tries and boundary conditions turns to be trivial. In this case a model for extensional displacements
is necessary. In this paper we focus on the shells with elliptic surfaces which are clamped at the
whole boundary. The model in this case is called elliptic membrane shell model. In the case of the
classical elasticity the membrane effects are measured by the change of the metric of the shell. This
is different with the case of the flexural shell model where the potential energy is measured by the
change in the curvature tensor. This difference results in a simpler model for the membrane case and
lower order derivatives involved in the formulation. Remaining cases in which Vi = {0} as well are
covered by the generalized membrane shell model (an example is a tube clamped at ends). However,
the formulation is given in abstract spaces, see [5].

Derivation of the present model is more difficult than the derivation of the classical elliptic
membrane shell model starting from the three-dimensional linearized [7]. Namely, we are dealing
with an additional equation for the additional unknown (pressure). We use the results derived in the
classical static case, see [5], as much as possible, but Biot’s equations are quasi-static and, therefore,
time dependent. Presence of the additional independent variable (time) requires special attention and
careful analysis. Note also that in some parts this derivation is more demanding than the derivation
of the poroelastic flexural shell model from [22] since here we have weaker a priori estimates in strains
and we have to obtain the same convergences of the tangential displacements as in the flexural case.
Finally, we recall that the flexural shell models are characterized by the presence of the 4th order
differential operators and for the membrane shell models the differential operators are of the 2nd
order.



2 Geometry of Shells and Setting of the Problem

We are starting by recalling the basic facts of geometry of shells. The text follows [22], but it is
shorter since some terms are not needed in the membrane model. Namely, lower order derivatives
are sufficient to express the membrane effects.

Throughout this paper we use boldfaced letters for vectors or matrices. The only exceptions are
points in the Euclidean spaces (e.g., x, y, ). R™*™ denotes the space of all n by m matrices and the
subscript sym denotes its subspace of symmetric matrices. By L? we denote the Lebesgue space of
the square integrable functions, while H' stands for the Sobolev space.

Let the surface S is given as S = X(wy,), where w C R? be an open bounded and simply connected
set with Lipschitz-continuous boundary dwr, and X : @y — R? is a smooth injective immersion (that
is X € C3 and 3 x 2 matrix VX is of rank two). Thus the vectors a,(y) = 9,X(y), a = 1,2,
are linearly independent for all y € wy and form the covariant basis of the tangent plane to the
2-surface S. Let QY = wy x (—£/2,£/2). In this paper we study the deformation and the flow in a
three-dimensional poroelastic shell Qé = r(Q%), L, ¢ > 0, where the injective mapping r is given by

as(y) = ai(y) x az(y)

Y= Tarly) x aaly)] 21

r=r(y,r3) = X(y) + r3a3(y),

for x3 € (—£/2,¢/2) and (y1,y2) € wr, diam (wr) = L. The contravariant basis of the plane spanned
by ai1(y), az(y) is given by the vectors a®(y) defined by a®(y) - ag(y) = d5. We extend these bases to
the basis of the whole space R? by the vector az(y) given in (2.1) (a®(y) = a3(y)). Now we collect
the local contravariant and covariant bases into the matrix functions

Q= [ al a? a’ }, Ql= al |. (2.2)
The first fundamental form of the surface S, or the metric tensor, in covariant A, = (aqng) or
contravariant A° = (a®?) components are given respectively by

anB = A - ag, a?=a"-a’ o, 8=1,2

Note here that because of continuity of A and compactness of &y, there are constants M€ > m¢ > 0
such that
mx-x < A(y)x-x < M°x - x, x €R3 y €@y (2.3)

These estimates, with different constants, hold for A. as well, as it is the inverse of A€. The second
fundamental form of the surface S, also known as the curvature tensor, in covariant B, = (bsg) or

mixed components B = (bg) are given respectively by
2
bop = a’ - Ogan = —0pa’ - aa, )= a"bga, a,B=1,2.
k=1

The Christoffel symbols I'* are defined by
Fgg =a". agaa = —05a“ cay, o,B,k=12.

We will sometime use I‘iﬁ for bys. The area element along S is y/ady, where a := det A.. By (2.3)
it is uniformly positive, i.e., there is m, > 0 such that

0 <mg <aly), Yy EWp. (2.4)



In order to describe our results we also need the following differential operators:

2
1
Yap(V) = 5((9&1)5 + 0gvq) — ZFZQU,{ — bapus, a,B=1,2, (2.5)
k=1
2 2
nagls = Opnag + ) Thenge + ) Tgenan,  af=12,
k=1 k=1

defined for smooth vector fields v and tensor fields n.

The upper face (respectively lower face) of the shellNQ% is B¢ = r(wy x {23 = £/2}) = r(%4)
(respectively Zzé =r(wp x {z3 = —1/2}) = r(EZE)). 'Y is the lateral boundary, I'Y = r(Qw, x
(—£/2,£/2)) = r(T'}). The small parameter ¢ in the problem is the ratio between the shell thickness
and the characteristic horizontal length e = ¢/L < 1.

Table 1: Parameter and unknowns description

SYMBOL QUANTITY

I shear modulus (Lamé’s second parameter)
A Lamé’s first parameter

Ba inverse of Biot’s modulus

o effective stress coefficient

k permeability

n viscosity

L and ¢ midsurface length and shell width, respectively
e=/{/L small parameter

T =nL?/(ku) | characteristic Terzaghi’s time

U characteristic displacement

P=Uu/L characteristic fluid pressure

u = (u1,ug,us) | solid phase displacement

P pressure

We note that Biot’s diphasic equations describe behavior of the system at so called Terzaghi’s time
scale T = nL?/(ku), where L, is the characteristic domain size, 7 is dynamic viscosity, k is perme-
ability and p is the shear modulus. For the list of all parameters see Table 1.

Similarly as in [20], we chose as the characteristic length L. = ¢, which leads to the Taber-Terzaghi
transversal time T},, = n¢?/(kp). Another possibility was to choose the longitudinal time scaling
with Tjong = nL%/(kp). It would lead to different scaling in (2.8) and the dimensionless permeability
coefficient in (3.3) would not be €2 but 1. In the context of thermoelasticity, one has the same
equations and Blanchard and Francfort rigorously derived in [2] the corresponding thermoelastic
plate equations. We note that considering the longitudinal time scale yields the effective model
where the pressure (i.e. the temperature in thermoelasticity) is decoupled from the flexion.

Then the quasi-static Biot equations for the poroelastic body Q‘i take the following dimensional
form:

& =2ue() + (A divaa — ap)I in QF, (2.6)
—dive=—pAda—-A+p)vdivi+ayp=0 in QFf, (2.7)
k -

%(,3@134- a diva) — p Ap=0 in QEL (2.8)



Note that e(u) = sym syu and ¢ is the stress tensor. All other quantities are defined in Table 1.

We impose a given contact force 6v = ﬁfz and a given normal flux —77({);; =V at 3 = £/ /2.
At the lateral boundary I we impose a zero displacement and a zero normal flux. Here v is the
outer unit normal at the boundary. At initial time ¢ = 0 we prescribe the initial pressure ﬁ%vm.

Our goal is to extend the elliptic membrane shell justification by Ciarlet, Lods et al and by
Dauge et al to the poroelastic case. Thus in the sequel we assume that the middle surface is elliptic
(Gaussian curvature (product of principal curvatures) is positive at all points) and that the shell is
clamped at its entire boundary.

We announce briefly the differential equations of the membrane poroelastic shell in dimensional
form.

’ Effective dimensional equations:

The model is given in terms of u®f : w;, — R3 which is the vector of components of the displace-
ment of the middle surface of the shell in the contravariant basis and p°f : QEL — R which is the
pressure in the 3D shell. Let us denote the stress tensor due to the variation in pore pressure across
the shell thickness by

5 2ua t/2 &
n = (CS(A°~y(u))Ac — / p T dys A°, 2.9
(Afy(u™)) Nt 20 ) 0 (2.9)

where ~(-) is given by (2.5) and C° is the elasticity tensor, usually appearing in the classical shell
theories, given by
C°E = 24 tr (E)I+2uE, EcR2?

sym:*

A+ 2u

Then the model in the differential formulation reads as follows:

2
> agls = (Pfa+ (PLa mwr, a=1.2,

f=1
2 » " (2.10)
— Y bagnas = (PL)s + (PL")s inwr,
a,B=1
u =0,0=1,2, on dwy, for every t e (0,7),
a2 8pe{f 2 L aueﬂC k 82peff
A°: - — =
(BG+A+QM> o T ) T e
in (0,7) x X (=0/2,0/2),
kal eﬂ( ) X wr X (=£/2,£/2) (2.11)
S v, on (0,T) xwr x ({—€/2} U {£/2}),
n Oys

Pt = pé,m given at t = 0.

Here (Pzd)i,i = 1,2,3 are components of the contact force 75Lﬂ or at Eff in the covariant basis,

Vi =V5oX, peL’m = ﬁ%}in or. Thus, the poroelastic elliptic membrane shell model in the differential
formulation is given for unknowns {n,u°f pf} and by equations (2.9), (2.10) and (2.11). The
components of n are the contact forces. The first two equations in (2.10) can be found in the
differential equation of the elliptic membrane shell model (see [5, Theorem 4.5-1]). The first equation
in (2.11) is the evolution equation for the effective pressure with associated boundary and initial
conditions in the remaining part of (2.11).



In the case of the classical theory of the purely elastic shell, we recall that, in addition to already
quoted articles and books by Ciarlet and al, there is a huge literature, with both mathematical and
engineering approaches (see e.g. [1], [12], [18], [25] and references therein).

In Section 3 we present the dimensionless form of the problem, then recall existence and uniqueness
result of the smooth solution for the starting problem, rewrite the problem in curvilinear coordinates
and rescale the problem on the domain Q = w x (—1/2,1/2). At the end of this section the main
convergence results are formulated. In Section 4 we study the a priori estimates for the family of
solutions. Then in Section 5 the convergence (including strong) of the solutions to the rescaled
problem, is studied as € — 0. In Appendix we give the limit model written for a part of the spherical
surface. Finally, the radially symmetric effective equations the problem on the whole sphere are
derived and the result is compared with the one in [31].

3 Problem setting in curvilinear coordinates and the main results
3.1 Dimensionless equations

We introduce the dimensionless unknowns and variable by setting

uU e~
— R > U= T = o=
6 BGlJJv I u u; kﬂ7
e o aro_ o o= o=r o oxr_x. iy MU
Ppf=p;, yL=y; T3L=x3; tL=r; XL=X; tI'=t o 7 =0

After dropping wiggles in the coordinates and in the time, the system (2.6)—(2.8) becomes

—dive*=— AT —Aydiva*+av =0 in (0,T) x O, (3.1)
5° = 2e(@°) 4+ (A div @ — )T in (0,T) x OF, (3.2)
0 ~

a(5;56 +adivid®) —e?ApF =0 in (0,T) x QF, (3.3)

where G° = (uf, 45, u5) denotes the dimensionless displacement field and p® the dimensionless pres-
sure. We study a shell Q° with thickness ¢ = ¢/L and section w = wr,/L. It is described by

QF = %r({(l‘hmz,m)/[/ €wx (—¢/2,6/2)}) =1(Q) = QL /L,

i‘,i (respecEively~ii) is the upper face (respectively the lower face) of the shell Q5. T is the lateral
boundary, I'* = T'} /L. ) )

We suppose that a given dimensionless traction force is applied on X9 UX¢ and impose the shell
is clamped on I'®:

5°v = (2e(d°) — apI + A(div &) )v = eP+ on %5, (3.4)
=0, on I°
For the pressure p°, at the lateral boundary ¢ the zero inflow/outflow flux is imposed:
—vp-v=N0. (3.6)
and at X5, we set

—e2 v ==eV. (3.7)

Finally, we need an initial condition for p® at ¢t = 0,
P (x1, 29, 23,0) = Pin(x1, x2) in QF. (3.8)

The difference here, with respect to flexural shell case ([22]), is that the contact loads in (3.4) and
filtration velocity in (3.7) are differently scaled.



Remark 1. We recall that in the flexural shell case contact loads were assumed to behave like 5375:|:
and the normal boundary filtration velocity by —e? 7 §° - v = +£2V.

Let V() = {v € HY(Q%;R?) : ¥|z. = 0}. Then the weak formulation corresponding to (3.1)—
(3.8) is given by
Find @ € H'(0,T,V(Q9)), 5 € H'(0,T; H'(Q°)) such that it holds

/~2e(ﬁ€):e(\7)dx+5\/~ divrfdivfzda;—a[ 7 div v dzx

Q Q €
= /if €75+ -V ds + /if eP_-vds, forevery ve V(QE) and t € (0,7), (3.9)
s <
B s O q dx + / @ div 9,2%G dx + €2 s Vi€ - V§ dx
= . Vids—e - Vids, forevery Ge H'(QF) andt e (0,7T), (3.10)
155|{t:0; = Pin, In S{E. (3.11)

Note that for two 3 x 3 matrices A and B the Frobenius scalar product is denoted by A : B =
tr (ABT).

3.2 Existence and uniqueness for the s-problem

In this subsection the existence and uniqueness of a solution {@¢, 5°} € H' (0, T; V(QF))x H' (0, T; H' (QF))
to problem (3.9)-(3.11) is recalled. We follow [20] and get

Proposition 2. Let us suppose
Pin € HF(QF), P € H*(0,T; L*(w; R?)) and V € H'(0,T; L*(w)), Vl]{i=0y = 0. (3.12)

Then problem (3.9)-(3.11) has a unique solution {G¢, ¢} € HY(0,T;V(¥))) x H*(0,T; H'(€¢)).

3.3 Problem in Curvilinear Coordinates and the Scaled Problem

In this section we introduce the formulation of the problem in curvilinear coordinates. The formula-
tion is the same as in Subsection 3.3 in [22, pages 371-374] without the rescaled problem in (3.18).
For completeness and for the comfort of the reader we repeat it here.

Our goal is to find the limits of the solutions of problem (3.9)-(3.11) when e tends to zero.
It is known from similar considerations made for classical shells that asymptotic behavior of the
longitudinal and transverse displacements of the elastic body is different. The same effect is expected
in the present setting. Therefore we need to consider asymptotic behavior of the local components of
the displacement @°. It can be done in many ways, but in order to preserve some important properties
of bilinear forms, such as positive definiteness and symmetry, we rewrite the three-dimensional
equations in curvilinear coordinates defined by r. Then we formulate equivalent problems posed on
the domain independent of €. We essentially follow the analogous section from [22]. Nevertheless, it
should be noted that the pressure scaling is different.

Let #(z/L) = r(z)/L, x € Qf . The covariant basis of the shell Q=, which is the three-dimensional
manifold parameterized by r, is defined by

gi=0r:Q° >R i=1,23.



Vectors {g7, g5, 85} are given by

Vectors {gl i 25,g3’€} satisfying
gj7€ : ng = 52] on ﬁe? Za.] = 17 27 37

=€
where d;; is the Kronecker symbol, form the contravariant basis on €2 . The contravariant metric
tensor GrCg = (¢%*), the covariant metric tensor G& = (95;) and the Christoffel symbols F;’,f of the

shell Q are defined by

gc =g g, gi=gi-g) Th=g" Ogon®, ijk=123
We set
3
, 1 .
'f = (F;’]i)j k=13 and . (v)= §(Vv + vl — Zvil'"”e. (3.13)
1=1

Let g° = det G. Until now we were using the canonical basis {e1, ez, e3}, for R®. Now the displace-
ment is rewritten in the contravariant basis,
3 3 '
0 or(y1,yz, w3) = » s or(y1, v, v3)e; = Zu (Y1, 2, 3)8" (1, 42, 73), Vor=» wvg"",
i=1 i=1
while for scalar fields we just change the coordlnates

on Q°. The contact forces are rewritten in the covariant basis of the shell
3
Pror=)Y (P:)igf on X5.
i=1

New vector functions are defined by
u® =uje;, v=uve;, Pir=(Pi)e.

Note that u®; are not components of the physical displacement. They are just intermediate functions
which will be used to reconstruct t°. The corresponding function space to V() is the space

V(QF) = {v e H'(Q°)? : v|re = 0}.
Let Q° = (Vr)™"= (gf g5 85) ' = (8" &** g*°) and let
CE=AtrE)I+2E, forall EecR¥3 (3.14)
Then the problem (3.9)—(3.11) can be written as

/Q C(Q7-(w)(Q)7) : (Q4:(V)(Q)") Vrdy — o /Q P (QA(vV)(Q)) Vrdy

=e | Py vVgds+ 5/ P_ - vi/¢eds, v e V(QF), ae. t€][0,T],

o
/ 8 gy + / 0o (Q. () (Q) )7y (3.15)
. Q°Vp© - Q°Vg/gedy = 5/ Vagv/geds — e/ Vagv/geds,

q € HY(QF), a.e. t €0,T),
P° = Din, for t = 0.

5



This is the problem in curvilinear coordinates.

Problems for all u®, p and u®, p® are posed on e—dependent domains. In the sequel we follow the
idea from Ciarlet, Destuynder [6] and rewrite (3.15) on the canonical domain independent of €. As
a consequence, the coefficients of the resulting weak formulation will depend on e explicitly.

Let Q = w x (—1/2,1/2) and let R : Q — Q° be defined by

RE(z) = (21, 2%,e2%), 2€Q, e€(0,20).

By Y1 =w x {:|:1/2} we denote the upper and lower face of 2. Let I' = dw x (—1/2,1/2). To the
functions u®, p°, ¢%, g5, g gt QF, I‘;;, i,7,k = 1,2,3 defined on Q° we associate the functions u(e),

p(e), g(e), gi(e), g'(¢), Qle), sz( €), 14,4,k = 1,2,3 defined on Q by composition with R¢. Let us also
define

V(Q) = {v = (v1,v2,v3) € HY(4R3) : v|p = 0}.
Then the problem (3.15) can be written as
: [ c@Er mENQE”) : (e Q) Vi
~za [ pE(QE IQET) Val)d:

=€ Py -vy/g(e)ds, veV(Q), ae. tel0,T],
Ei

8t Q\/idz-l-f:‘/ gtr(Q( )’ye(u(g))Q(g)T)q\/@dz (3.16)
te /Q )Vep( (5)Veq/g()dz
= ﬂFe/ Vay/g(e)ds, qe HY(Q), ae. te[0,T),
pIES

p(€) = Pin, for t = 0.
Here
1 3
Y (V) = 2(V) + (v Z; v (e (3.17)
1=
0 0 %837)1 0101 %(821)1 + 811)2) %8103
v.(v) = 0 0 30sv2 |, v,(v)=| 3(02v1 + O1v2) 01 3003 |,
%83’01 %831)2 831)3 %811)3 %821)3 0

1
Vsq = gvzq—Fqu, V.q= [ 0 0 63(] ]7 qu = [ 81(] 82(] 0 ]

and we have also used the notation

:F/ VQ\/g(é‘)dS:/ VQ\/Q(E)dS_/ Vgy/g(e)ds,
S s 4
Py -vy/g(e)ds = Pi-v/g(e)ds 4—/2 P_-v/g(e)ds.

pIEN PN

Remark 3. Existence and uniqueness of a smooth solution to problem (3.16) follows from Proposition
2 and the smoothness of the curvilinear coordinates transformation.

Also notice that in the present (elliptic membrane) case there is no rescaling of the pressure. It
will appear to be of order one which is in contrast to the flexural shell case where it was of order .

10



3.4 Convergence results

In the remainder of the paper we make the following assumptions

Assumption 4. For simplicity, we assume that p;, = 0, that V. € HY(0,T; L*(w)), Vl]=0y = 0 and
that P+ € H*(0,T; L*(w; R®)), with P+|y—gy = 0.

To describe the limit problem we introduce the function space Vi (w) = H} (w) x Ha (w) x L?(w).
Contrary to Vp(w), which is the function space for the flexural shell model, it is always non-trivial.
The boundary value problem in 2 = w x (—1/2,1/2) for the effective displacement and the effective
pressure is given by:

find {u,p°} € C([0,T); Vi (w) x L2(Q)), 0,,p° € L?((0,T) x Q) satistying the system

~ 9 1/2
/C(Ac'y(u)) cy(V)AYadzdzy — = a / / pPdz3AC : y(v)Vadzdzo
v At2Jwl (3.18)

= /(73+ +P_) - vwadzdz., v € Vy(w),

/(54— o )apoq\/ﬁdz—i—/ 8( 2 Ac:'y(u)> g\ adz + a—p()@\/adz
Q Q

= a— | =
t t
A+2/) 0O Ot \\+2 o 023 0z3 (3.19)
= [ Vavads,  qen'@).
DIFE

=0 at t=0, (3.20)

where ~(-) is given by (2.5) and
CE=2—"—tr(E)I+2E, EecRJ (3.21)

A+2

Remark 5. We observe that, contrary to the effective flexural shell system from [22], problem
(3.18)—(3.20) is of the second order.

Fundamental for the analysis of this model is the inequality of Korn’s type on an elliptic surface,
see [5, Theorem 2.7-3] or [7, Theorem 4.2].

Lemma 6. Let w be a domain in R? and let X € C*(w;R3) be an injective mapping such that the
two vectors a, = 0, X are linearly independent at all points of @ and such that the surface X (@) is
elliptic. Then there is Cpr > 0 such that

lor 2y + o2l ) + losllagy < Carly (Dl egupossys v € Var(w).

Proposition 7. Under Assumption 4, problem (8.18)-(3.20) has a unique solution {u,p°} in the
space C([0,T]; Vyr(w) x L3(2)), 0,,p° € L*((0,T) x Q) Furthermore, 9;p° € L?((0,T) x Q) and
oa € L2(0,T; Vi (w)).

Proof. We follow the proof of Proposition 4 from [22] and first prove that {u, p°} € C([0, T]; Vas(w) x
L?(2)) and 0,,p° € L?((0,T) x ) imply a higher regularity in time. Ideas are analogous but details
of the calculations are different.

Next we take ¢ = G(z1,22), ¢ € C°(w) as a test function in (3.19). The time continuity and
(3.19) yield

a? 1/2 0 2a
+ = dzg + = A€ :~(u)=0. 3.22
(B /\+2)/1/2p ° A+2 7w ( )

11



After inserting (3.22) into (3.18), it takes the form

o | . 40
/WC(A y(w)) s v(v)A*Vadzidz, + (A+2) (ﬂ(S\ +2) + a?)

= /(7?Jr +P_) - vvadzidzs, v € Vy(w).

/ A°:~y(u)A°: y(v)Vadzdz
@ (3.23)

The H2-regularity in time of Py allows taking time derivatives of equation (3.23) up to order 2. It
yields dyu € L?(0,T; Vyr(w)) and dyu € L2(0,T;Vy(w)). Hence Opu € HY(0,T; Vis(w)). Note that
contrary to the flexural case from the proof of Proposition 4 from [22], the equation for u is now of
the 2nd order. For such u classical regularity theory for the second order linear parabolic equations
applied at (3.19) implies 9;p° € L2((0,T) x Q). 5

u

The existence and the uniqueness are based on the energy estimate. If we choose v = N as a

test function in (3.18) and p” as a test function in (3.19) and sum up the equations we obtain the
equality
o2

A+2

s [etasstuy vy + [ (542 ) 02y

— 2/w(7>+ +P_)- uﬁdzldzz} +/Q <g§:>2 Vadzdt (3.24)

= —/ at(PJr + ’P,) : u\/adzleQ :F/ Vpo\/E dz1dzs.

P2
Equality (3.24) implies uniqueness of solutions to problem (3.18)—(3.20). Concerning existence, equal-
ity (3.24) allows to obtain the uniform bounds for v(u) in L% (0, T’; Vps(w)), for p* in L>=(0,T; L?(9))
and for 9,,p" in L?(0,T; L?(Q)). Using Lemma 6 and the classical weak compactness reasoning, we
conclude the existence of at least one solution. O

Remark 8. Note that the equation (3.23) can be used to decouple the problem. Thus we first
can solve the membrane problem with slightly changed coefficients and with time as a parameter in
the equation. In the second step we plug this solution into (3.19). This approach can also lead to
alternative existence proof. Namely, standard existence theory for membrane shell model applied on
(3.23) yields that there is a unique u € H?(0,T; Vs (w)) solving (3.23). Then the standard parabolic
theory for (3.19) implies the existence of p® in C([0,T]; L?(2)) and such 9,,p° in L%(0,T; L?(2)).
Further regularity is standard.
Standards computations give

1/2 43 o t @emt1)?2 (—1)™
0_ Odos = —V(t)ys + -2 / 7 9 Vds——— _gin (2m + )mys), (3.25
p /1/2]7 z3 (t)ys = mzz:o ; e i S(2m 1) sin (( m )7Ty3) ( )

2
with 8 = 8 + S\O[ 5 After inserting (3.22) into (3.18) for displacement we get a standard elastic
+

membrane shell equations with modified coefficients. Then we use (3.22) to compute the mean
pressure and finally (3.25) to reconstruct the pressure fluctuation.

The main result of the paper is the following theorem.

Theorem 9. Let us suppose Assumption 4. Let {u(e),p(e)} € H(0,T;V(Q)) x HY(0,T; H'(2)) be
the unique solution of (3.16) and let {u, p'} be the unique solution for (3.18)-(3.20). Then we obtain

u(e) > u strongly in C([0,T); HY(Q) x HY(Q) x L*(Q)),
~¥(u(e)) — Y strongly in C([0, T); L*(Q; R3*3)),
p(e) — p° strongly in C([0,T7; L2(Q)),

p(e) op°

e 8723 strongly in L2(0, T, LZ(Q))7

12



where

0
0 v(w) 0 (3.26)
A

_a 0 __ .
00 3 — A ()

Remark 10. We observe differences between convergence theorem (Theorem 6) from [22] and this
result. The most notable difference is in the structure of v°.

As a consequence of the convergence of the term v¢(u(g)), we obtain the convergence of the scaled
stress tensor.

Corollary 11. For the stress tensor o(¢) = C(Q(e)y*(u(¢))Q(e)”) — ap(e)I one has

%O’(é‘) — 0 =C(QY°Q") — ap°I strongly in C([0, T]; L*(; R3*3)). (3.27)

The limit stress in the local contravariant basis Q = (a! a? a3) is given by

2 2X
Q70Q = <_X fzpol t5o (A ()l + 2AC’Y(“)> A° 0

0 0

4 A priori estimates

Fundamental for a priori estimates for elliptic membrane shells (clamped at all lateral surface and
elliptic) is the following three-dimensional inequality of Korn’s type for a family of linearly elastic
elliptic membrane shells.

Theorem 12 ([5, Theorem 4.3-1], [7, Theorem 4.1]). Assume that X € C3(w;R3) parameterizes an
elliptic surface. Then there exist constants eg > 0,C > 0 such that for all € € (0,£¢) one has

v ) + o207 + [sll729) < ClV° (W) T2maxsy: v E V().

Remark 13. Note that the above estimate applies to the functions on the three-dimensional domain
Q and will be the basis for the a priori estimates for the solution of (3.16), while in Lemma 6 the
estimate was for functions on w ad is the basis for the existence and uniqueness of the solution of
the limit model (3.18)-(3.20).

Next we state the asymptotic properties of the coefficients in the equation (3.16). Direct calcu-
lation shows that there are constants mg, My, independent of € € (0,¢p), such that for all z € Q,

mg < Vg(e) < M. (4.1)

The functions gi(¢), g;(¢), g (¢), g(e), F;k(s), Q(e) are in C(2) by assumptions. Moreover, there is a
constant C' > 0 such that for all € € (0, g¢),

I81(6) — @l + 1) — il < C
I VoGl + V5 — Vil < Ce. 42)

1Q(e) - Qs < Ce,
ITi() = T34 0) o < Ce,

13



where || - | is the norm in C(£2). For proof see [7, 8]. In addition, in [5, Theorem 3.3-1] and |8,
Lemma 3.1] the asymptotic of the Christoffel symbols is given by

Iy Ty, —of
I(e) = { 5, T5 —b3 ] + O(e), (4.3)
b —=b5 0
where k = 1,2 and
b1 b2 0O
I‘g(E) =] by by O +O(€). (4.4)
0O 0 0

In the following two lemmas we derive the a priori estimates in a classical way. The estimates
are similar, but different from the flexural case. Namely, the scaling of v*(u(e)) is different.

Lemma 14. There is C > 0 and €9 > 0 such that for all € € (0,¢9) one has
H'Ya(u(g))|’L°°(0,T;L2(Q;R3X3))v ||p(5)||L°°(O,T;L2(Q;R))v ”5v€p(5)||L2(O,T;L2(Q;R3)) <C.

Proof. Weset v= auia)

pressure term from the first equation cancels with the compression term from the second equation
we obtain

and ¢ = p(e) in (3.16) and sum up the equations. After noticing that the

50 | CQETMENQET) : QN ()@ ValEld:

+ ey [ pEPVIENE+ € [ QEITPE) - QEVpE Vol
Q Q
=¢ Py - 81;)55) Vy(e)ds F 5/ Vp(e)v/g(e)ds.

PR PINE

Dividing the equation by € and using the product rule for derivatives with respect to time on the
right hand side yield

3t ([ € QeI s (QEraE)QE)!) Vs + 5 [ perVae:)

+2 [ QEVHE) - QR Vol
= % Py -ule)\/g(e)ds — / ('9879: -u(e)\/g(e)ds F Vp(e)\/g(e)ds.
Ya Ya Y

Now we use the Newton-Leibnitz formula for the terms on the right hand side and the notation

P (Py+P Yo+ T

9 s Y= 2V23

to obtain

33t ([ € Q@)1 s (QEraE)Qe)”) Vil + 5 [ perva:)

e /Q QE)VP(E) - QE)Vp(e)V/g(E)dz
=4 | o aevaEd: - [ (5 aeva@ )
- / L (Vole)/a(@)) d.

Q 0z3

14



Next we integrate this inequality over time

5 [ (QE@E)QET) : (QET (ERET) ValEid: + 55 [ pe? Val)d:
Q Q
2 [ [ @e)vnle) Qe Vi) Vaazdr
—5 ([ Qe Oh-0QE") : Qe @El-0QET) Valbid: + 5 [ perieo/sE: )

/823 (P-u(e dz—/ 97 (Ple=o - u(e)|t=0 g(é))dz—/o /Qaz3 (m.u(g)\/@> dedr
/ / - Vp ) )) - (4.5)

Since we have sufficient time regularity for u(e), we consider (3.16) for t = 0. Then u(e)|+=¢ satisfies:
for all v € V(2)

/QC (Qe)Y (u(e)]i=0)Q()") : (QE)¥ (V)Q(e)") Vg(e)dz
— a/gp(e)ho tr (Q(E)’YE(V)Q(é‘)T)\/g(E)dZ :/E Pli—o - vi/g(e)ds.

Since the initial condition is p(e)|;=o = 0 this equation is a classical 3D equation of shell-like body in
curvilinear coordinates rescaled on the canonical domain. Next, P4|;—¢9 = 0 and the classical theory
(see Ciarlet [5]) yields u(e)|;=o = 0. Using Korn’s inequality, positivity of C and uniform positivity
of Q(£)TQ(¢) and g(e) in (4.5) yields the estimate

5 [ C(QE E)QET) : QY (ENQET) ValE)d: + 55 [ o Val)d:
Q Q
+ 82/ / Q(e)Vep(e) - Q(e)Vep(e)\/g(e)dzdr < C.
0 JQ

Since C is positive definite and since g(¢) is uniformly positive definite (see [5, Theorem 3.3-1]) we
obtain the following uniform bounds

1Q(e)Y (u(£)Q(e) 0,223y IP(E) L0, ri22(0))  1EQE)VEP(E)| L2 (0,7:02( 0k )) -
Since Q(e)7Q(e) is uniformly positive definite these estimates imply uniform bounds for
H’YE(U(E»Q(&)THLoo(o,T;L2(Q;R3x3))a Hp(E)HLN(O,T;LZ(Q))7 vaap(f)HLZ(O,T;L?(Q;RS))-
Applying the uniform bounds for Q(¢)” Q(e) once again implies the statement of the lemma. O

du(e)
ot

as test functions in the second equation in (3.16) and sum

We now first take the time derivative of the first equation in (3.16) and then insert v = as

Ip(e)
ot

a test functions. Then we take g =

the equations. We obtain
/C <Q(5)7€(ag§f€))Q(E)T> . <Q(E)7€(ag(t > \/—dz
+ﬂ/ 6t % th/ Q(e)Vep(e) - Q(e)Vep(e)/g(e)dz (4.6)
873i au
:/Ei i \/7d \/765

Similarly as in Lemma 14 from this equahty we obtain

15



Lemma 15. There is C > 0 and €9 > 0 such that for all € € (0,£9) one has

du(e) ()

7= ( ot M z2 (0,T;L2 (S;R3%3)) 5 =5

||L2(0TL R)) eVep(e )HL‘X’(O,T;LZ(Q;RS)) <C.
As a consequence of the scaled Korn’s inequality from Theorem 12 we obtain

Corollary 16. Let us suppose Assumption 4 and let {u(e),p(e)} be the solution for problem (3.16).
Then there is C > 0 and €9 > 0 such that for all € € (0,g9) one has

H‘YE(U(E))||H1(0,T;L2(Q;R9 s lur (&) ]| e OTH1 ) ||U2(5)||H1(0T-H1 (Q))» ||u3(5)||H1(O,T;L2(Q))a

()

Pl 1 0,122 (2:R)) H | Lo (0,7522(0:r)) < C-

In addition, there are u1,us € H'(0,T; H*(Q;R?)), us € HY(0,T; L*(;R3)), p° € H(0,T; L?(; R))
and v° € L>(0,T; L?(2;R3*3)) such that on a subsequence one has

<

e

i(€) — uj weakly in H*(0,T; H'(Q)), j=1,2,
3(€) — uz weakly in H'(0,T; L*(Q)),
(e) = p° weakly in HY(0,T; L*(; R)),

g (4.7)
g( ) RN 67 weakly m LQ(O,T, LZ(Q7R)) and weak * n LOO(O,T, LQ(Q,R))’
Z3 z3
~¥(u(e)) = +° weakly in H*(0,T; L*(Q; R3*3)).
Proof. Straightforward. -

Since v (u(e)) depends on u(g) one expects that the limits u= (u1, ug, u3) and 4° are related. The
following theorem gives the precise relationship. The following theorem is fundamental for obtaining
the limit model in classical elliptic membrane shell derivation as well as in the present derivation. Its
proof is a collection of particular statements in the proof of Theorem 4.4-1 in [5]. Therefore we just
sketch it here.

Theorem 17. For any v € V() let v°(v) be given by (3.17) and let the tensor ~(v) be given by
(2.5). Let the family (w(e))e>0 C V() satisfies

w;i(e) — w; weakly in HY(Q), j=1,2,
w3 (g) — w3 weakly in L*(2), (4.8)
~E(w(e)) = A% weakly in L*(Q; R3*3)

0. Then w= (w1, w2, ws) s independent of transverse variable z3, belongs to Vy(w) =
Hi(w) x HY(w) x L*(w), and satisfies

Yo = Vap(W), a, B € {1,2}.

Proof. From ~°(w(e)) — 4" we obtain that
Y (W(E) = 72 (W(E)) + 27, (w()) — ezwz (e - 0

strongly in L2(€;R3). From the convergences in (4.8) and asymptotics of T'(¢) given in (4.3) and
(4.4) we have that

3
e wi(e)Ti(e) = 0
=1
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strongly in L?(Q;R3*3). Also (4.8) implies that ey, (w(e)) — 0 strongly in H~1(;R3*3). Finally
~.(w(g)) — 0 strongly in L?(w; H=1(—1/2,1/2;R3*3)) and weakly in L2(£; R3*3). From the defi-
nition of v, in (3.17) we obtain that d3w;(¢) — 0 strongly in H (). Therefore w is independent
of the transverse variable z3. Then it is straightforward to conclude that w € Vj/(w).
Now, the convergences v, 5(w(e)) — 'Nygﬁ, a, B € {1,2} from (4.8), using the definition of 4¢ from
(3.17), imply
3
- : 1 .
0, = lim (2(%%(8) +Opua(e)) — 3 wile) ;ﬁ@) .
i=1
Using the asymptotics of T'(¢) from (4.3) and (4.4) together with the remaining convergences in (4.8)
yield

3
. 1 .
Fop = 5(3awﬁ + Ogwa) — Z wil'y5(0) = Yap(W).
=1
O

Remark 18. In order to apply Theorem 17 we need pointwise convergences for every ¢ € [0,7T]. The
estimates from Corollary 16 (i.e., Lemma 14 and Lemma 15) imply that we are in the same position
as in Remark 14 from [22] for u;(e), ua(e), p(e) and v (u(e)), i.e.

Ua (€)(t) = uq(t) weakly in H(Q) for every t€[0,7], «a€{l,2},
pE)(t) — p°(¢) weakly in IX(9),
~¥(u(e))(t) = ~4°(t) weakly in L?(Q; R3*3),
for every t € [0, T].
In the case of uz(e) we argue similarly. Corollary 16 implies that uz(e) is uniformly bounded in
CO1/2([0,T], L*(Q)). Therefore by the Aubin-Lions lemma (see [29]), there is a subsequence such

that the {us(e)} converges to us also in C([0,T]; H1(2)). Let ¢ € L?(Q). Then for every 6 > 0,
there exists ps € C§°(Q2) such that || — s 12(q) < J. Then

sup | [ (us(e)(t) —us(t)) ¢ dx|

0<t<T JO
< sup | [ (us(e)(t) —us(t)) (v — ¢s) dx|+ sup | | @5 (us(e)(t) —us(t)) de| (4.9)
0<t<T JQ 0<t<T JQ

< Olus(e) = uslleqom;2mrsy) + sl a o llus(e) = usll o,y m-1@mrsy) < C9,

for € < e¢(d). Therefore

lim sup / (ug(e)(t) — us(t)) ¢ dz| < C,
e=0p<t<T JQ

which yields
uz(e)(t) — usz(t) weakly in L*(Q;R?) for every t € [0,T]. (4.10)

Thus we may apply Theorem 17, with w(e) = u(e)(¢), for each t € [0,7] and conclude that the
limit points of {u(e)(¢)} belong to Vas(w).
Moreover we conclude that

Yag = Yap(w), @, B € {1,2}.
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5 Derivation of the limit model

In this section we derive the limit model in two steps by taking the limit in (3.16) for two choices
of test functions. Then in the Step 3 we prove the strong convergence of the strain and pressure.
Finally in the Step 4 we prove the strong convergence of displacements.

STEP 1 (Identification of v%).We take the limit as ¢ — 0 in the first equation in (3.16) divided
by € and obtain

/Q C (Q01°Q(0)") : (Q(0)7.(v)Q(0)") V(0)dz — a /Q P tr (Q(0)7, (v)Q(0)T) /g(0)dz = 0,
veV(Q), ae. te[0,T].
Using Q(0) = Q and ¢(0) = a, and the definition of «, and the function space V() yield
QT (€ (Qy°QT) —ap’1)Q),, =0, i=1,23.

This implies

((X tr (Qy°Q") — ap0> QrQ + 2QTQ7°QTQ) —0, i=123.

13

Since .
Q- |4 1] (5.1)
we obtain expressions of the third column of 4° in terms of the rest of elements
(Q"QY")13 = (Q"QY%)23 = A tr (Q"QY°) — ap® + 2935 = 0. (5.2)
The first two equations imply that
]

and since A€ is positive definite we obtain that 7?3 = 'ygl = 783 = ng = 0. From the third equation
in (5.2) we get
3 M Me 0. (X 0
)‘AC5[ 0 A0 }—Oép + (A +2)733 =0.
T2 722

Thus we have obtained the following result. Up to here we followed pages 382-383 from [22].

Lemma 19.

a o A
X+2p A+2

7(1)3 = ’Ygl = 733 = ’Yg2 =0, 733 = Af:y(u).

From this lemma and Theorem 17 we have that 4° is of the following form

0
0 () ;0 (5.3)

a 0 .
00 5P — 504 Hy(u)

STEP 2 (Taking the second limit). Now we take the limit in (3.16), after division of both equations
by &, for test functions independent of the transversal variable 23, i.e., v € H}(w;R3), such that

v-(v) = 0.
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Thus ¥°(v) = v, (v) — S22 v;T%(0). The equations are

/g<z(c2<s>vf<u<s>>cz<s>75 (QEQE)T) Vale)dz
—aLM@w@@h%wah@@M— Py -vV/g(e)ds,

DINE
v e H&(w R?), a.e. t € [0,T],

) oVl m+/aau@@fm@mwﬁm@@w
+e /Q YVen( Veqvg(e)dz = /ZVq\/g(a)ds, q€ HY(Q).

In the limit when € — 0 we obtain

[ c@ran: ( szr’ QT> Vadz

— a/ ¥ tr < Zle‘Z QT> Vadz = Py - vvads,
Q Xt
5.4
veﬂg(w,R?’),ae te[o T, (54)
/ 6% g ad: + [agie(@rQevads + [ 5 2 Qes - 2 Qegyat:
= [ Vavais,  qen'@.
DIFE
Note that Qes - Qez = 1. Since
) 'Y(V) %817}3 + Zizl vﬁb(lj
vy (v) — v, I"(0) = %821)3 + 23:1 (O
%611)3 + 2(27:1 Ugb‘{ %821}3 + 23:1 Ugbg 0
using (5.1) we get
i (Q(v,(v) = Yol (0)Q") = tr (QTQ(v,(v) = Y uil*(0))) = A®: v(v). (5.5)
i=1 i=1
Next, using Lemma 19 yields
r(QY°Q7) = tr (QTQY") = A% y(u) +14;
o A 2 « (5.6)
=A°:~(u)+ = p—— A¢:~v(u) == A°:~v(u)+ = v,
YO TP T YW AT
Further, using (5.1) and Lemma 19 we compute
Acy(u)A¢ 0 ] Ay(u)A° 0
To~20T0 — ’Y _ < 5.7
Q QY Q' Q 0 ’7:(5)3 [ >\+2p0 _ 5%;_2 ¢ y(u) (5.7)
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Now the main elastic term in the first equation in (5.4) is computed:
| et@ran: ( Z b0 QT> Vad:
Q

3
= /Q Mr (QY'QT) tr (Q(vyw) - Zwr%o»QT) +2Q7°Q": Qly,(v) - 3_viT'(0)Q" Vad:

=1

_/QX<;_2FQ 2y () Xj‘_2p°) A°:y(v)vadz

/ 2Q"QY’Q"Q : ( szrz )vadz

2>\ C ., C . Aa C‘ C C .,
= [ S AT (A1) + A () Vads + [ 28T w)AT A (v)Vads

Let us define the tensor (it usually appears in plate and shell theories!)

. 2X
CE = 5\+2tr(E)I+2E, E e R

The first equation in (5.4) now becomes: for all v € H}(w;R3) one has

/ C(Ay(u)) : v(v) A adzidzs + /Q ;O‘

- 2]00AC sy (v)Vadz — a/ PP A ~(v)Vadz
Q

= /(P+ + 73_) . v\/&dzleQ.
By density of Hg(w;R3) in Vjs(w) the above equation implies:

| ear ) s w)

= /(77+ +P_) - vvadzdz., v E VM(w).

1/2
OdngC cy(v)Vadzidze

(5.8)

Equation (5.8) is the classical equation of the membrane shell model with the addition of the pressure
p0 term.
Using (5.6), the second equation in (5.4) can be now written by

a? 0 2 Bp dq
- - A°:
/Q <ﬁ * A+ 2> i Vadz+ / 375 ()\ + 2 7(u)> aadz + a23 Oz3 Bz, V00
= [ Vavads,  qeH'@).
DIEE

The elliptic membrane poroelastic shell model is given by (5.8), (5.9).

STEP 3 (The strong convergences of strain and pressure).

As mentioned in Remark 8 the limit problem can be decoupled and the displacement can be
calculated independently of the pressure, by solving the elliptic membrane shell model with modified
coefficients. However the same decoupling cannot be done for the three-dimensional problem and
thus the result of the strong convergence for the classical elliptic membrane shell derivation, see [5],
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cannot be applied directly to the poroelastic case. Hence we adapt the ideas from [5]. We start
with

Q) (F () (1) ~ (1) Q") V&) + 38 /Q (p(E)®) - 1°(1)*v/g(E)dz
L e / / (Vp(e) — VH)QE)T - (Vop(e) — Vp')Q(e)T Va(e)dx.
0 JOQ

and we will show that A(e)(t) — A(t) as ¢ tends to zero for all t € [0, T]. Since A(g) > 0 the A > 0 as
well. After some calculation we will show that actually A = 0. This will give the strong convergences
n (4.7).
Since we have only weak convergences in (4.7) we first remove quadratic terms in A(e) using
0
(3.16) for v = u(e) and ¢ = p(e) divided by e. Integration of (3.16) over time, using p(&)|=o = 0

ot
and u(e)|=o = 0, implies

5 /€@ MENQET) : (e (u)QE)) Vali:

+;ﬁ/p(5)2\/g(5)dz+€2/ /Q(E)Vgp(é‘)'Q(E)VEP(E)\/Q(E)CZZCZT
Q 0 Jo
:/0 : Pi'(?u €) @deT$/ Vp(e)\/g(e)dsdr.

0 JX4
Inserting this into the definition of A(e) we obtain

seo=[ [ t

/ / p(e)\/g(e)dsdr

/ ¢ (QEN () (HQE)T) : (RN (Q(E)T) Vale)dz
—B/p(e)p Vg(e)dz
— 2¢? / /Q )Vep( e)VepP (t)\/g(e)dzdr

+5 [ €@ QM) (@1 RET) Vol + 56 [ "2 ValE)d:
Q Q
t
+ &2 / / Q(e)Vep® - Q(e)VEp° /g (e)dzdr.
0 JQ
Now we take the limit as € tends to zero and obtain that A(e)(t) — A(t) > 0, where

t t
At)_/ /(73++P_)-gl:\/&dsd7¥//2 Vp'Vadsdr
+

3 fet@roa): (et vase - bs [ prvaae [ [ (2) v,

ou
We now insert — as a test function in (5.8), p° in (5.9) and sum up the equations. The anti-

symmetric terms cancel out as before. Then we integrate the equation over time and use the initial
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conditions to obtain

5 [ A o) s (A Wadadz + g [ (5455 ) 60)Pvads

t Bpo 2 t ou t
+ / / () Vadzdr = / /(73+ +P_) - —+adsdr F / VpVadsdr.
0 Jo \0z3 0 Jw ot 0 Jug

Inserting the above equation into (5.10) yields

2

¢ : u N adz1dz 1 o O(t))2/adz
=5 [ Gt [ St ora
~3 / (Q"HQ") : (A" (1HQ") Vad-.
Next we compute the elastic energy using (5.3), (5.6), (5.7):
[ c@rQ?): (@yQ”) vad:
= /Q Mtr (Q°Q"))* +2Q" Q" QTQ : v*Vadz
(2 s ) [ ATYAC 0 o
_/Q)\<5\+2 a )+/~\+2p> 2 )\Lﬁpo_%ﬁAc:’Y(u) ¥ Vad
5 2 . o 2
- [ (e )
. 2
& o >\ c
+2<A (WA® : (u) </\+2p0_)\+2A ~(u >) )fdz
_ 4N . 9 4ha c. 0 Aa? . ¢ mlu
_/(()\+2) (A% (W) (o AT (W + (s () 4 245 (AT (w)
20° 9 da o, 23 ,
+ (X+2)2(p) -Gyt y(w)p” + (X+2)2(A (u)) )fdz
_ 2\ ¢ om(u))2 0‘7202 (WA : ~ () ad>
= QX+2(A ty(u)) +X+2(p) + 2A%y(u)A° : y(u)vad
o2

— [ cat) s y(wA+ 50 ()P vads

Inserting this into (5.11) we obtain that A(f) = 0. We now have A(e)(t) — 0 for every t € [0,T].
Since A(e) : [0,7] — R is an equicontinuous family, we conclude strong convergences of the strain
tensor and the pressure

Y(u() =" strongly in C([0.7): L(: BY))
p(e) — p° strongly in C([0,T7; L*(R)), (5.12)
8,53) ~ Oz azg strongly in L2(0>T; LQ(Q))'

STEP 4 (The strong convergences of the displacements). The setting is more complicated than
in the proof of Theorem 4.4-1 from [5] because the problem is time dependent. The first convergence
in (5.12) implies

Yap(u(e)) = Yap(u) strongly in C([0,T]; L*(Q)), «,p € {1,2}. (5.13)
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Let us now denote by - the operator of averaging over z3, i.e.,
1/2

o(-) :/ v(+, z3)dzs.
~1/2

Then from (5.13) we obtain

Yap(u(e)) = vap(@) strongly in C([0,7T7; L}(w)), o, B¢ {1,2}.

Note that u = u since u is independent of z3. The inequality of Korn’s type on an elliptic surface,
see Lemma 6 ([5, Theorem 2.7-3]), for u(e) — u implies

lur(e) = wtlfp ) + lluz(e) = ualfp ) + llus(e) — usliz(, < Cullv(ule)) = Y@z (qpraxa)-

Application of (5.13) yields

Ua(g) — uq strongly in C([0, T]; H' (w)), ae€{l1,2},

(5.14)
uz(e) — ug strongly in C([0, T]; L*(w)).

Next we prove that
uz(g) — ug strongly in C([0,T]; L*(Q)). (5.15)

From the Poincare type estimate

1/2
|ug(e) (-, z3) — us(e)(+)] < C\// (Ozu3(e) (- y3))?dys

we obtain
lus(e) — u3(e)lleqorz2y < Clldsus(e)lleqomr2@))-
From ~54(u(e)) = 105u3(e) — 195 strongly in C([0,T]; L*(2)) we conclude d3us(e) — 0 strongly in
C([0,T); L?(£2)). Together with the last convergence in (5.14) this implies (5.15).
In the remaining part of the proof we prove

e (g) — uq strongly in C([0, T]; H(Q)), a e {1,2}. (5.16)

It follows from the Korn inequality and the Lions lemma (see [14]). Let us denote u’(g) = (u1(¢), uz2(¢),0),
u’ = (u1,u2,0). Then, using the Korn inequality, the convergence

e(u'(e)) — e(v) strongly in C([0,T]; L*(Q; R3*3)) (5.17)

is equivalent to (5.16) (e(u) denotes the symmetrized gradient). Convergence in (5.17) will be
obtained component by component. Since for «, 5 € {1, 2}

€apB (u/<€)) Vaﬂ + Z uz

using the first convergence in (5.12) for v} 5(u(e)), Remark 18 for ui(e) and uz(e), (5.15) for usz(e)
and (4.3) and (4.4) we obtain

ap(W(€)) = Yap(u —1—2% 15(0) = eqp(W) strongly in C([0,T]; L*(Q)),  a,f=1,2. (5.18)

Since es3(u’(g)) = es3(u’) = 0 the convergence of this component is trivial.
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For the convergence of eq3(u'(¢)) = 293uq(c) we apply the Lions lemma. Thus we first prove
that

D3 (€), 13U (€), Doztia(€), D33ua (€) — O strongly in C([0,T); H1(Q)), «a=1,2. (5.19)
We start with the expression

3
éasua(ﬁ) = 2933(u(e)) — aus(e) +2 ) uie)lhs(e). (5.20)
=1

The first and the third term on the right hand side converge strongly in C([0,T]; L%(f2)), while the
middle one converges only in C([0,7]; H-(Q)) by (5.15). Thus we obtain that dzus(e) — 0 in
C([0,T); H71(2)). Differentiating (5.20) with respect to z3 yields

3
%aggua(a) — 204755 (1(e)) — Dudsus(c) + 2 2; O (s ()T (<))

Since d3usz(e) — 0 in C([0,T); L3(£2)) the convergence of Oszuq(e) in C([0,T]; H~1(£2)) is obtained.
Differentiating (5.18) with respect to z3 for a = ( yields

Da3tia(€) = 03eaa (W (€)) = O3ea0 (1) = 0 strongly in C([0,T]; H1(Q)), a=1,2.
Since
2 2
O1guz(e) = e017a3(u(e)) — d2yiz(u(€)) + dze12(u'()) + ¢ <51 Y ur(e)lise) =32 ) UT(€)T13(€)>
T=1 T=1

and since all terms on the right hand side strongly converge in C'([0, T]; H~1(£2)) we obtain the strong
convergence of djguz(e) in the same space. It then implies that the term

3
Osun (€) = 203755 (u(e)) — Drgua(e) + 205 > ui(e)ia(e)
=1

converges strongly in C'([0,7]; H~(£2)). Thus we have proved (5.19). A consequence of Lions lemma
is that the spaces
v € L*(Q) < (v,01v, 0w, 03v) € H1(Q)*

are isomorphic. Therefore the spaces
v e C([0,T); LA(Q)) < (v, 01v, 0yv, d3v) € C([0,T); H1(Q))*

are also isomorphic. Therefore (5.19) implies that eas(u’(€)) = 303uq(e) — 0strongly in C([0, T]; L?(Q2)).
Therefore we have proved (5.17) and then (5.16) follows by the Korn inequality. Thus we have proved
the strong convergence of displacements

u(e) - u strongly in C([0,T]; H*(Q) x H(Q) x L*(Q)).

A Spherical surface

Let w = [0,d;] x [0, da2], where d; € (0,27],ds € (0, 7], with one of the strict inequalities d; < 27 or
dy < 7 holding, and let (¢, ) denotes the generic point in w. Let R > 0. We define a spherical shell
by the parametrization

X:w—R3, X(p,6) = (Rsinf cos ¢, Rsinfsin ¢, Rcos 6)7 .
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Then the extended covariant basis of the shell S = X(w) is given by
ai(p,0) = 0,X(p,0) = R(—sinfsinp,sinfcos ¢, 0)’,
az(p, 0) X (,0) = R(cos b cos g, cos O sin o, —sin )7,

al (907 9) X 32(907 9)
a1 (g, 0) x ax(¢p, 0)]

The contravariant basis is biorthogonal and is given by

= (—sinf cos @, — sin A sin @, — cos )7 .

33(907 0)

1
al(p,0) = E(— sin ¢/ sin @, cos p/ sin 8, 0)7,

1
a(p,0) = E(cosecos @, cos O sin p, —sin )7,
a(p,0) = (—sinfcosp, —sinfsinyp, —cosh)’.

The covariant A, = (a.s) and contravariant A = (aaﬂ ) metric tensors are respectively given by

2 502 11
Ac_[Ran 0 }’ Ac_[RQSmQH (1)}
RZ

0 R? 0

and the area element is now v/adS = v/det A.dS = R?sin0dS. The covariant and mixed components
of the curvature tensor are now given by

by = a’- Opa; = Rsin? 6, bis = a® - dpa; = 0,
b21 = a3 . @,ag = 0, b22 = a3 . 8932 = R,

2 1 2
bl = Zal"bgl =allby = T by = Zalgbaz =0,

o=1 o=1
2 2 1 1
2 _ 2 _ 2 _ 2 22 _

v o= ;a%gl_o, b—;a(’bgg—a by = R = 1.

For Christoffel symbols I'f 5 = a” - dga, one has

1_ 1 y_ | 0 ctgl 9 2, | —sinfcosf 0
r _(Paﬁ)_|:ctg9 0 ) r _(Faﬁ)_ 0 0

Now the displacement vector v in the canonical coordinates is rewritten in the local basis v =
Qv = via! + va? + vza®. Note that contravariant basis is different than the usual basis associated
with the spherical coordinates. One has

v; = Rsinfv,, vy = Rvyg, v3=—.

Similarly, 7Si =Q Tp. = (Py)1a1 + (P+)2a2 + (P+)sas. Thus

(P = 5a(Pa)ys (Pa)y=35(Pa)y (Pa)y=—(Pa),

and
Pi-v=(Ps)v1 + (Pt)yv2 + (P1)5v3 = (Pﬁ:)g@vw + (P+)gvo + (P+),vr.

Inserting the geometry coefficients into the strain « we obtain

~(v) = [ O1vy — Zizl Fglvn — by1v3 2(Orvg + 3201)2— Zi:l [fyv, — biovs ]
$(Bav1 + O1v2) — Yon_ T vk — barus Oavg — D g T'59v — baovs
_n sin 00,v, + sin 0 cos Bvg + sin? Qv, %(&pvg + sin #0v,) — cos Ou,,
%(sin 00pvy, + Opv9) — cos v, Oyvg + Uy '
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Next

C(A%y(u)) : y(v)A° = ;2?2 tr (A%y(u)) tr (A%y(v)) + 2A%y(u) : v(v)A°

2N 1 1
- ey ( ~y (sin 00,uy + sin O cos Qug + sin? Qu,.) + (Oyug + ur)>
sin

1
( —5—(sin 00,v, + sin 0 cos Hvg + sin? Qv,.) + (Jgug + vr)>

sin“ 6
1 1 ) ) . 9 . . . 9
2? _740(3111 00, uy, 4 sin 6 cos Gug + sin” Ou,. ) (sin 00, v, 4 sin 6 cos fvg + sin” Ovy.)
sin
2 1 1 .
- 9(2 (Opug + sin 80yu,) — cos 6u¢)(§(8¢vg + sin #0yv,) — cos fv,,)

+ (89U9 + ur)(agvg + ’UT)>

22 1 1
— §\+2ﬁ (Sme(a uy, + cos OBugy + sin Ou,.) +89u9+ur)

1
<sin€(a‘p% + cos Ovg + sin Ov,.) + Ogvg + vr>

1 1
+ 2R2 ( 7y (Opuy + cos Bug + sin Ou,. ) (O,v, + cos Hvg + sin Ov,.)
m(@,ue + sin 0gu, — 2 cos Ouy, ) (Opvg + sin 00pv, — 2 cos Bv,) + (Ogug + uy ) (Opve + Ur)>.

The insertion of the above expression for C into (3.23) gives the equations of the spherical membrane
shell. They read: find {(uy,us,ur)} € C([0,T]; Var(w)), satisfying the system

2 4o’ 1 /1
// ( A2 (i+2)(5(i+2)+a2) 32<Sm9(au‘p+COS€U€+SID6UT>+6€W+UT>

<sm¢9 (Opv, + cos Ovg + sin Gv,.) + Ogvg + vr)

1 1
+ 2R2 < 7y (Opuyp + cos Bug + sin Qu,.) (0,v, + cos fug + sin Ov,.)
1
+ m(&pug + sin 00gu, — 2 cos Ouy, ) (0pvg + sin 00pv, — 2 cos Hv,,)
sin

+ (Ogug + ur ) (Dgvg + vr)> ) R?sin 0dpdb

d1  pda
— /0 /0 (P1)p + (P-)p)vp + (P1)o + (P-)g)ve + (P1)r + (P-)r)v,) R?sin 0dipdo,

(g, v9,0r) € Vir(w).

Then f 12 pUdr is calculated from (3.22) and the fluctuation of the pressure across the thickness can
be calculated from (3.25).

Remark 20. In the case of the whole sphere we are not in the elliptic membrane case since the
boundary conditions are different. However if we assume that the body is loaded radially (i.e. P4,V
are functions of time only) we can search for the radial solution of the three-dimensional problem
(3.16) (i.e. up, = up =0 and wu, is independent of ¢ and #). The asymptotic analysis is based on the
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a priori estimates used in Theorem 12. In the case of the whole sphere and radial solutions, a simple
calculation gives

o 1/2 1
Iy ()2 s = / / / ( (Rsin0 — e23)"02 + (R — e2)202 + ggagvg(zg))z) dz3dfdip
1/2

27 1/2 1
/ / / <R2/4v§ + 6283v3(23)2> dz3dfde > C?||vs|[7 g

1/2

for R > € and 1 > . Then the subsequent analysis follows as above and the limit model in this case
can be obtained by specialization of the above equations for spherical geometry.

Thus for loading depending only on time for the solution of the shell problem we obtain the
following relation for u, and p°:

3N+ 2 20 /1/2 0 )
- du, — 2R = dr = ((P4)r + (P-)r)R". A21
= 13 ), = (P P (a21)
1/2 2 1/2 1/2 5,0
i <B i )poqRer+2R~2a / 8turqdr+R2/ i 8qd =
dt J_1 A+2 A+2 /12 12 Or Or (A.22)

V(g(=1/2) —q(1/2)R* i D'(0.T), qe€H(-1/21/2),
P’ =0 at t=0.

From (A.22) for constant test functions we obtain

a2 1/2 20
(5 + = > o / pPR%dr + 2R——0u, = 0.
A+2 —1/2 A+2

Inserting u, from(A.21), after some calculations, we obtain

1/2 0 Ra
at/ p == po 3006 A((P+)r + (P-)r). (A.23)
~1/2 B(3A+2) + oﬂﬁ

After partial integration in (A.22), we obtain

<ﬁ+ o )a OR? 4 2R—22 Oy, — R20mp° = 0
5\+2 tP 5\+2tr rrD 5

Orplr—s1/2 =V,
P’ =0 at t=0.

Here we calculate u, from (A.21) with 0, f_l{% p dr replaced using (A.23) and obtain the boundary

value problem for p°

<B+ o >0pO+R a(F(A+2) + o”) O((PL)r + (P_)y) —0pp® =0
a+2) BBA+2) (A + )+a23)\+6)t AT ’

0
Orp ’r:i1/2 =V,
=0 at t=0.
This equation has the same structure as the equation in [31] for spherical poroelastic membrane,
however the coefficients are obviously not the same since in [31] there are no inverse Biot’s coefficient

B and the effective stress coefficient «. In the constitutive law (2.6) Taber takes & = 1 and in (2.8)
B seems to be 1 as well. Hence, our consideration establish rigorously the results from [31].
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