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General Relative Entropy in a nonlinear McKendrick model

P. Michel

Abstract. We use the General Relative Entropy Inequality introduced in [12,

13, 14] to analyze the long time convergence in a nonlinear renewal equation,

a PDE that describes age structured populations for instance. More precisely,
we prove that under some assumptions on the nonlinear term in a model of

McKendrick-Von Foerster we deduce easily the global convergence using the

General Relative Entropy (GRE) method of entropy. Then we compare the
local asymptotic results obtained by linearisation and by the GRE principle.

1. Introduction

In the study of populations of cells, animals or humans, one of the most used
model is the McKendrick-Von Foerster model ([9, 16]) where the density of popu-
lation n(t, y) at time t and age y, is described by the master equation

(1.1)


∂
∂tn(t, y) + ∂

∂yn(t, y) + d(y)n(t, y) = 0,

n(t, 0) =
∫ ∞

0

B(y′)n(t, y′)dy′,

where B ≥ 0 is the birth rate, d ≥ 0 is the death rate. It is well known that the
long time asymptotic is described by the first eigenvalue λ and positive eigenvector
N of the eigenproblem (1.2). Indeed, for a large time, n ∼ Cst Neλt, this can be
proved by using Laplace transform ([9, 5]) and more recently by using the General
Relative Entropy (GRE) inequalities ([15, 14, 12, 10]). We recall the GRE results,
if there exist (N,λ, φ) solution to the following eigenproblem

(1.2)



∂
∂yN(y) + (d(y) + λ)N(y) = 0,

N(0) =
∫ ∞

0

B(y′)N(y′)dy′, N > 0,

− ∂
∂yφ(y) + (d(y) + λ)φ(y) = B(y)φ(0), φ ≥ 0, φ 6= 0,

then for all positive convex function H we have

(1.3)
d

dt

∫ ∞

0

H
(
n(t, y)e−λt/N(y)

)
N(y)φ(y)dy = −DH(ne−λt/N) ≤ 0,
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with the dissipation of entropy −DH given by

(1.4) −DH(ne−λt/N) = N(0)φ(0)
(
H(

∫ ∞

0

ne−λt

N
dµ)−

∫ ∞

0

H(
ne−λt

N
)dµ

)
,

where dµ(y) = B(y)N(y)dy/
∫∞
0
B(y′)N(y′)dy′ is a probability measure. In par-

ticular, for H(x) = x, we obtain the conservation of
∫∞
0
n(t, y)e−λtφ(y)dy. The

convergence of ne−λt to Cst N implies the exponential growth or extinction. This
of course does not take in account the use of resources for instance. In order to
take in account the consumption of nutrient, we can for instance change the linear
birth term in (1.1) by a nonlinear birth term ([2, 9, 17])

(1.5)



∂
∂tn(t, y) + ∂

∂yn(t, y) + d(y, P (t))n(t, y) = 0,

n(t, 0) =
∫ ∞

0

B(y′, P (t))n(t, y′)dy′,

P (t) =
∫ ∞

0

U(y′)n(t, y′)dy′,

where P is related to the population number and the non linearities to the con-
sumption of nutrients. Here we study the following nonlinear problem

(1.6)


∂
∂tn(t, y) + ∂

∂yn(t, y) + d(y)n(t, y) = 0,

n(t, 0) = f(
∫ ∞

0

B(y′)n(t, y′)dy′),

where f describes the nonlinearity and so the change of birth term with the en-
vironment alteration, for example we can choose f(x) = xω with 0 < ω < 1. We
notice that (1.6) is a particular case of the problem (1.5),

B(y′, P (t)) = B(y′)f(P (t))/P (t),

d(y′, P (t)) = d(y′), P (t) =
∫ ∞

0

B(y′)n(t, y′)dy′.

Even though this is not the most biologically relevant situation at least it is sim-
ple enough to classify the type of results we can obtain. There are several some
theorems giving the local asymptotic behavior, i.e., in a neighbourhood of a steady
state [1, 4, 6, 7, 17], in which, one uses the linearisation of (1.6), then checks for
the eigenvector and eigenvalue of the linear system and according to the sign of the
eigenvalue concludes to the local asymptotic convergence or not. Here we analyze
how the GRE method can be used for this class of nonlinear problem and to the
more general case

(1.7)


∂
∂tn(t, y) + ∂

∂yn(t, y) + d(y)n(t, y) = 0,

n(t, 0) = f(
∫ ∞

0

B(y′)n(t, y′)dy′,
∫ ∞

0

θ(y′)n(t, y′)dy′),
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or for the following space-age model,

(1.8)



∂
∂tn(t, y, x) + ∂

∂y (V (y, x)n(t, y, x)) + d(y, x)n(t, y, x)
− ∂

∂x

[
ν(y, x) ∂

∂xn(t, y, x)
]

= 0,

n(t, 0, x) = f(
∫ ∞

0

b(y′, x)n(t, y′, x)dy′),

where y is the age and x the space parameter. As, we will see, in several situations
we can arrive at global behaviors.
This paper is organized as follows : in section 2 we extend the definition of (N,λ, φ)
to this nonlinear problem and prove the longtime convergence under some assump-
tions on f , especially we arrive to global pictures for extinction or attraction to a
steady state. Then in section 4 we compare then results obtained by local asymp-
totic method and the GRE results for periodic or oscillating solutions. In section 6
we extend the result to (1.7) and (1.8).

2. Nonlinear McKendrick

First we define the eigenproblem, and in particular, the adjoint eigenproblem
in the nonlinear equation (1.6), then we use the GRE introduce in (1.3) (see [14,
12, 10]). Thus, under global assumptions on f we prove the decay of specific
entropy and the global convergence in long time in (1.6). We notice that (1.6) can
be written in a simpler way. We introduce the following notations that will be used
throughout the paper

(2.1) D(y) :=
∫ y

0

d(s)ds,

(2.2) g(y) := βf(y),

(2.3) dµ(y) := B(y)e−D(y)dy/β,

where, and this is a first assumption,

(2.4) β :=
∫ ∞

0

B(y′)e−D(y′)dy′ <∞.

Notice that dµ(.) is a probability measure. Then we set

(2.5) m(t, y) := βn(t, y)eD(y),

and m(t, .) satisfies the master equation in Lp([0,∞[)
⋂
L1([0,∞[, φ(y)dy)

(2.6)



∂
∂tm(t, y) + ∂

∂ym(t, y) = 0,

m(t, 0) = g(
∫ ∞

0

m(t, y′)dµ(y′)),

m(0, .) ∈ L∞+ ([0,∞[)
⋂
L1

+([0,∞[, φ(y)dy),

where p > 1. From now, we study the behavior of m and we give assumptions on
g in order to simplify the notations. We prove the existence of a decreasing GRE
and the longtime convergence of m under some assumptions on g. At this stage we
cover two simple cases : global extinction, global attraction to a non zero steady
state.
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3. Eigenproblem in nonlinear case

3.1. Extinction. As for the linear case, the GRE principle is based on the
existence of an adjoint eigenfunction problem, here we focus on the case where the
eigenvalue is zero, i.e., the adjoint steady state. We notice there always exists φ
uniquely defined up to multiplicative constant, solution to

(3.1) − ∂

∂y
φ = φ(0)B(y)e−D(y)/β, φ ≥ 0, φ 6≡ 0, φ(∞) = 0.

Indeed, the function

(3.2) φ(y) := φ(0)
∫ ∞

y

B(y′)e−D(y′)dy′/β = φ(0)
∫ ∞

y

dµ(y),

is well defined because we have
∫∞
0
dµ(y) = 1 and satisfies (3.1).

Theorem 3.1. Assume (2.4), m(0, .) ∈ L∞
⋂
L1([0,∞[, φ(y)dy) for eq. (2.6)

and

(3.3) g(x) < x, g u.s.c.,

then N = 0 is a globally attractive steady state. We have∫ ∞

0

m(t, y)φ(y)dy decreases,(3.4)

0 ≤ m(t, .) ≤‖ m(0, .) ‖∞,(3.5)

lim
t→∞

∫ ∞

0

m(t, y)dµ(y) = 0.(3.6)

Proof. We prove the convergence (3.6), using the equation (2.6) and (3.2),
we have

(3.7)
d

dt

∫ ∞

0

m(t, y)φ(y)dy = φ(0)m(t, 0)− φ(0)
∫ ∞

0

m(t, y)dµ(y),

(3.8)
d

dt

∫ ∞

0

m(t, y)φ(y)dy = φ(0)
[
g
( ∫ ∞

0

m(t, y)dµ(y)
)
−

∫ ∞

0

m(t, y)dµ(y)
]
,

using (3.3), we have,

(3.9)
d

dt

∫ ∞

0

m(t, y)φ(y)dy ≤ 0.

We prove the convergence of
∫∞
0
m(t, y)dµ(y) to 0 using a method developped in

[14].
Step1-L∞ bound. For all C > 0, we have (as a particular case of a GRE)

d

dt

∫ ∞

0

(m(t, y)− C)+φ(y)dy

= φ(0)(m(t, 0)− C)+ − φ(0)
∫ ∞

0

(m(t, y)− C)+dµ(y),(3.10)
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using (3.3) and Jensen inequality, we have,

d

dt

∫ ∞

0

(m(t, y)− C)+φ(y)dy = φ(0)
[(
g
( ∫ ∞

0

m(t, y)− dµ(y)
)
− C

)
+

−
∫ ∞

0

(m(t, y)− C)+dµ(y)
]
≤ 0.(3.11)

Since m(0, .) ∈ L∞([0,∞[) (see (2.6)), we have

(3.12) m(t, y) ≤ m(0, y), ∀t, y ≥ 0,

and m(t, .) is uniformly bounded in L∞([0,∞[). Therefore, we may choose a se-
quence of times tk → ∞ so that the sequence of functions mk(t, y) = m(t + tk, y)
converges weak−∗ in L∞([0, T ] × [0,∞[), for any T > 0, to a function denoted
m(t, y).

Step2-L1 bound. From (3.9), we have the decay of
∫∞
0
m(t, y)φ(y)dy and thus

its convergence to a positive number. Now, using (3.8), we obtain

(3.13)
∫ ∞

0

[ ∫ ∞

0

m(t, y)dµ(y)− g
( ∫ ∞

0

m(t, y)dµ(y)
)]
dt ≤

∫ ∞

0

m(0, y)φ(y)dy,

and thus

(3.14)
∫ T

0

[ ∫ ∞

0

mk(t, y)dµ(y)− g
( ∫ ∞

0

mk(t, y)dµ(y)
)]
dt→ 0 as k →∞.

Step3-Compactness. For any smooth function ψ(y), and using equation (2.6),
we have that

(3.15)
d

dt

∫ ∞

0

mk(t, y)ψ(y)dy is bounded in L∞([0,∞[).

Therefore, after approximating Be−D by smooth functions, we deduce that∫∞
0
mk(t, y)dµ(y) converges in C([0, T ]) to

∫∞
0
m(t, y)dµ(y). Now using that g is

u.s.c. and satisfies (3.3), we have

0 ≤
∫ T

0

[ ∫ ∞

0

m(t, y)dµ(y)− g
( ∫ ∞

0

m(t, y)dµ(y)
)]
dt

≤ lim inf
k→∞

∫ T

0

[ ∫ ∞

0

mk(t, y)dµ(y)− g
( ∫ ∞

0

mk(t, y)dµ(y)
)]
dt = 0,(3.16)

thus ∫ T

0

[ ∫ ∞

0

m(t, y)dµ(y)− g
( ∫ ∞

0

m(t, y)dµ(y)
)]
dt = 0,

but using (3.3), we have

lim
tk→∞

∫ ∞

0

m(t+ tk, y)dµ(y) =
∫ ∞

0

m(t, y)dµ(y) = 0.

Using transport equation (2.6) with boundary condition that converges to 0, we
have the global convergence of m(t, .) to 0 in L∞([0,∞[). �

Theorem 3.2. Assume there exists λ0 < 0 such that

(3.17) g(y) ≤ γy, with γ :=
β∫ ∞

0

B(y′)e−D(y′)−λ0y′dy′
> 0,
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then N = 0 is a stable steady state and there exists φ, uniquely defined up to a
multiplicative constant, a solution to

(3.18) − ∂

∂y
φ+ λ0φ(y) = φ(0)B(y)e−D(y)/

∫ ∞

0

B(y′)e−D(y′)−λ0y′dy′,

and for this φ we have

(3.19)
∫ ∞

0

m(t, y′)φ(y′)dy′ ≤ eλ0t

∫ ∞

0

m(0, y′)φ(y′)dy′.

Proof. The φ are given by the following formula :

(3.20) φ(y) := φ(0)
∫ ∞

y

B(y′)e−D(y′)−λ0(y
′−y)dy′/

∫ ∞

0

B(y′)e−D(y′)−λ0y′dy′,

indeed φ is well defined (using
∫∞
0
dµ(y) = 1) and satisfies (3.18).

Now we prove the exponential convergence under assumption (3.17), we have, using
φ defined by the equation (3.18)

d

dt

∫ ∞

0

m(t, y)e−λ0tφ(y)dy =

φ(0)e−λ0t
[
m(t, 0)− β∫ ∞

0

B(y′)e−D(y′)−λ0y′dy′

∫ ∞

0

m(t, y)dµ(y)
]
,(3.21)

using that λ0 is defined by (3.17), we have,

(3.22)
d

dt

∫ ∞

0

m(t, y)e−λ0tφ(y)dy ≤ 0,

therefore we have (3.19). �

3.2. Globally attractive steady state. Next we prove the existence of a
steady state when g has a fixed point and dµ satisfies

(3.23)
∫ ∞

0

ydµ(y) <∞,

and there exists p > 1 s.t.

(3.24)
∫

sup Supp B

(B(y)e−D(y))p/(p−1)( ∫∞
y
dµ(y′)

)1/(p−1)
dy <∞.

Remark 3.3. The condition (3.24) is satisfied for a large class of B and d.
a) If Supp B is compact, max Supp B = yB andB(y) ∼y→yB

Cr(yB−y)r where 0 <
Cr <∞ and −1 < r < +∞ then (3.24) is satisfied for p > max(1, (r + 2)/(r + 1)).
b) If B(y)e−D(y) ≤ Cre

−ry where 0 < Cr < ∞ and r > 0 then (3.24) is satisfied
for all p > 1.

More precisely we have

Lemma 3.4. Assume (3.23) and

(3.25) ∃x0 > 0, g(x0) = x0,
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then there exists N ≥ 0 (N 6= 0) such that N(x0) = x0 and

(3.26)


∂
∂yN(y) = 0,

N(0) = g
( ∫ ∞

0

N(y′)dµ(y′)
)
.

And there exists φ ≥ 0, φ 6≡ 0 that satisfies the following adjoint eigenproblem

(3.27) − ∂

∂y
φ = φ(0)B(y)e−D(y),

∫ ∞

0

N(y)φ(y)dy = 1.

Proof. Indeed, let

(3.28) N(y) := x0,

(3.29) φ(y) := φ(0)
∫ ∞

y

dµ(y′),

then N satisfies (3.26) and φ satisfies (3.27). �

3.3. GRE and first results. Here we consider the relative entropy introduce
in (1.3) and give assumptions on g that allow us to use it. From now we assume
there exist a strictly positive steady state and adjoint steady state solution (N,φ)
to (3.26), (3.27).
First we prove the existence of a GRE entropy structure in the nonlinear problem
(2.6). Under some assumptions on g, we prove, the decay of entropy, some bounds
on m(t, .) and the convergence of m(t, .) to N(.).

Theorem 3.5. Under the assumption (2.4), with the notations of section 2,
and these of lemma 3.4, let the entropy defined by

H(t) :=
∫ ∞

0

H(m/N)Nφdy,

with N and φ solution to (3.26), (3.27) and H a convex function. Then we have
∂

∂t
H(t) = N(0)φ(0)

[
H

(g(∫ ∞

0

m(t, y′)dµ(y′)
)

g(N(0))

)
−

∫ ∞

0

H(m/N)N(y)dµ(y)

N(0)

]
,(3.30)

and define equivalently (N(y) = x0)

−DH(m/N)(t) :=
∂

∂t
H(t)

= N(0)φ(0)
[
H

(g(x0

∫ ∞

0

m(t, y′)
N(y′)

dµ(y′)
)

g(x0)

)
−

∫ ∞

0

H
(m
N

)
dµ(y)

]
.(3.31)

Proof. Indeed we have
∂

∂t
H(t) =

∫ ∞

0

H ′(m/N)φ
∂

∂t
m(t, y)dy

= −
∫ ∞

0

H ′(m/N)φ
∂

∂y
m(t, y)dy,(3.32)
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Figure 1. Condition of convergence.

∂

∂t
H(t) = −

∫ ∞

0

∂

∂y

(
H(m/N)φN

)
dy +

∫ ∞

0

H(m/N)
∂

∂y

(
φN

)
dy

−
∫ ∞

0

H ′(m/N)φ
m

N2

∂

∂y
Ndy,(3.33)

and finally we obtain

∂

∂t
H(t) =

(
H(m/N)φN

)
(t, y = 0)−

∫ ∞

0

H(m/N)Nφ(0)Be−D(y)dy/β,(3.34)

∂

∂t
H(t) = N(0)φ(0)

[
H

(g(∫ ∞

0

m(t, y′)dµ(y′)
)

g(N(0))

)
−

∫ ∞

0

H(m/N)N(y)dµ(y)

N(0)

]
,(3.35)

where N(y) = N(0) = x0 and the conclusion follows. �

Under some assumptions on g (and thus on f , see (2.2)) we prove the decay of some
entropy and the convergence of m to N . More precisely,

(3.36)


∃x0 > 0 : g(x0) = x0,

x < g(x) < x0, ∀x < x0,

x0 < g(x) < x, ∀x > x0.

This implies directly the uniqueness of the fixed point of g and thus the unique-
ness of a strictly positive steady state of (1.6).

Remark 3.6. For instance (3.36) is satisfied for g(x) = xω with 0 < ω < 1 and
more generally if g and so f is an increasing concave function. See Figure 1.

Here we prove some L∞ a priori bounds, using theorem 3.5 and assumption
(3.36).

Lemma 3.7. Assume (2.4), (3.36) and 0 ≤ m(0, .) ≤ KN(.) for some K ≥ 1
then

(3.37) 0 ≤ m(t, y) ≤ KN(y), ∀t, y ≥ 0.

Proof. We have for H(z) = (z −K)+, using (3.31) with K ≥ 1,

−DH(m/N)(t) = N(0)φ(0)

[
(g(∫ ∞

0

m(t, y′)
N(y′)

dµ(y′)x0

)
g(x0)

−K
)

+
−

∫ ∞

0

(m
N
−K

)
+
dµ(y)],(3.38)
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but using (3.36), we have

−DH(m/N)(t) = N(0)φ(0)

[
( ∫ ∞

0

m(t, y′)
N(y′)

dµ(y′)−K
)

+
−

∫ ∞

0

(m
N
−K

)
+
dµ(y)] ≤ 0.(3.39)

Thus, m(0, .) ≤ KN(.), implies
∫∞
0

(m(t, y)/N(y)−K)+N(y)φ(y)dy = 0 for t = 0,
decreases and is positive thus∫ ∞

0

(m(t, y)/N(y)−K)+N(y)φ(y)dy = 0, ∀t ≥ 0,

and the conclusion follows. �

Lemma 3.8. Assume (2.4), (3.36) and m(0, .) ≥ kN(.) for some 1 ≥ k > 0
then

(3.40) m(t, y) ≥ kN(y), ∀t, y ≥ 0.

Proof. We have for H(z) = (m− z)+, using (3.31) with 0 < m ≤ 1,

−DH(m/N)(t) = N(0)φ(0)

[
(
k −

g
(∫ ∞

0

m(t, y′)
N(y′)

dµ(y′)x0

)
g(x0)

)
+
−

∫ ∞

0

(
k − m

N

)
+
dµ(y)],(3.41)

but using (3.36) we have

−DH(m/N)(t) = N(0)φ(0)

[
(
k −

∫ ∞

0

m(t, y′)
N(y′)

dµ(y′)
)

+
−

∫ ∞

0

(
k − m

N

)
+
dµ(y)] ≤ 0.(3.42)

Thus, m(0, .) ≥ kN(.), implies
∫∞
0

(k −m(t, y)/N(y))+N(y)φ(y)dy = 0 for t = 0,
decreases and is positive thus∫ ∞

0

(k −m(t, y)/N(y))+N(y)φ(y)dy = 0, ∀t ≥ 0,

and the conclusion follows. �

Now we prove the following convergence result,

Theorem 3.9. Assume (2.4), (3.23), (3.24), (3.36),

(3.43) m(0, .) ∈ L1([0,∞[, φ(y)dy)
⋂
Lp([0,∞[, φ(y)dy), p > p,

with p defined in (3.24) and
∫ ∞

0

m(0, y′)φ(y′)dy′ > 0, then

(3.44) I := inf
t≥0

∫ ∞

0

m(t, y′)φ(y′)dy′ > 0,

(3.45) I := sup
t≥0

∫ ∞

0

m(t, y′)φ(y′)dy′ <∞.

Moreover, we have

(3.46) lim
t→∞

m(t, .)/N(.) = 1, L1([0,∞[, N(y′)φ(y′)dy′).
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Theorem 3.10. We make the assumptions of theorem 3.9, for some α > 0,

(3.47)
dµ(y)
dy

= B(y)e−D(y)/β ≥ αφ(y)/φ(0), ∀y ≥ 0,

(3.48)

J := min
(
1− sup

1≤z≤max(1,J)

( g(zx0)
g(x0)

− 1

z − 1

)
, inf
min(1,J)≤z≤1

( g(zx0)
g(x0)

− 1

z − 1

)
− 1

)
> 0,

where

(3.49) J := inf
t≥0

∫ ∞

0

m(t, y′)dµ(y′) ≥ 0, J := sup
t≥0

∫ ∞

0

m(t, y′)dµ(y′) ≤ ∞.

Then ∫ ∞

0

| m(t, y′)−N(y′) | φ(y′)dy′ ≤

e−JαN(0)φ(0)t

∫ ∞

0

| m(0, y′)−N(y′) | φ(y′)dy′.(3.50)

Remark 3.11. We notice that when g is C1
g(zx0)
g(x0) −1

z−1 gives the slope of g, and
J > 0 means that the slope of g is strictly less than 1 at the right of the fixed point
x0 and strictly greater than 1 at the left of x0. Moreover (3.49) can be replaced by

(3.51) J := inf
t≥t0

∫ ∞

0

m(t, y′)
B(y′)e−D(y′)dy′

β
≥ 0,

for some t0 > 0, the same for (3.49) and then appears a constant C(t0) in the right
hand side of (3.50).

Proof. of theorem 3.9 First we prove (3.45), (3.44) then we prove the
convergence result (3.46).

Step1. Bound (3.45). Under the assumptions (3.36) and lemmas 3.7 and 3.8,
the dissipation of entropy associated to H(z) =| 1− z | satisfies,

−DH = −D|1−z| = −D(1−z)+ −D(1−z)− ≤ 0,

and

(3.52)
∫ ∞

0

| m(t, y)−N(y) | φ(y)dy ≤
∫ ∞

0

| m(0, y)−N(y) | φ(y)dy <∞,

thus using m(0, y) ∈ L1([0,∞[, φ(y)dy) and (3.23), we obtain,∫ ∞

0

m(t, y)φ(y)dy ≤∫ ∞

0

N(y)φ(y)dy +
∫ ∞

0

| m(0, y)−N(y) | φ(y)dy <∞, ∀t ≥ 0.(3.53)
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Step2. Bound Lp. Under the assumptions (3.36) and adapting lemmas 3.7 and
3.8, the dissipation of entropy associated to H(z) =| 1− z |p satisfies,

−DH = −D|1−z|p = −D((1−z)+)p −D((1−z)−)p ≤ 0,

and

(3.54)
∫ ∞

0

(
m(t, y)−N(y)

)p
φ(y)dy ≤

∫ ∞

0

(
m(0, y)−N(y)

)p
φ(y)dy <∞,

thus using (3.43), (3.23) and (3.45), we obtain,∫ ∞

0

m(t, y)pφ(y)dy ≤
[( ∫ ∞

0

Np(y)φ(y)dy
)1/p(3.55)

+
( ∫ ∞

0

(
m(0, y)−N(y)

)p
φ(y)dy

)1/p
]p

<∞, ∀t ≥ 0.(3.56)

Moreover we have the uniform Lp([0,∞[, φ(y)dy) bound

(3.57) Mp := sup
t≥0

∫ ∞

0

m(t, y)pφ(y)dy <∞.

Step3. Bound (3.44). Since Supp B ⊂ Supp φ and using the Hölder inequality
with 1/p+ 1/q = 1, 1 < p ≤ p and (3.24), we find∫ ∞

0

m(t, y)dµ(y) =
∫ ∞

0

m(t, y)B(y)e−D(y)/βdy

=
∫

supp φ

m(t, y)φ(y)1/pB(y)e−D(y)

βφ(y)1/p
dy

≤
( ∫ ∞

0

m(t, y)pφ(y)dy
)1/p( ∫

supp φ

(B(y)e−D(y))q

βqφ(y)q/p
dy

)1/q

≤ K(p)
( ∫ ∞

0

m(t, y)pφ(y)dy
)1/p

,(3.58)

with

K(p) :=
( ∫

supp φ

(B(y)e−D(y))p/(p−1)

βp/(p−1)φ(y)1/(p−1)
dy

)(p−1)/p

<∞.

Now, we use the Hölder inequality for 1/p+ 1/q = 1, 1 < p ≤ p and we obtain∫ ∞

0

m(t, y)φ(y)dy ≤
( ∫ ∞

0

m(t, y)pφ(y)dy
)1/p( ∫ ∞

0

φ(y)dy
)1/q

=
( ∫ ∞

0

ydµ(y)
)1/q( ∫ ∞

0

m(t, y)pφ(y)dy
)1/p

.(3.59)

Similarly, the Hölder inequality with 1/p′ + 1/q′ = 1, q′ := p−1
p−1 > 1 implies∫ ∞

0

mp(t, y)φ(y)dy =
∫ ∞

0

m1/p′mp−1/p′(t, y)φ(y)dy

≤
( ∫ ∞

0

m(t, y)φ(y)dy
)1/p′( ∫ ∞

0

m(p−1/p′)q′(t, y)φ(y)dy
)1/q′

≤
( ∫ ∞

0

m(t, y)φ(y)dy
)1/p′( ∫ ∞

0

m(p−1+1/q′)q′(t, y)φ(y)dy
)1/q′

≤
( ∫ ∞

0

m(t, y)φ(y)dy
)1/p′( ∫ ∞

0

mp(t, y)φ(y)dy
)1/q′

.(3.60)
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Therefore, using (3.57) and (3.23), for all 1 < p < p, we have

Cp

( ∫ ∞

0

m(t, y)φ(y)dy
) p

p−1

≤
∫ ∞

0

mp(t, y)φ(y)dy ≤ Cp

( ∫ ∞

0

m(t, y)φ(y)dy
) p−p

p−1
,(3.61)

where

Cp :=
( ∫ ∞

0

ydµ(y)
)− 1

p−1 <∞,

and

Cp := M
p−1
p−1
p <∞,

Thus, using (3.36) and (3.31) for H(z) = z, we have,

d

dt

∫ ∞

0

m(t, y)φ(y)dy > 0, when
∫ ∞

0

m(t, y)dµ(y) < 1,

and so
d

dt

∫ ∞

0

m(t, y)φ(y)dy > 0,

when
∫∞
0
m(t, y)φ(y)dy < C

1−p
p−p

p K(p)
p(p−1)

p−p := C, and (3.44) follows with I ≥
min(C,

∫∞
0
m(0, y)φ(y)dy) > 0.

Step4. Convergence. Moreover, for H(z) =| 1 − z |p, DH = 0 if and only if
m/N is a constant ρ(t), indeed using (3.58) and (3.61), we have

(3.62) sup
t≥0

∫ ∞

0

m(t, y)dµ(y) <∞,

and

−D|1−z|p(m/N)(t) ≤ N(0)φ(0)[
| 1−

∫ ∞

0

m(t, y)
N(y)

dµ(y) |p −
∫ ∞

0

| 1− m

N
|p dµ(y)

]
,(3.63)

thus m/N = ρ independent of y. Moreover if ρ(t) N satisfies (1.6) and (3.44),
with assumption (3.36) that implies uniqueness of the strictly positive steady state
then ρ(t) = 1. Using the transport equation with bounds given by lemma 3.8 and
3.7, we have for all tk ↗ ∞, m(t + tk, .)/N(.) has a weak L∞([0,∞[, dµ) limit,
by passing to the limit in the dissipation of entropy and in the equation (1.6)
(we refer to [14] of to the proof of lemma 3.1 to the complete proof), we have
limk→∞m(t+ tk, .)/N(.) = 1. �

Proof. of theorem 3.10 Now, we prove the exponential decay. We recall
that for all H positive convex function we have

∂

∂t

∫ ∞

0

H(m/N)Nφdy = N(0)φ(0)

[
H

(g(∫ ∞

0

m(t, y′)
N(y′)

dµ(y′)x0

)
g(x0)

)
−

∫ ∞

0

H
(m
N

)
dµ(y)

]
,
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thus using (3.49) we have

∂

∂t

∫ ∞

0

(m/N − 1)+Nφdy =

N(0)φ(0)
[(g(∫ ∞

0

m(t, y′)
N(y′)

dµ(y′)x0

)
g(x0)

− 1
)

+
−

∫ ∞

0

( n
N
− 1

)
+
dµ(y)

]
≤ N(0)φ(0)

[
γ+

( ∫ ∞

0

m(t, y′)
N(y′)

dµ(y′)− 1
)

+
−

∫ ∞

0

(m
N
− 1

)
+
dµ(y)

]
,

with γ+ = sup1≤x≤max(1,J)

(
g(xx0)/g(x0)−1

x−1

)
and (3.47) implies

∂

∂t

∫ ∞

0

(m/N − 1)+Nφdy ≤

α(γ+ − 1)
∫ ∞

0

(m/N − 1)+Nφdy.

In the same way, using (3.49) we have

∂

∂t

∫ ∞

0

(m/N − 1)−Nφdy =

N(0)φ(0)
[(g(∫ ∞

0

m(t, y′)
N(y′)

dµ(y′)x0

)
g(x0)

− 1
)
−
−

∫ ∞

0

(m
N
− 1

)
−
dµ(y)

]
≤ N(0)φ(0)

[
γ−

( ∫ ∞

0

m(t, y′)
N(y′)

dµ(y′)− 1
)
−
−

∫ ∞

0

(m
N
− 1

)
−
dµ(y)

]
,

with γ− = infmin(J,1)≤x≤1

(
g(xx0)/g(x0)−1

x−1

)
and (3.47) implies

∂

∂t

∫ ∞

0

(m/N − 1)−Nφdy ≤ α(1− γ−)
∫ ∞

0

(m/N − 1)−Nφdy.

Therefore (3.50) follows from Gronwall lemma. �

This theorem gives results if we have some informations such as the conservation
law given by the linear case for instance or the uniqueness of the steady state in
the nonlinear case.

Remark 3.12. We notice that the condition

(3.64)
{

1 < g(zx0)/g(x0) < 2− z, ∀z < 1,
1 > g(zx0)/g(x0) > 2− z, ∀z > 1,

is satisfied for g(x) = min(xω, a) with ln(2−a)
ln(a) < ω < 0, 0 < a < 1, and implies the

convergence to N as in the theorem 3.9.
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3.4. Blow-up. Here, we give some conditions on g that imply the blow-up of
m solution to (2.6).

Theorem 3.13. Assume (2.4) and there exist γ > 1, α > 0 such that

(3.65) g(x) ≥ γx,

(3.66)
dµ(y)
dy

= B(y)e−D(y)/β ≥ αφ(y)/φ(0), ∀y ≥ 0,

then we have

(3.67)
∫ ∞

0

m(t, y)φ(y)dy > eα(γ−1)t

∫ ∞

0

m(0, y)φ(y)dy.

Proof. We prove the convergence (3.67), using the equation (2.6) and (3.2)
introduced in section 3.1, we have

(3.68)
d

dt

∫ ∞

0

m(t, y)φ(y)dy = φ(0)m(t, 0)− φ(0)
∫ ∞

0

m(t, y)dµ(y),

(3.69)
d

dt

∫ ∞

0

m(t, y)φ(y)dy = φ(0)
[
g
( ∫ ∞

0

m(t, y)dµ(y)
)
−

∫ ∞

0

m(t, y)dµ(y)
]
,

using (3.3), we have,

(3.70)
d

dt

∫ ∞

0

m(t, y)φ(y)dy > φ(0)(γ − 1)
∫ ∞

0

m(t, y)dµ(y),

and finally

(3.71)
d

dt

∫ ∞

0

m(t, y)φ(y)dy > α(γ − 1)
∫ ∞

0

m(t, y)φ(y)dy.

Thus, using Gronwall inequality, we obtain (3.67) and

lim
t→∞

∫ ∞

0

m(t, y)φ(y)dy = ∞.

�

Now, it is interesting to compare this result to the linearisation method in order
to prove the local asymptotic convergence.

4. Local asymptotic convergence

In this section we compare the linearisation and GRE results in the case where
there exists only one x0 > 0 such that g(x0) = x0, i.e, there exists one and only
one steady state different from 0. Now we give some assumptions on g such that
the strictly positive steady state N of the equation (1.6) be locally asymptotically
stable. We begin with conditions for the stability (instability) of the linearized
problem then we prove a sharp result on the nonlinear problem.

Theorem 4.1. (Linearisation method) Assume there exists an unique x0 > 0
such that g(x0) = x0 and

(4.1)
∫ ∞

0

e−ry′dµ(y′) <∞, ∀r ∈]−∞,∞[,
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then the steady state associated to x0, N(y) = x0 is a locally asymptotically stable
steady state when

(4.2) 0 <| g′(x0) |< 1,

and N(y) = x0 is a locally asymptotically unstable steady state when

(4.3) g′(x0) > 1.

Proof. In a neighbourhood of the steady state we set m = N + ε̃ and

(4.4)


∂
∂t ε̃(t, y) + ∂

∂y ε̃(t, y) = 0,

ε̃(t, 0) = g′(x0)
∫ ∞

0

ε̃(t, y′)dµ(y′) +O(sup
y
ε̃2(t, y)).

Therefore m solution to (1.6) converges locally asymptotically to the steady state N
if the eigenvalue associated to the system is strictly negative (see [1, 4, 6, 7, 17]).
Using the General Relative Entropy in the linear case, and the approximation ε̃ ∼ ε
where ε satisfies the linear problem

(4.5)


∂
∂tε(t, y) + ∂

∂y ε(t, y) = 0,

ε(t, 0) = g′(x0)
∫ ∞

0

ε(t, y′)dµ(y′),

we deduce the asymptotic behavior of ε.
Step1. 0 <| g′(x0) |< 1. In this case, there exists (λ, φ) solution to

(4.6)


− ∂

∂yφ(y) + λφ(y) = φ(0) | g′(x0) | B(y)e−D(y)/β,

φ(y) ≥ 0, ∀y ≥ 0.

Indeed, using (4.1), there exists λ < 0 s.t.∫ ∞

0

e−λy′dµ(y′) =| 1/g′(x0) |,

and thus, for all φ(0) > 0, φ is uniquely defined and

φ(y) = φ(0) | g′(x0) |
∫ ∞

y

e−λ(y′−y)dµ(y′).

Then, we use the GRE and we find
d

dt

∫ ∞

0

| ε(t, y)e−λt | φ(y)dy := −DH(t),

where

−DH(t) = φ(0) | g′(x0) |[
|
∫ ∞

0

ε(t, y)e−λtdµ(y) | −
∫ ∞

0

| ε(t, y)e−λt | dµ(y)
]
≤ 0,

Therefore λ < 0 and using the decay of GRE we have∫ ∞

0

| ε(t, y) | φ(y)dy ≤ eλt

∫ ∞

0

| ε(0, y) | φ(y)dy

(and thus ε converges to 0) when (4.2) is satisfied.



16 P. MICHEL

Step2. g′(x0) > 1. In this case, there exists (ε, λ, φ) solution to

(4.7)



∂
∂y ε(y) + λε(y) = 0,

ε(0) = g′(x0)
∫ ∞

0

ε(y′)dµ(y′),

− ∂
∂yφ(y) + λφ(y) = φ(0)g′(x0)B(y)e−D(y)/β,

ε(y), φ(y) ≥ 0, ∀y ≥ 0,
∫ ∞

0

ε(y′)φ(y′)dy′ = 1.

Indeed, using (4.1), we have,∫ ∞

0

e−λy′dµ(y′) = 1/g′(x0),

φ(y) = φ(0)g′(x0)
∫ ∞

y

e−λ(y′−y)dµ(y).

Then, using the GRE, we obtain, for all ρ ∈]−∞,∞[,

d

dt

∫ ∞

0

| ε(t, y)e−λt − ρε(y) | φ(y)dy := −DH(t),

where

−DH(t) = φ(0)g′(x0)
[
|
∫ ∞

0

(
ε(t, y)e−λt − ρε(y)

)
dµ(y) |

−
∫ ∞

0

| ε(t, y)e−λt − ρε(y) | dµ(y)
]
≤ 0.

Therefore λ > 0 and using the decay of GRE when g′ > 1, we obtain the
convergence result

lim
t→∞

‖ ε(t, .)e−λt − ρε(.) ‖L1([0,∞[,dµ)= 0,

where ρ is given by the conservation law∫ ∞

0

ε(t, y)e−λtφ(y)dy =
∫ ∞

0

ε(0, y)φ(y)dy,

and thus ε does not converges to 0. �

Theorem 4.2. Assume there exist η > 0 and an unique x0 > 0 such that
g(x) = x0 for all x ∈]x0−η, x0+η[ then the steady state associated to x0, N(y) = x0

is locally asymptotically stable.

Proof. Indeed, in this case m(t, 0) = g(
∫∞
0
m(t, y)dµ(y)) = x0 when m(t, .)

is in a neigborhood of N(.) = x0, therefore N(.) = x0 is locally asymptotically
stable. �

Remark 4.3. Notice that (3.36) or the inequalities given in remark 3.12 give
weaker locally conditions in a neighborhood of the steady state than the condition
(4.2). In other words theorem 4.1 gives a weaker convergence than the theorems
3.9, 3.10 but needs weaker assumptions on g than the theorems 3.9, 3.10.
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Now we prove that under some assumptions on g the conditions (3.36) are
equivalent to the condition (4.2).

Lemma 4.4.
Assume g belongs to C1([0,∞[) is increasing and strictly concave, and there exists
only one strictly positive solution to g(x0) = x0 then condition (3.36) is equivalent
to 0 < g′(x0) < 1.

Using the proof of theorem 3.9 we prove there exists some bounds on n(t =
0, .) that gives the local exponential convergence. As we see it in section 5 the
following result is sharp because for ’large variations’ of the initial data, there can
be oscillations.

Theorem 4.5. Assume (3.66) for α > 0, g belongs to C1([0,∞[), and there
exists an x0 > 0 such that g(x0) = x0 and

(4.8) 0 < g′(x0) < 1,

then there exists η+, η− > 0 such that

(4.9) x < g(x) < x0, ∀x ∈]x0(1− η−), x0[,

(4.10) x0 < g(x) < x, ∀x ∈]x0, x0(1 + η+)[.

and

(4.11) I := min(1− sup
1≤z≤1+η+

g′(zx0), inf
1−η−≤z≤1

g′(zx0)− 1) > 0.

Also for all m(0, .) that satisfies

(4.12) | m(0, .)/N(.)− 1 |∞< η := min(η+, η−),

we have

(4.13) | m(t, .)/N(.)− 1 |∞< η, ∀t ≥ 0,

and the local exponential convergence holds,

(4.14)
∫ ∞

0

| m(t, y)−N(y) | φ(y)dy ≤ e−IαN(0)φ(0)t

∫ ∞

0

| m(0, y)−N(y) | φ(y)dy.

Proof. The inequalities (4.9), (4.10) are just taylor formula. Now, we prove
the L∞ bound then we use the proof of theorem 3.9 to conclude.

Step1. Bound (4.13). Let r(t, y) = m(t, y)/N(y) then using the transport equa-
tion, we have,

r(t, y) = m(0, y)/N(y)1t<y +
(g(x0

∫ ∞

0

r(t− y, y′)dµ(y′)
)

g(x0)
− 1

)
1y≤t,

and r(t, y) := L(r)(t, y). But m(0, y)/N(y) ∈ {f :| f − 1 |∞< η} and

L : {f :| f − 1 |∞< η} −→ {f :| f − 1 |∞< η},

implies that r ∈ {f :| f − 1 |∞< η} for all t ≥ 0.
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Step2. Convergence. Then we adapt the proof of theorem 3.9, noticing that in
this case J ≤ 1 + η+, J ≥ 1− η− and J defined in (3.48) is equal to

(4.15) J = min(1− sup
1≤z≤1+η+

(∫ z

1
g′(sx0)ds
z − 1

)
, inf
1−η−≤z≤1

(∫ z

1
g′(sx0)ds
z − 1

)
− 1) > 0,

thus I ≤ J and (4.14) follows. �

Remark 4.6. Notice that when g belongs to C1([0,∞[), is convex and de-
creasing, and there exists only one strictly positive solution to g(x0) = x0 then the
inequalities given in remark 3.12 are equivalent to −1 < g′(x0) < 0.

5. Examples of oscillating solutions

In this part we give some examples where oscillations appear, i.e., there is no
convergence of the solution to a steady state.

5.1. Only unstable steady states. When all the steady states are unstable
and then a bounded solution to (1.6) is bounded then the solution to (1.6) can
oscillate. We see in the proof of theorem 4.1 and theorem 4.2 that, in the neigh-
borhood of the steady state N , the solution behaves as N + ε with ε(t, .) ∼ ε(.)eλt

with λ given by ∫ ∞

0

e−λy′dµ(y′) =| 1/g′(x0) |,

when | g′(x0) |< 1 or g′(x0) > 1. Now, we are interested in the case where
g′(x0) < −1. The existence of oscillating solution needs more information on dµ,

(5.1)


g(x0) = x0, g′(x0) < −1,

p0 = supRe(p){p ∈ C : B(p) = 1/g′(x0)}, Re(p0) ≥ 0.

Lemma 5.1. Assume (5.1) then

(5.2) ε(t, 0) = Cep0t(1 + Ω(t)),

where

(5.3) lim
t→∞

Ω(t) = 0,

and x0 is an unstable steady state.

Proof. We refer to [5, 7] for the proof of this lemma which is based on the
Laplace Transform. �

We give an example of g such that all its steady states are ’unstable’ and an
example of dµ satisfying (5.1).

Example 5.2. Let g(z) = κz(1−z)+ then the only steady states are {0, 1−1/κ}
and

g′(z) = κ(1− z)+ − κz sgn+(1− z),
and g′(0) = κ, g′(1 − 1/κ) = 2 − κ and all the steady states are ’unstable’ when
κ > 3.

The existence of a solution to (5.1) is not automatic. For instance, let dµ(y) =
1[0,1](y)dy and g′(x0) = −2 then (5.1) is not satisfied and ε converges to 0.
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Example 5.3. Let dµ(y) = 1[0,1](y)dy and g′(x0) = −κ where κ is large enough
then (5.1) is satisfied and ε oscillates. Indeed, it suffices to prove that

(5.4) (1− e−p)/p = −1/κ,

have almost a solution with a strictly positive real part. Let p = a + ib, with
a, b ∈]−∞,∞[, (a, b) 6= (0, 0), then (5.4) becomes

e−a = − b

κ sin(b)
,

and

e−a =
1

cos(b)

(
1− 1

κ
ln

(
− b

κ sin(b)
))
.

For all κ > 1, there exists b ∈]3π/2, 2π[ such that

− b

κ sin(b)
=

1
cos(b)

(
1− 1

κ
ln

(
− b

κ sin(b)
))
,

and for κ large enough 0 < − b
κ sin(b) < 1 and a = − ln(− b

κ sin(b) ) > 0.

Theorem 5.4. Assume g is bounded and all its fixed points satisfy

| g′(x0) |> 1,

and dµ satisfies (5.1) then if m(0, .) 6∈ {fixed points of g} the solution cannot con-
verge to a steady state.

Proof. Indeed, the solution of (2.6) exists and is bounded, more precisely we
have

m(t, y) ≤ sup g(z), ∀t < y,

and m(t, y) = m(y−t), ∀t ≥ y. Now, assume that m(t, .) converges in L1([0,∞[, dµ)
to m(.) then m is a fixed point of g. But in a neighborhood of m, we have | m−m |∼
ε(.)eλmt with λm > 0 and thus ‖ m−m ‖L1([0,∞[,dµ) cannot converge to 0. �

5.2. At most one unstable steady state. We focus on the cases where there
exist almost one unstable steady state, for instance, let d = 0, B(y) = (1/2)1y∈[2,4]

and g(x) = 2 if x ≥ 1, g(x) = 0 if x < 1 then

m(t, y) = 2
∞∑

i=−∞
1y−t∈[3i,3i+1],

satisfies
∂

∂t
m(t, y) +

∂

∂y
m(t, y) = 0,

in distributional sense and∫ ∞

0

m(t, y)B(y)dy = (1/2)
∫ 4

2

m(t, y)dy

=
∞∑

i=−∞

∫ 4

2

1t−y∈[3i,3i+1]dy =
∞∑

i=−∞

∫ t−2

t−4

1y∈[3i,3i+1]dy,

but ∫ t−2

t−4

1y∈[3i,3i+1]dy ≥ 1 iff [t− 4, t− 2] ⊃ [3i, 3i+ 1],
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Figure 2. transport of a periodic m(t, y)

and
∞∑

i=−∞

∫ t−2

t−4

1y∈[3i,3i+1]dy ≥ 1 iff ∃i0 s.t. [t− 4, t− 2] ⊃ [3i0, 3i0 + 1].

Thus we have

g
( ∞∑

i=−∞

∫ t−2

t−4

1y∈[3i,3i+1]dy
)

= 2 iff ∃i0, s.t. [t− 4, t− 2] ⊃ [3i0, 3i0 + 1],

g
( ∞∑

i=−∞

∫ t−2

t−4

1y∈[3i,3i+1]dy
)

= 0 iff ∀i0 [t− 4, t− 2] not contain [3i0, 3i0 + 1],

finally we obtain that

(5.5) g
( ∞∑

i=−∞

∫ t−2

t−4

1y∈[3i,3i+1]dy
)

= 2
∞∑

i0=−∞
1[t−4,t−2]⊃[3i0,3i0+1],

(5.6) g
( ∞∑

i=−∞

∫ t−2

t−4

1y∈[3i,3i+1]dy
)

= 2
∞∑

i0=−∞
1t∈[3i0,3i0+1],

and

(5.7) g
( ∫ ∞

0

m(t, y)B(y)dy
)

= m(t, 0),

is a periodic solution that oscillates between the stable steady states 0 and 2. See
Figure 2.

Here we prove that under the assumption of linearity of g around the unstable
steady state and a condition over the Fourier transform of Be−D,

F(Be−D) =
∫ ∞

−∞
Be−D(y)1y≥0e

−iξydy,

the unstable steady state generates a periodic solution to (1.6) (see [14]).

Lemma 5.5.
Assume g is linear in a neighbourhood of the unstable steady state, i.e., if n = N+ε
with ε small enough then

g
( ∫ ∞

0

n(t, y′)dµ(y′)
)

= g′
( ∫ ∞

0

N(y′)dµ(y′)
) ∫ ∞

0

ε(y′)dµ(y′),

and the Fourier transform of g′(
∫∞
0
B(y′)N(y′)dy′)B(y)e−D(y)/β given by

R(ξ) := F(g′
( ∫ ∞

0

B(y′)N(y′)dy′
)
B(y)e−D(y)/β)(ξ),

satisfies

(5.8) ∃ξ0 : R(ξ0) = 1,

then there exists an oscillating solution in a neighbourhood of the unstable steady
state.
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Figure 3. Example of g

Proof. Let n = N + ε

(5.9)


∂
∂tε(t, y) + ∂

∂y ε(t, y) = 0,

ε(t, 0) = g′
( ∫ ∞

0

N(y′)dµ(y′)
) ∫ ∞

0

ε(y′)dµ(y′),

then let ε(t) = ε̃(t− y), we have

ε̃(t) = g′
( ∫ ∞

0

N(y′)dµ(y′)
) ∫ ∞

0

ε̃(t− y′)B(y′)e−D(y′)dy′/β,

F(ε̃)(ξ) = R(ξ)F(ε̃)(ξ),
and

F(ε̃)(ξ)(1−R(ξ)),
thus using (5.8), we obtain that F(ε̃)(ξ) = ηδξ0(ξ), η small enough, is a periodic
solution. �

5.3. Only one locally stable steady state. The following example gives a
local asymptotic convergence, i.e., a stable steady state in the case when g satisfies
(4.2) and does not satisfy (3.36), and which has oscillating solutions. This proves
that the smallness assumptions, in theorem 4.2 and so, in the Theorem 4.5 is
necessary. We notice that the limit case where B(y) = δy=1 gives the simplest
oscillating solutions, indeed, for all function J such that

J(t) = g(J(t− 1)),

then
m(t, y) = J(t− y),

is a solution to (2.6). Moreover, for all g that satisfies (4.2), g(1) = 1 = x0,
g(1+ ε) = 1− ε and g(1− ε) = 1+ ε, with 0 < ε < 1, then one can take for instance

J(t) := 1 + ε
∞∑

k=−∞

(−1)k1t∈]k,k+1[,

that gives a periodic solution. The following theorem gives an example of peri-
odic solution for a g such that the only strictly positive steady state 1 is locally
asymptotically stable and nevertheless there exists some oscillating solution. Let g
satisfies

(5.10) g(x) = g > (1 + η)/(1− η), ∀x < 1− η,

(5.11) g(x) = 0, ∀x > 1 + η,

(5.12) g(x) = 1, 1− η ≤ x ≤ 1 + η,

Theorem 5.6. Assume (5.10)-(5.12) for 0 < η < 1/2 and

(5.13) Supp B = K ⊂ [α, β],

with ∞ > α, β > 0 then for (see Figure 3)

(5.14) ε0 = 2η/g ,
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(5.15) n(0, y) = g 1[0,α](y) + 1[α,α+ε0](y), y ≤ β,

there exists T > 0 such that

(5.16) n(T, y) = g 1[0,α](y) + 1[α,α+ε0](y), y ≤ β.

Proof. The idea of the proof is simple, we use the transport equation and
its boundary condition to prove that after some times t1, t2, t3, t4, T the solution
comes back to the initial state on y ∈ [0, β]. Indeed, consider the initial data (5.15).

For t1 = ε1, such that,

(5.17) ε0 + g ε1 = 1− η,

we have

(5.18) n(t1, y) = g 1[0,α+ε1](y) + 1[α+ε1,α+ε1+ε0](y), y ≤ β.

For t2 = t1 + ε2, such that,

(5.19) ε0 + g ε1 + g ε2 = 1 + η,

we have

(5.20) n(t2, y) = 1[0,ε2] + g 1[ε2,α+ε1+ε2](y) + 1[α+ε1+ε2,α+ε0+ε1+ε2](y), y ≤ β.

For t3 = t2 + β − ε3, such that,

(5.21) ε2 + g ε3 = 1 + η,

we have

(5.22) n(t3, y) = 1[β−ε3−ε2,β−ε3] + g 1[β−ε3,β](y), y ≤ β.

for t4 = t3 + ε4, such that,

(5.23) ε2 + g ε3 − g ε4 = 1− η,

we have

(5.24) n(t4, y) = 1[0,ε4] + 1[β−ε4−ε2,β−ε4] + g 1[β−ε4,β](y), y ≤ β.

Finally, for T = t4 + β − ε4, we have

(5.25) n(T, y) = g 1[0,α](y) + 1[α,α+ε4](y), y ≤ β.

Using (5.21), (5.23), we have ε4 = 2η/g and thus using (5.14), we have ε0 = ε4 and
n(T, y) = n(0, y) for all y ≤ β. �

6. Generalization

In this section we extend the GRE to the problem (1.7) and (1.8), using the
same idea developed in section 4.
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6.1. Generalized age model (1.7). We define

(6.1) β0 :=
∫ ∞

0

B(y)N(y)dy,

(6.2) β1 :=
∫ ∞

0

θ(y′)N(y′)dy′,

(6.3) dµB(y) := B(y)N(y)dy/
∫ ∞

0

B(y′)N(y′)dy′,

and

(6.4) dµθ(y′) := θ(y)N(y)dy/
∫ ∞

0

θ(y′)N(y′)dy′.

Theorem 6.1. Assume there exist a positive steady state to the problem (1.7)
and its dual,

(6.5)



∂
∂yN(y) + d(y)N(t, y) = 0,

N(0) = f
( ∫ ∞

0

B(y)N(y)dy,
∫ ∞

0

θ(y)N(y)dy
)
,

− ∂
∂yφ(y) + d(y)φ(y) = φ(0)χ(y), φ ≥ 0,

for some function χ ≥ 0. Then for all positive convex function H, we have,

(6.6)
∂

∂t

∫ ∞

0

H(n(t, y)/N(y))N(y)φ(y)dy := −DH(n/N),

with

−DH(n/N) = N(0)φ(0)
[

H(
f
(
β0

∫ ∞

0

n

N
dµB(y), β1

∫ ∞

0

n

N
dµθ(y′)

)
f(β0, β1)

)−
∫ ∞

0

H(
n

N
)
χ(y)N(y)
N(0)

dy
]
.

Proof. Indeed, we have,

∂

∂t

∫ ∞

0

H(n(t, y)/N(y))N(y)φ(y)dy =∫ ∞

0

H ′(n(t, y)/N(y))
∂

∂t
n(t, y)φ(y)dy,
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∂

∂t

∫ ∞

0

H(n(t, y)/N(y))N(y)φ(y)dy =

−
∫ ∞

0

H ′(n(t, y)/N(y))d(y)n(t, y)φ(y)dy

−
∫ ∞

0

∂

∂y

[
H(n(t, y)/N(y))N(y)φ(y)

]
dy

+
∫ ∞

0

H(n(t, y)/N(y))
∂

∂y

[
N(y)φ(y)

]
dy

−
∫ ∞

0

H ′(n(t, y)/N(y))
n(t, y)
N(y)2

φ(y)
∂

∂y
N(y)dy,

∂

∂t

∫ ∞

0

H(n(t, y)/N(y))N(y)φ(y)dy =

−
∫ ∞

0

H ′(n(t, y)/N(y))d(y)n(t, y)φ(y)dy

+H(n(t, 0)/N(0))N(0)φ(0)−
∫ ∞

0

H(n(t, y)/N(y))
[
N(y)φ(0)χ(y)

]
dy

+
∫ ∞

0

H ′(n(t, y)/N(y))φ(y)d(y)n(t, y)dy.

Thus we have

−DH(n/N) = N(0)φ(0)
[
H(

f
(∫ ∞

0

n(t, y′)B(y′)dy′,
∫ ∞

0

n(t, y′)θ(y′)dy′
)

f(
∫∞
0
N(y′)B(y′)dy′,

∫∞
0
N(y′)θ(y′)dy′)

)

−
∫ ∞

0

H(
n

N
)
χ(y)N(y)
N(0)

dy
]
,

and using (6.1)-(6.2) we conclude the proof of the theorem. �

Now, we return to the longtime asymptotic. Assumption (3.36) is modified as

(6.7)



∃(α0, α1) : 1 = f(xx0,yy0)
f(x0,y0)

, ∀(x, y) : α0x+α1y
α0+α1

= 1,

1 < f(xx0,yy0)
f(x0,y0)

< α0x+α1y
α0+α1

, ∀(x, y) : α0x+α1y
α0+α1

> 1,

α0x+α1y
α0+α1

< f(xx0,yy0)
f(x0,y0)

< 1, ∀(x, y) : α0x+α1y
α0+α1

< 1,

and we have the following theorem.

Theorem 6.2. Assume (6.7) and let

(6.8)
χN(y)
N(0)

dy = (α0dµB(y) + α1dµθ(y))/(α0 + α1) ≥ 0,

then the entropy associated to H(z) =| z − 1 | is decreasing and n(t, .) → N(.) in
L1([0,∞[×[0,∞[, N(x, y)φ(x, y)dxdy).
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Proof. Using the theorem 6.1 and the equation (6.7), with H+(z) = (z− 1)+
and H−(z) = (z − 1)−, we obtain

−DH+(n/N) = N(0)φ(0)
[(f(

β0

∫ ∞

0

n

N
dµB(y), β1

∫ ∞

0

n

N
dµθ(y)

)
f(β0, β1)

− 1
)

+

−
∫ ∞

0

( n
N
− 1

)
+

χ(y)N(y)
N(0)

dy
]
.

Using (6.7), we find

−DH+(n/N) ≤ N(0)φ(0)
[(α0

∫ ∞

0

n

N
dµB(y) + α1

∫ ∞

0

n

N
dµθ(y)

α0 + α1
− 1

)
+

−
∫ ∞

0

( n
N
− 1

)
+

χ(y)N(y)
N(0)

dy
]
,

but (6.8) implies that

−DH+(n/N) ≤ N(0)φ(0)[(∫ ∞

0

n

N
χ(y)dy(y)− 1

)
+
−

∫ ∞

0

( n
N
− 1

)
+

χ(y)N(y)
N(0)

dy
]
.

Proceeding analogously, we find that

−DH−(n/N) ≤ N(0)φ(0)[(∫ ∞

0

n

N
χ(y)dy(y)− 1

)
−
−

∫ ∞

0

( n
N
− 1

)
−

χ(y)N(y)
N(0)

dy
]
.

The proof follows that of the theorem 3.9 and we do not reproduce it here. �

Remark 6.3. Assume there exist α0, β0 such that

(6.9)



∃(α0, α1) 1 = f(xx0,yy0)
f(x0,y0)

, ∀(x, y) : α0x+α1y
α0+α1

= 1,

1 < f(xx0,yy0)
f(x0,y0)

< 2− α0x+α1y
α0+α1

, ∀(x, y) : α0x+α1y
α0+α1

< 1,

2− α0x+α1y
α0+α1

< f(xx0,yy0)
f(x0,y0)

< 1, ∀(x, y) : α0x+α1y
α0+α1

> 1,

with
χN(y)
N(0)

dy = (α0dµB(y) + α1dµθ(y))/(α0 + α1) ≥ 0,

then the entropy associated to H(z) =| 1 − z | decreases and we have the global
convergence of n to N .

Remark 6.4. The function f(x, y) = (x + y)ω with 0 < ω < 1 satisfies (6.7)
with α = x0/(x0 + y0) and β = y0/(x0 + y0).
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6.2. Space and age structured model. Now we consider the following
space age model (1.8). We define

(6.10) dµ(y, x) =
B(y, x)N(y, x)∫ ∞

y′=0

B(y′, x)N(y′, x)dy′
,

and

(6.11) m0(x) =
∫ ∞

y′=0

B(y′, x)N(y′, x)dy′,

where age y ∈ [0,∞[ and space x ∈]−∞,∞[.

Theorem 6.5. Assume there exist a positive steady state to the problem (1.8)
and its dual

(6.12)



∂
∂yV N + d(y, x)N(y, x)− ∂

∂xν(y, x)
∂
∂xN(y, x) = 0,

V (0, x)N(0, x) = f
( ∫ ∞

0

B(y′, x)N(y′, x)dy′
)
,

∂
∂xN ||x|=∞= N ||x|=∞= 0,

−V (y, x) ∂
∂yφ+ d(y, x)φ(y, x)− ∂

∂xν(y, x)
∂
∂xφ(y, x) =

φ(0)B(y, x)f
( ∫ ∞

0

B(y′, x)N(y′, x)dy′
)
/

∫ ∞

0

B(y′, x)N(y′, x)dy′.

Then for all positive convex function H, we define,

H(t) :=
∫ ∞

0

∫ ∞

−∞
H(n/N)Nφdydx,

and we have

d

dt
H =

∫ ∞

x=−∞
U(0, x)

[
H

(f(∫ ∞

y′=0

n(t, y′, x)
N(y′, x)

dµ(y′, x)m0(x)
)

f(m0(x))

)
−

∫ ∞

y=0

H
( n
N

)
dµ(y, x)

]
dx

−
∫ ∞

y=0

∫ ∞

x=−∞
H ′′(n/N)(∂x

n

N
)2ν(y, x)N(y, x)φ(y, x)dydx,

where U(0, x) = N(0, x)V (0, x)φ(0, x).
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Proof. Indeed, proceeding analogously to the theorem 6.1, we have

d

dt

∫ ∞

−∞

∫ ∞

0

H(n/N)Nφdydx =
∫ ∞

x=−∞
N(0, x)V (0, x)φ(0, x)

[
H

(f(∫ ∞

y′=0

B(y′, x)n(t, y′, x)dy′
)

f
(∫ ∞

y′=0

B(y′, x)N(y′, x)dy′
) )

−

∫ ∞

y=0

H(n/N)B(y, x)N(y, x)dy∫ ∞

y′=0

B(y′, x)N(y′, x)dy′

]
dx

−
∫ ∞

y=0

∫ ∞

x=−∞
H ′′(n/N)(∂x

n

N
)2ν(y, x)N(y, x)φ(y, x)dydx,

then using (6.10), (6.11), we easily complete the proof. �

Assumption (3.36) becomes

(6.13)

 ∀x ≥ 0, ∀z > 1, 1 < f(zm0(x))/f(m0(x)) < z,

∀x ≥ 0, ∀0 < z < 1, 1 > f(zm0(x))/f(m0(x)) > z.

Then we have the following property, here we only use the dissipation term associ-
ated to the age.

Theorem 6.6. Assume (6.13) and
∫ ∞

−∞

∫ ∞

0

n(0, y′, x′)φ(y′, x′)dy′dx′ > 0, if

there exists a solution to (6.12), then

(6.14) ∃c ∈]0,∞[ : inf
t≥0

∫ ∞

−∞

∫ ∞

0

n(t, y′, x′)φ(y′, x′)dy′dx′ ≥ c.

Moreover, if n(0, ., .)/N(., .) ∈ Lp([0,∞[×[−∞,∞[, N(y′, x′)φ(y′, x′)dy′dx′) for
some p ≥ 1 then we have

(6.15) lim
t→∞

n(t, .)/N(.) = 1, Lp([0,∞[×[−∞,∞[, N(y′, x′)φ(y′, x′)dy′dx′).

Theorem 6.7. If additionally, we assume that for some µ > 0, we have

B(y, x) ≥ αφ(y, x)/φ(0, x), ∀y, x ≥ 0,

and

I = min
[
1− sup

x∈]−∞,∞[,z≥1

( f(zm0(x))
f(m0(x)) − 1

z − 1

)
,

inf
x∈]−∞,∞[,z≤1

( f(zm0(x))
f(m0(x)) − 1

z − 1

)
− 1

]
> 0.

Moreover, if r = Iα infx≥0N(0, x) then we obtain∫ ∞

−∞

∫ ∞

0

| n(t, y′, x′)−N(y′, x′) | φ(y′, x′)dy′dx′ ≤

e−rt

∫ ∞

−∞

∫ ∞

0

| n(0, y′, x′)−N(y′, x′) | φ(y′, x′)dy′dx′.

The proof of this theorem follows that of theorems 3.9 and 3.10 and we leave it
to the reader. The existence proof of (N,λ, φ) solution to (6.12) can be performed
using Schauder’s fixed point theorem (see [8, 3, 11]).
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