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ERGODIC MEASURES ON SPACES OF INFINITE
MATRICES OVER NON-ARCHIMEDEAN LOCALLY
COMPACT FIELDS

ALEXANDER I. BUFETOV AND YANQI QIU

ABSTRACT. Let F' be a non-discrete non-Archimedean locally com-
pact field and Op the ring of integers in F'. The main results of this
paper are Theorem 1.2 that classifies ergodic probability measures
on the space Mat(N, F') of infinite matrices with enties in F with
respect to the natural action of the group GL(co, O ) x GL(c0, OF)
and Theorem 1.6 that, for non-dyadic F, classifies ergodic probabil-
ity measures on the space Sym(N, F') of infinite symmetric matrices
with respect to the natural action of the group GL(oc0, OF).
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1. INTRODUCTION

Given a group action on a topological space, it is natural to try to
describe the corresponding space of ergodic invariant probability mea-
sures. For some very classical actions, such as, for example, that of the
shift on the space of infinite binary sequences, the space of ergodic mea-
sures is huge and does not seem to admit a reasonable description. On
the other hand, for a number of natural actions of infinite-dimensional
groups, a complete classification is possible. For example, De Finetti’s
Theorem (1937) claims that for the action of the infinite symmetric
group on the space of infinite binary sequences, all ergodic probability
measures are Bernoulli, and Schoenberg’s Theorem (1951) claims that
for the action of the infinite orthogonal group on the space of infinite
R-valued sequences, all ergodic probability measures are Gaussian. In
both these examples, the space of ergodic probability measures is one-
dimensional. Pickrell [13, 14, 15] and, by a different method, Olshanski
and Vershik [10], classified all ergodic unitarily invariant measures on
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the space of infinite Hermitian matrices. In this case, an ergodic mea-
sure is determined by infinitely many parameters.

In this paper, we study classification of ergodic measures for actions
related to the following inductive limit group

(1.1) GL(00, Op) := lim GL(n, Op),

where Op is the ring of integers in a non-discrete locally compact non-
Archimedean field F' and GL(n, O) is the compact group of invertible
n x n matrices over Op. Denote by Mat(N, F') (resp. Sym(N, F')) the
space of infinite matrices (resp. infinite symmetric matrices) over F.
Our main results are:

(i) the classification of the ergodic probability measures for the group
action of GL(oc0, Of) x GL(00, Or) on Mat(N, F') defined by

((91,92), M) — g1 Mgy", g1, 92 € GL(00, Op), M € Mat(N, F):

(ii) the classification of the ergodic probability measures for the group

action of GL(oo, Op) on Sym(N, F) defined by
(9. M) — gMg', g € GL(00,0F),S € Sym(N, F),

where and ¢° is the transposition of g.

We proceed to the precise formulation. Let F' be a non-discrete
locally compact non-Archimedean field (for example, the field of p-
adic numbers). Let | - | be the absolute value on F'. The ring Op of
integers in F' is given by {z € F : |z| < 1}. The unique maximal
and principal ideal of O is given by {z € F : |x| < 1}. Throughout
the paper, we fix any generator w of {z € F : |z| < 1}, that is,
{z € F:|z| <1} = wOp. The quotient Or/wOr is a finite field with
q elements.

Define the inductively compact group GL(co, Op) by (1.1). Set

Mat(N, F) = {X = (Xij)i,jeN‘Xij c F}

Let Mat (oo, F') denote the subspace of Mat(N, F') consisting of matrices
whose all but a finite number of coefficients are zero. Define also

and let Sym(oco, F) := Sym(N, F') N Mat(oo, F).

1.1. Classification of ergodic measures on Mat(N, F'). Let A be
the set of non-increasing sequences in Z U {—oo}, that is,

12 A={r=)E,

kjEZU{—oo};klszZ---}.

By the inclusion A C (Z U {—oo})", we equip A with the induced
topology of the Tychonoff’s product topology on (Z U {—occ})N.
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To each sequence k € A, we now assign an ergodic GL(co, OF) X
GL(00, Op)-invariant probability measure on Mat(N, F'). Let

Xz‘(n)a Y;(n)a Z2j7 i)jan:1727”'

be independent random variables, each sampled with respect to the
normalized Haar measure on the compact additive group Op. In what
follows, we use the convention w> = 0.

Definition 1.1. Given an element k € A, let
e := L(My)

be the probability distribution of the infinite random matrix My defined
as follows. Denote k := lim k,, € ZU {—oc0} and set
n—o0

n: kn>k e

Let Perg(Mat(N, F')) be the space of ergodic GL(00, Or)xGL(00, OF)-
invariant probability measures on Mat(N, F'), endowed with the in-
duced weak topology. The classification of Pe,s(Mat(N, F')) is given by

the following

Theorem 1.2. The map k — py is a homeomorphism between A and
Perg(Mat(N, F)).

Remark 1.3. By Theorem 1.2, the space Peg(Mat(N, F)) is weakly
closed in the space of all Borel measures on Mat(N, F') and is o-compact;
moreover, any measure (i € Peg(Mat(N, F)) is compactly supported.

Let us explain Theorem 1.2 in more detail. We have the following
elementary ergodic measures:

e (Haar type measures) For any k € Z, the normalized Haar mea-
sure on Mat(N, w*Op) is GL(0o, Or) x GL(c0, OF)-ergodic.

e (Non-symmetric Wishart type measures) Let X7, Y), X, Yo, - -+
be independent and uniformly distributed on Op. For any k €
Z, the probability distribution of the random matrix:

[ " X;Yj]s jen
is GL(00, Or) x GL(0c0, OF)-ergodic.

Theorem 1.2 implies that any ergodic GL(oco, Op)x GL(00, Op)-invariant
probability measure on Mat(N, F') can be obtained as a possibly infinite
convolution of the above two types of elementary ones.

1.2. Classification of ergodic measures on Sym(N, F'). In what
follows, when dealing with the ergodic measures on Sym(N, F'), we
always assume that the field F' is non-dyadic, that is, the cardinality
of the field of residue class Or /@wOF is not a power of 2.
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The group of units of Op is given by Oy = {x € F : |z| = 1}.
Denote by (O3)? the subgroup of O} defined by

(0F)? .= {x € OF : there exists a € F such that z = a*}.

If F is non-dyadic, then the quotient O /(O})? has two elements.
Throughout the paper, we fix a non-square unit € € O} \ (Of)%

We now explicitly describe the parametrization of ergodic GL (o0, Op)-
invariant probability measures on Sym(N, F).

Recall the definition (1.2) of the set A of non-increasing sequences
in Z U {—o00}. A sequence (k;)jen € A is called finite if k; = —oo for
all sufficiently large j. In this case, either k&1 = —oo, then we identity
the sequence with an empty sequence, or jy := max{j|k; € Z} € N,
then we identify (k;);en with (k;j);:o:l and jg is called the length of the
sequence. Conversely, for any finite non-increasing sequence (k;)%_; in
Z, we identify it with the element in A by adding infinitely many —oo
at the end of (k;)}_,.

For any k € Z, let Z~; denote the set of integers strictly larger than
k. We introduce the following four subsets of A:

e Alk], the set of non-increasing sequences of finite length in Zy;

o Af[k], the set of strictly decreasing sequences in Zsj (which are
automatically of finite length).

e A[—o0], the set of non-increasing sequences in Z of finite length
or of infinite length tending to —oo;

e Af[—o0], the set of strictly decreasing sequences of finite or in-
finite length in Z.

Note that for any k € Z U {—o0}, the following relations hold:

A[k] € Alk], Af[E] € A*[—o0] and Af[E] € A[—oc].

We introduce the parameter space
(1.3) Q= || {k} x AR x A%[K],
k€EZU{—oc0}
where {k} is the singleton with a single element k. The space 2 is
equipped with the topology induced by the inclusion:
QC(ZU{~x}) x (ZU{—cc})N x (ZU{—cc})N.

To each element h € ), we assign an ergodic GL(co, O )-invariant
probability measure on Sym(N, F) as follows. Let

X-(n), Yi(n)’ Hz‘j, i<jn=12---

7

be independent random variables uniformly distributed on Op. In par-
ticular, define

(1.4) H = [H;jli jen

by setting H;; = Hj; if i > j, then H is an infinite symmetric random
matrix sampled uniformly from Sym(N, Og).
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Definition 1.4. For any h € Q given by
h = (k; Xk, K), with k € ZU{—oc}, k € A[k], K € A*[#],
we define
vn = L(Sh),

as the probability distribution of the infinite symmetric random matrix
Sn defined as follows. First let

W= [ S tx x| W= | Y ey
n=1 n=1

)
71 jeN ¢ i,jEN

we set
S]h = W]k + €Wk/ + wikH.

Remark 1.5. The strictly decreasing assumption on the sequences k' €
APk is imposed for the uniqueness of parametrization. The reason is
the following:

2 2
1.5 E([ X(")X(")] ) - [,( [ XF">X<">] )

(15) ; ¢ lijen : ; 9 lijen

For the detail, see Remark 4.7 and the proof of Proposition 5.3 below.

Let Perg(Sym(N, F')) be the space of ergodic GL(0o, Op)-invariant
probability measures on Sym(N, F), endowed with the induced weak
topology. The classification of Pe,(Sym(N, F)) is given by the follow-
ing

Theorem 1.6. Assume that F' is non-dyadic. Then the map h — 1y,
is @ homeomorphism between Q0 and Peg(Sym(N, F')).

Remark 1.7. By Theorem 1.6, the space Pey(Sym(N, F')) is weakly
closed in the space of all Borel measures on Sym(N, F') and is o-
compact. Moreover, any measure vy, € Peg(Sym(N, F)) is compactly
supported.

Theorem 1.6 can be explained as follows. We have the following
elementary ergodic measures.

e (Haar type measures) For any k € Z, the normalized Haar
measure on Sym(N, w*Or) is GL(co, O)-ergodic.

e (Symmetric Wishart type measures) Let X, X5, -+ be inde-
pendent copies of F-valued random variables, all of which are
uniformly distributed on Op. For any k € 7Z, the distributions
of the infinite rank one random matrices:

[w_kXin]iJeN and [5w_kXin]i7jeN
are GL (oo, Op)-ergodic.
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Theorem 1.6 implies that any ergodic GL(0co, Op)-invariant probability
measure on Sym(N, F') can be obtained as a possibly infinite convolu-
tion of the above two types of elementary ones.

1.3. Characteristic functions of ergodic measures. Let y € F be
a fized character of F' such that
(1.6) X|lo, =1 and Y is not constant on @ 'O,

Given a Borel probability measure p on Mat(N, F'), its characteristic
function, or Fourier transform, i is defined on Mat (oo, F') by the for-
mula

fi(A) = /M . X(te(AM))u(dM), A € Mat(oo, F).

Similarly, given a Borel probability measure v on Sym(N, F'), its char-
acteristic function v is defined on Sym(oo, F') by the formula

v(A) ::/ X(tr(AS))v(dS), A e Sym(oo, F).
Sym(N,F)

Let Mat(n, F') be the space of n xn matrices with entries in F'. Every
A € Mat(n, F') can be written (see Lemma 2.4 below) in the form

A=a-diag(w™, - ;@ *).b,  a,bec GL(n,Op), k € ZU {—occ}.

These numbers ky, ko, - - - | k,,, taken with multiplicities, are uniquely
determined by A and are called the singular numbers of A. The collec-
tion of the singular numbers of the matrix A is denoted Sing(A).

After the computation of characteristic functions for the probability
measures in the list of measures defined in Definition 1.1 (see Propo-
sition 4.1 below), Theorem 1.2 can be reformulated in the following
form.

Theorem 1.8. The characteristic functions of ergodic GL(oco, Op) X
GL(00, Op)-invariant probability measures on Mat(N, F') are exactly of
the form

QO(A) = H exXp ( — logq . Z(k] + ﬁ)ﬂ{ijrgzl}), A c Mat(oo, F),
£cSing(A) J=1
where k = (k;)jen € A is the parameter sequence.

For formulating a similar statement in symmetric case, we need to
introduce a function 6 : ' — C by

(1.7) 0(x) ::/O x(2% - x)dz.

Properties of the function 6 are summarized in Proposition 4.5 below.
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Let Sym(n, F') be the space of n x n symmetric matrices with entries
in . Note that if the field F is non-dyadic, then any A € Sym(n, F')
can be written (see Lemma 2.7 below) in the form

A:gdlag(xla 7$N)'gt7 geGL(naoF)

After the computation of characteristic functions for the probability
measures in the list of measures defined in Definition 1.4 (see Proposi-
tion 4.4), Theorem 1.6 can be reformulated in the following form.

Theorem 1.9. Assume that F' is non-dyadic. Then the characteristic
functions of the ergodic GL(0co, Op)-invariant probability measures on
Sym(N, F') are exactly given by

O(diag(z1, -+ T, 0,-+)) = H []lop (" ;) H O(w "z, H ‘9<5w_k337i)} ;

where h = (k; (kj) jen, (K})jen) is a parameter in ) introduced in (1.3).

1.4. Spherical representations. Our classification theorems, Theo-
rem 1.2 and Theorem 1.6, can equivalently be formulated as a classi-
fication of spherical representations of the infinite dimensional Cartan
motion groups

Mat (oo, F') x (GL(00, OF) x GL(00, OF)) and Sym(co, F') x GL(oc0, OF)

respectively. We explain this in more detail for Sym (oo, F)) xGL(c0, OF).

Recall that Sym(n, F') x GL(n, OF) is the semi-direct product of the
additive group Sym(n, F') and the general linear group GL(n, Of). El-
ements of Sym(n, F') x GL(n, Op) are pairs (A, g), A € Sym(n, F), g €
GL(n, OF) and the rule of multiplication is given by

(A,g) - (B,h) = (A+gBg', gh).

The group Sym(oo, F') x GL(co, OF) is defined in a similar way and is
of course the inductive limit of the sequence Sym(n, F') x GL(n, OF).
The groups Sym(oo, F) and GL(oo, OF) are canonically identified with
subgroups of Sym(oo, F') X GL(c0, OF) by the following embeddings

A (A1) and g~ (0, 9),

where A € Sym(oo, F') and g € GL(00, OF).

A unitary representation p of Sym(oo, F') x GL(00, Or) in a Hilbert
space H(p) is called spherical if it is irreducible and the subspace
H(p)GH>:0r) of GL(00, Op)-invariant vectors in H(p) is nontrivial; in
which case, by irreducibility, the subspace H(p)&*(*9#) has dimension
one. A vector h € H(p)®°Or) of norm 1 is called a spherical vector
of p and the function

©p(g) == (p(g)h,h), g€ GL(00,OF)

is called the spherical function of p. The spherical function ¢, is an
invariant of the spherical representation p and it uniquely determines p.
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As a bi-invariant function with respect to the subgroup GL(oo, Of) C
Sym(oo, F') x GL(00, Op), the function ¢, is uniquely determined by
its restriction ¢, |sym(co,F)-

Given an ergodic GL(oo, Op)-invariant probability measure v on
Sym(N, F'), one may define a spherical representation p, in the Hilbert
space L*(Sym(N, F), v) as follows:

(P(9)E)(S)=¢(g7'S), g€ GL(c0,0p),
(p(A)E)(S) = x(tr(AS))E(S), A e Sym(oo, F),

where ¢ € L*(Sym(N, F),v) and S € Sym(N, F'). The spherical vector
can be chosen as the constant function §y(S) = 1.

Proposition 1.10. The map v — p, defines a bijection between the
set of ergodic GL (00, Op)-invariant probability measures on Sym(N, F')
and the set of spherical representations of the group Sym(oco, F) X

The proof of Proposition 1.10 is the same as that of Olshanski and
Vershik [10, Proposition 1.5].

1.5. An outline of the argument. Our argument relies on the Vershik-
Kerov ergodic method in the spirit of Olshanski and Vershik [10]. The
implementation of individual steps is, however, quite different. In the
case of measures on Mat(N, /) and the case of measures on Sym(N, F),
the main steps are

e Fzxplicit construction of ergodic measures, see Definition 1.1 and
Definition 1.4.

o The asymptotic formulae for the analogues of Harish-Chandra—
LIzykson-Zuber orbital integrals, see Theorem 7.1, Theorem 7.4
in the case of measures on Mat(N, F') and Theorem 7.5, Theo-
rem 7.6 in the case of measures on Sym(N, F).

e Proof of completeness of the lists of ergodic measures, see The-
orem 8.8 and Theorem 8.14 respectively.

We now explain our method in greater detail in the case of measures
on Sym(N, F).

1) The Vershik-Kerov method: approximation of ergodic measures by
orbital measures. While we follow the general scheme of Vershik and
Kerov, a number of details are different.

Given € Sym(N, F') and n € N, let mgp,»,0,) () denote the unique
GL(n, Op)-invariant probability measure on Sym(N, F') supported on
the orbit GL(n,OF) - © C Sym(N, F). Let OZ%B~(Sym(N, F')) be
the class of probability measures v on Sym(N, F') verifying the condi-
tion: there exists a sequence of positive integers ny < ny < --- and a
sequence (v, )ken of probability measures with v, being a GL(ny, OF)-
orbital measure supported on Sym(ny, F') C Sym(N, F'), such that v,
converges weakly to v.
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As a variant of Vershik’s Theorem (see Theorem 6.3 below), we ob-
tain the following inclusion:

Perg(Sym(N, F')) C OR B (Sym(N, F)).

Note that, a priori, we do not know whether the inverse inclusion holds.

2) Main ingredients: Classification of OR B~ (Sym(N, F)).

i): Computation of orbital integrals.

To describe OR B~ (Sym(N, F)), we need to understand the asymp-
totic behaviour of the characteristic functions of orbital measures of
the compact groups GL(n, Or). Recalling the assumption on the char-
acter y € Fin (1.6), we obtain an asymptotic formula for the following
orbital integral:

(1.8)

/ X(tf(g : diag('rh o ,SL’n) ’ gt ' diag<a17 c L Ay 07 e ))dg7
GL(n,0OF)

where dg is the normalized Haar measure of GL(n, Of). The formula
we obtain for the integral (1.8) is uniformly asymptotically multiplica-
tive, that is, the orbital integral (1.8) has the same asymptotic be-
haviour, uniformly on the choices of x1,- -, x,, as the following prod-
uct of much simpler orbital integrals:

H / x(tr(g - diag(zy, -+ ,2,) - ¢* - diag(a;, 0,0, - - - ))dg.

I=laL(n,08)

See Theorem 7.6 for the details.

Explicit computation of the above orbital integral requires some
Fourier analysis on the field F' and quite a few combinatorial argu-
ments in which we compute the cardinality of various sets of matrices
over the finite field F,.

it): Multiplicativity of characteristic functions for limits of orbital
measures.

An immediate consequence of the uniform asymptotic multiplicativ-
ity for the orbital integral (1.8) is that for any v € OX B (Sym(N, F)),
its characteristic function 7 possesses an exact multiplicativity prop-
erty, that is, for any » € N and any z1,--- ,z, € F|,

(19) /V\(dlag(xlu 7377’70707"')) = H/V\('rjell)7

where ey is the elementary matrix whose (1,1)-coefficient is 1. This
multiplicativity result implies in particular that the classification of the
class OAZ B (Sym(N, F)) is reduced to the classification of the class

of functions on F' defined by z — V(xeqy).
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3) Ergodicity: Proof of the inclusion:
ORBoo(Sym(N, F)) C Perg(Sym(N, F)).

Our direct proof of ergodicity for all measures in OZ B (Sym(N, F'))
uses an argument of Okounkov and Olshanski [9]: ergodicity for mea-
sures in OZ B (Sym(N, F')) is derived from the De Finetti Theorem,
see Theorem 3.11 below for the details. This approach of proving er-
godicity can be also applied to different situations, such as that of

Olshanski and Vershik in [10].
4) Proof of the equality

(1.10) Perg (Sym(N, F)) = {vy : h € Q}.

By comparing the characteristic functions ry, for all € and that of
measures in OZ B~ (Sym(N, F')), we obtain the equality

ORB(Sym(N, F)) = {v, : h € Q}.

Combining this equality with the results obtained in the previous steps,
we finally get the desired equality (1.10).

1.6. Organization of the paper. The exposition, which we tried to
make essentially self-contained, is organized as follows.

In §2, we recall the definition of ergodic measures and the necessary
definitions related to non-discrete locally compact non-Archimedean
fields, linear groups over them and Fourier transforms in this setting.

In §3, we prove that all the measures on Mat(N, F') from the family
{px|k € A} introduced in Definition (1.1) are GL(c0, Op) x GL(00, OF)-
invariant and ergodic and that all the measures on Sym(N, F") from
the family {v,|h € Q} introduced in Definition (1.4) are GL(oco, OF)-
invariant and ergodic.

In §4, we give explicit formulae for characteristic functions of mea-
sures from the two families {uy : k € A} and {1y, : h € Q}.

In §5, we prove that the parametrization maps k — pui from A to
Perg(Mat(N, F)) and h — 14, from © to Py (Sym(N, F')) are injective.

In §6, we introduce orbital measures and recall the Vershik-Kerov
ergodic method for dealing with ergodic measures for inductively com-
pact groups.

In §7, we obtain the asymptotic formula for orbital integrals of the
type (1.8).

In §8, we complete the classifications by proving that the parametriza-
tion maps k — p and h +— vy, are surjective.

In §9, we show that the parametrization maps k — p and h — 1y,
are homeomorphisms between corresponding topological spaces.

Proofs of some routine technical lemmata are given in the appendix.
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2. PRELIMINARIES

2.1. Ergodic measures. Let X be a Polish space, that is, it is homeo-
morphic to a complete metric space that has a countable dense subset.
Denote by P(X) the set of Borel probability measures on X. Denote by
Cy(X) the space of bounded continuous complex-valued functions on
X. Recall that a sequence (fi,)nen in P(X) is said to converge weakly
to u € P(X) and is denoted by p, = p if for any f € C,(X'), we have

i [ () (dr) = /X F (@)u(da).

n—o0 X

Given a group action of a group G on X, we denote by P (X) the
set of G-invariant Borel probability measures on X. By definition, a
G-invariant Borel probability measure p € PS, (X) is ergodic, if for any
G-invariant Borel subset A C X, either u(A) = 0 or p(X\.A) = 0. The
totality of ergodic G-invariant probability measures on X is denoted
by ng(é\f ). If the group action is clear from the context, we denote

PEL(X) and PS,(X) simply by Piny (X) and Peg(X) respectively.

inv erg

2.2. Fields and integers. Let F' be a non-discrete locally compact
non-Archimedean field. The classification of local fields (see, e.g., Ra-
makrishnan and Valenza’s book [17, Theorem 4-12]) implies that F' is
isomorphic to one of the following fields:
e a finite extension of the field Q, of p-adic numbers for some
prime p.
e the field of formal Laurent series over a finite field.
Let || be the absolute value on F' and denote by d(-, -) the ultrametric
on F defined by d(z,y) = |x — y|. The ring of integers in F' is given by

Op ={ze€F:|x|<1}.



ERGODIC MEASURES ON INFINITE MATRICES 13

The subset m := {x € F': || < 1} is the unique maximal ideal of Op.
The ideal m is principal. Any generator of m is called a uniformizer
of F'. Throughout the paper, we fix any uniformizer w of F, that is,
m = wOp. The field Op/wOF is finite with ¢ = p/ elements for a
prime number p and a positive integer f € N. If ¢ = 2/, then we say
that F'is dyadic, otherwise, we say that F'is non-dyadic.

We denote F, := Op/wOp. The quotient map is denoted by

T OF —)Fq = OF/YDOF

Fix a complete set of representatives C; C Op of cosets of wOp in Op
and assume that 0 € C;. The restriction of the quotient map 7 on the
finite set C, is a bijection:

bijection

(2.11) 7:Cp ——F

Any element of F' is uniquely expanded as a convergent series in F":

q-

(2.12) r = Zanw" (veZa,€Cya, #0).

If z € F'is given by the series (2.12), then we define the F-valuation of
x by ordp(x) := v. By convention, we set ordp(0) = oco. The absolute
value and the F-valuation of any element x € F' are related by the
formula |z| = ¢g~ordF @),

2.3. Group actions. Let GL(n, F') and GL(n, Or) denote the groups
of invertible n x n matrices over F' and O respectively. GL(n, Op) is
embedded naturally into GL(n + 1, O) by

a 0

(2.13) a € GL(n,Op) — < 01

) c GL(TL + ]., OF)

Define an inductive limit group
GL(00, Op) := lim GL(n, OF).
—

Equivalently, GL(0co, OF) is the group of infinite invertible matrices
9 = (9ij)ijen over Op such that g;; = d;; if i + j is large enough.
Let Mat(n, F') and Mat(n, Or) denote the spaces of all nxn matrices
over ' and Op respectively. Define
Mat(N, F) = {X = (Xij)i,jeN|Xij € F}
Let Mat(oo, F') denote the subspace of Mat(N, F') consists of matrices
whose all but a finite number of coefficients are zeros. Define also
Sym(n, F) : = {X € Mat(n, F')| X;; = X;;,V1 <i,j <n},
Sym(N, F) = {X € Mat(N, F)|XZ] = in,\V/'L.,j c N}
Set Sym(oco, F) := Sym(N, F') N Mat (oo, F').
Two natural group actions under consideration in this paper are the
following:



14 ALEXANDER I. BUFETOV AND YANQI QIU

e The group action of GL(oco, Or) x GL(0c0,OF) on Mat(N, F')
defined by:

((91,92): M) = iMgy", g1, 92 € GL(0c0, Op), M € Mat(N, F).
e The group action of GL(0co, Or) on Sym(N, F) defined by:
(9, M)~ gMg', g€ GL(oo,0F),S € Sym(N, F),
where ¢' is the transposition of g.

2.4. Conventions. Given a finite set B, we denote # B its cardinality.

Let (X, B,m) be a measured space and let f be a real or complex
valued integrable function defined on ¥ . If A C ¥ is measurable and
0 < m(A) < 0o, then we denote

(2.14) ][f )dm(z /f Ydm(x

For any random variable Y, we denote its distribution by L£(Y).
Conventions concerning the empty set (): let (r;);c; be a family of
real numbers (or complex numbers for the last two formulae), we set

infr; = +00, supr; = —oo, Z'r’i:O, H’rizl.

= i€l ich i€l
The following conventions will also be used:

e Aselementsin F: w® =w™ =0¢€ F.
e Aselements in RU{+o0}: ¢®° = ¢™>° = 400 and ¢~ =0 € R.

2.5. Haar measure on GL(n,Op). For any n € N, denote by dvol,
the Haar measure on F™ normalized by the condition vol,(O%) = 1.
If there is no confusion, we will use the simplified notation vol(-) for

vol,(+).

Remark 2.1. The Haar measure vol,, on F™ is preserved by any linear
map represented by a matriz from the group GL(n, Op).

For any n, we fix a Haar measure vol(-) on Mat(n, F') normalized
by vol(Mat(n,OF)) = 1. Upper to a multiplicative constant, the Haar
measure on the locally compact group GL(n, F) is uniquely given (see,
e.g., Neretin [7]) by

(2.15) | det(M)|™" - vol(dM).
Let GL(n,F,) be the group of invertible n x n matrices over F,. Set
GL(n,C,) = {t = (tij)1<ij<n € GL(n,OF) : t;; € C,}.
Proposition 2.2. A standard partition of GL(n, O) is given by
(2.16) GL(n,0p) = | | (t+Mat(n,wOp)).

teGL(n, Cq)
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In particular, we have

(2.17) vol(GL(n, Op)) = [[(1 = ¢ 7).
j=1
Proof. By definition, a = (a;j)1<ij<n € GL(n, Op) implies that a;; €
Op and | det(a)| = 1. Now take any x € Mat(n, wOp). First, we have
a+ x € Mat(n,Op). Second, write z = wy with y € Mat(n, Or). By
definition, there exists z € O, such that det(a+z) = det(a)+wz. Since
|zwz| < ¢71, by ultrametricity , we obtain | det(a+z)| = | det(a)+wz| =
1, whence a+xz € GL(n, Of) and the set on the right hand side of (2.16)
is contained in GL(n,Op). Conversely, since C, is a complete set of
representatives of the cosets of wOp in Op, for any A € GL(n, Or),
there exists a unique ¢ € GL(n,C,), such that A = t(mod wOp). This
completes the proof of (2.16).
Recalling that

n—1
#GL(n,C,) = #GL(n,F,) = [[(¢" — &),
=0
we arrive at (2.17). O

By Proposition 2.2, GL(n, OF) is an open subgroup of GL(n, F'). It
follows that the restriction on GL(n, Op) of the Haar measure (2.15)
on GL(n, F') is a Haar measure on GL(n, Of). Consequently, the nor-
malized Haar measure on GL(n, Op) is given by

vol(+)
H;‘L:1(1 —q77)
Let T'(n) be sampled uniformly from the finite set GL(n,C,); let

V(n) be sampled with respect to the normalized Haar measure on
Mat(n, wOp) and independent of T'(n).

Proposition 2.3. The random matriz T'(n) 4+ V (n) is a Haar random
matriz on GL(n,Op); that is, the distribution law L(T(n) + V(n))
coincides with the normalized Haar measure on GL(n, OF).

(2.18)

Proof. The proof follows immediately from Proposition 2.2 and the
formula (2.18) for the normalized Haar measure on GL(n, Op). O

2.6. Diagonalization in Mat(n, F').

Lemma 2.4 (See, e.g., Neretin [7, §1.3]). Every matriz A € Mat(n, F')
can be written in the form

(2.19) A =a-diag(w ™, @ *, ... @ *).b (a,be GL(n,Or)),

where ky > ky > -+ >k, > —oo and diag(cw ", w2 ... wkn) is
the diagonal matriz with diagonal coefficients w=* w2 ... @=hn,
Moreover, the n-tuple (ki, ks, - k) is uniquely determined by the

matriz A.
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2.7. Square-units in F. The group of units of the ring O is given
by OF :={z € F : |z| = 1}. Let (O})? be the subgroup of O} defined
by

(0F)? .= {x € OF : there exists a € F such that z = a*}.
Let C denote the set C, \ {0} and define

(C)? :=={a € C] there exists y € F such that a = y*}.
Denote

2 ._ : _ 2

(Fy)” := {a € F;| there exists ¢ € F such that a = c¢”}.
Lemma 2.5. Assume that F is non-dyadic. Then
(2.20) 05 = || (a+=0p).

a€(Cq')?

Consequently, the map 7 in (2.11) induces a bijection:

(2.21) 7 (CF)? T (X2,

q
Proof. Since F is non-dyadic, we have |2| = 1. For any =z = o? € (0})?,
since C, is a complete set of representatives for Op/wOp, there exists
a € Cf, such that x = a(mod wOp), that is,

(2.22) lr —al < 1.

Take any b € O such that |b — z| < 1 = |2a|?. Then the polynomial
Py(X) = X? — b € Op[X] satisfies

(2.23) |Py(a)] < [Py()]*.

By Hensel’s lemma (see Cassels [2, pp. 49-51]), the inequality (2.23)
implies that there exists § € F' such that

[ Po(@)]
[Py (a)l

(224)  PB(B)=B>—b=0 and |3—al < < |P(a)| = L.

In particular, we have
(2.25) {beOf:b—2| <1} =2+ wmOr C (OF)%
Combining (2.22) and (2.25), we get a € (O))?. Hence
05 c || (a+=0p).
ac(Cy)?
Conversely, since (C)* C (Of)?, for any a € (C)?, replacing z by a

in the above argument, the inclusion (2.25) implies a + @Or C (OF)2.

Hence

| | (a+@0r) C (05)

ae(Cy)?
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Remark 2.6. Recall that if F' is non-dyadic, then the quotient group
O} /(OF)? has two elements.

2.8. Diagonalization in Sym(n, F'). In what follows, we fix a non-
square unit € € O3 \ (OF)?. By Remark 2.6, the following set

(2.26) T ={w ¥k ecz}yu{w |k € Z} U {0}
is a complete set of representatives for the quotient F/(O ).

Lemma 2.7. Assume that F' is non-dyadic. Then any symmetric ma-
trix A € Sym(n, F') can be written in the form

A=g-diag(zy, - ,2,)-¢", 1, ,1, €T,g€ GL(n,OFp).

Proof. Since T is a complete set of representatives for the quotient
F/(O5)?, it suffices to show that any symmetric matrix A € Sym(n, F)
is diagonalizable. Assume that A is not a zero matrix. We claim that,
up to passing A to gAg' for some g € GL(n, O), we may assume that
the (1, 1)-coefficient of A has maximal absolute value.

Case 1: Assume first that there exists 1 < iy < n, such that |A;,;,| =
maxi<; j<n |Aij|. If i0 = 1, then there is nothing to prove. Otherwise,
take g = My, where M) is the permutation matrix associated
with the transposition (1ig). Then the matrix gAg" has A, as its
(1, 1)-coefficient.

Case 2: Now assume that there exists 19 < jp such that
(2.27) [ Aiogo| = max |Ay| > max [Ay].

Let us do operations on the submatrix indexed by {ig, jo} X {i0,jo} as
follows:

Aiojo + Ajojo Ajojo
B 1 1 Aioio Aiojo 1 0
L0 L Ao Ajeso [ LT 1T

Since F' is non-dyadic and non-Archimedean, (2.27) implies
124050 + Aigio T Ajojol = [Aiggo + Ajosol = |Aigiol-
This shows that we can reduce the second case to the first case where

a diagonal coefficient has maximal absolute value.
Now assume that

r C
A_[C Al

such that z attains the maximal absolute value of all coefficients of A.
Then 2~ tc € O%! and we have

I o0l]la ¢ 1 —ztt ] = 0
—z e 1 c A 0 1 10 A —ated

{ 2Aiojo + Aioio + Ajojo Aiojo + Ajojo }

t

} ., ce Frl
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By continuing the above procedure on the submatrix A; — 2 tect, we

prove finally that A is diagonalizable. O

Remark 2.8. The assumption that F is non-dyadic is necessary in
Lemma 2.7. Indeed, if

o -Te st els o] o ] ecuzon
then

bc+ad =0, ad—bce OF.

It follows that 2ad € OF and hence 2 € OF. This implies that F is
non-dyadic.

2.9. Characteristic functions. Denote by F the Pontryagin dual
of the additive group F. Elements in F' are called characters of F'.
Throughout the paper, we fix a non-trivial character y € F' such that

(2.28) X|lo, =1 and Y is not constant on @ 'O,

For any y € F', define a character y, € F by Xy(x) = x(yz). The map
Y — Xy from F' to F defines a group isomorphism.

We write explicitly characteristic functions of probability measures
in the following situations.

(i) If p is a Borel probability measure on F™, then fi is defined on
F™ by

(y) = /m X( - y)p(dz),

=)

where z -y == 3" | ;1.
(ii) If p is a Borel probability measure on Mat(n, F'), then 71 is defined
on Mat(n, F') by
A= [ (M),
Mat(n,F)

(iii) If p is a Borel probability measure on Mat(N, F), then i is
defined on Mat (oo, F') by

(2.20) i) = | g AV M)

(iv) If v is a Borel probability measure on Sym(n, F), then v is
defined on Sym(n, F') by

(A) = /S . Xx(as)w(as)
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(v) If v is a Borel probability measure on Sym(N, F'), then v is defined
on Sym(oo, F) by

v(A) = /sym(N,F) X(tr(AS))v(dS).

Since the corresponding groups are locally compact, Theorem 31.5 in
Hewitt and Ross [3, p.212] implies that in the cases (i) (ii) and (iv), the
characteristic function g determines p uniquely. The same statement
holds for the cases (iii) and (v). Indeed, although the additive groups
Mat(N, F') and Mat(oo, F') are not locally compact and we can not
apply the result on locally compact groups directly, we may use the
fact that any Borel probability measure p on Mat(N, F') is uniquely
determined by its finite dimensional projections (Cut;’).(x) and (2.29)

contains all information for (Cut;”).(u), n = 1,2,---. The case (v) is
treated similarly.

Remark 2.9. If i is a probability measure on Mat(n, F') which is in-
variant under the action of the group GL(n, Or) x GL(n, OF), then for
any a,b € GL(n, Or), we have

(2.30)

f(a - diag(w ™™, w2 ... @) . b) = [i(diag(w ™, w2, - @ *n)).
Similarly, if v is a GL(n, Op)-invariant probability measure on Sym(n, F'),
then for any g € GL(n,Or), we have

Similar statements hold for GL(co, OF) x GL(0c0, OF)-invariant proba-
bility measures on Mat(N, F') and for GL(co, Op)-invariant probability
measures on Sym(N, F).

Let m € N. Given any Borel probability measures i, , i, on
Mat(N, F') (resp. Sym(N, F)), their convolution i * - - - pu,, is defined
as follows: let My, ---, M, be independent random matrices such that
L(M;) = p;,i=1,--- ,m and set

gk ek gy o= L(My + -+ -+ M,y,).

The characteristic function of pq * - - - % p,, is given by the formula
(2.32) (i # -5 ) = [ ] -
i=1

3. INVARIANCE AND ERGODICITY

In this section, we prove that all the measures on Mat(N, F') from
the family {ux = L(My)|k € A} introduced in Definition (1.1) are
GL(00, OF) x GL(00, Op)-invariant and ergodic and that all the mea-
sures on Sym(N, F') from the family {v, = L£(Sp)|h € Q} introduced
in Definition (1.4) are GL(oo, Op)-invariant and ergodic.
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3.1. GL(00,OF) x GL(c0, OF)-invariance for p’s.

Proposition 3.1. For any k € A, the probability measure i on
Mat(N, F') is GL(oco, Or) x GL(00, OF)-invariant.

Recall that the normalized integral f is introduced in (2.14).

Remark 3.2. For anyn > 1, we have

(3.33) ][ X(x)dx = 0.
w"Op
Indeed, for any fited n > 1, the character x defines a non-trivial char-
acter X of the finite group Iy, := w "Op/OF by
X() =x() (ify=2+0pzecw "Op).

By orthogonality of the character X and the trivial character, we have

£ e = = YR =0,

and (3.33) is proved.

Lemma 3.3. For anyy € F and any |l € Z, we have
(3.34) ][ X(zy)de = Lg-10,.(y)-
wlOp

Proof. First assume that y € w~'Op. Then for any = € @w'Op, we have

xy € Op. Consequently, by (2.28), we have fwlop X(xy)dx = 1. Now
assume that y ¢ @ 'Op. Since the Haar measure dvol on F is invariant
under the multiplication action by any element u € Oy, without loss
of generality, we may assume that y = o® with k¥ < —[ — 1. By (3.33),

we have

][ x(zy)dx :][ x(whz)dw :][ x(@w"2)dz = 0.
wlOp wlOp OF
This completes the proof of (3.34). O

Lemma 3.4. For any m € N, the distribution of the random wvector
(Xgl))?il is GL(m, Op)-invariant.

)

Proof. Denote X = (X.(”);’;l. It suffices to prove that for any A €

7

GL(m,Op) and any y = (y1,- -+ ,ym) € F'™, we have

(3.35) Ex(X - y)] = E[x((AX) - y)].
By the independence between Xl-(l) c1=1,---,m and Lemma 3.3, we
have

n

EX(X - y)] = [[EX(Xu:)] = [ ] 1o- () = Top (v).

j=1 j=1
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Similarly,
E[x((AX) - y)] = Ex(X - (A'y))] = Lop(A'y) = Lop(y)-
Hence we get (3.35). The proof of Lemma 3.4 is completed. O

Proof of Proposition 3.1. 1t suffices to prove that the following proba-
bility measures

LY e and £([Zigli jers)-

ity
are GL(00, Op) x GL(0c0, Op)-invariant. The invariance of both mea-
sures follows immediately from Lemma 3.4. O

3.2. GL(00,OF) x GL(c0, OF)-ergodicity for juy’s.

Theorem 3.5. For anyk € A, the probability measure py, on Mat(N, F)
is GL(00, OF) x GL(00, OF)-ergodic.

The map M + (M;)ien from Mat(N, F) to FY induces an affine
map

U : P(Mat(N, F)) — P(FMY).
Let S(n) denote the group of permutations of the set {1,2,--- ,n} and

set S(00) := J,enS(n). The group S(co) acts naturally on F™ by
permutations of coordinates.

Lemma 3.6. For any i € Py (Mat(N, F)), we have ¥(p) € Po™) (FY).
Moreover, the restriction map

(3.36) U Py (Mat(N, F)) — PO (PN

inv
s an affine embedding.

Proof. Let p € Pyy(Mat(N, F)). For any 0 € S(c0), the associated
permutation matrix M,, defined by

Ma(’i,j) = ]_J(i):j,

is an element in GL(co, Op). By the invariance of p under the mul-

tiplication by all permutation matrices M,,o € S(o0) on left and on
right, it is easy to see that ¥(u) € P{?I(VOO)(FN).

Now we show that the map (3.36) is injective. By the definition of
pushforward map, the Fourier transform of W(u) is given as follows:

for any zy,--- ,x,. € F,
(3.37) W) (21, ,2.,0,0,--+)) = p(diag(xy, - -+ ,x,,0,0,--)).
By Remark 2.9, 1 is determined by

ﬁ(diag<x17“'7xT70707"'))7 xl?“'vxrep'

Now, the equality (3.37) implies that i and hence p itself is determined
uniquely by V(). The injectivity of the map (3.36) is proved. O
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In what follows, for any convex set C', we denote by Ext(C') the set
of extreme points of C.

Remark 3.7. For any group action of a group G on a Polish space X,
we have

Ext(PS (X)) € PE(X).

inv erg
The converse inclusion is in general not true. However, the De Finetti
Theorem claims that for the group action of S(oo) on XN, we indeed
have

Eat(P2>

inv

(A1) = Page (X

erg
Proof of Theorem 3.5. By construction, for any k € A, the measure
U (py) is Bernoulli. Consequently, by the De Finetti Theorem,

U(px) € PSCNFN) = Ext(P2)(FY)).

erg inv
It is clear that for any convex subset C of Ext(P;(FN)), we have
C N Ext(PI(FN)) ¢ Ext(C).
Taking C' = ¥ (Piy (Mat(N, F))), we see that
(3.38) U (px) € Ext(P(Piny (Mat(N, F)))).
By Lemma 3.6, V¥ is an affine embedding. Hence
Ext(V(Pmy(Mat(N, F)))) = U(Ext(Piy(Mat(N, F)))).
The relation (3.38) implies px € Ext(Pimy(Mat(N, F))). By Remark
3.7, we get the desired relation p € Perg(Mat(N, F)). O

Remark 3.8. As a corollary of our classification theorem, in our sit-
uation, we indeed have

E'rt(PinV<Mat<N7 F))) = Perg<Mat<N7 F))
3.3. GL(00, Op)-invariance for 1y,’s.

Proposition 3.9. For any h € ), the probability measure vy on
Sym(N, F') is GL(oco, O)-invariant.

Lemma 3.10. The normalized Haar measure on Sym(n, Or) is invari-
ant under the natural action of the group GL(n,Op).

Proof. For any g € GL(n, Og), the linear map

Sym(n, Or) — Sym(n,OF)
(3.39) g o 954t
is invertible. Clearly, if we use the group identification
n2+n

Sym(n, Op) ~ O |

then the linear map (3.39) is represented by an invertible matrix from

GL(”QQJr 2 Op). Hence by Remark 2.1, it preserves the normalized Haar

measure. ]
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Proof of Proposition 3.9. 1t suffices to prove the GL(0co, Op)-invariance
of the following probability measures on Sym(N, F'):

LOXIX M) jen) and L([Hylijen).

The GL(00, Op)-invariance of E([Xi(l)Xj(l)]i,jeN) follows immediately

from Lemma 3.4, while the GL(co, Op)-invariance of L([H,;l; jen) fol-
lows from Lemma 3.10. O

3.4. GL(oc0, Op)-ergodicity for u’s.
Theorem 3.11. For anyh € Q, the probability measure v, on Sym(N, F')
is GL(0c0, Op)-ergodic.
The map S + (S;;)ien from Sym(N, F') to FY induces an affine map
® : P(Sym(N, F)) — P(FY).

Lemma 3.12. For anyv € Py (Sym(N, F')), we have (v) € Pii(voo)(FN).
Moreover, the restriction map

P Pinv(sym(N, F)) — PS(OO)(FN)

mv

s an affine embedding.

Proof. The proof is similar to that of Lemma 3.6. O
Proof of Theorem 3.11. The proof is similar to that of Theorem 3.5 by
using Lemma 3.12 instead of Lemma 3.6. O

4. EXPLICIT COMPUTATION OF CHARACTERISTIC FUNCTIONS

In this section, we give explicit formulae for characteristic functions
of measures from the two families {uy : k € A} and {v, : h € Q}.

4.1. Measures on Mat(N, F'). By the elementary observation (2.30),
for studying the characteristic functions of uy, it suffices to compute

[ (diag(co™ ™, -+, ,0,0,--))
for any r € N and any ¢1,--- , ¢, € Z.
Proposition 4.1. For any k = (k,)neny € A and any ¢ € Z, we have

(4.40) fix(wfery) = exp < —logq - Z(kj + E)]l{kﬁezl})-
j=1
More generally, for any (1,--- ¢, € Z, we have

(4.41) fx(diag(w ™, -+ @ ,0,0,--)) = [ [ (= “en).
i=1
Introduce a function © : ' — C by

(4.42) O(z) = / X(z129 - x)dz1d 2.
OFXOF
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Lemma 4.2. The function © is given by
@(1’) = qiﬂ{leh ‘x| = qg_

Proof. Let |z| = ¢*. Then there exists u € OF, such that z = @ ‘u.

By rotation invariance, O(z ) ( ~%). Now by Lemma 3.3,
6(w ) = Elx(= ' X{"v")] = E(E[x(=""x{"v{") "]
=E(lo, (@) = P<|Y“>| <g) =g e

O

Remark 4.3. In the formulae below, for graphical convenience, we
write exp(—logq - (1y>1y) instead of g~ "He=1y,

Proof of Proposition 4.1. The identity (4.41) follows from the indepen-
dence between all diagonal coefficient of M. So we only need to prove
the identity (4.40).

First assume that k = (k,)neny € A is such that lim k, = —oco. By

n—o0

the independence between all X l(n) and Yl(n), n € N, we have

e =[x [ w0t

2,JEN

Z w© knfgx(” Y(” H E fkanXI(”)Y'l(”)ﬂ.

n=1

By Lemma 4.2, we get

(@ len) = H exp ( —logq - (k, + E)]l{anZl})

n=1
=exp ( — logq . Z(k}n -+ g)l{kn-l-le]’) .
n=1

Now assume that there exists m € NU {0} and k € Z, such that
ky>--->k, >kandk, =k for any n > m + 1.

By previous computation and the formula (2.32) for the characteris-
tic functions of convolutions of probability measures, we only need to
consider the case when k = (k,),ecn is such that

k, = k € Z for any n € N.

In this case, uyx = L(cw *Z) with Z an infinite random matrix sampled
uniformly from Mat(N, O). Hence by Lemma 3.3, we obtain

(o) = Elx(w ™% Z11)] = 1o, (@ %) = Ljpre<oy-
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But if k£, = k for any n € N, we have
(4.43) Lre<op = exp ( —logq- > (kn+ €>]l{kn+€21}>-
n=1

This proves the identity (4.40) in the second case and we complete the
proof of Proposition 4.1. O

4.2. Measures on Sym(N, F'). By the elementary observation (2.31),
for studying the characteristic function of vy, it suffices to compute

o (diag(zy, -+, 2,,0,0,--+))

for any r € N and any x1,--- ,x, € F.
Recall the definition (1.7) for the function 6:

0(x) = /0 ) X(22 - 7)dz.

Proposition 4.4. Leth = (k;k, k') € Q. Then for any v € F, we
have

(4.44) i(zerr) = Lo, (@ *z) - [[ 0@ a) [] 0(ew ")

More generally, for any r € N and any xq,--- ,x, € F, we have
(445) ﬁl(dlag(xla sy Ty 07 07 T )) = H l;il(xiell)'
i=1
Define a function Ly : Of — {—1,1} by setting Lo(u) = 1 if u is
a square element in O and setting Lo(u) = —1 if u is a non-square
element in O. Denote
|1, if¢g=1(mod4)
(4.46) Cq = { i, if ¢=3(mod4) -

Recall that for any = € F, we have |z| = ¢~orr (@),

Proposition 4.5. The function 0 : F — C is continuous and satisfies
the following properties:
(i) If |x| <1, then 6(z) = 1.
(ii) If |z| > 1 and ordp(x) = 0(mod 2), then O(z) = |z|~ /2.
(iii) If |#| > 1 and ordp(x) = 1(mod 2), then by writing x = w ‘u
with ¢ € N and u € Oy, we have

Lo(u)

(447) 9(37) = SXQq . ‘x|—1/2,

where s, € {—1,1} depends on the choice of x.
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In particular, 0 satisfies the following property:

(4.48) 0(z)* = 0(sx)®> #0, forallz € F.

Moreover, if v = w ‘u with { € ZU {—oc0} and u € O}

(449)  |0(@)]? = exp(=1og x| o) = exp(—(log q - Lsy).
Let us postpone the proof of Proposition 4.5 to §10.

Lemma 4.6. Fiz an element a € F. Then for any k = (kj)jen € A,
the following infinite product

(4.50) ﬁ Ola-w™)

converges. Moreover, if lim k; =k € Z, then
J]—00

(4.51) He(a-w—kf)zﬂop(a-m—k)- I o =™)

Proof. Let k = (k;j)jen € A. Since k is a non-increasing sequence, we
have

la- o™ | >a- o> >a-w M|

Then either there exists jo € N, such that |a - %| <1 for all j > j
or |a-w*| > 1 for all j € N. Consequently, the infinite product
(4.50) either is a finite product or equals 0. The identity (4.51) follows
immediately form (4.49). O

Proof of Proposition 4.4. The identity (4.45) follows from the indepen-
dence between all diagonal coefficient of Sy,. So we only need to prove
the identity (4.44).

Case 1: b = (—o0;k, ), k€ Al-od], ¥ € Af[—oc].
In this case, we have

Vh = ,C(W]k + €W]k/) = ,C(W]k) * £(€W]k/).

Thus for proving (4.45), it suffices to prove it for the probability mea-
sures L(Wy) and L(eWy). For instance, we have

—

L(Wx)(zen) =E [X <tr< [ i w_ani(N)X;n)} i,jeNxen) )]

—[x( = (4)) ] = B[ [Tx (= 0x))]
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Then by dominated convergence theorem and the independence be-
tween all Xl("), n € N, we get

E0T)aen) = [TB[x (=4 (7)) = [T o).

Similar computation works for £(eWi).

Case 2: There exists k € Z and h = (k; k, k'), k € A[k], k' € Af[k].
In this case, we have

vh = LWy + eW + @ FH) = L(W) * L(eWw) * L(ww "H).

By (2.32), for proving (4.45), it suffices to prove it for the probability
measures

LWy), L(eWi) and L(ww *H).

By the computation in Case 1, we only need to verify (4.45) for L(cw*H).
A simple computation yields the desired identity

E(g—TH)(xeu) = E[X (tr (w_kaeH)ﬂ
= E[X (w*kHux)] = lo, (@ *x).
Ul

Remark 4.7. Let us prove the identity (1.5) mentioned in Remark 1.5.
Denote

2 2
=L([ X xx™] e e(e XA ),
o1 n2=:1 v lijeN 72 c nz:; b i jeN

Note that 01,05 are both GL(oco, Op)-invariant. Since for any x € F,
we have 0(x)? = O(ex)?. Consequently

Gi(diag(zy, -+ 2, 0,-+-)) = [ 0(x:)* = [ ] 0(e:)”
i=1 i=1
- @(dlag<xl7 L, Ty 07 e ))

It follows that o1 = 0.

5. UNIQUENESS OF PARAMETRIZATION

In this section, we will prove two uniqueness results, Proposition 5.1
and Proposition 5.3.
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5.1. Measures on Mat(N, F).

Proposition 5.1. Let k, k€ A. Then p = pg if and only if k = k.
Lemma 5.2. The map

o0

k = (kj)jen — (Z(k] + g)]l{kﬁ@l})

LeZ
j=1 ©

from A to (Z U {+o00})? is injective.

Proof. We need to show that if k = (k;);jen and k = (Ej)jeN are two
distinct elements in A, then there exists ¢ € 7Z, such that

o0

(5.52) Z(kj + 0Lk 4021y # Z(E] +OLG ey

j=1 j=1
By assumption, there exists jo € N, such that
(5.53) k; = Ej for any 1 < j < jo and k;, # Ej()'

By symmetry, let us assume that k;, > EJO. Under this assumption

(whether kj, equals to —oo or not), we will have k;, € Z. Now by
taking { = 1 — k;, € Z, we have

kj+€:%j+€21forany1§j<j0.
kj0+€:1andgj0+£§0.

Consequently,
o Jjo Jo—1
D (ki + 0Ly = D> (ki +0) =1+ > (k;+0),
=1 j=1 j=1
while
o Jo—1 Jo—1
> (ki + Ol o1y = D (kj+0) = (ki +0).
j=1 j=1 j=1
Thus we prove that the inequality (5.52) holds for ¢ =1 — k;,. O

Proof of Proposition 5.1. Proposition 5.1 follows from Proposition 4.1,
Lemma 5.2 and the fact any probability measure on Mat(N, F') is
uniquely determined by its characteristic function. U

5.2. Measures on Sym(N, F).
Proposition 5.3. Let ]h,]E € Q. Then v, = vg if and only if h = L.

Remark 5.4. Any element k = (k;)jen € A is uniquely determined by
the bi-infinite sequence in NU {oo}:

(#45 € NIk = 03

ez
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Proof of Proposition 5.3. Let h = (k;k, k') and h = (E, ]T{, flvc’) be two
elements in {2 such that 1, = v5. By Proposition 4.4, this is equivalent
to the following identity: for any x € F,

lo,(w *x) H9 “hn g Heew o
_]lon 1) HG “ng H@&tw R

Recall the identity (4.49). By taking the modulus and square of both
sides of (5.54) and substituting = wu with ¢ € Z and u € OF, we
obtain

(5.54)

Lipye<oy - q Lonma (bnt O o o213 =20z (kn+01 3, 121y
555 a oo /7 oo (1
( ) :1{E+£<0} q Lz (bt OLG ooy =2 kn O gy ooy
Claim 1: k = k.

Indeed, if k& = —oo, then the left hand side of the identity (5.55)
never vanishes. Consequently, so does the right hand side. It follows
that k = —oco. If k € Z. Then the left hand side of the identity (5.55)
vanishes at ¢ = 1 — k. Consequently, so does the right hand side of
(5.55) vanishes both at ¢ = 1 — k. It follows that k+1—Fk>0or
equivalently k> k. By symmetry, we have k = k.

Claim 2: (k,K) = (k,K').

For simplifying notation, let us define k*, k* € A as follows: if k =
k:—oo then set k* := ]k]k* = Ik; if £ = kEZ then both k
and k are finite sequences in Z-y, set k* and k* by adding infinitely
many k. Clearly, for proving (k, k') = (E{, k' ), it suffices to prove that
(k*, k) = (k*, k). By Remark 5.4, it suffices to prove that for any
leZ,

#{n € N|k; =1} = #{n € N|k; = 1};
#{n e N|K, =1} = #{n e N|K, = I}.
Applying (4.43) to Lyxye<oy and 1,3, ), we may write (5.54) as

(5.56)

q St (kn O ox o>y =2 n 1 (k0L g o>y

5.57 - -
( ) =q Zfﬂ(kﬁ*‘f)l{ﬁngn_Zfﬂ(k%*‘f)l{ﬁgﬁezl}'
By Lemma 5.2 and Remark 5.4, the equality (5.57) implies that for
any | € Z, we have

#{n € N[k} = 1} + #{n € N[k, = [}

(5.58) - -
—#{n e N|kf =1} + #{n e N[k, = I}.
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The identity (5.58) implies in particular that the two identities in (5.56)
hold or are violated simultaneously. Now assume by contradiction that
there exists [y € Z, such that the identities in (5.56) are violated.
Obviously, such [y verifies

k< ly < max{kn, kn, k', k' } < +00.

n»y n’»''n

Now let l,4. € Z be the largest [y such that the identities in (5.56)
are violated. Substituting x = ' ~ly with u € O} into the identity
(5.54), we obtain

o0 o0
[] 0= Fmwtretu) T O(ew " et tu)

(5.59) m e
= H O (o Fmigglmer—1y) H (e Fmagmimealy).
mi=1 mo=1

By the assumption of [,,,,, we know that for any [ > [,,,4.,

#{n € NIk, =1} = #{n e N|i;, = I};

#{n e N|k, =1} = #{n € N|K, = I}.

Since 4. > k, by definition of k* and I* we also have for any [ > lyae:
#{n e NIk =1} = #{n € N|k, = [};

#{n e N|k} =1} = #{n € N|k, = [}.

By Proposition 4.5, the function # never vanishes. Hence by the iden-
tities (5.60) and (5.61), we can remove simultaneously all those terms

(5.60)

(5.61)

concerning ky, > lmaz, kpp, > lpae and Ky > lpaes by, > linee from
both sides of identity (5.59). Again by Proposition 4.5, for any k,, <

/ /
lmazs Ky < lmaz and Ky < lnae, Ky < lmae, We have
— /! j—
O(wFmiglmas=ly) = f(ewFnagmlmaen—1y)
N e -
=0 (wFrigglmer—ly) = Qe Fmaglmes=ly) = 1.

Consequently, we may remove simultaneously all those terms concern-
ing kn, < lmaws by, < lnae and kpyy < lipaa, k,’m < lnar from both sides
of identity (5.59) as well. Then we arrive at the identity

(5.62) ()P - e u)? = O(wu)P - (e u)?
where
= #{n € N|k, = ljpax} and D' := #{n € Nk, = Lyas };
= #{n € N|ky = lpae} and D' := #{n € NIk, = Loz }.
By definitions for A[k] and Af[k], we must have
(5.63) D,D eNU{0} and D', D' € {0,1}.
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The identity (5.58) now implies that
(5.64) D+D =D+D.

By definition of l,,4,, we have D # D'. Without loss of generality, we
may assume that D’ = 0 and D’ = 1. Then the identity (5.62) becomes

(5.65) O(ww )P = H(zﬂ_lu)ﬁ Qe u).

But now D = D + 1 and since 6 never vanishes, the identity (5.65) is
equivalent to

O(ww u) = (e u).

Since |wlu| > 1,ordp(wtu) = —1 = 1(mod 2) and Ly(e) = —1, by
Proposition 4.5, we have 6(ew'u) = —0(ww'u). Consequently, we
would have §(w~'u) = 6(ew'u) = 0. This contradicts to the non-
vanishing property of 6. Hence we complete the proof of Claim 2.
Combining Claim 1 and Claim 2, we complete the proof of Proposi-

tion 5.3. O

6. ERGODIC MEASURES AS LIMITS OF ORBITAL MEASURES: THE
VERSHIK-KEROV ERGODIC METHOD

In this section, we recall the Vershik-Kerov ergodic method for deal-
ing with ergodic measures for inductively compact groups. The general
setting is as follows. Let

K(1)cK(2)C---CK(n)C--- C K(c0),
be an increasing chain of topological groups such that for any n € N,
the group K (n) is compact and K (oo) is the inductive limit:
K(o0) = lin K(n).

For any n € N, let mg,) denote the normalized Haar measure of K (n).
Fix a group action of K(oo) on a Polish space X'.

Definition 6.1 (Orbital measures). For any z € X and anyn € N, we
define the K(n)-orbital measure generated by x, denoted by myu)(x),
as the unique K(n)-invariant probability measure on X supported on
the K(n)-orbit K(n) -z :={g-x|g € K(n)}. In other words, mg ()
is the image of my ) under the map g — g-x from K(n) to X.

Definition 6.2. Let £%()(X) C P(X) be the set of probability mea-
sures v on X such that there exists x € X verifying mgq)(x) = pu.

Theorem 6.3 (Vershik [23, Theorem 1]). The following inclusion holds:
(6.66) PEE)(x) ¢ LK) (x).

erg
More precisely, if p is an ergodic K(oco)-invariant Borel probability
measure on X, then for p-almost every point x € X, the weak conver-
gence My (n)(x) = jt holds.
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Vershik’s method in [23] was further developed in a series of papers
20, 21, 6, 10] by Kerov, Olshanski and Vershik.

Remark 6.4. In general, the converse inclusion LX) (X) C Peffg(oo)(é\f)
does not hold. There is however a simple situation, see the note [16],

where Pai™ (X)) always coincides with L5 ().
For simplifying notation, in what follows, we denote
Z(Mat(N, F)) : = g OL0r)xGLe.0r) (\[at(N, F));
Z(Sym(N, F)) : = £ (Sym(N, F)).
For any n € N, we set
ORB,(Mat(n, F)) := {marm,0p)x Lm0 (M)|M € Mat(n, F)}.

By identifying Mat(n, F') in a natural way with the subset of Mat(N, F'),
we have P(Mat(n, F')) C P(Mat(N, F')). In particular,

ORRB,(Mat(n, F)) C P(Mat(N, F'))

Definition 6.5. Let OZ P (Mat(N, F')) denote the set of probability
measures ;i on Mat(N, F') such that there ezists a subsequence of posi-

tive integers ny < ng < --- and a sequence (fi,, )ren of orbital measures
with p,, € ORRB,, (Mat(ng, I')), so that
Py, = [

Similarly, in the symmetric case, for any n € N, we set
ORB,(Sym(n, F)) == {marLmn,0,(5)]S € Sym(n, F)}.

By identifying Sym(n, F) in a natural way with a subspace of Sym(N, F),
we have

ORAB,(Sym(n, F')) C P(Sym(N, F)).

Definition 6.6. Let OR B (Sym(N, F)) denote the set of probability
measures v on Sym(N, F') such that there exists a subsequence of posi-

tive integers ny < ny < --- and a sequence (Vy, )ken of orbital measures
with v,, € ORRB,, (Sym(ng, F')), so that
Up, = V.

Remark 6.7. It is easy to see that we have
ORRB~(Mat(N, F)) C Piy(Mat(N, F));
ORRB(Sym(N, F)) C Py (Sym(N, F)).

Proposition 6.8. The following two inclusions hold:

(6.67) Z(Mat(N, F)) C ORPBo(Mat(N, F));

(6.68) Z(Sym(N, F)) C 6B %B..(Sym(N, F)).



ERGODIC MEASURES ON INFINITE MATRICES 33

Proof. For any n,m € N such that m > n, let
Cuty° : Mat(N, F') — Mat(n, F')
Cut,' : Mat(m, F') — Mat(n, F)
be the maps of cutting the n x n left-upper corner.
For simplifying notation, denote
(6.69) K(n) := GL(n,Op) x GL(n, OF).
Let p € Z(Mat(N, F')). By definition, there exists an infinite matrix

Xo € Mat(N, F) and a subsequence (ny)gen of positive integers such
that

This is equivalent to say that for any N € N, we have
(6.70) (CutF )i, (Xo)] = (CutF). (1)
Take

X}, = Cuty (Xo) € Mat(ng, F).
Then we have

m’C(nk)(Xk‘> = M-

Indeed, it suffices to prove that for any N € N, we have
(6.71) (Cut ) [micny (X)) = (Cuty). (p).
For any k € N, we clearly have
(6.72) (Cutys ) sl (Xi)] = (Cutl )« [mici) (Xo)]

But if n,, > N, we have Cuty o Cut;’ = Cuty. Combining with (6.72),
we see that, once n, > N, we have

(CutF)s[mr ) (Xi)] = (CutF)[mi ) (Xo)]-
Now it is clear that (6.70) implies (6.71). The first inclusion (6.67) is
proved. The proof of the second inclusion (6.68) is the same. U
7. ASYMPTOTIC MULTIPLICATIVITY FOR ORBITAL INTEGRALS

7.1. GL(n, Op) x GL(n, Or)-orbital integrals. Recall Definition 4.42
and Lemma 4.2:

O(z) = / X(z129 - x)dz1dze = g ez |z| = .
OFXOF

In what follows, we use the notation (6.69).

Theorem 7.1. Let n,r € N be such that r < n. Suppose that D and
A are two diagonal matrices given by:

D = diag(gj‘l’ e ’xn)’ A= diag(ah e 7ar’07 Ce ’0)
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where x1,- -+ ,x,, a1, -+ ,a, € F. Then
(7.73)
roon r—1
| [ M D AYdgds: - [T []€ein)] < 20 - [T - a1
Kin) i=1 j=1 w=0

where dgidgs is the normalized Haar measure on K(n).
In particular, for any a € F', we have

S 2q—2n

(7.74) ’ / x(a - tr(giDgaenr))dgidgs — H ©(az;)
K(n) 7=t

Remark 7.2. Obviously, we have
/ X(tr(g1Dg2A))dgrdgs = / X(tr(g1Dgy ' A))dgidgs.
K(n) K(n)
The following elementary lemma will be useful.

Lemma 7.3. Let r < n be two positive integers. Define

S(rxmn):= {M € Mat(r x n,C,)

rankp, (M (mod wOp)) = r}.

Then we have

r—1

(7.75) #5(rxn) = [[(a" — ).

w=0

For any rectangular matric M € S(r x n), we have
#{t € GL(n,Cy)lty; = MypV1<i<r1<j<n}= [] (" —q™).

In particular, the above cardinality does not depend on the choice of
M e S(r xn).

Proof of Theorem 7.1. Fix n,r € N and fix the two diagonal matri-
ces D and A. Let T = T(n),T7" = T'(n) be two independent copies
of random matrices sampled uniformly from the finite set GL(n,C,),
and let V' = V(n),V’ = V'(n) be two independent random matrices
sampled uniformly from Mat(n,wOf) and independent of T,7T". By
Proposition 2.3, we have

/ \(tr(g1 Dg2A))dgidgs = E[x(tx((T + V)D(T* + V') A))].
K(n)
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Since the transposed random matrix (7"+V")" and the original random
matrix 7" + V' have the same distribution, we have

Elx(tr((T + V)D(T' + V") A))] = E[x(tr((T + V)D(T" + V')' A))]

. [X@ Z(T FV) T+ VYa)

s

:m >, E [X<Z > (i + Vi) (t; + Vl-’j)aixj)].

t,#/€GL(n,Cq) i=1 j=1
By Lemma 7.3, we obtain
Elx(tr((T+ V)D(T" + V") A))]

T

1 n
=T Lol o o2 Z E[X( (Mij + Vi) (M + V‘/i>a’ixj>] :
[#S(T x TL)]Q M,M'eS(rxn) =1 j=1 ’ ’

For simplifying notation, for any pair of rectangular matrices M, M’ €
Mat(r x n,C,), we denote

F(M, M) : [ (ZZ (My; + Vi) (M, + Vj’i)aixj)]

i=1 j=1
Then we may write

Elx(tr((T + V)D(T" + V") A))]

:m Y P+,

M,M'eMat(rxn,Cq)

J/

denot;g by I
where
& = — > F(M,M').
M,M'eMat(rxn,Cq)\S(rxn)

Note that if M;; and Vj; are sampled independently and uniformly from
the finite set C, and from the compact additive group wOp respectively,
then M;; 4 V;; is uniformly distributed on Op. It follows that

1 /
H H Olaiz;) ~ [#Mat(r x n, Cy))? Z F(M, 7).

i=1 j=1 M,M'eMat(rxn,Cq)

Consequently,
I
[#Mat(r x n,C,)]?

&
_HHGG% [#Mat(r x n,C,)|? &2

i=1 j=1

Elx(tr((T + V)D(T' + V') A))] = + &
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where

ESE S— :
UU#S(rx )] [#Mat(r x n,C,)]?

Now let us estimate these error terms. By the obvious estimate
|[F(M, M')| <1, we have

&1 < [#(Mat(r x n,Cy) \ S(r x n))]%.

Note that |I| < [#S(r x n)]®. Hence
1 1
&l = 1G5 ~ e )

- #Mat(r x n,Cy) — #S(r x n)\”
- ( #Mat(r x n,C,) ) '

Taking (7.75) into account, we get

r n

E[x(tr((T + V)D(T' + V) A))] = [T [ ] ©(aiz;)

i=1j=1

&1
= [#Mat(r x n,C,)]
(#Mat(r x n,Cy) — #S(r X n))2
<2
- #Mat(r x n,C,)

r—1

<21 - JJa-q" )

w=0

5 + |Es

t

Theorem 7.4 (Uniform Asymptotic Multiplicativity). Let n,r € N
be such that r < n. Suppose that D and A are two diagonal matrices
gien by:

D = diag(x17 e 73771)7 A = dia‘g(a’17 e 7(1’7’707 e 70)

where x1,- -+ ,x,, a1, ,a, € F. Then

(7.76)
’ / x(tr(g1Dg2A))dgidgs — H / x(a; - tr(giDgaei1))dgidgs
K(n) =lin)

r—1

<2(1-— H(l — ¢+ 2rg .

w=0
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Proof. By inequalities (7.73) and (7.74), we have

/ x(tr(g1DgaA))dgidgs = HH@ ;%) + €o

i=1 j=1

IC(n)
- H ( / (a; - tr(g1Dgaerr))dgidgs + 82‘) + &,

=1

\(n) )
= ?:1‘{9(%96]')
with the errors €9, €1, , &, controlled by
r—1
|€0| S 2(]. - H(l - qw_n))2 and |€Z| S 2q_2n’ Z = 1’ cee T

w=0

Using the elementary inequalities |[[]_; ©(a;z;)| <1 and by a simple
computation, we get

’/ (tr(91Dg2A))dgrdgs — H/ (a; - tr(g1Dgoe11))dgr1dgs
K(n) =)

<eptertte,
r—1

< 2(1— H(l — ™) +2rq?

w=0

U

7.2. GL(n, Op)-orbital integrals. Recall the definition (1.7) for the
function 6 : F* — C.

Theorem 7.5. Let n,r € N be such that r < n. Given two diagonal
matrices D and A:

D = diag(x17 e 73771)7 A = dia‘g(a’17 e 7(1’7’707 T 70)

where Ty, ,Tp, a1, ,a € F, we have
(7.77)
r..n r—1
’ / X(tr(ngtA))dg - HH@(CLZZEJ) S 2. (1 — H(l _ qw—n)).
GL(n,0F) i=1j=1 w=0

In particular, for any a € F', we have

<2¢"

(7.78) ’ / x(a-tr(gDg'er;))dg — H 0(a- ;)

GL(n,0) j=1

Proof. Fix n,r € N and fix the two diagonal matrices D and A. Let
T = T(n) be a random matrix uniformly distributed on the finite set
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GL(n,F,), and let V = V(n) be a random matrix uniformly distributed
on Mat(n,wOF) and independent of T'. By Proposition 2.3, we have

(Zza@ U%))

i=1 j=1

x(tr(gDg'A))

GL(n,0F)

By similar arguments used in the proof of Theorem 7.1, we may get
the desired inequality (7.77). The second inequality (7.78) follows im-
mediately by taking e =1 and a; = a. O

Theorem 7.6 (Uniform Asymptotic Multiplicativity). Let n,r € N be
such that r < n. Given two diagonal matrices D and A:

D = diag(gj‘l’ e ’xn)’ A= diag(ah e 7ar707 Ce ’0)

where x1,- -+ , Ty, a1, -, 0. € F, we have
’ / x(tr(gDg'A))dg — H / x(aitr(gDg'err))dg
GL(n,0F) =LGL(n,0p)
r—1
<2(1- H(l —q"")+2rqg"
w=0
Proof. The proof is similar to that of Theorem 7.4. U

8. THE COMPLETION OF THE CLASSIFICATION OF ERGODIC
MEASURES

8.1. The case of P, (Mat(N, F)).

Theorem 8.1 (Multiplicativity Theorem for Orbital Limit Measures).
Let p € ORPB(Mat(N, F)). Then for any r € N and for any finite
sequence 1, -+ ,x, in F, we have

(8.79) f(diag(xy, -+, 7,,0,0,---)) = [ [ Alzjen).

In particular, we have
ORBo(Mat(N, F)) = Perg(Mat(N, F)).

Proof. Let u € OZB~(Mat(N, F)). Then by definition, there ex-
ists an increasing sequence (ny)ren of positive integers and a sequence
(fn, Jken of orbital measures with p,, € ORZAB,, (Mat(ng, F')), such
that

(8.80) fn, = [t s k — 00.
Take any zi,---, 2z, € F'. By the inequality (7.76), we have

=0.

(8'81) klggo ﬂ;k(diag(xlv sy, 0, )) - Hﬂ;k(xjell)
=1
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Combining (8.80) and (8.81), we get the desired identity (8.79).
By Vershik’s Theorem 6.3 and Proposition 6.8, to obtain (8.81), we
only need to prove the inclusion

(8.82) ORRB(Mat(N, F)) C Perg(Mat(N, F)).
Recall the definition (3.36) of the affine map W:
U : Puy(Mat(N, F)) — P (FNY,

mv

The identity (8.79) implies that for any u € OZ B (Mat(N, F')), the
marginal measure on the diagonal matrices W(u) is a Bernoulli measure
on FN. Consequently, by exactly the same argument as in the proof of
Theorem 3.5, we can prove the desired inclusion (8.82). U

An immediate consequence of Theorem 8.1 and the argument used
in the proof of Theorem 8.1 is the following Ismagilov-Olshanski mul-
tiplicativity in our setting.

Corollary 8.2 (Ismagilov-Olshanski multiplicativity). An invariant
probability measure p € Piy(Mat(N, F)) is ergodic if and only if for
any r € N and for any finite sequence x1,--- ,xz, in F', we have

ﬁ(diag(xla Ty Ty 07 07 e )) = Hﬁ(xjell)'
j=1

Remark 8.3. The reader may compare our method with the different
methods used in, for instance, Olshansk-Vershik [10]. The Olshanski-
Vershik argument relies on the Ismagilov-Olshanski multiplicativity: the
multiplicativity of the characteristic function is equivalent to the ergod-
icity of the corresponding probability measure. In different contexts,
this multiplicativity is established e.g. by Ismagilov [4, 5], Nessonov [8],
Voiculescu [24], Olshanski [11], Stratila- Voiculescu [19], Pickrell [14],
Vershik-Kerov [22], Olshanski [12].

In our situation, the Ismagilov-Olshanski multiplicativity follows as
a corollary.

Now we may concentrate on the classification of OZ %, (Mat(N, F)).
For this purpose, we need to study the weak convergence of probability
measures on Mat(N, F'). The following standard proposition implies
that the weak convergence of probability measures on Mat(N, F') is
equivalent to the locally uniform convergence of corresponding charac-
teristic functions. For completeness, we include its proof in the Appen-

dix.

Proposition 8.4. A sequence of invariant probability measures (fi, )nen
in Pmy(Mat(N, F)) converges weakly to an invariant probability mea-
sure 1 € Puy(Mat(N, F)) if and only if for any r € N and any
ly,--- b, € Z, we have

ﬁ(diag(wiél, w0, - ) = lim ﬁn(diag(w%l, e w50, )
n—oo
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and the convergence is uniform on any subset of type

{(617' o 7€T)|£17' e 7€T € ZSC}

Lemma 8.5. Let i be a Borel probability measure on Mat(N, F'). The
function x € F + ji(zeyy) € C is uniformly continuous. In particular,
we have
lim zi(w ‘ey) = 1.
f——o00
Proof. Note that the function x + ji(xeq;) is the characteristic function
of the marginal probability measure (Cuti®).s on F. The uniform

continuity of this function then follows immediately, see, e.g., Hewitt
and Ross [3, Theorem 31.5, p.212]. d

Lemma 8.6. Assume that we are given a sequence of probability mea-
sures (fin)nen, such that p, € OXHB,(Mat(n, F)). A necessary and
sufficient condition for this sequence to be tight is the following:

(Cy) There exists v € 7Z, such that the supports supp(u,) are all
contained in the following compact subset of Mat(N, F'):

{X e Mat(N, F)||X,| < ¢",¥i,j € N} .

Proof. The above condition (C1) is clearly sufficient for the sequence
to be tight. Now suppose that the sequence (p,)nen is tight. By
assumption, suppose that pu, is the GL(n,Or) x GL(n, Op)-orbital
measure supported on an orbit generated by X, € Mat(n,Op). By
Lemma 2.4, we may assume that

X, = diag(m&"),' .. (n))’ |x§n)| > > |$£zn)|

) n
Assume by contradiction that the condition (C}) is not satisfied. Then
there exists a subsequence (ng)ren of positive integers, such that

(8.83) khm 2| =

Passing to a subsequence if necessary, we may assume that there exists
a probability measure y on Mat(N, F'), such that p,, = p. By Lemma
8.5, for any a € F, we have

lim lim fi,, (ae;n) = lim f(aey;) = 1.

|a]—0 k—o0 la|]—0
That is,
(8.84) |(11i\r—l>lo kh_)rgo x(a - tr(g1X,, g2€11))dg1dgs = 1.
K(ng)
By (7.74), the relation (8.84) implies that
ng
(8.85) lim lim || O(a- xgnk)) =1

la]—0 k—o0 -
j:
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Since |O(z)| < 1, for any a € F*, we have
klggJH@ "’“) )| < hm 0(a- 2™ = 0.
This contradicts to (8.85). Thus the condition (C}) is necessary for the
sequence (fi,)nen to be tight. O
Recall that
A= {x= (),

as a subset of (ZU {—oo})V, is assumed to be equipped with the sub-
space topology of Tychonoff’s product topology on (Z U {—oo})N.

kjeZU{—oo};klzk22~-~}

Lemma 8.7. Let ¢ € 7. Then

o0

k= f(k) = (kj + 0Lk, reo1)

j=1
defines a continuous map from A to Z U {+oo}.

Proof. 1t suffices to prove Lemma (8.7) for ¢ = 0. We want to prove
that k — f(k) is continuous at some point k(®) = (k;;o))jeN € A.

Case 1: f(k©®) = +o00. This means that kj(-o) > 1 for any j € N.
Consequently, for any A € R, we may take n large enough so that
ST i1 k;](o > A. Then for any k € A sufficiently close to k), we have

k; = krj( for j =1,--- n. For such k, we have f(k)> Z?:l k; > A.
Case 2: f(k®) < 4-00. Then choose n so that
Y>> k0 >0> k0 > ...

For any k € A sufficiently close to k¥, we have k; = kj(-o fo

rj o=
1,---,n—1andk, < 0. For such k, we have f(k) = Z?:_ll ki = f(kO).
The proof of Lemma 8.7 is completed. U

Theorem 8.8. The map k — py induces a bijection between A and
Perg(Mat(N, F)).

Proof. The injectivity of the map k — py from A to Peg(Mat(N, F'))
has already been proved in Proposition 5.1. We only need to prove
that the map is also surjective.

Let pt € Perg(Mat(N, F')). By Theorem 8.1, u € O% B~ (Mat(N, F)).
Consequently, there exists a sequence (n;);ey of positive integers and a
sequence (pn, )ien such that p,, € ORA,,(Mat(n, F')) and

(8.86) o, = 4 @S | — 00.
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By Lemma 2.4, we may assume that p,, is the IC(n;)-orbital measure
supported on the orbit K(n;) - X, with

(n) ()
X,, = diag(cw™ ! e ’wfknll ), kgnl) > ... > kgln) > 0.

By Lemma 8.6, the convergence (8.86) implies that sup;cy kY”’ < 00.
Consequently, passing to a subsequence of (n;),ey if necessary, we may
assume that for any j € N, there exists k; € Z U {—o0} such that

(8.87) lim k") = k;.

l—00

The convergence (8.86) and the relation (7.74) now imply that, for any
(¢ € 7, we have

ot T —0_ kM
=1 ”

p(w ern) Jim | 1@(w w i)

j:

L (n)
= ,ILI?OeXp ( —loggq- E 1:(7%' l +£)1{k§”l>+zzl}>'
J:

By Lemma 8.7 and (8.87), we get

(8.88) fi(w ‘e1r) = exp ( —logq- Y (kj+ €>]l{k‘j+£21})'

j=1

Let us define k := (k;)jen € A. Comparing (8.99) with the formula
(4.40) in Proposition 4.1, we get

(8.89) fi(w ) = ix(w ‘eyy) for all £ € Z.

But by the multiplicativity of fi established in Theorem (8.9) and the
multiplicativity of iy established in Proposition 4.1, the above identity
(8.89) implies p = pu.

The proof of Theorem 8.8 is completed. U

8.2. The case of P, (Sym(N, F)).

Theorem 8.9 (Multiplicativity Theorem for Orbital Limit Measures).
Let v € ORB(Sym(N, F)). Then for any r € N and for any finite
sequence (x1,--- ,x,) in ', we have

/V\(diag(xlv T, Ty 07 07 o )) = H/V\<'ri€11)'
7j=1

In particular, we have
OR B o (Sym(N, F)) = Peg(Sym(N, F)).
Proof. The proof is similar to that of Theorem 8.1. U
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Corollary 8.10 (Ismagilov-Olshanski multiplicativity). An invariant
probability measure p € P (Sym(N, F')) is ergodic if and only if for
any r € N and for any finite sequence x1,--- ,xz, in F', we have

/lj\(diag(xla w2y, 0,0, )) = H/V\(xjell)'
j=1

Lemma 8.11. Let v be a Borel probability measure on Sym(N, F').
Then we have

lim v(zey;) = 1.
|z|—0

Proof. The proof is similar to that of Lemma 8.5. U

Lemma 8.12. Assume that we are given a sequence of probability mea-
sures (Vn)nen, such that v, € OZRB,(Sym(N, F')). The necessary and
sufficient condition for this sequence to be tight is the following:

(Cs) There exists v € Z, such that the supports supp(v,) are all
contained in the following compact subset of Sym(N, F'):

{X e Sym(N, F)||Xy;| < ¢",¥i,j € N} .

Proof. The above condition (Cs) is clearly sufficient for the sequence to
be tight. Now suppose that the sequence is tight, we shall prove that
(Cy) is satisfied. By assumption, suppose that v, is the GL(n, Op)-
orbital measure supported on the orbit GL(n,OF) - X,,. By Lemma
2.7, we may assume that

X, = diag(:cgn),~-~ (M), \x&")| > > ™)

rrn
Now we argue by contradiction. If the condition is not satisfied, then
there exists a subsequence (ny)ren of positive integers such that
(8.90) lim |x§n’“)| = 00.

k—o0

Passing to a subsequence if necessary, we may assume that there exists
a probability measure v on Sym(N, F'), such that v,, = v. By Lemma
8.11, for any a € F, we have

lim lim 7, (aey) = lim v(aey;) = 1.

|a]—0 k—o0 la]—0
That is
(8.91) lim lim / x(a-tr(gX,, g'e))dg = 1.
|a|]—0 k—o0
GL(nk,OF)
By (7.78) in Theorem 7.5, the relation (8.91) implies that
n
(8.92) lim lim []0(a-2{™) = 1.

la]—0 k—o0 -
J=1



44 ALEXANDER I. BUFETOV AND YANQI QIU

Using the elementary inequality [#(z)| < 1 and (8.90) and Proposition
4.5 | for any a € F'*, we have

ng
: (nk) : (ne)y|
lim |H19(a-a:j V) < lim [(a - 2"™)] = 0.
]:

k—00

This contradicts to (8.92). Thus the condition (Cy) is necessary for the
sequence (v, )nen to be tight. O

8.2.1. Classification of Peg(Sym(N, F')). Recall that by Lemma 4.6,
for any a € F and any k = (k;)jen € A, we may define an infinite
product [T2, 6(a - w™).

Lemma 8.13. Let a € F' be a fized element. Then
k= (kj)jen — [[0(a- ™)
j=1
defines a continuous map from A to C.

Proof. If a = 0, the assertion is obvious. Now assume that |a| = ¢”
with v € Z. Suppose that k™ = (kj(-"))jeN converges to k = (k;) en.
That is, for any j € N,

(8.93) lim KM = k.
We need to show that
' 00 ‘ _k](ﬁ) B 00 —
(8.94) 111;121()119(& w )= 1_[19((1 w ).
j= j=

First denote k := lim k; € ZU {—o0}.
J—00

Case 1: k+v<0.

In this case, there exists jo € N, such that k; +v < 0. Since ZU{—o00}
is a discrete space, by (8.93), there exists ny € N, such that for any
n > no,

(8.95) sup(k\™ +7) =k + 4 < 0.

Jj=jo
Hence by property (i) in Proposition 4.5, for any j > jo and n > ny,
we have

0a- o ") = 0(a o h) = 1.

Consequently, we have

s (n) e (n)
lim H@(a cw M) = lim H Ola-w ")

jo—1

- H O(a-whi) = H@(a ),
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Case 2: k+v > 0.
In this case, by the previous argument, we have

[[o@ =) =0.
j=1

By (8.93), for any N € N, there exists ny € N, such that for any n > n,
and any 1 < j < jo+ N, we have k§") = k;. This implies

jot+N
(n) (n)
lim su O(a-w " ‘ < limsu <limsu O(a- - " D
Jo+N 00
< lim sup H O(a- w_kj) = ‘ H@(a . w_kf) =0.
N—o0 j=1 J=1
Hence the desired relation (8.94) holds. O

Theorem 8.14. Assume that F is non-dyadic. Then the map h — vy,
induces a bijection between Q0 and Peg(Sym(N, F)).

Proof. The injectivity of the map h +— 14, from Q to Pee(Sym(N, F'))
has already been proved in Proposition 5.3. We only need to prove
that the map is also surjective.

Assume that v € Pe(Sym(N, F')). Since

Perg(Sym(N, F)) = OZ B (Sym(N, F)),

there exists a sequence (v, )ieny of orbital measures satisfying v, €
OR B, (Sym(n;, F)) such that

(8.96) Vp, => v as | — oo.

By Lemma 2.7, we may assume that v, is the GL(n;, Op)-orbital mea-
sure supported on the orbit GL(n;, OF) - X,,, with

X, = diag(a{™, - 2y, 2 g e T

rng ’ g

where T is given in (2.26). If for any multi-set ' B with elements in F,
we denote by B* the multi-set of non-zero elements of B. Then there
exist

K = (k") en, K™ = (k™) jern € A

J
such that the following two multi-sets coincide:

. GO ey
(2™, 2 = (o™ |j e Ny U {few™

Y ny

€ N}
By Lemma 8.12, the weak convergence (8.96) implies that

sup k"™ < 0o and sup k™ < oc.
leN leN

1By multi-set, we mean that the multiplicities of elements are respected. In par-
ticular, if B is a multi-set, then BUB will be a multi-set, such that the multiplicities
for each element is multiplied by 2.
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Consequently, passing to a subsequence if necessary, we may assume

that for any j € N, there exist k;, k; € Z U {—oco} and we have

i B — b i 60 —
(8.97) lim £ = ky, lim k™ = k.

Now by the weak convergence (8.96) and the relation (7.78) , for any
r € F', we have

V(zen) = T}Lrgo H G(xw*kf('n)) H H(xew’kf(n))

By the continuity of the map in Lemma 8.13 and (8.97), we get
(8.98) v(zer) H O(zo") H O(zeww™"5).
j=1

Now by using the identity 6(zw )2 = O(xew *)? for any = € F
and j € N and by moving certain elements ( in Z and with multiplici-
ties larger than 1) from (k )jen to the sequence (k;)jen, we get a new
non—mcreasmg sequence (k; )jen and a new strictly decreasing sequence
(k; )jen of finite or infinite lengths in Z U {—oo} such that the identity
(8.98) is transformed to

[e.e]

(8.99) v(zer) HG rw HG zew k).
J=1

Assume first that lim k: = —00. Then

j—o0
h = (—00; (kj)jen, (K})jen)

is an element in ). Comparing (8.99) with the formula in Proposition
4.4, we get

v(zey1) = vp(xeqp) for all x € F.

But by the multiplicativity of ¥ established in Theorem (8.9) and the
multiplicativity of 74, established in Proposition 4.4, the above identity
implies v = vy,. N

Assume now that lim;_,., k; = k € Z. Then using the relation (4.51),
we have

(8.100) ﬁe ) = 1o, () 11 Oz ™).

j=1 je{nlkn>k}
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Moreover, we also have

(8.101) Lo, (zw™ H@ (rew Eé' = 1o, (z %) H Q(xsw;’%).
j€{nlk), >k}

It suffices to check for x € F such that |xw=*| < 1. For Eg such that

E; < k (if they exist), we have |zew | = |zw *ew*¥i| < 1. Hence

0(zew*i) = 1 by the property (i) in Proposition 4.5. The identity
(8.101) is proved. Denote

- kj, itk >k ~ K, ik >k
kj = B and kj = ~ .
—oo ifk; =k —oo if K <k

Now, h = (k; (E )jeNs (%)jeN), being an element in {k} x A[k] x Af[k],
is an element of §2. Combining (8.99), (8.100) and (8.101), we obtain

v(zerr) H O(xw™ ) ﬁ@(wew%)
= lop(:pw_k)[ H Q(xw_gj)] [ H H(xsw*%') .

je{n|kn>k} je{n|kl, >k}
In this case, we also have
v(zey;) = vp(zeyy), forallx e F.

By the same argument as above in using the multiplicativities of 7 and
U, we get v = 1.
The proof of Theorem 8.14 is completed. U

9. PROPERTIES OF THE PARAMETRIZATION

9.1. The parametrizations are homeomorphisms.

Proof of Theorem 1.2. By Theorem 8.8, we only need to prove that
the map k +— gy from A to Peg(Mat(N, F')) and its inverse are both
continuous. Note that since A and Peg(Mat(N, F')) are metrizable,
their topologies are determined by convergence of sequences.

If a sequence (k(™),cy converges in A to a point k(® € A, then

(9.102) sup k < 0.

7]
Consequently, the family of the measures pym, all being supported
on a common compact subset of Mat(N, F'), is tight. Thus to prove

that pym) converges weakly to puy ), it suffices to prove that the latter
one is the unique accumulation point of the former family of measures.
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Now let pu be an accumulation point of the sequence (pigm))nen. By
definition, there exists a subsequence (n;);en such that
= li ng) -
M jggo Hoge(ng)
Since k™ — Kk by explicit formula (4.40) in Proposition 4.1 and
Lemma 8.7, the charateristic function of p is given by

f(diag(w ™, -+ ;@ ,0,0,--))

- hm ﬁ]k(”j)(diag(w_zla U aw_&a 0,0,--- ))
Jj—00
=Jiyo (diag(w ™, -+ @ ,0,0,---)), (¢ € 7).

This implies that we have p = (0.

Conversely, if ) converges to p . By using the same argument
in the proof of Lemma 8.6, we can still get the relation (9.102). Again
by compactness argument, it suffices to show that k(® is the unique
accumulation point for the sequence k™. But if k is an accumulation
point of k™ then sy is an accumulation point of piy (), whence g =
. Combining with Proposition 5.1 we have k = k(©,

The proof of Theorem 1.2 is completed. U

Proof of Theorem 1.6. By Theorem 8.14, we only need to prove that
the map h — 1, from Q to Pe(Sym(N, F)) and its inverse are both
continuous. The proof of this part is similar to that of Theorem 1.2 as
above. O

9.2. The parametrizations are semi-group homomorphisms. On
A is equipped with an Abelian semi-group structure. Given any two
points k = (k, )neny and k' = (k] )pen in A, we define k@ k' as follows:

(i) If inf k,, = inf k], = —o0, then we define k G k' € A to be the

non-increasing rearrangement of the sequence (kj,)nen, where
]€/2:: =k, and /5;1 =k, (n=1,2,---).
(ii) If k¥ = max{inf k,,inf &/} € Z, then we define k & k' € A to

be the non-increasing rearrangement of the sequence (k),cn, that is

any sequence exhausting the integers larger than k£ and from k and

k', repeated with corresponding multiplicity. For instance, if k =

(6,2,2,-3,-3,-3,-3,--+), k' =(4,3,0,—1, —00, - - - ), then we define
k ®a k' = (6,4,3,2,2,0,—1,-3,-3,-3,-3,--).

Clearly, we have

Proposition 9.1. The map k — py defines a semi-group isomorphism
between (A, ®Ba) and (Peg(Mat(N, F)), x). More precisely, we have

Mk * Uk = Hk@aK -
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An Abelian semigroup structure &g on 2 such that h — 14, defines
semi-groups isomorphism between (€, ©q) and (Peye(Sym(N, F)), *) is
introduced in the same way.

10. PROOF OF PROPOSITION 4.5

In this section, we always assume that /' is non-dyadic. We will use
the following change of variables in the integration over a local field.
To introduce the formula for change of variables, we need the notion of
F-analytic functions. A function ¢ : U — V, with U,V open subsets of
F| is called F-analytic, if in some neighbourhood of any point in U it
is given by a convergent power series, it is called F-bi-analytic, if ¢ is
invertible such that both ¢ : U — V and ¢! : V — U are F-analytic.

Theorem 10.1 (Change of variables, see Schoissengeier [18]). Let ¢ :
U — V be a F-bi-analytic function. Then for any integrable function
f:U — C, we have

/U Fo(@)]g (@) dx = /V f(w)dy,

where ¢’ is the formal derivative of p.

We will also need the following classical result from number theory
concerning Gauss sums for finite field F,. For the reader’s convenience,
we include its standard proof in Appendix.

Denote by Ay the unique multiplicative character for F; of order 2,
that is,

Ma):{ 1, ifae (F))?

—1, ifa¢ (F))?
By convention, we extend the definition of Ay to the whole finite field
[F, by setting A2(0) = 0.

Denote the set of additive characters of F, by F,. Given any 7 €

ﬁq\{l} (that is, 7 is non-trivial character of F,) and any a € F,, denote
by 7, the character of F, defined by 7,(z) = 7(a - z). It is a standard

fact that the map a — 7, is an group isomorphism between [F, and @q.

Lemma 10.2 (Gauss sums). Fizx an element T € fF} \ {1}. Then for

any a € Fy, we have

(10.103) D ma(a®) = Nala) - D T(@?).
z€F, z€F,
Moreover,

{ Z Ta(qu)‘a € qu} = {04\/7, —04\/1}-

z€lFy
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Denote by O3 the set of non-zero elements in Op and denote by
(O%)? the square elements in O%, that is,

(03)? := {a € O} : there exists b € F such that a = b*}.

Denote the square function x — z? by ¥ (z) = x°.

Proposition 10.3. There exists a partition
w»=U; UUs,

such that the square function 1(x) = x* induces two F-bi-analytic func-
tions:
VU — (08)?, i=1,2.

Recall that by Lemma 2.5, the group (Of)? is a disjoint union of q;—l
balls of radius ¢~ !:

07 = || (a+=0k).
a€(Cq')?

Lemma 10.4. Any element a € (OF)? has two square roots oy, g €
OF such that (g + wOr) N (ag + wOr) = 0 and we have

(10.104) Yo + wOp) Ca+wOp, 1=1,2.

Moreover, we have two bijective maps :

xT xT :$2
(10.105) a4+ wOp 2O 5O, i =1,2.

Proof. For any a € (O})?, there exist exactly two elements oy, ay €
O}, such that
a; = —ay and of = a3 = a.
Hence |a; — as| = [2a| = |o| =1 and
(041 + LTJOF) N (042 + WOF) = @
For any z € Op and 7 = 1, 2, we have
(i + @2)? = a+ w(2204 + w2?) € a + wOp,

this proves (10.104).

By Hensel’s lemma (2.24), for i = 1,2, if ¢’ € a + wOp, then there
exists o) € a; + wOp such that (a})? = a/. Hence the maps (10.105)
for i = 1,2 are both surjective. Now fix i € {1,2}. If 6,02 € o; + wOp
are such that 62 = 43, then either §; = d, or §; = —d,. However, if
01 = —09, then

|01 = daf = [201] = [2]]os] = 1.

This contradicts to the following estimate
|01 = o = [(61 — i) = (02 — ;)| < max(|d1 — e, [02 — i) < g7

Hence we must have 5 = (5. This proves the injectivity of the map
(10.105). O
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Proof of Proposition 10.3. Clearly, we have

O = | | =05 and (0})* = | | =™ (05)*.
k=0 k=0
For any k = 0,1, -, the square map ¢ maps w”O} surjectively into
w?*(0F)?. For proving Proposition 10.3, it suffices to prove that for
any k = 0,1,---, the set @"O} can be divided into two parts, such

that the square map ¢ maps each part surjectively into @?*(0})? and
the restriction of i) on each part is F-bi-analytic.

We only need to prove this assertion for £ = 0, since the other k > 1
can be reduced to the case k = 0 by a suitable dilation. By Lemma
10.4, Op can be divided into two parts Oy = V;UV4 , such that the two
maps ¢ : V; = (Oy)?,i = 1,2 are both bijective. The analyticity of
the inverse maps (1]y;)~! follows from the Inverse Mapping Theorem

in non-Archimedean setting, see, e.g, Abhyankar [1, p. 87]. O
Corollary 10.5. For any integrable function f: Orp — C, we have
(10.106) f(2?)|z|dz = 2/ f(y)dy.

Or (0%)2

Proof. Note that since F' is non-dyadic, 2 € O. Using the notation in
Proposition 10.3 and Theorem 10.1

; f(2%)]zldz = . FW () (2)dz

=3 [ swenwens =2 [ .

(0F)?
[
Proof of Proposition 4.5. The property (i) in Proposition 4.5 is trivial.
We proceed with the proof of properties (ii) and (iii).
For any x € F™*, define
1
f(z) = |Z|—1/2X($2)-

Then by substituting f into the identity (10.106), we get

9(:10):/0 x(xz*)dz = ; f(2%)|22|dz

(10.107) .

=2/ ﬂw@=2/ ey
(052 o2 [yI'?
Define

(10.108) 9(y) = |y|—1/2]1<o;>2(y)-
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It is a standard fact that g € L'(F,dz). The identity (10.107) can now
be rewritten as

Since we have
(O})Q _ I—l ka(O;)Q _ I—l I—l (w2ka+ w2k+10F),
k=0 k=0agc(cy)?

the function g defined by formula (10.108) can be written in the form

g(y) =2 Z qF Z Lo2kgym2er10, (Y).
k=0

ae(Cq)?

Consequently, we have

(10.109)  6(x) =g(x) =2 ¢ " Mgap,(z) > x(@az).
k=0 a€(C)?

The property (ii) in Proposition 4.5. If ordp(x) = —2ky with

ko > 1, then z = @~y with u € O. Substituting z = w2y into

(10.109) and using the assumption (2.28) on y, we obtain

Olx) =2 q*! X(aw® 2oy
k=ko a€(Cq)?
—~ 1 q—1 —k —1/2
—9 k=11~ _ gk — 2,
> g =" =]
k=ko

We thus complete the proof of the property (ii) in Proposition 4.5.

The property (iii) in Proposition 4.5. If ordp(z) = —2ky — 1
with kg > 0, then z = w2~y with v € OF. By substituting z =
w21y into (10.109) and using the fact that aw?*~?~1y € O for
any a € (C;)* k > ko + 1 and the assumption (2.28) on the choice of
X, we obtain

f(z) =2 Z q—k—l Z X(aw%_%(’_lu)

k=ko ag(Cy)?
= —1
(10.110) =2¢ Mt Z x(awwtu) + 2 Z gt C]T
ag(Cy)? k=ko+1

= g ot (2 Z x(awwtu) + 1).

a€(Cy)?
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Now define a function z — y(zzw1u) for 2 € Op. Since this function
takes same value on every coset of wOp in O, we define a non-trivial
additive character 7 on F, = Op/@wOp by the following formula:

7(z + @wOF) := x(zw u).
Thus we have
0(z) = q*kofl(Q Z 7(a 4+ wOp) + 1)
a€(Cq)?

= q_ko_l Z 7’(22 + YDOF)

z4+wOFrel,

(10.111)

Indeed, the second equality in (10.111) follows from the fact that for
every element in a € (CqX)Q, there exist exactly two distinct square
roots: z + wOp and —z + wOp, that is:

(z+@O0p)? = (—2+wOp)? = 2> + wOp = a + wOp(mod wOy).
Now by applying Theorem 10.2, we have
0@)] = g 7R = |22,

Now assume that v € O \ (Of)?. Then by changing z to vz (equiva-
lently, changing u to v-u) in (10.110) and applying (10.103), we obtain

O(vz) = g o=t (2 Z x(awwtou) + 1)
a€g(Cy)?

— g ho! (2 Z T(v-a+ wOp) + 1)

ag(Cy)?

= g hol Z (v 2* + @wOp) = —0(x).

z+w(’)Fqu

We thus complete the proof of the property (iii) in Proposition 4.5. [

11. APPENDIX

11.1. Proof of Proposition 8.4.

Lemma 11.1. Let m € N be a poisitive integer. Suppose that (0,)nen
s a sequence of probability measures on F'™, such that

lim 0,(x) = ¢(x) forallx e F™.
n—oo

Assume that the function ¢ is continuous at the origin 0 € F™. Then
there exists a probability measure o on F™, such that o(x) = ¢(x) and

(11.112) Op = 0 asn — oo.
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Proof. First we show that under the hypothesis of Lemma (11.1), the
sequence of probability measures (0, ),en is tight. By using Fubini’s
Theorem and Lemma 3.3, for any k£ € N, we have

][ (1= G, () dvol(z)

z]{w%)m dvol(x) / (1= x(z - 2))dou(z)

= do,(z 1 — x(z- 2))dvol(x
Loan@f 0= x2e)
:/m(l — IL(wkaF)m(Z))do'n(Z)

—ou({z € F™ ¢ ||2] = ¢*)).
By bounded convergence theorem, we have
][ (1 — 7, (x))dvol(z) H—OO>][ (1 — ¢(x))dvol(x).
(wkOp)™ (whkOp)™

By assumption, ¢ is continuous at 0. Since ¢(0) = 1, for any ¢ > 0
there exists k large enough such that

]{ ‘o )m<1 — ¢(x))dvol(z) < /2.

Fix such an integer k£ € N, and choose ng € N such that for any n > ng,
we have

][ (1 —a,(z))dvol(x) < e.
(wkOp)m

That is, for any n > ng, we have o,({z € F™ : ||z|| > ¢*}) < e. Note
that we may choose k' large enough such that

sup o,({z € F™:|z|]| > qk/}) < e.
1<n<ng

Hence by taking K = max(k, k'), we get
supo,({z € F™: ||z|| > ¢*}) <e.
neN

This proves the tightness of the sequence (0, )nen.

Now, for proving (11.112), we only need to show that any weakly
convergent subsequence (0, Jyen has the same limit point o. Indeed,
assume that o, == 0. Then o(z) = limy 0, (x) = ¢(z), does
not depend on the choice of the subsequence. We now complete the
proof by using the fact that the measure is uniquely determined by its
characteristic function. U

Lemma 11.2. Let m € N be a positive integer. Suppose that (o, )nen
and o are probability measures on F™. Then 0, = 0 as n — oo if
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and only if 0,(x) converges uniformly to o(x) for x in any compact
subset of F™.

Proof. Assume first that o, (z) converges uniformly to o(x) on any
compact subset of F™. Then, by Lemma 11.1, 0, = 0 as n — oo.

Conversely, assume that 0, = o as n — oo. For any x € F™,
the function z +— x(z - z) is bounded and continuous, hence @, () con-
verges to o(z). By the Arzela-Ascoli theorem, for proving the uniform
convergence of @, on any compact subset, it suffices to prove the se-
quence of characteristic functions o, is equicontinuous on any compact
subset of F™. In fact, let us prove that these characteristic functions
are equicontinuous on the whole space F™. For any € > 0, since the
sequence (0,)nen of probability measures is tight, there exists k € N
large enough, such that

supo,({z € F™: ||z|| > qk}) <e/2.
neN

Now if y € F™ is such that ||y|| < ¢7%, then for any # € F™, we have

m

a4 9) =G| < [ Inly2) = don(2)
<20,({z € F": | 2 ¢ < <.
This proves the equicontinuity of the sequence (7,,),en and completes
the proof of Lemma 11.2. O

Now we may prove Proposition 8.4 by using the following two points:

e characteristic functions i, and g are all invariant under the
action of the group K(o0) = GL(00, Or) x GL(c0, OF).

e checking the convergence p,, = p is equivalent to checking for
all 7 € N, the convergence (Cut.®).p, = (Cut;°),p.

11.2. Proof of Lemma 10.2. Let a € F;. First we claim that
(11.113) D mal@®) =) Na(@)7alw).

z€Fy z€Fq
Indeed,

Z Ao(2) T, () = Z (Z Liye—ay(y) — 1>Ta(ZL‘)

z€lFy zelF, yelF,

- Z Z ]l{zﬂ:m}(y)Ta(x) - Z T.(z) = Z Ta(yQ).

yeF, x€F, y€ly y€lFy
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Consequently, by using the fact that A\, is a multiplicative character of
[y, we have

D (@) =Y Nof@)r(az) = Y Aalay)r(y)

= Ao(a™t) Z Ao (y)7(y) = Aa(a) - Z 7(2?).

Hence the identity (10.103) is proved.
Let us now show that |} p Ta(z )| = /g. Indeed, by (11.113), we

have
S ne)| = X M@)o

xqu 7yqu
= ) @) )mly — ).
Py y€lfq

For fixed z € F, by change of variables y = xz, we get

’ Z Ta(xz Z Z Ao (2) Ao (22) 7, (22 — )

z€ly €y 2€Fq
= Z Z Ao (2)Ta(x2 — )
2€Fq zery
= (g=D+ Y M) ml@z-1)
2€Fg\{1} zeFy
D Y A
z€F\{1}
For concluding the proof, we need to show that
(11.114) > 7(a?) € g R
z€lFy

However, if —1 ¢ (F)?, then A\y(a) = —1 and we have

Z T(2?) = Z 7(—2%) = Z m1(2%) = — Z 7(2?).

z€F, z€F, z€F, z€F,
It follows that > p 7(2%) € 4R. Similar argument shows that if
—1 € (Fy)?, then D ek, 7(2%) € R. By definition of g, and the cyclic
structure of the group F, we get the desired relation (11.114).
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