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Conditional measures of generalized Ginibre point
processes

Alexander I. Bufetov and Yanqi Qiu

Abstract

The main result of this paper is that conditional measures of generalized Ginibre point processes, with respect to
the configuration in the complement of a bounded open subset on C, are orthogonal polynomial ensembles with
weights found explicitly. An especially simple formula for conditional measures is obtained in the particular case
of radially-symmetric determinantal point processes, including the classical Ginibre point process.

Keywords: determinantal point processes, the Gibbs property, multiplicative functionals, quasi-invariance.

1 Introduction

1.1 Outline of the main results

Let ¢ : C — R be a real function. Under some additional assumptions, one can assign to ¢ the generalized Fock
space % of holomorphic functions on C, square integrable with respect to the measure d¢(z) = e 2?DdA(z),
where dA is the Lebesgue measure on C. The orthogonal projection operator IT: L2 ((C,dlq)) — Z4 induces a
determinantal measure Py on the space of configurations on C. For example, for ¢(z) = |z\2 one obtains the
classical Ginibre point process of random matrix theory. In this paper we describe, for the point process Py,
conditional measures in a bounded domain B with respect to the fixed configuration in the exterior C \ B.

In Theorem 1.5 below, under some additional assumptions we show that these conditional measures are orthog-
onal polynomial ensembles of the form

z' ] \Zi—zjf'ﬁp(zz‘)dl(zz‘% (1.1)

1<i<j<N i=1

where Z is the normalization constant and the weight p is found explicitly as a function of the fixed configuration
Z\B= 2 N(C\B). Theorem 1.5 is an analogue of the Gibbs property for our processes (see e.g. Sinai [20]).
In particular, if the function ¢ is radial, i.e., only depends on |z|, and the domain B contains 0, then we have

p(z) =

-3
xeZ'\B

- L (Z)7

X

where the product is taken over the fixed particles of our configuration 2" in C\B and understood in principal
value, see Corollary 1.6 below.

The proof of Theorem 1.5 follows the general scheme, developed in [1], [3] for point processes on R, of
the computation of conditional measures in intervals with respect to fixed exterior and relies on the results of
[5] on Palm measures and quasi-symmetries of determinantal point processes corresponding to Hilbert spaces of
holomorphic functions (see [1], [13] for more background on quasi-symmetries of determinantal point processes).
Regularization of multiplicative functionals requires extra effort in the complex case since we must work with the
von Neumann-Schatten class %3 instead of the space of Hilbert-Schmidt operators.



The main part of the proof of Corollary 1.6 is the explicit computation of the normalization constants in the
radial case. This explicit computation is given in Theorem 1.3. The proof of Theorem 1.3 proceeds by finite-
dimensional approximation, the main difficulty coming from the need for careful estimates of conditionally con-
vergent series, see especially Lemma 3.13 .

1.2 Formulation of the main results

Recall that a configuration .2~ on the complex plane C is a locally finite subset 2~ C C or, equivalently, the
corresponding counting measure. The space of configurations Conf(C) is a subset of the space 9t(C) of Radon
measures on C and itself a complete separable metric space (cf. e.g. Kallenberg [10], [11]). We equip Conf(C) with
its Borel sigma algebra. Given a bounded Borel subset B C C and a configuration 2~ € Conf(C), let #5(.2") stand
for the number of particles of .2 lying in B; the random variables #g over all bounded Borel subsets B generate the
Borel sigma-algebra. Given a Borel subset W C C, we let Fy be the o-algebra generated by all random variables
of the form #z with B ranging over all Borel subsets of W. Given a configuration 2~ and a subset W of C, we write
2 |w for the restriction of 2~ onto the subset W.

In this paper we consider point processes on the complex plane C, i.e. Borel probability measures on the space
Conf(C) of configurations of C. For such a measure P and a Borel subset W C C, the measure P(-|2";W) on
Conf(C\ W) is defined for P-almost every configuration 2" as the conditional measure of [P with respect to the
condition that the restriction of our random configuration onto W coincides with 2" |y. More formally, consider
the surjective restriction mapping 2~ — 2 |w from Conf(C) to Conf(W). Fibres of this mapping can be identified
with Conf(C\W), and conditional measures, in the sense of Rohlin [14], are precisely the measures P(-| 2" ;W). If
the point process P admits correlation measures of order up to ¢, then, given distinct points ¢, ...,q, € C, we let
Pa1-+4¢ gtand for the ¢-th reduced Palm measure of P conditioned at points ¢, ...,q, (here and below we follow
the conventions of [1] in working with Palm measures).

Recall that for any g € C, we define

(x,¢)I1(q,y)
(q,q)

More generally, for an ¢-tuple q = (g1,---,q¢) of distinct points in C, we define IT% = (--- (IT19!)92...)%. The
Shirai-Takahashi Theorem [16] asserts that }P’f'] = Prya.

Throughout this paper, we fix a C2-function ¢ : C — R. We equip the complex plane C with the measure
dAy(z) = e 290 dA(z), where dA is the Lebesgue measure. We always assume that there exist positive constants
m,M > 0 such that

MY(x,y) =TI(x,y) -

m<Ap <M, (1.2)

where A is the Euclidean Laplacian. Denote by .7, the generalized Fock space with respect to the weight e~ 200
and let IT be the reproducing kernel of .%,. Let P; be the determinantal measure on Conf(C) corresponding to the
kernel IT considered with respect to the reference measure dA(z) on the phase space C ( see e.g. [1], [5], [12],
[16], [17], [21] for the background on spaces of configurations and determinantal point processes).

For any ¢ € N and any two ¢-tuples p = (p1,...,p¢) and g = (q1,...,qy) of distinct points in C, we fix a positive
number 7y, ¢ > 0, continuously depending on p, q and large enough in such a way that

4

—p. 2 —p. 2
sup HZ P —1‘§1/2f0ra111§i§€and sup H‘M) —1’§1/2. (1.3)
l2|2rp,q ' < T i 2 2rpq i=1' 2T 4
For any p € C and z € C* set
= 2 =2
p P, P p
=P P PP 1.4



and for an ¢-tuple p = (py, ..., pe) of distinct points in C write

k(p.2) = ) K (pir2). (1.5)

{
i=1

Recall that the tail sigma-algebra consists of those Borel subsets of Conf(C) that, for any bounded Borel B,
belong to the sigma-algebra Fc 3.
Proposition 1.1. Letp = (py,...,pe) and 9= (q1,...,q¢) be two {-tuples of distinct points in C.

(i) The limit

4

‘x_p,-’z (1.6)

x€Z:|x|<Ri=1 X—qi

Vpo(2) = imewp ([ (x(p.2) ~ x(q.2)T1(z.2)d20 )

R—o0
rp.q<|z[<R
exists in L' (Conf(C),P})).

(ii) The Palm measures ]P”IJI and ]P’?I are in the same measure class. The Radon-Nikodym derivative dIP’*I’I / d]P’?I is

given by
dP? ¥, (2
— ()= pal %) (1.7)
dPpy / W, dPY,
Conf(C)

Consequently, Py (Z") is positive for P?I-almost every configuration 2.

(iii) There exists a Borel subset W C Conf(C) belonging to the tail 6-algebra and satisfying Pri(W) = 1 such
that for any bounded subset K C C, there exists a subsequence R, — oo, along which the convergence in
(1.6) takes place uniformly for all (-tuples p,q of distinct points in K and 2~ € W. The mapping

(p7q) - Tpvq(%)

is continuous on C* x (C\ 2°)! for every configuration 2~ € 'W.

(iv) The function (p,q) — W, (P}, is continuous on C* x C'.
Conf(C)

Corollary 1.2. Let W be as in item (iii) of Proposition 1.1. Assume that ¢ is radial and satisfies (1.2). Then for
any two (-tuples p = (p1,...,p¢) and q = (qu,- - -,qe) of distinct points in C, the limit

Tpq(2) = lim

R—so0

Z ’x_pijz (1.8)

xeZ:|x|<Ri=1 X—di

exists for any 2 € W and in L' (Conf(C),P},) . Moreover, the function (p,q) — T'p (") is continuous on C* x
(C\ 2 for every configuration 2" € W.

For example, for p € C, the limit

Tpo(27) = lim T 1-= (1.9)

p ‘2
xe 2 :Jx|<R X

exists for any 2” € W and in L' (Conf(C),PY,).



Proof of Corollary 1.2. If ¢ : C — R is radial, then for any r satisfying 0 < r < R we have
| xpaneaarE = [ ra20E ) =0
r<|z|<R r<|z|<R
Corollary 1.2 follows now from Proposition 1.1. 0

Theorem 1.3. Assume that ¢ is radial and satisfies (1.2). Then for any two {-tuples p = (p1,...,p¢) and q =
(q1,---,q¢) of distinct points in C, we have

_ detﬁj:l(n(l’i,l’j)) 2

= o
det; ;1 (I1(g1,9)) 1<i<j<e

qi— 4,

Pi—PDj

ErglToal = [ Tna(2)dPh(2) (110

Conf(C)

Remark. Osada and Shirai [15] obtained the results in Corollary 1.2 and Theorem 1.3 for the special case
¢(z) = |z|* (corresponding to the standard Ginibre point process).

Definition 1.4. Define a positive function pr; : C — R by

I
/ ) g(2)dPR(27) = pulq) p,p) (1.11)
Conf(C)

In particular, for any p,q € C, we have

dPy - pulp) O(q,q)
dPi’T(‘%) ~ plg) O(p,p) Fral2).

Theorem 1.5. Let B C C be a bounded set. For Pry-almost every 2~ € Conf(C), the measure Pri(-| 2" ;C\ B) has

the form
#p(2)

zB,.2)"" I la—zP [ esa(z)dis(z), (1.12)
i=1

1<i<j<#p(Z)

where #5(2") stand for the number of particles of 2 lying in B (which is measurable with respect to 3{|(C\B) ;
Z(B, Z) is the normalization constant and the function pg o satisfies, for any p,q € B, the relation

ps.2(p) _ pu(p)
pe.2(q)  pulq) Foq(Zlcp)- (1.13)

An especially simple expression is obtained for radially-symmetric weights.

Corollary 1.6. Assume that ¢ is radial and that B contains the origin 0. Then for Pr-almost every 2~ € Conf(C),
the measure Pri(-|2";C\ B) has the form

#5(2)
zB,2)"" I =zl T] Tao(Zles)dis (z), (1.14)
1<i<j<#p(Z) i=1

where the functions 1", o are defined by (1.9).

Remark 1.7. Formulae (1.12) and (1.14) can be viewed as the analogue of the Dobrushin-Lanford-Ruelle equation
in our situation. We are deeply grateful to the anonymous referee for suggesting to add this remark.



1.3 Derivation of Theorems 1.5 and Corollary 1.6 from Proposition 1.1.

We now recall, for our particular case, the Ghosh and Peres [6], [7] definition of rigidity (see Holroyd-Soo [9] and
[2], [4] for further background and results on rigidity of point processes). Given a Borel subset W of C, write 3’%
for the P-completion of Jyw. A point process [P on C is rigid if for any bounded Borel subset B C C the function
#p is fﬂc\ p-measurable. As established in [5], Proposition 1.2, our point process Pry is rigid in the sense of Ghosh
and Peres. For a subset B C C and a natural number ¢, we write Conf(B) for the space of ¢-particle configurations
on B; in other words, the space of all subsets of B of cardinality /. Rigidity implies that for any precompact Borel
set B C C and P-almost any .2 the conditional measure IP(-|.2";C\ B) is supported on the subset Conf;(B), where
C=H#p(2).

Next, we use the characterization of conditional measures in terms of Radon-Nikodym derivatives of Palm
measures of the same order established in Proposition 3.1 in [3]. Together with rigidity, Proposition 3.1 in [3]
implies that, for our point processes, the conditional measure P(-|.2"; W) has the form

dPP1s-Pe

(Z'lw)dpe(pr;---,pe), (1.15)

271(611,---761£)W

where g1, ...,q is almost any fixed (-tuple, py is the ¢-th correlation measure of IP and Z(qy,...,qy) is the normal-
ization constant.

Item (ii) of Proposition 1.1 gives precisely the explicit expression for Radon-Nikodym derivatives of Palm
measures of the same order, and, consequently, Proposition 1.1 immediately implies Theorem 1.5, Corollary 1.6.
We proceed to the proof of Proposition 1.1.

2 Regularized multiplicative functionals

We first collect some results from [5].

Proposition 2.1. Let p = (p1,...,p¢) and q = (q1,-..,q¢) be two L-tuples of distinct points in C. Then
(i) The limit

¢ o ¢

‘I‘pyq(%)—hmexp< 22/ (Z,Z)dl‘p(z)) H H‘x—piz

Ry xe x| <ri=1' X~ di

2.1)

exists in L' (Conf(C),P},).

(ii) The Palm measures IP’p and ]P’?I are in the same measure class. The Radon-Nikodym derivative dP? h/ d]P’H is

given by
d]P)pl'I((%f) — ‘PPM(‘%)
dPyy / ¥, .dP
padiny
Conf(C)
Proof. Proposition 2.1 is a combination of [5, Theorem 1.1, Theorem 4.1, Lemma 7.4 and Corollary 7.13]. O

The following lemma will be used in the proof of Proposition 1.1.

Lemma 2.2. We have

logH!Z P11 — (c(p.2) — x(a,2)) + O(1/ ) as [2] = on

Z—dqi

where the estimate O(1/|z|?) is uniform as long as p1---,pe,q1,--- ,q range over a bounded subset K C C.



Proof. Using (1.3), we have

el T[22 = e (1-28) « Fra - 21

i—dqi i=1 Z—qi
¢ 4 2 4 o5 = 4 = =32
Pi—qi 1 (pi—aqi) pi—qi 1 (pi — i) 3
== -5 - —— =) ~——5 +0(1/|z]") as [z] = .
,; Z2—qi ,;2 (z—qi)? ,; Z—qi ,-;2 (z—qi)?

Now write

pi—qi+l(pi—qi)z_(pi—qi+p?—q,~2> _ (pi=a)ai | (Pi=a)*? = (P —a})(z=g)’
—=qi 2 (z—q)? z 272 2(z—qi) 272 (z—qi)?
_ (pi—4q)P(z)
- 2-q)?

I

where P, is a polynomial of degree at most 2. The coefficient z?[P] of z% in P, is given by

Pi—qi—Di—qi

It follows that deg P, < 1 and
(pi—qi)Fi(z) _
1/|z]°) as |z| — ee.
e =00/ as 2

Hence for any 1 <i </, we have

pi—q 1(pi—q)* pi—q pr— CL

+- = + 1 as |z| — oo, 2.2
—q 2 (z—qi)? Z 222 O(1/]z) as 2| 2.2
and Lemma 2.2 follows. 0
Lemma 2.3. Recall the choice of ry q in (1.3). We have
1
/ [T (@) < oo and / (2, 2)d A (2) <

[z[>rp.q \Z\>rpq
Proof. Under the assumption (1.2) on ¢, we have the following Christ’s estimate (see [5, Theorem 3.1]):

supTT%(z,2)e %) < supTl(z,2)e ) < oo,
zeC zeC

It follows that

/ ‘Zqu(Z,Z)d7L¢(Z)< / ‘ZIPH(z,z)dld,(z): / ‘ZIPH(ZvZ)e_M(Z)dl(Z)

|2|>rp.q |2[=rp.,q 2|>rpq
1
< (supH(z,z)efzq)(Z)) / Wdl (z) <oo
e EEC
Lemma 2.3 is proved completely. O

Proof of Proposition 1.1. By Lemma 2.2 and Lemma 2.3, we have

Z / llog‘i‘ k(pi,z) — x(gi,2)) |11%(z,2)d A9 (z) < oo. (2.3)

|Z\>’pq



Therefore, the limit

4 —p; |2
exp(—z log‘zipf

= exP( / (ke (p,2) — (9,2) )T (z,2)d A (2 )>

"p.qS‘Z‘SR

exp Z / log‘i‘ IT%(z,2)d Ay (z ))

- rp q<‘z‘<R

=exp ZZJpqlog‘Z 4 9z, z)dM( )) I%I_If}o eXP( / (K(p,z)—K(q,z))Hq(z,z)dM(Z))

rpAq§|Z‘§R

exists and is positive. Since I17 is a finite rank perturbation of I, we have
/ (b, 2) = k(a,2)] - TT%(z,2) = T1(z,2)|dAg (2) <
Izlzrp.q

and hence the limit

exp( [ (x(p2) =K@, ()

. rp.q§|Z|§R
i
([ ((p2) ~ k(0,2 (2)
rp,a<|z|<R

exists and is positive. Now items (i) and (ii) of Proposition 1.1 immediately follow from Proposition 2.1.

We proceed with the proof of item (iii) of Proposition 1.1. To simplify notation, we let L, be an arbitrary fixed
probability measure in the measure class determined by IP’fT and Pf'j. Let K C C be a fixed bounded subset. Let
r > 0 be chosen large enough in such a way that r is larger than all ry 4 for all ¢-tuples p, q of distinct points in K.
In particular, K is contained in a disk {z € C: |z| < r—&}. Denote

HR, Z73p,0) = / (e (p,2) — x(q,2))11(z,2)d A9 (2) + 1OgH’x_Pi‘2.

X—dqi
r<li<R xed \x\<R i=1
Then

HRZpa)= [ (ke -x@NEIRE+ ¥ (k0,2 = x(p.2)

r<|z|<R xeZ r<|x|<R

denoted by H1 (R, 27;p,q)

L2 )
Z X
T S 5 1 (LA T IO R S y (e
X2 r<|x|<R =124 xeX \x\<r i=1' X~ di
denoted by ;I;(R, 25p,9) denoted by H3(Z";p,q)

Note that for any fixed configuration 2" and fixed R > r, the functions (p,q) — H, (R, Z";p,q),(p,q) — H2(R, Z7;p,q)
and (p,q) — H3(2 ;p,q) are continuous on C* x (C\ 2°)".

Fix any pair (p,q) of ¢-tuples of distinct points. Item (i) implies that there exists a subsequence R,, — o such
that the convergence (1.6) takes place for ]P’?I—almost every (equivalently for py-almost every) configuration 2. It
follows that the following convergence

H(Z':p,q) := lim H(R,, 2";p,q) = lim (Hl(Rn,%,p q) +Ha(Ry, 2759, q)) +H;(Z2p,9) (2.4)



takes place for py-almost every configuration 2.
Lemma 2.3 implies that

1
Epg [ y ol 2] <

xe
and hence by Lemma 2.2, the limit

Ho(275p,q)) = lim Ha(R,,, 2739, 4) 2.5)

exists for Pfj-almost every (equivalently for y,-almost every) configuration 2" and moreover, for f,-almost every
configuration 27, the limit (2.5) converges uniformly as long as p1,---,ps,q1,--- ,q¢ range over K. It follows that
(p,q) — H3(2 ;p,q) is continuous on K* x K*.

The convergences (2.4) and (2.5) together imply that the limit

Hi(27;p,q)) = lim Hi (R, 27:p,q) (2.6)

exists for yy-almost every configuration 2. Note that

M«\

Hi(Ry, Z:p,0) = 29‘{ (pi ql-)-[ / LG dhe) - Y 1}

i=l r<|z|<R, ¢ xeZirlii<r,
, | | 2.7)
+Z(P52—¢112)‘ [ / TZZ'H(LZ)WWP(Z)— ) ﬁ} }
i=1 r<|| <Ry xeZ r<|x|<R,
By choosing p = (p1,---,pe),q4= (g1, ,q¢) in such a way that g; = —p; = p and g; = p;,i = -, L, we get
1 1
Hl(Rn,%;p,q)zm{p[ / —M(z2)dAs (@)~ ), ’”
r<|z|<R, ¢ xe2r<ll<k, ¥
Choosing p =1 or p = v/—1, from (2.6) we obtain that the limit
) 1 1
Mi(2) = lim | / Mzadh(@)— ¥ -] 2.8)
e z xe 2 r<|x|<R, X
r<|z|<R,

exists for py-almost every configuration Z". Consequently, using (2.7) and arguing as above, we conclude that the
limit

. 1 1
r<l <R, xe 2 rsr<Ry
exists for ty-almost every configuration 2. Hence the limit (2.6) converges uniformly as long as py,---, p, and
q1,- -+ ,q¢ range over K. Moreover, we have
4 4
Hl(%;pvq)zﬂ{Z( —q)M\(Z Z pi —4))M, 35)}

i=1
for w,-almost every configuration .2". Hence (p,q) — H; (2 ;p,q) is continuous on C’ x C*. By the clear formula
H(Z3p,q) = Hi(Z5p,0) + Ho(275p,9) + H3 (25, 9),

we see that for uy-almost every configuration 2, the mapping (p,q) — H(Z;p,q) and hence the mapping

(p,q) = Wy q(2) = exp(H(Z;p,9))

8



is continuous on K x (K'\ 2°)¢. Since K is chosen arbitrarily, our functions are continuous on C* x (C\ 2°)! for
Ue-almost every configuration 2.

We now take W to be the Borel subset of Conf(C) consisting of all configurations .2~ such that the limits (2.8)
and (2.9) converge and

) ’)61311(|x| >1)<

xe&
Obviously, W belongs to the tail o-algebra. By the argument used in the proof of item (iii), for any fixed config-
uration 2~ € W, the limit (1.6) exists and the function (p,q) — ¥p 4(:2") is continuous on C* x (C\ 2")". Hence
it remains to prove that Pr;(W) = 1. For this purpose, we take any bounded Borel subset B C C, and, using the
definition of reduced Palm measure (cf. e.g., [5, Appendix]), write

Y 1o (2)1p(x)dPr(2 /n P, p)dAe(p / L (2 U{p})Ls(p)dPL(Z). (2.10)

Conf(C) xex Conf(C)

Since W belongs to the tail o-algebra, we have 1 (2 U{p}) = 1w (Z"). Moreover, by the proof of item (iii)
above, we have P{;(W) = 1. Hence (2.10) can be re-written as

/#B(%)dPn /H P, p)dAe(p / Ly (2)dPE(2)
Conf(C
—/prdM, / #p(2)dPn(Z).
Conf(C

Since B C C is arbitrary, the above equality implies that P (W) = 1.
Item (iii) is proved completely. The proof of item (iv) is postponed to Subsection 3.5. O

3 Computation of normalization constant in the radial case

This section is devoted to the proof of Theorem 1.3.

3.1 Finite dimensional approximations

From now on, we fix two ¢-tuples p = (pi,...,p¢) and q = (g1, ...,q¢) of distinct points in C. Since ¢ is radial, we
have
w) = ia,%(zw)k, where aq; = % 3.1
- [Bs HLZ((C,d/L,,)

Natural finite-dimensional approximations of IT are given by

n—1
=Y @ (@)~ (3.2)

k=0

For any n > ¢ we then set
I} .= (I1,,)1

and obtain natural finite-dimensional approximations IT;} of IT9. Our aim now is to show the left-hand side of (1.10)
can indeed be computed by approximation.



3.2 Convergence of finite-dimensional approximations

In this subsection, Theorem 1.3 is reduced to Lemma 3.2, Proposition 3.3 and Proposition 3.4.

Notation 3.1. Recall that ry 4 > 0 is chosen in such a way that (1.3) holds. Let r > 0,R > 0 be any two positive

numbers such that R > r > ry 4.
(i) We denote

17 =1zl 2 r); 20 = O < [e| < r)sxg =]1(\ZI >R)i 26 =10 < |z <R): xf =1(r <[] <R):

Z_pi Z—Pz
z :‘ ‘ 1 (3.3)
) —dqi H
WY =hys by =hxgs g =hxgs thhxo; = hxf.
(ii) For any n > ¢, we denote
T = san(h) /T[]y 7, = sen(h) /RT3 y
(3.4)

Tr = XRT & = sgn(nk) rhgrnq\/rhg; Tor = X5 Tuxo = sen(hg)\/ |h§ T3/ |1

Our first lemma, proved in §3.3 below, shows that our approximating operators belong to the trace class:

Lemma 3.2. The operators T, g, Tg and T, are all trace class. Moreover, T, g converges to Tg as n — o and T, g
converges to T, as R — oo, both convergences taking place in the space of trace class operators.

We next compute the limits of the expectations of our multiplicative functionals. The formulas are related to
(4.3) in Osada-Shirai [15]. For brevity, we write

1<i<j<t

Proposition 3.3. For any n > £, we have the following equality:

14 . det (H( ] )) A 2
X — Ppi i.j=1UL(pi;pj)) |A(q)]
zglfc}oE“q[ [1 H‘x—q- } det! _ (TL,(q:.07) 1A 3-3)
x€Z:x|<Ri=1 i ety j—1 (Ia(gi,q;)) 1AP
Consequently, we have
L ix—p; det! . (I1(pi, pi)) |A(q)|?
152,%““ Enq[ ’x_pf‘ } b= 1I(pi: ) A(q)‘z' (3.6)
noeRme L e in<ri=1 X T 4 det; ;_; (T1(gi,q;)) 1A(p)]
Proposition 3.4. The order of limits in (3.6) is immaterial, that is,
lim im B | [ ﬁx_p" lim im B | [ ﬁx_piz
im lim Ep ) ]—nn im nq[ ’ H
R—con—soo €2 x|<Ri=1 X—q; n—o0 R—o0 xe X x| <Ri=] X—(;
Proposition 3.3 and Proposition 3.4 will be proved in §3.3 and in §3.4.
Proof of Theorem 1.3. We first claim that for any fixed R > 0,
: S x—pi? Sx—pi|?
imEp | [T T1—2|]=Em[ TT1 I | (3.7)
e xeZ:|x|<Ri=1 X—di xeZ:|x|[<Ri=1 X4

10



Since T, g and Tk are both in trace class, the expectations of multiplicative functionals are given by corresponding
Fredholm determinants:

Eng[ 11 ﬁ’x—piZ]:det(1+Tn7R); Em[ I ‘X—Pi

xe 2 jx|<ri=1"'* T~ 4i xeZx<ri=1"* 4

14

1:dmﬂ+ﬂ) (3.8)

Now the convergence (3.7) follows immediately from Lemma 3.2. Applying Corollary 1.2, we obtain

4 _n. 12 4 —p: 2
BpyTpal = imEne [ [T T2 ] =Jim im e[ T TT[-2] (3.9)
11 R—o0 xeZ:|x|<Ri=1 X—(; R—scon—soo xe X x| <Ri=1 X—(;
An application of Proposition 3.3 and Proposition 3.4 yields the desired result (1.10). 0

3.3 Proof of Lemma 3.2 and Proposition 3.3

Let 7 denote the Hilbert space L?(C,d2y). Write | - || for the norm in L?>(C,dAy). For any real number
s € [1,00), let 65(.#) denote the von Neumann-Schatten s-class on ./, that is, the class of bounded linear operators
A on J, such that tr(JA|*) < eo, where |A|* := (A*A)? is the continuous functional calculus of the self-adjoint
positive operator A*A under the function 7 — ¢ defined on [0,00). In particular, the von Neumann-Schatten 1-class
coincides with the trace class while the von Neumann-Schatten 2-class coincides with the Hilbert-Schmidt class.
The space (%) can be equipped with the norm || - ||y defined by ||A||s = tr(|A|*)!/*. In particular, the norm | - ||
coincides with the Hilbert-Schmidt norm, which we denote also by || - ||zs. The von Neumann-Schatten s-class
norm || - ||5 has the following properties:

[A]ls = [lA"]ls and [|BAC]|; < [IB][- [|Alls - [ICI] (3.10)

where || - || stands for the usual operator norm. The following Holder inequalities for operators in von Neumann-
Schatten s-classes will be frequently used:
1 6 1-06

=4
s So S1

4B < [IAllG - I1BI5° if 0€(0,1). (3.11)

We will need the following standard proposition. Recall that for two positive operators A, B on /¢, we write
A < Bif A— B is a positive operator. In particular, if A, B are both orthogonal projections on .7, then A < B means
that the range of A is contained in the range of B.

Proposition 3.5. Let s € [1,) and let A € €5(.7). Suppose that P is an orthogonal projection on 7€ and P,’s
orthogonal projection on F such that B, < P and P, < P,y for any n € N. If the sequence (P,),cn converges to
P in the strong operator topology, then

lim ||[AP —AP,||; =0. (3.12)
n—soo

Proof. Let us first show that
lim [[AP—AP,|| =0, (3.13)
n—oo

where || - || is the operator norm. Indeed, if (3.13) does not hold, then by passing to a subsequence if necessary, we

may assume that there exists € > 0, such that ||[AP — AP,|| > &, for any n € N. Obviously, AP, converges in strong
operator topology to AP as k — oo, hence AP, — AP, converges to in strong operator topology to AP — AP, as k — o
for any n € N. It follows that for any n € N,

£ < [AP— AP, < liminf [AP — AR
—>00

11



Consequently, we can find a subsequence n; < np < --- of positive integers, such that

|AP,,, —AP, || > ¢, foranyi=1,2,--.

i+1

Then for any i € N we can find a unit vector &; in the range Ran(P, o P,,) of the projection P, .1 — P, such that
|A&;|| » > €. Note that by construction, & converges weakly in .7 to 0 as i goes to infinity. Using the compactness
of the operator A, we get lim;_. |[A&;|| > = 0. This contradiction implies that we must have (3.13).

Now by applying [19, Theorem 2.17], we get the desired convergence (3.12). O

Proof of Lemma 3.2. Note that T,, and 7;,  are both finite rank bounded linear operators, so they are in trace class.
Now we prove that Tk is in trace class. Since there exists C > 0 such that
l
M(z,2) <C[Jle—ail* if |z <R,
i=1

the function |(z)|T19(z,z) is bounded on the disk {z € C: |z| < R}. Therefore,
[, @M, 2)d2 () < e
lz|<R
By using the inequality
| I w)PdRg(w) < [ T19(w) Pdg(w) = T(z.2),
[w|<R C
where the last equality is a consequence of the fact that 1% is an orthogonal projection, we immediately obtain

IWiIs = [ [ @IT e Pdd@ddg() < [ I Ay (2) < o=

|z| <R

It follows that y/|Af|T19 is Hilbert-Schmidt, hence 4/ |hX|I19, /|hR| and Tk are both in trace class. The assertions
concerning convergences in %) (¢ ) are immediate from Proposition 3.5. O

Proof of Proposition 3.3. By Lemma 3.2, T, g converges to T,, in ¢ (.#) as R — oo, whence

lim det(1+ T, g) = det(1+T,),

R—o
or, in other words,
l

. X—PDi
lim Eq [ H H‘
Ry xeZx<ri=1' X~ 4di

:

Recall that IPry, is an orthogonal polynomial ensemble given by following probability measure on C":

| = Ew [ TTIT[E"

e i=1' X 4i

1 n
: |zi—z;* - [ ] d2s (z2)-
Zn((P) lgz'IJjgn l / JI:II l

The reduced Palm measure IP%I" = Ppp is also an orthogonal polynomial ensemble, given by the following proba-
bility measure on C"~*:

1 n—/ 4
|z — 2] ( |2j — qkl"d A9 (z;)
Zn(¢7q) 1<;<]1—£n—€ ! 11:[1 kl:[l ’ ! )

12



By definition, the normalization constant Z,(¢,q) is given by the formula

n—_{ J4
Zn(¢,q)=[y I1 |zl~—z,~|2-]'[(ll'[l|zj—qk12d1¢(zj)). (3.14)

"< i<n—t =1

By the definition of /-th order correlation function of Pry, (see, e.g., [21, formula (2.3)]), we have

n! 1 n—{ (
detl] 1 (gi,q))) = (n—ﬁ)!/(cn—z: AC) H |zi — 2, A(q) |2HH|ZJ arl Hd7L¢ Zi)- (3.15)

1<i<j<n—/¢ j=lk=
It follows that

(n— f)'det” 1(Ia(girq;))

Z,(0,9) =Z,(¢ . (3.16)
00 =200 A
On the other hand, we also have
n—{ { L 2 1 n—{ , {
X—PDi Zj — Pk 2
s [ T = LTI 0 =< [T (T —aPanstc)
" xg’n X—di ]I;Ilkl:Il Zj— 4k Z”(¢7q) 1<i<]I_‘£n—Z ! jI;II I;I ! !
N VTR (s PR )
e Zy(9,49) 1<i< j<n—t ! J=1 V=1 ! !
Consequently, by using defining normalization constant Z,(¢,p) as in (3.14), we get
X—pi n(9,p)
s [T 22 - 202
a xg”zl_! X—4qi n((l)vCI)
Now by applying the formula (3.16) for Z,(¢,p) and Z,(¢,q), we arrive at the desired equality (3.5). O

3.4 Proof of Proposition 3.4

The proof of Proposition 3.4 is quite involved. Technical difficulties arise since the function

1, (3.17)

that we used for computing I'y 4 and hence the Radon-Nikodym derivative ﬁq ,
II

quite slowly. The key point is the factorization (3.21). Our argument can be summarized as follows.
Step 1. The expectations, with respect to the determinantal point processes P} _» of the multiplicative functionals

has poles and decays at infinity

4

‘X—Pi 2

xeZx|<ri=1' ¥~ 4i

are given by Fredholm determinants det(1+ 7, ), where T, f is defined in (3.4). Although the operators 7, ¢ are in
trace class for any n € N and R > 0, the limits

lim lim 7, g and lim lim 7,
n—o0 R—o0 R—ycon—oo

do not exist in the space % (.7¢) of trace class operators. These limits do however exist in the space 63(.7), the
von Neumann-Schatten 3-class, and are both equal to T (defined in (3.4)), see Lemma 3.7 and Lemma 3.8.

13



Step 2. We represent the Fredholm determinant det(1+ T, ) as a product of the regularized Fredholm determinant
and the regularization factor

1
det(1+ Ty z) = det(1+ Ty,x) -exp (1r(Typ) — 5 r(T %) ).
y » ’ 2 5

regular part

regularization part

see Proposition 3.6. The definition of the regularized Fredholm determinant dets is recalled in §3.4.1.

Step 3. We further factorize the regularization part exp(tr(7, g) — %tr(Tn%R)) or, equivalently, we decompose the
integral

I(n,R) ::tr(Tn7R)—;tr(Tn27R):/CTnR(z 2)dAy(2) — ; [T,7%](z,2) A4 (2) (3.18)

into summands controlling, respectively, the contribution of the neighbourhood of the poles of the function A(z)
(defined in (3.17)), the main contribution and the contribution at infinity. It is then much easier to control these
summands separately. The contribution of the neighbourhoods of poles is controlled in Lemma 3.10, the main part
is controlled in Lemmata 3.11, 3.12 and the contribution at infinity is controlled in Lemma 3.13.

3.4.1 The factorization formula

For stating the factorization formula (3.21), let us first briefly recall necessary material from the theory of regu-
larized Fredholm determinants (see, e.g. Helemskii [8], Simon [18]), which will be a crucial ingredient in this
section.

For any n € N, the regularized Fredholm determinant det,, is defined as follows. If A € €} (.#7), then we define

n—1 k
—1
det,(1+A) = det(1+A)-exp ( y (k)tr(Ak)>, (3.19)
k=1
where det(1 +A) is classical Fredholm determinant. The map A > det,(1 4+ A) is continuous in the || - ||,,-norm.

Consequently, since &) (7€) is a dense subspace in 6,(.#), the map A — det, (1 +A) defined by the formula (3.19)
is uniquely continuously extended onto &, (7).

Theorem 6.5 in Simon [18] states that for any n € N, there exists ¥, > 0 such that for any A,B € €, (), we
have

[det,(14+A) —det,(1+B)| < [[A—Blnexp[1.([Alln + || Bl +1)"]. (3.20)

Proposition 3.6 (Factorization). For any n > £, we have

EP&[ [1 ﬁ‘x_pl:

" xedx<ri=1' Y T4

2 4
} = det(1 + T z) = dets (1 + Ty) exp(ZEl nR:r ) (3.21)
i—=1

with Ey(n,R;r),Ex(n,R;r),E3(n,R;r),Es(n,R; 1) given by

Ex(n,Rir) = (gl o) — 50 CGT2) — te(ATIAGIIY):
2
Bk = [ ()= "5 (x(0.2) — (0.0)) 1.2 o)
<ldl< o (3.22)

Es(n,R:r) = / i (h(z) - T) (I19(2,2) — T, (2,2) )d A (2):

1
E4(n,R;r) = Z” (W, 119|125 where [hR, T19] = hRII9 — TI9KR is the commutator of K and TTU.
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Remark. Using the notation (3.18), we can write
4
I(n,R) =Y Ei(n,R:r). (3.23)
i=1

Let us explain more precisely the meaning of these terms E;(n,R;r) as the decomposition summands of the
integral (3.18). The term E|(n,R;r) corresponds to the contribution of the neighbourhood of the poles of the
function h(z); the terms Ex(n,R;r) and E3(n,R;r) together correspond to the the main contribution and the term
E4(n,R;r) corresponds to the contribution at infinity. The estimate of E4(n,R;r), the contribution at infinity, will
use in a crucial way the radial assumption of the function ¢ and hence the radially-symmetric property of the kernel
IT and also its finite approximations IT,. Note that for fixed n > £ and R > r;, 4, we have a family of decompositions
(3.21) indexed by a real number r that ranges in the open interval (ry q,R).

Proof of Proposition 3.6. We claim that for any n > ¢ and any R > r, we have

1
tr((hTI)?) = / h(2)* T (z,2)dAg (2) = 5 | [IT3, 7] s (3.24)
r<|z|<R 2
Indeed, we may write
TS, Y s = ITEA s + 1A TI s — 2R (te (A TTY - HFTY)). (3.25)

Observe that for any bounded real function f on a measure space (£, i) and any finite rank orthogonal projection
P on L2(Q, ), we have tr(fPfP) € R. Indeed, by using the identity f = fx />0 — fXf<o, it suffices to show that
if f1, f> are two non-negative bounded functions, then tr(fjPf,P) € R. But this follows from the clear equality

tr(f1Pf2P) = tr(fll/szszll/2) > 0. Now (3.25) can be written as

I|[T19, 18] |75 = 2| AR T19|2, — 2tr(RRTTY - RRTTY) = 2 / y ‘<Rh(z)2H2 (z,2)dAg (z) — 2tr((hRTI)?), (3.26)
SRS
and (3.24) follows.
Now since T, g € 61 (4 ), the expectation of the corresponding multiplicative functional with respect to IP)%I,, is
given by Fredholm determinant:

4
EPC[

nn[ H H‘X_Pi

xeZ:|x|<Ri=1 X—4i

2 1
} =det(1+ T, r) = det3(1+ T, r) exp (tr(Tn,R) — Etr(Tn%R))

To prove Proposition 3.6, it suffices to prove that

1 4
tr(T, ) — Etr(Tn%R) =Y Ei(n,R:r). (3.27)
i=1
To this end, we first write 1 = g+ x,°, whence
1 1 - | P
tr(Ty.r) — 5tr(Tn%R) = tr(x5Tur) — 5tr(;ch,,%R) + (3 Tog) = Str(x; Tlx)- (3.28)
Note the clear equality
C T = [ @)
r<|z|<R (3 29)
= h(2)I1,(z,2)dAg () + h(z) (I} (z,2) — T, (2,2))dA¢ (2).
r<|z|<R r<|zl<R



Since tr(AB) = tr(BA), we obtain
(1 T2) = 0 T2) = tr( x7sen(hf) /I IS 18 77) = (i TIET).
Writing hf = hy + h® and applying equality (3.24), we get
(1T 2%) = tr(ARTIIARIIS) + tr(ARTTAGITS) = tr((ARTI)2) + tr(ARTIZAGTIS)

1
= L MR T )0 2) = 5T s e TG

5 5 (3.30)
= [ ML+ [ bR - Th(z2)dA (2)
r<|z|<R r<|z|[<R
1
=5 (XT3, 1] (s + te (R TIAGIT).
Recall that since ¢ is radial we have
L (b2 = k(0.2) T (z.2)de(2) =0. (33D
r<|z|<R
The equalities (3.29), (3.30) and (3.31) together yield
oo 1 o h(z)?
(" Tar) — Str(X; Tn%R) :/ (h(Z) _ ) + (x(p,z) — K(q,z))Hn(z,z)d7L¢ (2)
2 r<|z]<R 2
h 2
o (n ") o) - e 0 (.32
r<|z|<R 2
1 1
+ 7|53, 1] s — S tr(h TEAGTT).
Substituting (3.32) into (3.28), we obtain the desired equality (3.27).
Proposition 3.6 is proved completely. O

Recalling notation (3.4), for the regular factor det3(1+ T;, g) we have
Lemma 3.7. The operator T is in 63(5C).
Proposition 3.8. We have
I%iieodet3(1 +Tor) =dets(1+T1,,); Igiigodetg(l +1Tg) =dets(1+T7);

lim det3 (147, ) = det3 (1 +Tx); lim det3(1+T;,) = det3(1+ 7).
n—soo n—yoo

In particular, we have
lim lim det3(1+ 7, z) = lim lim det3(1 + 7, r).

n—oo R—o0 R—con—yoo

Lemma 3.7 and Proposition 3.8 will be proved in §3.4.2.
Recall the definition /(n,R) in (3.18) and the decomposition of /(n,R):

I(n,R) = E\(n,R;r)+ Ex(n,R;r) + E3(n,R;r) + E4(n,R;r),

where Ey(n,R;r),E>(n,R;r),E3(n,R;r),E4(n,R; r) are given in Proposition 3.6. Recall also the choice of rp 4 > 0
in (1.3). The regularization factor exp(tr(7, z) — %tr(Tn%R)) is controlled as follows.

Proposition 3.9. Both the limits lim lim I(n,R) and lim lim I(n,R) exist and we have

R—con—oo n—o0 R—oc0
lim lim /(n,R) = lim lim I(n,R). (3.33)
R—ycon—roo n—oo R—yoo
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Proposition 3.9 follows from Lemmata 3.10, 3.11 , 3.12, 3.13, formulated below and proved in §3.4.3.
Lemma 3.10. For any r > ry q, we have
1 ) 1
— r ry__ r ry__ -~ o119 7,7 TT9
%gl}cl}g{}oEl(ﬂ R;r) = ’}gglggrgoEl(n Ryr) =tr(xoTx0) 2tr(x0T X0) 2tr(hrH hoIT%).
Lemma 3.11. For any r > ry q, we have

lim lim E>(n,R;r) = lim lim E>(n,R;r) = /|Z>r (h(z) — M + (k(p,2) — K(q,z)))H(z,z)d7L¢(z). (3.34)

R—yo0n—3o0 N—yo0 R—o0 2
Lemma 3.12. For any € > 0, there exists re > rp q such that if r > re, then

sup |Esz(n,R;r)| < €. (3.35)

n>l,R>r

Lemma 3.13. For any € > 0O, there exists re > 1y q Such that if r > re, then

sup |Es(n,R;r)| < €. (3.36)

n>l,R>r
We now derive Proposition 3.9 from Lemmata 3.10, 3.11, 3.12, 3.13.

Proof of Proposition 3.9. First, by Propositions 3.3, 3.6, 3.8, the limit lim I%im I(n,R) exists and by the equality
n—0 R—oc0
(3.9) and by Propositions 3.6, 3.8, the limit hm lim /(n,R) exists.

R—yoon—poo

Now by Lemmata 3.10, 3.11, 3.12 and 3.13, for any € > 0, there exists ¢ > 0, such that we may write
I(n,R) =1(n,R;€) + L(n,R;¢€)
in such a way that

lim lim /;(n,R;€) = lim lim [, (n,R;€) and |L(n,R;€)| < € foranyn>{¢and R > r,. (3.37)

n—ro00 R—o0 R—oon—oo

For any € > 0, let us denote

I(€) := lim lim [, (n,R;€) = lim lim F(n,R;€).

n—oo R—so0 R—con—roo

Then we have
| lim lim I(n,R) —I,(€)| < & and ]11m lim I(n,R) —I;(¢)| < €.

n—»00 R—o0 R—oon—o0
Consequently, we obtain that
lim lim I(n,R) = lim lim I(n,R).

R—con—roo n—oo R—yo0

Proposition 3.9 is proved completely. O

Proof of Proposition 3.4. By (3.21), we have

4

Enﬂ[ [1 H‘x_pi

xeZx<ri=1'* T~ 4i

2} = det3(1+T;,.&) -exp[I(n,R)].

Now by Proposition 3.8 and Proposition 3.9, we may exchange the two limits as n — oo and as R — oo and get the
desired equality
]

lim lim Epg

L
] = lim lim Epg
R—yoon—oo

{
| = | =
xeZ fx<Ri=1' YT 4i noreeRyee xeZx|<ri=1' ¥~ di
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3.4.2 Control of the regular part

In this section, we prove Lemma 3.7 and Proposition 3.8.

Lemma 3.14 ([5, Lemma 5.3]). For any r > ry 4, we have

1002715 s = [ 11(2) = HOw) PTG, w) P27 ()27 () A (2) A () < (338)
Pl = [ @) = B0 PTG w)Pde () dAs(w) < (3.39)
Proof. The inequality (3.38) is proved in [5, Lemma 5.3]. Since
2 2
M= [ [ PG wPdr @+ [ OFIGwPdR Q0
2 .
[ L 10 = RPN )P (s ().

The first and the second integrals in (3.40) are equal and are majorated by

I [ ] G wPads@adstn) < IR | TG 2R <
lz|<r JweC

The third integral in (3.40) is finite by (3.38). ]

Lemma 3.15. For any r > ry q, we have

100, 27T s = [, 10(2) = o0 PIT1eyw) P (27 () d o (2)d g (w) < o (3.41)

1067 T s = [ 17 2) o) P01z w) Pt g (2)d g () < (3.42)

Proof. Since I11 is a finite rank perturbation of I1, the inequalities (3.41) and (3.42) follow from the inequality
(3.38) and (3.39) respectively. ]

Proof of Lemma 3.7. It suffices to show that |1|'/?-TI9- |h|'/2 € €3 (). We have
3
W2 109 |R|V/2|" = |h|Y/?-T19 - || -TI% - |B| - TIO - |B) /2.

It suffices to show that |/|'/2IT9 4|19 is Hilbert-Schmidt. To this end, write
! 2TI9BTIO = [}/ 2T19 7 BT 4+ 5 2T BT -+ ]/ 2T19 7 BT 4+ s /209 5 .
Observe that
B[P T — 3 ] 2RI sgn ()T = 57 ] /2 "I, Blsn()TT. (3.43)

Since x| h|'/?

is bounded, we may apply Lemma 3.15 to conclude that
27T, Bsgn(h)ITY € a( ).

Note also that 4(z) = O(1/|z]) as |z| — o, hence by Lemma 2.3, we have

(o] 1
17 Ih\l/zthH?{sz/> ()T (z,2)dAg (2) < E \3H (z,2)d29(2) <

|z|>r |z|>r |
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It follows that x*°||'/2hI19 ysgn(h)I19 is Hilbert-Schmidt. Consequently, by (3.43), the operator x°||'/2I19 > |h|T19,
a sum of two Hilbert-Schmidt operators, is itself Hilbert-Schmidt.
Now we show that IT9y|A[I17 is Hilbert-Schmidt. Indeed, since there exists a constant C > 0 such that

¢
T (z,w)| < C-H!(zfqi)(w—q,-)] for any |z| < rand |w| <r, (3.44)
i=1

we have

T s = 60 P Pl = [ [ IO )P ()R () <
lz|<r Jw|<r
Consequently, y°|h|'/?T19y|#|TT% is Hilbert-Schmidt.
We show also that yj|A|'/?TT% is Hilbert-Schmidt. Indeed,

g PG = [ [ @I PR @aretn) = [ @I R (@) <

|z|<r

where we used again (3.44) for z=w and |z| < r. Now since x;°|h|I19 and y|h|I1% are both bounded operator, we
conclude that x§|h|"/?T19 x| h|T19 and yj|h|'/?T1% | h|TT% are both Hilbert-Schmidt.
Lemma 3.7 is proved completely. O

Proof of Proposition 3.8. By (3.20), it suffices to prove the corresponding convergences of operators in 63 (7).
By Lemma 3.7 and Proposition 3.5, we have

Lok 22 g T —>1“R3( L. (3.45)
—>00 —»00

By Lemma 3.7, we also have +/|h|T1% € 65(#). Applying Proposition 3.5 again and noting that \/|A|IT;} =

/|h|T1% - TT}}, we obtain
Ve 280, /i,

The above convergence, combined with the Holder 1nequahtles (3.11) for operators in von Neumann-Schatten
classes immediately yields the desired convergences in (3.45). Proposition 3.8 is proved completely. O

3.4.3 Control of the regularization factor

Recall the notation introduced in (3.3) and (3.4).

1. Control of E; (n,R;r).

Proof of Lemma 3.10. Note that

1 1
Ei(n,R;r) = tr(xoTwrX0) — 5“(%0 RXO) tr(hRthOHq)

For proving Lemma 3.10, it suffices to prove that for any r > r, 4, we have the following convergences in ¢ (J¢):

lim lim 707, 2o = lim lim %575 k%o = %07 X0 (3.46)
R—con—roo o R—
Lim lim TR X = Jim lim N %0 TorXo = 2672255 (3.47)
Jim lim n 1 T AGTL = Jim lim hRthOHq heTTORTTY. (3.48)
—»o0 N—>

Let us check the convergences in (3.47). We may write
x0T, RXo = (xgsen(h)/|A[T17-T13) - (T19/|A[ % sgn(h) /| A[T17) - (T - 17/ || ).
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Since xgsgn(h)+/|h|T1% and IT9,/|h| x are Hilbert-Schmidt, we may apply Proposition 3.5 to conclude that

Ahsen(h)\/Jh]TT - HQ%xosgn RV 11T /Jal 220 0l

It follows, by using also the fact that I1,/|h|xXsgn(h)+/|h|T1% is bounded, that

p G (A r r r
x0T, RXo'—> (xosgn(h)/[A|TT7) - (T1/ |l ' sgn () o/ |RITX) - (T1/ || 26) = 26T 6.

Now by writing
XTR X = [ (xgsen(h)/[h[TTF-T1%\/|A]) xo} [ (sgn(h)/[R|T10 - T1/ ]| 25) }
also by using the fact that
Zosgn(h) /1|11 -T1%/|h| and sgn(h)/|AT1" - T/ |h| x5

are both Hilbert-Schmidt, we may apply Proposition 3.5 to conclude that

in 1 ()
HETRA " (oysgn(h)/THITE - TIO/Jal) - (sgn(h)o/TRITIO-TIO /TR ) = 2672265
Now we obtain the following convergence in € (7¢):

lim lim ¥07,2 %0 = X67° X0

R—oon—

In a similar way, we obtain also the following convergence in €} (7):

lim lim %37 r it = 267 X6-

n—o0 R—yo0

The convergences in (3.47) is proved completely.
This argument also yields the convergences in (3.46) and (3.48).

2. Control of E>(n,R;r).

Lemma 3.16. For any r > ry q, the following integrals are finite:

/ h(z)?
|z|=r

=+ (k2 - K(q,Z))‘H(Z,Z)dM (z) <o
L

Proof. The second inequality follows immediately from the first one. By Lemma 2.3, it suffices to prove that

h(z) —

2
1)~ "4 (x(0.2) — x(0,9) |z 2) <

= (k(9,2) — k(p,2)) + O(1/|2]*) as |z] — o.

To this end, we first write 0;(z) = =L and Bi(z) = @i(z) + 0;(z). Then we have

4

4
h(z) = H\Haz()! —1=T]J(1+Bi(2) +|eu(z)]*) — 1

i=1

o~

=Y B+ + Y Bi2)Bi) +0(1/|zP) as |z| — o.

=1 1<i<j<t
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It follows that

14
hz)? =Y Bi)*+2 Y Bi2)Bi(z)+0(1/Iz])

i=1 1<i<j<t

:i( 0(2)* + oi(2) +2le(z) ) +2 Y, Bi@)Bj(2) +O(1/[z) as [z] = .

i=1 1<i<j<t

d 11—
W)= === Y (Bila) = 5062 = 3@ ) +0(1/[zF) as o] — e

Equality (2.2) implies

Bie) — (2 — 3 @) = xlai2) — K(pi,2) + O /[P as e oo

Combining the two equations, we complete the proof of Lemma 3.16. O
Proof of Lemma 3.11. Recall that

2
Ex(n,R;r) = /r<|Z|<R (h(z) B h(é) + (k(p,z) — K(q,z)))Hn(z,z)dM(z)

Let n > ¢. On the one hand, since the function (h(z) — @ + (x(p,z) — K(q,z)))Hn(z,z) is integrable on {z € C:

|z| > r}, we have

R—o0

2
lim Ex(n,R;r) = / N (h() - h(? + ((p,2) — K(0,2)) ) T2, )2 ).

Taking into account Lemma 3.16, using the clear inequality I1,(z,z) < I1(z,z) and the Dominated Convergence
Theorem, we obtain

2
lim lim E;(n,R;r) = /|Z|>r (h(z) _ h(g) + (x(p,z) — K(q,z))>H(z,z)dk¢(z).

n—o0 R—o0

On the other hand, by the Dominated Convergence Theorem, we also have

2
r}ig;Ez(n,R; r)= /r<|Z<R <h(z) - h(;) + (x(p,z) — K(q,Z))>H(Z,z)d1¢ (2).

Hence
fim tim Ex(n &) = [ ()~ "E5 4 (k(9.0)~ x(0.9) )z 202 2).
Revoo fi—boo |z|>r ) ) ) )
Equality (3.34) is proved completely. O

3. Control of E3(n,R;r).

Proof of Lemma 3.12. For any fixed n > ¢ and any pair of positive numbers 7, R satisfying R > r > rp 4, we have

xR = / - \h(z) - ’“?2 (01,9 - T )R )
2
< ﬂip —IT3(z,2))dA¢ () = fﬂip h(Z)h(?‘-
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It follows that

limsup sup |Ez(n,R;r)| < lim{- sup

r—o  p>{ R>r r—beo |z|>r

Lemma 3.12 is proved completely.

4. Control of E4(n,R;r).

Lemma 3.17. There exits a constant C > 0, such that

1
Z

s 1f |2l = rp.q and [w] > 1y q.

[h(z) —h(w)| < C|

Proof. Clearly, there exist y;,---, ¥ € C, such that

2
-1

1+Z t

—1< 9k

1+Z H

1% 4k

Consequently, if |z| > r q and |w| > 1y 4, then

h(z) —h(w)| < sup (‘14_2 % ’+’1+Z Yk D

|2|>7p,q,w[>7p,q 1 24k =1 W—dk

>

The simple inequality

1 1

=g w—ax
sup 1 1
‘Z‘zrp,qv‘w‘zrp,q z w

< oo,

implies now the existence of C > 0 such that (3.49) holds.

Lemma 3.18. For any r > ry q, we have

/z>r/w>r

Moreover, the following limit holds:

r—>00/|z|<r/w|>r w[2 [z, )|2dl¢( JAp(w) =

f——\ TI(z, w) 2d g (2) A (w) <

Proof. The explicit computations in [5, Lemma 5.3, 5.4] indeed give the desired relations (3.50) and (3.51).

Proof of Lemma 3.13. By writing h® = h* — h%, we have
Consequently, for proving Lemma 3.13, it suffices to prove that
lim sup || 17, TT]] || s = O.
r—oo VZZE
However, since
sup ([, TG || s — || (77 TLa] |15 | < sup || [, TT; — 1] || s
n>{ n>/

< 2|7 |eo sup [T — 0, || 15 < 2[|A° oo VE 2225 0,
n>
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(3.51)
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it suffices to show that

lim sup ||[A7,I1,]||zs = 0. (3.52)
r—roo nz(
To this end, by noting [IT9(z,w)| = |TT9(w, z)|, we have the following identity:
I Wl =2 [ [ ORI ) PR <) ()
lz|<r Jw|>r
+f / (0) 2 T8z, 9) P2 ()0 ().
lz|=>r J|w|>r

It follows from Lemma 3.17 and the elementary estimate |h(z)| = O(1/|z|) as |z| — e, that there exists C > 0 such
that

1157 Ta)llfis <C(11(n,7) + B (n, 1)), (3.53)

where

1
I(n,r) 1= / ~ /|,W, L (2, w) Pl g (2) R ();
T %\zynn(z,w)ﬁm (2)2 (w).

i
bLn,r):=
2m7) /zzr/wzr z

Similarly, let us denote

/Z<r/|yw>} W | ( W)| ¢( ) ¢(W)’
I 2

[l
lz|>r Jw|>r 1 2

By Lemma 3.18, we have

lim/;(r) =0 and lim lh(r) =0. (3.54)

r—yo0 r—poo

Claim A. For any r > ry 4, we have Iy (n,r) < I;(r).

Indeed, by using the expression (3.2) for II,(z,w) and using the polar-coordinates system z = pe'® w = ce'P |
we get

n—1
‘Hn(pela, O'elﬁ)‘Z _ Z a}%ai(po.)k+mez(kfm)(a7ﬁ);
k,m=0

M(pe®,0eb) = ¥ atal(po)eil-me=P).

k,m=0
It follows that
1 n—1 .

hinr) =47’ [ e >*0pdp [ odo. Y al(po)™:

k=0

1 (oo}
hi) =4z [ 2 Wpdp [“e 2 Dods. . Y al(po)*

k=0

Hence we have I (n,r) <I;(r).
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Claim B. For any r > rp 4, we have L(n,r) < L(r)+ riz

Indeed, by using the polar-coordinates system and by using the identity

‘L_LZZL+L e L iap)
pei*  celP p? o2 pG po ’
we get
2 2 1 NS 4 )2k
L(n,r) =4x / ¢(p)pdp/ % 6do - [(—2+—2) Y g (po)* ——Zakak * }
r P 0

denoted by S, (p,0)

We can re-group the summands in S,(p, o) in such a way that in the new expression of S,,(p, o), all summands are
positive. Indeed, we have

n—1 n—2
— Z akp2k 2 2k + Z a4 2k 2k 2 Z 2a%a]%+l (pG)Zk
k=0 k=0

n

_ 4 .2 4 2n—2 2n—4 2k 2k+2 4 2k 2k—2 2 2 2k

—agp > +dy_p”" 0 +Z(ak+1p o2 +alp* 02 —2aiat,, (po) )
k=0

n
_aop +an lp -2 2n 4_|_Z( 2+ kak-H ]%pkck—l)Z'

k=0
It follows that
n—
h(n,r) = / pdp/ Nodo - [aép_z—l—ai_lpz”_zGZ"_“—l—Z( Pt —a2pkahs 1)2}
k=0
(3.55)
Similarly, we can express I>(r) in the following way:
L(r) = 47:2/ ~2¢(p) pdp/ %6do - [a p 2+ Z (ap, p o™ — %pkak‘l)z} . (3.56)
0
Note that by definition, for any n > 1,
1
—— =1l2"" 1||L2 C,dAy) 277:/ p e ®pdp.
a, 1
Hence
47r2/ e pdp/ °6do-at p? e
g (3.57)
< 312n/p pdp) a%IZﬂ/p pdp)
Comparing (3.55) and (3.56), taking (3.57) into account, we get the desired inequality
1
I <I —.
z(n,}’) = 2(1’) + r2
Finally, an application of (3.53) yields that
- 1
sup [, L] |75 < C(L (r) + B(r) + =) (3.58)
neN r
The desired limit equality (3.52) now follows immediately from (3.54) and (3.58). ]

Remark. Note that radial symmetry of the weight of our Fock space has been used in the proof of Claims A,B.
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3.5 Proof of item (iv) of Proposition 1.1

For any R > rp 4, denote

L ix—p: 2
R X—Di
v =en( [ (kb2 -x@NEIAE) TT TIE2]
rp~qé|Z|§R XX x| <Ri=1 '
Using Notation (3.1), we express the expectation Eps [P ,q] as follows.
Proposition 3.19. We have
4
Epa [Pp.q] = det3(14T)-exp <Z{Ei(r)),
with E|(r),Ex(r),E3(r),E4(r) given by
1 1
E\(r)=t(xoT) — Etr(ngz) - Etr(hf’th(’)Hq);
h(z)?
Ba(r) = [ (1) =5 x(p.2) — (a,2) ) T(e ) 2
Z|=r
h(2)*\ v
Es(n)= | (he) =757 (0(z.2) ~ TT(e,2)) Ao (2
zZ|=r
1 (o]
Es(r) = 5 I 0 s
Proof. Tt suffices to prove that we have the following factorization
4
Epa [‘PgRq)] =det3(1+Tx)-exp (ZE,-(R;r)), (3.59)
i=1
with E1(R;r),E2(R;7),E3(R;r),E4(R; r) given by
1 1
Ex(Rsr) = ((gTi) — 5w TR) — 5 u(HETImG )
h(z)*
ExRir) = [ (e = 25+ (k(p.2) — (0,2) ) 2. 2)d2 2);
r<[z|<R 2
h(2)* 1
Es(Rr) = / ((2) = 225 ) (1092, 2) ~TH(z,2)) g 2);
r<|z|[<R 2
1
E4y(Rir) = ZH[hfqu]H%{s-
The proof of factorization (3.59) is the same as that of the factorization in Proposition 3.6. 0

Proof of item (iv) of Proposition 1.1. The continuity of the mapping p — I[*Fllpqu1 [W},q] is immediate from the factor-

ization in Proposition 3.19 and the fact that r = r;, ; depends continuously on p,q. Fix any q° = (q(l), e ,qg) of
distinct points of C. By the chain property of the Radon-Nikodym derivative, we have
dP} dP} dP} =
) =R ()
I dPp dPp;

In other words, we have
Wpol2) Wy q0(2) .]E[p)lqlo [Wo.e0l

Epo (ol BBy gl Top(Z)

Py pvqo] q,9°
Consequently, the continuity obtained in item (iii) of Proposition 1.1, together with the continuity of the mapping

p— Eps [¥;,q] implies the desired continuity of the mapping (p,q) — Epa [WPp,q]- Item (iv) of Proposition 1.1 is
proved completely. 0
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