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Kernels of conditional determinantal measures

Alexander I. Bufetov, Yanqgi Qiu and Alexander Shamov

Abstract

For determinantal point processes governed by self-adjoint kernels, we prove in Theorem 1.2 that conditioning
on the configuration in a subset preserves the determinantal property. In Theorem 1.3 we show the tail sigma-
algebra for our determinantal point processes is trivial, proving a conjecture by Lyons. If our self-adjoint kernel is
a projection, then, establishing a conjecture by Lyons and Peres, we show in Theorem 1.5 that reproducing kernels
corresponding to particles of almost every configuration generate the range of the projection. Our argument is
based on a new local property for conditional kernels of determinantal point processes stated in Lemma 1.7.
Keywords: Determinantal point processes, conditional measures, tail triviality, Palm measures, measure-valued
martingales, operator-valued martingales.

1 Introduction

1.1 Outline of the main results

Let E be a locally compact 6-compact Polish space, let Conf(E) be the space of configurations on E. A point
process on E is a Borel probability measure on Conf(E). For such a measure P and any Borel subset C C E, the
measure P(-|X;C) on Conf(E \ C) is defined as the conditional measure of IP with respect to the condition that the
restriction of our random configuration onto C coincides with X NC (see §2 below for the detailed definition).

Let u be a sigma-finite Radon measure on E, let K be the kernel of a locally trace class positive contraction
acting in the complex Hilbert space L?(E, 1), and let Pg be the corresponding determinantal measure on Conf(E).
Theorem 1.2 establishes that the conditional measures Pk (-|X;C) are themselves determinantal and governed by
self-adjoint kernels. For precompact B, the determinantal property for Px (-|X; B) follows from the characterization
of Palm measures for determinantal processes due to Shirai-Takahashi [27] and the characterization of induced
determinantal processes [3], [6]. For X € Conf(E), in Definition 1.1 below we introduce a specific self-adjoint
kernel KX:B] governing the measure Px (-|X:B).

In order to prove that conditioning preserves the determinantal property, we shall prove that, along an increasing
or a decreasing sequence of precompact subsets B, the kernels K X-B] form a martingale. The martingale property
for spanning trees is due to Benjamini, Lyons, Peres and Schramm [1] and for processes on general discrete phase
spaces to Lyons [16]. It seems to be essential for the argument of Benjamini, Lyons, Peres and Schramm [1], Lyons
[16] that the phase space be discrete; we do not see how to extend their argument to continuous phase spaces.

Instead, our proof relies on a new local property for the kernels K X.B] which we now informally explain. If
B C C C E, then conditioning on the restriction of the configuration onto B commutes with the natural projection
map X — X NC from Conf(E) to Conf(C). This commutativity manifests itself on the level of the kernels chosen
in Definition 1.1 below: we have ycKX B:Bly. = (ycKyc)X"CBl. Our local property claims that instead of ¢ one
can take an (almost) arbitrary projection Q, and the relation still holds. More precisely, let Q : L*(E, u) — L*(E, u)
be an orthogonal projection such that Ran(Q) C L*(E \ B, i) and that QKQ is locally trace-class. In Lemma 1.7
below we shall see that

X, B]
((0+x)K(©Q+18) " = (0+xw)K™#(0+ 1) = OK™I0 (1.1)

(the second equality in (1.1) is clear since ypK Ix,B] — glX.Bl x5 =0).



Applying (1.1) to a one-dimensional projection operator Q, we obtain that, for an arbitrary ¢ € Ly(E \ B, ),
the quantity (K X ’B](p, @) is a martingale indexed by B, cf. (4.3) below. Using the Radon-Nikodym property for
the space of trace-class operators, we obtain an operator-valued martingale that converges, along an increasing
sequence of bounded subsets of E, almost surely in the space of locally trace-class operators. As an immediate
consequence, we prove that for determinantal point processes governed by self-adjoint kernels, conditioning on the
configuration in any Borel subset preserves the determinantal property, see Theorem 1.2.

Theorem 1.3 establishes the triviality of the tail sigma-algebra for determinantal point processes governed by
self-adjoint kernels. Lyons proved tail-triviality in the discrete setting in [16], extending the argument of Benjamini-
Lyons-Peres-Schramm [1] for spanning trees and conjectured that tail triviality holds in full generality [17, Con-
jecture 3.2]. The argument of Benjamini-Lyons-Peres-Schramm [1] and of Lyons [16] relies on an estimate for
the decay of the variance of the conditional kernel; using the local property of Lemma 1.7, we establish a similar
variance estimate in full generality, see Lemma 6.3, and obtain the desired triviality of the tail sigma-algebra. The
local property of conditional kernels thus allows us to carry out the proof of tail triviality in a unified way for both
the continuous and the discrete setting.

The triviality of the tail sigma-algebra for general determinantal point processes with self-adjoint kernels is the
main result of the independent and simultaneous work by Osada and Osada [20]. The argument of Osada-Osada
[20] is completely different from ours: Osada-Osada [20] construct a special family of discrete approximations of
continuous determinantal point processes and derive the triviality of the tail sigma-algebra in the continuous setting
from the theorem of Lyons by approximation.

Theorem 1.5 establishes a conjecture by Lyons and Peres. Let K be a locally trace-class orthogonal projection
onto a closed subspace H of L?>(E, ut); in other words, let H C L?(E, i) be a reproducing kernel Hilbert space, and
let K be the reproducing kernel for H. For x € E, introduce a function K, € L*>(E, ) by the formula

K.(t):=K(t,x),t €E. (1.2)
The Lyons-Peres Conjecture ( [17, Conjecture 4.6]). For Px-almost every X € Conf(E), we have
spaan(E’“){Kx;x €X}=H.

Lyons [16, Theorem 7.11] proved the Conjecture in the discrete setting. In the continuous setting, Ghosh [11]
established the Conjecture under the important additional assumption that the determinantal point process Px has
the Ghosh-Peres number rigidity property, which states that for a bounded Borel subset B C E, the number of
particles #g of a configuration inside B is almost surely determined by the restricition of this configuration on E \ B.
While many determinantal point processes are indeed rigid in the sense of Ghosh and Peres (cf. e.g. [11], [12], [4],
[7], [8]), a natural example without number rigidity is the zero set of the Gaussian analytic function on the unit disk
D. By the Peres—Virdg Theorem [21], our zero set is the the determinantal point process induced by the Bergman
kernel

B 1
K]D) (Z, W) = m
corresponding to the orthogonal projection onto the Bergman space of analytic square-integrable functions on D.
By a theorem of Holroyd and Soo [14], the process governed by Kp has the property of insertion and deletion
tolerance, the opposite of number rigidity; in the setting of generalized Bergman spaces, insertion and deletion
tolerance is established in [8].

1.2 Statement of the main results

Let E be a locally compact o-compact Polish space, equipped with a metric such that any bounded set is relatively
compact, and endowed with a positive o-finite Radon measure p. Let Conf(E) be the space of locally finite
configurations on E. Let K be a bounded self-adjoint locally trace class operator K : L*(E, ) — L*(E, i) such
that the spectrum spec(K) C [0, 1]. A theorem obtained by Macchi [18] and Soshnikov [30], as well as Shirai and



Takahashi [26], gives a unique point process on E, denoted by Pk, such that for any compactly supported bounded
measurable function g : E — C, we have

B | [ (1-+0x)] = det (1+sen(e)lgl' > - lg]'")

xeX

g
, sgn(g) = 1.

() gl

Here det(1 + ) denotes the Fredholm determinant of the operator 1+ S, see, e.g., Simon [29].

The locally trace class self-adjoint operator K is an integral operator. Following Soshnikov [30], we fix a Borel
subset Ey C E with u(E \ Eyp) = 0 and fix a Borel function K : Ey x Ey — C, our kernel, in such a way that for any
k € N and any bounded Borel subset B C E, we have

(2K 25)") = /BkK(Xh)Cz)K(Xza%)'"K(Xk,X1)du(X1)'"du(Xk)' (1.3)
Definition 1.1. For any bounded Borel subset B C E, we define canonical conditional kernels K-8 with respect

to the conditioning on the configuration in B as follows:

e For p € E, define a kernel K?, for (x,y) € Ey x Ey, by the formula

K(x,p)K(p,y)

K ==K op)

ifK(p,p) >0
ifK(p,p)=0

K?(x,y) =

e For an n-tuple (p1,---,pn) € E, define a kernel KP\»"Pr = (... (KP1)P2...)Pn qs follows (cf. Shirai-
Takahashi [27, Corollary 6.6]). Given x,y € Ey, write po = x,q0 =Y, q; = pi for 1 <i <n, and set

det[K(pi,gi)]o<i,j<n

if det[K(pi, pj)]i<ij<n >0

KPvPn(xy) i=q det[K(pi, pj)]i<ij<n (1.4)
0 if det[K (pi, pj)|1<ij<n =0
e For a bounded Borel subset B C E and X € Conf(E) such that X N\B = {py,...,p;} C Ey, define
KX.Bl _ Xe\sKPV P (1= xpKPoP) " yp g if 1 — xpKP!oP! is invertible (15)
0 if 1 — xpKPV Pl is not invertible '

We will see later, from the inequalities (3.5) and (3.6), that if 1 — ygpKP"»P! is invertible, then the operator
xpKP P! is strictly contractive. Therefore, the series

(=

n=0

converges in the operator norm topology. In particular, for (x,y) € Ey x Ep, we will use the formula

KPP, y) =\ s () e\ () K77 (%, )

+ 200002000 (X (oK) (g KP(3)), K71 ) o

n=1 LZ(Enu)

as our specific Borel realization of the kernel for the operator K X.B],

Remark. We will see in Proposition 2.5 below that KX-8) is the correlation kernel for the conditional measure of

Pk, the condition being that the configuration on B coincides with X N B. In particular, for Px-almost every X, we
have X NB ={pi1,---,p1} C Ey and 1 — ygKP'P! is invertible. The second case KX:Bl = 0 has probability zero.
Note that the range of K¥8! is contained in L*(E \ B, 1) and we have

KXB = XE\BK[X’B]XE\R



For any Borel subset W C E, not necessarily bounded, consider the Borel surjection 7y : Conf(E) — Conf(W)
given by X — X NW. Fibres of this mapping can be identified with Conf(E \ W). For a Borel probability measure
[P on Conf(E), the measure P(-|X; W) on Conf(E \ W) is defined as the conditional measure of P with respect to
the condition that the restriction of our random configuration onto W coincides with mmy (X). More formally, the
measures P(-|X; W) are conditional measures, in the sense of Rohlin [25], of our initial measure P on fibres of the
measurable partition induced by the surjection 7y .

Denote by . (L*(E, 1t)) the space of trace class operators on L?(E, 1) and by 4 j,.(L*(E, 1)) the space of
bounded and locally trace class operators on L*(E, ). The space £ joc(L*(E, 1)) is equipped with the topology
induced by the semi-norms T +— || xsT x||1, where || - ||; is the trace class norm, B ranges over bounded Borel
subsets of E.

For any Borel subset W C E, we denote by F(W) := o(#4 : A C W) the o-algebra on Conf(E) generated by
the mappings #4 : Conf(E) — R defined by #4(X) := #(X NA), where A ranges over all bounded Borel subsets of
W. We are now ready to formulate our main results.

Theorem 1.2. Let W C E be a Borel subset, let By C --- C B, C --- C W be an increasing exhausting sequence
of bounded Borel subsets of W. For Pg-almost every X € Conf(E) there exists a positive self-adjoint contraction
KXY € L 10e(L2(E\W, 1)) such that

X,B,] n—oo KXW
W B W)

xe\wkK
and
Px(-|X,W) = Prixw).

Remark. For fixed W, the kernel-valued function X — K XYW almost surely does not depend on the choice of the
approximating sequence By C --- C B, C--- CW.

Theorem 1.3. Let By C --- C B, C --- C E be an increasing exhausting sequence of bounded Borel subsets of E.
The o-algebra (,eny F(E \ By) is trivial with respect to Pk.

Corollary 1.4. The point process Pk has trivial tail 6-algebra.

Assume additionally that K is an orthogonal projection onto a closed subspace H C L?>(E, i) and consider the
functions K, defined in (1.2) .

Theorem 1.5. Let K be a locally trace-class orthogonal projection onto a subspace H of L*(E, ). For Pg-almost
every X € Conf(E), the functions K, defined by (1.2) satisfy

spaan(E’“){Kx;x €EX}=H.

If we fix a realization for each 4 € H in such a way that the equation A(x) = (h, K) holds for every x € Ey and
every h € H, then Theorem 1.5 can equivalently be reformulated as follows:

Corollary 1.6. For Px-almost every X € Conf(E), if h € H satisfies h|x = 0, then h = 0.

1.2.1 The local property and the martingale lemma
At the centre of our argument lies

Lemma 1.7 (First local property of conditional kernels). Let B C E be a bounded Borel subset and let Q be an
orthogonal projection, acting in L*(E, 1), such that Ran(Q) C L*>(E \ B, ) and the operator QK Q is locally trace
class. For Pg-almost every X € Conf(E), we have

X, B]
((Q+XB)K(Q+)¢B)) o (0+ x8) KX Bl(Q + x5) = OKX Bl (1.7)
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Remark. The formula (1.7) is a strengthening, on the level of kernels, of the general property of point processes
that conditioning on the restriction to a subset commutes with the forgetting projection onto a larger subset; see
Proposition 2.4 below. The local property can be interpreted in terms of Neretin’s formalism in [19]: a determinan-
tal measure is viewed as a “determinantal state” on a specially constructed algebra, and in order that conditional
states themselves be determinantal the local property must take place. The local property can thus be seen as the
noncommutative analogue of the fact that the operation of conditioning commutes with the operation of restriction
of a configuration onto a subset.

Let A, B be two disjoint bounded Borel subsets of E. It is a general property of point processes that conditioning
first on A and then on B amounts to a single conditioning on A U B. A manifestation of this general property on the
level of kernels is

Lemma 1.8 (Second local property of conditional kernels). Let A, B be two disjoint bounded Borel subsets of E.
For Pg-almost every X € Conf(E), we have

(K[X,A])[XJ?] _ (K[X.,B])[X,A] :K[X,AUB].

Using the local properties, we establish the following key martingale property of the kernels K X5,
Lemma 1.9. Let W C E be a Borel subset, let Bl C --- C B, C --- CW be an increasing exhausting sequence of
bounded Borel subsets of W. The sequence of random variables

(XE\WK [X’B"]XE\W)

neN
is an (F(B,) )nen-adapted operator-valued martingale defined on the probability space (Conf(E),F(E),Pk).

X,B] _ gIXnB,B] (X, B

By definition, we have K . Hence the mapping X — K is an JF(B)-measurable operator-
valued random variable defined on the probability space (Conf(E),F(E),Pgx). Lemma 1.9 is equivalent to the
claim that, for any ¢ € L?>(E \ W, 1), the sequence (<)(E\WK[X*B"})(E\W(p, (,0>)nGN is an (F(B,))nen-adapted real-
valued martingale defined on the probability space (Conf(E),F(E),Pg). This notion of being a martingale is
equivalent to the general notion of Frechet space valued martingales, cf. Pisier [24].

Remark. The proof of Lemma 1.9 below in fact yields a stronger statement: the sequence of exterior power
operators

((XE\WK Bl ) Am)

is an (F(By))nen-adapted operator-valued martingale, defined on the probability space (Conf(E),F(E),Px) and
almost surely convergent to ( xe\wkK X, W] XE\W) hm

neN

2 Conditional processes and martingales

2.1 Martingales and the Radon-Nikodym property
2.1.1 Vector-valued and measure-valued martingales

Let (Q,.#,(%,);_,,P) be a filtered probability space. Let B be a Banach space. A map F : Q — ‘B is called
Bochner measurable, if there exists a sequence F;, of measurable, in the usual sense, step functions such that
F,(®w) — F(w) almost everywhere. For any 1 < p < e, we denote by L”(Q,.7,P;B) the set of all Bochner
measurable functions F : Q — B, such that [, [|F(0)||%P(dw) < ee. The space L7 (Q,.7 ,P;B) is a Banach space
with the norm

IFlzr s := (/Q ||F((D)H%P(da)))1/1’_



The algebraic tensor product L?(Q,.% ,P) @B is dense in L?(Q,.% ,P;*B). The operator
E[-|Z)|®@1dy : LP(Q, 7 ,P) @B — [P (Q, 7 ,P)2B

extends uniquely to a bounded linear operator on L?(Q,.% P;B), for which we keep the name “conditional ex-
pectation” and the notation, thus obtaining the operator E[-|.%,] : L (Q,.# ,P;B) — L (Q,.# ,P;B). A sequence
(Ry);y in LP(Q,.7 ,P;*B) is called an (.%,);"_,-adapted martingale if R, = E[R,+|.%,] for any n € N.

Assume now that ®8B is a separable space. Then there exists a countable subset D of the unit ball of the dual
space B such that for any x € B, we have ||x|| = supsp, |§ (x)|. We will need the Pettis measurability theorem for
separable Banach spaces.

Proposition 2.1 ([22, p. 278]). A function F : Q — B is Bochner measurable with respect to ¥ if and only if
for any & € D, the scalar function @ — &(F(®)) is .7 -measurable. A sequence (R,)5_, in LP(Q, % ,P;B) is
an (F,)_ -adapted martingale if and only if for any § € D, the sequence (E(R,))s_, is an (F,):_-adapted
martingale.

In this paper, we apply Proposition 2.1 in the particular case when B = .2 (L*(E,u)) and D is the set of
contractive finite rank operators on L?(E, i1). Martingales in % j,(L*(E, it)) are reduced to the previous case by
restricting onto L?(B, 1) with B a bounded Borel subset of E.

Let (T,.<7) be topological space equipped with the o-algebra of Borel subsets of 7. We denote by B3(7,.<7) the
set of probability measures on (7,.<7). A map M : Q — B(T, .o/ ) is called a random probability measure if for any
A € o/, the map @ — M(w,A) := M(w)(A) is measurable. A sequence of random probability measures (M,);_,
is called an (.%#,);_,-adapted measure-valued martingale on (T,.<7) if for any A € o7, the sequence (M,(+,A)),en
is a usual (.%,);;_,-adapted martingale.

2.1.2 The Radon-Nikodym property

In proving convergence of conditional kernels, we will use the Radon-Nikodym property for the space of trace class
operators. Here we briefly recall the Radon-Nikodym property for Banach spaces; see Dunford-Pettis [10], Phillips
[23] and Chapter 2 in Pisier’s recent monograph [24] for a more detailed exposition.

Let 9B be a Banach space. Let (Q,.%) be a measurable space. Any c-additive map m : F — B is called a
(®B-valued) vector measure. A vector measure m is said to have finite total variation if

n n

sup { Y. [Im(A)||s]| Q= |_|A,~ is a measurable partition of Q} < oo,
i=1 i=1

Given a probability measure P on (Q,.%), we say that the vector measure m is absolutely continuous with respect

to P if there exists a non-negative function w € L!(Q,.#,P) such that

|m(A)]|s < /de forany A € .#.
A

Definition 2.2. A Banach space *B is said to have the Radon-Nikodym property if for any probability space
(Q,.7,P) and any B-valued measure m on (Q,.F ), with m having finite total variation and being absolutely
continuous with respect to P, there exists a Bochner integrable function F,, € L'(Q,.% P;B) such that

m(A) = /AFmdP forany A e F.

By Theorem 2.5 in Pisier [24], the Radon-Nikodym property is equivalent to either of the two requirements

1. Every B-valued martingale bounded in L' (8) converges almost surely;

2. Every uniformly integrable B-valued martingale bounded in L' (8) converges almost surely and in L' (8).

Corollary 2.11 in Pisier [24] states that if ®B is separable and is a dual space of another Banach space, then B
has the Radon-Nikodym property. The separable space .7 (L*(E, ut)) of trace class operators on L?(E, i) is the
dual space of the space of compact operators on L>(E, 1), and we have

Proposition 2.3. The space £y (L*(E, 1)) has the Radon-Nikodym property.



2.2 Conditional measures of point processes

Let E be a locally compact -compact Polish space, endowed with a positive o-finite Radon measure y. We assume
that the metric on E is such that any bounded set is relatively compact, see Hocking and Young [13, Theorem 2-61].
A configuration X = {x;} on E is by definition a locally finite countable subset of E, possibly with multiplicities.
A configuration is called simple if all points in it have multiplicity one. Let Conf(E) denote the set of all configu-
rations on E. The mapping X — Nx :=Y; d,, embeds Conf(E) into the space of Radon measures on E. Under the
vague topology, Conf(E) is a Polish space, see, e.g., Daley and Vere-Jones [9, Theorem 9.1. IV]. By definition, a
point process on E is a Borel probability measure P on Conf(E). We call P simple if P({X : X is simple}) = 1.

For a Borel subset W C E, let F(W) be the o-algebra on Conf(E) generated by all mappings X +— #5(X) :=
#(X NB), where B C W are bounded Borel subsets; the algebra F(W) coincides with the Borel c-algebra.

Take a Borel subset W C E. A Borel probability measure P on Conf(E) can be viewed as a measure on
Conf(W) x Conf(W¢); we shall sometimes write P = Py w« to stress dependence on W.

Denote by (7w ). (IP) the image measure of P under the surjective mapping 7y : Conf(E) — Conf(W) defined
by mw (X) =X NW. By disintegrating the probability measure Py -, for (7w ). (PP)-almost every configuration X €
Conf(W), there exists a probability measure, denoted by P(-|Xy, W), supported on {Xp} x Conf(W¢) C Conf(E),
such that

Py = /C i EC0.W) (). (P) (0X0).

The measure P(-|Xo, W) is referred to as the conditional measure on Conf(W¢) or conditional point process on W¢
of P, the condition being that the configuration on W coincides with Xy. In what follows, we denote also

P(-|X,W):=P(-|XNW,W), for P-almost every X € Conf(E).
Moreover, for a random variable f € L!(Conf(E),P), we will denote by
Ep(fIX,W) :=Ep[f|F(W)](X "W).

Proposition 2.4. Let Wi, W, be two disjoint Borel subsets of E. For P-almost every X € Conf(E), we have

(nWIUW2)*[]P>}("X7W1) = (nW1UW2)*[P("X7W1>]' 2.1
Proof. First we have
P= P(~|X,W1)P(dX) and (ﬂ"WlUWz)*[]P)} :/ . (ﬂ"WlUWZ)*[P<"X7W1)]P(dx)'
Conf(E) Conf(E)

Since P(-|X, W) is supported on the subset {Y € Conf(E) : Y "W, = X NW;}, and (7tw,uw, )« [P(-|X, W1)] is sup-
ported on {Z € Conf(CUB) : ZN B = X N B}, by the uniqueness of conditional measures, we get (2.1). O

Since P(-|X,W) is by definition supported on {X "W} x Conf(W¢), we consider P(-|X,W) as a measure on
Conf(W¢). Further identifying Conf(W¢) with the subset Conf(E,W¢) := {X € Conf(E) : XNW =0} C Conf(E),
when it is necessary, we may also view P(-|X,W) as a measure on Conf(E) supported on the subset Conf(E,W¢).

2.3 Palm measures

The n-th correlation measure p, p of a point process IP on E, if it exists, is the unique o-finite Borel measure on E”
satisfying

_ I #(XNA)!
) Aklx._'XAk'/:/ ~—dP(X),
Pnp(A] i) Conf(E) =1 (#(X NA;) —k;)! W

for all bounded disjoint Borel subsets Ay, --- ,A; C E and positive integers ki, --- ,k; with ky +---+k; = n. Here if
#(X ﬂA,‘) < k;, we set #(X OA,)'/(#(X ﬂAl’) — k,)' =0.



For example, the n-th correlation measure of a determinantal process Pg is given by
Py (dxy -~y ) = det(K (x1,x))) 1< j<n - 1" (dxy -+ ),

where K(x,y) is the integral kernel of the operator K satisfying (1.3).
Assume that [P is a simple point process on E such that p,p exists for any n € N. The reduced n-th order
Campbell measure ¢  of P is a o-finite measure on E" x Conf(E) satisfying

Lo FeX)@p(ocdt) = [ [P {n,e o) [ B@X).
E"xConf(E) ’ Conf(E) L cxn

for any Borel function F : E" x Conf(E) — R*. Here ¥* is the summation over all ordered n-tuples (xi,--- ,x,)
with distinct coordinates xi, - - - ,x, € X. Disintegrating %n' p(dx x dX), we obtain

/ FX)6p(@rxdX) = [ pup(@d) [ FlxX)P(X), 2.2)
E"xConf(E) En Conf(E)

where the probability measures P* are defined for p, p-almost every x € E" and are called reduced Palm measures
of IP. In what follows, by Palm measures we always mean reduced Palm measures. Since P*!""*» is invariant under
permutation of the coordinates in (x,- - ,x,), we may write

PX =P i X = {xy, X )

2.4 Determinantal point processes, conditioning on bounded subsets

Let W C E be a Borel subset. Recall that, by definition, the push-forward (7 ).(Px) is a determinantal point
process on W, induced by a correlation kernel yw K }w. We next recall, for determinantal point processes, the form
of conditional measures with respect to restricting the configuration on a bounded subset . For a point process P on
E, set

HJ)[COnf(W) .
P Cont(w) = IP’(Cor(l)f(W))’ iﬁ E?TEX;FS . (2.3)
5 1 on =

Let B C E be a bounded Borel subset. If Pg(Conf(B“)) > 0, then, by [6, Proposition 2.1], Pk [cong(pe) is a determi-

nantal point process on B¢ induced by the correlation kernel ypcK (1 — x3K) ! xpc; in the discrete setting, cf. also
Borodin and Rains [2], Lyons [16]. Next, By a Theorem of Shirai and Takahashi [27, Theorem 1.7], for Pg-almost
every X € Conf(E), the Palm measure PX"? is a determinantal point process on E, induced by the correlation kernel

KXW = kPt i XOB={p1,-, pals
Summing up, we obtain

Proposition 2.5. Pk (-|X,B) is a determinantal point process on B¢ for Px-almost every X € Conf(E), induced by
a correlation kernel KX-Bl defined in (1.5).

Proof. Indeed, by Proposition 8.1 in the Appendix below, for Px-almost every X € Conf(E), we have
Pk (:|X,B) = PX"® [ cont(e) = Pxix.al-
O

If K is the orthogonal projection onto a closed subspace H C L?>(E, 1), then the kernel K”1=~"*P» corresponds to
the orthogonal projection from L?(E, 1) onto the subspace H(p1, -+ ,p,) :={h € H : h(p1) = --- = h(p,) = 0},
and, for a bounded Borel subset B C E, the operator K-8 is the orthogonal projection onto the closure of the
subspace
xe\sH(XNB) = {xp\gh:h € HXNB)}.



3 The local property: proof of Lemmata 1.7, 1.8.

3.1 Proof of Lemma 1.7.

Let B C E be a bounded Borel subset and let Q : L?>(E, ) — L*(E, 1) be an orthogonal projection whose range
satisfies Ran(Q) C L*(E \ B, i) and such that QK Q is locally trace-class. Introduce a positive contractive locally
trace-class operator R by the formula

R=R(K,B,Q) := (Q+ x5)K(Q+ X5). 3.1)

Recall that from the introduction, we fixed a Borel subset Ey C E, such that y(E \ Ep) = 0 and the kernel K (x,y)
is well-defined on E( x Ej. Recall also the notation introduced in Definition 1.1.

Lemma 3.1. Let R be the operator introduced in (3.1). For any p € BNEy, we have R’ = (Q + x5)K?(Q + xB)-
More generally, for (p1,---,pn) € (BNEy)", we have

RP1 P — (Q+XB)Kpl’m’p" (Q+%B)-

In particular,
R = (0 + xp)K*"B(Q+ xp), for Px-almost every X € Conf(E).

Proof. Take an orthonormal basis @; of the range Ran(Q) C L*(E \ B, ut) of Q and write

0=Y ¢

ieN

We may assume that the values @;(x) are well-defined for any index i € N and any x € Ey. Observe that for any
p € BNEy, we have

R(-,p): (Q"’XB)[K(ap)] (3.2)

Indeed, write

R=(Y. 0;20)K(Y, 0;00)+ () 0 @®)Kxs+x8K() ¢; @9;)+ x8K x5,
ieN jeN ieN jeN

since p € BN Ey, we get for any x € Ey:

R(x,p) =Y ¢ilx /<pz p(dy) + xs(x)K (x, p)
ieN
- ZN(Pt (Pt>+XB( ) ( ,P),

which is equivalent to (3.2). Since R(p, p) = K(p,p), we have

RP=R——~— "~ = K —
K(- K
— @+ 1) [k~ KUREILL 0 ) — (04 0)K? 0+ 1)
The formula for RP!P» follows immediately by induction on n. O

Recall that, by our discussion in §2.4, the kernel xz\pK (1— xpK)~! XE\p 18 a correlation kernel for the deter-
minantal point process P [cong(pe)» provided that Pk (Conf(B¢)) > 0.



Lemma 3.2. Let B be a bounded Borel subset of E such that Pk (#g = 0) > 0. Let R be the operator introduced in
(3.1). Then

xe\sR(1—x8R) ' xp\8 = Q (xp\sK (1 — XBK)71XE\B) 0. (3.3)
Proof. The gap probability Pk (#5 = 0) is given by
Py (#5 = 0) = Px({X : XN B =0}) = det(1 — xsKxz) > 0. (3.4)

It follows that 1 — ypKxp is invertible and hence 1 is not an eigenvalue of ypKyp. But since ypKxp is a priori
a positive contraction and ypK yp is compact, its norm coincides with its maximal eigenvalue. Hence ypKxp is
strictly contractive. But we also have

lxsK xsll = 1| (xsK"?) (2K ") || = | asK /2> < 1. (3.5)
Hence
lxsK| < |lxsK" 21K < 1. (3.6)

Therefore, both xzK and xR = xsK(Q + xp) are strictly contractive. In particular, the operators on both the left
hand side and the right hand side of (3.3) are well-defined.
Since O commutes with ¥\ g, we have

xe\8RXe\B = OXe\sKXe\3Q and Xp\pRXs = OXp\BKXB-
Since ypRxp = xpK)p, for n > 1, we have
Xe\eR(XBR)" Xe\8 = X\BR(XBR) - - (XBR) XE\B = XE\BR%B(XBRXB)WIXBRXE\B =
= QXE\BKXB(XBK%B)'FI%BKXE\BQ = Qxe\sK(x8K)" x£\8Q- (3.7)

Now since xpR and ypK are both strictly contractive, we finally write

2e\aR(1 — XBR)_IXE\B = Z 2e\sR(XBR)" Xe\B =
n=0

=Y 0xp\sK(x8K)" x50 = Oxp\sK (1 — x5K) ' xp\50. (3.8)

n=0
0
Conclusion of the proof of Lemma 1.7. By Proposition 8.1 and Proposition 2.5,
Pk (-|X,B) = (Pk)X"B[ conf(ge) = Pgxrs [cons(pe),  for P-almost every X € Conf(E).
By definition (2.3) of the normalized restriction measure m, we must have
Pyxrs (#p = 0) = Pgxrs(Conf(B)) >0, for Pg-almost every X € Conf(E). 3.9
Lemma 3.2 applied to the operators KX"# and R*"8 and Lemma 3.1 now imply Lemma 1.7. O
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3.2 Proof of Lemma 1.8

Choose an arbitrary unit vector ¢ € L>(E\ (AUB), i), let Q be the orthogonal projection from L?(E, i) onto the
one dimensional subspace spanned by ¢. Define

R=Ry:=(xa+x8+Q)K(xa+x8+0).
Arguing as in the proof of Lemma 1.7, we obtain the Px-almost sure equalities
RY¥Al = (x5 + QKX A (g5 + Q) RXAB = ggXABlg, (RXANKE = g(gANKElg - (3.10)
We also have the following description of conditional measures:
Pr(-|X,A) = Pg.a) and Pr(-|X,AUB) = Pgx.aus, for Pr-almost every X € Conf(E).
The above first equality implies that
[Pr(-|X,A)] (-|1X,B) = Pgyea (-|X,B) = P(gix.ayxs, for Pr-almost every X € Conf(E).
Now we may apply the measure-theoretic identity
[Pr(-|X,A)](:|X,B) =Pg(-|X,AUB), for Pg-almost every X € Conf(E)
and obtain
P pix.aup = P(R[X.A])[x.s], for Pg-almost every X € Conf(E). 3.11)

It follows that for Pg-almost every X € Conf(E), we have

Ep, [#(X N (E\ (AUB))|X,AUB| =tr (XE\(AUB)R[X’AUB]XE\(AUB)) =tr <XE\(AUB) (R[X’A])[X’B}XE\(AUBO :

Combining with (3.10), we obtain the Pg-almost sure equality

tr (XE\(AUB) QKX-ALB] QXE\(AuB)) =tr (XE\(AUB)Q(K A5 Q%E\(AUB)) -
That is,
(KXABl g @) = (KXAN)X-Blg @), for Pg-almost every X € Conf(E).

Since ¢ is arbitrary and since L?(E \ (AUB), u) is separable and both KX-4YBl and (KX-A)X-B] are supported on
L*>(E\ (AUB),u), we obtain

KXAVUB] — (kIXANXB] - for Pp-almost every X € Conf(E). (3.12)

Observe that the equality yausRxaus = XausK xaup implies the equality (maug).(Pr) = (aus)«(Px). Combining
with (3.12) and the fact that KX:AY8] and (KX:A))X:B] are (A U B)-measurable, we get the desired equality

KXAUB] — (kXCANXGB] - for Pi-almost every X € Conf(E).
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4 The martingale property: proof of Lemma 1.9.

Proposition 4.1. For any bounded Borel subset B C E, we have

Ep, (KX8l) = / KX Blpy (dx) = Xe\BKXE\B- 4.1)
JConf(E)

Remark. Extending the argument of Benjamini, Lyons, Peres and Schramm [1] for the case of spanning trees,

Lyons [16, Lemma 7.17] proved (4.1) when E is discrete and K is an orthogonal projection on ¢*(E). Our proof,

based on the local property, is quite different and works both in the continuous and the discrete setting.

Proof of Lemma 1.9 assuming Proposition 4.1. Applying Proposition 4.1 to the kernel KX:5: and the bounded
Borel subset By, \ B, C E \ B, we obtain

EPK[X-,BM [(K[X’B"])[KB"“\B"}} = XE\BMK[X’B"]%E\BM’ for Px-almost every X.

The equality Py 5, = Pk (:|X,B,) now yields

B g5 | (KO X801\ B | — R [ (0B B

F (Bn)} , for Pg-almost every X.
Combining with Lemma 1.8, we get

E]P |:K[X73n+l}

?(Bn)} = XE\B,,HK[X’B”]ZE\BM , for Pg-almost every X.

K

By linearity of the composition on the left and on the right with the operator of multiplication by xp\w and the

elementary equalities Xg\w - Xg\s,., = Xg\w» We get the desired martingale property:

E [XE\WK[X7Bn+1]XE\W ‘?(Bn)} = XE\WK[X"B"]XE\W, for IP’K—almost every X.
O

Proof of Proposition 4.1. Let ¢ € L*(E\ B, 1) be such that || ¢||» = 1. We use (3.1) for Q = ¢ ® @, the orthogonal
projection onto the one-dimensional space spanned by ¢, and thus set

R=(¢®0+xp)K(¢R9+xp).

We have the clear identity
(78)+«(Pr) = Prarrs = Prakzs = (78)«(Pk). 4.2)

By Lemma 1.7, for Pg-almost every X € Conf(E), we have
RXH = ok *Flo = (92 9)k* Pl (92 9).

Since clearly KIX-8 = KIXNB.B] and RIX:Bl = RIXMB.B] the above equality holds for Pg-almost every X € Conf(E).
Now recall that Pg(-|X,B) = Pgix.5, for Pg-almost every X € Conf(E). Hence

Ep, [#E\B’X,B] = EPR[X,B] [#E\B] = tr(xE\BR[X’B]xE\B) = (K[X’B](p, @), for Pg-almost every X € Conf(E).
Consequently,
Ep, [#p\8) = tr(Xe\sRXE\8) = 1(QKQ) = (K@, 0).
On the other hand,

E]P’R [#E\B] = E]P’R (EPR [#E\B|XaB]) = EPR (<K[X7B](p7 (P>) 5
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whence

Er, (K™ 0, 0)) = (K0.9).

The relation KX-8 = KXNB.B] anq the identity (4.2) together give

Er, (K0, 0)) = Er, (KX, 0)) = Ez, (KKP2p, 9) ) = Er, (K lg, )

and

Ep, ((K[X’B]w,fm) = (K9, 9). (4.3)

Since @ is an arbitrarily chosen unit function in L>(E \ B) and since KX+l = Xe\8K [X,B] XE\B» We obtain (4.1). [

5 Proof of Theorem 1.2

Proposition 5.1. Let W C E be a Borel subset, and let Bl C By C ---B, C --- C W be an increasing exhausting
sequence of bounded Borel subsets of W. The sequence (}(E\WK (X, B] XE\W),, oy converges Pg-almost surely in the
space of locally trace class operators.

Proof. Since K is locally of trace class, there exists a positive function y : E\ W — (0, 1] such that 1//1/ 2K l,l/l/ Zis
of trace class and for any bounded subset B C E, we have

inf y(x) > 0. (5.1)
Then
Ere(L ¥(0) = [ WK(u(d) = ey 2Ky ) = My <.
xeX
Denote

G(X,n):= %E\WK[X’B”]%E\W-
Then for any n € N, we have

My =Ep (Y y(x)) = Es, [EPK( Y v) \s—f(Bn))} = B, [tr(y'2G(X,n) /)], (5.2)

xeX xeX
By the martingale property of the sequence (G(X,7)),en and the equality (5.2), the sequence (y'/2G(X,n)y'/?),cx
forms a bounded martingale in L' (Px, % (L*(E, u))). By Proposition 2.3, the Banach space .%; (L*>(E, ut)) has the

Radon-Nikodym property. Therefore there exists a measurable function F (X, o) with values in % (L*(E, 1)), such

that
1/2 0 LAE M),

Pg-a.s.

The assumption (5.1) implies that y~'/2F (X, 00)y~ /2 € A 1,.(L*(E, 1)) and we have

v'2G(X,n)y F(X ).

in fl Jdoc (Lz (E> :u'))
ey

xew KX P e w = G(X,n) v 2E(X o)y V2, (5.3)

Pg-a.s.

Proof of Theorem 1.2. By (8.6), for Px-almost every X € Conf(E), we have

n—oo

(mwe )« [Pk (+1X, Bn)] WPK('\X,W) (5.4)

By items (i) and (iv) of Proposition 2.5, for Px-almost every X € Conf(E), we have

(mwe)« [Pk (+[X,By)] =P (5.5)

XE\WK[X‘B”]XE\W :

Combining (5.3), (5.4) and (5.5) with the fact that the convergence of correlation kernels in .Z} ;4. (L*(E,u)) implies
the weak convergence of the corresponding determinantal measures, we complete the proof of Theorem 1.2. 0
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We conclude this section with a simple general proposition that allows us to construct bounded martingales

from the sequence (K [x ’B’J) neN®

Proposition 5.2. Let W C E be a Borel subset, and let By C By C ---B, C --- C W be an increasing exhausting
sequence of bounded Borel subsets of W. Fix any positive function y : E\W — (0, 1] such that v 2Kyl/2 is of
trace class and for any bounded subset B C E, we have inf,cp y(x) > 0. Then

(wl/ZK[X,B,,] Il,1/2)neN (5.6)

is an £ (L*(E \ W, ut))-valued martingale which is bounded in L*(Conf(E),P;. 21 (L>(E\W,1))). In particular,
the sequence converges in L' (Conf(E),P; £ (L*(E\ W, u))).

Proof. Tt suffices to show that the sequence (5.6) is bounded in L?(Conf(E),P; %, (L*(E\W, 1t))). Indeed, we have

HIIII/ZK[X By I/ZHX. :tr(wl/zK[&Bn] 1/2 = Ep, ZV’ )| X, By)

L2(E\W.u1) Z

By Proposition 8.4, we get the desired L?(Conf(E),P;.# (L*(E \ W, 1)) )-boundedness of the sequence (5.6). [

Remark. Let B(W) be the directed set of bounded measurable subsets of W, ordered by set-inclusion. Then the
set-indexed family ()(E\WK[X’B]XE\W)BE%(W) is a set-indexed martingale adapted to the filtration (F(B))pezw)-
By virtue of Proposition 5.2, for any positive function w : E\W — (0, 1] such that w'/?Ky'/?

for any bounded subset B C E, we have infycp Y(x) > 0, the set-indexed martingale
(wl/zK[Xﬁ] W1/2>

converges in L' (Conf(E),Px; £ (L*(E\ W, 10))).

is of trace class and

BeB(W)

6 Triviality of the tail o-algebra: proof of Theorem 1.3

We start by fixing a specific sequence D,, independent of W, which allows us then, for a given W, to choose the
approximating sequence W, in a specific way.

Definition 6.1. Fix any increasing exhausting sequence Dy C --- C D, C --- C E of bounded Borel subsets fo E.
For any Borel subset W C E, set
K[X~W] = llm XE\WKPLWQDH]XE\W .
n—soo

The convergence takes place in .2 j,.(L*(E, 1)) by Proposition 5.1.The kernel KX:W| is well-defined for Px-

almost every X. For fixed W, the limit almost surely is independent of the choice of the sequence (D).

Proposition 6.2. Fix a bounded Borel subset BC E andlet E\BD W, D --- DW, D --- be any decreasing sequence
of Borel subsets. Then (xsK X, W2l xB)n oy is an (F(W,,))nen-adapted reverse martingale defined on the probability
space (Conf(E),F(E),Pxk).

Proof. Tt suffices to prove that for any ¢ € L?>(B, i), the sequence (( KXWilg, ¢>) is an (F(W,)),en-adapted
reverse martingale defined on the probability space (Conf(E),F(E),Px). By deﬁnmon for any n € N, we have

(KXWilg ¢) = lim (KXWiDi gy 6)  Py-almost surely. 6.1)
—»00

Since all the operators K X:Wal are contractive, by the bounded convergence theorem, the convergence (6.1) takes

place in L' (Pg) as well. Fix an natural number n € N. For any € > 0, let k € N be large enough in such a way that

<eg;
L'(Px)

| (KX ¥lg.0) — (KXW, )

<K[X’W”“]¢7¢> - <K[X7wn+lka]¢7¢>HL1(PK) =& ©2
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For fixed n € N, the sequence N
(EJPK [(K[X’W”]‘P’ ¢) ‘?(Wnﬂ ﬂDk)D

k=1

is a martingale that converges in L'-norm to Ep, [(K X Walgy o) )3’ (W )] . We can therefore choose k large enough
in such a way that

B [0, 0)|FWoi1)] — B [ (K19, 0)|F (Wi DY) || .

Since W, 1 N Dy C W,, N Dy and Dy, is bounded, Lemma 1.9 implies

B, [(KX W29, 6)| F (W1 (DR)| = (KM, g).

whence

HEPK |:<K[X,Wn]¢’¢>‘:}'(Wn+l)} — <K[X,Wn+|}¢7¢>HL](PK)

<26+ B (K7 0.0) [FWa DY | — (KMo 0| <
K
<3e+ HEPK {(K[X’W"ﬁDk]d),m‘&"(WnH ka)] — (KX WD g g Hu E 3e, (6.3)
K
and we obtain the desired reverse martingale relation Ep, [(K XWalgy ) ‘3" (Wit )] = (KXWanilg ¢). O
Lemma 6.3. For any bounded Borel subset B C E and ¢ € L*(B¢, 1), we have
Vare, [(K*9,0)] <1013 || 25K 0113, (6:4)

where || - || is the Hilbert norm on L*(E, ).

We first prove Lemma 6.3 when K is an orthogonal projection. This part of the proof is similar to the argument
of Benjamini, Lyons, Peres and Schramm [1, Lemma 8.6] and Lyons [16, Lemma 7.17]. The proof of Lemma 6.3
in full generality proceeds by reduction to the case of projections (the usual argument of extending the phase space
must be slightly modified in the continuous setting) and is postponed to the end of the section.

Proof of Lemma 6.3 when K is an orthogonal projection. By homogeneity, we may assume that ||@ || < 1. Since K
is an orthogonal projection, by [5, Proposition 2.4], so is KX8] for Pg-almost every X € Conf(E). By Proposition
4.1, we have
2
Varg, [(KX#19,0)] = Be, | ((KXH — 25K 266, 0) | < Bey (|| (KXH = 2o K)o |[3) =
= Epy (HK[X’B% 13— (K% B0, xp K xse§) — (ame K29, KX Flg) + H%BL‘K%B“PH%) =
= By (K10, 0) — (KXHo, 1 Kope9) — (2K 0, KX H0) + | 2K 39 3) =
— (K 159.9) — |1 K291 = (K9,0) — 16K 0| = [ KOI3— 5K = | 26K6[3- (6.5)
O

Proposition 6.4. Fix any ¢ € N. Then (XDEK[X’E\D””]%Dé)neN is an (F(E \ Dy1¢) )nen-adapted reverse martingale
defined on the probability space (Conf(E),F(E),Px), and we have

n—yoo

XD/K[X7E\D"+A %Df‘

( XD;(KXD/ : (6.6)
Px-a.s. in L (L*(E, 1) and in L*(Pg; 4 (L2 (E, 1))
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For any f € N, we have

(=)

Ep, IP’KHX,E\DZ)‘ ﬂ F(E \D,H,g)} =np,(Pk), Px-almost surely (6.7)

n=1

and, for any A € F(Dy), we have

lim B, [Be, [ F(E\ Dyi)] — Px(4)] =o0. 6.8)

Proof. The reverse martingale property of the sequence follows from Proposition 6.2. Set

oo

T = () F(E\ Dyse). (6.9)

n=1
Since a Banach space valued reverse martingale converges (see, e.g., Pisier [24, p. 34]), we obtain

n—oo

XD[K[X‘,E\DnJrF]XD[

E KXE\Diwdy | 7]
" Pg-as. in L (L(E,u) and in L (Pg; A (L2 (E, 1)) P [%Dé ADe ‘ ]

Set
Goo(X) = Ep, [xp, K\ Py, | 7).

In particular, for any ¢ € L?(Dy, ) with ||¢[|2 < 1, we have
(Geo(X)9,0) = Ep, [(K[X’E\DH‘](]),W‘?} ,  Pg-almost surely.

By Definition 6.1 and the inequality }(K X, (E\Die )ka](p, qb>| < 1, which holds Pg-almost surely, for any n € N, we
have

(KX (E\Dus)OD g gy ko, (KXE\Dusdlg @) Pg-almost surely and in L (Pg). (6.10)
Similarly,
(KXE\Pusdl g ¢) 22 (G, (X) @, ¢), Pg-almost surely and in L(Px). (6.11)

In particular, since (E \ Dy4¢) N Dy are bounded for all k € N, we can apply Proposition 4.1 to obtain
Ep, (Go(X)9.0) = Ep, [(KXF 1211, 9)] = lim B, [(K*E\1000g, )] = (K9, 6).
Now by Lemma 6.3, we have
Var]P’K(<K[X’(E\D"”)OD"]‘P7¢>) < lx&\p,. 0 K03 < llxe\n,. KO3
The convergence (6.10), (6.11) yields
Varg, <<K[X,E\Dn+£]¢’¢>> _ I}LIEQVMPK <<K[X,(E\Dn+z)ka}¢’¢>> < ||l2e\p,, K9 2.

Varp, <<Goo (X)9, ¢)) = lim Varp, <<K[X’E\D"”]¢» ¢>> < limsup | 2¢\p,, K¢ I3 =0.

Consequently, we have (G (X)0,9) = (K¢, 9),Px-almost surely. Since Yp,Gw(X)Xp, = G-(X) and since ¢ is
arbitrarily chosen from the separable unit sphere in L?(Dy, ), we obtain the desired equality

Go(X) = xp,Kxp,, Pg-almost surely.
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Finally, Proposition 8.2 implies that
70, [Px (-|X, E \ Dyt)] = Ep, [}P’K(- X,E\Dy) ’?(E \DM)} . Pg-almost surely,

and

n—soo

7o, [P (X, E\Dyi)] = B [PK(-|X,E \Dy) ‘ 9} . Pg-almost surely. (6.12)
weakly

But the convergence (6.6) implies that

n—soo

7p, [P (+|X,E \ Dpyr)] = PXD[K[X,E\D’PJ]%DE ety Py, ka0, = T, (P), Pg-almost surely. (6.13)
Now (6.12) and (6.13) yield (6.7). Martingale convergence for a bounded random variable implies (6.8). ]

Proof of Theorem 1.3. Take D,, := B,,. We prove that the c-algebra .7 in (6.9) is trivial with respect to Pg. Take
an event A € 7. For € > 0, find ¢ € N large enough and A, € F(Dy) such that Pg(A;AA) < £/3. By (6.8), we
have

Ep, [X, | F(E\ Dyss)] = Pr(41)] = 0.

Now find n € N large enough in such a way that

lim Ep,
n—soo

Ep,

Ep, [X4,|F(E\ Doss)] — Pr(A1)| < /3.

It follows that for any A, € F(E \ D,.1¢), we have

[Pr(A1 N A2) = Pre(A)Pe(A2) | = By (2.Bey [0, |F(EN Daso)] ) — Bey (20, P(A1) )| =

= By (2 [Bo [, | FE\ D)) = Prc(A1)] )| < B (B [, |5 (B \Du)] P ) < /3. 6.14)

Finally, we obtain
|PK(.A ﬂﬂz) —]P)K(.A)PK(.Az)‘ <2Pg(A1AA) + “P)K(.Al NA,) —PK(Al)PK(.Az)‘ <e.
Taking A, = A, we obtain Px(A) = (Px(A))?, whence Px(A) is either 0 or 1, as desired. O

Proof of Lemma 6.3 in the general case. Fix a bounded Borel subset B C E and a function ¢ € L?>(E \ B, i) such
that ||¢|» = 1. Recalling (3.1), set

R(K.B,¢) = (9 @9+ x5)K(9 © 9 + 15).
By Lemma 1.7,
(R(K,B,9)XPlo ¢) = (KX-Blg ¢) for Pg-almost every X € Conf(E).
By definition, we have KIX-8l = KIXNB:B] and similarly R(K, B, ¢)X-5! = R(K, B, ¢)X"5-B]_ In particular, we have

(R(K,B,0)XBl¢ 0) = (KX-Blg ¢) for (mp).(Px) = Py,xy,-almost every X € Conf(B);

Varp, [<K[X7B]¢’ ¢>} = VarPZBKxB [<K[XVB]¢7 (P)] = VarPxBR(K,B,qD)xB <R(K,B, ¢>[X7B]¢v ¢> (6.15)
Let m be the counting measure on N.

Proposition 6.5. There exists a locally trace class orthogonal projection operator K € Al ioe(P(EUN,u ®m))
such that K = xg K k.
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Proof. The canonical orthogonal projection dilation of K on L?(E, u) & L*(E, ) is given by the formula

[K M}
VK—K? 1-K |’

but it is not in general locally trace class. Since L?(E, it) is separable and all infinite dimensional separable Hilbert
spaces are isometrically isomorphic, there exists a unitary operator U : L?(E, ) — ¢*(N) = L*>(N,m), and we set

I3 &)l ae E L 8]

O

Since K is an orthogonal projection, for any bounded Borel subset B C E, which is of course also a subset of
EUN, and any ¢ € L*(E \ B, it), which of course also lies in L>((E UN) \ B, t ©m), we have

Varp, [(K*%9.9)] < || x5K0|3.
For the term on the right hand side, we have
xsK0 = x5K9. (6.16)
Since 9 @ ¢ + x5 = (¢ @ ¢ + X)X, We have
R(K.B.9)= (9 0+ xp)K(9 ©0+x5) = (# @9 + 1)K (0 © ¢ +x5) = R(K,B,9).
It follows that

Pypkyp-a-s.

(BB, ) 22 R(g B 6)XBg.6) — (R(K,B,0)X P\, 0) (KXo 9).

The equality xBI? x5 = xsKxp implies the equality P = Pyzkys » and we have

XBEXB
Varp, [(KXP¢,¢)] = Varp, ., [(K¥H¢,¢)] = Varp [(K*-Flg,9)] = Varp, [(K¥-Flg, 0)]. 6.17)
Combining (6.16) and (6.17), we obtain the desired inequality (6.4). ]

7 Proof of Theorem 1.5

Recall that we have fixed a realization of our kernel, namely, a Borel function K (x,y) defined on the set Ey X Ej,
where u(E \ Ep) = 0. In this section, we make the additional assumption that K is an orthogonal projection onto
a subspace H C L*(E, ). Recalling (1.2), we fix a realization also for each & € H: namely, in such a way that
the equation i(x) = (h,K,) holds for every x € Ey and every h € H. Given any configuration X € Conf(E) and a
bounded Borel subset B C E, we set L(X) := {h € H : h|y =0} and ypL(X):={ygh:he€ L(X)} C L*(E,u). The
subspace L(X) is of course closed, but yzL(X) need not be closed.

Fix an exhausting sequence E; C --- C E, C --- C E'\ B of bounded Borel subsets of E \ B, and denote

F,=E\ (BUE,).

Since B is bounded, we have £} 1. (L*(B, it)) = A (L*(B, 1t)). By Theorem 1.2, for Px-almost every X € Conf(E),
there exists a positive contraction KX-F\Bl ¢ (L?(B, 1)), such that

2K By n—reo KX E\B] 7.1)
in Z (L?(B, 1))
and
Pr(-|X,E\B) = Pyix.enn. (7.2)
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Lemma 7.1. For Pg-almost every X € Conf(E), we have KXX-E\B(ygh) = ygh for any h € L(X N (E\ B)).
Proof. Fixany h € L(XN(E\B)) C H. For any n € N, since E, C E \ B, by definition, we have
L(XN(E\B)) CL(XNE,).
Since E, is bounded and E '\ E,, = BUF,, the operator K XoEnl is the orthogonal projection from L?(E, i) onto the

closure of the subspace ¥z \g, L(X NE,) = xpur, L(X NE,). By (7.1), we have

K[X’E\B] (%Bh) = lim (XBK[X’E”]XB) (xBl’l) = lim XBK[X’E”] (%Bh)
n—o0 n—yoo

X,En| (

Using the equalities ygph = Xpur,h — Xr,h, K [ xBur,h) = xBur,h, and the relation

n—eo

L2sK ™ B () 12 < [l 2 == 0,
we obtain KX E\B (yph) = lim,, e xpKX Bl (xpur h — x5 h) = xh —1im, se KX Bl (yr h) = xh. O
Lemma 7.2. Let P be a point process on E. Then for any bounded Borel subset B C E, we have
P(#p =#(XNB)|X,B°) >0 for P-almost every X € Conf(E). (7.3)
Proof. First of all, decomposing X =Y UZ, Y € Conf(B), Z € Conf(B°), we can rewrite the statement as follows:
P({W € Conf(B) : #(W) = #(Y)}|Z,B°) >0 (7.4)

for (mpe).(P)-almost every Z € Conf(B) and P( - |Z,B¢)-almost every Y € Conf(B). We make a simple general
claim: given an integer-valued measurable function f on a probability space (Q,P), for P-almost every y € Q we
have P{x: f(x) = f(y)} > 0. Indeed, if N ={n € Z : P{x: f(x) =n)} = 0}, then the relation P{x: f(x) = f(y)} >0
fails only if f(y) € N, and

Ply:f() eN} =Y P{y: f(y) =n}=0.

neN

Taking Q = Conf(B), P =P(-|Z,B°), f = #p, we obtain (7.4). O

Proof of Theorem 1.5. Fix a countable dense subset T of E and let S,, be an enumeration of balls with rational radii
centred at T':

{S,:ne N} ={B(x,q) : x€T,q € Q}.
Fix a measurable subset A C Conf(E) with Px(A) = 1, such that for all X € A and all n € N, the conditional

measures Pk (-]X,5¢) and conditional kernels KX-%! are defined and satisfy
P (-[X,S5) = Pgix.ss, (1.5)
and, moreover, the inequality (7.3) holds:
Pk (#s, =#(XNS,)|X,S;,) >0 forany X € A,neN. (7.6)

We now show that L(X) = {0} for any X € A. Take X € A and assume, by contradiction, that there exists & €
L(X), h # 0. Choose a small ball S, in such a way that 2| # 0 and X NS, = 0. We have 0 # xs,h € xs5,L(XNSy).
By Lemma 7.1, the function g h satisfies KX:Si(ys h) = x5 h, whence the operator 1 — K-Sl has a kernel.
In particular, det(1 — K X ’Sﬁ]) = 0. On the other hand, the relations (7.5), (7.6) together with the gap probability

formula (3.4) imply that
det(1 — KXY = Py o (#5, = 0) = P (#s, = 0]X,S) = Px(#5, = #(X NS,)|X,S<) > 0.

We thus obtain a contradiction and Theorem 1.5 is proved completely. O
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8 Appendix: Martingales corresponding to conditional processes

Proposition 8.1. Let B C E be a bounded Borel subset. If P is a simple point process on E admitting correlation
measures of all orders, then P(-|X,B) = PXMB[ ¢ ¢ pe) for P-almost every X € Conf(E).

Proof. LetConf,(E) ={X € Conf(E) : #X = n} and similarly define Conf,(B). By the natural map E" — Conf,(E)
defined by (x1,- - ,x,) + {x1,"*+ ,Xs}, we define a measure p/, on Conf,(E) as the push-forward measure of the
correlation measure p, p and define a 6-finite measure ‘K,ﬁ P on Conf,(E) x Conf(E) as the push-forward measure
of n-th order Campbell measure an!.P' The formula (2.2) implies that

Gp(dp x dX1) = pf p(dp)PP(dX,). (8.1)

By convention, we set ng(dp) := dp and CgP := 0y ® P, where Jy is the Dirac measure at the empty configuration @,
i.e., the unique element @ € Confy(E). Equivalently, for any positive Borel function H : Conf,(E) x Conf(E) — R*:

H(p, X)) %, p(dXo x dX;) = /Com( [ X H () X\ o)) | B@),

xeX"

~/C0nfn (E)xConf(E)

where the summation Z# is taken over all ordered n-tuples (x,,--- ,x,) with distinct coordinates xj,- - ,x, € X. In
particular, when n = 0, this equality reads as: for any H : Confy(E) x Conf(E) — R™, we have

/ H(p X)6p(dp < aX) = [ H©O.X)P(Y).
Confy(E)xConf(E) ’ Conf(E)

The boundedness of B C E implies that Conf(B) = | |;,_,Conf,(B). Hence

Conf(E) ~ Conf(B) x Conf(B‘) = ( |_| Conf,( ) x Conf(B) = |_| (Confn(B) X Conf(BC)>.
n=0
For any n =0,1,2,---, let H : Conf,(E) x Conf(E) — R be any non-negative Borel function supported on the
subset Conf,(B) x Conf(B) C Conf,(E) x Conf(E). Then for any configuration X € Conf(E), we have

Y H({x, - xa b X\ {xn, 3 }) = 0t Xxeos)—ny - H(X NB,XNBC).

xeXn

When n = 0, this equality reads as H(0,X) = ¥xns—o) - H(X N B,X NB). By definition of ‘K,ffp, we get

H(p, Xl)% p(dp xdX;) = /Conf( {Z#H {x1,- - xa b X\ {x1, -+, x}) | P(dX)

xeX"

/Conf,,(E)xConf( E)
Zﬂ!'/ Xi#(xrB)=n) - H(XNB,XNB)P(dX) 2”!'/ H(p,X)Ppp-(dp x dX;).
Conf(E) Conf, (B)xConf(B¢)
The above equality, combined with (8.1), yields

1
IEDBJ-L?" FCont (B )XCODf(B‘)(dp X dX]) CgrfP rConf (B )XCODf(BC)(dp X dX])
1 PP (Conf (B¢ -
= ;Pf,wﬂ [Cont(B) (dp)PP [Conf(B¢) (dX1) = upﬁip chnf(B)(dP)IPp [ Conf(se) (dX1).

n!

Consequently,

- Conf -
Pp pe(dp x dX;) = ( Z ))pr [ Conf( )(dp))Pp [ Conf(se) (AX1).

This implies both the formula for 7z (P )(dp) and the formula for P(dX; |p,B) = P z-(dX|p,B):
= PP(Conf(B)) 4

T(B)(dp) = ¥ o D ol () (8.2)
n=0 :
P(dX1[p, B) = PP [cong(pe) (dX1),  for 7p(IP)-almost every p € Conf(B). (8.3)
Hence we get the desired relation P(+|X, B) = PX"B [ ¢ pc), for P-almost every X € Conf(E). O
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Remark. Kallenberg [15, Section 12.3] defined the compound Campbell measure of P on Conf;,(E) x Conf(E)
by

oo

1
%3 (dp xdX;) := ) ;%jp(dp x dXy),
n=0"""

where Conf s, (E) = L7_,Conf, (E).

Let IP be a point process on E and let W C E be a Borel subset of E. Let W; C --- C W, C--- C W be an
increasing sequence of Borel subsets of W such that W = J;,_; W,.

Proposition 8.2. The sequence ((mtwe).[P(-|X, W”)])n o 18 an (F(Wy))nen-adapted martingale defined on the prob-
ability space (Conf(E),F(E),P). Moreover, we have

(7)< [PC1X, W,)] = Es [P(.\X,W) lg(wn)} . for P-almost every X € Conf(E). (8.4)

In particular, by martingale convergence theorem, for all Borel subsets A C Conf(W¢) and any 1 < p < oo, we have

)L [P(1X,W,)] ) (A e P(AX,W). 8.5
((ﬂ'w) [ <| ’ )]>( ) P-a.s. and in LP(Conf(E),P) ( | ) 8.5)

Moreover, for P-almost every X € Conf(E), we have

(T )+ [PC1X Wa)] 2= PCIXW). (8.6)

Remark. In general, the statement (8.5) cannot be strengthened to the claim that for P-almost every X € Conf(E),
we have ((EWL»)*[P(-\X,WH)]) (A) =5 P(AIX, W), for all Borel subsets A C Conf(W°¢).

We prepare a simple lemma. Let Q;, i =1,...,n,..., and Q* be standard Borel spaces. Fix n € N and denote
x:=(x)iZy and 1 =: (Xi)iznt1,

while z will stand for the coordinate on Q*. Let Q(dx x dz) be a Borel probability measure on ([T~ Q;) x Q*. For
any n € N, let g, (x1, -+ ,x,;dz) be the marginal on Q* of the conditional measure Q(dt x dz|xy,- -+ ,x,).

Lemma 8.3. We have
qn(-xla'” ,x,,;dz) :E[Q(dZ|X],"' ,Xn,l)‘.X],"‘ 7-xn]‘

Proof. Denote by Q, the marginal measure of Q on Q; x --- x Q,. Let Q. be the marginal measure of Q on
[T;=; Q;. By definition of conditional measures, we have

O(dx X dz) = Qe (dx)Q(dz|x1, - -+ ,2Xn,1);
O(dx x dz) = Q,(dx -+ dx,,)Q(df X dz|x1, -+ ,xp).

And also
E[Q(dZ‘X],"' axnat)’xlv"' ,Xn} :/ Q(dz‘xlf" 7xn7t)Q°°<dt‘x17"' 7xn)'
1€l g1 Qi
Since
Qoo(dX) - Qn(dX] o 'dxi’l)Q‘”(dt‘xlf o ,Xn),
we get

Q(dx X dZ) - Qn(dxl o 'dxn)Q‘x‘(dt‘xlf o axn)Q(dZ’xlv' o 7~xn7t)'
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Consequently,
Q(dt X dZ|X1,' e ,Xn) = Qm(dt‘xb' e ,xn)Q(dz|x1, T >xnat)'
By definition, we have
Qn(xla"‘ 7-xn;dz) :/ Q(thdZ|X1,"‘ 7-xn)
EHT n+1£2
- dt|)C1, ) n)Q(dZ’xl,"' 7xnat)

tn+1 l

E[ (dz|xla ©t oy Xn, )‘Xl, xn]-

O
Proof of Proposition 8.2. Apply Lemma 8.3 to Q; = Conf(W; \ W;_;). O

Given a bounded non-negative Borel function g : E — R, let S, : Conf(E) — R* U {+oco} denote the linear
statistics defined, for Z € Conf(E), by the formula S¢(Z) = Y,z g(x). Denote by Ep(S,|X,W) the conditional
expectation of S, with respect to the sigma-algebra F(W).

Proposition 8.4. If gy = 0 and Ep(S;) < oo, then the sequence

(Ep(sgp(, Wn)) 8.7)

neN
is an (F(Wy,))nen-adapted L? (Conf(E), P)-bounded martingale defined on the probability space (Conf(E), F(E),P).
( p g p Y Sp

Proof. Since gl =0, by (8.4), we have
Ep(S,|X,W,) =Ep [Ep(Sg]X, W) ‘?(Wn)} , for P-almost every X € Conf(E).
By Jensen’s inequality, we have
[Ep(Se|X,Wn)]* < Ep(S;|X,W,), for P-almost every X € Conf(E).

Therefore, for any n € N,
Ep[Ep(Se|X, W,)]* <Ep(S3) <

O]
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