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CONVERGENCE OF THE MAC SCHEME FOR VARIABLE DENSITY FLOWS

T. GALLOUET, R. HERBIN, J.C. LATCHE, AND K. MALLEM

ABSTRACT. We prove in this paper the convergence of an semi-implicit MAC scheme for the time-dependent
variable density Navier-Stokes equations.

1. INTRODUCTION

Let  be a parallelepiped of R?, with d € {2,3} and T > 0, and consider the following variable density
Navier-Stokes equations posed on Q2 x (0,7T):

(1a) op+div(pa) =0,
(1b) d(pu)+div(pa®a) — Au+ Vp=f,
(1c) diva =0,

where p, u and p are the density, the velocity and the pressure of the flow and f € L2(0,T; L?(Q)?). This
system is complemented with initial and boundary conditions @|gq = 0, @|—¢ = w0, plt=0 = po, which are
such that pg € L>®(2), 0 < pmin < po < Pmax and ug € L2(Q)4. A pair (p, u) is a weak solution of problem
(1) if it satisfies the following properties:

- pe{pe L>®Qx(0,T)), p>0ae inQx(0,T)}

— ac{uec L>0,T; L2(Q)%) N L20,T; Hi(2)9), div u =0 a.e. in Q x (0,7)}.

—  Forall pin C*(2 x [0,T)),

T
) 7/ /ﬁ@t¢+ﬁﬁ~Vgp de dt:/po(w)s&(m,O) de.
0o Ja Q

~  Forallvin {w € C(Q2 x [0,T))%,div w = 0},

(3) /OT/Q[_Pﬂ'atU—(pﬁG@ﬁ):Vv—i—Vﬁ:Vv] dwdt:/Q

T
poug - v(+,0) d:c—i—/ /f-vd:c dt.
0o Jo

The existence of such a weak solution was proven in [9]; convergence results exist for the discontinuous
Galerkin approximation [8] and for a finite volume/finite element scheme [7]. Here we prove the convergence
of the MAC scheme.

2. THE NUMERICAL SCHEME

Let M be a MAC mesh (see e.g. [4] and Figure 1 for the notations). The discrete pressure and density
unknowns are associated with the cells of the mesh M, and are denoted by { rx, K € M} and {pK, K e
M} The discrete velocity unknowns approximate the normal velocity to the mesh faces, and are denoted
(Uo)geew, @ € ﬂl, dﬂ, where € is the set of the faces of the mesh, and £(*) the subset of the faces orthogonal
to the i-th vector of the canonical basis of RY. We define €oy = {00 € €,0 C I}, Eint = €\ Eext)
e —ene®and 9 =g neED.

The regularity of the mesh is defined by:
M :max{%, ceeW, o el qjel1,d],i#j},

and we denote by hy¢ the space step. The discrete space Ly for the scalar unknowns (i.e. the pressure and
the density) is defined as the set of piecewise constant functions over each of the grid cells K of M, and the
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FIGURE 1. Notations for control volumes and dual cells.

discrete space for the i*" velocity component, He ), as the set of piecewise constant functions over each of
the grid cells D,, o € & The set of functions of Ly with zero mean value is denoted by L. Asin
the continuous case, the Dirichlet boundary conditions are (partly) incorporated into the definition of the
velocity spaces:

ext

Hey g = {u € Hey, u(x) =0Vz € Dy, 0 € e }, for 1<i<d
(i.e. we impose u, = 0 for all 0 € Eqxt). We then set He g = Hle He) -
Let 0 = tg < t; < --- < ty = T be a partition of the time interval (0,T"), with 6t = t,41 — t,. Let
{furtl,o e €D 0<n<N-1,1<i<d}, {pp',KeM,0<n<N-1}and {p', K e M,0<n < N-1}
be the sets of discrete velocity, pressure and density unknowns. Defining the characteristic function 1 4 of

any subset A C Q by 14(x) =1if & € A and 14(x) = 0 otherwise, the corresponding piecewise constant
functions for the velocities are of the form:

N-—1
— +1
U; = E E UZ ]lDa]l]tmtn+1]’

n=0 ;ce®

int
and X; ¢ s5¢+ denotes the set of such piecewise constant functions on time intervals and dual cells; we then set
Xest = H?Zl X e.st. The pressure and density discrete functions are defined by:

N-1 N-1
p= Z Z P?(Jrl]l}(]l]tmtnﬂ]a p= Z Z PTIl(Jrl]lK]l]tn,tnﬂ]a

n=0 KeM n=0 KeM
and Yy s denotes the space of such piecewise constant functions. The numerical scheme reads:

(4a) Initialization: u(® = ﬂ~)gu0, p(o) = P po-

For 0 < n < N —1, solve for u"™! ¢ Hg , p"t e Ly and pn € Lo :

(4b) 5tpn+1 + divM(p"+1u”) =0,
(4C) 5t(pu)n+1 4 CE (anrlun) unJrl o Ag’u,nJrl + VE pn+1 _ 24_17
(4d) diVMu"+1 =0,

with the interpolators and discrete operators defined as follows.
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Grid interpolators — The Fortin interpolator is defined by fﬁgu = (5>8<i>)i:1 4 with 5’5@) c HF(Q) —

Hg(i)70 and

.....

~ 1 ,
v — Peyv; = Z Ve 1p, with v, = ﬁ / v; dy(x), o € e,
o
oce&@® 7

1
For q € L?(Q), Paq € Ly is defined by Pyg(x) = & / gdx forx € K.
K

Discrete time derivative — For p € Yy 5¢, 01p € Yoy 5¢ is defined by:

N—-1
1
_ n+1 : n+1l _ n+1 n
Op(x,t) = nEZO 0rp" (@) Ljy,, 1,01 (1) With  Tpp" " = EEM 5 (rx — Pk) Lk.

Discrete divergence — Let ug , be defined as ux » = us K ,» - €; for any face o € E(i), i=1,...,d. The
discrete (upwind finite volume) divergence operator divyg is defined by:

. . 1
divie : L x He g — Lo, (p,u) — divi(pu) = Z W Z Fro 1k,
KeM ceé(K)

with Fk , = |0| pouk s for K € M, 0 = K|L € E(K), and p, = pk if ux,» > 0, p, = pr, otherwise. For all
K eM, we set (dive)g = div(l X u)k.

Pressure gradient operator — The discrete pressure gradient operator is defined as the transpose of the
divergence operator, so Vg : Ly — He o, p+— Ve(p) with:

(5) Vep = Z (0p)o nK,o 1p,, with (Op)s =
o=K|Lee®

int

Discrete Laplace operator — The discrete diffusion operator Ag is defined in [4] and is coercive in the
sense that — [, Agv v dx = ||v|]] ¢, for any v € He,, o, where || - ||1,¢ ¢ is the usual discrete H'-norm of
(see [4]). This inner product may also be formulated as the L2-inner product of adequately chosen discrete
gradients [4].

Discrete convection operator — The numerical convection fluxes and the approximations of p in the
momentum equation are chosen so as ensure that a discrete mass balance holds on the dual cells, in order to
recover a discrete kinetic energy inequality. This idea was first introduced in [3, 1] for the Crouzeix-Raviart
and Rannacher-Turek scheme, in [6] for the MAC scheme and was adapted to a DDFV scheme [5]. For
€ = o|o’, the convection flux f€ puu - ng o dy(z) is approximated by Fy cue, where ue = (ue + ue)/2 and
Fy ¢ is the numerical mass flux through € outward D, defined as follows:

- First case — The vector e; is normal to €, and € is included in a primal cell K. Then the mass flux

through € = oo’ is given by:

1
Fa,e = i(FK,G Np,e NKo + FK,J’ MNp,.e- nK,a/)-

- Second case — The vector e; is tangent to ¢, and € is the union of the halves of two primal faces 7 and
7/ such that o = K|L with 7 € &(K) and 7/ € E(L). Then:

1
Fa,e = 5 (FK,T + FL,T’)-
Remark 2.1. In both cases, for € = o|d’, the mass flurx Fy . may be written as Fy . = |€|pete, with
pe = (po + o) and e = (patio + portior) (po + por) i the first case, and p = (|7|pr + 17lpe) /(17| + 7]
and e = (|7|prur + |7 |prur) /(|7 pr + |7'|p7) in the second case.
3



With this expression of the flux, we may define a discrete divergence operator on the dual cells:

dive) (p,v) : Ly x He g — Le
(p,v) — divgw (p,v) = Z divp, (pv) 1p,,
UEEi(j])t
1 i
with divp, (p,’v) = m Z Fye, Vo € gi(n)t'
7 eEE(DU)

For the definition of the time-derivative 0;(pu), an approximation of the density on the dual cell pp_ is
defined as:

|Do| pp, = | DKol prc + |DrL,o| pr, 0 € Eint, 0 = K|L.
With the above definitions, if (p,u) € Ly x X ¢ ¢ satisfies the mass balance equation (4b), then the following
mass balance on the dual cells holds:

1 .
(6) s (PBt = ph,) + divp, (" ") = 0.
Note that a discrete duality property also holds, in the sense that, for 1 < i < d,
(7) Vp € Ly, Vv € Hg o, YVw € Hg<i>70,/ divew (p, v)w de = / pv - e w da,
Q Q
where (pv)ew and V@ w are vector valued functions of components:

~ Ug' — Uy
[(pv)ewl; = Y. pdcdp,  [(Vw)ew]; = > — 1o,
e (ird) c€E6d) o—ala’ ‘
with pe and ¥, defined in Remark 2.1 and €)= {¢ € €@ ¢ 1 e}, We finally define the i-th component
Cg) (pu) of the non linear convection operator by:

Cg) (p,u) : Hewy o — Hein g
v O (pup = Y

aeg(i)

int

1
|Ds |

S F. YotV g
£ 9 2 o
e€c&(Dy)

e=olo’
and the full (i.e. for all the velocity components) discrete convection operator C'¢(p,u), Hg o — He o by
Ce(p,u)v = (Cél)(p, u)vy, ..., Céd)(pu)vd)t. Let E¢ be the subspace of Hg  of divergence-free functions
(with respect to the discrete divergence operator). By Holder’s inequality and [4, Lemma 3.9], there exists
Chye > 0 (depending only on na) such that, V (p, u,v,w) € Ly X Eg X H5270,
ICe(pu)v - w| < Cpy lpllL(o) [lwllLa@)e [vllLa@)e w10

and  |Ce(pu)v - w] < Oy [|pll (o) [[u]

1e0llvllieollwlie.o

3. ESTIMATES AND CONVERGENCE ANALYSIS

Since the velocity is divergence-free, the mass equation is a transport equation on p, so that, thanks to
the upwind choice, the following estimate holds:

(8) Pmin S pn+1 S Pmax
and the L2-norm of p"*! is lower than the L2-norm of the initial data pg, for 0 < n < N — 1. In addition,

thanks to (6), any solution to the scheme (4) satisfies the following discrete kinetic energy balance, for
1<i<d,oe€® 0<n<N-1,

1 1
(9) 557 lPBr g™ = o, (u5)*] + 557 Foe(p uyup gt
20t 2|D,|
7 ec&(D,)
e=clo’
1 2
O A AL By
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From this inequality, we obtain estimates on the velocity. For u € X¢ 5 satisfying (4), there exists C > 0
depending on ug, pg and f such that,

N-1
(10) lella e, o) =D Ftlw" e < C and [l = _max |Ju"*| 2 <C.
n=0

These estimates yields the existence of a unique solution to the scheme: indeed, the first equation may
be solved separately for p"*! and is linear with repect to this unknown and, once p"*! is known, the
last two equations are a linear generalized Oseen problem for u”+! and p™*!, which is uniquely solvable
thanks to the inf-sup stability of the MAC discretization. The convergence of the scheme requires some time
compactness. Contrary to the constant density case [4], there is no uniform estimate on the time derivative,
and compactness is obtained thanks to the following lemma together with the Fréchet-Kolmogorov theorem.

Lemma 3.1 (Estimate on the time translates of the velocity). Let w € X¢ 5t and p € Y5t and let 7 > 0
then

T—71
(11) / (et +7) —ula, 0 do d < Cop 222 (ful g,y DVF

where Cy,,. 7 > 0 only depends on Q, T', f and on the regularity of the mesh .

Proof. In the continuous case, see e.g. [2, pages 444-452], the estimate (11) is obtained by bounding the
term fo "o (p (x,t+7) — p(x, t)u(z,t)) - w(z,t) dt with w(z,t) = u(x,t + 7) — u(z,t). However,
in the context of the MAC scheme, the components of u are piecewise constant on different meshes so we
need to treat the space indices separately. For a given¢ = 1,...,d, we denote by u and w the i-th component
of u and w, and by p the piecewise constant function defined by p(x,t) = p’y'l for (z,t) € Dy X [tntnt1)-
We then wish to bound the terms

T—1 . .
40 — / (A9 (1) + AP (1)) dt, with
0
AP () = /Q (P, t + Tu(z,t + 1) — pla, thu(z, t)) w(z,t) da,
Agi) (t) = /Q (p(z,t) — plx,t + 7)) u(z, t + T)w(zx,t) de.

For lack of space, we only deal here with the term Agi) (t). Thanks to the mass balance on the dual cells (6)
and to the discrete duality formula (7) we have:

A(l) Z ot ]l(t t+T) )/ dive (ﬁ”“u”)u(.j + T)w(~7t) dzx

=1

,_.

Z 0t Lp ) ( )/gl(PnJrlUn)g(i)%(i)(U(-,t+7‘)w(-,t)) dx.

N-1
Using Holder’s inequalities and the fact that Z 0t Lt pqry(tn) < 7+ 6t
n=1
-1 N-1

AP (1) < Pmax5t(z f[u™ HLﬁ‘)1 ( Lip g (t )1 & (ut + T)w))ll e

n=

—

< 19 punael |l 2 oy (58 + 1) [N (wlt 4+ Dw(®))] 5.

Now, by Holder’s inequality,
N (u(, t+ w0, 3 < [(oul,t+m)wl 0l g + l[ult+ 7)o (W D)), 3

< Mo ult+ )L + [l HliZs + INeow Ol + lu(t+ 7).
5



Therefore, integrating over (0,7 — 7) yields that

Similar computations for the term [

o 1 1
[ AP at < 190 sl + 01l ellacwey + ol + lolliaes + o )
o , :

=7 A1 (t) dt yield the result. O

Theorem 3.2 (Convergence of the scheme). Let (5t )men and (M, )men be a sequence of time steps and
MAC grids such that 6t,, — 0 and hy,, — 0 as m — 400 ; assume that there exists n > 0 such that
v, < n for any m € N. Let (pp, um) be a solution to (4) for 6t = 0ty and M = M,,. Then there exists p
With pmin < P < pmax and @ € L?(0,T; E(Q)) such that, up to a subsequence:

- the sequence (W )men converges to w in L2(0,T; L2(Q)4),
- the sequence (pm)men converges to p in € L?(0,T; L*(Q2)),
- (p,u) is a solution to the weak formulation (2) and (3).

Sketch of proof:

(1]

—  Thanks to (8), there exists a subsequence of (pp,)men star-weakly converging to some p in L>®(§ x

(0,7)); thanks to (10) and (11), there exists a subsequence of (um)men converging to some 4 in
L*(0,T; (L*(2)4).

— Passing to the limit in (4b) yields that (p, @) satisfies (2).
—  The strong convergence of the approximate densities is then obtained thanks to the L? estimates for

p in both the discrete and continuous case [7, Proposition 8.7].

—  Passing to the limit in (4c) yields that (p, @) satisfies (3).
—  We finally obtain that w € L(0,T; E(R)), where E(Q) = {v € H}(Q) s.t. divo = 0}, as in [4, Proof

of Theorem 4.3].
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