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LOW MACH NUMBER LIMIT OF A PRESSURE CORRECTION MAC SCHEME FOR
COMPRESSIBLE BAROTROPIC FLOWS

R. HERBIN, J.-C. LATCHE, AND K. SALEH

ABSTRACT. We study the incompressible limit of a pressure correction MAC scheme (3] for the unstationary
compressible barotropic Navier-Stokes equations. Provided the initial data are well-prepared, the solution
of the numerical scheme converges, as the Mach number tends to zero, towards the solution of the classical
pressure correction inf-sup stable MAC scheme for the incompressible Navier-Stokes equations.

1. INTRODUCTION

Let Q be parallelepiped of R?, with d € {2,3} and T > 0. The unsteady barotropic compressible Navier-
Stokes equations, parametrized by the Mach number ¢, read for (z,t) € Q x (0,7):

(1a) Op® + div(p® u®) = 0,

1
(1b) (5" )+ div(p” w” & u) — div(r(u) + & Vo(s) =0
(1c) ulog =0,  pli=o=p5  uf=0 = ug,

where p¢ > 0 and u® = (u,..,u5)T are the density and velocity of the fluid. The pressure satisfies the ideal
gas law p(p®) = (p°)7, with v > 1, and

div(7(u)) = pAu + (p+ AV (divu),

where the real numbers p and A satisfy p > 0 and 4 + A > 0. The smooth solutions of (1) are known to
satisfy a kinetic energy balance and a renormalization identity. In addition, under assumption on the initial
data, it may be inferred from these estimates that the density p® tends to a constant p, and the velocity
tends, in a sense to be defined, to a solution @ of the incompressible Navier-Stokes equations [4]:

(2a) diva = 0,
(2b) poru + pdiv(u @ u) — pAu + Vi =0,

where 7 is the formal limit of (p(p°) — p(p))/e2.

In this paper, we reproduce this theory for a pressure correction scheme, based on the Marker-And-Cell
(MAC) space discretization: we first derive discrete analogues of the kinetic energy and renormalization
identities, then establish from these relations that approximate solutions of (1) converge, as € — 0, towards
the solution of the classical projection scheme for the incompressible Navier-Stokes equations (2).

For this asymptotic analysis, we assume that the initial data is “well prepared”: p§ > 0, p§ € L*>°(Q),
u§ € HY(Q)? and, taking without loss of generality p = 1, there exists C' independent of ¢ such that:

1, .. 1
(3) gl () + z [[div ugllrz (o) + = PG5 — Lo () < C.

Consequently, p; tends to 1 when € — 0; moreover, we suppose that ug converges in L2(Q)? towards a
function 4 € L2(Q)¢ (the uniform boundedness of the sequence in the H!(£2)? norm already implies this
convergence up to a subsequence).
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FIGURE 1. Notations for control volumes and faces.

2. THE NUMERICAL SCHEME

Let M be a MAC mesh (see e.g. [1] and Figure 1 for the notations). The discrete density unknowns are
associated with the cells of the mesh M, and are denoted by {pK, K e M} We denote by € the set of the
faces of the mesh, and by €(®) the subset of the faces orthogonal to the i-th vector of the canonical basis of
R%. The discrete i*" component of the velocity is located at the centre of the faces o € &%), so the whole
set of discrete Velocity unknowns reads {um-, ce & 1<i< d} We define Eoxy = {0 € &,0 C 9N},

Eint = E\ Eoxt, € mt =& NEW and 8 wt = CextNE (). The boundary conditions (1c) are taken into account
by setting u, ; = 0 for all o € 8cxt, 1 <i <d. Let 6t > 0 be a constant time step. The approximate solution
(p",u™) at time t,, = ndt for 1 <n < N = |T/t] is computed as follows: knowing {p} ', p%, K € M} C R

and (uy ;) CR, find () ken € R and (ult? C R by the following algorithm:

oeel?) 1<i<d oy )aeai(jjt,lgigd

Pressure gradient scaling step:

_ noo\1/2
(4a) For1<i<d Voe&l, (Vp)i, = (22) (Vo)ou

Prediction step — Solve for @"*:

For 1 <i <d, VO’ES(l

int>

(40) (0 00— o) i (" ) i (@ o5 (V) =
Correction step — Solve for p"*! and u"**:
For 1 <i <d, Vaegl(:m
(10) 53 b (=) + 5 (V) — 5 (TR, =0,
5z oo Yoy -2 =2 :
(4d) VK € M, 61t (prt — p) + div(p" Tt g =0,
(4e) VK e M, pitt = p(p"h),

where the discrete densities and space operators are defined below (see also [3, 2]).
Mass convection flux — Given a discrete density field p = {px, K € M}, and a velocity field u = {u, 4, 0 €
€@ 1 <4 <d}, the convection term in (4d) reads:

(5) div(pu) i Z Fro(p,u), KeM,
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where Fk ,(p,u) stands for the mass flux across o outward K. This flux is set to 0 on external faces to
account for the homogeneous Dirichlet boundary conditions; it is given on internal faces by:

(6) FK,U(puu) = |0| Po UK, o, o e Sintu g = K|L7

where Uk , = Ug; Nk, - €9, with e® the i-th vector of the orthonormal basis of R?. The density at the
face o0 = K|L is approximated by the upwind technique, i.e. p, = px if ug, > 0 and p, = pr, otherwise.

Pressure gradient term — In (4a) and (4c), the term (Vp),.; stands for the i*" component of the discrete
pressure gradient at the face o. Given a discrete density field p = {px, K € M}, this term is defined as:

lo|

7 (Voo = 50

Defining for all K € M, (divue)x = div(l x u) g (see (5)), the following discrete duality relation holds for all
discrete density and velocity fields (p, w):

(0(pr) — p(pK)) nxo e, 1<i<d, o€t o=K|L.

int’

d
(8) S Klp(ox) (divu)e + 3 3 1Dol g (Vp)os = 0.

KeM i=1 yeel®)

int

The MAC scheme is inf-sup stable: there exists 5 > 0, depending only on € and the regularity of the mesh,
such that, for all p = {pg, K € M}, there exists u = {uy;, 0 € €V, 1 < i < d} satisfying homogeneous
Dirichlet boundary conditions with:

. 1
lufiae =1 and > |K|px (dive)kx > Bllp - = / pdx|L2(q),
et € Jo

where [|u||1 5 is the usual discrete H'-norm of u (see [1]).

Velocity convection operator — Given a density field p = {px, K € M}, and two velocity fields u =
{tgiyo € €D 1 <i<d} and v = {v,4, 0 € ED 1 < i < d}, we build for each o € &y the following
quantities:

e an approximation of the density on the dual cell pp, defined as:
(9) |Dcr|pD(r - |DK.,U|PK+|DL.,U|PL, UEEint, U:K|La
e a discrete divergence for the convection on the dual cell D, :

div(pv,u), = Z F,:(p,u) vie, o€ Ei(r?t, 1<i<d.
ec&(D,)
Fori € {1,.,d},and o € &), ¢ = K|L,
- If the vector e(? is normal to ¢, ¢ is included in a primal cell K, and we denote by o' the
second face of K which, in addition to o, is normal to . We thus have ¢ = D,|D,. Then
the mass flux through € is given by:

1
(10) Foe(p,u) = §(FK,a(p7 w) Np, - Nk, + Fr o (pyu) np, - 'nK,a’)'

- If the vector e is tangent to €, ¢ is the union of the halves of two primal faces 7 and 7/ such
that 7 € E(K) and 7’ € £(L). The mass flux through ¢ is then given by:

(11) Foclpu) = & (Figr(p,w) + Fupo(p, ).

With this definition, the dual fluxes are locally conservative through dual faces € = Dy|Dys (i.e. Fpo(p,u) =
—Fy <(p,u)), and vanish through a dual face included in the boundary of Q. For this reason, the values v, ;
are only needed at the internal dual faces, and are chosen centered, i.e., for e = Dy | Dy, e i = (Vi +0o7 i) /2

As a result, a finite volume discretization of the mass balance (1a) holds over the internal dual cells.
Indeed, if p"*t! = {pht! K € M}, p" = {pi, K € M} and u"*! = {ugjl, o€ W 1 <i<d}are
density and velocity fields satisfying (4d), then, the dual quantities {pgjl, pp., 0 € Eing} and the dual fluxes
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{Fy (o™, umt), 0 € Eint, € € E(D,)} satisfy a finite volume discretization of the mass balance (1a) over
the internal dual cells:

(12) Delipgt —pp)+ ¥ Foee™ ) =0, o€t
ec&(D,)

Diffusion term — The discrete diffusion term in (4b) is defined in [2] and is coercive in the following sense:
for every discrete velocity field u satisfying the homogeneous Dirichlet boundary conditions, one has:

d
(13) - Z Z |Do| i divr(u)ei > p Hu”%,M
=1 geg®

int

The initialization of the scheme (4) is performed by setting

int>

VK € M, i = |K|/p0 z)de and Vo € €)1 <i <d, ul, ||/ )- e da,

and computing p~! by solving the backward mass balance equation (4d) for n = —1 where the unknown
is p~! and not p°. This allows to perform the first prediction step with {p%”, p,;}, o € &int} and the dual
mass fluxes {F, .(p°,u%), 0 € &, € € E(D,)} satisfying the mass balance (12). Moreover, since p§ > 0,
one clearly has p} > 0 for all K € M and therefore p% > 0 for all 0 € €. The positivity of p~! is a

consequence of the following Lemma.

Lemma 2.1. If (p§, u§) satisfies (3), then there exists C, depending on the mesh but independent of € such
that:

1 1 1
(14) - max Pk — U+ = -7 X, max, [(Vp)o,i] + - max x' =1 < C.

int

Proof. We sketch the proof. The boundedness of the first two terms is a straightforward consequence of (3).
For the third term we remark that, again by (3):

VK €M, pg'—1=pk —1 + otph(divu®)x + 6t > |ol(p) — pl)uk,,
——— —_——— ’

—0(e2) —0(e) oc€e&(K)

=0(e2)

3. ASYMPTOTIC ANALYSIS OF THE ZERO MACH LIMIT

By the results of [3], there exists a solution (p™, u™)o<n<n to the scheme (4) and any solution satisfies
the following relations:

e a discrete kinetic energy balance: for all o € Sl(f]t,

1<i<d,0<n<N-1:

1
15 ( n+1 2 n 2) Fo’ n+1 n+_1
( ) 25t pD | pD crzl + 2|Da'| Z [ p ’LL

E= DUID ’

_diVT(ﬁn—i-l)UlﬂnJrl (Vp)nJrl n+1+

52 (|<Vp>z,t-1|2 m Py
et op. Pt

1
+ RZjl =0, with R"'H 2(5tpD Y@ Z";l ug7i)2.

e a discrete renormalization identity: for all K e M, 0 <n < N —1:
1 n n : n n n n n s n T
(16) 5 (I (i) = Ty (pf) ) + div (b ("™ = B (1) ) p div(u™ )i + B =0,

with R7%! > 0, where the function b, is defined by b, (p) = plogp if v = 1, b,(p) = p?/(y — 1) if ¥ > 1 and
satisfies pb’,(p) — b, (p) = p” = p(p) for all p > 0, and 1L, (p) = b (p) — 1 = ¥/ (1)( 1).
4



Summing (15) and (16) over the primal cells from one side, and over the dual cells and the components
on the other side, and invoking the grad-div duality relation (8), we obtain a local-in-time discrete entropy
inequality, for 0 <n < N —1:

(17) lizm(pg uE Pt ) g ORI () — T (o))

i=lyee ) KeM
d n+1)2 2
1 v v
st e 230 Y 1D (s b V2D g
7 i=1_c (@) P, PD”
o€€
1
where R"+1 = Z > R+ + > Rp >0
seeld KeM

The function II, has some important properties:
(18a) e For all v > 1 there exists C, such that: I, (p) < C, |p — 1|?, ¥p € (0,2).
(18b) e If v > 2 then IL,(p) > |p— 1|, Vp > 0.

o If v € [1,2) then for all R € (2,+00), there exists C, g such that:

(18¢) I, (p) > Cyolp— 1P, Vpe (0,R),

IL,(p) = Cy.rlp =17, Vp € [R,00).

Lemma 3.1 (Global discrete entropy inequality). Under assumption (3), there exists Cy > 0 independent of
e such that the solution (p™,u™)o<n<n to the scheme (4) satisfies, for e small enough, and for 1 <n < N:

(19) —Z Y IDslop " lugal? + a Z& 15513 e

=1 0'68(1)

int

F O KT (o) 42 S P G <

KeM see® Dn

int

Proof. Summing (17) over n yields the inequality (19) with

d d
1 _ 1 1 |D,| 6t |6t
@) Co=53 3 DA el 5 X KI5 30 3 (Vp)3. 2

i=1 gee® KeM see® Dv
By (14), for € small enough, one has p;(l < 2 for all K € M and therefore pgl < 2 for all o € S(lt and
1 < i < d. Hence, since u§ is uniformly bounded in H*(Q)? by (3), a classical trace inequality yields the
boundedness of the first term. Again by (14), one has |p% — 1] < Ce? for all K € M. Hence, by (18a),
the second term vanishes as € — 0. The third term is also uniformly bounded with respect to € thanks to
(14). O

Lemma 3.2 (Control of the pressure). Assume that (p§, uf) satisfies (3) and let (p™,u"™)o<n<n salisfy (4).
Let p™ = p(p") and define " = {opy, K € M} where dpy = (pi — Q™" [,p" da)/e*. Then, one has, for
alll <n<N:

16p™ | < Cne,

where Cye > 0 depends on the mesh but not on €, and || - || stands for any norm on the space of discrete
functions.

Proof. By (19), the discrete pressure gradient is controlled in L> by Cy €2, so that V(6p") is bounded in

any norm independently of . Using the discrete (H~!)%-norm (see e.g. [1]), invoking the gradient divergence

duality (8) and the inf-sup stability of the scheme, ||V (6p™)||-1.m < C¢ implies that [|p"||2 < 87 1Cx. O
5



Theorem 3.3 (Incompressible limit of the MAC pressure correction scheme).
Let (a(m))meN be a sequence of positive real numbers tending to zero, and let (p(m), u(m)) be a corresponding
sequence of solutions of the scheme (4). Then the sequence (p(m))meN converges to the constant function
p =1 when m tends to +o0o in L>((0,T"),L4(Q)), for all g € [1,min(vy,2)].

In addition, the sequence (u(™, o )men tends, in any discrete norm, to the solution (u, dp) of the usual
MAC pressure correction scheme for the incompressible Navier-Stokes equations, which reads:

Prediction step - Solve for 4" ":

o 1

For1<i<d, Voe&y, 5 (g —ug,) +div(@ ™ u")e —divr (@ )o; + (V(0p)")os = 0.
Correction step — Solve for (6p)" ™t and u™*!:
i 1 ~
Forl<i<d Voe&y, = (gt =api") + (V)™ i = (V(5p)")es =0,
VK € M, div(u" ™) = 0.

Proof. By (18b) and the global entropy estimate (19), one has for v > 2,
p™ () = 1E2q) < /Q IL, (p™ (1)) < Coe?, vt € (0,T).

For 1 <~ < 2, invoking (18c) and estimate (19), we obtain for all ¢t € (0,7T) and for all R € (2, +00):

. m 1 (m)
(Z) ”(p( )(t) - 1)]1{p(m)(t)§R}”i2(Q) < C— H,Y(p

R JOQ
@)l LY

which proves the convergence of (p("™),,en to the constant function p = 1 as m — 400 in L®((0,7),L4(Q))
for all ¢ € [1,min(7,2)]. Using again (19), the sequence (u(™),,cy is bounded in any discrete norm and
the same holds for the sequence (5p(m))m€N by Lemma 3.2. By the Bolzano-Weiertrass theorem and a norm
equivalence argument, there exists a subsequence of (u(™), 5p(m))m€N which tends, in any discrete norm, to
a limit (u,dp). Passing to the limit cell-by-cell in (4), one obtains that (u,dp) is a solution to (21). Since
this solution is unique, the whole sequence converges, which concludes the proof. O

(t)) < Ce% vt € (0,T),

(m) (m)

(t) — 1)1 < (t)) < Ce% vt e (0,T),

v
{p(m) (t)ZR}”L‘Y(Q) Cry7R Q
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