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Converging expansions for Lipschitz
self-similar perforations of a plane sector

Martin Costabel, Matteo Dalla Riva, Monique Dauge and Paolo
Musolino

Abstract. In contrast with the well-known methods of matching asymptotics
and multiscale (or compound) asymptotics, the “functional analytic approach”
of Lanza de Cristoforis (Analysis 28, 2008) allows to prove convergence of ex-
pansions around interior small holes of size ¢ for solutions of elliptic boundary
value problems. Using the method of layer potentials, the asymptotic behavior
of the solution as ¢ tends to zero is described not only by asymptotic series in
powers of ¢, but by convergent power series. Here we use this method to inves-
tigate the Dirichlet problem for the Laplace operator where holes are collapsing
at a polygonal corner of opening w. Then in addition to the scale ¢ there appears
the scale n = ™%, We prove that when 7 /w is irrational, the solution of the
Dirichlet problem is given by convergent series in powers of these two small
parameters. Due to interference of the two scales, this convergence is obtained,
in full generality, by grouping together integer powers of the two scales that
are very close to each other. Nevertheless, there exists a dense subset of open-
ings w (characterized by Diophantine approximation properties), for which real
analyticity in the two variables € and 7 holds and the power series converge un-
conditionally. When 7 /w is rational, the series are unconditionally convergent,
but contain terms in log €.

Mathematics Subject Classification (2010). 35J05, 45A05, 31A10, 35B25,
35C20, 11J99.

Keywords. Dirichlet problem, corner singularities, perforated domain, double
layer potential, Diophantine approximation.
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Introduction

Domains with small holes are fundamental examples of singularly perturbed do-
mains. The analysis of the asymptotic behavior of elliptic boundary value problems
in such perforated domains as the size of the holes tends to zero lays the basis for
numerous applications in more involved situations that can be found in the classical
monographs [18], [25], [20] and the more recent [1]. The two methods that are most
widely spread are the matching of asymptotic expansions as exposed by II’in [18],
and the method of multiscale (or compound) expansions as in Maz’ya, Nazarov, and
Plamenevskij [25] or Kozlov, Maz’ya, and Movchan [20]. Ammari and Kang [1] use
the method of layer potentials to construct asymptotic expansions. When the holes
are shrinking to the corner of a polygonal domain, one encounters the class of self-
similar singular perturbations, a case that has been treated by Maz’ya, Nazarov, and
Plamenevskij [25, Ch.2] with the method of compound expansions, and by Dauge,
Tordeux, and Vial [13] with both methods of matched and compound expansions.
The common feature of these methods is their algorithmic and constructive nature:
The terms of the asymptotic expansions are constructed according to a sequential or-
der. At each step of the construction, remainder estimates are proved, but there is no
uniform control of the remainders, and this does therefore not lead to a convergence
proof.
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Another method appeared recently, based on the “functional analytic approach”
introduced by Lanza de Cristoforis [21]. This method has so far mainly been ap-
plied to the Laplace equation on domains with holes collapsing to interior points.
The core feature is a description of the solution as a real analytic function of one
or several variables depending on the small parameter ¢ that characterizes the size
of the holes. This is proved by a reduction to the boundary via integral equations,
and after a careful analysis of the boundary integral operators the analytic implicit
function theorem can be invoked, providing the expansion of the solutions into con-
vergent series. Analytic functions of several variables appear for example in [22, 9],
where the two-dimensional Dirichlet problem leads to the introduction of the scale
1/loge besides ¢, or in [10], where a boundary value problem in a domain with
moderately close holes is studied and the size of the holes and their distance are
defined by small parameters that may be of different size.

Our aim in this paper is to understand how this method would apply to the
Dirichlet problem in a polygonal domain when holes are shrinking to the corner
in a self-similar manner. In the limit ¢ — 0, the singular behavior of solutions at
corners without holes will combine with the singular perturbation of the geometry.
In contrast to what happens in the case of holes collapsing at interior points or at
smooth boundary points [3], we find that the series expansions in powers of ¢ that
correspond to the asymptotic expansions of [13] are only “stepwise convergent”.
For corner opening angles w that are rational multiples of 7, the series will be un-
conditionally convergent, but in general for irrational multiples of 7, certain pairs of
terms in the series may have to be grouped together in order to achieve convergence.
This is a peculiar feature similar to, and in the end caused by, the stepwise conver-
gence of the asymptotic expansion of the solution of boundary value problems near
corners when the data are analytic [4, 11].

0.1. Geometric setting

We consider perforated domains where the holes are shrinking towards a point of
the boundary that is the vertex of a plane sector. For the sake of simplicity, we try
to concentrate on the essential features and avoid unnecessary generality. Therefore
we consider only one corner, but we admit several holes.

We denote by t = (t1,t5) the Cartesian coordinates in the plane R?, and by
(p = |t|,¥ = arg(t)) the polar coordinates. The open ball with center 0 and radius
po is denoted by #(0, po). Let the opening angle w be chosen in (0, 27r) and denote
by S, the infinite sector

So={teR? ¥ec (0wl 0.1)

The case w = 7 is degenerate and corresponds to a half-plane.

The perforated domains A, are determined by an unperforated domain A, a
hole pattern P and scale factors ¢, about which we make some hypotheses.

The unperforated domain A satisfies the following assumptions, see Fig.1 left,

1. Ais a subset of the sector S, and coincides with it near its vertex:
Jpo >0 suchthat 2(0,p0) N A= A0, po) NS, (0.2)
2. Ais bounded, simply connected, and has a Lipschitz boundary,
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3. S. \ A has a Lipschitz boundary,
4. OAN IS, is connected.

The hole pattern P satisfies, see Fig.1 right,
1. P is a subset of the sector S, and its complement S,, \ P coincides with S, at

infinity:
dpy, >0 suchthat P CS, N0, pp). (0.3)
2. P is a finite union of bounded simply connected Lipschitz domains P;, j =
1,...,J,

W

S. \ P has a Lipschitz boundary,
4. Forany j € {1,...,J}, OP; N JS,, is connected.

.I.‘.Sw Sw

Unperforated domain A Hole pattern in plane sector S,

FIGURE 1. Limit domain A and hole pattern P.

Let g = po/pp- The family of perforated domains (A. ), <ccz, 18 defined by,
see Fig.2,

A.=A\eP, for 0<e<e. 0.4)
The family P can be seen as a self-similar collection of holes concentrating at the
vertex of the sector. Here, in contrast with [9] we do not assume that 0 belongs to P.
We do not even assume that 0 does not belong to JP.

Our assumptions (0.2), (0.3) exclude some classes of self-similar perturbations
of corner domains that are also interesting to study and have been analyzed using
different methods, see [13]. For example, condition (2) in (0.3) excludes the case
of the approximation of a sharp corner by rounded corners constructed with circles
of radius €. Condition (3) in (0.3) excludes holes touching the boundary in a point.
The Lipschitz regularity conditions (2) and (3) in (0.2), (0.3) are essential for our
boundary integral equation approach. On the other hand, the condition that A is
simply connected and the related connectivity conditions (4) in (0.2), (0.3) are not
essential, they are merely made for simplicity of notation.

0.2. Dirichlet problems and mutiscale expansions

We are interested in the collective behavior of solutions of the family of Poisson
problems

0.5)

Au., = f in A,
u. = 0 on OA..
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ESW ESW

A

FIGURE 2. Perforated domain A, for two values of .

We assume that the common right hand side f is an element of L?(A), which, by
restriction to A., defines an element of L2 (A.) and provides a unique solution u. €
H}(A.) to problem (0.5).

If moreover f is infinitely smooth on A in a neighborhood of the origin, then
a description of the e-behavior of u. can be performed in terms of multiscale as-
ymptotic expansions. We refer to [25, 13] which apply to the present situation. As
a result of this approach, cf [13, Th.4.1 & Sect.7.1], u. can be described by an
asymptotic expansion containing two sorts of terms:

e Slow terms u”(t), defined in the standard variables ¢
e Rapid terms, or profiles, U 'B(g), defined in the rapid variable é

Here the exponent /3 runs in the set N + IN = {{ + kT, k,/ € N}.
If = is not a rational number, 1. can be expanded in powers of &

ue(ty~ Yo LU+ Y LU, (0.6)
BEN+EN BEN+EN

The sums are asymptotic series, which means the following here: Let (3,,),cn be
the strictly increasing enumeration of N + N and define the Nth partial sum by

N N
U[EN] (t) = Z gPn Pn (t) + Z ehn Uﬁn(é) ) 0.7)
n=0 n=0
Then for all N € N there exists C' such that for all € € (0, 4]
=, < O o9

where we have chosen £ < gg.
If 7 is a rational number, the terms corresponding to 3 in the intersection
B € NN ZN, contain a log ¢ and the estimate (0.8) has to be modified accordingly.

0.3. Convergence analysis

If we want to have convergence of the series (0.6), it is not enough that the right
hand side f belongs to L?(A) and not even that it is infinitely smooth near the
origin, but in addition its asymptotic expansion (Taylor series) at the origin needs to
be a convergent series converging to f. Thus we have to assume, and we will do this
from now on, that f has an extension as a real analytic function in a neighborhood
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of the origin. More specifically, we assume that there exist two positive constants
My and C so that f € L?(A) and

) = fatirs?, Vee BO,M7)NA, with |fo| <CMJ (0.9)
a€eN?

A simple special case would be a right hand side f € L2(A) that vanishes in a
neighborhood of the origin. Likewise, one could consider, as in [22, 9, 3], a variant
of the boundary value problem (0.5) that is driven not by a domain force f, but by a
given trace on the boundary.

In the present work we address the question of the convergence of the se-
ries (0.6) under the assumption (0.9). In the above references [25, 13] the recursive
construction of the terms u” and U? of (0.6) is performed without control of the
constants C'y in function of N, thus without providing any information on the con-
vergence of the asymptotic series. We will exploit the “functional analytic approach”
to obtain this convergence.

It follows from general properties of power series that convergence of (0.6) in
the sense that

lim Hue — u[EN]H =0
N—o00

in some norm and for some € = €; > 0 implies that the series converges absolutely
and unconditionally for any ¢ € (—¢&1, 7). It will follow from our analysis that there
exists a set Ag of real irrational numbers (super-exponential Liouville numbers, see
Definition B.1) with the property that whenever the opening angle w does not belong
to mAs, then such an €1 > 0 does indeed exist. For w € mAs on the other hand, in
general the series (0.6) does not converge for any € # 0. It is known from classical
number theory that both A4 and its complement are uncountable and dense in R and
As is of Lebesgue measure zero and even of Hausdorff dimension zero. The series
can be made convergent, however, for any w € (0, 27) by grouping together certain
pairs of terms in the sums for which 3,11 — [3,, is small. This situation can also be
expressed by the fact that there exists a subsequence (i )xen of N such that for any
€ € (—e1,61)

lim ||u6 — u[ENk]H =0.
k—o0

We call this kind of convergence “stepwise convergence”, and the main result of this
paper is the construction of a convergent series in this sense.

Our analysis relies on four main steps, developed in the four sections of this
paper.

STEP 1. We set @1, = u. — ug N where ug € H}(A) is the solution of the

€

limit problem
A = in A
4o fooin A (0.10)
ug = 0 on OA.

Doing this, we reduce our investigation to the harmonic function ., solution of the
problem

A~s = i Asa
{ U, 0 in ©0.11)

U = —uUg on OA.,
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Since uyg is zero on JA, the trace of uy on JA. can be nonzero only on the boundary
of the holes ¢0P. In order to analyze this trace, we expand uo near the origin in
quasi-homogeneous terms with respect to the distance p to the vertex according to
the classical Kondrat’ev theory [19]. The investigation of the possible convergence
of this series is far less classical, see [4], and it may involve stepwise convergent
series. This issue is also related to the stability of the terms in the expansion with
respect to the opening, cf [6, 7]. We provide rather explicit formulas for such expan-
sions in complex variable form.

STEP 2. We transform problem (0.11) into a similar problem on a perforated
domain for which the holes shrink to an interior point of the limit domain, a situ-
ation studied in [22, 9, 10]. To get there, we compose two transformations that are
compatible with the Dirichlet Laplacian,

e A conformal map of power type,
e An odd reflection.

In this way the unperturbed sector domain A is transformed into a bounded simply
connected Lipschitz domain B that contains the origin, and the hole pattern P is
transformed into another hole pattern Q that is a finite union of simply connected
bounded Lipschitz domains Q;. The small parameter is transformed into another
small parameter 7 by the power law

n=e"
and the new perforated domains B,, have the form

B’I =B \ 776’ n S (0,770)

The boundary of B,; is the disjoint union of the external part 0B and the boundary
1n0Q of the holes Q. The holes shrink to the origin 0, which now lies in the interior
of the unperforated domain B.

In this way problems (0.11) are transformed into Dirichlet problems on B,

{Avn = 0 in By, 0.12)
Uy = iy on 0B,.

The family of Dirichlet traces p,, are determined by the trace of 1 on the family
of boundaries e0P of the holes. They have a special structure due to the mirror
symmetry.

STEP 3. We study analytic families of model problems of this type where i,
depends on 7 as follows

{,un(a:) =(x) ifz € IB, 0.13)

pn(x) = W(T) ifz€noQ.

Here we have a clear separation between the external boundary 9B where 1, does
not depend on 7, and the internal boundary 70Q of 0B, that is the boundary of
the scaled holes 77Q. Via representation formulas involving the double layer poten-
tial, we transform the problem (0.12) with right hand side (0.13) into an equivalent



8  Martin Costabel, Matteo Dalla Riva, Monique Dauge and Paolo Musolino

system of boundary integral equations (3.29) with a matrix of boundary integral op-
erators M (n) depending analytically on 7 in a neighborhood of zero and such that
M(0) is invertible, see Theorem 3.12.

The crucial property making this possible is the homogeneity of the double
layer kernel, which allows to write M (n) in such a form that its diagonal terms are
independent of 7 and the off-diagonal terms vanish at 7 = 0. The problem corre-
sponding to the boundary integral operator M (0) can be interpreted as a decoupled
system of Dirichlet problems, one (in slow variables ) on the unperturbed domain
B and a second one (in rapid variables X = %) on the complement R? \ Q of the
holes at n = 1.

STEP 4. From the formulation via an analytic family of boundary integral
equations in Step 3 follows that there exists 71 > 0 such that the solutions v,, of
problems (0.12)-(0.13) depend on the data ¢ € H'/?(9B) and ¥ € H'/?(9Q) via
a solution operator £(n) that is analytic in 1 for n € (—n1,n1) and, therefore, is
given by a convergent series around 0

Lo = 0"Ln, Il <m. (0.14)

n=0

Combining this with the results of Steps 1 and 2, we obtain expansions of
the solutions u. of problem (0.5) in slow and rapid variables similar to (0.6) that
are not only asymptotic series as ¢ — 0 like in (0.8), but convergent for ¢ in a
neighborhood of zero. The convergence is shown in weighted Sobolev norms and it
is, in general, “stepwise” in the same sense as had been known for the convergence
of the expansion in corner singular functions of the solution ug of the unperturbed
problem (0.10). The main results on this kind of convergent expansions are given in
Theorems 4.5, 4.6 and 4.7.

While the series in powers of € are, under our general conditions, not uncondi-
tionally convergent due to the interaction of integer powers coming from the Taylor
expansion of the right hand side f in our problem (0.5) and the powers of the form
km/w, k € N, coming from the corner singularities, there are two situations where
the convergence is, in fact, unconditional.

The first such situation is met when the opening angle w is such that 7/w is either
a rational number or, conversely, is not approximated too fast by rational numbers,
namely not a super-exponential Liouville number as defined in Definition B.1. In
this case, the right hand side f can be arbitrary, as long as it is analytic in a neigh-
borhood of the corner, see Corollaries 4.9 and 4.10.

The second situation where we find unconditional convergence is met for arbitrary
opening angles w when the right hand side f in (0.5) vanishes in a neighborhood of
the corner: Then we have the converging expansion in L>(2)

ue(t) =uo(t) + Y Puft)+ > LUPD). (0.15)

BELN. BEELN.

Thus both parts of this two-scale decomposition of u. are given by functions that
are real analytic near zero in the variable = €™/, see Corollary 4.8.
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1. Unperturbed problem on a plane sector

We are going to analyze the solution ug of problem (0.10) when the right hand side
satisfies the assumption (0.9). We represent u as the sum of three series converging
in a neighborhood of the vertex:

Uy = Uf + U + Urm
where

1. wy is a particular solution of Au = f,

2. ugp is a particular solution of Au = 0, with up + uy = 0 on the sides ¥ = 0
or w,

3. uym is the remaining part of wug.

We use the complex variable form of Cartesian coordinates

C=ty+ity, (=1t —ity ie. (= pe. (1.1)
In particular, instead of (0.9), we write the Taylor expansion at origin of f in the
form

F@&) =Y fa™™ in B(0,M;"), with |fo < Cy M, (M > My).
a€eN2
(1.2)

1.1. Interior particular solution

The existence of a real analytic particular solution to the equation Au = f is a
consequence of classical regularity results (cf. Morrey and Nirenberg [27]). Never-
theless, we can also provide an easy direct proof by an explicit formula using the
complex variable representation (1.2): It suffices to set

o foz a1 +1 as+1 —1
up(t) = > 4(a1+1)(a2+1)g Tt in (0, M), (1.3)

a€EN?

to obtain a particular real analytic solution to the equation Au = f in (0, M N 1).

1.2. Lateral particular solution

Set p1 = min{pg, M ~'} for a chosen M > M. In the finite sector A N Z(0, p1),
the difference & = uo — uy is a harmonic function and its traces on the sides ¥ = 0
and ¥ = w coincide with —u . Denote by ¢° and ¢“ the restriction of —u ¢ on the
rays ¥ = 0 and ¥ = w. These two functions are analytic in the variable p:

=D ' ¢ =g gl + g7 < Cort. (1.4)
LEN, LEN,

The constant p; > 0, which is a lower bound for the convergence radius of the
power series (1.4), is by construction less than M f_ L where M ¢ is the constant
in the assumption (0.9) on the analyticity of the right hand side f. Note that, by
construction, g° and ¢g* vanish at the origin.
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As a next step in the analysis of ug, we now construct a particular solution ug
of the problem satisfied by u

Augy(t) 0 Vte ANA(0,p1),
uolt) = —us(t) Vi€ (ToUTL)NB(0,m).

(1.5)

This solution uses the convergent series expansion (1.4) and will be given as a con-
vergent series, too.

Following [4], for any positive integer ¢ € N, we can write explicit particular
solutions wy to the Dirichlet problem in the infinite sector S,,

A’U}z(t) = 0 vVt € Sw )
we(t) = gip*  VteTy, (1.6)
we(t) = g¢¥p° VteT,,

where T and T, are the two sides of the sector S,,,.

The idea is then to give estimates of the w, that show convergence of the series
Up = ZeeN* we -

There exists always a (quasi-)homogeneous solution of degree ¢. The har-
monic functions that are homogeneous of degree ¢ are

Im¢’ and Re(’

They are given in polar coordinates by p’sin £ and p* cos £49. The determinant of
their boundary values is sin fw. If this is zero, we cannot solve (1.6) in homogeneous
functions (except in the smooth case, i.e. when w = m, where we find that w, =
by Re ¢* with by = g? is a solution), but we need the quasihomogeneous function

Im(¢* log() .

We find the solution
(i) If sin fbw # 0, i.e. if bw & TN

we(t) = ay Im ¢’ + by Re¢’

97 — gg cos fw (1.7)

with ap = and by =gy .

sin fw
In this case the solution to (1.6) is unique in the space of homogeneous functions of
degree /.

(ii) If sin fw = 0, i.e. if fw = km with k € N, so cos lw = (—1)F,

we(t) = ag Im(¢¢log ¢) + by Re ¢’

97 — gg cos fw (1.8)

with ap = and by =g} .

w cos fw
We draw the following consequences according to whether ” is rational or
not:
(a) If 7 € Q, then the coefficients a, and by in (1.7)-(1.8) are controlled since
sin fw spans a finite set of values: There exists C” such that

|ag + |be| < C'p7*, LEN,. (1.9)
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(b) If = ¢ Q, estimating a, is hindered by the possible appearance of small
denominators sin fw. In Appendix B we show that there exists a dense set of angles
w such that sin fw takes such small values that the series with w, defined by (1.7)
will not converge, in general. The criterion is that 7/w belongs to the set Ag of
super-exponential Liouville numbers, defined in Definition B.1 by their very fast
approximability by rational numbers. We can restore the control of wy by modifying
it as proposed in [4, 11]. For this, we “borrow” a term from the expansion (1.15)
of u,m, in Section 1.3 below, namely a solution of the problem with zero lateral
boundary conditions, a Laplace-Dirichlet singularity

Im ¢*¥/%  (harmonic in S,,, zero on Ty and T,,).

Using this with £ = |fw/7] € N, such that [fw — kn| is minimal, we introduce a
variant of wy from (1.7) by defining

we(t) = ay (Im Cé — Im(kﬂ/w) + bs Re Cé
with ay and b, as in (1.7). We note that
{_ rkm/w
I ‘- I kr/w) _ (,w _ 0 ) 1 C C
ar (Im¢ m ¢ ) = (9¢ — gy coslw)Im Y
The quotient on the right is stable because it can be expressed by divided differences:
Cé _ Ck}ﬂ'/w B Cé _ Ck}ﬂ'/w /— k:7r/w
sinfw  {—kn/w sinfw—sinkr

For fixed /, this is continuous in w, even if fw — km, and we recover the logarithmic
term from (1.8):
CZ _ Ckﬂ'/w

lim Im>—"—
Lw—kn sin 4w

_ ¢
= Tm(Clog () wecosbw

For fixed w, we find a bound for the coefficient uniformly in ¢ if |fw — k7| < 7/2:
(—krjw| 1 bw — km
sin fw sin(fw — k)

The stable variant of (1.7), which contains the logarithmic expressions (1.8), is
therefore

T
~ 2w’

W

_ Cé _ Ckw/w
We(t) = ag Tm >—>—— + by Re(’
0 —km/w
(k) (1.10)
—km/w
ith = (g5 — g7 lw) ——— d by=g?.
with @y = (g7 — g, costw) T an ¢ = gy
We need this variant only when |fw — k7| is small. We fix a threshold
0 < 6y < 3 min{w, 7} (1.11)

and replace wy by wy if there exists & € N, such that |[lw — kn| < 6.
The bounds on §,, imply on one hand that in this definition % is defined
uniquely by ¢, but £ is also uniquely determined by k. On the other hand, we can
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check that the coefficients a, and a, are uniformly controlled: There exists C” inde-
pendent of ¢ such that

> 0w,
laj)| < C'pr%,  wherea) = { gt dist(ﬁw,wN){ (1.12)
ay <4, .

Thus, choosing for each value of ¢ solutions wy or wy, cf (1.7)-(1.12), we obtain
a convergent series expansion for a particular solution uy of the (partial) Dirichlet
problem (1.5).

1.3. Remaining boundary condition and convergence
Let us write in AN #(0, p1):
Uy = uf + uy + Urm - (1.13)

Now the function u,n, resolves the remaining boundary condition (here we choose
pll € (Oa Pl))

Aumn(t) = 0 Vi e ANA0,p}),
Um(t) = 0 Vte (ToUT,)NA0,p)), (1.14)
um(t) = g(t) VteS., [t|=p,

where
9(t) = uo(t) —up(t) — up(t) for |t = p}.
Denoting by II the arc ¥ € (0,w), p = 1, we can see that the trace g belongs to
Hé({ 2 ]Ep’ll'[). By partial Fourier expansion with respect to the eigenfunction basis
= we find

(sin %% )keN*

k
g(t) => gesin—d, te piIl,
w
k>1

with a bounded' sequence (gk) and we deduce the representation

keN,’

km/w k _
Urm () :ng(ﬁ,) sin—9, te AN B0,p)).
i>1 P1 w
Setting Crr/w = gk (p}) =%/« we find that the expansion for the remaining term

can be written as the converging series
um(t) = Y ¢y Im¢7, teANB(0,0), (1.15)
YEZN,
with the estimates
ey < Clph) ™. (1.16)
The collection of formulas and estimates (1.3), (1.7)-(1.12), and (1.15)-(1.16) moti-

vates the following unified notation.

!In fact the sequence (V& gi) belongs to £2(N,.).

kEN,
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Notation 1.1. Let 2l be the set of indices (here N2 denotes N2 \ {(0,0)})
A=NUZIN,,
and let 2y be the subset of 2 of elements of the form (¢,0) with ¢ € N, such that
there exists
ke N, with |[lw—kn| <4, (see(l.11)). (1.17)
For any v € 2, we define the function t — 2, (t) as follows
L. Ify € IN,,set Z,(t) = (7,
2. If y = (a1, a2) € N2 and 7 & o, set Z,(t) = (*1(°2,
3. If v = (¢,0) € o, let k be the unique integer such that (1.17) holds. Set
Z,(t) = Cllog¢ ife= 1k,
CZ Ck}ﬂ"/w ) L
Z,(t) = fe#£ 2T,
'Y( ) 6 k / 1 # w

We are ready to prove the main result of this section:

(1.18)

Theorem 1.2. Let ug be the solution of the unperturbed problem (0.10) with right
hand side f € L?(A) satisfying (0.9). We can represent ug as the sum of a conver-
gent series in a neighborhood of the vertex 0
() =Tm > a,Z(t), teANB0,p) (1.19)
ye

where the set A and the special functions 2, are introduced in Notation 1.1, and
the coefficients a~, satisfy the analytic type estimates: for all M > pfl there exists

C such that
la,| <OCMN 5 e, (1.20)
where |y| = o1 + az if v = (1, a2) € (N,)% and |y| = v if v € ZN,. The
coefficients a~, are real if v € TN, orif v = (£,0) € N2,
Proof. We start from the representation (1.13) of ug in the three parts uy, uy and
Upm-
1) us has the expli(iit expression (1.3) that can be written as
Y il Doanen, baC1 (Y2 with suitable estimates for the coefficients b,
bo| < CMIL.
We notice that the set of indices (N, )? has an empty intersection with 2. So
A
v€(NL)?
Since uy is real, we can set a, = ib, and get
up(t)=Im > a,Z(1).
v€(N.)?
2) ug is equal to Y,y wj with
i) wh = wy with wy given by (1.7) if (¢,0) & 2o,
ii) wz = wy with wy given by (1.8) if / = %’T for some k € N,,
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iii) wz = wy with wy given by (1.10) if (¢,0) € 2 and £ # %”, where k is the
integer such that (1.17) holds.
We parse each of these three cases
i) (€,0) & Ao: Then ;) = ¢ and Zo ) = ¢*. We use formula (1.7) to
obtain
we = Im(ap 24,0y + ibe Z0,0)) (1.21)
The coefficients a0y = a¢ and a(g¢) = ib, satisfy the desired estimates, because
(€,0) & Ao implies |sin fw| > sin § .
ii) There exists k € N, such that { = %”: Then Z{;) = ¢“log ¢ and Z{o ) =
¢*. We use formula (1.8) to obtain the representation (1.21) again.
iii) (¢,0) € 2y and ¢ # %’T, with the integer k for which (1.17) holds. Now
we start from formula (1.10) and find once more the representation (1.21) with a,
replaced by ay.
3) Finally u,, given by (1.15) is already written in the desired form. U

Remark 1.3. 1) Examining the structure of the terms in (1.19) we can see that a real
valued basis for the expansion of u is the union of
o ImZ ify€ IN, orify = (a1, 0a2) € N2 with a1 > a,
e Re Z, if v = (a1, a2) € N2 with a1 < .
2) The traces of the function Im Z;. /., are zero on JS,, for all k& € N,. If we
write the expansion (1.19) in the form

w=Y e Im Lo+ Y (Im 3 avfzy) (1.22)

keN. LeN, 7€N2
ly|=¢
we obtain terms Im 2} /,,, or packets of terms Im ZI = a2, that have zero
traces on 0S,,,.

Remark 1.4. If w = 7, then ug has a converging Taylor expansion at the origin.

Remark 1.5. If f = 0 in a neigborhood of the origin, then in the above construction
we find that u s and up vanish identically, hence 1o = um. For the latter we have the
convergent expansion (1.15), and therefore 1 has an expansion in terms of Im (¥%
k € N, , that is convergent in a neighborhood of the origin.

Remark 1.6. The definition of 2ly depends on the choice of the threshold 4,,, see
(1.11). This influences which pairs of terms ¢¢ and ¢*7/* are grouped together into
Z, in the sum (1.19), but changing 2{y does not change the sum. One can also omit
a finite number of indices from 2y without changing the sum. From Appendix B
follows that we can even set §,, = 0 and therefore reduce 2l to the empty set if 7 /w
is irrational, but not a super-exponential Liouville number. The resulting series in
which no pairs of terms are regrouped will then converge, with a possibly smaller
convergence radius than p; if 7/w is an exponential, but not super-exponential Li-
ouville number. The full convergence radius p; is retained if 7/w is not an expo-
nential Liouville number, in particular if it is not a Liouville number. If 7/w is a
super-exponential Liouville number, then there exist right hand sides f such that the
unmodified series does not converge for ¢ # 0.
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1.4. Residual problem on the perforated domain

Setting 4. = u. — ugp with u. and ug the solutions of problems (0.5) and (0.10),
respectively, we obtain that u. solves the residual problem

~ (1.23)
U = —uUg on OA.,

{ Ad. = 0 in A
By construction, ug is zero on JA, therefore on A, N OA. Thus the trace of ug on
OA. can be nonzero only on the part c<OP N S,, of the boundary of the perforations,
compare Fig.2. The converging expansion (1.19) allows us to interpret traces of g
on edP NS, as a series of traces on P N S,, with coefficients depending on ¢.
To describe this dependence, we recall Notation 1.1 and introduce corresponding
combinations of powers of €.

Notation 1.7. Let 2l and 2l be the sets of indices introduced in Notation 1.1. For
any v € 2 we define the function ¢ — & (<) as follows

L. Ify € ZN,,set & (c) = €7,

2. Ify = (a1,a2) € N2 and y & 2o, set & () = el
3. If v = (¢,0) € o, let k be the unique integer such that (1.17) holds. Set

57(6):6210g6k ) if ¢ = £z,
gt —ghmiv . (1.24)
E(e) = e if ¢ # £x.

The functions %, (1.18) are pseudo-homogeneous in the following sense.

Lemma 1.8. Lety € A andT €S,
o [fvy &y, then

Z,(eT) = P2, (T) = 6,(0) 24,(T).

o Ifv = (0,0) € g, let k be the unique integer such that (1.17) holds. We set

v = %” and we have

Z,(eT) = M2, (T) + 6,(e) 2, (7).

Corollary 1.9. Under the conditions of Theorem 1.2, using the packet expansion
(1.22), we find

ug(eT) = Z ave"Im Z,(T)

vE SN
+y ee(Im 3 aﬂy‘,@‘”y(T)) + 3 a8 () Im Z,(T). (1.25)
LeN, ~eN? RIS

[v[=¢

Each of the terms or packets has zero trace on 0S,,.
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2. From a perforated sector to a domain with interior holes

In this section, we transform the residual Dirichlet problem (1.23) into a problem on
a perforated domain with holes shrinking towards an interior point, so that to be able
to use integral representations for its solution. A suitable transformation is obtained
as the composition of two operations, see Fig.3:
e A conformal map G,: ¢ — z = (" with k = T that transforms the sector S,,
into the upper half-plane S, = R x Ry,
e The odd reflection operator £ that extends domains and functions from S to
R2.

"‘..Sw

Extension by symmetry from S to R?

FIGURE 3. Conformal map and symmetry acting on hole pattern P.

We introduce these two operations and list some of their properties before
composing them in view of the transformation of problem (1.23).

2.1. Conformal mapping of power type

Let w € (0,27) and x > 0 be chosen so that kw < 2m. The conformal map G,.:
(¢ — z = (" transforms Cartesian coordinates ¢ into Cartesian coordinates x with

(=1t1+1ity and 2z =ux1 + 122
and polar coordinates (p, ) into (r, ) with
r=p" and 0= k9.
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Lemma 2.1. Assume that Q C S, and that 2 and S, \ Q have a Lipschitz boundary.
Then G.Q C Sy, and, moreover, G.§2 and Sy, \ G2 have a Lipschitz boundary.

A function u defined on such a domain Q2 C S, is transformed into a function
G u defined on G2 through the composition
Gru=uoG ' =uoGy,.

If 09 is disjoint from the origin, then for any real s, the transformation G
defines an isomorphism from the standard Sobolev space H*(£2) onto H*(G.2).

If, on the contrary, 0 € 02, there is no such simple transformation law for stan-
dard Sobolev spaces. Nevertheless, weighted Sobolev spaces of Kondrat’ev type can
be equivalently expressed using polar coordinates and support such transformation:
For real 3 and natural integer mn, the space K7*(€2) is defined as

K Q) ={ue L} (), p*Tofu e L2(Q), Ya e N?, |a| <m}. (2.1)

loc
We have the equivalent definition in polar coordinates
K (Q) = {u € Li, (), p7(pdp)™ 057u € L*(Q), Yo € N2, |a] <m}.

Lemma 2.2. The conformal map G, defines an isomorphism
G Kg'(Q2) onto Kﬁ%fl(gnﬂ).
The proof is based on the formulas
p0, = k10, and pdpdd = e~ 2rdrdd.

Details are left to the reader.
A relation between standard Sobolev spaces H*® for real positive s and the
weighted scale K73" is the following [12, Appendix A]

KPQ)CHY(Q) if m>s and §< —s. 2.2)

Coming back to the solution uq of problem (0.10), we check that as a conse-
quence of (1.19) and of Lemma 2.2, there holds:

Lemma 2.3. Let m > 1 be an integer. Then the solution ug of problem (0.10)
satisfies

up € Ki'(A) VB suchthat 1+ >—min{Z,2}. (2.3)
Let k > 0. Then
Guug € K51 (GeA) VB suchthat 1+ 8 > —% min{Z, 2}. (2.4)

2.2. Reflection and odd extension

We first denote by R the mapping from R? to itself defined as the reflection across
the x1 axis

R(z1,x2) = (21, —22) Vo = (z1,29) € R%.
Then if € is a subset of R? and g a function defined on ), we denote by R*[g] the
function on R () defined by

Rgl(z) = g(R(x)) Vo € R(Q).
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Let €2 be a subdomain of the half-plane S;. Let us set
I' = interior (02 N 9Sz).
We denote by £(2) the symmetric extension of ) across the x; axis
E(Q)=QUR(Q)UT. (2.5)

Since we want to stay within the category of Lipschitz domains, we need
here the assumption that both €2 and its complement in S, are Lipschitz. Note that
whereas for a Lipschitz domain its complement in R? is automatically Lipschitz,
too, this is not the case, in general, for the complement in S;. This is the reason why
we had to make corresponding assumptions in Subsection 0.1, see assumptions (2)
and (3) on the domain A and the perforations P. Under these assumptions £({2) is
a Lipschitz domain. Since the proof of this fact is rather technical, we present it in
Appendix A, Lemma A.1.

If ¢ is a function defined on €2, the odd extension of g to £() is defined as

g(x) Vo € Q
Elgl(x) = —9(R(x)) Ve € R(Q)
0 Ve el.

Let us denote by Hg -(€2) the following subspace of H'(Q2)
H&’F(Q) ={ue Hl(Q)7 u‘r =0}.

Lemma 2.4. Assume that Q) C S, and that Q and S \ﬁ have a Lipschitz boundary.
Then the odd extension £ defines a bounded embedding

X K3(Q) N Hyp(Q) — KZ(E(Q)) VB ER.

Proof. 1f u belongs to K3(Q2) N Hj 1(2), the jumps of £*[u] and of dx€* [u] across
I" are zero. Hence for all multiindices «, |«| < 2, the partial derivative 9“E* [u] has
no density across I" and

1P O%E w17 2 g )y = 20T PO T2

2.3. Transformation of the residual problem

We come back to our main setting, with unperforated domain A, hole pattern P,
and family of perforated domains A.. We denote by 7 and 7* the composition of
the conformal map G/, and the odd extension acting on domains and functions
respectively

T=E0Gr), and T =&"0G,, . (2.6)

T/ w
Then we denote
B=T(A), Q=T(P).
As a consequence of assumptions on A and P, and of Lemmas 2.1 and A.1, Bis a
bounded simply connected Lipschitz domain containing the origin, and Q is a finite
union of bounded simply connected Lipschitz domains.
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The perforated sector A, is transformed by 7 into the perforated domain B,
with

n=¢e"% and B, =B\ nQ. 2.7)
We note that the boundary of B,, is the disjoint union of 0B and 10Q, see Fig.4:
0B, = 0BUnIQ. (2.8)

FIGURE 4. Transformed perforated domain B,, for two values of 7).

The residual problem (1.23) on A. is transformed into the Dirichlet problem
on B,

Av, = 0 in By,
vy = —T"[uo) on 0B,

where we have set v, = 7 *[u.]. We note that v, belongs to H'(B,,) and that its
trace is zero on JB. We analyze now the structure of the trace of 7 *[ug] on nOQ. We
take advantage of the converging expansion (1.19) and of the pseudo-homogeneity
of its terms.

We recall from Notation 1.1 that the set of indices 2 is the union of TN,
and N2, and from Notation 1.7 that the pseudo-homogeneous functions &, () are
defined as ¢! if v does not belong to the set of exceptional indices o, and by a
divided difference or a logarithmic term in the opposite case.

Theorem 2.5. Let ug be the solution of the unperturbed problem (0.10) with right
hand side f € L?(A) satisfying (0.9). The residual problem (1.23) on A. is trans-
Sformed by the transformation T (2.6) into the Dirichlet problem on B,, with n =

E71'/(41 .

Av, = 0 in By,
v, = 0 on OB, (2.9)
vy = =T "[uo] on noQ.

The trace of T*[ug] can be written as a convergent sum for ¢ € (0,e1] for some
positive €1
Tuol(nX) =Y &()T4(X), X €0Q, (2.10)

yeA
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where the set 2 and the functions &, are introduced in Notations 1.1 and 1.7. There
exists a positive number T € (0,1/2) such that the convergence takes place in the
trace Sobolev space H™T'/2(0Q): There exist positive constants C and M such
that

1% || gr1/2i0q) < CMI, v e, 2.11)

Proof. We use the expansion of ug(eT") as written by packets in (1.25). Applying
the transformation 7* we find

TlulnX) = Y a,e"7T"[Im 2,)(X)

vE LN
+Z£€T*{Imz } Za7 )T [Im Z/](X).
LEN, ~veN? yEAo
[v[=¢
(2.12)
We define for v €
a, Im Z, it yeIN,,
o, = Im Zaem, |5]=¢ ay 25 if v=(0,0), £€N,, (2.13)
ayIm 2, if v=1(£,0) €2,
0 for remaining ¥’s ,
and set
=T*®,], Vye (2.14)

Thus (2.12)-(2.14) imply (2.10).

Let us prove estimates (2.11). Let us choose 8 < —1 such that 1 + 5 >
—min{Z, 2}, cf (2.3). Relying on the explicit form of the functions ®. and on the
boundedness of the domain P, we find that there exist constants C' and M such that

19, [l 2y < CMDT, €2 (2.15)

Let 3’ = £(1+ ) — 1. Then 3’ < —1 and by Lemma 2.2 the conformal map 9r e

is bounded from K3(P) to K?;, (Gr/wP). Then by Lemma 2.4, the odd extension £*
is bounded from K73, (G .,P) to K3,(Q). If we choose 7 such that

—(148) and T€(0,3),

we find that by (2.2), the space K7, (G .,P) is continuously embedded in H™(Q).
The trace theorem for Lipschitz domains then yields the continuity of the trace from
H™(Q) to H™1/2(9Q). Hence there exists C’ such that

H\IJ’YHH""*'1/2(8Q) < C/||(I)v|‘K§(P)’ vy eA.

Combining this with the previous estimate of ||®. || K3(P) gives estimates (2.11).
We finally notice that estimates (2.11) imply the convergence of the series

(2.10) for € € [0, 4] if &1 is chosen such that ey M < 1. O
Remark 2.6. From the proof one finds a bound for the regularity index 7

7 <min{l, 22}, (2.16)

2" 7
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This inequality, which is restrictive for small angles w < 7, is mainly due to the use
of the embedding (2.2) of the weighted Sobolev spaces into unweighted Sobolev
spaces. It is needed only in the special situation where the boundary of the holes
touches the origin. If, conversely, 0 ¢ OP, then we can use the trace theorem directly
without passing by the embedding (2.2), and the statement of the theorem is true for
all 7 € (0,1/2).

3. Symmetric perforated Lipschitz domains

In this section we investigate the asymptotic behavior of the solution of a Dirich-
let problem in a symmetric Lipschitz domain with small holes. The analysis here
performed will allow to study the behavior of the solution of problem (2.9).

More precisely, we will consider the case where the domain and its holes are
symmetric with respect to the horizontal axis and the boundary data are antisym-
metric. We use the technique with which the behavior of harmonic functions in
perforated planar domains was studied in Lanza de Cristoforis [22] and in Dalla
Riva and Musolino [9]. As in [9], we employ boundary integral equations, but there
are some differences in the assumptions: In [9], perforations were of class C'* and
connected, whereas we consider here perforations with Lipschitz boundaries and a
finite number of connected components. This generalization is naturally implied by
the construction of the perforation Q from P by the conformal transformations and
reflections described in the previous sections, because even for a smooth and con-
nected hole P in the sector S,,,, the resulting perforation Q in R? may have corners or
several connected components. On the other hand, our symmetry assumptions will
allow to simplify notably the treatment of the problem. In particular, we find that we
do not have to deal with the logarithmic behavior which arises in the general setting
for two-dimensional perforated domains.

3.1. Some notions of potential theory on Lipschitz domains

We collect here some known results about harmonic double layer potentials on Lips-
chitz domains in the plane. Main references for these facts are the paper by Costabel
[5] and the books by Folland [14] and McLean [26].

We assume that Q@ C R? is a bounded Lipschitz domain (a role that will
mainly be played by the perforated domain B \ 7Q). Furthermore, Q will be con-
nected, but its complement o = r? \ 2 may be not connected. Let le)’ ey ng)

be the bounded connected components of QO and Q?o) the unbounded connected
component of Q. Thus the boundary 0f2 has the m + 1 connected components

C C
908, ..., 008 .

Let E be the function from R? \ {0} to R defined by
1
E(x) = ~5 log || vz € R?\ {0}.

As is well known, F is a fundamental solution of —A on R2.
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If ¢ is an integrable function on OS2, we define the double layer potential
Daq|d] by setting

Daal¢l(z) = - ; Sy)n(y) - VE(x —y)ds, Yz € R*\0Q,
Q

where ds denotes the length element on 0€) and n denotes the outward unit normal
to €2, which exists almost everywhere on 952. In R? \ 952, the double layer potential
Daql®] is a harmonic function, vanishing at infinity. By Costabel [5, Thm. 1], if
7€ [~-1/2,1/2] and ¢ € HY/?+7(99) then

Doaldl|, € H'(Q),  Doaldl] , € Hii™(QF). 3.1
We denote by vy and 'yg the interior and exterior traces on 0f2, respectively, and
by 1 and fy? the interior and exterior normal derivatives on OS2, respectively, (both

taken with respect to the exterior normal n). Then we have the jump relations [5,
Lem. 4.1]

Y Doald] — 10 Doqld] = &, 11Daald] = 1eDoald]

for all ¢ € HY?*7(952). We introduce the boundary operators Cpo and Waq by
setting

Konlé] = 5 (20Ponle] + 28Panle]) . Wanle] =~ Donle] = ~+¥Ponl]

forall ¢ € H'/?7(9Q). As a consequence,

v0Doald] = —2o+Kaald], EDoqlg] = Lo+Koalgl, Vo€ HY*7(09).

(3.2)

Thus the boundary integral operator associated with the Dirichlet problem in €2 is

—%I + Ko, whose mapping properties we therefore want to summarize in the
sequel.

From Costabel and Wendland [8, Remark 3.15] (see also Steinbach and Wend-

land [28] and Mayboroda and Mitrea [24]), we deduce the validity of the following.

Lemma 3.1. Forany 7 € [—1/2,1/2], the operators £ 11+ Koq: HY/*T7(9Q) —
H'/?%7(0Q) are Fredholm operators of index 0.

The kernels and cokernels of i%[ +Koq are also known; they are independent
of 7. They are described in terms of the characteristic functions of the connected
components of JS2. Here, if O is a subset of 92 we denote by y o the function from

0N to R defined by
() 1 ifze,
z) =
Xo 0 ifzean\o.

The value of the double layer potential of a constant density is well known.

0 ifret

Daalxonl(r) = { 1 fren hence  Koalxaa] = —3xo0 -



Converging expansions 23

Applying this to the components Q?j), 7 =1,...,m, we see that the characteristic
functions x 098, generate double layer potentials that vanish in {2 and that they are
J

therefore in the kernel of the operator — %I + Koagq. In fact, by arguing as in Folland
[14, Ch. 3] one can prove the following.

Lemma 3.2. Let
Uy = {qS € H'2(09): £ 16+ Koalg] = 0} :

Then 0y has dimension 1 and consists of constant functions on 0S). The space 0 _
has dimension m and is generated by { X yqe }7L;.
&)

In order to characterize the range of the double layer potential operator, we use
the description of the mapping properties of the operator of the normal derivative of
the double layer potential Wy = —71Dsgq as given in McLean [26, Thm. 8.20].

Lemma 3.3. The operator Waq, is a bounded selfadjoint operator from H'/?(9Q)
to its dual space H—1/? (09Q). The kernel of Waq consists of locally constant func-
tions in H'Y/2(9Q). Its dimension is m + 1, and it is generated by {XOQ?.> o

For a bounded selfadjoint operator, the kernel determines the range, the lat-
ter being the orthogonal complement of the former. We thus obtain the following
description of the range of the double layer potential operator.

Corollary 3.4. Let 7 € [—1/2,1/2]. Let u € H'T7(Q) be such that Au = 0 in Q.
Then there exists ;1 € H'Y?**7(9Q) such that u = Daq|[y] |Q if and only if

(mu, Xag(cj)> =0 Vje{l,....m}. (3.3)

Here we use the brackets <-, > to denote the natural duality between a Sobolev
space H*(0)) and H~*(912). Thus the condition in (3.3) means that the integral of
the normal derivative

Opu=mn-Vu
of u over each component of Jf2 vanishes. The condition for j = 0 is implied by
the others, because by Green’s formula any harmonic function u in 2 satisfies

<71U7 Xoat. > =/ Opuds =0.
o0

J=0

Remark 3.5. The function p represents u as a double layer potential if and only if p
is a solution of the boundary integral equation

— %u + Koalu] = vou on 0f). (3.4)

This follows from the jump relation (3.2) and from the uniqueness of the solution
of the Dirichlet problem. Thus Corollary 3.4 can be seen as a statement on the
solvability of the boundary integral equation (3.4), and conditions (3.3) characterize
the cokernel of the operator —%I + Koq.
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3.2. The double layer potential for symmetric planar domains

We now come back to the geometric situation found at the end of Section 2. This
means that in this subsection Q = B, = B\ nQ, where B is a simply connected
bounded Lipschitz domain in R? containing the origin, 7 € (0,7)) is a small pos-
itive real number, and Q is a finite union of bounded simply connected Lipschitz
domains such that 79Q is contained in B. In addition, B and Q are symmetric with
respect to reflection at the horizontal axis. From Subsection 2.2 we recall the nota-
tion for the reflection and the corresponding pullback

R(x1,x2) = (21, —22) Vo = (x1,22) € R? and R'[g]=goR.
Thus we assume
B="R(B) and Q=TR(Q).

The symmetry of Q implies that there exist two natural numbers m > and m*, such
that Q has m = m>* + 2m# > 0 connected components

QT""’ ;LXaQi‘r7"'aQ;#7Q177"'7Q;1#a

satisfying
QS =R(QY) Vie{l,...,m"},
_ (3.5)
Q =R(Q;) and Qf CSr=RxRy Vie{l,...,m*}.

See Figure 3 for an example with m> = 2 and m# = 1.
We introduce the following definition.

Definition 3.6. Let 7 € [—1/2,1/2]. If 9Q = R(R), then H/>*7(90) denotes
the closed subspace of H'/2+7(9Q) defined by

H;éiJrT(aQ) = {9 € H'/?(0Q) : g=—-R*[g] on 89} :

The mapping properties of the boundary integral operator — %I +Kog,, on odd
functions can be summarized as follows.
Lemma 3.7. Let 7 € [—1/2,1/2] and n € (0,n0).
(1) The operator —%I + Kog, defines a Fredholm operator of index zero from
H;ﬁJrT (0By,) to itself.
(ii) If m# = 0, this operator is an isomorphism. More generally, its kernel has

dimension m* and is generated by the functions {XnaQ+ —X,0Q- }5”:#1 where
J J
+1, T € nan ,
(Xn(r)Q_?' - Xn@Qj_)(x) = _]-a HS UaQJ_ 5
0, xr € 0B, \ (nan UnoQ;)-

(i) Ifu € H™7(B,) is such that Au = 0 in B, and R*[u] = —u , then there
exists | € H;éiJrT(@Bn) such that u = Do, [11] |B if and only if
n

<71u,xnan+>:o Vie{l,..., m*}. (3.6)
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@iv) Ifu € Hﬁ;gT(QC) is such that Au = 0 in QC, u is harmonic at infinity, and
R*[u] = —u, then there exists ji € H;ﬁ’LT (0Q) such that u = Daq[u] Q0 if

and only if

<fylu,X8Qj+>=O Vie{l,...,m*}.

Proof. By the rule of change of variables in integrals, we have Dgg, [R* WH =
R* [DaB" [1/)]] , hence

Kos, [R*[¢] = R*[Kog, [¥] Vo € HY**7(9B,). (3.7)

Thus Ksg, maps odd functions to odd functions. By Lemma 3.2 the kernel con-
sists of odd functions in U _, that is, odd linear combinations of the character-
istic functions XnoQ> and XnoQ?- This space is generated by XnoQt ~ Xnoq;
j=1,...,m#. If m# = 0, the operator is therefore injective.

Let us now show (iii). For an odd function u, the m* conditions (3.6) are equivalent
to the whole set of m* + 2m# conditions (3.3), because the integrals over n9OQ*
vanish by symmetry, and the integrals over ndQ; equal the negatives of the inte-
grals over n&Qj. Thus (3.6) is equivalent to the existence of u € H'/2¥7(9B,))
such that v = Dag, [1/] |B . If p is not yet odd, we can replace it by its odd part

n

=3 (u—R*[u),

which will also represent u, that is v = Dag,, [fi] . Statement (iii) is proved.

n

To prove that — %I + ICaB,7 is a Fredholm operator of index zero, it remains to show
that its range has codimension m# (we recall that Kag, is not compact, in general,
when 0B, is a only required to be Lipschitz). We use the observation noted in Re-

mark 3.5. For g € Hgé?T(&Bn), letw € H'*7(B,) be its harmonic extension, that
is, the unique harmonic function in B, satisfying you = g. It is clear that u is an
odd function. The m?# conditions (3.6) that guarantee the representability of « as a
double layer potential with a density p € H, ;ﬁ’LT (0B,,) can be considered as m#
continuous linear functionals acting on ¢ and defining solvability conditions for the

boundary integral equation
(=31 + Kog,)l1 =g
1/2+T

We have shown that the cokernel of —%I + Kog, in H ;5" (0B,)) has dimension
m*, and thus the remaining statements of (i) and (ii) follow.

Statement (iv) is proved in the same way as (iii) by relying on the characterization
of the cokernel of the operator Wpq as given by McLean [26, Thm. 8.20]. U

In addition to the boundary integral operators, we will also need mapping
properties of the double layer potential restricted to some subsets of the domain.

The first result is global and concerns the entire interior of 9B or exterior of
0Q. For this we use the weighted Sobolev spaces of Kondrat’ev type K; introduced
in Section 2.1 and defined for integer regularity exponent s = m € N in (2.1). For
non-integer s there exist several equivalent ways to define this space (see [12]), the
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shortest (and for us, easiest to use) is by Hilbert space interpolation: If s = m + 7,
m € Nand 7 € [0, 1], then

K5(Q) = [K3(Q), KH(Q)]

Itis clear that if €2 is a bounded domain with a positive distance to the origin, then the
norm in K 3(2) is equivalent to the norm in the standard Sobolev space H*((2), and
the weight exponent 5 influences only the behavior near the origin and at infinity.
Thus let y € C§°(IR?) be a cutoff function that is equal to 1 on the ball %(0,1/2)
and 0 outside of #(0, 1) and for R > 0 define

X

Xr(T) = X(R) ;
let further Ry, Ry be such that 0 < 2Ry < R and let By, 51 € R be two weight
indices. Then if we define

e

lulles oy = Imtlics o + 11~ xmoxm i coy + 11— Xrulcs o
(3.8)
we see that for any Lipschitz domain €2 the norms |[u/[s5 () and [|ull K3,(q) are

equivalent; for any bounded €2 the norm ||ul| K3, (@) is equivalent to [l K3 (9)
0P1 0

and for any € that has a positive distance to the origin it is equivalent to ||u|| K3 (9)-
1

With this preparation, we can now prove the boundedness of the double layer repre-
sentation.

Lemma 3.8. Forany T € [—1/2,1/2], o > —2 and 31 < 0, the following opera-
tors are bounded:

Dog : Hyhi' " (0B) — K17(B), (3.9)
Doq : Hold 77 (0Q) — K557 (Q%)  if 0¢0Q. (3.10)
Doq : HYGT(0Q) — K7 (QY)  if 0€0Q and B> -1—7. (3.11)

Proof. In (3.1) we already quoted from [5, Thm. 1] that for a bounded domain £2,
Dag, maps H/2+7(9Q) boundedly into H'+7(€2). This implies that

Dos : H27(0B) — H'*"(B)

is bounded. Let Ry be such that #(0, Ry) C B and let g be the trace of u = Dag[v)]
on 90%(0, Ry). Since w is harmonic in B and odd, it can be expanded in a Fourier

series of the form
00 N
u(x) = gk(—) sin k6 .
2y

Here gj, are the Fourier coefficients of g, and the Sobolev norms of g can equiva-
lently be expressed by weighted norms of the sequence g.

2 _ 251 |2
||g|‘H3(8%(0,R0)) = Zk |gk| -
k=1
It can be verified by explicit computation that for 3 > —2 and any m € N

[l )% (B0, R)) = ch,m|9k|2 with  ck*™ ! < ¢y, < CE*™ L.
k>1
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The constants here depend on R and /3, but not on u. Thus ||u||Kgm(<@(07R0)) is

equivalent to || g|| gm-1/2(9(0, r,))- BY interpolation it follows that this is also true
for m replaced by 1 + 7. Thus

HUHK;;T(%(O,RO)) <C ||9|\H1/2+T(a@(o,Ro)) <C H“HHHT(B) :
Adding ||u| g1+~ (g), we find
HUHK}BOJFT(B) <C ||9HH1/2+T(33) )

hence (3.9).

For the proof of (3.10), we use a similar argument: Let U = Dyq[¥] in QC and
let G be the trace of U on some 04(0, R;) with Ry chosen such that Q C A(0, Ry ).
Then

|‘G||H1/2+7(8%(0,R1)) S |‘U||H1+T(Q0ﬁ%(O7R1)) S C||\I’HH1/2+T(8Q).

Now we write U in Z(0, Rl)c as a Fourier series, using that it is harmonic in QC
and vanishes at infinity (for this we do not even need that U is odd), and prove by
explicit calculation of weighted Sobolev norms and interpolation that for any 5 < 0
there is an estimate

I 1 (a0, m0)8) < C NG llar24- 00,4 -

If 0 € Q, we do not need to estimate U in a neighborhood of 0. If 0 € QC, we can
get an estimate of U in a neighborhood of 0 as above for u. Together, this implies
(3.10).

For (3.11), we use the previous estimate outside of a neighborhood of the
origin, but now we additionally have to estimate ”U”Ké;’T(QGﬁ@(O,RO)) for some
Ry > 0. We cannot apply the same argument as for u above, because 0 is on the
boundary of Q, and U is not harmonic in a whole neighborhood of 0. Instead we
will use the fact that if Sy > —1 — 7 then there is a continuous inclusion

H237(Q N 2(0, Ro)) € K57(Q N (0, Ry)).

For 7 # 0 this follows from Dauge [12, Theorem (AA.7)]. It is also true for 7 = 0
as follows easily from the well known Hardy inequality

e

T2 ||L2(QC)
for all U € H'(QC) satisfying U = 0 for z, = 0. This inclusion together with
the previous estimates that led to (3.10) proves (3.11) and ends the proof of the
lemma. 0

<2 ”aﬂmU”L?(QU)

Remark 3.9. If 7 € (0,1/2], then one also has bounded mappings
Dys : H/>T7(9B) — L®(B) and Daq : H/*7(0Q) — L=(Q%). (3.12)

This follows for Dyg from the Sobolev inclusion H'7(B) C L>(B) and for Daq
from the Sobolev inclusion on Q¢ N (0, Ry) combined with Fourier series (or
simply the maximum principle) on (0, R )C.
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The second class of results is local in nature and describes the analyticity of
the double layer potential near the origin and near infinity in a form that is suitable
for our situation of a symmetric domain with small perforations. The result can be
considered simply to be a consequence of the analyticity of the fundamental solution
E on R?\ {0}, and it is similar to the subject studied in Lanza de Cristoforis and
Musolino [23], but there are some particularities related to the symmetry and weak
smoothness of the domains studied here.

Lemma 3.10. Ler 7 € [—1/2,1/2].

(i) LetQ C R? be a bounded Lipschitz domain. For positive 0 sufficiently small so
that n§) C B, we define the restriction Dog (1) of the double layer potential
Dog to nS) written in “fast” variables

Dopa(m])(X) =Doslv]| ,0X) (Xe@) Ve HY5 " (08).

Then there exists 1 > 0 such that the function n — Dapg o (n) has for any
s € R a continuation to ) € (—m1,m) as an analytic function with values in
Z(HY3TT(0B), H(Q)). B
(ii) Let Q C R? be a bounded Lipschitz domain such that 0 ¢ Q. For positive 1
sufficiently small so that (1/7)Q C QC, we define the restriction DgQ’Q(n) of
the double layer potential Dpq to (1/n)Q written in “slow” variables
T 1/247
Dioa(m[¥)(x) =Doal¥]| | (3) (z€Q) V¥ H"(0Q).
Then there exists 1 > 0 such that the function 1 — DgQ’Q(n) has for any
s € R a continuation to ) € (—m1,m) as an analytic function with values in
1/2471
2 (o3 (0Q), H()).
(iii) In addition, Dsg o (0) = 0 and DgQ’Q(O) =0.

Proof. The proofs for (i) and (ii) are similar. Both use the fact that the double layer
potential is analytic outside of the boundary and vanishes at infinity, and for an odd
density it vanishes at the origin. We give the proof of (ii) and leave the proof of (i)
and (iii) to the reader.

Let ¥ € H;ﬁ’LT (8Q) and define W = Dyq[¥] in QE. We can choose Ry such that
Q € (0, Ro) and Ry, Ry such that Q C (0, Rz) N (0, R1)®. For |X| > Ry,
we can expand the harmonic and odd function W in a Fourier series

W(X) = iwk(Rﬂ) sin k6. (3.13)
0

k=1
Here (R, 0) denote polar coordinates for X, and from the fact that Dyq maps

iﬁ”(@Q) to H7(Q% n #(0, Ry)) we deduce the (crude) estimate that the

wy, are bounded and satisfy an estimate

sup lwi| < CHW | gr/24- pq -

If ) € (0, R1/Ro), then X € (1/1)Q € 2(0, Ry /n)NA(0, Ry /n)E implies | X | >
Ry, so that we can use the expansion (3.13) for the restriction of W to (1/7)Q
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Writing this in slow variables x = 17X, or in polar coordinates with |z| = r = 7R,
we get

T s -k
Diqe(¥]() = W(T) = 3 n* wepk(a)  with pe(a) = () sinks
k=1
By explicit computation for any chosen m € N, we can estimate the H" norm of

Pk
RO “1.2m—1
HpkHH"’ () < ”pk”Hm(,g(o R2)NB(0,R1)%) <C (Rl) k )
with C' independent of k. We conclude that D@Q,Q(U) has a convergent expansion

(o]

Diqaln) =Y 0" Dy, (3.14)
k=1

where the Dy, are bounded linear operators from H, ; (ﬁ’LT (0Q) to H™ () satisfying

Ro\k
Ry

It follows that the expansion (3.14) converges for || < R;/Ry and this proves the
analyticity as claimed in (ii). 1

([ De | <C(%

2m— 1
2 (HY2(0Q),H™ () = )k

3.3. The Dirichlet problem in a symmetric perforated domain
In this subsection we apply the double layer representation to the solution of the
Dirichlet problem in our perforated symmetric domain B,,.

Thus we assume that we are given odd functions ) € H§£(21+T (0B) and ¥ €

§£§+T(8Q) and we denote by u[n, ¢, ¥] the unique solution in H'*7(B,,) of the

boundary value problem
Au=0 in By,
You = 1 on 0B, (3.15)
You = ¥(-/n) on ndQ.
We would like to represent u[n, 1, U] as a double layer potential. It is clear that
u is an odd function. The conditions (3.6) will, however, not be satisfied, in gen-
eral, if the number m# of “paired holes” is non-zero. As a remedy for this prob-

lem, we introduce harmonic functions =1, ..., =,,# that span a complement of the
range of the double layer potential operator. We define =; as the unique function in

HET(R?\ (Q_;r U Q_J_)) such that

loc
AZ; =0 in R\ (QF U Q).
0E; = +1 on 0Q; (3.16)
1Z5]lc0 < +00.
A simple argument for the existence of such functions =; is to use the Kelvin

transformation with origin in Qj that reduces the exterior Dirichlet problem prob-
lem (3.16) to a Dirichlet problem on a bounded domain (see Folland [14, Ch. 2.1]),
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and then invoke the existence and uniqueness of solution of the Dirichlet problem
on a bounded domain.
The uniqueness of =; implies in particular that =; is odd,

=5(X) = —RIE1(X)  forX e R\ (QF UQ;). (3.17)

Then by (3.17) and by the harmonicity in R? \ (Q_;r U Q_;) and at infinity of = it
follows that
lim Z;(X)=0. (3.18)

X —o00
Concerning the integrals of the normal derivative of Z; over the boundaries of the
connected components of Q, it follows from the harmonicity that they vanish except
for the components Qi, in particular

<715j,X8Qk¢>:o Vi e {1,...,m*}\ {j}. (3.19)
From the harmonicity at infinity and (3.18) follows that VE; € L? (R2 \ (Q_j' U
Q_;)) and that we can use the Divergence Theorem, which gives
0< / _VE(X)PdX
w2\ (Qfua, )

=- OnZ; ds +/ OnZjds = =2(mE;, Xpq+) - (3.20)
aQf 0Q; !

We can now show the following augmented double layer representation for
the solution u[n, ¥, ¥] of problem (3.15).

Lemma 3.11. Let 7 € [—1/2,1/2]. Let n € (0,1n0). Then the following statements

hold.
(i) If m* = 0, then there exists a unique function € H ;ﬁ’LT (0B,,) such that
u[n, ¥, ¥] = Dgg, 1] in B, (3.21)
(i) If m* > 0, then there exists a unique m*-tuple ¢ = (c1,...,Cpn#) € R™”

and a unique function p € H;QZJFT (0B,,)) satisfying

m# — .
uln, ¥, V] = Do, [u] + D275, ¢;E5(-/n) inBy

322
Jyaqr wds =0 vie{l,...,m*}. (5:22)

Proof. Statement (i) follows from Lemma 3.7 (ii). We now consider statement (ii).
We first note that by (3.20) for each j € {1, ... ,m#} there exists a unique ¢; € R
such that

<'71U[77a ¥, ‘I'] ) Xnan'> — G4 <71Ej('/77) ) XnaQ;r> =0.

#
Using (3.19), it follows that the function u[n, ¢, U] — Z;’;l ¢;Z;(-/n) satisfies the
conditions of Lemma 3.7 for the existence of a representation as a double layer
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potential. As a consequence, there exists [i € H;ﬁ’LT (0B,,) such that
Doq, [l = uln, ¥, ¥] = > ¢;Z;(-/n)  inB,.

Recalling from Lemma 3.7(ii) that the kernel U_ ,qq = V_ N H, i ({(214'7 (0B, of the
operator — —I +Kog, acting on odd functions is spanned by the functions { XnoQt —

XnoQ: }j 1» we find that among the functions ;1 € it + U _ ,qq that satisfy the first

line of (3.22) there is exactly one satisfying the side conditions of the second line of
(3.22). O

With the help of the augmented double layer potential representation (3.22)
we can now rewrite our Dirichlet problem (3.15) as an equivalent boundary integral
equation on 0B,,. This is still a problem on an 7)-dependent domain, but it is possi-
ble to interpret it as a system of boundary integral equations in the function space
ngﬁ”(as) iﬁ” (0Q) defined on the fixed domain 9B x 9Q. Owing to the
special form of the double layer kernel, this system has a simple form that makes it
natural to study the dependence on 7 in the limit 7 — 0 and even to extend it in an
analytic way to a neighborhood of = 0.

The formulation (3.15) of our Dirichlet problem already makes use of the
identification of a function defined on OB, with a pair (1, ¥(-/n)) of functions, the
first one defined on OB and depending on standard or “slow” variables x, the second
one defined on 0Q and depending on “fast” variables X = x /1. Let 7,, denote this

mapping from H1/2+T(88) X Hiﬁ’LT(@Q) to Hiﬁ’LT(@Bn), which obviously is

an isomorphism.
_ ) o) on 0B,
%w@mw—{@um)omﬁQ (3.23)

The boundary integral equation for (3.15) is obtained from the representation
formula (3.22) by taking traces on 0B,,. In order to treat simultaneously the case
m# = 0 and the case m# > 0, from now on we will assume that the symbols

m# . . # ‘. .
Cly...yCm# and ZFl cj¢; are omitted if m*” = 0. In addition we find it conve-
nient to set

HYE (0Q)y = {p e HYT (0Q): /wuds:o vjefl,...m#}}.

Clearly, if m# = 0 then H[2""(0Q)4 = H/>"(0Q). We can then write the
trace of (3.22) as the problem of finding 11 € 7, [ 3({(214'7 (0B) x H;éf{” (8Q)#}

and c € R™" such that

m#

(—31+Kop,)lul +> c;nEi(/n) =g ondB, (3.24)
j=1
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where g = J,[¢, ¥]. With p = J,[¢, @] we find a first form of the equivalent
system of boundary integral equations on 0B x 0Q.

#

To [(—41 + Kom,) 0 Ty[6, 0] + 3 50 Ej<-/n)} = (¥, 0). (325

Jj=1

We will now describe this system in more detail.

Changing variables y — 7Y in the double layer integral and using the fact
that

T

is a function homogeneous of degree —1, we can write

Dos, [16:91] = ool = [ u/mo (-~ 1) ds,
= Doslg] + 77/ oY)n(Y) -VE(-—nY)dsy inB,,

and then express the representation formula (3.22) both in “slow” variables:

.8 = Doplol 4 [ @00 ECnY)dsy Y e,Z(/n) inBy
! (3.26)
and in “fast” variables:
U[U, l/% ‘I’](WX) = D@B[¢] (77X)
+ n/ao O(Y)n(Y) - VEn(X —Y))dsy + chEj (X)
= Dog[¢](nX)
+ /8Q S(Y)n(Y) -VE(X —Y)dsy + i: ¢ 2 (X)
= ~Daa[®](X) + Pop[¢](nX) + 3 ¢;5;(X).
! (3.27)

We obtain the concrete form of the system (3.25) by taking traces of the equal-
ities (3.26) and (3.27) on 0B and on 0Q, respectively. We deduce with (3.15) that
the unique element (¢, ®, ¢) of H/2""(9B) x H;é(21+7(8Q)# x R™” such that



Converging expansions 33

(3.26) holds is the (unique) solution in H /27 (0B) x H'/>T7(0Q)4 x R™ of

(=31 + Kop)[g](z) +n /8Q<I>(Y) n(Y)- VE(z —nY)dsy

m#
+ =i (x/n) = () . x € 0B,
j=1

(AT + Koq)[@)(X) + Dosld](nX) + 3 ¢55(X) = B(X), X € 0Q.

(3.28)

Problem (3.15) is now converted into the equivalent system of boundary integral
equations (3.28), which we can write as an 7-dependent family of problems

o
M) | @ =<w> (3.29)

with a block (2 x 3) operator

_ (Mun) Mia(n) Mas(n)
M) <M21(Tl) Maan) M23<n>>

acting from H/ 2" (9B) x HX/2T7 (0Q) 4 x R™” to HY/>*7(8B) x H2T" (0Q).
In this form (3.28), it is now possible to extend the problem to n = 0 and to an-
alyze the analyticity of its dependence on 7). The main result in this section is the
following.

Theorem 3.12. Let 7 € [—1/2,1/2] and let M(n) be defined by (3.28), (3.29).

(i) There exists m1 € (0,m0) such that the operator valued function M mapping
nto

M(n) € 2 (BT (0B)x HY[3 T (0Q) xR™, BT (0B)x HJ[ T (0Q)

admits a real analytic continuation to (—n1,11).
(ii) Foreachn € (—n1,m), the operator M(n) is an isomorphism.

Proof. We will show first that the matrix elements M,,,,, () are operator functions
of 7 that can be extended as real analytic functions in a neighborhood of = 0,
and then that for n = 0 the operator M (0) is an isomorphism. From this it will
follow that M (n) is an isomorphism for 7 in a neighborhood of 0. Note that our
previous arguments leading to (3.28) already showed that M (7)) is an isomorphism
forn € (0,n0).

We will begin by analyzing the dependence of the matrix elements M., (1)
on 7, in particular at 7 = 0. Of these, M1, Mo and Mg are independent of 7).

The matrix elements

/240y Y27 9B
M12(77) . { odd ( Q)# — Hqq ( )

D1 [oq ®(YV)n(Y) - VE( —nY)dsy
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and
H37(0B) = HYTT(0Q)

Moai(n) : { ¢;D35[¢](77')

depend analytically on 7 as long as 0B and n9Q do not intersect, and both vanish
for n = 0. This follows from Lemma 3.10 by taking traces.
For the remaining matrix element

{ R — H2HT(9B)

Mas(n) : m

c— Zj:l ¢;Z5(/n)

the analyticity and the vanishing at = 0 follow from the analyticity of =; at
infinity. In fact, we could simply make the same argument as for M2, based on
Lemma 3.10(ii), if we could represent =; as a double layer potential Dpq[p] with
odd density p. But the Z; were precisely constructed to be in the complement of
the range of Dyq, so that this is impossible. One can, however, choose a connected
smooth domain (2 that satisfies Q C 24 and 7pQ2% C B and is symmetric with
respect to the reflection R. Then Z; will be representable as a double layer poten-
tial Daq,, [11;] on QE&, because fm# OnEjds = 0 by symmetry and we can apply
Lemma 3.7(iv).

We now turn to the proof that M (0) is an isomorphism. From the description
of the solvability of the exterior Dirichlet problem with data on 0Q implied by
Lemma 3.7(iv) one can deduce, by taking traces on dQ, the unique solvability of the
corresponding augmented boundary integral equation. This follows from the same
arguments that led to the unique solvability of the augmented boundary integral
equation (3.24) on 9B,, associated with the interior Dirichlet problem in B,,. Taking
into account that the normal vector on 0Q is by our convention exterior to Q and
therefore interior to QC, we find a change in the sign of the operator Ksq and can
state the following lemma that provides the remaining argument for the completion
of the proof of Theorem 3.12.

Lemma 3.13. Let 7 € [— 1/2 1/2]. For any ¥ € H1/2+T(8Q) there exist unique
D e H1/2+T(8Q)#, c € R™" such that
m#

(=31 —Ko@)[@] + > ¢;10E; =¥ ondQ. (3.30)
j=1

Now if we use the values at = 0 of the matrix elements of M (), we find

M(0)=<M“ 0 O).

0 Mo Moy
Here M11 = —31+Kyg is an isomorphism from Hg(ﬁ” (OB) to itself according to

Lemma 3.7(ii). And the fact that the operator (Maa, Ma3) is an isomorphism from

HY2T(0Q) 4 x R™” to H2¥7(0Q) is precisely the statement of Lemma 3.13.
Together this shows that M(0) is an isomorphism as claimed, and the proof of the
theorem is complete. (]
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4. The convergent expansion

As a consequence of Theorem 3.12, we obtain that the unique solution of the bound-
ary integral system (3.29) depends analytically on 1 € (—n1,71). Namely,

6
| = M (1”) , @.1)

C

and the operator function  + M(n)~! is real analytic for n € (—mn1,71). In-
serting this form of the solution of (3.29) into the representation formula (3.22),
we find that the solution u of the Dirichlet problem (3.15) depends analytically on
1 € (—n1,11), too, and therefore has a convergent expansion in powers of 7 in a
neighborhood of 77 = 0. From this, by comparing (3.15) with the form (2.9) of the
Dirichlet data in the residual problem found in Section 2.3, we will obtain a conver-
gent double series for the solution v,, of the residual problem. In this way we will
then be able to complete the construction of a convergent expansion of the solution
of the original problem (0.5).

4.1. Analytic parameter dependence for the auxiliary Dirichlet problem (3.15)

In this subsection, we consider the Dirichlet problem (3.15) on the perforated do-
main B,,, where the Dirichlet data are given by (¢, ¥) independent of 7.

Let us first note that the auxiliary functions Z; introduced in (3.16) can be
considered in the same weighted Sobolev spaces that appear in Lemma 3.8.

2 € K57 (QY)  forallT € [-1/2,1/2], fo > —2,41 <0.  (42)

We can now prove the first result about the solution of the boundary value problem
(3.15). It is a global decomposition of the solution into two terms that are analytic
with respect to 7 if the first one is written in slow coordinates and the second one in
fast variables.

Theorem 4.1. Let T € [—1/2,1/2], By > —2with By > —1—71if0 € 9Q, $1 < 0.
Then there exists a sequence of bounded linear operators

Lo o HYSTT(0B) x HLTT(0Q) — KL (B) x K7 (Q), jeN

such that the solution u[n, 1, ¥] of the Dirichlet problem (3.15) in B,, has the fol-
lowing form

uln, ¥, ¥(z) = w(z) + W (z/n)

with w € K é:T(B) and W € Ké;'gl (QP) given by the convergent series

(;‘;) =N e, (i) . 4.3)
n=0

There exists n1 > 0 such that for any n € (—n1, ) the series

L(n) = Z n" Ln
n=0
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converges in the operator norm of £ (H, H2T (9B) x H;ﬁJrT (0Q), Ké:T(B) X
1+7 H
Kﬁ:ﬂl (Q )) :

Proof. According to the representation formula (3.22) in the form (3.26), we have

uln, ¥, U)(x) = w(x) + W(x/n) with w = Dog[¢] , W = —Daq[P] + chgj :

where (¢, D, ¢) is the solution of our system of boundary integral equations (3.29).
Now we use the solution formula (4.1) of this system, which involves the analytic

resolvent
o
=D "M,
n=0

where M,, is a sequence of operators such that, after possibly shrinking 7; > 0,
this series converges for n € (—n1, 1) in the operator norm of .¥ (H ; éi”(&B) X

HYPT(0Q), HY2T(0B) x HY2HT(0Q)4 x R™) . We combine this with the
mapping

D: (¢, ®,c) — (w,W) = (Dag[¢], —Daq[®] + ZCJHJ

which thanks to Lemma 3.8 and (4.2) is known to be continuous from H | 1/ ot (0B)x

H2T(0Q) x R™ to Ki™(B) x KitT (QC). This gives the des1red representa-

tion (4.3) as a convergent series where we set £,, = D M,,. O

Remark 4.2. Replacing Lemma 3.8 by Remark 3.9 in this proof, we conclude that
the series expansions (4.3) for the functions w and W converge also uniformly, the
series for w in L°°(B) and the series for W in L°°(QP).

The second result gives a convergent series expansion for the whole solution
u[n, 1, U] when written in slow variables and thus shows that it is an analytic func-
tion of 7 in a neighborhood of 0. It is valid outside of a neighborhood of the origin
(“‘outer expansion”).

Theorem 4.3. Letr 7 € [—1/2,1/2] and s € R. Let Q be a Lipschitz subdomain
of B such that 0 ¢ Q. If Q C B, then s can be any real number. If. however,
0Q N OB # 0, then we assume s < 1 + 7. Let g > 0 be such that Q N nQ = ()
forall n € (0,nq). Then there exist 1 € (0,1q) and a real analytic map Us from

(—m,m) to L (H2T(0B) x HY2T7(0Q), H*(Q)) such that

b W), =) () V. 0.9) € Oum) x LT (08) x HLGT(00).

“4.4)
Moreover,

s(0) () =], W) € TR < HETOQ), @)
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where wyg v, is the unique solution in H 147 (B) of the Dirichlet problem

(4.6)

Awgy =0 inB,
Yowo,y =1 ondB.

Proof. We write u[n, v, ¥](z) = w( ) + W(z/n) as in Theorem 4.1 and use the
analytic dependency on 7 of M(n)~! : (¢, ¥) (¢, ®, c) as in the proof of that
theorem. The map (¢, D, ¢) +— w|Q belng independent of 7, only its range is of

interest. This is contained in H!*7(Q) for any Q C B, and since w = Dyg[¢] is
harmonic in B, it is contained in C>°(Q2) C H*() for any s if Q C B.

C m#* = .
For the map (P, ¢) — VV(/77)|Q = —Diq.oMI®P] +>_5_; ¢;E;(-/n) we invoke
Lemma 3.10 (ii) to get the desired analyticity (see also the argument for the analyt-
icity of M3 in the proof of Theorem 3.12). O

The third result shows the analytic dependence on 7 for the solution u[n, 1, U]
when written in fast variables. It concerns the solution on a subdomain of size 7
(“inner expansion”). The proof is similar to the proof of Theorem 4.3, but simpler,
because it is based on the formula

uln, 1, ¥](nX) = w(nX) + W(X)

and it therefore simply invokes the harmonicity, hence analyticity of w = Dag|¢]
near the origin, see Lemma 3.10(i).

Theorem 4.4. Let 7 € [—1/2,1/2]and s € R. Let @ ¢ Q¥ = R2\ Q be a bounded
Lipschitz domain. If Q) C QC, then s can be any real number. If 90N0Q # 0, then we
assume s < 1+ 7. Let 7ig > 0 be such that nQ2 C B for all n € (0,7q). Then there

exist 1 € (0,7q) and a real analytic map Ug from (—m1,m1) to g( 3({(21"1'7'(68)
HY27(0Q), H*(Q)) such that

uln, b, W](n-)| = Ur(n) (@
V(n,, W) € (0,m1) x H2T7(0B) x HYZT(0Q). 4.7)

Moreover,

Ur (0) (i) = Wou|, VW, ¥) € HT(0B) x HYTT(0Q),  (438)

where Wy  is the unique solution in Kéjﬂz (QY) for By € (—2,0), B1 € (—1,0) of
the exterior Dirichlet problem

A = in QC
{ Wow =0 inQ~, 4.9)

’YOWO’\IJ =v on 8Q
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4.2. Convergent expansion of the solution of the original problem

In this subsection, we first insert into the expansion of the solution u[n, ¥, ¥] of the
Dirichlet problem on the perforated domain B,; obtained in the preceding subsection
the knowledge about the Dirichlet data from Theorem 2.5, namely ¢y = 0 and ¥ =
—T *[up]. The latter is given by a convergent series in (2.10). We then have to write
the resulting double series as a series in ¢ by using 7 = €™/“ and we have to interpret
the result as a series that converges in function spaces defined on the original domain
A., by undoing the conformal map G* Jo This will give a convergent expansion for
the solution . of the residual problem (1.23). The final step is to add the function
ug as described in Theorem 1.2, in order to find a convergent expansion for the
solution u,. of the original problem (0.5).

Corresponding to the three results about the Dirichlet problem in the perfo-
rated domain B,), Theorems 4.1, 4.3 and 4.4, we prove three different results about
the solution of the original problem (0.5). For the notation describing the conver-
gent series in powers of €, we refer to Sections 1 and 2, in particular to Notation 1.1
for the definition of the index set 2l and to Notation 1.7 for the powers and divided
differences of powers of ¢ abbreviated by the symbol & (¢).

In view of Theorem 2.5 and Remark 2.6, we introduce a maximal regularity
index

To=% if0 € 0P, 7o=min{3, 22} if0 € IP. (4.10)

The first result is a globally valid two-scale splitting of the solution u., where
the slow-variable part and the fast-variable part have separate convergent expan-
sions, when written in their respective variables.

Theorem 4.5. There exist €1 > 0 such that the solution u. of Problem (0.5) has the
following structure.
ue(t) zuo(t)+u(e)(t)+U(s)(§) Vte A, e€(0,e1). 4.11)

Here g is the solution of the limit problem (0.10) on the unperforated corner do-
main A. Its singular behavior near the corner is described by the convergent series
(1.19) in Theorem 1.2.

The functions u(e)(t) and U (¢)(T) are defined for t € A and T € PC, respectively,
and have a convergent series expansion of the following form.

v = n/w g (””W). 4.12
(U) DA ) V. (4.12)

(n,y)ENx2
Let 7 € (0,79) and By > —1 — w/w with By > —1 — 7w/w if 0 € OP, and let
B1 < —1 + w/w. The series converges in the weighted Sobolev spaces Ké;rT(A) X

K éjﬂz (PC), and there exist constants C and M such that

one iy + Vo llcaer ooy < CMPTIL (0, 9) € N x 2L,

The series converge also uniformly, in L>°(A) x L>(PC).

Proof. We have u. = ug + u., where u. solves the residual problem (1.23). After
applying the conformal mapping G /., and the odd reflection, this was rewritten in
Theorem 2.5 as the problem (2.9), a special case of the boundary value problem
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(3.15). Thus we have the identification @. = u[n, ¥, ¥] o Gr/w» Where 1 = 0 and
U = —T*[ug|(n-). Combining the convergent expansion (2.10) for 7*[uo] with
the power series (4.3) for the solution operator of problem (3.15), we thus find a
convergent expansion that has the form (4.12)

(;) _3 Y e (o), (\I?W) 0 Gr o

n=0~yeA

The right choice of weighted Sobolev spaces for the convergence follows from The-
orem 4.1 with the transformation rule of Lemma 2.2. Note that this transformation
rule motivates the use of weighted Sobolev spaces instead of non-weighted spaces.
For the uniform convergence finally, we notice that L°° remains invariant under the
conformal mappings G. (]

The second result is a convergent expansion of the whole solution u. writ-
ten in slow (macroscopic) variables. It is valid in any fixed subdomain of A, that
has a positive distance to the corner and thus is free of holes for sufficiently small
e. This corresponds to the outer expansion in the method of matched asymptotic
expansions, compare [13, Section 5].

Theorem 4.6. Let €2 be a Lipschitz subdomain of A such that 0 ¢ Q. Let ey > 0 be
such that Q N eP = ( for all e € (0,eq). Then there exists ¢1 € (0,eq) such that
fore € (0,e1) the solution u. of Problem (0.5) has the following expansion in ):

ue(t) =uo(t)+ Y, &8, 1),  teQ. (4.13)
(n,y)ENLxA

Let 7 < Tq. Then the series converges for |g| < 1 in H'¥7 (), and there exist
constants C' and M such that

[t N[ty < CM™ 1 (n,y) € Ny x 2L
The series converges also uniformly in €.

Proof. In the multiscale decomposition (4.11) ue = ug + u(e) + U(e) (<), the term

u() has the required expansion according to Theorem 4.5. For U (&) we write it as
U(f‘:) =Wo g-rr/w )

where W is the function defined in Theorem 4.1 in the special case where v = 0
and ¥ = —T7*[ug|(n-). The analyticity of W (-/n) with respect to n at n = 0 in
the case of n-independent ¥ has been deduced in the proof of Theorem 4.3 from
Lemma 3.10. We have to combine this, as in the proof of Theorem 4.5, with the ex-
pansion (2.10) for 7*[uo] and set 7 = €™/, ending up with the expansion required
for (4.13). The coefficient functions ufw are the sum of the corresponding terms
of the expansion of u(e) and of U(g)(-/¢). For n = 0 both of these terms vanish,
because they correspond to u[n, v, ¥] in (4.4) at n = 0 and ¢ = 0, and according to

(4.5)—(4.6), this is zero. Therefore the sum over n in (4.13) starts with n > 1. O

The third result is a convergent expansion of the whole solution w. written
in fast (microscopic) variables. It is valid outside of the holes in a scaled family
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e of subdomains of A.. This corresponds to the inner expansion in the method of
matched asymptotic expansions, compare [13, Section 5].

Theorem 4.7. Let Q C S, \ P be a bounded Lipschitz domain. Let Eq > 0 be
such that € C A for all € € (0,£q). Then there exists €1 € (0,Eq) such that for
e € (0, 1) the solution u. of Problem (0.5) has the following expansion in €€):

u(el) = Y E (UL (D),  Teq. (4.14)
(n,v)eNx2A

Let 7 < 9. Then the series converges for |g| < &1 in H'*7 (), and there exist
constants C' and M such that

HUTS’}/”HH""(Q) < CMWFM, (n,7y) € Ny x 2.
The series converges also uniformly in €).

Proof. As in the proof of Theorem 4.5 we use the identity u. = wug + . =
ug + u[n, ¥, ¥] o G/, where ¥ = 0 and ¥ = —T *[ug](n-). Together with Theo-
rem 4.4 for u[n, ¥, ¥](n- ), this gives the desired form (4.14) of the expansion for
the second term . (¢-). Here, as in the outer expansion (4.13), the sum over n lacks
the term n = 0. It remains to analyze the first term ug(e-). Here we need the asymp-
totic behavior (expansion into corner singular functions) of u that was described in
(1.22) and used for expanding u((¢7") into a convergent series in (1.25). With the
notation introduced in (2.13) in the proof of Theorem 2.5, this series can be written
as
w(eT) = Y £,()2,(T).
ye
This is a series of the form (4.14) with n = 0. Explicitly estimating norms of the

functions ®., or relying on the estimate (2.15), we see that the series converges in
HY7(Q). O

The fact that the series expansions in the last three theorems are only stepwise
convergent, that is convergent when pairs of powers of ¢ are grouped together into
the terms & (¢) from Notation 1.7(3), is caused entirely by the corresponding fact
for the expansion of u studied in Section 1, see in particular Remarks 1.4—1.6. Thus
if we assume that one of the conditions mentioned in these Remarks is satisfied, we
find convergent power series, and it is then possible to reformulate the statements of
Theorems 4.5-4.7 in terms of analytic functions of & and e™/%.

Corollary 4.8. Suppose that the right hand side f vanishes in a neighborhood of
the corner 0. Denote by u. the solution of Problem (0.5).
(i) Let the parameters T, By and (1 be chosen as in Theorem 4.5. Then there exists
1m1 > 0 and a real analytic function
v[n] . r
Cmom) 2 Vil = (1) € K ) < kg oY
such that in the two-scale decomposition (4.11) ue = uo +u(e) + U(e)(Z) we have

u(e) = v[e™¥], Ule) = V[e™¥) Ve € (0, nf/w) .
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(i) Let Q be a Lipschitz subdomain of A such that 0 & Q and let T be chosen as in
Theorem 4.6. Then there exists 1 > 0 and a real analytic function

(=m1,m) 3~ usly] € H*7(Q)

such that we have us[0] = ug and
ue = us[e™¥] inQ, Vee (0,7°7).

(iii) Let  C S, \ P be a bounded Lipschitz domain and let T be chosen as in
Theorem 4.7. Then there exists 1 > 0 and a real analytic function

(=m,m) >n— Uen) € H'7(Q)
such that we have
ue(eT) = Ue[e™“)(T) VT e, ce(0,9)7).

Proof. As we have seen in Remark 1.5, if f vanishes in a neighborhood of the
corner, then in the series expansion of ug there appear only exponents that are of
the form kx/w with integer k, and the series is unconditionally convergent. In the
resolution of the residual problem in Section 3.3, integer powers of 77 = £™/“ were
incorporated, so that the final convergent series expansions (4.12), (4.13) and (4.14)
also contain only exponents that are integer multiples of 7 /w. It follows that these
ser/ies are convergent power series, hence analytic functions, in the variable n =
g™/, O

Let now w be a rational multiple of , i.e. 7/w = p/q, where p and ¢ are
relatively prime positive integers. In this case, all the exponents of € appearing in
the convergent series expansions (4.12), (4.13) and (4.14) can be seen to be integer
multiples of 1/g. The expressions &, (¢) as defined in Notation 1.7 are now either
integer powers of § = £!/% or of the form ¢ log & with integer £. They can therefore
be expressed via two real analytic functions of one variable. We formulate this ob-
servation for the two-scale decomposition (4.11) of Theorem 4.5 and its convergent
series expansion (4.12) and leave the corresponding reformulations of Theorems 4.6
and 4.7 to the reader.

Corollary 4.9. Let w/w = p/q. With the notations of Theorem 4.5, there exist
01 > 0 and two real analytic functions (we set £1 = (61)?)

(—01,61) 36 = WVo[d] € K517 (A) x Ké:ﬁ:(Pc)
(—e1,e1) Dem Vie| € Ké:T(A) X Ké:@:(PC)
such that

u(e)
Ule)

The third case where we find absolutely convergent expansions in powers of
¢ is when w is not a rational multiple of 7 but is such that we can choose 20y = ().
According to the discussion in Section 1.2 and in Appenix B, this is the case if and
only if = is not a super-exponential Liouville number. In this case we do not need the
divided differences of Notation 1.7(3), and the terms in the convergent expansions
(4.12), (4.13) and (4.14) are simply monomials in the two variables € and e™/% and

) =Vo[eY ] + Vi[eP]loge Ve e (0,e1).
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the series therefore define real analytic functions of two variables. We formulate
again the corresponding result for the two-scale expansion of Theorem 4.5 and leave
the reformulations of Theorems 4.6 and 4.7 to the reader.

Corollary 4.10. Suppose that 7 /w is irrational and not a super-exponential Li-
ouville number in the sense of Definition B.1. Then there exist €1 > 0 and a real

analytic function of two variables (we set 11 = 5717/ “)
(=e1.e1) X (=m,m) 3 () = V]e,n] € KT (A) x K37 (PP)
such that
(u(s)) = Ve, e™¥] Ve e (0,e1).

Appendix A. Symmetric extension of Lipschitz domains

In this section we use the objects defined in Section 2.2, in particular the upper half-
plane S, and the operation £ of symmetric extension of a subset of S, by reflection
at the horizontal axis. In general, the symmetric extension of a Lipschitz domain is
not Lipschitz, and therefore the following result is not entirely obvious and merits a
complete proof.

Lemma A.1. Assume that ) is a bounded subdomain of S and that 2 and Sy \ Q
have Lipschitz boundaries. Then £(2) has a Lipschitz boundary.

Proof. As a characterization of a Lipschitz boundary we use the property that it is
locally congruent to the graph of a Lipschitz continuous function. A simple conse-
quence of this property is that in 2 dimensions, each point of the boundary has a
2-dimensional neighborhood in which the boundary is a simple curve, in particular
it is homeomorphic to an interval.

Let us now first show that 92 N 9S,; has no isolated points. Suppose there
were such a point £p = (z0,0). We show that then S, \ € cannot be a Lipschitz
domain, contrary to the hypothesis. Since €2 is Lipschitz, there is a neighborhood I/
of x( in which 0f2 coincides with a simple curve I'g and such that i/ N 92 N OIS, =
{xo}. This neighborhood can be chosen such that &/ N JS; is an interval T'y. Since
(00U0S,)\ (92N S,,) is contained in the boundary of S \ €2, the latter coincides
in U/ with the union of the two curves I'g and I'; that intersect in the interior point
. Such a union is clearly not homeomorphic to an interval.

We will now use the following equivalent reformulation of the above definition
of a Lipschitz boundary 0f2 in two dimensions: To each of its points there is a
neighborhood ¢/ and a convex cone C,p with the following property: If the curve
Iy = 092 N U is parametrized by an interval,

’}/:(to,tl)—)FoCZ/{,

then for @ = 7(s), y = (1) with s < ¢ (we say “x precedes y” or < y) we have
y € x +C,3. Here the cone C, is defined by two angles o, 3 witha < 8 < a4,

Cap ={(pcosh,psind): 0 < p < oo, < 6 < f}.
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One can observe that the rotation angles w (modulo 27) of coordinate axes that
allow the representation of I'y as a graph are given by the complement of C, g, the
condition being

w—Fe(f-ma)U(B,atmn).

Let now U be such a neighborhood of a point of 0€2. If 92 N U is entirely
contained either in the upper half-plane S; or in the axis of symmetry 0S;, then
there is nothing to prove, because in this case (after possibly choosing a smaller
neighborhood), the set i/ U R(U/) will be a suitable neighborhood for the boundary
of £(Q).

The nontrivial case is when I/ is a neighborhood of a point y € 02 N 0S,
and both & N 9 N IS, and U N O N S, are non-empty. Since, as we have seen,
T is not an isolated point of 92 N JS;;, the structure of 9N N U is (after possibly
choosing a smaller neighborhood) the following:

oNU=T1Uly,

where I'y is an interval Iy x {0} C 9S,, and I is a Lipschitz curve contained in
S. Locally, the boundary of the complement has the form

IS\ NU=T,uly,

where T"} is another interval I; x {0} C 0S. The intervals have one point in
common, which we can assume to be g

PlﬁPQZ{wo}Zfoﬂasﬂ.

Since now 2 and S, \ € play symmetric roles, it is no restriction to assume that
I = [zo — §,z0] and I] = [xg, x0 + 6] with some § > 0. We can also assume that
the two parametrizations of 2 N U and of (S, \ Q) NU are oriented such that in
both cases the segment I'; or I'}, respectively, precedes the curve I'y.

Now from our definition of a Lipschitz boundary, we get a cone C,g that sat-
isfies

z,yecdQNU and x <y = y—x€Cus.

In particular, this holds for , y € I';, and this implies that we have —7 < o < 0
and0 < S < v+ .
Likewise, there is a cone C, g/ that satisfies

z,ycdS,\YDNU and x <y = y—x€Cop -
Since this holds for ¢,y € I}, we musthave 0 < o/ < rand7 < 3’ < o/ + 7.
For the curve I'y we have both conditions,
rz,yeElpand x <y = y—x€CosNCup =Cup.

The latter cone C,/ g is contained in the upper half-plane S, and this implies that
the curve I'g can be represented as a graph in a coordinate system rotated by a
right angle w = 7/2. This means that there is a Lipschitz continuous function ¢ :
(0,90) — R such that

Lo =00NUNS, ={(z,y) eR?: z=¢(y),0 <y <yo}.
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Now we can execute our symmetric extension and find that the point &y € 9(€(2))
has £(U) as a neighborhood in which the boundary

A(E(2)) NEWU) =T U {20} UR(To)

is represented as the graph {z = ¢(y)} of a Lipschitz continuous function ¢, namely

the even extension of ¢, &(y) = ¢(|y])}, —yo < y < yo, completed by the choice
¢(0) = Zg- [

Appendix B. Convergence of the corner expansion for the
Dirichlet problem and Diophantine approximation

In this section, we use the notation of Section 1.2. We find conditions on the open-
ing angle w for the convergence of the series of particular solutions constructed
according to (1.7)

w _ 0
up(t) = > wit) =Y (w Im¢’ + g0 Rec?),  (B.D)

sin fw
L€eN, LeN,

provided the two power series with coefficients g? and g7 have a nonzero conver-
gence radius as in (1.4). We will assume here that the number x = T is irrational, so
that the coefficients in the sum (B.1) are well defined. As was observed already in
[4, 11], for certain angles w for which « is irrational the small denominators sin fw
pose a problem for the convergence of the series (B.1), and a procedure for reestab-
lishing the convergence was found. The convergence of the sum depends on the rate
of approximability of x by rational numbers, a question that has been a classical
subject of number theory for a long time, see for example [16, Chapter XI]. A clas-
sical theorem by Liouville states that irrationals that can be fast approximated by
rationals in a certain way are transcendental, and it was shown by Greenfield and
Wallach in 1972 [15] that these Liouville numbers play a role in the study of global
hypoellipticity of differential operators on manifolds. More recently, Himonas [17]
and Bergamasco [2] introduced a subset of Liouville numbers, the exponential Liou-
ville numbers, in the context of questions of global analytic hypoellipticity. For the
situation in our present paper, it turns out that we need to consider an even smaller
subset of irrationals that have a fast approximation by rationals. We call them super-
exponential Liouville numbers.

Definition B.1. Leta € R\ Q. Then a is said to be
(i) a Liouville number if for every n € N,, there exist p € Z and ¢ € N, such that

< L

_P
O<‘a 7 7

(i1) an exponential Liouville number if there exists ¢ € R, ¢ > 0, and infinitely many
p € Z and g € N, such that

O<‘a—§ <e %,
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(iii) a super-exponential Liouville number if for any c € R, ¢ > 0, there exist p € Z
and q € N, such that

0<‘a—§’<e’cq.

We denote the sets of Liouville, exponential Liouville and super-exponential Liou-
ville numbers by A, A, and Ag, respectively.

It is clear that As C A, C A. It is known that A is dense in R, uncountable
and of measure zero [16, Theorem 198]. Using the same arguments, one can see that
these properties are valid for A, and Ag, too. Finally, it is worth noting that each of
these sets is invariant with respect to taking inverses, addition of rational numbers
and multiplication by nonzero rational numbers.

Proposition B.2. Let k = m/w be irrational. Let the lateral boundary data g° and
g“ be given by series

(o)=Y g’ g°(p) =Y gp’
LEN, LEN,

that converge for |p| < po. Then the following two statements are equivalent:
(i) For any such ¢° and g*, the series (B.1) for the particular solution ug of the
Dirichlet problem in the sector converges for || < po.
(i1) k is not an exponential Liouville number.
Likewise, the following two statements are equivalent:
(iii) There exists p1 > 0 such that for any such g° and g*, the series (B.1) for the
particular solution uy of the Dirichlet problem in the sector converges for |(| < p1.
(iv) k is not a super-exponential Liouville number.

For the proof, we use the following elementary observation about power se-
ries: Let the series » r>1 @8 2% and > o>1 0o 2! have convergence radii p, and py,
respectively. Then the series D oo Qe by 2 has convergence radius p,pp or greater,
with equality if, for example, by = pb_e for all £. Applying this with ay = 1/ sin {w,
we see that the proof of the proposition is achieved if we prove the following lemma.

Lemma B.3. Ler w/w be irrational and let ps be the convergence radius of the

power series
0

> =
sin fw
¢

*

Then ps = 1 if and only if w/w is not an exponential Liouville number, and ps > 0
if and only if /w is not a super-exponential Liouville number.

Proof. We use Hadamard’s characterization
ps = limsup | sin fw| /¥,
{— 00

and we freely use that

limsup(c¢?)/* =1 forany ¢ > 0,d € R.

{— 00
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Rational approximations of x = 7/w appear because for all k& € N: |sinfw| =
| sin(fw — k)|, and we can choose k such that the difference is minimal:

k=k(l)= |21 w1

= L 5,243 = tw—-knel[-5,7).

Then, using % < % < 1for|z| < %, we get with the £ chosen as above,

2|fw — kn| < |sinlw| < |[lw — k| .

Thus | sin lw| =~ |[lw — kr| = kw|f — Z| ~ k|£ — Z|, implying

lim sup | sin fw|~"/* = lim sup |% — |
{—00 £—ro0

Therefore the condition ps = 1 is equivalent to (note that p; < 1 in any case)

VM > 13l 628M2>|ﬁ_,{|*1/4§M

— VM >13y : €2€M:>|%—H|2M_e

<= Ve >0 the inequality |ﬁ — k| <e

has only finitely many solutions ¢ € N,

<= Vec>0 theinequality |£ — Z| < e~ ek

w

has only finitely many solutions &, ¢ € N,

The last condition means, according to Definition B.1, that « is not an exponential
Liouville number.
Likewise, ps > 0 is equivalent to

limsup|% — k<0 = sup|% — kY < 0
£— 00 ) £ )

< dc>0: V0 : |ﬁ—/¢|2€_d
= Fe>0:VhLeN, : |£ -k >e.

Again comparing the negation of the last condition with Definition B.1, we see
that this is equivalent to the fact that that x is not a super-exponential Liouville
number. (]

Let us finally note that if « is a super-exponential Liouville number, one can
give explicit examples for the right hand side f such that the series (B.1) for ug
diverges for almost all ¢ # 0. One such example is f(t) = 1/(po — t1).
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