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CONVERGING EXPANSIONS FOR LIPSCHITZ SELF-SIMILAR PERFORATIONS

OF A PLANE SECTOR

MARTIN COSTABEL, MATTEO DALLA RIVA, MONIQUE DAUGE, AND PAOLO MUSOLINO

ABSTRACT. In contrast with the well-known methods of matching asymptotics and multiscale (or
compound) asymptotics, the “functional analytic approach” of Lanza de Cristoforis (Analysis 28,
2008) allows to prove convergence of expansions around interior small holes of size € for solutions
of elliptic boundary value problems. Using the method of layer potentials, the asymptotic behavior
of the solution as ¢ tends to zero is described not only by asymptotic series in powers of ¢, but
by convergent power series. Here we use this method to investigate the Dirichlet problem for the
Laplace operator where holes are collapsing at a polygonal corner of opening w. Then in addition
to the scale ¢ there appears the scale 7 = ™/, We prove that when 7 /w is irrational, the solution
of the Dirichlet problem is given by convergent series in powers of these two small parameters.
Due to interference of the two scales, this convergence is obtained, in full generality, by grouping
together integer powers of the two scales that are very close to each other. Nevertheless, there exists
a dense subset of openings w (characterized by Diophantine approximation properties), for which
real analyticity in the two variables € and 7 holds and the power series converge unconditionally.
When 7 /w is rational, the series are unconditionally convergent, but contain terms in log e.
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INTRODUCTION

Domains with small holes are fundamental examples of singularly perturbed domains. The analy-
sis of the asymptotic behavior of elliptic boundary value problems in such perforated domains as
the size of the holes tends to zero lays the basis for numerous applications in more involved situa-
tions that can be found in the classical monographs [18], [25], [20] and the more recent [1]. The
two methods that are most widely spread are the matching of asymptotic expansions as exposed
by II’in [18], and the method of multiscale (or compound) expansions as in Maz’ya, Nazarov, and
Plamenevskij [25] or Kozlov, Maz’ya, and Movchan [20]. Ammari and Kang [1] use the method
of layer potentials to construct asymptotic expansions. When the holes are shrinking to the corner
of a polygonal domain, one encounters the class of self-similar singular perturbations, a case that
has been treated by Maz’ya, Nazarov, and Plamenevskij [25, Ch.2] with the method of compound
expansions, and by Dauge, Tordeux, and Vial [13] with both methods of matched and compound
expansions. The common feature of these methods is their algorithmic and constructive nature:
The terms of the asymptotic expansions are constructed according to a sequential order. At each
step of the construction, remainder estimates are proved, but there is no uniform control of the
remainders, and this does therefore not lead to a convergence proof.

Another method appeared recently, based on the “functional analytic approach” introduced by
Lanza de Cristoforis [21]. This method has so far mainly been applied to the Laplace equation on
domains with holes collapsing to interior points. The core feature is a description of the solution
as a real analytic function of one or several variables depending on the small parameter ¢ that
characterizes the size of the holes. This is proved by a reduction to the boundary via integral
equations, and after a careful analysis of the boundary integral operators the analytic implicit
function theorem can be invoked, providing the expansion of the solutions into convergent series.
Analytic functions of several variables appear for example in [22, 9], where the two-dimensional
Dirichlet problem leads to the introduction of the scale 1/loge besides ¢, or in [10], where a
boundary value problem in a domain with moderately close holes is studied and the size of the
holes and their distance are defined by small parameters that may be of different size.

Our aim in this paper is to understand how this method would apply to the Dirichlet problem
in a polygonal domain when holes are shrinking to the corner in a self-similar manner. In the
limit ¢ — 0, the singular behavior of solutions at corners without holes will combine with the
singular perturbation of the geometry. In contrast to what happens in the case of holes collapsing
at interior points or at smooth boundary points [3], we find that the series expansions in powers of
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¢ that correspond to the asymptotic expansions of [13] are only “stepwise convergent”. For corner
opening angles w that are rational multiples of 7, the series will be unconditionally convergent,
but in general for irrational multiples of 7, certain pairs of terms in the series may have to be
grouped together in order to achieve convergence. This is a peculiar feature similar to, and in the
end caused by, the stepwise convergence of the asymptotic expansion of the solution of boundary
value problems near corners when the data are analytic [4, 11].

0.1. Geometric setting. We consider perforated domains where the holes are shrinking towards
a point of the boundary that is the vertex of a plane sector. For the sake of simplicity, we try
to concentrate on the essential features and avoid unnecessary generality. Therefore we consider
only one corner, but we admit several holes.

We denote by ¢ = (11, ;) the Cartesian coordinates in the plane R?, and by (p = |t|, ¥ = arg(t))
the polar coordinates. The open ball with center 0 and radius pg is denoted by %(0, pg). Let the
opening angle w be chosen in (0, 27) and denote by S,, the infinite sector

S.={tcR?* e (0wl (0.1)
The case w = 7 is degenerate and corresponds to a half-plane.

The perforated domains A, are determined by an unperforated domain A, a hole pattern P and
scale factors ¢, about which we make some hypotheses.

The unperforated domain A satisfies the following assumptions, see Fig.1 left,

(1) Ais a subset of the sector S, and coincides with it near its vertex:
dpo > 0 suchthat (0, py) N A= A0, po) NSy, 0.2)

(2) A is bounded, simply connected, and has a Lipschitz boundary,
(3) S, \ A has a Lipschitz boundary,
(4) OA N OS, is connected.

The hole pattern P satisfies, see Fig.1 right,

(1) P is a subset of the sector S,, and its complement S, \ P coincides with S, at infinity:
dpy >0 suchthat P C S, N0, p). (0.3)

(2) P is a finite union of bounded simply connected Lipschitz domains P;, j = 1,...,J,
(3) S., \ P has a Lipschitz boundary,
(4) Forany j € {1,...,J}, OP; N 0S,, is connected.

Let g = po/p,. The family of perforated domains (Ae) is defined by, see Fig.2,

0<e<eo
A.=A\eP, for 0<ce<eg. (0.4)

The family P can be seen as a self-similar collection of holes concentrating at the vertex of the
sector. Here, in contrast with [9] we do not assume that 0 belongs to P. We do not even assume
that 0 does not belong to OP.
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S, S,

Unperforated domain A Hole pattern in plane sector S,,

FIGURE 1. Limit domain A and hole pattern P.

Our assumptions (0.2), (0.3) exclude some classes of self-similar perturbations of corner domains
that are also interesting to study and have been analyzed using different methods, see [13]. For ex-
ample, condition (2) in (0.3) excludes the case of the approximation of a sharp corner by rounded
corners constructed with circles of radius . Condition (3) in (0.3) excludes holes touching the
boundary in a point. The Lipschitz regularity conditions (2) and (3) in (0.2), (0.3) are essential for
our boundary integral equation approach. On the other hand, the condition that A is simply con-
nected and the related connectivity conditions (4) in (0.2), (0.3) are not essential, they are merely
made for simplicity of notation.

.I':ISw .I':ISw

FIGURE 2. Perforated domain A, for two values of ¢.

0.2. Dirichlet problems and mutiscale expansions. We are interested in the collective behavior
of solutions of the family of Poisson problems

{me — f in A,

0.5
u. = 0 on OA.. ©.5)

We assume that the common right hand side f is an element of > (A), which, by restriction to A,
defines an element of L?(A.) and provides a unique solution u. € H}(A.) to problem (0.5).

If moreover f is infinitely smooth on A, then a description of the e-behavior of u. can be performed
in terms of multiscale asymptotic expansions. We refer to [25, 13] which apply to the present
situation. As a result of this approach, cf [13, Th.4.1 & Sect.7.1], u. can be described by an
asymptotic expansion containing two sorts of terms:
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e Slow terms u(t), defined in the standard variables ¢
e Rapid terms, or profiles, U”(%), defined in the rapid variable .

Here the exponent /3 runs in the set N+ N = {{ + kT, k,/ € N}.

If Z is not a rational number, u. can be expanded in powers of &

u(t)y~ > L+ Y LU, (0.6)

BEN+TN BEN+TN

The sums are asymptotic series, which means the following here: Let (3, ),en be the strictly
increasing enumeration of N + ZN and define the Nth partial sum by

N N
uLN} (t) — Z Eﬁn uﬁn(t) _I_ Z EB’H UB" (é) X (0.7)
n=0 n=0

Then for all N € N there exists C'y such that for all € € (0, &4]
[ue = ul™]] s ny < On e (0.8)
where we have chosen ¢; < &y.

If Z is a rational number, the terms corresponding to [ in the intersection 7 € NN EN* contain a
log ¢ and the estimate (0.8) has to be modified accordingly.

0.3. Convergence analysis. Let us assume from now on that f has an extension as a real analytic
function in a neighborhood of the origin, so f has a converging Taylor expansion at the origin:
More specifically, we assume that there exist two positive constants M and C' so that

Ft) =" fatts?, Ve B0, M) NA, with |f.] < CMY (0.9)

a€eN2

Even with this assumption, the recursive construction of the terms u” and U? of (0.6) performed
in the above references does not allow any control of the constants C'y in function of N.

In the present work we address the question of the convergence of the series (0.6). It follows from
general properties of power series that convergence of (0.6) in the sense that
Jim_ e =M =0

in some norm and for some € = £; > 0 implies that the series converges absolutely and uncon-
ditionally for any ¢ € (—¢&1,&;). It will follow from our analysis that there exists a set Ag of real
irrational numbers (super-exponential Liouville numbers, see Definition B.1) with the property
that whenever the opening angle w does not belong to A, then such an £; > 0 does indeed exist.
For w € mAs on the other hand, in general the series (0.6) does not converge for any £ # 0. It is
known from classical number theory that both Ag and its complement are uncountable and dense
in R and A is of Lebesgue measure zero and even of Hausdorff dimension zero. The series can
be made convergent, however, for any w € (0, 27) by grouping together certain pairs of terms in
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the sums for which 3,11 — 3, is small. This situation can also be expressed by the fact that there
exists a subsequence (Vi )ren of N such that for any € € (—eq, &)

dim [fue — P = 0.

We call this kind of convergence “stepwise convergence”, and the main result of this paper is the
construction of a convergent series in this sense.

Our analysis relies on four main steps, developed in the four sections of this paper.

, where ug € H}(A) is the solution of the limit problem

£

{Auo — f in A

STEP 1. We set @i, = u. — ug A

0.10
uy = 0 on OA. ( )

Doing this, we reduce our investigation to the harmonic function ., solution of the problem

{A'lfa =0 in A, ©0.11)

—Ug on OA.,

Ue

Since uyg is zero on JA, the trace of uy on JA. can be nonzero only on the boundary of the holes
edP. In order to analyze this trace, we expand u, near the origin in quasi-homogeneous terms
with respect to the distance p to the vertex according to the classical Kondrat’ev theory [19]. The
investigation of the possible convergence of this series is far less classical, see [4], and it may
involve stepwise convergent series. This issue is also related to the stability of the terms in the
expansion with respect to the opening, cf [6, 7]. We provide rather explicit formulas for such
expansions in complex variable form.

STEP 2. We transform problem (0.11) into a similar problem on a perforated domain for which
the holes shrink to an interior point of the limit domain, a situation studied in [22, 9, 10]. To get
there, we compose two transformations that are compatible with the Dirichlet Laplacian,

e A conformal map of power type,
e An odd reflection.

In this way the unperturbed sector domain A is transformed into a bounded simply connected
Lipschitz domain B that contains the origin, and the hole pattern P is transformed into another
hole pattern Q that is a finite union of simply connected bounded Lipschitz domains Q;. The
small parameter is transformed into another small parameter 7 by the power law

n=e",
and the new perforated domains B,, have the form
Bn:B\UG, 776 (07770)'

The boundary of B,, is the disjoint union of the external part OB and the boundary n9Q of the holes
1nQ. The holes shrink to the origin 0, which now lies in the interior of the unperforated domain B.
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In this way problems (0.11) are transformed into Dirichlet problems on B,,

Av, = 0 in B,, 0.12)
v, =y on 0B,.

The family of Dirichlet traces i, are determined by the trace of ug on the family of boundaries
€0P of the holes. They have a special structure due to the mirror symmetry.

STEP 3. We study analytic families of model problems of this type where p, depends on 7 as
follows

{Mn(g;) = p(x) ifz € 0B, (0.13)

py(x) = W(7) ifz € noQ.

Here we have a clear separation between the external boundary B where 1, does not depend
on 7, and the internal boundary n0Q of 0B, that is the boundary of the scaled holes nQ. Via
representation formulas involving the double layer potential, we transform the problem (0.12)
with right hand side (0.13) into an equivalent system of boundary integral equations (3.29) with
a matrix of boundary integral operators M (n) depending analytically on 7 in a neighborhood of
zero and such that M (0) is invertible, see Theorem 3.12.

The crucial property making this possible is the homogeneity of the double layer kernel, which
allows to write M(n) in such a form that its diagonal terms are independent of 7 and the off-
diagonal terms vanish at = 0. The problem corresponding to the boundary integral operator
M(0) can be interpreted as a decoupled system of Dirichlet problems, one (in slow variables z)
on the unperturbed domain B and a second one (in rapid variables X = %) on the complement

R?\ Q of the holes at = 1.

STEP 4. From the formulation via an analytic family of boundary integral equations in Step 3
follows that there exists 17; > 0 such that the solutions v,, of problems (0.12)-(0.13) depend on
the data ¢» € H'/?(0B) and ¥ € H'/?(0Q) via a solution operator £(n) that is analytic in 7 for
n € (—m,m ) and, therefore, is given by a convergent series around 0

L) =D 0"La, |nl <m. (0.14)

n=0

Combining this with the results of Steps 1 and 2, we obtain expansions of the solutions u. of
problem (0.5) in slow and rapid variables similar to (0.6) that are not only asymptotic series as
¢ — 0 like in (0.8), but convergent for ¢ in a neighborhood of zero. The convergence is shown in
weighted Sobolev norms and it is, in general, “stepwise” in the same sense as had been known for
the convergence of the expansion in corner singular functions of the solution w of the unperturbed
problem (0.10). The main results on this kind of convergent expansions are given in Theorems 4.5,
4.6 and 4.7.

While the series in powers of ¢ are, under our general conditions, not unconditionally convergent
due to the interaction of integer powers coming from the Taylor expansion of the right hand side
f in our problem (0.5) and the powers of the form k7 /w, k € N, coming from the corner singu-
larities, there are two situations where the convergence is, in fact, unconditional.

The first such situation is met when the opening angle w is such that 7 /w is either a rational number
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or, conversely, is not approximated too fast by rational numbers, namely not a super-exponential
Liouville number as defined in Definition B.1. In this case, the right hand side f can be arbitrary,
as long as it is analytic in a neighborhood of the corner, see Corollaries 4.9 and 4.10.

The second situation where we find unconditional convergence is met for arbitrary opening angles
w when the right hand side f in (0.5) vanishes in a neighborhood of the corner: Then we have the
converging expansion in L>(£))

u(t) =up(t) + Y Ul (t)+ Y UL (0.15)

BEIN, BETN.

Thus both parts of this two-scale decomposition of u. are given by functions that are real analytic
near zero in the variable 7 = ™/, see Corollary 4.8.

1. UNPERTURBED PROBLEM ON A PLANE SECTOR

We are going to analyze the solution u, of problem (0.10) when the right hand side satisfies the
assumption (0.9). We represent v as the sum of three series converging in a neighborhood of the
vertex:

Uy = Uf + U + Urm

where

(1) uy is a particular solution of Au = f,
(2) up is a particular solution of Au = 0, with uy + uy = 0 on the sides ¥} = 0 or w,
(3) uym 1s the remaining part of .

We use the complex variable form of Cartesian coordinates

C=ti+ity, (=t —ity ie. (= pe”. (1.1)
In particular, instead of (0.9), we write the Taylor expansion at origin of f in the form

F#) =" faC™¢™ in B(0,M;"), with |fo| < Cy M, (M > M), (1.2)

a€eN?

1.1. Interior particular solution. The existence of a real analytic particular solution to the equa-
tion Au = f is a consequence of classical regularity results (cf. Morrey and Nirenberg [27]).
Nevertheless, we can also provide an easy direct proof by an explicit formula using the complex
variable representation (1.2): It suffices to set

_ fa a1 +1 ag+1 —1
uf(t)_a;NQ 4(a1+1)(a2+1)g ¢t in (0, M;). (1.3)

to obtain a particular real analytic solution to the equation Au = f in %(0, Mf_l)
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1.2. Lateral particular solution. Set p; = min{py, M '} for a chosen M > M;. In the finite
sector A N A(0, p1), the difference @ = ug — uy is a harmonic function and its traces on the sides
Y = 0 and ¥ = w coincide with —uy. Denote by ¢° and ¢* the restriction of —u; on the rays
¥ = 0 and ¥ = w. These two functions are analytic in the variable p:

=gl 9= g 1l + el < Cpit (1.4)
LeN, LEN,

The constant p; > 0, which is a lower bound for the convergence radius of the power series
(1.4), is by construction less than M 7 ! where M # 1s the constant in the assumption (0.9) on the
analyticity of the right hand side f. Note that, by construction, ¢° and ¢“ vanish at the origin.

As a next step in the analysis of 1y, we now construct a particular solution uy of the problem
satisfied by
{ Aug(t) = 0 Yt e AN 20, p1), 0s)
ug(t) = —uys(t) Vte (ToUTy,) NABO,pr).
This solution uses the convergent series expansion (1.4) and will be given as a convergent series,
too.

Following [4], for any positive integer ¢/ € N, we can write explicit particular solutions w, to the
Dirichlet problem in the infinite sector S,
Awy(t) = 0 vVt €S, ,
we(t) = gdp* YVt e Ty, (1.6)
we(t) = g¥pt  VteT,,

where T, and T, are the two sides of the sector S,,.
The idea is then to give estimates of the wy that show convergence of the series uy = ),y wy .

There exists always a (quasi-)homogeneous solution of degree ¢. The harmonic functions that are
homogeneous of degree /¢ are

Im¢* and Re(’

They are given in polar coordinates by p’ sin ¢ and p’ cos ¢1). The determinant of their boundary
values is sin fw. If this is zero, we cannot solve (1.6) in homogeneous functions (except in the
smooth case, i.e. when w = 7, where we find that w, = b, Re Ce with b, = g? is a solution), but
we need the quasihomogeneous function

Im(¢*log ().
We find the solution
(i) If sin fw # 0, i.e. if lw & 7N

wy(t) = ag Im ¢* + by Re ¢*

w 0 cosf (1.7)
with a, = I~ 9e S8 ng be =gy .

sin fw
In this case the solution to (1.6) is unique in the space of homogeneous functions of degree /.
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(ii) If sin fw = 0, i.e. if fw = k7 with k € N, so cos lw = (—1)*,
we(t) = a¢ Im(¢*log () + by Re(’

g5 — g2 cos lw (1.8)

with a, = and by = g .

w cos lw
We draw the following consequences according to whether = is rational or not:

(a) If = € Q, then the coefficients a, and b, in (1.7)-(1.8) are controlled since sin fw spans a finite
set of values: There exists C’ such that

|ag| + be| < C'prt, L EN,. (1.9)

(b) If T & Q, estimating ay is hindered by the possible appearance of small denominators sin fw.
In Appendix B we show that there exists a dense set of angles w such that sin {w takes such small
values that the series with w, defined by (1.7) will not converge, in general. The criterion is that
7 /w belongs to the set A of super-exponential Liouville numbers, defined in Definition B.1 by
their very fast approximability by rational numbers. We can restore the control of w, by modifying
it as proposed in [4, 11]. For this, we “borrow” a term from the expansion (1.15) of u,, in
Section 1.3 below, namely a solution of the problem with zero lateral boundary conditions, a
Laplace-Dirichlet singularity

Im ¢ ko fw (harmonic in S, zero on Ty and T,)).

Using this with £ = |lw/7| € N, such that |[{fw — k7| is minimal, we introduce a variant of wy
from (1.7) by defining

ﬁ?@(t) = Qy (Im CZ —Im Ckw/w) + bg Re CZ
with a; and by as in (1.7). We note that
CZ _ Ckw/w

sinfw

The quotient on the right is stable because it can be expressed by divided differences:

CZ o Ckw/w B CZ o Ckw/w 0 — l{:ﬂ/w

sinfw — {—kr/w sinfw —sinkr

ar (Im ¢* — Im ¢*/%) = (g7 — ¢f cos fw) Im

For fixed /, this is continuous in w, even if {w — k7, and we recover the logarithmic term from

(1.8):

1 I CZ - Ckﬂ/w I Zl
ok sinlw m(Clog ¢) weoslw
For fixed w, we find a bound for the coefficient uniformly in ¢ if |[(w — k7| < 7/2:
(—krjw| 1 lw — km s
sinfw | w |sin(fw—kr)| T 2w’
The stable variant of (1.7), which contains the logarithmic expressions (1.8), is therefore
L rkmjw
I’Eg(t) = a, Im i + by Re CZ
0 —kr/w
0 (1.10)
with a, = (g¢ — gy cos(w) £ bmfw and b, = gy .

sin fw
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We need this variant only when |fw — k| is small. We fix a threshold

0 <8, < % min{w, 7} (1.11)
and replace w;, by wy if there exists k € N, such that [{w — k7| < 4.
The bounds on ¢,, imply on one hand that in this definition % is defined uniquely by ¢, but ¢ is

also uniquely determined by k. On the other hand, we can check that the coefficients a, and a, are
uniformly controlled: There exists C’ independent of ¢ such that

0w 5
if dist(fw, 7N) { ~ (1.12)

Q
) < i, whered; = { -
— YW

Qg

Thus, choosing for each value of ¢ solutions w, or wy, cf (1.7)-(1.12), we obtain a convergent
series expansion for a particular solution uy of the (partial) Dirichlet problem (1.5).

1.3. Remaining boundary condition and convergence. Let us write in A N %(0, p1):
Uy = Uf + Uy + Upm - (1.13)
Now the function u,, resolves the remaining boundary condition (here we choose p| € (0, p1))
Augm(t) = 0 vVt e AN A0, p)),
Um(t) = 0 Vit e (ToUT,)NAO,p)), (1.14)
um(t) = g(t) VteS,, [|t|=pi,

where
9(t) = uo(t) — us(t) —ua(t) for [t|=p;.

Denoting by II the arc ¥ € (0,w), p = 1, we can see that the trace g belongs to Hol({Z(p’ll'[). By
partial Fourier expansion with respect to the eigenfunction basis ( sin %”19) ren, We find

km
t) = in—4J, tep|ll
g() ngSIIlw 5 JURES

k>1
with a bounded' sequence ( gk) keN.? and we deduce the representation
km/w k o
Um () = ng<ﬁl> sin—ﬁﬁ, te ANAB(0,p)).
1 P1 w

Setting ¢z, = ge(p})*7/%, we find that the expansion for the remaining term can be written as
the converging series

um() = > ¢, Im¢?, te AnB(0,p)), (1.15)
with the estimates

ley| < C (o). (1.16)

The collection of formulas and estimates (1.3), (1.7)-(1.12), and (1.15)-(1.16) motivates the fol-
lowing unified notation.

'Tn fact the sequence (\/E k) belongs to /?(N,).

keN,
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Notation 1.1. Let 2 be the set of indices (here N? denotes N2 \ {(0,0)})

A =NJUIN,,
and let 2, be the subset of 2 of elements of the form (¢, 0) with ¢ € N, such that there exists
keN, with |[lw—kr|<8, (see(l.11)). (1.17)

For any v € 2, we define the function ¢ — 2, (t) as follows

(1) I € EN,, set 25(1) = (7,
(2) If,}/ = (ala 052) € Ni and Y g 910, set %}/(t) — CC”EOQ,
(3) If v = (¢£,0) € Ao, let k be the unique integer such that (1.17) holds. Set

Z,(t)=¢log¢ if 6 =",

L rkrjw “
A E—

_ (1.18)
km
L —km/w iteA

We are ready to prove the main result of this section:

Theorem 1.2. Let ug be the solution of the unperturbed problem (0.10) with right hand side | €
L?(A) satisfying (0.9). We can represent uq as the sum of a convergent series in a neighborhood
of the vertex O

up(t) =Im» a, Z(t), teANB(0,p) (1.19)

where the set A and the special functions Z, are introduced in Notation 1.1, and the coefficients
a~ satisfy the analytic type estimates: for all M > ,01_1 there exists C' such that

la,| < CMN 4 e (1.20)
where |y| = oq + s if v = (ou, a2) € (N,)?, and |y| = v if v € IN,. The coefficients a., are real
ify € IN, orify = (£,0) € N2,

Proof. We start from the representation (1.13) of g in the three parts u ¢, up and wm.

1) uy has the explicit expression (1.3) that can be written as ZMGN* Zaz en, baC @1¢92 with suit-
able estimates for the coefficients b,,:

bo| < C M.
We notice that the set of indices (N,)? has an empty intersection with 2. So
wt) = 3 b2,
Since uy is real, we can set a, = ib, and get

up(t) =Im Y a,Z(t).

v€(Nx)?
2) ug is equal to Y-, w; with

i) wz = wy with w, given by (1.7) if (¢,0) & 2,
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ii) wz = wy with w, given by (1.8) if ¢ = %’T for some k € N,,
iii) w) = w, with w, given by (1.10) if (¢,0) € Ay and ¢ # 'Z—”, where £ is the integer such
that (1.17) holds.

We parse each of these three cases

i) (¢,0) & 2Ao: Then Z{10) = ¢* and Zg ) = ¢*. We use formula (1.7) to obtain
we = Im(ag Z0) + 161 Z0,0)) (1.21)

The coefficients a0y = a¢ and a(e = ib, satisfy the desired estimates, because (£,0) ¢ Ao

implies | sin fw| > sin .

ii) There exists k € N, such that ¢ = *7: Then Zuo) = ¢‘log ¢ and Zoy = ¢*. We use formula

w

(1.8) to obtain the representation (1.21) again.

iii) (£,0) € g and ¢ # T with the integer k for which (1.17) holds. Now we start from formula
(1.10) and find once more the representation (1.21) with a, replaced by a,.

3) Finally u,, given by (1.15) is already written in the desired form. U

Remark 1.3. 1) Examining the structure of the terms in (1.19) we can see that a real valued basis
for the expansion of u is the union of

o Im % ify € IN, orif v = (o, a2) € N} with oy > @,
e Re Z, if v = (a1, a0) € N2 with o < .

2) The traces of the function Im 2}, ,, are zero on JS,, for all £ € N,. If we write the expansion

(1.19) in the form
o= G Zig + > (0 0, 2,) (1.22)

keN, LEN, yEN?
Iv1=¢

we obtain terms Im 2}, ,,, or packets of terms Im Z| =t a, %, that have zero traces on JS,,.
Remark 1.4. If w = 7, then uy has a converging Taylor expansion at the origin.

Remark 1.5. If f = 0 in a neigborhood of the origin, then in the above construction we find that
uy and uy vanish identically, hence ug = u,m. For the latter we have the convergent expansion
(1.15), and therefore ug has an expansion in terms of Im ¢ k%, k € N,, that is convergent in a
neighborhood of the origin.

Remark 1.6. The definition of 2(, depends on the choice of the threshold ¢, see (1.11). This
influences which pairs of terms ¢’ and ¢*7/* are grouped together into Z, in the sum (1.19), but
changing 2(;, does not change the sum. One can also omit a finite number of indices from 2l
without changing the sum. From Appendix B follows that we can even set §, = 0 and therefore
reduce 2y to the empty set if 7/w is irrational, but not a super-exponential Liouville number.
The resulting series in which no pairs of terms are regrouped will then converge, with a possibly
smaller convergence radius than p; if 7/w is an exponential, but not super-exponential Liouville
number. The full convergence radius p; is retained if 7 /w is not an exponential Liouville number,
in particular if it is not a Liouville number. If 7/w is a super-exponential Liouville number, then
there exist right hand sides f such that the unmodified series does not converge for ¢ # 0.
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1.4. Residual problem on the perforated domain. Setting @, = u. — uy with u. and u, the
solutions of problems (0.5) and (0.10), respectively, we obtain that %, solves the residual problem
A~a = 0 i Aa>
{ Y mn (1.23)
U = —Up on OA.,

By construction, ug is zero on OA, therefore on JA. N JA. Thus the trace of uy on JA. can
be nonzero only on the part eOP NS, of the boundary of the perforations, compare Fig.2. The
converging expansion (1.19) allows us to interpret traces of uy on eOP NS, as a series of traces
on 0P N'S,, with coefficients depending on . To describe this dependence, we recall Notation 1.1

and introduce corresponding combinations of powers of ¢.

Notation 1.7. Let 2 and %2, be the sets of indices introduced in Notation 1.1. For any v € 2 we
define the function ¢ — &, (¢) as follows

(1) If y € IN,, set & (¢) = &7,
(2) If v = (a1, 0) € N2 and 7y & o, set &,(¢) = e,
(3) If v = (¢,0) € Ay, let k be the unique integer such that (1.17) holds. Set

&, () =e'loge if ¢ =7

ol ghrfw i (1.24)

&. if 0 # 5.

(€)= (—km/w
The functions Z, (1.18) are pseudo-homogeneous in the following sense.
Lemma 1.8. Letry € AandT €S,
o [f~v & Uy, then
F(T) = P Z(T) = &,(0) Z,(T).

o Ify = (£,0) € o, let k be the unique integer such that (1.17) holds. We set v = ** and
we have

F(eT) = P 2(T) + 6,(0) Z,(T).
Corollary 1.9. Under the conditions of Theorem 1.2, using the packet expansion (1.22), we find

w(eT) =3 a, ' m Z(T) + Y gf(lm 3 ayﬁfy(T)> +3 4,&(e)Im Z,(T). (1.25)

v€ZN. ¢EN, ~EN2 ~yeAo

Each of the terms or packets has zero trace on 0S,,.

2. FROM A PERFORATED SECTOR TO A DOMAIN WITH INTERIOR HOLES

In this section, we transform the residual Dirichlet problem (1.23) into a problem on a perforated
domain with holes shrinking towards an interior point, so that to be able to use integral representa-
tions for its solution. A suitable transformation is obtained as the composition of two operations,
see Fig.3:

o A conformal map G,.: ( = z = (" with x = T that transforms the sector S, into the upper
half-plane S, = R x R,
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e The odd reflection operator £ that extends domains and functions from S to R

..'\‘Sw

Extension by symmetry from S to R?

FIGURE 3. Conformal map and symmetry acting on hole pattern P.

We introduce these two operations and list some of their properties before composing them in
view of the transformation of problem (1.23).

2.1. Conformal mapping of power type. Letw € (0, 27) and k > 0 be chosen so that kw < 27.
The conformal map G,.: ( — z = (" transforms Cartesian coordinates ¢ into Cartesian coordinates
x with

C:tl_'_itQ and Z:$1+i$2
and polar coordinates (p, ) into (r, §) with
r=p" and 6= kd.

Lemma 2.1. Assume that Q C S, and that Q and S,, \ Q) have a Lipschitz boundary. Then
G.8) C Sy, and, moreover, G.S) and S, \ G.S) have a Lipschitz boundary.

A function u defined on such a domain {2 C S, is transformed into a function G defined on G2
through the composition

g:u:uogﬁ_l:uogl/,{.
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If 01 is disjoint from the origin, then for any real s, the transformation G defines an isomorphism
from the standard Sobolev space H*(£2) onto H*(G,2).

If, on the contrary, 0 € 02, there is no such simple transformation law for standard Sobolev
spaces. Nevertheless, weighted Sobolev spaces of Kondrat’ev type can be equivalently expressed
using polar coordinates and support such transformation: For real § and natural integer m, the
space K3'(€2) is defined as

K7(Q) = {u€ L, (Q), p*¥opu e L(Q), Ya € N, |a| < m}. 2.1)
We have the equivalent definition in polar coordinates
K2(Q) = {u e L(Q).  p(p9,)057u € IX(Q), Ya € N2, |a] < m}.

Lemma 2.2. The conformal map G, defines an isomorphism
Gr o Kg'(Q) onto KTty (G:0).

The proof is based on the formulas
p0, = k10, and pdpdd = re2rdrdd.
Details are left to the reader.

A relation between standard Sobolev spaces H* for real positive s and the weighted scale K" is
the following [12, Appendix A]

Kg () c H*(Q) if m>s and B < —s. (2.2)

Coming back to the solution u, of problem (0.10), we check that as a consequence of (1.19) and
of Lemma 2.2, there holds:

Lemma 2.3. Let m > 1 be an integer. Then the solution ug of problem (0.10) satisfies
ug € K5'(A) VB suchthat 1+ 3> —min{Z,2}. (2.3)
Let k > 0. Then
Guuo € K5 (GA) VB suchthat 1+ "> —% min{Z, 2} (2.4)

2.2. Reflection and odd extension. We first denote by R the mapping from R? to itself defined
as the reflection across the x; axis

R(x1,22) = (1, —x2) Vo = (11, 72) € R%.
Then if © is a subset of R? and g a function defined on 2, we denote by R*[g] the function on
R(£2) defined by
Rgl(x) = g(R(z)) Ve eR(Q).

Let €2 be a subdomain of the half-plane S,.. Let us set

I' = interior (02 N 9S;).
We denote by £((2) the symmetric extension of {2 across the z; axis

EQ)=QURQ)UT. (2.5)
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Since we want to stay within the category of Lipschitz domains, we need here the assumption that
both () and its complement in S are Lipschitz. Note that whereas for a Lipschitz domain its com-
plement in R? is automatically Lipschitz, too, this is not the case, in general, for the complement
in S;;. This is the reason why we had to make corresponding assumptions in Subsection 0.1, see
assumptions (2) and (3) on the domain A and the perforations P. Under these assumptions £(£2)
is a Lipschitz domain. Since the proof of this fact is rather technical, we present it in Appendix A,
Lemma A.1.

If g is a function defined on (2, the odd extension of g to £(£2) is defined as

g(x) Vo € )
E'gl(x) = ¢ —9(R(x)) vz € R(Q)
0 Veel.

Let us denote by H; -(€2) the following subspace of H'()
Hyp(Q) = {ue H(Q), ul = 0}.

Lemma 2.4. Assume that ) C S, and that Q and S, \ Q) have a Lipschitz boundary. Then the odd
extension £* defines a bounded embedding

£ K2(Q) N HL(Q) — K2(E(Q) VBER.

Proof. If u belongs to K3(Q) N Hy (), the jumps of £*[u] and of 0,E*[u] across T' are zero.
Hence for all multiindices «, || < 2, the partial derivative 0*£*[u] has no density across I" and

HTlo‘H'Bﬁo‘E*[u] Hi2(8(9)) — QHTIaHB&auH;(Q)_

U

2.3. Transformation of the residual problem. We come back to our main setting, with unperfo-
rated domain A, hole pattern P, and family of perforated domains A.. We denote by 7 and 7 the
composition of the conformal map G/, and the odd extension acting on domains and functions
respectively

T=E0Gr, and T'=E0oG,,. (2.6)
Then we denote
B=T(A), Q=T(P).
As a consequence of assumptions on A and P, and of Lemmas 2.1 and A.1, B is a bounded simply

connected Lipschitz domain containing the origin, and Q is a finite union of bounded simply
connected Lipschitz domains.

The perforated sector A, is transformed by 7 into the perforated domain B,, with
n=¢e" and B,=B\nQ. 2.7)
We note that the boundary of B, is the disjoint union of OB and 70Q, see Fig.4:
0B,, = 0B U noQ. (2.8)
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FIGURE 4. Transformed perforated domain B,, for two values of 7.

The residual problem (1.23) on A, is transformed into the Dirichlet problem on B,,

Av, = 0 in B,,
v, = —T*u) on 0B,

where we have set v, = T*[4.]. We note that v, belongs to H'(B,) and that its trace is zero
on 0B. We analyze now the structure of the trace of 7*[ug] on n0Q. We take advantage of the
converging expansion (1.19) and of the pseudo-homogeneity of its terms.

We recall from Notation 1.1 that the set of indices 2l is the union of gN* and N2, and from Notation
1.7 that the pseudo-homogeneous functions &, (¢) are defined as ell'if v does not belong to the set
of exceptional indices 2|y, and by a divided difference or a logarithmic term in the opposite case.

Theorem 2.5. Let ug be the solution of the unperturbed problem (0.10) with right hand side f €
L?(A) satisfying (0.9). The residual problem (1.23) on A, is transformed by the transformation T
(2.6) into the Dirichlet problem on B,, with n = gm/w:

Av, = 0 in B,,
v, = 0 on OB, (2.9)
v, = —T*u] on 7n0Q.
The trace of T *[ug] can be written as a convergent sum for € € (0,¢1| for some positive €,
uol(nX) =) & (e) ), X eoq, (2.10)
yed

where the set 21 and the functions &, are introduced in Notations 1.1 and 1.7. There exists a
positive number 7 € (0,1/2) such that the convergence takes place in the trace Sobolev space
H™12(0Q): There exist positive constants C and M such that

1 || rir2g0q) < CMM, v et (2.11)



CONVERGING EXPANSIONS 19

Proof. We use the expansion of ug(e7") as written by packets in (1.25). Applying the transforma-
tion 7 we find

T ug](nX) = Z a7 T*[Im Z](X)

vEL N,
2.12
YT Y e 2]+ ¥ es@Tmmz)x). S
(EN, ~EN2 y€Jo
Iv|=¢
We define for v € A
a’y Im %}/ lf Y c gN*a
P, = ) e, gmees?s i v=1(0,0), LeN, (2.13)
") o Im Z, if v =((,0) €A,
0 for remaining v’s ,
and set

Thus (2.12)-(2.14) imply (2.10).

Let us prove estimates (2.11). Let us choose 3 < —1 such that 1 + 8 > —min{Z, 2}, cf (2.3).
Relying on the explicit form of the functions ®. and on the boundedness of the domain P, we find
that there exist constants C' and M such that

WQM%MSCMM,VGQ. (2.15)

Let 3’ = “(1+43)—1. Then 8’ < —1 and by Lemma 2.2 the conformal map G* /.o 18 bounded from
K3(P) to K7/(Gr/.,P). Then by Lemma 2.4, the odd extension £* is bounded from K7, (G/.,P) to
K3 (Q). If we choose 7 such that

—(1+p) and 7€(0,3),
we find that by (2.2), the space K7 (Gy/.,P) is continuously embedded in H™*'(Q). The trace the-
orem for Lipschitz domains then yields the continuity of the trace from H™(Q) to H™+'/2(9Q).
Hence there exists C” such that
s [ rm17200q) < ClI @ Iz ey, V7 €A

Combining this with the previous estimate of ||D., || K2 (p) gives estimates (2.11).

We finally notice that estimates (2.11) imply the convergence of the series (2.10) for € € [0, 4] if
€1 1s chosen such that e; M < 1. ]

Remark 2.6. From the proof one finds a bound for the regularity index 7
7 < min{i, 2}, (2.16)

27w
This inequality, which is restrictive for small angles w < 7, is mainly due to the use of the
embedding (2.2) of the weighted Sobolev spaces into unweighted Sobolev spaces. It is needed
only in the special situation where the boundary of the holes touches the origin. If, conversely,
0 ¢ OP, then we can use the trace theorem directly without passing by the embedding (2.2), and
the statement of the theorem is true for all 7 € (0,1/2).
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3. SYMMETRIC PERFORATED LIPSCHITZ DOMAINS

In this section we investigate the asymptotic behavior of the solution of a Dirichlet problem in a
symmetric Lipschitz domain with small holes. The analysis here performed will allow to study
the behavior of the solution of problem (2.9).

More precisely, we will consider the case where the domain and its holes are symmetric with
respect to the horizontal axis and the boundary data are antisymmetric. We use the technique
with which the behavior of harmonic functions in perforated planar domains was studied in Lanza
de Cristoforis [22] and in Dalla Riva and Musolino [9]. As in [9], we employ boundary integral
equations, but there are some differences in the assumptions: In [9], perforations were of class
C1“ and connected, whereas we consider here perforations with Lipschitz boundaries and a finite
number of connected components. This generalization is naturally implied by the construction
of the perforation Q from P by the conformal transformations and reflections described in the
previous sections, because even for a smooth and connected hole P in the sector S, the resulting
perforation Q in R? may have corners or several connected components. On the other hand, our
symmetry assumptions will allow to simplify notably the treatment of the problem. In particular,
we find that we do not have to deal with the logarithmic behavior which arises in the general
setting for two-dimensional perforated domains.

3.1. Some notions of potential theory on Lipschitz domains. We collect here some known
results about harmonic double layer potentials on Lipschitz domains in the plane. Main references
for these facts are the paper by Costabel [5] and the books by Folland [14] and McLean [26].

We assume that 2 C R? is a bounded Lipschitz domain (a role that will mainly be played by the
perforated domain B \ 7Q). Furthermore, €2 will be connected, but its complement Of = R2 \ Q
may be not connected. Let Q[(:l), e Q[(:m) be the bounded connected components of ¢ and Q[(:o)

the unbounded connected component of OF. Thus the boundary 0f) has the m + 1 connected
components 89[(30), e 8(2[(:m).

Let E be the function from R? \ {0} to R defined by
1
E(z) = 5 log || Vo € R?\ {0}.

As is well known, F is a fundamental solution of —A on R2.

If ¢ is an integrable function on OS2, we define the double layer potential Dyq, [¢] by setting
Doqld](z) = — o(y)n(y) - VE(z —y) ds, Vo € R*\ 09,
o0

where ds denotes the length element on 02 and n denotes the outward unit normal to €2, which
exists almost everywhere on 9. In R? \ 9, the double layer potential Dyo[¢)] is a harmonic
function, vanishing at infinity. By Costabel [5, Thm. 1], if 7 € [~1/2,1/2] and ¢ € HY/?+7(0)
then

Doold]|, € H'(Q),  Daald]| , € Hit (2F). (3.1)

loc
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We denote by v, and 73 the interior and exterior traces on 0f2, respectively, and by 7, and 75
the interior and exterior normal derivatives on 02, respectively, (both taken with respect to the
exterior normal 7). Then we have the jump relations [5, Lem. 4.1]

16 Doald] — 10 Donld] = ¢ , 1 Doald] = 1 Doald]
for all ¢ € H'/2*7(982). We introduce the boundary operators Ky and W, by setting

Koalo] = 1(701)89 8] + 1 Dan [¢]) ., Waalg] = —1nDaald] = 1 Danl¢]

2
for all » € HY?+7(952). As a consequence,
WDoalé] = —36 + Koald],  Doald] = 36+ Koale], Vo€ H'/*7(02).  (32)

Thus the boundary integral operator associated with the Dirichlet problem in €2 is —%I + Kaq,
whose mapping properties we therefore want to summarize in the sequel.

From Costabel and Wendland [8, Remark 3.15] (see also Steinbach and Wendland [28] and May-
boroda and Mitrea [24]), we deduce the validity of the following.

Lemma 3.1. For any T € [—1/2,1/2], the operators £11 + Koq: H'/**7(9Q) — HY*T7(6Q)
are Fredholm operators of index 0.

The kernels and cokernels of i%[ + Kogq are also known; they are independent of 7. They are
described in terms of the characteristic functions of the connected components of 0€). Here, if O
is a subset of 02 we denote by x the function from 0f2 to R defined by

(2) = 1 ifzeO,
Tr) =
o 0 ifzed\o.

The value of the double layer potential of a constant density is well known.

0 ifzeqt
D r) = hence K = —1ysa.
o0 [Xaﬂ]( ) { 1 ifreq a0 [Xaﬂ] 5 Xon
Applying this to the components Q[(:j), Jj =1,...,m, we see that the characteristic functions x yc

generate double layer potentials that vanish in €2 and that they are therefore in the kernel of th]e
operator —%I + Koq- In fact, by arguing as in Folland [14, Ch. 3] one can prove the following.

Lemma 3.2. Let
Y, = {¢ S H1/2(8Q): + %<b+ Kaalo] = 0} .

Then U | has dimension 1 and consists of constant functions on 0X). The space 0 _ has dimension
m and is generated by {XaQE,) iy
J

In order to characterize the range of the double layer potential operator, we use the description
of the mapping properties of the operator of the normal derivative of the double layer potential
Waa = —711Daq as given in McLean [26, Thm. 8.20].
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Lemma 3.3. The operator Wy, is a bounded selfadjoint operator from H'/*(0R)) to its dual space
H=2(09Q). The kernel of Wiq, consists of locally constant functions in H'/?(0SY). Its dimension
is therefore m + 1, and it is generated by {XBQE,) o

J

For a bounded selfadjoint operator, the kernel determines the range, the latter being the orthogonal
complement of the former. We thus obtain the following description of the range of the double
layer potential operator.

Corollary 3.4. Let 7 € [—1/2,1/2]. Let u € H'(Q) be such that Au = 0 in . Then there
exists ;1 € HY?*7(9Q) such that u = Daq|y1) }Q if and only if

(nu, Xm?ﬂ> =0 Vje{l,...,m}. (3.3)

Here we use the brackets <-, > to denote the natural duality between a Sobolev space H*(0€2) and
H~*(0%2). Thus the condition in (3.3) means that the integral of the normal derivative

O,u=mn-Vu

of u over each component of J2 vanishes. The condition for 7 = 0 is implied by the others,
because by Green’s formula any harmonic function u in 2 satisfies

Z<71uv Xoat ) :/ Opuds =0.
=0 v o9

Remark 3.5. The function p represents u as a double layer potential if and only if p is a solution
of the boundary integral equation

_ %M + Kaalu] = vou on 0f). (3.4)

This follows from the jump relation (3.2) and from the uniqueness of the solution of the Dirichlet
problem. Thus Corollary 3.4 can be seen as a statement on the solvability of the boundary integral
equation (3.4), and conditions (3.3) characterize the cokernel of the operator —%I + Kogq.

3.2. The double layer potential for symmetric planar domains. We now come back to the
geometric situation found at the end of Section 2. This means that in this subsection 2 = B, =
B\ nQ, where B is a simply connected bounded Lipschitz domain in R? containing the origin,
n € (0,70) is a small positive real number, and Q is a finite union of bounded simply connected
Lipschitz domains such that 7,Q is contained in B. In addition, B and Q are symmetric with
respect to reflection at the horizontal axis. From Subsection 2.2 we recall the notation for the
reflection and the corresponding pullback

R(x1,x2) = (21, —x2) Vo = (11, 79) € R? and R'[g]=goR.
Thus we assume
B =TR(B) and Q=7R(Q).

The symmetry of Q implies that there exist two natural numbers m* and m*, such that Q has
m = m>* + 2m* > 0 connected components

+ + — -
Qy,...,Qx Qe Q. Qs

mXx)
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satisfying
Q) =R(Q)) Vi€ {l,...,m*},
Q =R(Q;) and Q CS,=RxR, vj€{l,....m"}.

See Figure 3 for an example with m* = 2 and m* = 1.

(3.5)

We introduce the following definition.

Definition 3.6. Let 7 € [—1/2,1/2]. If 092 = R(052), then we denote by H, ;d/?” (052) the closed
subspace of H'/2*7(9§)) defined by

HSS?T(@Q) ={ye HY7(0Q) : g=—-R*[g] on o0} .

The mapping properties of the boundary integral operator —%I + Kog, on odd functions can be
summarized as follows.

Lemma 3.7. Let 7 € [—1/2,1/2] and n € (0, 1n5).

(1) The operator —%I + Ko, defines a Fredholm operator of index zero from H;d/?” (0B,)
to itself.

(ii) If m* = 0, this operator is an isomorphism. More generally, its kernel has dimension m*
and is generated by the functions {Xnan — XyoqQ; }g”jl, where

+1, r €noQr,
(Xpoqt = Xpaq; (@) = 4 —1, z €n0Q;
0, r € 0B, \ (n0Q; UndQy).
(iii) If w € HY7(B,) is such that Au = 0 in B, and R*[u] = —u , then there exists |1 €
HiéczlJrT(&Bn) such that u = Dag, [1] ‘Bn if and only if
(nmu, Xnan> =0 Vje{l,...,m*}. (3.6)
(iv) Ifu € H:7(QY) is such that Au = 0 in Q%, u is harmonic at infinity, and R*[u] = —u,,

then there exists ;1 € H séiw (0Q) such that u = Daq[u] }Qc if and only if
<71u,Xan+>:0 vje{l,...,m*}.

Proof. By the rule of change of variables in integrals, we have Dyg, [R*[¢)]] = R*[Dag, [¢/]],
hence

Kow, [R*[W]] = R*[Koe,[]] Vi € H'/**7(0B,). (3.7)
Thus Ksg, maps odd functions to odd functions. By Lemma 3.2 the kernel consists of odd func-
tions in 2J_, that is, odd linear combinations of the characteristic functions XnoQ* and XnaQ}‘L'
This space is generated by x,sq+ — X,9q->J = 1, - ,m*. If m# = 0, the operator is therefore
injective. ’ ’
Let us now show (iii). For an odd function u, the m* conditions (3.6) are equivalent to the whole
set of m* + 2m™ conditions (3.3), because the integrals over n0Q.* vanish by symmetry, and the



24 MARTIN COSTABEL, MATTEO DALLA RIVA, MONIQUE DAUGE, AND PAOLO MUSOLINO

integrals over 70Q; equal the negatives of the integrals over 70Q;". Thus (3.6) is equivalent to
the existence of ;1 € H'/?*7(9B,,) such that u = Dyg, [1/] ‘Bn. If 1 is not yet odd, we can replace it
by its odd part

f=5(n—Rul),
which will also represent u, that is . = Dag, [fi]

5 Statement (iii) is proved.
n

To prove that — %I +K g, is a Fredholm operator of index zero, it remains to show that its range has
codimension m* (we recall that Kag, is not compact, in general, when 0B, is a only required to be

Lipschitz). We use the observation noted in Remark 3.5. For g € H ;ﬁ”(@Bn), letu € H'"(B,)
be its harmonic extension, that is, the unique harmonic function in B,; satisfying you = g. Itis
clear that v is an odd function. The m™* conditions (3.6) that guarantee the representability of u as a
double layer potential with a density p € H iéi” (0B,;) can be considered as m* continuous linear
functionals acting on g and defining solvability conditions for the boundary integral equation

(=31 +Kog,)l =g

We have shown that the cokernel of —17 + Kgg, in H, ! ﬁ”(@Bn) has dimension m*, and thus the

remaining statements of (i) and (ii) follow.

Statement (iv) is proved in the same way as (iii) by relying on the characterization of the cokernel
of the operator Wpq as given by McLean [26, Thm. 8.20]. U

In addition to the boundary integral operators, we will also need mapping properties of the double
layer potential restricted to some subsets of the domain.

The first result is global and concerns the entire interior of OB or exterior of Q. For this we use
the weighted Sobolev spaces of Kondrat’ev type K introduced in Section 2.1 and defined for
integer regularity exponent s = m € N in (2.1). For non-integer s there exist several equivalent
ways to define this space (see [12]), the shortest (and for us, easiest to use) is by Hilbert space
interpolation: If s = m + 7, m € Nand 7 € [0, 1], then

K3(9) = [K5(Q), K5 (Q)],
It is clear that if €2 is a bounded domain with a positive distance to the origin, then the norm in

K3(€2) is equivalent to the norm in the standard Sobolev space [°(§2), and the weight exponent

£ influences only the behavior near the origin and at infinity. Thus let y € C5°(R?) be a cutoff
function that is equal to 1 on the ball %(0, 1/2) and 0 outside of #(0, 1) and for R > 0 define

xT

Xa(®) = x(%);

let further Ry, Ry be such that 0 < 2Ry < R; and let 3y, 81 € R be two weight indices. Then if
we define

Ik K5op (@) = [ XRou] K5 @ T (1 = Xro)XRi Ul sy + 11 (1 = XRl)UHKgl(Q) ; (3.8)

we see that for any Lipschitz domain 2 the norm ||u|

K3(9) is equivalent to ||u| K35, for any
bounded €2 the norm ||u|| K35 (@) 1 equivalent to ||| K3, (2> and for any () that has a positive
distance to the origin it is equivalent to ||u|| K3, (- With this preparation, we can now prove the
boundedness of the double layer representation.
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Lemma 3.8. Forany € [—1/2,1/2|, By > —2 and 5, < 0, the following operators are bounded:

Dog : Hy\5 7 (0B) — K1F7(B), (3.9)
Doq : Hyhy "(0Q) = K7 (@Y if 0¢0Q, (3.10)
Doq : HY3(0Q) — KN (QY)  if 0€0Q and fy>—1—r. (3.11)

Proof. In (3.1) we already quoted from [5, Thm. 1] that for a bounded domain 2, Dy, maps
H*'Y2+7(98)) boundedly into H'*7(2). This implies that
Do : HY277(6B) — H'*™(B)

is bounded. Let R, be such that (0, Ry) C B and let g be the trace of u = Dyg[t)] on 0.%4(0, Ry).
Since u is harmonic in B and odd, it can be expanded in a Fourier series of the form

= g;gk<RL0>ksink9.

Here gy, are the Fourier coefficients of g, and the Sobolev norms of g can equivalently be expressed
by weighted norms of the sequence gy.

2s 2
H$(0%(0,Ro)) Z K= grl” -
It can be verified by explicit computation that for 5 > —2 and any m € N

e 0,0y = = crmloe>  with ek <o < CET
k>1

gl

The constants here depend on Ry and 3, but not on u. Thus |[ulxp(0,r,) is equivalent to
m—1/2(5 . By interpolation it follows that this is also true for m replaced by 1 + 7. Thus
191l & (03(0,Rp))+ PY Ip p y

||u||Ké,§T(93(O,RO)) <C H9HH1/2+T(8&?(O,RO)) <C ||U||H1+T(B)-
Adding ||u|| g1+ (g, we find
||U||K[§,§T(B) < Cllgllg2er(om) »
hence (3.9).

For the proof of (3.10), we use a similar argument: Let U = Dyq[¥] in QC and let G be the trace
of U on some 04(0, Ry) with R, chosen such that Q C (0, R;). Then

HG||H1/2+T(8=@(O,R1)) < ||U||H1+T(Q3093(0,R1)) <C H‘I’HHW“(&Q) :

Now we write U in %(0, RI)C as a Fourier series, using that it is harmonic in QC and vanishes at
infinity (for this we do not even need that U is odd), and prove by explicit calculation of weighted
Sobolev norms and interpolation that for any 5 < 0 there is an estimate

1U 1+ 0,m0e) < C NGl 0m0,m0))

If 0 € Q, we do not need to estimate U in a neighborhood of 0. If 0 € QF, we can get an estimate
of U in a neighborhood of 0 as above for u. Together, this implies (3.10).



26 MARTIN COSTABEL, MATTEO DALLA RIVA, MONIQUE DAUGE, AND PAOLO MUSOLINO

For (3.11), we use the previous estimate outside of a neighborhood of the origin, but now we
additionally have to estimate ||U|| KY+7(QEN(0, o)) for some Ry > 0. We cannot apply the same
0 ’

argument as for u above, because 0 is on the boundary of Q, and U is not harmonic in a whole
neighborhood of 0. Instead we will use the fact that if 5y > —1 — 7 then there is a continuous
inclusion
HYT QYN (0, Ry)) € K3(QE N 2(0, Ry)) .
For 7 # 0 this follows from Dauge [12, Theorem (AA.7)]. It is also true for 7 = 0 as follows
easily from the well known Hardy inequality
€2

foral U € H 1(QE) satisfying U = 0 for zo = 0. This inclusion together with the previous
estimates that led to (3.10) proves (3.11) and ends the proof of the lemma. ]

HL2(QC) <2 ||8902U||L2(QC)

Remark 3.9. If 7 € (0, 1/2], then one also has bounded mappings
Dyg : H/**7(0B) — L®(B) and Dyq : H/**7(0Q) — L=(QY). (3.12)

This follows for Dyg from the Sobolev inclusion H'*7(B) C L*(B) and for Dyq from the
Sobolev inclusion on Q¢ N (0, R;) combined with Fourier series (or simply the maximum prin-
ciple) on Z(0, Ry )L.

The second class of results is local in nature and describes the analyticity of the double layer
potential near the origin and near infinity in a form that is suitable for our situation of a symmetric
domain with small perforations. The result can be considered simply to be a consequence of the
analyticity of the fundamental solution £ on R? \ {0}, and it is similar to the subject studied in
Lanza de Cristoforis and Musolino [23], but there are some particularities related to the symmetry
and weak smoothness of the domains studied here.

Lemma 3.10. Let 7 € [—1/2,1/2].

(i) Let Q C R? be a bounded Lipschitz domain. For positive 1 sufficiently small so that
nQ2 C B, we define the restriction Dygq(n) of the double layer potential Dyg to 1S
written in “fast” variables

Dasa(n)¥)(X) = Doely] (X)) (X €Q) Vo€ HYUT(98).

Then there exists 11 > 0 such that the function 1) — Dyg o(n) has for any s € R a contin-
uation ton € (—ny,m1) as an analytic function with values in DS,”(H;({?T(@B), H*()).

(ii) Let Q C R? be a bounded Lipschitz domain such that 0 & Q. For positive 1 sufficiently
small so that (1/1)Q2 C QY we define the restriction ng(n) of the double layer potential
Daq to (1/n)Q2 written in “slow” variables

Diaa(n[¥](@) =Deal¥]| | (%) (r€Q) YW e H(0Q).

Then there exists 11 > 0 such that the function n —» DgQ o(n) has for any s € R a contin-

uation to n € (=1, m) as an analytic function with values in £ (H, 1/2+T(8Q) H*(Q)).
(iii) In addition, Dyg o(0) = 0 and DBQQ(O) = 0.
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Proof. The proofs for (i) and (ii) are similar. Both use the fact that the double layer potential is
analytic outside of the boundary and vanishes at infinity, and for an odd density it vanishes at the
origin. We give the proof of (ii) and leave the proof of (i) and (iii) to the reader.

Let ¥ € H1/2+T(8Q) and define W = Dyq[¥] in Q. We can choose R, such that Q C (0, Ry)
and Ry, R, such that Q C (0, Ry) N .%(0, R, )C. For | X| > Ry, we can expand the harmonic and
odd function W in a Fourier series

RNk
W(X) = ) sinkf. (3.13)
; W <R0> n

Here (R, ) are polar coordinates for X, and from the fact that Dyq maps H,. d/iJrT (0Q) to H7(Qn
A(0, Ry)) we deduce the (crude) estimate that the wy, are bounded and satisfy an estimate

Sup lwi| < C V| 172475 -
If n € (0, R/Ry), then X € (1/n)Q2 C (0, Ry/n) N A(0, Ry /n)° implies | X| > Ry, so that

we can use the expansion (3.13) for the restriction of W to (1/n)2. Writing this in slow variables
x = nX, or in polar coordinates with |z| = r = nR, we get

T - r\—k .
Dhqa([¥)() = W(T) = Y n wpe(a)  with pi(x) = () sinkd
k=1
By explicit computation for any chosen m € N, we can estimate the /™ norm of p

Ro\k; om—1
i) < 1Pkl im0 v, mory < € (H- )E

1P |
1

with C independent of k. We conclude that ng(n) has a convergent expansion
Diqa(n) = Z 0" Dy, (3.14)

where the D, are bounded linear operators from H_ 1/ 2+T(8Q) to H™ () satisfying

< C(RO) k,2m 1

| D ”f(Hiéi”(aQ),Hm(m) - \R,

It follows that the expansion (3.14) converges for || < R;/R, and this proves the analyticity as
claimed in (ii). ]

3.3. The Dirichlet problem in a symmetric perforated domain. In this subsection we apply the
double layer representation to the solution of the Dirichlet problem in our perforated symmetric
domain B,,.

Thus we assume that we are given odd functions ¢ € H_ Y IFT(OB) and W € H./ 1/ >7(5Q), and we
denote by u[n, 1, ¥| the unique solution in H'*7(B,)) of the boundary value problem
Au=0 in B,
You = U on 0B, (3.15)
You =V¥(-/n) on Q.
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We would like to represent u[n, 10, U] as a double layer potential. It is clear that v is an odd func-
tion. The conditions (3.6) will, however, not be satisfied, in general, if the number m# of “paired
holes” is non-zero. As a remedy for this problem, we introduce harmonic functions =1, ..., =,
that span a complement of the range of the double layer potential operator. We define =; as the

unique function in H;}7 (R?\ (Q_;r U Q_j_)) such that

loc
AZ; =0 inR?\ (QFUQ;),
YZ; = 1 on 0Q; (3.16)
1Z|lcc < 400
A simple argument for the existence of such functions Z; is to use the Kelvin transformation with
origin in Qj that reduces the exterior Dirichlet problem problem (3.16) to a Dirichlet problem on

a bounded domain (see Folland [14, Ch. 2.I]), and then invoke the existence and uniqueness of
solution of the Dirichlet problem on a bounded domain.

The uniqueness of =; implies in particular that =; is odd,

5(X) = -RIEJX) forX e R*\ (QFUQ;). (3.17)
Then by (3.17) and by the harmonicity in R? \ (Q U Q; ) and at infinity of =; it follows that
lim =(X) =0. (3.18)

Concerning the integrals of the normal derivative of =; over the boundaries of the connected
components of Q, it follows from the harmonicity that they vanish except for the components Q7
in particular

(NZj, Xoqe) =0 Vk€ {1,....m*}\ {j}. (3.19)

From the harmonicity at infinity and (3.18) follows that VZ; € L? (R2 \ (Q—;F U Q—j_)> and that we
can use the Divergence Theorem, which gives

o< [ VEEOPAY =~ [ aZdst [ 85ds =25, ve):
=\(q/ue; ) 0Q; 0Q; ’
(3.20)

We can now show the following augmented double layer representation for the solution u[n, ¢, V]
of problem (3.15).

Lemma 3.11. Let 7 € [—1/2,1/2]. Let n € (0,1)9). Then the following statements hold.

(i) If m* = 0, then there exists a unique function . € H ;d/iJrT(@Bn) such that
uln, ), V] = Dog, (1] in B, (3.21)
(i) If m* > 0, then there exists a unique m*-tuple ¢ = (cy,...,Cp#) € R™ and a unique
function i € H iﬁ”(@Bn) satisfying

{ uln, ., 0] = Dog, [u] + 307 ¢;Z;(-/n) in B,

3.22
fnan,uds:(] Vjie{l,...,m"*}. (3-22)
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Proof. Statement (i) follows from Lemma 3.7 (ii). We now consider statement (ii). We first note
that by (3.20) for each j € {1,...,m*¥} there exists a unique ¢; € R such that

(nuln, ¥, 9], Xyaqr ) = ¢ (NZ(-/0) 5 Xyagr) = 0-

Using (3.19), it follows that the function u[n, v, U] — Z;“jl ¢;Z;(+/n) satisfies the conditions of
Lemma 3.7 for the existence of a representation as a double layer potential. As a consequence,
there exists i € H 277 (B,) such that

Do, 1] = uln, v, ] — Z ¢;Z;(-/n)  inB,.

Recalling from Lemma 3.7(ii) that the kernel U_ oqq = U_ N H 277 (8B,) of the operator —1I+

Kog, acting on odd functions is spanned by the functions { XnoQt — XnoQ: }m_# we find that among
J J

j=1
the functions p1 € i + U_ ,qq that satisfy the first line of (3.22) there is exactly one satisfying the

side conditions of the second line of (3.22). ]

With the help of the augmented double layer potential representation (3.22) we can now rewrite
our Dirichlet problem (3.15) as an equivalent boundary integral equation on 9B,. This is still
a problem on an 7-dependent domain, but it is possible to interpret it as a system of boundary
integral equations in the function space H Y IT(0B) x H. ;d/iJrT(@Q) defined on the fixed domain
0B x 0Q. Owing to the special form of the double layer kernel, this system has a simple form
that makes it natural to study the dependence on 7 in the limit 7 — 0 and even to extend it in an
analytic way to a neighborhood of 1 = 0.

The formulation (3.15) of our Dirichlet problem already makes use of the identification of a func-
tion defined on OB, with a pair (¢, ¥(-/n)) of functions, the first one defined on OB and depending
on standard or “slow” variables x, the second one defined on 0Q and depending on “fast” variables
X = z/n. Let J,, denote this mapping from H_/>""(9B) x H'/2*"(8Q) to H/>*"(9B,), which
obviously is an isomorphism.

) o(x) on 0B,
Jn[as,cb](x):{ o 629

The boundary integral equation for (3.15) is obtained from the representation formula (3.22) by
taking traces on 9B,,. In order to treat simultaneously the case m* = 0 and the case m#* > 0,

. # ) .
from now on we will assume that the symbols ¢4, ..., c,,# and 27;1 cj¢; are omitted if m* = 0.
In addition we find it convenient to set

Hyl5 (0Q)y = {1 € H3™ (0Q): /wuds:o vje{l,...,m*H.
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Clearly, if m# = 0 then H'/2*"(8Q), = H'2""(8Q). We can then write the trace of (3.22) as
the problem of finding 1 € 7, [ H2PT(0B) x H>'(0Q)4| and ¢ € R™ such that

m#

(—1 + Kop, )il + 3 ¢;05,(/n)=g ondB, (3.24)

i=1

where g = J,[¢, V]. With p = 7, ¢, @] we find a first form of the equivalent system of boundary
integral equations on 9B x 0Q.

jn_lo (_%I‘I’KﬁBn) jn va ‘l’ZCJ’YOHJ /77)} ( \Ij) (325)

We will now describe this system in more detail.

Changing variables y — nY in the double layer integral and using the fact that

T

is a function homogeneous of degree —1, we can write

D, [73f0. )] = Danlé) = | @(u/muiy EC ) ds,

noQ
= D33[¢] + 7}/ <I>(Y) n(Y) . VE(- — nY) dsy in B777
oQ

and then express the representation formula (3.22) both in “slow” variables:

w0, ¥) = Dosl] +1 | @) n(Y) - VEC ) dsy + f;chj(-/n) inB, (326)
and in “fast” variables: i
. ¥)(0X) = DosldlnX) 41 | @) n(Y) - VEGHX = V) day + jichj(X)
= Duglo] (1) + [ #0)n(y) - VECK —¥)day + jicjzxx
— —Dyq[®)(X) + Das|o](nX) + g ¢2i(X). (3.27)

We obtain the concrete form of the system (3.25) by taking traces of the equalities (3.26) and
(3.27) on OB and on 0Q, respectively. We deduce with (3.15) that the unique element (¢, ¥, ¢) of

H2PT(0B)x HY2H (8Q).4 x R™ such that (3.26) holds is the (unique) solution in H /27 (8B) x

o
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HY27(0Q) 4 x R™ of
m#

(=31 + Kog)[¢l(x) + 77/8Q‘1>(Y) n(Y) - VE(x —nY)dsy + Z ¢;Zj(x/n) =(x) , x € OB,

—(31 + Koq)[2](X) + D[] (nX) + chEj(X) = ¥(X), X €0Q.

(3.28)

Problem (3.15) is now converted into the equivalent system of boundary integral equations (3.28),
which we can write as an n-dependent family of problems

6
M) | @ :(1”) (3.29)

C

with a block (2 x 3) operator

o) = (xwu(n) Mas() M13<n>>

Moai(n) Maa(n) Moas(n)

acting from H/2*7(0B) x H'277(8Q)s x R™ to H2*7(0B) x H/>*"(8Q). In this form
(3.28), it is now possible to extend the problem to 7 = 0 and to analyze the analyticity of its
dependence on 7. The main result in this section is the following.

Theorem 3.12. Let 7 € [—1/2,1/2] and let M(n) be defined by (3.28), (3.29).

(i) There exists m; € (0,19) such that the operator valued function

[e]

ne Mn) € 2(HUTT(0B) < HITT(0Q)4 x R™, Y™ (08) x HY 7 (0Q))

admits a real analytic continuation to (—ny,m1).
(ii) For eachn € (—ny,m1), the operator M(n) is an isomorphism.

Proof. We will show first that the matrix elements M,,,,,(n) are operator functions of 7 that can
be extended as real analytic functions in a neighborhood of 7 = 0, and then that for = 0 the
operator M(0) is an isomorphism. From this it will follow that M (n) is an isomorphism for 7
in a neighborhood of 0. Note that our previous arguments leading to (3.28) already showed that
M(n) is an isomorphism for 7 € (0, 7).

We will begin by analyzing the dependence of the matrix elements M, (1) on 7, in particular at
n = 0. Of these, M1, Mgy and M3 are independent of 7).

The matrix elements

el 1/247
Mus(n) - H 44 (aQ)# — Hodd (0B)
(ID»—>nfaQ )n(Y) - VE(-—nY)dsy
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and
HY37(0B) — HL5T (0Q)
¢ — Doglo](n-)

depend analytically on 7 as long as 9B and n9Q do not intersect, and both vanish for 7 = 0. This
follows from Lemma 3.10 by taking traces.

Mo (n) : {

For the remaining matrix element

R™ — H2*7(9B)
m#* -
c— Zj:l ¢;Z;(+/n)

the analyticity and the vanishing at 7 = 0 follow from the analyticity of =; at infinity. In fact, we
could simply make the same argument as for M5, based on Lemma 3.10(ii), if we could represent
=, as a double layer potential Dyq /] with odd density 4. But the =; were precisely constructed to
be in the complement of the range of Dyq, so that this is impossible. One can, however, choose a
connected smooth domain (2, that satisfies Q C Q4 and 702, C B and is symmetric with respect
to the reflection R. Then Z; will be representable as a double layer potential Daq, [1;] on Qi,
because f 90 0,=; ds = 0 by symmetry and we can apply Lemma 3.7(iv).

Mas(n) : {

We now turn to the proof that M(0) is an isomorphism. From the description of the solvability
of the exterior Dirichlet problem with data on 0Q implied by Lemma 3.7(iv) one can deduce,
by taking traces on 0Q, the unique solvability of the corresponding augmented boundary integral
equation. This follows from the same arguments that led to the unique solvability of the augmented
boundary integral equation (3.24) on 0B, associated with the interior Dirichlet problem in B,,.
Taking into account that the normal vector on 0Q is by our convention exterior to Q and therefore
interior to Q°, we find a change in the sign of the operator Ksq and can state the following lemma
that provides the remaining argument for the completion of the proof of Theorem 3.12.

Lemma3.13. Let 7 € [—1/2,1/2]. Forany ¥ € H'2"7(0Q) there exist unique ® € H'>" (0Q) 4,
c € R™ such that
m#

(31— KoQ)[®] + > ¢;1Z; =T ondQ. (3.30)

i=1

Now if we use the values at ) = 0 of the matrix elements of M (n), we find

M(O):<M” 0 0).

0 My Moy

Here M, = — %] +Kog is an isomorphism from H, jd/iJrT(@B) to itself according to Lemma 3.7(ii).
And the fact that the operator (Mayy, Mas) is an isomorphism from H2"7(8Q)x x R™* to

H iﬁ”(@Q) is precisely the statement of Lemma 3.13. Together this shows that M(0) is an
isomorphism as claimed, and the proof of the theorem is complete. U
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4. THE CONVERGENT EXPANSION

As a consequence of Theorem 3.12, we obtain that the unique solution of the boundary integral
system (3.29) depends analytically on n € (—ny, 7). Namely,

0 "
o | = mip @ | @1
C

and the operator function 1 — M (n)~! is real analytic for n € (—n;,7;). Inserting this form
of the solution of (3.29) into the representation formula (3.22), we find that the solution u of
the Dirichlet problem (3.15) depends analytically on n € (—n;,71), too, and therefore has a
convergent expansion in powers of 7 in a neighborhood of 77 = 0. From this, by comparing (3.15)
with the form (2.9) of the Dirichlet data in the residual problem found in Section 2.3, we will
obtain a convergent double series for the solution v, of the residual problem. In this way we will
then be able to complete the construction of a convergent expansion of the solution of the original
problem (0.5).

4.1. Analytic parameter dependence for the auxiliary Dirichlet problem (3.15). In this sub-
section, we consider the Dirichlet problem (3.15) on the perforated domain B,, where the Dirichlet
data are given by (¢, ¥) independent of 7.

Let us first note that the auxiliary functions =; introduced in (3.16) can be considered in the same
weighted Sobolev spaces that appear in Lemma 3.8.

= e K7 (QY  forallr e [-1/2,1/2], By > 2,5, < 0. 4.2)

We can now prove the first result about the solution of the boundary value problem (3.15). Itis a
global decomposition of the solution into two terms that are analytic with respect to 7 if the first
one is written in slow coordinates and the second one in fast variables.

Theorem 4.1. Let 7 € [—1/2,1/2], 5y > —2 with y > —1 — 7 if 0 € 0Q, B1 < 0. Then there
exists a sequence of bounded linear operators

L, HYTT(0B) x HYZT7(0Q) — KL (B)x K7 (QY, jeN

such that the solution u[n, 1, V| of the Dirichlet problem (3.15) in B, has the following form
uln, ¥, ¥(z) = w(z) + W(x/n)
with w € Ké;rT(B) and W € Ké;rgl (QP) given by the convergent series

wy > . WY
<W> —;n E,L(\I]) (4.3)

There exists 11 > 0 such that for any n € (—ny,m) the series
L= n"L,
n=0

converges in the operator norm of.i”(HiéiJrT (0B) x H;d/?” (0Q), K;'™(B) x K7 (QC)) .
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Proof. According to the representation formula (3.22) in the form (3.26), we have

uly, &, W)(x) = wlx) + W(afn) with w=Daglo] and W = ~Dagl®] + Y ;%

where (¢, @, ¢) is the solution of our system of boundary integral equations (3.29). Now we use
the solution formula (4.1) of this system, which involves the analytic resolvent

= Z nnMn )
n=0

where M, is a sequence of operators such that, after possibly shrinking 7, > 0, this series con-
verges forn € (—ny, 7]1) in the operator norm of . (H VBT (9B) x HMZT(0Q), HM2TT(0B) x

;ﬁ”(@Q)# x R™ ) We combine this with the mapping

D (¢,0,¢) = (w,W) = (Dog[¢], ~Dog[®] + Y _ ¢;Z;),

which thanks to Lemma 3.8 and (4.2) is known to be continuous from H, ;ﬁ” (0B)x H, ;ﬁ” (0Q)x

R™ to Ké:T(B) X Ké;rg (QP). This gives the desired representation (4.3) as a convergent series
where we set £,, = D M,,. O

Remark 4.2. Replacing Lemma 3.8 by Remark 3.9 in this proof, we conclude that the series
expansions (4.3) for the functions w and W converge also uniformly, the series for w in L>(B)
and the series for W in L>=(QY).

The second result gives a convergent series expansion for the solution u[n, ¢, U] when written in
slow variables and thus shows that it is an analytic function of 7 in a neighborhood of 0. It is valid
outside of a neighborhood of the origin (“outer expansion”).

Theorem 4.3. Let 7 € [—1/2,1/2] and s € R. Let 2 be a Lipschitz subdomain of B such that
0 ¢ Q. If Q C B, then s can be any real number. If, however, 92 N OB # (), then we assume
s < 1+ 7. Let ng > 0 be such that Q N\ nQ = O for all n € (0,nq). Then there exist m; € (0,7q)

and a real analytic map Us from (—ny,m1) to X(H;d/iJrT(@B) X HiéiJrT(@Q), H*(Q)) such that

a0, =Us) () V0 9) € (0 x HLSTOB) x HET0Q).
Moreover,
Us(0) (g) =woy|, V(W)€ H3T(0B) x HYZT(0Q), (4.5)
where wy , is the unique solution in H'*(B) of the Dirichlet problem

Awgy =0 inB, 4.6)
YoWo,yp = ’QD on 0B .

Proof. We write u[n, 1, V](z) = w(z) + W(x/n) as in Theorem 4.1 and use the analytic de-
pendency on n of M(n)™! : (¢, ¥) — (¢, ®,c) as in the proof of that theorem. The map
(¢, P,¢) = w ‘Q being independent of 7, only its range is of interest. This is contained in H**7(Q)
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for any Q0 C B, and since w = Dpg[¢] is harmonic in B, it is contained in C>(Q2) C H?*(Q) for
any s if (2 C B.

For the map (®,¢c) — I/V(/n)‘Q = —D(%Q,Q(n)[(b] + Z;”jl ¢;Z;(-/n) we invoke Lemma 3.10
(i1) to get the desired analyticity (see also the argument for the analyticity of M3 in the proof of
Theorem 3.12). l

The third result shows the analytic dependence on 7 for the solution wu[n, 1, ¥] when written in
fast variables. It concerns the solution on a subdomain of size 7 (“inner expansion”). The proof is
similar to the proof of Theorem 4.3, but simpler, because it is based on the formula

uln, ¥, ¥](nX) = w(nX) + W(X)

and it therefore simply invokes the harmonicity, hence analyticity of w = Dyg|¢| near the origin,
see Lemma 3.10(1).

Theorem 4.4. Let 7 € [—1/2,1/2] and s € R. Let @ € Q° = R?\ Q be a bounded Lipschitz
domain. If @ C QF, then s can be any real number. If 9Q N OQ # 0, then we assume s < 1 + .
Let jg > 0 be such that nQ2 C B for all n € (0,7q). Then there exist 1, € (0,7q) and a real
analytic map Ug from (—ny,my) to X(HlﬁJrT(@B) x H27(0Q), H*(S2)) such that

[¢]

i W), = el ()00 0) € (0 x HST(O8) x HET0Q). @)
Moreover,
Ur (0) (ffl) =Wou|, V(. ¥) € Hyi'"(9B) x Hyjg"(0Q). (4.8)

where Wy is the unique solution in Ké;rBTI(QC) for By € (=2,0), p1 € (—1,0) of the exterior
Dirichlet problem

AWpy =0 inQ°
{ WO7\I] 0 ll’lQ, (49)

’}/()WQ\I; =V on 8Q .

4.2. Convergent expansion of the solution of the original problem. In this subsection, we first
insert into the expansion of the solution u[n, v, W] of the Dirichlet problem on the perforated
domain B, obtained in the preceding subsection the knowledge about the Dirichlet data from
Theorem 2.5, namely ¢» = 0 and ¥ = —7 *[uo|. The latter is given by a convergent series in
(2.10). We then have to write the resulting double series as a series in ¢ by using = ¢™/* and
we have to interpret the result as a series that converges in function spaces defined on the original
domain A, by undoing the conformal map G* Jw This will give a convergent expansion for the
solution . of the residual problem (1.23). The final step is to add the function u, as described in
Theorem 1.2, in order to find a convergent expansion for the solution u. of the original problem
(0.5).

Corresponding to the three results about the Dirichlet problem in the perforated domain B,, The-
orems 4.1, 4.3 and 4.4, we prove three different results about the solution of the original problem
(0.5). For the notation describing the convergent series in powers of ¢, we refer to Sections 1 and
2, in particular to Notation 1.1 for the definition of the index set 2l and to Notation 1.7 for the
powers and divided differences of powers of ¢ abbreviated by the symbol &, (¢).
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In view of Theorem 2.5 and Remark 2.6, we introduce a maximal regularity index

7'0:% if0 & oP, Tozmin{%,%“ if0 € OP. (4.10)
The first result is a globally valid two-scale splitting of the solution w., where the slow-variable
part and the fast-variable part have separate convergent expansions, when written in their respec-
tive variables.

Theorem 4.5. There exist £, > 0 such that the solution u. of Problem (0.5) has the following
structure.

u(t) = uo(t) + u(e)(t) + U(E)(Y)  VteA., € (0,2). @.11)

Here g is the solution of the limit problem (0.10) on the unperforated corner domain A. Its
singular behavior near the corner is described by the convergent series (1.19) in Theorem 1.2.
The functions u()(t) and U(e)(T) are defined fort € A and T € P, respectively, and have a
convergent series expansion of the following form.

(;): 3 5””/“607(5)(;)/2:). 4.12)

(n,7)eENX

Let T € (0,79) and By > —1 —m/w with 5y > —1 —717m/wif 0 € OP, and let ; < —1+w/w. The
series converges in the weighted Sobolev spaces K %FT(A) x K é;rgl (PY) | and there exist constants
C and M such that

HUmHKggT(A) + HVmHKgggl(PC) < CM™P (n,7) € Nx 2.

The series converge also uniformly, in L°(A) x L>(Pt).

Proof. We have u. = uy + u., where u. solves the residual problem (1.23). After applying the
conformal mapping G, and the odd reflection, this was rewritten in Theorem 2.5 as the problem
(2.9), a special case of the boundary value problem (3.15). Thus we have the identification @, =
uln, Y, ¥] o G/, where 1) = 0 and ¥ = —T *[ug|(n-). Combining the convergent expansion
(2.10) for T*[ug] with the power series (4.3) for the solution operator of problem (3.15), we thus
find a convergent expansion that has the form (4.12)

(;}) = fﬁ > "8 (E) L (ﬁ) J

n=0 ye2

The right choice of weighted Sobolev spaces for the convergence follows from Theorem 4.1 with
the transformation rule of Lemma 2.2. Note that this transformation rule motivates the use of
weighted Sobolev spaces instead of non-weighted spaces. For the uniform convergence finally,
we notice that L remains invariant under the conformal mappings G;'. U

The second result is a convergent expansion of the whole solution u. written in slow (macroscopic)
variables. It is valid in any fixed subdomain of A, that has a positive distance to the corner and
thus is free of holes for sufficiently small €. This corresponds to the outer expansion in the method
of matched asymptotic expansions, compare [13, Section 5].
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Theorem 4.6. Let () be a Lipschitz subdomain of A such that 0 & Q. Let e > 0 be such that
QNeP =0foralle € (0,2q). Then there exists e, € (0,eq) such that for ¢ € (0, 1) the solution
u. of Problem (0.5) has the following expansion in §):

u(t) =up(t) + Y eE(eun,(t), teQ. (4.13)

(n,7) €N XA

Let 7 < 7. Then the series converges for |e| < e, in H'*7(S2), and there exist constants C and
M such that

||ursry||H1+"(Q) < CM"HV', (n,y) € N, x 2.

The series converges also uniformly in ).

Proof. In the multiscale decomposition (4.11) u. = ug + u(e) + U(g) (%), the term u(e) has the
required expansion according to Theorem 4.5. For U(e) we write it as

U<€) =Wo gw/w )

where W is the function defined in Theorem 4.1 in the special case where v = 0 and ¥ =
—T *[uo](n-). The analyticity of W (-/n) with respect to n at = 0 in the case of -independent W
has been deduced in the proof of Theorem 4.3 from Lemma 3.10. We have to combine this, as in
the proof of Theorem 4.5, with the expansion (2.10) for 7*[u] and set = £™*, ending up with
the expansion required for (4.13). The coefficient functions u>_, are the sum of the corresponding
terms of the expansion of u(e) and of U(e)(-/¢). For n = 0 both of these terms vanish, because
they correspond to u[n, v, ¥] in (4.4) at n = 0 and ¢ = 0, and according to (4.5)—(4.6), this is
zero. Therefore the sum over n in (4.13) starts with n > 1. ]

The third result is a convergent expansion of the whole solution w. written in fast (microscopic)
variables. It is valid outside of the holes in a scaled family (2 of subdomains of A.. This cor-
responds to the inner expansion in the method of matched asymptotic expansions, compare [13,
Section 5].

Theorem 4.7. Let Q) C S, \ P be a bounded Lipschitz domain. Let £q > 0 be such that €Q C A
forall e € (0,q). Then there exists ¢, € (0,£q) such that for ¢ € (0,£,) the solution u. of
Problem (0.5) has the following expansion in £§2:

u(el) = Y "RE(UL(T), TeQ. (4.14)

(n,y)eNxA

Let 7 < 7. Then the series converges for |e| < &, in H'*7(S2), and there exist constants C' and
M such that

HUT';/HHLH'(Q) S CMTL—HPY‘, (n, ’Y) - N* X Q[

The series converges also uniformly in ().

Proof. As in the proof of Theorem 4.5 we use the identity u. = ug + @ = ug + u[n, ¥, V] o G, Jws
where 1) = 0 and ¥ = —T *[ug|(n-). Together with Theorem 4.4 for u[n, 1), U|(n - ), this gives the
desired form (4.14) of the expansion for the second term 1. (¢-). Here, as in the outer expansion
(4.13), the sum over n lacks the term n = 0. It remains to analyze the first term wug(e-). Here we
need the asymptotic behavior (expansion into corner singular functions) of w, that was described
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in (1.22) and used for expanding ug(¢7") into a convergent series in (1.25). With the notation
introduced in (2.13) in the proof of Theorem 2.5, this series can be written as

up(eT) = Y 6,(2)2,(T).
yeU

This is a series of the form (4.14) with n = 0. Explicitly estimating norms of the functions ®., or
relying on the estimate (2.15), we see that the series converges in H'17((Q). O

The fact that the series expansions in the last three theorems are only stepwise convergent, that
is convergent when pairs of powers of ¢ are grouped together into the terms &, (<) from Nota-
tion 1.7(3), is caused entirely by the corresponding fact for the expansion of ug studied in Sec-
tion 1, see in particular Remarks 1.4—1.6. Thus if we assume that one of the conditions mentioned
in these Remarks is satisfied, we find convergent power series, and it is then possible to reformu-
late the statements of Theorems 4.5—4.7 in terms of analytic functions of ¢ and ™/*.

Corollary 4.8. Suppose that the right hand side f vanishes in a neighborhood of the corner (.
Denote by u. the solution of Problem (0.5).

(i) Let the parameters T, [y and (3, be chosen as in Theorem 4.5. Then there exists n; > 0 and a
real analytic function

(mom) 3000 Vil = (1)) € KET8) % 335 P

such that in the two-scale decomposition (4.11) u. = ug + u(e) + U(e)(2) we have
u(e) =v[e™*],  Ule) =V  Vee (0,n77).
(i) Let ) be a Lipschitz subdomain of A such that 0 ¢ Q and let T be chosen as in Theorem 4.6.
Then there exists 1 > 0 and a real analytic function
(=m,m) 21 us[n) € HF7(Q)

such that we have us[0] = ug and
U, = usle™*] inQ, VYee (0.

(iii) Let Q C S,, \ P be a bounded Lipschitz domain and let T be chosen as in Theorem 4.7. Then
there exists 11 > 0 and a real analytic function

(=n1,m) 20— Uen] € H™7(Q)
such that we have
u(eT) = Ue[e™*|(T) VT eQ, =€ (0.7).

Proof. As we have seen in Remark 1.5, if f vanishes in a neighborhood of the corner, then in the
series expansion of ug there appear only exponents that are of the form k7 /w with integer k, and
the series is unconditionally convergent. In the resolution of the residual problem in Section 3.3,
integer powers of 7 = £™/* were incorporated, so that the final convergent series expansions
(4.12), (4.13) and (4.14) also contain only exponents that are integer multiples of 7 /w. It follows

that these series are convergent power series, hence analytic functions, in the variable n = ™.
O
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Let now w be a rational multiple of 7, i.e. m/w = p/q, where p and ¢ are relatively prime positive
integers. In this case, all the exponents of ¢ appearing in the convergent series expansions (4.12),
(4.13) and (4.14) can be seen to be integer multiples of 1/q. The expressions &, (¢) as defined
in Notation 1.7 are now either integer powers of 6 = £/ or of the form £‘log ¢ with integer .
They can therefore be expressed via two real analytic functions of one variable. We formulate
this observation for the two-scale decomposition (4.11) of Theorem 4.5 and its convergent se-
ries expansion (4.12) and leave the corresponding reformulations of Theorems 4.6 and 4.7 to the
reader.

Corollary 4.9. Let w/w = p/q. With the notations of Theorem 4.5, there exist 6; > 0 and two real
analytic functions (we set 1 = (61)7)

(=81,81) 3 6 = Vo[o] € KAT(A) x K17 (PY)
(—er,e1) 3 € = Vife] € K (A) x K47 (PF)
such that
(u(€)) = VoleV1] + Vi [eF] log Ve e (0,e).

The third case where we find absolutely convergent expansions in powers of ¢ is when w is not
a rational multiple of 7 but is such that we can choose 2l = (). According to the discussion in
Section 1.2 and in Appenix B, this is the case if and only if Z is not a super-exponential Liouville
number. In this case we do not need the divided differences of Notation 1.7(3), and the terms in the
convergent expansions (4.12), (4.13) and (4.14) are simply monomials in the two variables € and
£™/%, and the series therefore define real analytic functions of two variables. We formulate again
the corresponding result for the two-scale expansion of Theorem 4.5 and leave the reformulations
of Theorems 4.6 and 4.7 to the reader.

Corollary 4.10. Suppose that 7 /w is irrational and not a super-exponential Liouville number in

the sense of Definition B.1. Then there exist 1 > 0 and a real analytic function of two variables

(we setn; = 67{/“))

(—e1,e1) X (=n1,m) 3 (g,m) = Ve, n] € Ké:T(A) X Ké;%:(PE)
such that

<U(8)) Ve, e Vee (0,6).

APPENDIX A. SYMMETRIC EXTENSION OF LIPSCHITZ DOMAINS

In this section we use the objects defined in Section 2.2, in particular the upper half-plane S,
and the operation £ of symmetric extension of a subset of S,. by reflection at the horizontal axis.
In general, the symmetric extension of a Lipschitz domain is not Lipschitz, and therefore the
following result is not entirely obvious and merits a complete proof.

Lemma A.1. Assume that <) is a bounded subdomain of S, and that Q and S \ Q have Lipschitz
boundaries. Then £(X)) has a Lipschitz boundary.
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Proof. As a characterization of a Lipschitz boundary we use the property that it is locally con-
gruent to the graph of a Lipschitz continuous function. A simple consequence of this property is
that in 2 dimensions, each point of the boundary has a 2-dimensional neighborhood in which the
boundary is a simple curve, in particular it is homeomorphic to an interval.

Let us now first show that 92 N 9S, has no isolated points. Suppose there were such a point
xo = (70,0). We show that then S, \ © cannot be a Lipschitz domain, contrary to the hypothesis.
Since (2 is Lipschitz, there is a neighborhood U of x( in which 02 coincides with a simple curve
'y and such that & N 92 N IS, = {x(}. This neighborhood can be chosen such that &/ N S, is
an interval I';. Since (9Q U 9S,) \ (992 N 8S;) is contained in the boundary of S \ ©, the latter
coincides in U with the union of the two curves I'y and I'; that intersect in the interior point .
Such a union is clearly not homeomorphic to an interval.

We will now use the following equivalent reformulation of the above definition of a Lipschitz
boundary 0f2 in two dimensions: To each of its points there is a neighborhood I/ and a convex
cone C,p3 with the following property: If the curve I'y = 02 N U is parametrized by an interval,

vz(to,tl)—>F0CL{,

then for ¢ = (s), y = v(¢) with s < ¢ (we say “x precedes y” or ¢ < y) we have y €  + Cyp.
Here the cone C, is defined by two angles o, 8 witha < 3 < a + T,

Cop = {(pcost,psind): 0 < p < oo, <8< f}.

One can observe that the rotation angles w (modulo 27) of coordinate axes that allow the repre-
sentation of I'y as a graph are given by the complement of C,4, the condition being

w—seB-ma)u(B,at+m).

Let now U be such a neighborhood of a point of 0€2. If 92 N U is entirely contained either in
the upper half-plane S, or in the axis of symmetry JS, then there is nothing to prove, because
in this case (after possibly choosing a smaller neighborhood), the set &/ U R (/) will be a suitable
neighborhood for the boundary of £(€2).

The nontrivial case is when U/ is a neighborhood of a point xy € 92N JS,. and both U/ NI N IS,
and U N 02 N S, are non-empty. Since, as we have seen, x is not an isolated point of 92 N IS,
the structure of 02 N is (after possibly choosing a smaller neighborhood) the following:

8QQU:F1UFO,

where I'y is an interval I; x {0} C 0S,, and Iy is a Lipschitz curve contained in S,. Locally, the
boundary of the complement has the form

oS\ NU=T,uTy,

where I} is another interval /] x {0} C 0S,. The intervals have one point in common, which we
can assume to be x

FlﬂF’l = {.’Eo} :foﬁasw.
Since now €2 and S, \ €2 play symmetric roles, it is no restriction to assume that /; = [z¢—d, 2| and
I{ = [xg, o + 0] with some 0 > 0. We can also assume that the two parametrizations of 02 N U
and of 9(S, \ Q) N U are oriented such that in both cases the segment I'; or I'}, respectively,
precedes the curve I'y.
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Now from our definition of a Lipschitz boundary, we get a cone C,4 that satisfies
z,ycdQNU and c <y = y—x€CCup.

In particular, this holds for «, y € I';, and this implies that we have —7m < o < 0and 0 < 8 <
o+ 7.

Likewise, there is a cone C,/p that satisfies
z,y €IS \QNU and x <y = y—x€Cup.
Since this holds for x,y € I}, we musthave 0 < o/ < mand 7w < ' < o + 7.

For the curve I'y we have both conditions,
zyclpand e <y = y—x€CyppNCyp =Cus.

The latter cone C,/g is contained in the upper half-plane S, and this implies that the curve I'y can
be represented as a graph in a coordinate system rotated by a right angle w = 7 /2. This means
that there is a Lipschitz continuous function ¢ : (0, y9) — R such that

[o=00NUNS, ={(z,y) eER*: 2 =d(y),0 <y < yo}.

Now we can execute our symmetric extension and obtain that the point o € 9(E(2)) has E(U)
as a neighborhood in which the boundary

ANEQ)) NEWU) =ToU{xo} UR(T)

is represented as the graph {z = #(y)} of a Lipschitz continuous function ¢, namely the even
extension of ¢, ¢(y) = &(|y|)}, —yo < y < Yo, completed by the choice ¢(0) = xo. O

APPENDIX B. CONVERGENCE OF THE CORNER EXPANSION FOR THE DIRICHLET PROBLEM
AND DIOPHANTINE APPROXIMATION

In this section, we use the notation of Section 1.2. We find conditions on the opening angle w for
the convergence of the series of particular solutions constructed according to (1.7)

w _ 0
uot) = 3 wlt) = 37 (P ILCO e gh Ret), (B.1)

sin fw
LeN, LeN,

provided the two power series with coefficients g§ and g have a nonzero convergence radius as
in (1.4). We will assume here that the number x = = is irrational, so that the coefficients in the
sum (B.1) are well defined. As was observed already in [4, 11], for certain angles w for which « is
irrational the small denominators sin fw pose a problem for the convergence of the series (B.1), and
a procedure for reestablishing the convergence was found. The convergence of the sum depends
on the rate of approximability of x by rational numbers, a question that has been a classical
subject of number theory for a long time, see for example [16, Chapter XI]. A classical theorem
by Liouville states that irrationals that can be fast approximated by rationals in a certain way are
transcendental, and it was shown by Greenfield and Wallach in 1972 [15] that these Liouville
numbers play a role in the study of global hypoellipticity of differential operators on manifolds.
More recently, Himonas [17] and Bergamasco [2] introduced a subset of Liouville numbers, the
exponential Liouville numbers, in the context of questions of global analytic hypoellipticity. For
the situation in our present paper, it turns out that we need to consider an even smaller subset of
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irrationals that have a fast approximation by rationals. We call them super-exponential Liouville
numbers.

Definition B.1. Let a € R\ Q. Then a is said to be
(1) a Liouville number if for every n € N,, there exist p € Z and g € N, such that

0<‘a—9
q

1
<

(i1) an exponential Liouville number if there exists ¢ € R, ¢ > 0, and infinitely many p € Z and
q € N, such that

g
bl < e,

(ii1) a super-exponential Liouville number if for any ¢ € R, ¢ > 0, there exist p € Z and ¢ € N,
such that

0<’a—£

0< ’a—ﬁ < e ¢,

q
We denote the sets of Liouville, exponential Liouville and super-exponential Liouville numbers
by A, A, and A, respectively.

It is clear that A; C A, C A. It is known that A is dense in R, uncountable and of measure zero
[16, Theorem 198]. Using the same arguments, one can see that these properties are valid for A,
and A, too. Finally, it is worth noting that each of these sets is invariant with respect to taking
inverses, addition of rational numbers and multiplication by nonzero rational numbers.

Proposition B.2. Let k = 7 /w be irrational. Let the lateral boundary data g° and g“ be given by

series

()= _alr'. g“(p)=> g

CeN, ¢eN,

that converge for |p| < po. Then the following two statements are equivalent:
(i) For any such ¢° and g“, the series (B.1) for the particular solution ug of the Dirichlet problem
in the sector converges for || < po.
(i1) K is not an exponential Liouville number.
Likewise, the following two statements are equivalent:
(iii) There exists p, > 0 such that for any such ¢° and g*, the series (B.1) for the particular
solution uy of the Dirichlet problem in the sector converges for || < p;.
(1v) K is not a super-exponential Liouville number.

For the proof, we use the following elementary observation about power series: Let the se-
ries Y, asx’ and Y, by 2* have convergence radii p, and p,, respectively. Then the series
> =1 e be z* has convergence radius p,p, or greater, with equality if, for example, b, = ,ob_f for
all £. Applying this with a, = 1/ sin fw, we see that the proof of the proposition is achieved if we
prove the following lemma.

Lemma B.3. Let 7/w be irrational and let ps be the convergence radius of the power series
¢

x
Z sin fw

LeN,

Then ps = 1 if and only if w/w is not an exponential Liouville number, and p; > 0 if and only if
T /w is not a super-exponential Liouville number.
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Proof. We use Hadamard’s characterization

ps! = limsup | sin fw|~Y¢,
{—00

and we freely use that

limsup(c () =1 forany ¢ > 0,d € R.

/—00

Rational approximations of k = 7/w appear because for all £ € N: |sinlw| = |sin(fw — k)],
and we can choose £ such that the difference is minimal:

k=k(l)=|2le(-L 24 — w-krel[-Z2).

Then, using = 2 < sz < for |z < I, we get with the k chosen as above,
2w — k| < |sinlw| < [lw — k| .
Thus | sin lw| > [lw — k7| = kw|f — Z| ~ k |+ — Z|, implying

lim sup | sin w|~ /—hmsup\——fi\ /¢,
—

{—00 k()
Therefore the condition p; = 1 is equivalent to (note that p; < 1 in any case)
VM > 130y 2 0> 0y = | — sl <M
— VM >13y : €2£M:>|ﬁ—m\2M‘f
<= Ve > 0 the inequality |ki — k| < e~ has only finitely many solutions ¢ € N,

< Vc>0 theinequality |£ — Z| < e~* has only finitely many solutions %, ¢ € N,

The last condition means, according to Definition B.1, that s is not an exponential Liouville
number.

Likewise, p; > 0 is equivalent to
hmsup ‘k(f — kT <00 = sup ‘k(f — kT < 00
—

= 30>0:W:|ﬁ—
— >0 :VkLEN, : |£—K|>e .

Again comparing the negation of the last condition with Definition B.1, we see that this is equiv-
alent to the fact that that « is not a super-exponential Liouville number. 0

Let us finally note that if « is a super-exponential Liouville number, one can give explicit examples
for the right hand side f such that the series (B.1) for uy does not converge for any ¢ # 0. One
such example is f(t) = 1/(pg — t1).
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