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ON THE VOLUME OF ANTI-DE SITTER MAXIMAL GLOBALLY HYPERBOLIC THREE-MANIFOLDS

We study the volume of maximal globally hyperbolic Anti-de Sitter manifolds containing a closed orientable Cauchy surface S, in relation to some geometric invariants depending only on the two points in Teichmüller space of S provided by Mess' parameterization -namely on two isotopy classes of hyperbolic metrics h and h ′ on S. The main result of the paper is that the volume coarsely behaves like the minima of the L 1 -energy of maps from (S, h) to (S, h ′ ).

The study of L p -type energies had been suggested by Thurston, in contrast with the well-studied Lipschitz distance. A corollary of our result shows that the volume of maximal globally hyperbolic Anti-de Sitter manifolds is bounded from above by the exponential of (any of the two) Thurston's Lipschitz asymmetric distances, up to some explicit constants. Although there is no such bound from below, we provide examples in which this behavior is actually realized. We prove instead that the volume is bounded from below by the exponential of the Weil-Petersson distance.

The proof of the main result uses more precise estimates on the behavior of the volume, which is proved to be coarsely equivalent to the length of the (left or right) measured geodesic lamination of earthquake from (S, h) to (S, h ′ ), and to the minima of the holomorphic 1-energy.

Introduction

Since the work of Mess in 1990 ([Mes07]), Anti-de Sitter geometry in dimension 3 has been extensively studied, two main motivations being its strong relations with the Teichmüller theory of hyperbolic surfaces, and its similarities with hyperbolic geometry. These are also the main motivations behind this paper. See [KS07, BS10, BS12, BS09, BBZ07, BS16, ABB + 07].

In fact, the present work is concerned with the study of maximal globally hyperbolic spatially compact Anti-de Sitter 3-manifolds. These manifolds are Lorentzian manifolds of constant sectional curvature -1, are diffeomorphic to S × R, where S is here a closed orientable surface of genus g ≥ 2, and represent the Lorentzian analogue of quasi-Fuchsian hyperbolic manifolds. The analogy is enhanced by the fact that the moduli space of maximal globally hyperbolic metrics on S × R (up to isometries isotopic to the identity) is parameterized by T (S) × T (S), where T (S) denotes the Teichmüller space of S -which is the analogue in this context of Bers' Simultaneous Uniformization Theorem.

Quasi-Fuchsian manifolds have been widely studied, [BO04, Bon86, HW15, BT08, KS08, Uhl83, Tau04, Bow79, Sep16b]. In the celebrated paper [START_REF] Brock | The Weil-Petersson metric and volumes of 3-dimensional hyperbolic convex cores[END_REF], Brock proved that the volume of the convex core of a quasi-Fuchsian manifold M behaves coarsely like the Weil-Petersson distance between the two components in T (S) × T (S) provided by Bers' parameterization ([Ber60]). The main purpose of this paper is to study how the volume of the convex core of maximal globally hyperbolic manifolds is related to some analytic or geometric quantities only depending on the two parameters in Teichmüller space.

L 1 -energies and length of earthquake laminations. By an abuse of notation, we will use h to denote the class of a hyperbolic metric in T (S), and M h,h ′ will denote the maximal globally hyperbolic manifold corresponding to the point (h, h ′ ) ∈ T (S) × T (S) in Mess' parameterization. The main result of this paper is the fact that the volume of a maximal globally hyperbolic Anti-de Sitter manifold roughly behaves like the minima of certain types of L 1 -energies of maps f : (S, h) → (S, h ′ ). In fact, in his groundbreaking preprint [START_REF] Thurston | Minimal stretch maps between hyperbolic surfaces[END_REF] about the Lipschitz asymmetric distance, Thurston suggested the interest in studying other type of L p -energies, in contrast to the case p = ∞ corresponding to the Lipschitz distance. In this paper, we will consider the functional which corresponds to p = 1:

C 1 id (S) ∋ f → S ||df ||dA h ,
where C 1 id (S) denotes the space of C 1 self-maps of S homotopic to the identity, and ||df || is the norm of the differential of f , computed with respect to the metrics h and h ′ on S. (See Definition 4.3.) This functional is usually called L 1 -energy, or total variation, as it coincides with the total variation in the sense of BV maps. Our main result is the following: Theorem A. Let M h,h ′ be a maximal globally hyperbolic AdS 3 manifold. Then

1 4 inf f ∈C 1 id (S) S ||df ||dA h - √ 2 2 π|χ(S)| ≤ Vol(C(M h,h ′ )) ≤ π 2 2 |χ(S)|+ √ 2 2 inf f ∈C 1 id (S) S ||df ||dA h .
Observe that the volume of the convex core vanishes precisely for Fuchsian manifolds, that is, on those manifolds containing a totally geodesic spacelike surface. Those manifolds correspond to the diagonal in T (S)×T (S), that is, h = h ′ . In this case, a direct computation shows that the left-hand-side in the inequality of Theorem A vanishes. Indeed, the L 1 -energy is minimized by the identity map f = id : (S, h) → (S, h), and for this map ||df || = √ 2 at every point.

Theorem A will follow from two more precise statements about the behavior of the volume of the convex core, namely Theorem B and Theorem C below. The former uses the relation of Anti-de Sitter geometry, and in particular maximal surfaces (i.e. with vanishing mean curvature), with minimal Lagrangian maps between hyperbolic surfaces. The latter relies instead on the connection between pleated surfaces and earthquake maps.

Let us consider first the 1-Schatten energy. Given two hyperbolic surfaces (S, h) and (S, h ′ ), this functional, which we denote E Sch (•, h, h ′ ), is defined as:

C 1 id (S) ∋ f → S tr df * df dA h ,
where df * is the h-adjoint operator of the differential df , and √ df * df denotes the unique positive, symmetric square root of the operator df * df . When f is orientation-preserving, the functional E Sch (f, h, h ′ ) actually coincides with the holomorphic L 1 -energy, which was already studied in [START_REF] Trapani | One-harmonic maps on Riemann surfaces[END_REF], and is defined (on the space Diff id (S) of diffeomorphisms isotopic to the identity) by:

Diff id (S) ∋ f → S ||∂f ||dA h ,
where ||∂f || is the norm of the (1, 0)-part of the differential of f . In [START_REF] Trapani | One-harmonic maps on Riemann surfaces[END_REF], Trapani and Valli proved that this functional admits a unique minimum, which coincides with the unique minimal Lagrangian diffeomorphism m : (S, h) → (S, h ′ ) isotopic to the identity (see also [START_REF] Labourie | Surfaces convexes dans l'espace hyperbolique et CP 1 -structures[END_REF] and [START_REF] Schoen | The role of harmonic mappings in rigidity and deformation problems[END_REF]). Using the known construction ([BS10], [START_REF] Krasnov | Minimal surfaces and particles in 3-manifolds[END_REF]) which associates a minimal Lagrangian diffeomorphism from (S, h) to (S, h ′ ), isotopic to the identity, to the unique maximal surface in M h,h ′ , we obtain the following theorem which gives a precise description of the coarse behavior of the volume of the convex core in terms of the 1-Schatten energy.

Theorem B. Let M h,h ′ be a maximal globally hyperbolic AdS 3 manifold. Then

1 4 E Sch (m, h, h ′ ) -π|χ(S)| ≤ Vol(C(M h,h ′ )) ≤ π 2 2 |χ(S)| + 1 4 E Sch (m, h, h ′ ) ,
where m : (S, h) → (S, h ′ ) is the minimal Lagrangian map isotopic to the identity, that is, the minimum of the 1-Schatten energy functional E Sch (•, h, h ′ ) : C 1 id (S) → R. Again, the left-hand-side vanishes precisely on Fuchsian manifolds, that is, precisely when Vol(C(M h,h ′ )) vanishes as well. We remark that in the proof of Theorem B we need the fact that the minimal Lagrangian map actually minimizes E Sch (•, h, h ′ ) on C 1 id (S), which follows from the theorem of Trapani and Valli, and the convexity of the functional E Sch (•, h, h ′ ). The upper bound in Theorem A then follows from Theorem B, by using that, for any f ∈ Diff id (S) and every x ∈ S, tr(

√ df * df ) ≤ √ 2||df x ||.
A more combinatorial version of the relation between maximal surfaces and minimal Lagrangian maps is the association, already discovered by Mess, of (left and right) earthquake maps from (S, h) to (S, h ′ ) from the two pleated surfaces which form the boundary of the convex core of M h,h ′ . We recall that Thurston's Earthquake Theorem ( [START_REF] Thurston | Earthquakes in two-dimensional hyperbolic geometry[END_REF]) asserts the existence of a unique left (and a unique right) earthquake map from (S, h) to (S, h ′ ), thus producing two measured geodesic laminations. The length of a measured geodesic lamination is then the unique continuous homogeneous function which extends the length of simple closed geodesics.

If we denote by E λ : T (S) → T (S) the transformation which associates to h ∈ T (S) the metric h ′ = E λ (h) obtained by a (left or right) earthquake along λ, the following result gives a relation between the volume and the length of (any of the two) earthquake laminations:

Theorem C. Given a maximal globally hyperbolic manifold M h,h ′ , let λ be the (left or right) earthquake lamination such that E λ (h) = h ′ . Then

1 4 ℓ λ (h) ≤ Vol(C(M h,h ′ )) ≤ 1 4 ℓ λ (h) + π 2 2 |χ(S)| .
The lower inequality of Theorem A is then a consequence of Theorem C and the basic observation that the total variation of the earthquake map along the lamination λ is at most ℓ λ (h) + 2 √ 2π|χ(S)|. Another straightforward consequence of these results is the fact that the length of the left and right earthquake laminations, and the holomorphic energy of the minimal Lagrangian map (up to a factor), are comparable. Namely, their difference is bounded only in terms of the topology of S. For instance: Corollary D. Given two hyperbolic metrics h and h ′ on S, if λ l and λ r are the measured laminations such that E λ l l (h) = h ′ and E λr r (h) = h ′ , then

|ℓ λ l (h) -ℓ λr (h)| ≤ 2π 2 |χ(S)| .
More precisely, Corollary D follows from a key proposition which is used throughout the paper, see Proposition G below, and from an explicit formula for the volume of the union of the convex core of M h,h ′ and of one of the two ends, in terms of the earthquake laminations. (This was given in [BB09, Section 8.2.3], see Lemma 3.4) Corollary D seems to be a non-trivial result to obtain using only techinques from hyperbolic geometry.

Metrics on Teichmüller space. A result like Brock's Theorem for maximal globally hyperbolic Anti-de Sitter manifolds, replacing Bers' parameterization by Mess' parameterization, turns out not to be true. The problem of relating the volume Vol(C(M h,h ′ )) to the distance between h and h ′ for some metric structure on T (S) was mentioned in [BBD + 12, Question 4.1]. We show that the volume of the convex core of a maximal globally hyperbolic manifold M = M h,h ′ is bounded asymptotically from above by Thurston's asymmetric distance between (S, h) and (S, h ′ ) (actually by the minimum of the two asymmetric distances), from below by the Weil-Petersson distance. Neither of these bounds holds on both sides, hence this seems to be the best affirmative answer one can give to this question.

Recall that Thurston's distance d Th (h, h ′ ) is the logarithm of the best Lipschitz constant of diffeomorphisms from (S, h) to (S, h ′ ), isotopic to the identity. This definition satisfies the properties of a distance on T (S), except the symmetry. As the norm of the differential ||df ||, which appears in Theorem A, is bounded pointwise by the Lipschitz constant of f , we derive the following bound from above of the volume with respect to the minimum of the two asymmetric distances:

Theorem E. Let M h,h ′ be a maximal globally hyperbolic AdS 3 manifold. Then Vol(C(M h,h ′ )) ≤ π 2 2 |χ(S)| + π|χ(S)| exp(min{d Th (h, h ′ ), d Th (h ′ , h)}) .
However, the volume of the convex core is not coarsely equivalent to the minimum of Thurston asymmetric distances, as we can produce examples of manifolds M hn,h ′ n in which the minimum min{d

Th (h n , h ′ n ), d Th (h ′ n , h n )} goes to infinity while Vol(C(M hn,h ′ n )
) stays bounded, thus showing that there cannot be a bound from below on the volume using any of Thurston's asymmetric distances. However, in these examples the systole of both h n and h ′ n go to 0, and this condition is necessary for this phenomenon to happen. More precisely, the volume Vol(C(M h,h ′ )) is coarsely equivalent to the minimum of Thurston asymmetric distances if one of the two points h, h ′ lie in the ǫ-thick part of T (S).

We also provide a sequence of examples M hg,h ′ g , on the surface S g of genus g ≥ 2, in which the volume Vol(C(M hg ,h ′ g )) actually grows like |χ(S g )| exp(min{d

Th (h g , h ′ g ), d Th (h ′ g , h g )})
. Hence the growth, with respect to the genus, of the multiplicative factor in Theorem E is basically optimal.

On the other hand, we obtain a coarse bound from below on the volume of the convex core of M h,h ′ by using the Weil-Petersson distance d WP (h, h ′ ).

Theorem F. Let M h,h ′ be a maximal globally hyperbolic AdS 3 manifold. Then there exist some positive constants a, b, c > 0 such that

exp a |χ(S)| d WP (h, h ′ ) -b|χ(S)| -c ≤ Vol(C(M h,h ′ )) .
There are examples in which d WP (h n , h ′ n ) remains bounded, but Vol(C(M hn,h ′ n )) diverges, thus the volume of the convex core of M h,h ′ cannot be bounded from above by the Weil-Petersson distance between h and h ′ .

Further techniques involved in the proofs. Let us outline here some techniques of the proofs of the above results. A first main difference between the quasi-Fuchsian and the Anti-de Sitter setting consists in the fact that the volume of the whole maximal globally hyperbolic Anti-de Sitter manifold M h,h ′ is always finite. By considering the foliation by constant curvature surfaces ([BBZ11]) of the complement of the convex core, we will show that the volume of M h,h ′ and the volume of its convex core are coarsely equivalent. More precisely we prove the following: Proposition G. Given a maximal globally hyperbolic manifold M , let M -and M + be the two connected components of the complement of C(M ). Then

Vol(M -) ≤ π 2 2 |χ(S)| and Vol(M + ) ≤ π 2 2 |χ(S)| ,
with equality if and only M is Fuchsian.

Using a foliation by equidistant surfaces from the boundary of the convex core, one can then prove the following formula (see also [BBD + 12] and [BB09, Subsection 8.2.3]) which connects the volume of the convex core, the volume of M -, and the length of the left earthquake lamination λ:

Vol(C(M )) + Vol(M -) = 1 4 ℓ λ (h) + π 2 2 |χ(S)| . (1) 
Of course an analogous formula holds for the right earthquake and for the other connected component M + . Theorem C will then follow by combining Equation (1) with Proposition G.

Another main consequence of Proposition G is the fact that the volume of the convex core of M h,h ′ is coarsely equivalent to the volume of every domain in which it is contained. Starting from the unique maximal surface embedded in M h,h ′ ([BBZ07]), we construct a domain with smooth boundary Ω h,h ′ which contains the convex core and whose volume can be computed explicitly in terms of the function (already introduced in [START_REF] Bonsante | A cyclic extension of the earthquake flow II[END_REF])

F : T (S) × T (S) → R + (h, h ′ ) → S tr(b)dA h , where b = √ dm * dm ∈ Γ(End(T S)) is the unique Codazzi, h-self-adjoint operator such that h ′ = h(b•, b•)
, associated to the minimal Lagrangian diffeomorphism m : (S, h) → (S, h ′ ). In particular, using explicit formulas that relate the embedding data of the maximal surface in M h,h ′ with the operator b, we can prove that

Vol(Ω h,h ′ ) = π 2 2 |χ(S)| + 1 4 S tr(b)dA h .
Combined again with Proposition G, this implies that the volume of the convex core is coarsely equivalent to the function F defined above, and thus leads to Theorem B. In addition, since tr(b) is bounded from above by twice the Lipschitz constant of m, we will deduce Theorem E.

As for the relation between the volume of the convex core of M h,h ′ and the Weil-Petersson distance between h and h ′ , the main technical tool consists in the following estimate: Theorem H. There exists a universal constant a > 0 such that for every λ ∈ ML(S) and for every h ∈ T (S), we have

grad ℓ λ (h) WP ≥ a |χ(S)| ℓ λ (h) .
This will be obtained by a careful analysis of Riera's formula [START_REF] Riera | A formula for the Weil-Petersson product of quadratic differentials[END_REF] for the norm of the Weil-Petersson gradient of the length function. With this in hand, the proof of Theorem F then goes as follows. By a result of Bers', we can fix a pants decomposition P for h such that the length of all curves α j in P are smaller than a constant L > 0 (only depending on the genus of S). If the metric h ′ is obtained by performing a (left or right) earthquake along a measured geodesic lamination λ, then the length of the curves α j increases at most by

ℓ αj (h ′ ) ≤ L + ℓ λ (h) d(L) ,
where d(L) is a constant depending only on L. We can thus say that the point h ′ ∈ T (S) belongs to the set

V m (S) = {h ∈ T (S) | ℓ αj (h) < m} if we put m = L + ℓ λ (h)/d(L).
As a consequence of Theorem H, the integral curve of the vector field X =grad ℓ λP / grad ℓ λP WP , (where we denoted with λ P the measured geodesic lamination consisting of the simple closed curves α j with unit weight) starting at h ′ will intersect the set V L (S) in a finite time t 0 , which we are able to express explicitely in terms of ℓ λ (h) and the constants L and d(L). Theorem F will then follow from the fact that the set V L (S) has bounded diameter for the Weil-Petersson metric and from Theorem C.

Organization of the paper. In Section 2 we introduce maximal globally hyperbolic Antide Sitter manifolds and we underline their relation with earthquake maps and minimal Lagrangian diffeomorphisms. In Section 3 we study the volume of the complement of the convex core and we prove Theorem C and Corollary D. Section 4 is devoted to the comparison between the volume of the convex core and the holomorphic energy (Theorem B). Then Theorem A is proved in Section 5. In Section 6 we study the relation between the volume of the convex core and Thurson's asymmetric distance, thus proving Theorem E. In Section 7 we focus on the lower bound with respect to the Weil-Petersson metric, in particular Theorem F. The main estimate of Theorem H is then proved in Section 8.

Acknowledgements.

A large part of this work was done during a visit of the second author to the University of Luxembourg, and a visit of the third author to the University of Pavia. We are grateful to those Institutions for their hospitality. We would like to thank Olivier Glorieux and Nicolas Tholozan for several interesting discussions. The third author would also like to thank his PhD advisor Jean-Marc Schlenker for many useful conversations about Anti-de Sitter geometry. We would like to thank an anonymous referee for several useful comments and remarks.

Preliminaries on Anti-de Sitter geometry

Anti-de Sitter space AdS 3 is a Lorentzian manifold of signature (2, 1), topologically a solid torus, of constant sectional curvature -1. We will adopt the following PSL(2, R) model of AdS 3 : consider the quadratic form q =det on the vector space gl(2, R) of 2-by-2 matrices. It is easy to check that q is non-degenerate and has signature (2, 2). Hence the restriction of q induces a quadratic form of signature (2, 1) on the submanifold of gl(2, R) defined by the equation q = -1. Namely, on SL(2, R), the submanifold of square matrices with unit determinant.

Therefore, the polarization of q defines a Lorentzian metric on SL(2, R). This Lorentzian metric is invariant by multiplication by -id, and therefore it defines a Lorentzian metric on PSL(2, R) = SL(2, R)/{±id} .

The metric on PSL(2, R) will be simply denoted by •, • . Definition 2.1. Anti-de Sitter space of dimension three is PSL(2, R) endowed with the Lorentzian metric:

AdS 3 = (PSL(2, R), •, • ) .
Anti-de Sitter space is orientable and time-orientable, and its group of orientation and time-orientation preserving isometries is:

Isom 0 (AdS 3 ) = PSL(2, R) × PSL(2, R) , (2) 
where the action of PSL(2, R) × PSL(2, R) is the following:

(α, β) • γ = α • γ • β -1 , for any α, β, γ ∈ PSL(2, R).
The boundary of AdS 3 is defined as the projectivization of rank 1 matrices:

∂AdS 3 = P{α = 0 : det α = 0}
where the convergence of a sequence of points in AdS 3 to a point in ∂AdS 3 is defined by considering AdS 3 and ∂AdS 3 as subsets of RP 3 . Then

∂AdS 3 ∼ = RP 1 × RP 1 , (3) 
where the identification sends [M ] ∈ ∂AdS 3 to the couple ([Im(M )], [Ker(M )]). It can then be checked that the action of Isom 0 (AdS 3 ) extends to ∂AdS 3 and corresponds (using Equations (2) and (3)) to the obvious action of PSL(2, R) × PSL(2, R) on RP 1 × RP 1 .

2.1. Maximal globally hyperbolic Anti-de Sitter manifolds. Let us recall the definition of (maximal) globally hyperbolic manifolds:

Definition 2.2. A Lorentzian manifold M is globally hyperbolic if is contains a Cauchy surface, that is, a spacelike surface S which intersects every inextensible causal curve exactly in one point. Such a manifold M is maximal if every isometric embedding ϕ : M → M ′ , such that M ′ is a globally hyperbolic manifold and ϕ(S) is a Cauchy surface of M ′ , is necessarily a global isometry.

Any globally hyperbolic manifold M as in Definition 2.2 is topologically a product, M ∼ = S × R, see [START_REF] Geroch | Domain of dependence[END_REF]. We will be interested in Anti-de Sitter maximal globally hyperbolic manifolds, namely, locally isometric to AdS 3 . Moreover, in this paper any Cauchy surface will have the topology of a closed, oriented surface S of genus g ≥ 2.

The deformation space of those objects was described by Mess in [START_REF] Mess | Lorentz spacetimes of constant curvature[END_REF]. More precisely, let us denote

MGH(S) = {maximal globally hyperbolic AdS 3 metrics on S × R}/Diff id (S × R) ,
where Diff id denotes the group of diffeomorphisms isotopic to the identity, and it acts on the set of metrics by pull-back. This definition actually resembles the following definition of Teichmüller space: T (S) = {hyperbolic metrics on S}/Diff id (S) .

(In this last definition, a hyperbolic metric simply is a Riemannian metric of constant curvature -1.) Then Mess' result is the following description of MGH(S) in terms of Teichmüller space: [START_REF] Mess | Lorentz spacetimes of constant curvature[END_REF]). For every closed oriented surface S of genus g ≥ 2,

Theorem 2.3 ([

MGH(S) ∼ = T (S) × T (S) .

The homeomorphism of Theorem 2.3 goes as follows. First, recall that the Teichmüller space of S is identified to a certain connected component in the space of representations of π 1 (S) into PSL(2, R), considered up to conjugation. In fact, this identification is obtained by taking the conjugacy class of the holonomy represention of a hyperbolic metric on S, and the desired connected component is given by the subset of representations with maximal Euler class:

T (S) ∼ = {ρ 0 : π 1 (S) → PSL(2, R) : e(ρ 0 ) = |χ(S)|}/PSL(2, R) .
See [START_REF] William | Discontinuous Groups and the Euler Class[END_REF]. Representations of maximal Euler class, that is, such that e(ρ 0 ) = |χ(S)|, are called Fuchsian.

Mess proved that for every globally hyperbolic AdS 3 manifold M , the holonomy representation ρ = (ρ l , ρ r ) : Example 2.4. If h is a hyperbolic metric on S, then one can define the following metric on M = S × (-π/2, π/2), where t is the "vertical" coordinate:

π 1 (S) → PSL(2, R) × PSL(2, R)
g h = -dt 2 + cos 2 (t)h . (4) 
It turns out that g h has constant sectional curvature -1, that S × {0} is a totally geodesic Cauchy surface, and that (M, g h ) is maximal globally hyperbolic. A developing map dev : M = S × (-π/2, π/2) → AdS 3 can be chosen so that the lift of the Cauchy surface S × {0} is mapped to the totally geodesic plane

P 0 = {α ∈ PSL(2, R) : α 2 = id} = {α ∈ PSL(2, R) : tr(α) = 0} . (5) 
Moreover, the lines {⋆} × (-π/2, π/2) in M are sent to the timelike geodesics l orthogonal to P 0 , where t corresponds to the arclenght parameter. It turns out that every such geodesic l coincides with the set l x of elliptic elements of PSL(2, R) which fix a point x in the upper-half plane. All these geodesics l x meet, for t = ±π/2, at [id] ∈ PSL(2, R).

Since the left and right holonomy of (M, g h ) preserve the plane P 0 , they also preserve [id] ∈ PSL(2, R), and therefore ρ l (γ) = ρ r (γ). The maximal globally hyperbolic manifolds for which [ρ l ] = [ρ r ] ∈ T (S) are called Fuchsian and correspond to the diagonal in

MGH(S) ∼ = T (S) × T (S) .
Equivalently, they contain a totally geodesic spacelike surface isometric to H 2 /ρ 0 (π 1 (S)), where ρ 0 := ρ l = ρ r .

The following is a direct computation of the volume, using Equation (4):

Corollary 2.5. The volume of any Fuchsian globally hyperbolic AdS 3 manifold M F homeomorphic to S × R is:

Vol(M F ) = π 2 |χ(S)| . (6) 
Remark 2.6. From Example 2.4, it turns out that the timelike geodesics orthogonal to any totally geodesic plane P all meet at the same point at a distance π/2 in both directions. Such point of intersection will be called dual point, since it can be interpreted also as the dual of P with respect to the duality of RP 3 . It turns out that two spacelike planes P 1 and P 2 intersect if and only if their dual points p 1 and p 2 are connected by a spacelike segment. In this case the length of the spacelike segment connecting p 1 and p 2 equals the (hyperbolic) angle between the unit normal vectors of P 1 and P 2 .

Going back to Theorem 2.3, Mess explicitly constructed an inverse of the map MGH(S) → T (S) × T (S) we have just defined. For this purpose, given a pair of representations ρ l , ρ r : π 1 (S) → PSL(2, R), it is well-known that there exists a unique orientation-preserving homeomorphism φ : RP 1 → RP 1 such that φ • ρ l (γ) = ρ r (γ) • φ. By the identification of Equation (3), the graph of φ corresponds to a submanifold of ∂AdS 3 , and Mess showed that ρ(π 1 (S)) acts freely and properly discontinously on the domain of dependence of gr(φ) (see definition below). The quotient of the domain of dependence D(φ) is a maximal globally hyperbolic AdS 3 manifold, whose left and right holonomies are ρ l and ρ r by construction.

Definition 2.7. Given an orientation-preserving homeomorphism φ : RP 1 → RP 1 , the domain of dependence of gr(φ), which we denote by D(φ), is the union of points p ∈ AdS 3 which are dual to spacelike planes P such that ∂P is disjoint from gr(φ) in ∂AdS 3 .

If ρ l , ρ r : π 1 (S) → PSL(2, R) are Fuchsian representations such that φ • ρ l (γ) = ρ r (γ) • φ for every γ ∈ π 1 (S), then we denote M h l ,hr := D(φ)/(ρ l , ρ r )(π 1 (S)) ,
where h l and h r are the hyperbolic metrics of S induced by H 2 /ρ l (π 1 (S)) and H 2 /ρ r (π 1 (S)) respectively. It follows from Mess' proof that the class of M h l ,hr in MGH(S) only depends on the class of h l and h r in T (S).

Mess introduced the notion of convex core in maximal globally hyperbolic AdS 3 manifolds.

Definition 2.8. Given ρ l , ρ r : π 1 (S) → PSL(2, R) Fuchsian representations, let φ : RP 1 → RP 1 be the orientation-preserving homeomorphism such that φ • ρ l (γ) = ρ r (γ) • φ for every γ ∈ π 1 (S), and let C(φ) be the convex hull of gr(φ).

Then

C(M h l ,hr ) := C(φ)/(ρ l , ρ r )(π 1 (S))
is the convex core of the maximal globally hyperbolic manifold M h l ,hr , where h l and h r are the hyperbolic metrics of S induced by H 2 /ρ l (π 1 (S)) and H 2 /ρ r (π 1 (S)).

There is a non-trivial point in Definition 2.8, that is, the convex hull of gr(φ) ⊂ ∂AdS 3 is contained in AdS 3 . This is not obvious since AdS 3 is not convex in RP 3 . Moreover, the definition makes sense since the convex hull C(φ) is contained in the domain of dependence D(φ). See [START_REF] Bonsante | Maximal surfaces and the universal Teichmüller space[END_REF].

2.2. Earthquake maps from pleated surfaces. It is well-known that the convex hull of a maximal globally hyperbolic manifold M is topologically S × I, for I a closed interval, and its two boundary components ∂ ± C(M ) are pleated surfaces, that is, there exists an isometric map from a hyperbolic surface (S, h ± ) to M , with image ∂ ± C(M ), such that every point x ∈ S is in the interior of an h ± -geodesic arc which is mapped isometrically to a spacelike geodesic of M .

This defines a bending lamination λ ± on ∂ ± C(M ), and a transverse measure is defined, which encodes the amount of bending and makes λ ± a measured geodesic lamination, [START_REF] Benedetti | Canonical Wick rotations in 3-dimensional gravity[END_REF]. Let φ be the homeomorphism conjugating ρ l to ρ r , as above. One can moreover define maps

π ± l : ∂ ± C(φ) → H 2 π ± r : ∂ ± C(φ) → H 2 in
the following way. Given any point x ∈ ∂ + C(φ) which admits a unique totally geodesic support plane P x , consider the unique left isometry α x which maps P x to P 0 . Recall that P 0 , defined in Equation ( 5), is the totally geodesic plane composed of the involutions of PSL(2, R), and is identified to H 2 by means of the map

α ∈ P 0 → Fix(α) ∈ H 2 . ( 7 
)
Then define

π + l : x → α x (x) → Fix(α x (x)
) ∈ H 2 , Analogous definitions hold for π + r , using right isometries, and for π - l and π - r , using the other boundary ∂ -C(φ) of the convex hull. The map π + l induces an earthquake map from (S, h + ) to (S, h l ), defined in the complement of the weighted leaves of the bending lamination λ + , where we recall that h l is the left hyperbolic metric given by H 2 /(ρ l (π 1 (S)) and h + is the metric induced on ∂ + C(M ). Analogously there is a right earthquake map from (S, h + ) to (S, h r ) and similar maps are obtained from the lower boundary of C(M ).

Given a measured geodesic lamination λ, we will denote

E λ l : T (S) → T (S)
, the left earthquake map, and

E λ r : T (S) → T (S)
, the right earthquake map. Hence, in [START_REF] Mess | Lorentz spacetimes of constant curvature[END_REF], a new interpretation in terms of Anti-de Sitter geometry was given to the proof in [START_REF] Thurston | Earthquakes in two-dimensional hyperbolic geometry[END_REF] of the following celebrated theorem of Thurston:

Theorem 2.9 (Earthquake theorem). Given two hyperbolic metrics h, h ′ on a closed oriented surface S, there exists a unique pair of measured laminations λ l , λ r such that

E λ l l (h) = h ′ and E λr r (h) = h ′ .
2.3. Minimal Lagrangian maps from maximal surfaces. By a similar construction, it is possible to use Anti-de Sitter geometry to construct minimal Lagrangian maps between hyperbolic surfaces. Let us recall the definition of minimal Lagrangian diffeomorphism:

Definition 2.10. An orientation-preserving diffeomorphism m : (S, h) → (S, h ′ ) is minimal Lagrangian if it is area-preserving and its graph is a minimal surface in (S × S, h ⊕ h ′ ).

It is known [BS10, Proposition 1.3] that minimal Lagrangian diffeomorphisms are characterized by having a decomposition m = (f ′ ) • f -1 , where f and f ′ are harmonic maps with respect to a complex structure X on S and have opposite Hopf differential. That is:

f : (S, X) → (S, h) and f ′ : (S, X) → (S, h ′ )
are harmonic, where (S, X) is Riemann surface, and

Hopf(f ) = -Hopf(f ′ ) .
Given a maximal surface Σ 0 in a maximal globally hyperbolic AdS 3 -manifold, that is, a space-like surface of vanishing mean curvature, consider its lift to AdS 3 , which is a surface Σ 0 of vanishing mean curvature with ∂ Σ 0 = gr(φ), where φ : RP 1 → RP 1 the orientationpreserving homeomorphism such that φ • ρ l (γ) = ρ r (γ) • φ for every γ ∈ π 1 (S). Then one can define the two projections

π 0 l : Σ 0 → H 2 π 0 r : Σ 0 → H 2 exactly
in the same way as we did in the previous section, that is,

π 0 l : x → α x (x) → Fix(α x (x)) ∈ H 2
, where α x is the unique left isometry sending the plane P x tangent to Σ 0 at x to the plane P 0 of involutions, and we are identifying P 0 to H 2 by means of ( 7). An analogous definition holds for π 0 r . It turns out that π 0 l and π 0 r are harmonic diffeomorphisms, thus they induce harmonic maps from Σ 0 to (S, h) and (S, h ′ ), which have opposite Hopf differential. Hence the map m associated to the maximal surface Σ 0 is a minimal Lagrangian diffeomorphism. Moreover, all minimal Lagrangian diffeomorphisms from (S, h) to (S, h ′ ) are obtained in this way. Hence, from results (see for instance [START_REF] Barbot | Constant mean curvature foliations of globally hyperbolic spacetimes locally modelled on AdS 3[END_REF] and [START_REF] Bonsante | Maximal surfaces and the universal Teichmüller space[END_REF] for a generalisation) of existence and uniqueness of maximal surfaces in maximal globally hyperbolic AdS 3 -manifolds one can reprove the following theorem (see [START_REF] Labourie | Surfaces convexes dans l'espace hyperbolique et CP 1 -structures[END_REF], [START_REF] Schoen | The role of harmonic mappings in rigidity and deformation problems[END_REF]):

Theorem 2.11. Given two hyperbolic metrics h, h ′ on a closed oriented surface S, there exists a unique minimal Lagrangian diffeomorphism m : (S, h) → (S, h ′ ) isotopic to the identity.

Length of earthquake laminations

We will discuss an explicit relation between the volume of a maximal globally hyperbolic manifold (or the volume of its convex core) and the length of the (left and right) earthquake laminations.

Before that, we will prove that the volume of the complement of the convex hull is bounded by the volume of a Fuchsian manifold. That is, the volume of M \ C(M ) is maximal in the Fuchsian case. Hence, from a coarse point of view, the volume of the manifold M is essentially the same as the volume of its convex core.

3.1. Volume of the complement of the convex hull. Given a maximal globally hyperbolic manifold M , we will denote

M \ C(M ) = M + ⊔ M -,
where M + is the connected component adjacent to ∂ + C(M ), and M -the other connected component. The following proposition estimates the volume of the complement of the convex core.

Proposition G. Given a maximal globally hyperbolic manifold M , let M -and M + be the two connected components of the complement of C(M ). Then

Vol(M -) ≤ π 2 2 |χ(S)| and Vol(M + ) ≤ π 2 2 |χ(S)| ,
with equality if and only M is Fuchsian.

It will then obviously follow that

Vol(M \ C(M )) ≤ π 2 |χ(S)| , (8) 
that is (compare Corollary 2.5), the volume of Vol(M \ C(M )) is at most the volume of a Fuchsian manifold.

Proof. We will give the proof for M + . By [START_REF] Barbot | Prescribing Gauss curvature of surfaces in 3-dimensional spacetimes: application to the Minkowski problem in the Minkowski space[END_REF], there exists a function

F : M + → [0, ∞) such that S κ = F -1 (κ) is the surface of constant curvature K = -1 -κ.
By the Gauss equation in the AdS 3 setting, if B is the shape operator of S κ , then κ = det B x for every point x ∈ S κ . Let ϕ t be the flow of the vector field grad F/|| grad F || 2 . By definition ϕ t (S κ ) = S κ+t and following this flow, one obtains the following expression for the volume of M + :

Vol(M + ) = ∞ 0 Sκ dArea Sκ || grad F || dκ . (9) 
Let us now fix some κ ∈ (0, ∞). Let x(ρ) be the normal flow of S κ , which is well-defined for a small ρ. We adopt the convention that the unit normal of S κ is pointing towards the concave side of S κ . Let S κ (ρ) be the parallel surface of S κ at distance ρ, in the concave side. Using the formula for the shape operator of S κ (ρ), see [START_REF] Krasnov | Minimal surfaces and particles in 3-manifolds[END_REF] or [Sep16a, Lemma 1.14], we get:

B ρ = (cos(ρ)E + sin(ρ)B) -1 (-sin(ρ)E + cos(ρ)B)
where B ρ is the shape operator of S κ (ρ). Hence

det B ρ = sin 2 ρ + cos 2 ρ det B -(sin ρ cos ρ)trB cos 2 ρ + sin 2 ρ det B + (sin ρ cos ρ)trB .
With our convention, trB < 0 since S κ is concave, and thus, using the inequality (trB

) 2 ≥ 4 det B = 4κ, we have det B ρ ≥ sin 2 ρ + cos 2 ρ κ + 2 sin ρ cos ρ √ κ cos 2 ρ + sin 2 ρ κ -2 sin ρ cos ρ √ κ , which implies that inf det B ρ ≥ f (ρ), where f (ρ) = sin 2 ρ + cos 2 ρ κ + 2 sin ρ cos ρ √ κ cos 2 ρ + sin 2 ρ κ -2 sin ρ cos ρ √ κ .
Hence by an application of the maximum principle (compare for instance [START_REF] Barbot | Prescribing Gauss curvature of surfaces in 3-dimensional spacetimes: application to the Minkowski problem in the Minkowski space[END_REF]) one has that S κ (ρ) lies entirely in the concave side of S f (ρ) . In other words, F (x(ρ)) ≥ f (ρ). Observe that the timelike vector fields ẋ(̺) and grad F (x(̺)) are collinear when ̺ = 0. Hence for every ǫ > 0, there exists ρ 0 > 0 such that for every ̺ < ρ 0 we have

grad F (x(̺)), ẋ(̺) ≤ || grad F (x(̺))||(1 + ǫ) , hence F (x(ρ)) -F (x(0)) = ρ 0 grad F (x(̺)), ẋ(̺) d̺ ≤ (1 + ǫ) ρ 0 || grad F (x(̺))||d̺ ,
for ρ < ρ 0 . On the other hand

F (x(ρ)) -F (x(0)) ≥ f (ρ) -κ ,
and thus by differentiating at ρ = 0:

|| grad F (x(0))||(1 + ǫ) ≥ d dρ ρ=0 f (ρ) = 2 √ κ(κ + 1) .
We can finally conclude the computation. From Equation (9), we have

Vol(M + ) ≤ +∞ 0 (1 + ǫ) 2 √ κ(κ + 1) Sκ dArea Sκ dκ = (1+ǫ) +∞ 0 2π|χ(S)|dκ 2 √ κ(κ + 1) 2 = π 2 2 |χ(S)|(1+ǫ) ,
where we have used the Gauss-Bonnet formula, the fact that the Gaussian curvature of S κ is -1κ, and that

+∞ 0 dx √ x(1 + x) 2 = π 2 .
Finally, let us observe that equality holds if and only if (trB) 2 = 4 det B at every point, which is the case in which all the surfaces S κ are umbilical. This implies that the boundary of the convex core is totally geodesic, and thus M is a Fuchsian manifold.

A direct consequence of Proposition G, using Equation (8), is that the volume of M and of the convex core of M are roughly comparable:

Corollary 3.1. Given a maximal globally hyperbolic manifold M , Vol(C(M )) ≤ Vol(M ) ≤ Vol(C(M )) + π 2 |χ(S)| .
3.2. Length of earthquake laminations. In this subsection we will prove a coarse relation between the volume of a maximal globally hyperbolic manifold M h,h ′ and the length of the earthquake laminations of the (both left and right) earthquake maps from (S, h) to (S, h ′ ), provided by the Earthquake Theorem (Theorem 2.9).

Before stating the main results of this subsection, we finally need to recall the definition of length of a measured geodesic lamination. Let us denote by ML(S) the set of measured laminations on S, up to isotopy. The set of weighted multicurves (c, a) = ((c 1 , a 1 ), . . . , (c n , a n )) , where c i are essential simple closed curves on S and a i are positive weights, is dense in ML(S). The well-posedness of the following definition then follows from [START_REF] Bonahon | Bouts des variétés hyperboliques de dimension 3[END_REF]. Definition 3.2. Given a closed orientable surface S of genus g ≥ 2, we denote ℓ : ML(S) × T (S) → [0, +∞) the unique continuous function such that, for every weighted multicurve (c, a),

ℓ((c, a), [h]) = n i=0 a i length h (c i ) ,
where length h (c) denotes the length of the h-geodesic representative in the isotopy class of c. Then we define the length function associated to a measured lamination λ as the function

ℓ λ : T (S) → [0, +∞) defined by ℓ λ ([h]) = ℓ(λ, [h]).
Similarly, we also recall the definition of topological intersection for measured geodesic laminations: Definition 3.3. Given a closed orientable surface S of genus g ≥ 2, we denote ι : ML(S) × ML(S) → [0, +∞) the unique continuous function such that, for every pair of simple closed curves λ = (c, w)

and λ ′ = (c ′ , w ′ ), ι(λ, λ ′ ) = w • w ′ • #(γ ∩ γ ′ )
, where γ and γ ′ are geodesic representatives of c and c ′ for any hyperbolic metric on S.

The following is the first step towards a relation between the volume of a maximal globally hyperbolic manifold and the length of the left and right earthquake laminations of the Earthquake Theorem (Theorem 2.9). Lemma 3.4. Given a maximal globally hyperbolic manifold M = M h,h ′ , let λ l and λ r be the measured laminations such that

E λ l l (h) = h ′ and E λr r (h) = h ′ . Then Vol(C(M )) + Vol(M + ) = 1 4 ℓ λr (h) + π 2 2 |χ(S)| , (10) 
and

Vol(C(M )) + Vol(M -) = 1 4 ℓ λ l (h) + π 2 2 |χ(S)| . ( 11 
)
The proof follows from the arguments in [BB09, Section 8.2.3].

Corollary D. Given two hyperbolic metrics h and h ′ on S, if λ l and λ r are the measured laminations such that

E λ l l (h) = h ′ and E λr r (h) = h ′ , then |ℓ λ l (h) -ℓ λr (h)| ≤ 2π 2 |χ(S)| .
Proof. From Equations ( 10) and (11), it follows that

1 4 |ℓ λ l (h) -ℓ λr (h)| = |Vol(M + ) -Vol(M -)| ≤ max{Vol(M -), Vol(M + )} ≤ π 2 2 |χ(S)| ,
where the last inequality is the content of Proposition G.

Theorem C. Given a maximal globally hyperbolic manifold M h,h ′ , let λ l and λ r be the measured laminations such that

E λ l l (h) = h ′ and E λr r (h) = h ′ . Then 1 4 ℓ λ l (h) ≤ Vol(C(M h,h ′ )) ≤ 1 4 ℓ λ l (h) + π 2 2 |χ(S)| , (12) 
and analogously

1 4 ℓ λr (h) ≤ Vol(C(M h,h ′ )) ≤ 1 4 ℓ λr (h) + π 2 2 |χ(S)| . (13) 
Proof. From Lemma 3.4, we have

Vol(C(M )) = 1 4 ℓ λ l (h) + π 2 2 |χ(S)| -Vol(M -) ,
and thus the claim follows, using that

0 ≤ Vol(M -) ≤ π 2 2 |χ(S)|
by Proposition G. The other inequality holds analogously.

Holomorphic energy

In this section we will discuss the relation between the volume of a maximal globally hyperbolic Anti-de Sitter manifold and several types of 1-energy, that is, the holomorphic 1-energy obtained by integrating the norm ||∂f || of the (1, 0)-part of the differential of a diffeomorphism f between Riemannian surfaces, and the integral of the 1-Schatten norm of the differential of f . 4.1. Volume of a convex set bounded by K-surfaces. As a consequence of Proposition G, the volume of the convex core of a maximal globally hyperbolic AdS 3 manifold M h,h ′ is coarsely equivalent to the volume of every domain of M h,h ′ in which it is contained. Using this fact, we will be able to compare the volume of M h,h ′ with the minima of certain functionals which depend on (h, h ′ ) ∈ T (S) × T (S).

As explained in Subsection 2.3, in a maximal globally hyperbolic AdS 3 manifold, there exists a unique embedded maximal surface Σ 0 = Σ h,h ′ (i.e with vanishing mean curvature) with principal curvatures in (-1, 1). By an application of the maximum principle, Σ 0 is contained in the convex core of M h,h ′ . Moreover, using the formulas for the shape operator B ρ of equidistant surfaces (see [START_REF] Krasnov | Minimal surfaces and particles in 3-manifolds[END_REF] or [Sep16a, Lemma 1.14]), it is straightforward to verify that a foliation by equidistant surfaces Σ ρ from Σ 0 is defined at least for ρ ∈ [-π 4 , π 4 ] and the surfaces Σ -π 4 and Σ π 4 are convex resp. concave, with constant Gaussian curvature -2. Therefore, the domain with boundary

Ω h,h ′ = ρ∈[-π 4 , π 4 ] Σ ρ
contains the convex core and by definition

Vol(Ω h,h ′ ) = π 4 -π 4 Area(Σ ρ )dρ .
By exploiting the analytic relation between maximal surfaces in AdS 3 -manifolds and minimal Lagrangian diffeomorphisms between hyperbolic surfaces, we can express explicitly this volume as a functional of h and h ′ . In fact (recalling Definition 2.10), the minimal Lagrangian map m : (S, h) → (S, h ′ ) can be characterised in the following way, see [START_REF] Labourie | Surfaces convexes dans l'espace hyperbolique et CP 1 -structures[END_REF]: Lemma 4.1. Given two hyperbolic metrics h and h ′ on S, an orientation-preserving diffeomorphism m : (S, h) → (S, h ′ ) is minimal Lagrangian if and only if there exists a bundle morphism b ∈ Γ(End(T S)) such that

(1) Moreover, if we denote with I 0 the induced metric on Σ 0 and with B 0 its shape operator, and we identify (Σ 0 , I 0 ) and (S, h) using the left projection, which is the unique harmonic map in the given isotopy class, the following relations hold (see [KS07, BS10, BS16]):

m * h ′ = h(b•, b•) (2) det(b) = 1 (3) b is h-self-adjoint ( 
I 0 = 1 4 h((E + b)•, (E + b)•) and B 0 = -(E + b) -1 J h (E -b) . (14) 
Here J h is the complex structure on S compatible with the metric h. In particular, it can be checked directly that the surface Σ 0 is maximal precisely when conditions (1) -(4) of Lemma 4.1 hold, that is, when the associated map is minimal Lagrangian.

Therefore, by using the above formulas and the fact that the metric on the parallel surface Σ ρ at distance ρ from Σ 0 is given by

I ρ = I 0 ((cos(ρ)E + sin(ρ)B 0 )•, (cos(ρ)E + sin(ρ)B 0 )•) , the area form of (Σ ρ , I ρ ) is dA Σρ = det(cos(ρ)E + sin(ρ)B 0 )dA Σ0 = (cos 2 (ρ) + sin 2 (ρ)(det B 0 ))dA Σ0 .
Moreover, from Equation (14), we have

dA Σ0 = 1 4 det(E + b)dA h and det B 0 = det(E -b) det(E + b) = 2 -trb 2 + trb .
Therefore we get:

Area(Σ ρ ) = Σ0 (cos 2 (ρ) + sin 2 (ρ)(det B 0 ))dA Σ0 = cos 2 (ρ) Σ0 dA Σ0 + sin 2 (ρ) Σ0 det(B 0 )dA Σ0 = cos 2 (ρ) 4 Σ0 det(E + b)dA h + sin 2 (ρ) 4 Σ0 det(E -b)dA h = cos 2 (ρ) 4 Σ0 (2 + tr(b))dA h + sin 2 (ρ) 4 Σ0 (2 -tr(b))dA h = π|χ(S)| + 1 4 (cos 2 (ρ) -sin 2 (ρ)) Σ0 tr(b)dA h ,
where in the last step we used the Gauss-Bonnet equation for the hyperbolic metric h.

Integrating for ρ ∈ [-π/4, π/4] we have Vol(Ω h,h ′ ) = π 2 2 |χ(S)| + 1 4 Σ0 tr(b)dA h . (15) 
Recall that from Theorem 2.11, there exists a unique minimal Lagrangian map m : (S, h) → (S, h ′ ) isotopic to the identity between any two hyperbolic surfaces (S, h) and (S, h ′ ). Hence we can now prove:

Corollary 4.2. Let M h,h ′ be a maximal globally hyperbolic AdS 3 manifold. Let b : T S → T S be the unique h-self-adjoint Codazzi operator such that m * h ′ = h(b•, b•), where m : (S, h) → (S, h ′ ) is the minimal Lagrangian diffeomorphism. Then 1 4 S tr(b)dA h -π|χ(S)| ≤ Vol(C(M h,h ′ )) ≤ 1 4 S tr(b)dA h + π 2 2 |χ(S)| .
Proof. By the previous computation, we have

Vol(C(M h,h ′ )) ≤ Vol(Ω h,h ′ ) = π 2 2 |χ(S)| + 1 4 S tr(b)dA h .
On the other hand, by an adaptation of the proof of Proposition G, since the boundary of Ω h,h ′ consists of the disjoint union of the two surfaces with constant curvature -2 in M h,h ′ , for every ǫ > 0, we have

Vol(Ω h,h ′ \ C(M h,h ′ )) ≤ 2(1 + ǫ) 1 0 1 2 √ κ(κ + 1) Sκ dArea Sκ dκ = 2π|χ(S)|(1 + ǫ) 1 0 dκ √ κ(κ + 1) 2 = |χ(S)| π + π 2 2 (1 + ǫ) ,
and therefore

Vol(Ω h,h ′ \ C(M h,h ′ )) ≤ |χ(S)| π + π 2 2 .
Hence, using Equation (15),

Vol(C(M h,h ′ )) = Vol(Ω h,h ′ ) -Vol(Ω h,h ′ \ C(M h,h ′ )) ≥ Vol(Ω h,h ′ ) -|χ(S)| π + π 2 2 = 1 4 S tr(b)dA h -π|χ(S)| , as claimed.
4.2. Holomorphic energy and Schatten energy. As a consequence of Corollary 4.2, the coarse properties of the volume of a maximal globally hyperbolic AdS 3 manifold depend only on the function

F : T (S) × T (S) → R + (h, h ′ ) → S tr(b)dA h ,
where b is the Codazzi tensor, satisfying the conditions (1) -(4) of Lemma 4.1 above, for the minimal Lagrangian map m : (S, h) → (S, h ′ ). The properties of F have already been introduced and studied in [START_REF] Bonsante | A cyclic extension of the earthquake flow II[END_REF]. Here we point out the relation with an L 1 -energy on Teichmüller space.

Let us denote by C 1 id (S) the space of C 1 maps f : (S, h) → (S, h ′ ) homotopic to the identity. Equivalently, by identifying (S, h) with H 2 /ρ(π 1 (S)) and (S, h ′ ) with H 2 /ρ ′ (π 1 (S)) (where ρ, ρ ′ are the holonomy representations of π 1 (S) into Isom(H 2 )), C 1 id (S) coincides with the space of (ρ, ρ ′ )-equivariant C 1 maps of H 2 into itself.

Let us recall that the L 1 -energy, or total variation, is defined as:

Definition 4.3. Given two hyperbolic surfaces (S, h) and (S, h ′ ), the L 1 -energy, or total variation, of f is the functional

E d (•, h, h ′ ) : C 1 id (S) → R + defined by E d (f, h, h ′ ) = S ||df ||dA h , where, if df * is the h-adjoint operator of df , then ||df || = tr(df * df ) .
Remark 4.4. We remark that, with the above definition, if f : (S, h) → (S, h ′ ) is an isometry, then at every point x ∈ (S, h), ||df || = √ 2. Therefore, the energy of an isometry f between two hyperbolic surfaces is 2 √ 2π|χ(S)|.

In this paper, we will consider also another L 1 -type functional, which is the following 1-Schatten energy: Definition 4.5. Given two hyperbolic surfaces (S, h) and (S, h ′ ), the 1-Schatten energy is the functional

E Sch (•, h, h ′ ) : C 1 id (S) → R + E Sch (f, h, h ′ ) = S tr(b f )dA h
where, if df * is the h-adjoint operator of df , then b f is the square root of df * df .

Remark 4.6. The quantity tr(b f ) coincides with the 1-Schatten norm of the operator df at x, and this justifies the definition of E Sch (f ) as the 1-Schatten energy. At every point x ∈ S, the tensor b f at x is the unique h-self-adjoint operator such that

f * h ′ = h(b f •, b f •).
Remark 4.7. The 1-Schatten energy of a C 1 map f is related to the holomorphic energy

E ∂ (f, h, h ′ ) = S ∂f dA h
studied by Trapani and Valli in [START_REF] Trapani | One-harmonic maps on Riemann surfaces[END_REF]. (Here we are considering ∂f as a holomorphic 1form with values in f * T S and we denote with • the norm on T * S ⊗ f * T S induced by the metrics h and h ′ , as in Definition 4.3). A computation in local coordinates, using Remark 4.6, shows that the eigenvalues of df * df are

µ 1 = 1 2 ( ∂f -∂f ) 2 and µ 2 = 1 2 ( ∂f + ∂f ) 2 .
Therefore one obtains:

tr(b f ) = √ 2 max{||∂f ||, ||∂f ||} . (16) 
In particular, when f is orientation-preserving (for instance if f is a minimal Lagrangian diffeomorphism), then ∂f 2 -∂f 2 > 0 and therefore

tr(b f ) = √ 2 ∂f .
In conclusion, this shows that

E ∂ (f, h, h ′ ) ≤ √ 2 2 E Sch (f, h, h ′ ) , (17) 
with equality when f is an orientation-preserving diffeomorphism.

Let us denote by Diff 0 (S, h, h ′ ) the space of orientation preserving diffeomorphisms f : (S, h) → (S, h ′ ) isotopic to the identity. Trapani and Valli proved that the holomorphic 1-energy E ∂ (•, h, h ′ ) is minimized on Diff 0 (S, h, h ′ ) by the unique minimal Lagrangian map m : (S, h) → (S, h ′ ):

Proposition 4.8. [TV95, Lemma 3.3] Given two hyperbolic metrics (S, h) and (S, h ′ ), the functional

E ∂ (•, h, h ′ ) : Diff id (S, h, h ′ ) → R +
admits a unique minimum attained by the minimal Lagrangian map m : (S, h) → (S, h ′ ) isotopic to the identity.

We will actually need the fact that the minimal Lagrangian map m : (S, h) → (S, h ′ ) also minimizes E Sch on C 1 id (S), which is an improvement of Proposition 4.8: Proposition 4.9. Given two hyperbolic metrics (S, h) and (S, h ′ ), the functional

E Sch (•, h, h ′ ) : C 1 id ( 
S) → R + admits a minimum attained by the minimal Lagrangian map m : (S, h) → (S, h ′ ) isotopic to the identity.

The proof follows from the convexity of the functional E Sch , see [START_REF] Bonsante | A cyclic extension of the earthquake flow III. From hyperbolic surfaces to 3-manifolds[END_REF]. In fact, the space Diff id (S, h, h ′ ) of diffeomorphisms isotopic to the identity is open in C ∞ id (S) (i.e. the space of C ∞ self maps of S homotopic to the identity). Moreover, by Remark 4.7, E Sch and E ∂ coincide on Diff id (S, h, h ′ ), up to a factor. By Proposition 4.8, m is a local minimum of E Sch on C ∞ id (S), and thus a global minimum on C ∞ id (S) by convexity. By density of C ∞ id (S) in C 1 id (S), and the continuity of E Sch on C 1 id (S), it follows that m is a global minimum of E Sch (•, h, h ′ ) on C 1 id (S), as well. The above results enable us to conclude the following theorem: Theorem B. Let M h,h ′ be a maximal globally hyperbolic AdS 3 manifold. Then

1 4 E Sch (m, h, h ′ ) -π|χ(S)| ≤ Vol(C(M h,h ′ )) ≤ 1 4 E Sch (m, h, h ′ ) + π 2 2 |χ(S)| ,
where m : (S, h) → (S, h ′ ) is the minimal Lagrangian map isotopic to the identity, that is, the minimum of the 1-Schatten energy functional E Sch (•, h, h ′ ) : C 1 id (S) → R. Proof. By Proposition 4.9, the minimum of E Sch (•, h, h ′ ) is achieved at the minimal Lagrangian map m, and we have by definition

E Sch (m, h, h ′ ) = S tr(b)dA h .
Hence the statement follows from Corollary 4.2.

L 1 -energy between hyperbolic surfaces

We conclude this section by showing that the volume of maximal globally hyperbolic AdS 3 manifolds is also coarsely comparable to the L 1 -energy on Teichmüller space, which is the content of Theorem A. Recall that the definition of L 1 -energy functional was given in Definition 4.3.

For the proof of the inequality

1 4 inf f ∈C 1 id (S) E d (f, h, h ′ ) - √ 2 2 π|χ(S)| ≤ Vol(C(M h,h ′ ))
of Theorem A, we will need the fact that inf

f ∈C 1 id (S) E d (f, h, h ′ ) ≤ ℓ λ (h) + 2 √ 2π|χ(S)| ,
so as to apply Theorem C. This follows from the existence of a sequence f n ∈ C 1 id (S) (actually the sequence is in C ∞ id (S)), converging to the earthquake map e λ : (S, h)

→ (S, h ′ ), such that lim E d (f n , h, h ′ ) ≤ ℓ λ (h) + 2 √ 2π|χ(S)|.
Lemma 5.1. Given two hyperbolic surfaces (S, h) and (S, h ′ ), let λ be the measured lamination such that

E λ l (h) = h ′ (or E λ r (h) = h ′ ).
Then there exists a sequence

f n ∈ C 1 id (S) such that lim n→+∞ E d (f n , h, h ′ ) ≤ ℓ λ (h) + 2 √ 2π|χ(S)| .
Proof. We will give the proof for left earthquakes. Suppose first that λ is a weighted simple closed geodesic (γ, w). Let U ǫ be the ǫ-neighborhood of γ on (S, h). Choose coordinates (t, r) on U ǫ , so that the geodesic γ is parameterized by arclength by the coordinate (t, 0), for t ∈ [0, L], and the point (t, r) is at signed distance r from the point (t, 0). Hence the metric on U ǫ has the form dr 2 + cosh 2 (r)dt 2 . Then define f ǫ (r, t) = (r, t + g ǫ (r)) on U ǫ , where g ǫ (r) is a smooth increasing map such that g ǫ (-ǫ) = 0 and g ǫ (ǫ) = w. By definition of earthquake map, we can then extend f ǫ to be an isometry on S \ U ǫ . By a direct computation,

||df ǫ(r,t) || = 2 + g ′ ǫ (r) 2 , hence Uǫ ||df ǫ ||dA h = L ǫ -ǫ 2 + g ′ ǫ (r) 2 cosh(r)dr ≤ L ǫ -ǫ ( √ 2 + g ′ ǫ (r)) cosh(r)dr ≤ √ 2Area(U ǫ ) + L cosh(ǫ)(g(ǫ) -g(-ǫ)) .
Therefore, using that L(g(ǫ)g(-ǫ)) = Lw = ℓ λ (h) and that f ǫ is an isometry outside of U ǫ , we get

S ||df ǫ ||dA h = S\Uǫ ||df ǫ ||dA h + Uǫ ||df ǫ ||dA h ≤ cosh(ǫ)ℓ λ (h) + √ 2Area(S \ U ǫ ) + √ 2Area(U ǫ ) = cosh(ǫ)ℓ λ (h) + √ 2Area(S) = cosh(ǫ)ℓ λ (h) + 2 √ 2π|χ(S)| .
As we let ǫ → 0, this concludes that

lim ǫ→0 S ||df ǫ ||dA h ≤ ℓ λ (h) + 2 √ 2π|χ(S)| .
Taking a sequence with ǫ = 1/n, this concludes the proof of the statement in the case λ is a weighted simple closed curve.

Let us now take an arbitrary measured geodesic lamination λ. Let λ n be a sequence of weighted multicurves converging to λ, so that:

• |ℓ λn (h) -ℓ λ (h)| ≤ 1/n.
• The metrics h n = E λn l (h) and h ′ = E λ l (h) are (1 + 1/n)-bi-Lipschitz. In fact, the second step follows from the continuity of the earthquake map E l : ML(S) × T (S) → T (S). Let us now take f n : (S, h) → (S, h n ) (constructed as before) so that

S ||df n ||dA h ≤ ℓ λn (h) + 2 √ 2π|χ(S)| + 1 n .
Let g n : (S, h n ) → (S, h ′ ) be the (1 + 1/n)-bi-Lipschitz diffeomorphisms. Since h n → h ′ , we can assume g n → id. Then for the map g n • f n : (S, h) → (S, h ′ ), we have:

S ||d(g n • f n )||dA h ≤ 1 + 1 n S ||df n ||dA h ≤ 1 + 1 n ℓ λn (h) + 2 √ 2π|χ(S)| + 1 n ≤ 1 + 1 n ℓ λ (h) + 2 √ 2π|χ(S)| + 2 n .
Hence the constructed sequence g n • f n : (S, h) → (S, h ′ ) converges to the earthquake map e λ and satisfies:

lim n→+∞ S ||d(g n • f n )||dA h ≤ ℓ λ (h) + 2 √ 2π|χ(S)| ,
hence concluding the proof.

Remark 5.2. Although not strictly necessary in this paper, we remark that E d can be extended to a lower-semicontinuous functional on the space of L 2 maps from S to itself

V (•, h, h ′ ) : L 2 (S, S) → R ∪ {+∞} , which is defined by V (f, h, h ′ ) = lim inf g→f E d (g, h, h ′ ) .
The functional V (•, h, h ′ ) is called total variation, and the maps where it takes finite values are bounded variation maps. Lemma 5.1 shows the inequality V (e λ , h, h ′ ) ≤ ℓ λ (h) + 2 √ 2π|χ(S)|.

We are now able to prove the main result connecting the volume of maximal globally hyperbolic AdS 3 manifolds with the minima of the L 1 -energy: Theorem A. Let M h,h ′ be a maximal globally hyperbolic AdS 3 manifold. Then

1 4 inf f ∈C 1 id (S) E d (•, h, h ′ ) - √ 2 2 π|χ(S)| ≤ Vol(C(M h,h ′ )) ≤ √ 2 2 inf f ∈C 1 id (S) E d (•, h, h ′ ) + π 2 2 |χ(S)| .
Proof. From Lemma 5.1 and Theorem C, we have

1 4 inf f ∈C 1 id (S) E d (•, h, h ′ ) ≤ 1 4 (ℓ λ (h) + 2 √ 2π|χ(S)|) ≤ Vol(C(M h,h ′ )) + √ 2 2 π|χ(S)| ,
hence the lower bound follows. On the other hand, using the fact that

||df || 2 = ||∂f || 2 + ||∂f || 2 ,
from Equation (16) we have for every

f ∈ C 1 id (S): tr(b f ) = √ 2 max{||∂f ||, ||∂f ||} ≤ √ 2||df || . Thus E Sch (f, h, h ′ ) = S tr(b f )dA h ≤ √ 2 S ||df ||dA h .
Hence the upper bound follows from Theorem B and Proposition 4.9:

Vol(C(M h,h ′ )) ≤ π 2 2 |χ(S)| + 1 4 E Sch (m, h, h ′ ) = π 2 2 |χ(S)| + 1 4 inf f ∈C 1 id (S) E Sch (f, h, h ′ ) ≤ π 2 2 |χ(S)| + √ 2 4 inf f ∈C 1 id (S) E d (f, h, h ′ ) ,
thus concluding the proof.

Thurston's asymmetric distance

In this Section, we will apply Corollary 4.2 to compare the volume of the convex core of a maximal globally hyperbolic AdS 3 -manifold and Thurston's asymmetric distance on Teichmüller space.

6.1. The general upper bound. Thurston asymmetric distance on Teichmüller space is deeply related to the hyperbolic geometry of surfaces. We briefly recall here the main definitions for the convenience of the reader.

Let h and h ′ two hyperbolic metrics on S. Given a diffeomorphism isotopic to the identity f : (S, h) → (S, h ′ ) we define the Lipschitz constant of f as

L(f ) = sup x =y∈S d h ′ (f (x), f (y)) d h (x, y) . Definition 6.1. Thurston asymmetric distance between h, h ′ ∈ T (S) is d Th (h, h ′ ) = inf f ∈Diff id log(L(f ))
where the infimum is taken over all diffeomorphisms f : (S, h) → (S, h ′ ) isotopic to the identity.

Thurston showed that the Lipschitz constant L(f ) can also be computed by comparing lengths of closed geodesics for the metrics h and h ′ . More precisely, in [START_REF] Thurston | Minimal stretch maps between hyperbolic surfaces[END_REF] he proved that

L(f ) = sup c ℓ c (h ′ ) ℓ c (h) , (18) 
where c varies over all simple closed curves c in S.

An application of Theorem B leads to the following comparison between the volume of the convex core of a maximal globally hyperbolic AdS 3 manifold and Thurston asymmetric distance.

Theorem E. Let M h,h ′ be a maximal globally hyperbolic AdS 3 manifold. Let M h,h ′ be a maximal globally hyperbolic AdS 3 manifold. Then

Vol(C(M h,h ′ )) ≤ π 2 2 |χ(S)| + π|χ(S)| exp(min{d Th (h, h ′ ), d Th (h ′ , h)}) .
Proof. We will first prove that

Vol(C(M h,h ′ )) ≤ π 2 2 |χ(S)| + π|χ(S)| exp(d Th (h, h ′ )) .
First of all, let us observe that the Lipschitz constant of a diffeomorphism f : (S, h) → (S, h ′ ) can be expressed as:

L(f ) = sup v∈T S ||df (v)|| h ′ ||v|| h = sup x∈S ||df x || ∞ , Here, ||df x || ∞ is the spectral norm of df x : (T x S, h x ) → (T f (x) S, h ′ f (x)
). Now, from Theorem B, for every diffeomorphism f : (S, h) → (S, h ′ ) isotopic to the identity, we have

Vol(C(M

h,h ′ )) ≤ π 2 2 |χ(S)| + 1 4 E Sch (f, h, h ′ ) .
Since the spectral norm of df is the maximum eigenvalue of √ df * df , the 1-Schatten norm is bounded by twice the spectral norm, hence we get

E Sch (f, h, h ′ ) = S tr(b f )dA h ≤ 2 sup x∈S ||df x || ∞ S dA h = 4π|χ(S)|L(f ) .
Hence we obtain:

Vol(C(M h,h ′ )) ≤ π 2 2 |χ(S)| + π|χ(S)| inf f L(f ) = π 2 2 |χ(S)| + π|χ(S)|e d Th (h,h ′ ) .
For the main statement, observe that the involution SL(2, R) → SL(2, R)

A → A -1
induces an orientation-reversing isometry of AdS 3 which swaps the left and right metric in Mess' parameterization (see Section 2.1). Therefore, the volumes of the convex cores of M h,h ′ and M h ′ ,h are equal. Hence it follows that

Vol(C(M h,h ′ )) ≤ π 2 2 |χ(S)| + π|χ(S)| exp(d Th (h ′ , h))
is also true. This concludes the proof.

6.2. A negative result. We are now showing that it is not possible to find a lower-bound for the volume of the convex core in terms of the Thurston asymmetric distance between the left and right metric.

Proposition 6.2. There is no continuous, proper function g : R + → R + such that

g(min{d Th (h, h ′ ), d Th (h ′ , h)}) ≤ Vol(C(M h,h ′ )) .
for every couple of metrics h, h ′ ∈ T (S).

Proof. It is sufficient to show that it is possible to find a sequence of maximal globally hyperbolic AdS 3 manifolds such that the volume of the convex core remains bounded but both Thurston's asymmetric distances between the left and right metric diverge. Choose a simple closed curve µ ∈ P that disconnects the surface in such a way that one connected component S 1 is a surface of genus 1 with geodesic boundary equal to µ. Fix a pants decomposition P containing the curve µ. Let α ⊂ S 1 be the curve in the pants decomposition of S contained in the interior of S 1 . Fix a simple closed curve β in S 1 (see Figure 1) which intersects α in exactly one point. Choose then a hyperbolic metric h on S such that the geodesic representative of β intersects α orthogonally. For every n ∈ N we define an element h n ∈ T (S) with the property that all Fenchel-Nielsen coordinates of h n coincide with those of h but the length of the curve α, which we impose to be equal to 1/n. In particular, the h n -geodesic representative of β intersects α orthogonally for every n.

Consider the measured geodesic laminations λ n consisting of the simple closed curve α with weight n. We define a second sequence of hyperbolic metrics h ′ n as h ′ n = E λn l (h n ). Notice that these metrics are obtained from h n by performing n 2 Dehn-twists along α. We are going to show that the volume of the convex core of the maximal globally hyperbolic AdS 3 manifolds M n = M hn,h ′ n remains bounded but the two Thurston's asymmetric distances between h n and h ′ n go to infinity when n tends to +∞. By Equation ( 12) in Theorem C, the volume of the convex core of M n is coarsely equivalent to the length of λ n , which by definition is

ℓ λ (h n ) = ℓ α (h n ) • 1 n = 1 ,
hence the volume remains bounded.

On the other hand, since the curve β intersects α orthogonally, for every metric h n we claim that

ℓ β (h n ) = 4arcsinh cosh( ℓµ(h) 4 ) sinh( 1 2n )
.

To prove the claim, we cut the surface S 1 along the curve α, thus obtaining a pair of pants P ′ with geodesic boundaries given by µ and two copies of α. If we cut again P ′ into two right-angled hexagons (see Figure 2), the length of the curve β can be computed using standard hyperbolic trigonometry [START_REF] Thurston | Three-Dimensional Geometry and Topology[END_REF]. Here we are also using the fact that the length of the curve µ does not depend on n. Hence we obtain

ℓ β (h n ) ≤ C 1 |log(n)| + C 2 , (19) 
for some constants C 1 , C 2 , when n is sufficiently big. Moreover, by a simple application of the triangle inequality (see [START_REF] Bonsante | AdS manifolds with particles and earthquakes on singular surfaces[END_REF]Lemma 7.1], and recall Definition 3.3 for the intersection of measured geodesic laminations), we can deduce that

ℓ β (h ′ n ) + ℓ β (h n ) ≥ ι(λ n , β) = n , thus ℓ β (h ′ n ) ℓ β (h n ) ≥ -1 + n ℓ β (h n ) → +∞
when n tends to +∞ by using Equation ( 19). Therefore, by definition d Th (h n , h ′ n ) → +∞ . To prove that also d Th (h ′ n , h n ) is unbounded, it is sufficient to repeat the same argument for the curve β ′ = D n 2 α (β) obtained from β by performing n 2 Dehn-twists along α. Namely, by construction, the curve β ′ intersects orthogonally the curve α the metric h ′ n , thus the same estimate as in Equation ( 19) holds for the length of the curve β ′ with respect to the metric h ′ n .

6.3. Discussion of the optimality. In this subsection, we will construct some examples to show that the result of Theorem E is optimal, in some sense. The first situation we consider is the case of a sequence of manifolds M h,h ′ for which one metric is fixed, and the other metric diverges in T (S). In this case, the volume of M h,h ′ is in fact bounded also from below by the exponential of Thurston's asymmetric distance:

Proposition 6.3. Let Ω be a compact set in T (S) and let M h,h ′ be a maximal globally hyperbolic AdS 3 manifold with h ∈ Ω. There exists a constant C = C(Ω) > 0 such that

C(Ω) exp(d Th (h, h ′ )) -C(Ω) ≤ Vol(C(M h,h ′ ))
for every h ∈ Ω and every h ′ ∈ T (S).

Proof. Let h ′ be any hyperbolic metric on S, let λ be the measured lamination such that h ′ = E λ l (h), and let α be any simple closed curve on S. By a simple formula, we have:

ℓ α (h ′ ) ≤ ℓ α (h) + ι(λ, α) .
In fact, it is easy to check that this formula is true when λ is a simple closed curve, since the h ′ -geodesic representative of α is shorter than the piecewise-geodesic curve obtained by glueing the image of the h-geodesic representative of α and subintervals of the simple closed curve λ according to the earthquake measure. The general case follows by a continuity argument. Hence we have:

ℓ α (h ′ ) ℓ α (h) ≤ 1 + ι(λ, α) ℓ α (h) .
We claim that there exists a constant C = C(Ω) > 0 such that, for every pair of measured laminations µ, λ ∈ ML(S), ι(µ, λ) ℓ µ (h)ℓ λ (h) ≤ D(Ω) .

The proof will then follows directly from the claim, since we will then have

ℓ α (h ′ ) ℓ α (h) ≤ 1 + D(Ω)ℓ λ (h) ≤ 1 + 4D(Ω)Vol(C(M h,h ′ ))
by Theorem C, for every simple closed curve α. Therefore (recall Equation ( 18))),

C(Ω) exp(d Th (h, h ′ )) -C(Ω) = C(Ω) sup α ℓ α (h ′ ) ℓ α (h) -C(Ω) ≤ Vol(C(M h,h ′ )) ,
where C(Ω) = 1/4D(Ω).

To prove the claim, suppose by contradiction there exists no such constant D(Ω), and therefore there exist a sequence h n ∈ Ω, and sequences µ n , λ n ∈ ML(S) such that

ι(µ n , λ n ) ℓ µn (h n )ℓ λn (h n ) → +∞ .
Now, up to extracting subsequences, we can assume h n → h ∞ ∈ Ω ⊂ T (S). Moreover, by the compactness of the space of projective measured laminations on S, we can assume that there exist a n , b n > 0 such that a n µ n → µ ∞ and b n λ n → λ ∞ , for µ ∞ , λ ∞ = 0. This leads to a contradiction, as

ι(a n µ n , b n λ n ) ℓ anµn (h n )ℓ bnλn (h n ) = ι(µ n , λ n ) ℓ µn (h n )ℓ λn (h n ) → ι(µ ∞ , λ ∞ ) ℓ µ∞ (h ∞ )ℓ λ∞ (h ∞ ) < +∞
since the quantities ℓ and ι vary with continuity.

Recall that the action of the mapping class group of S on

T ǫ (S) := {h ∈ T (S) | injrad(h) ≥ ǫ}
is co-compact, by [START_REF] Mumford | A remark on Mahler's compactness theorem[END_REF]. As the volume Vol(C(M h,h ′ ) is invariant under the diagonal action of the mapping class group on T (S) × T (S), we deduce the following stronger version of Proposition 6.3.

Corollary 6.4. Given any ǫ > 0, there exists a constant C = C(ǫ) such that

C(ǫ) exp(d Th (h, h ′ )) -C(ǫ) ≤ Vol(C(M h,h ′ ))
for every h ∈ T ǫ (S) and every h ′ ∈ T (S), where T ǫ (S) is the ǫ-thick part of Teichmüller space of S.

We will now discuss the optimality of the multiplicative constant in the upper bound of Theorem E. More precisely, we will exhibit a sequence of examples, in a surface S g for any genus g, so that the volume grows actually like |χ(S g )| exp(min{d Th (h, h ′ ), d Th (h ′ , h)}). Proposition 6.5. There exist universal constants C, g 0 > 0 and there exist sequences of hyperbolic metrics h g , h ′ g in T (S g ), where S g is the closed orientable surface of genus g, such that:

Vol(C(M hg ,h ′ g )) ≥ C|χ(S g )| exp(d Th (h g , h ′ g )) for every g ≥ g 0 .
Proof. Fix a pants decomposition P g of S g , which is composed of 3g -3 disjoint simple closed curves α 1 , . . . , α 3g-3 . Consider a hyperbolic metric h g for which all the the simple closed curves α 1 , . . . , α 3g-3 have the same length, say u (independently of g).

Let us consider the hyperbolic metric h ′ = E λ l (h), where λ is the multicurve α 1 , . . . , α 3g-3 , where all the curves are endowed with the same weight w > 0. Now, given any other simple closed curve α, we have (as in the proof of Proposition 6.3):

ℓ α (h ′ ) ℓ α (h) ≤ 1 + ι(λ, α) ℓ α (h) = 1 + w ι(P, α) ℓ α (h) .
Now, observe that every time the curve α crosses a curve α i of P , α needs to exit the pair of pants adjacent to α i through some boundary component of the same pair of pants. Hence the length of α is at least the intersection number ι(P, α) times the distance between two boundary components. Since we chose h g so that all pairs of pants in the decomposition have the same length u for all boundary components, the distance between two boundary components can be computed, as in Proposition 6.2, as:

r(u) = 2arcsinh cosh( u 4 ) sinh( u 2 ) = 2arcsinh 1 2 sinh( u 4 )
.

Thus we obtain ℓ α (h) ≥ ι(P, α) • r(u) . On the other hand, observe that ℓ λ (h) = w(3g -3)u. Hence we get:

ℓ α (h ′ ) ℓ α (h) ≤ 1 + w ι(P, α) ι(P, α)r(u) = 1 + w r(u) = 1 + ℓ λ (h) (3g -3)ur(u)
.

Since this inequality holds for every simple closed curve α, recalling Equation (18), we obtain:

exp(d Th (h g , h ′ g )) ≤ 1 + 2 (3ur(u)) 1 |χ(S g )| ℓ λ (h) ≤ 1 + 8 (3ur(u)) 1 |χ(S g )| Vol(C(M hg,h ′ g )) ,
where in the last step we have used Theorem C. In particular this shows that

Vol(C(M hg,h ′ g )) exp(d Th (h g , h ′ g )) -1 ≥ C 0 |χ(S g )| ,
for some constant C 0 > 0. Since ℓ λ (h) (and thus also the volume) is going to infinity, it follows that Vol(C(M hg,h ′ g )) ≥ C|χ(S g )| exp(d Th (h g , h ′ g )) for every constant C < C 0 , if g ≥ g 0 . This concludes the claim. Remark 6.6. In the proof of Proposition 6.5, the constant C 0 can actually be chosen as:

C 0 = 3 8 max u∈(0,∞)
ur(u) .

A numerical computation shows C 0 ∼ 1.30 . . ., and thus C can be chosen arbitrarily close to this value.

Remark 6.7. The proof of Proposition 6.5 actually produces sequences

h g , h ′ g such that Vol(C(M hg,h ′ g )) ≥ C|χ(S g )| exp max{d Th (h g , h ′ g ), d Th (h ′ g , h g )} .
In fact, h g was chosen so that all pairs of pants in the pants decomposition P have a certain shape, and h ′ g is obtained by earthquake along P . Hence for the metric h ′ g , the pairs of pants also have this shape as well (in other words, h g and h ′ g only differ by twist coordinates in the Fenchel-Nielsen coordinates provided by P ). Hence, switching left earthquakes with right earthquakes, the proof holds analogously for the other Thurston's distance.

Weil-Petersson distance

In this section we study the relation between the volume of a maximal globally hyperbolic AdS 3 manifold and the Weil-Petersson distance between its left and right metric.

7.1. Weil-Petersson metric on Teichmüller space. The Weil-Petersson metric is a Riemannian metric on Teichmüller space, which connects the hyperbolic and the complex geometry of surfaces.

Given a Riemann surface (S, X), let us denote by K the canonical line bundle of S, that is the holomorphic cotangent bundle. It is known that the vector space QD(X) = H 0 (S, K 2 ) of holomorphic quadratic differentials on (S, X) has complex dimension 3g -3 and can be identified with the cotangent space T *

[X] T (S). We recall briefly this identification for the convenience of the reader.

A Beltrami differential µ is a smooth section of the vector bundle K ⊗ K -1 . In local coordinates, we can write µ = µ(z) dz dz . Beltrami differentials can be interpreted as (0, 1)forms with value in the tangent bundle of S and correspond to infinitesimal deformations of the complex structure X. If we denote with BD(X) the vector space of Beltrami differentials and with BD tr (X) the subspace corresponding to trivial deformations of the complex structure X, we have an identification:

T [X] T (S) ∼ = BD(X)/BD tr (X) .
The duality pairing between a Beltrami differential µ and a holomorphic quadratic differential Φ

µ, Φ = S µ(z)φ(z)dz ∧ dz ,
where in local coordinates Φ = φ(z)dz 2 , induces the aforementioned isomorphism QD(X) ∼ = T *

[X] T (S). Let h be the unique hyperbolic metric on S compatible with the complex structure X. If we write in local coordinates h = σ 2 0 (z)|dz| 2 , the Weil-Petersson metric on T (S) arises from the real part of the Hermitian product on QD(X), namely:

Φ, Ψ WP = S φ(z)ψ(z) σ 2 0 (z) dz ∧ dz
via the above duality pairing.

The Weil-Petersson metric is geodesically convex ( [START_REF] Wolpert | Geodesic length functions and the Nielsen problem[END_REF]), it has negative sectional curvature ([Wol86], [START_REF] Tromba | On a natural algebraic affine connection on the space of almost complex structures and the curvature of Teichmüller space with respect to its Weil-Petersson metric[END_REF]) and the mapping class group acts by isometries ([MW02]). However, the Weil-Petersson metric is not complete ( [START_REF] Wolpert | Noncompleteness of the Weil-Petersson metric for Teichmüller space[END_REF]) and its completion gives rise to the augmented Teichmüller space T (S), obtained by adding noded Riemann surfaces ( [START_REF] Masur | Extension of the Weil-Petersson metric to the boundary of Teichmüller space[END_REF]). The Weil-Petersson distance from a point X ∈ T (S) to a noded Riemann surface Z with nodes along a collection of curves α 1 , . . . , α k is estimated by (see [START_REF] Wolpert | Behavior of geodesic-length functions on Teichmüller space[END_REF]Section 4] and [CP12, Theorem 2.1])

d WP (X, Z) ≤ √ 2πℓ , (20) 
where ℓ = ℓ α1 (h) + . . . + ℓ α k (h) is the sum of the lengths of the curves α j computed with respect to the unique hyperbolic metric h compatible with the complex structure on X.

7.2.

A negative result. The failure of completeness of the Weil-Petersson metric at limits of pinching sequences in Teichmüller space implies that it is not possible to find an upperbound for the volume of a maximal globally hyperbolic AdS 3 manifold M hr,h l in terms of the Weil-Petersson distance d WP (h l , h r ), as the following proposition shows.

Proposition 7.1. It is not possible to find a continuous, increasing and unbounded function

f : R + → R + such that Vol(M h l ,hr ) ≤ f (d WP (h l , h r )) .
Proof. It is sufficient to exibit a sequence of maximal globally hyperbolic AdS 3 manifolds

M n = M hn,h ′ n such that lim n→+∞ Vol(M n ) = +∞ but d WP (h n , h ′ n ) ≤ C ∀n ∈ N
for some constant C > 0.

An example can be constructed as follows. Fix a hyperbolic metric h ∈ T (S) and a pants decomposition P = {α 1 , . . . , α 3g-3 } of S. Consider a sequence of hyperbolic metrics h ′ n obtained by letting the lengths of the curves α j go to 0 for every j = 1, . . . , 3g -3. By construction, the sequence h ′ n leaves every compact subset in T (S) and it is converging to the noded Riemann surface Z in the augmented Teichmüller space T (S) where all the curves of the pants decomposition P are pinched. Therefore, by Equation (20),

d WP (h, h ′ n ) ≤ d WP (h, Z) + d WP (h ′ n , Z) ≤ C
, where C = 2 2πℓ P (h). On the other hand, the volume of the AdS 3 manifolds M n is diverging because

Vol(M n ) ≥ Vol(Ω n ) = π 2 2 |χ(S)| + 1 4 S tr(b n )dA h = π 2 2 |χ(S)| + 1 4 F (h, h ′ n ) and the functional F (h, •) : T (S) → R + is proper ([BMS13, Proposition 1.2]).
Notice that we can actually make the constant C arbitrarily small by choosing the metric h appropriately.

7.3.

A lower bound on the volume. We can bound the volume of a maximal globally hyperbolic AdS 3 manifold in terms of the Weil-Petersson distance between its left and right metric from below.

Theorem F. Let M h,h ′ be a maximal globally hyperbolic AdS 3 manifold. Then there exist some positive constants a, b, c > 0 such that

exp a |χ(S)| d WP (h, h ′ ) -b|χ(S)| -c ≤ Vol(C(M h,h ′ )) .
The proof relies on a precise estimate of the norm of the Weil-Petersson gradient of the length function, whose proof is postposed to the next section.

Theorem H. There exists a universal constant a > 0 such that for every λ ∈ ML(S) and for every h ∈ T (S), we have

grad ℓ λ (h) WP ≥ a |χ(S)| ℓ λ (h) . (21) 
We will also need the following result by Bers ([Ber74], see also [Bus10, Theorem 5.13,5.14]):

Theorem 7.2. Let S be a closed surface of genus g ≥ 2. For every hyperbolic metric h ∈ T (S) there is a pants decomposition P such that ℓ α (h) < L g for every α ∈ P , where

L g = 6 √ 3π(g -1) = 3 √ 3π|χ(S)|.
We will refer to the constant L g as Bers' constant. Given h ∈ T (S) we can find a pants decomposition P = {α 1 , . . . , α 3g-3 }, such that ℓ αj (h) < L g for every j = 1, . . . 3g -3. If we perturb the metric h using an earthquake, we can estimate how the lengths of the curves α j change only in terms of the Bers' constant and of the length of the lamination.

Lemma 7.3. Let h, h ′ ∈ T (S). Let λ be the measured geodesic lamination such that h ′ = E λ l (h). Fix a pants decomposition P = {α 1 , . . . , α 3g-3 } such that ℓ αj (h) < L for every j = 1, . . . 3g -3. Then there exists a constant d(L) > 0 depending only on L such that

ℓ αj (h ′ ) ≤ L + ℓ λ (h) d(L) ,
for every j = 1, . . . , 3g -3.

Proof. It is well known ( [START_REF] Steven | The Nielsen realization problem[END_REF]) that the first variation of the length of a simple closed curve γ along an earthquake path is given by the integral over γ of the cosines of the angles formed by γ with the lamination λ. As a consequence,

d dt t=t0 ℓ γ (E tλ l (h)) ≤ ι(γ, λ) ,
for every t 0 . Hence

|ℓ γ (h ′ ) -ℓ γ (h)| ≤ ι(λ, γ) .
Therefore for every j = 1, . . . 3g -3 we can give an upper-bound for the lengths of the curves α j :

ℓ αj (h ′ ) ≤ ℓ αj (h) + ι(α j , λ) ≤ L + ι(α j , λ) . (22) 
We only need to estimate the intersection between the curves α j and the lamination λ in terms of the length of the lamination. We claim that

ℓ λ (h) ≥ d • ι(λ, α j )
for some constant d = d(L). To prove the claim, suppose first that λ = (c, w) consists of a weighted simple closed geodesic. By the Collar Lemma, since ℓ h (α j ) ≤ L, there exist disjoint tubular neighborhoods T αj ,d(L) of the geodesics α j of width

d(L) = arcsinh 1 sinh L 2 . ( 23 
)
The intersection of c with T αj ,d(L) is the disjoint union of #(c ∩ α j ) geodesic arcs of length at least d(L). We deduce that for every j = 1, . . . , 3g -3 we have

ℓ λ (h) = wℓ c (h) ≥ wd(L) 3g-3 j=1 #(c ∩ α j ) = d(L)ι(λ, α j ) . (24) 
The general case of the claim follows by a standard approximation argument using the wellknown fact that weighted simple closed curves are dense in the space of measured geodesic laminations. The proof then follows by combining Equation ( 22) and Equation (24).

Given a pants decomposition P = {α 1 , . . . , α 3g-3 } and a real number L > 0, we define

V L (P ) = {h ∈ T (S) | ℓ αj (h) ≤ L for every j = 1, . . . , 3g -3} Proposition 7.4. [Bro03, Proposition 2.2]
For every pants decomposition, the set V L (P ) has bounded diameter for the Weil-Petersson metric. More precisely, for every pants decomposition P of S,

diam WP (V L (P )) ≤ 2 √ 2πL .
We can estimate the Weil-Petersson distance between points lying in different level sets V m (P ).

Proposition 7.5. Let h 0 ∈ V m (P ), for some m > L. Then

d WP (h 0 , V L (P )) ≤ |χ(S)| a log m(3g -3) L ,
where a is the constant provided by Theorem H.

Proof. Let us denote with ℓ P : T (S) → R + the function

ℓ P (h) = 3g-3 i=1 ℓ αi (h)
which computes the total length of the curves α i in the pants decomposition P . In the above notation, P is considered as a measured lamination, composed of the multicurve α 1 , . Let X be the vector field on T (S) defined by X = -grad(log ℓ P ) grad(log ℓ P ) WP and let γ be an integral curve of X such that γ(0) = h 0 . By the previous estimates, the function φ(t) = (log ℓ P )(γ(t)) satisfies the differential equation

φ ′ (t) = grad(log ℓ P ), γ ′ (t) WP = -grad(log ℓ P ) WP ≤ - a |χ(S)| .
We deduce that

φ(t) ≤ φ(0) - at |χ(S)| ≤ log(m(3g -3)) - at |χ(S)| ,
and that the curve γ(t) intersects the set V L (P ) after a time

t 0 ≤ |χ(S)| a log m(3g -3) L ,
which implies the claim.

We have now all the ingredients to prove Theorem F:

Proof of Theorem F. Let h be a hyperbolic metric on S and h ′ = E λ l (h). Fix a pants decomposition P such that h ∈ V Lg (P ), where L g is as in the statement of Theorem 7.2. By Proposition 7.4 and Proposition 7.5 we have

d WP (h, h ′ ) ≤ d WP (h ′ , V Lg (P )) + diam WP V Lg (P ) ≤ |χ(S)| a log m(3g -3) L g + 2 2πL g ≤ |χ(S)| a log m 2 √ 3π + 2 2πL g ,
for some m ∈ R such that h ′ ∈ V m (P ). By Lemma 7.3, we can choose m such that

m ≤ L g + ℓ λ (h) d(L g ) . Hence 2 √ 3πd(L g ) exp a |χ(S)| (d WP (h, h ′ ) -2 2πL g ) -d(L g )L g ≤ ℓ λ (h) . Now from Equation (23), exp(-δ -2 √ 3π(g -1)) ≤ d(L g ) ≤ exp(-2 √ 3π(g -1))
for some constant δ, and thus (using again the definition of L g )

2 √ 3πd(L g ) exp a |χ(S)| d WP (h, h ′ ) -2 2πL g ) ≥ exp a |χ(S)| d WP (h, h ′ ) -b|χ(S)| , for some constant b > 0. In conclusion, since d(L g )L g → 0 as g → ∞, there is a constant c > 0 such that exp a |χ(S)| d WP (h, h ′ ) -b|χ(S)| -c ≤ ℓ λ (h) .
The main statement of Theorem F then follows by applying Theorem C, up to changing the constants b and c.

Gradient of length function

This section is devoted to the proof of Theorem H, which we recall here:

Theorem H. There exists a universal constant a > 0 such that for every λ ∈ ML(S) and for every h ∈ T (S), the following estimate holds:

grad ℓ λ (h) WP ≥ a |χ(S)| ℓ λ (h) . (25) 
First, it suffices to prove the inequality (25) when λ is a simple closed curve (with weight 1). In fact, the inequality (25) is homogeneous with respect to multiplication of λ by some positive scalar. Hence if (25) holds for a simple closed curve (c, 1), then it holds for every (c, w), where w > 0 is any weight. In this case, the inequality then holds also for every measured geodesic lamination, since weighted simple closed curves are dense in ML(S), and both sides of the inequality vary with continuity.

As an initial remark, let us notice that a lower bound of the form grad ℓ λ (h) WP ≥ Cℓ λ (h) clearly holds if we restrict to the thick part of Teichmüller space. Namely, the function

g : T (S) × (ML(S) \ {0}) → R + (h, λ) → grad ℓ λ (h) 2 WP ℓ 2 λ (h)
is invariant under the action of the Mapping Class Group and under rescaling of the measure of λ, hence if restricted to

T ǫ0 (S) × (ML(S) \ {0}) = {h ∈ T (S) | injrad(h) ≥ ǫ 0 } × (ML(S) \ {0})
it admits a minimum, since T ǫ0 (S) projects to a compact set in the moduli space

M(S) = T (S)/M CG(S)
and the quotient (ML(S) \ {0})/R + is compact. Such argument does not provide the explicit dependence of the constant C in terms of the genus of S, which is instead included in Theorem H. In this section we will provide a proof of Theorem H in full generality.

The remark above, however, motivates the fact that main difficulty will arise when dealing with hyperbolic metrics with small injectivity radius. Let us recall that it is possible to choose a (small) constant ǫ 0 , such that on any hyperbolic surface (S, h) of genus g, there are at most 3g -3 simple closed geodesics of length at most ǫ 0 . We will fix such ǫ 0 later on. Notice that any ǫ 0 ≤ 2arcsinh(1) works. By the Collar Lemma, for every simple closed geodesic α of length ǫ, the tube 

T α,d = {x ∈ (S, h) | d h (x, α) ≤ d} , ( 
= i T αi,d(ǫi) , (28) 
where the union is over all simple closed geodesics α i of length ǫ i ≤ ǫ 0 , and

S thick h = S \ S thin h . (29) 
It then turns out that the injectivity radius at every point x ∈ S thick h is at least ǫ 0 /2.

8.1. Riera's formula. We are going to prove the inequality of Equation (25) for a simple closed curve c on (S, h). If we denote by γ the h-geodesic representative of c, we will prove the inequality first in the case

length h (γ ∩ S thin h ) ≤ length h (γ ∩ S thick h ) ,
and then in the opposite case, provided ǫ 0 is small enough. In both cases, a key tool will be the following theorem. This was proved by Riera in [START_REF] Riera | A formula for the Weil-Petersson product of quadratic differentials[END_REF] in a more general setting; the statement below is specialized to the case of closed surfaces.

Theorem 8.1. Given a closed hyperbolic surface (S, h), let us fix a metric universal cover π : H 2 → (S, h), which thus identifies π 1 (S) to a Fuchsian subgroup of Isom(H 2 ). Given a simple closed curve c in S, let C ∈ π 1 (S) be an element freely homotopic to c. Then

grad ℓ c (h) 2 WP = 2 π ℓ c (h) + 2 π D∈ C \π1(S)/ C D =[id] u(D) log u(D) + 1 u(D) -1 -2 , ( 30 
)
where for D ∈ C \π 1 (S)/ C (not in the double coset of the identity) the function u is defined as u(D) = cosh(d(Axis(C), Axis(DCD -1 )) .

First of all, observe that the function u in Equation ( 31) is well-defined, since if D ′ = ADB for A, B ∈ C , then Axis(D ′ CD ′ -1 ) = Axis(ADCD -1 A -1 ) . Another equivalent way to express the summation in Equation ( 30) is the following. Let γ be the h-geodesic representative of c in S. Let G(H 2 ) be the set of (unoriented) geodesics of H 2 and let

A = {(γ 1 , γ2 ) ∈ G(H 2 ) × G(H 2 ) : π(γ 1 ) = π(γ 2 ) = γ}/π 1 (S) , (33) 
where π 1 (S) acts diagonally on pairs (γ 1 , γ2 ). The set A is in bijection with C \π 1 (S)/ C , by means of the function:

[D] → (Axis(C), Axis(DCD -1 )) , which is well-defined since, if D ′ = ADB for A, B ∈ C , then from Equation (32), (Axis(C), Axis(D ′ CD ′-1 )) = A • (Axis(C), Axis(DCD -1 )) .

The map is easily seen to be surjective since for every pair of geodesics (γ 1 , γ2 ) projecting to γ, up to composing with an element in π 1 (S) one can find a representative with γ1 = Axis(C). Finally, it is injective since, supposing (Axis(C), Axis(DCD -1 )) = A • (Axis(C), Axis(D ′ CD ′-1 )) , this implies that A stabilizes Axis(C) (namely, A ∈ C ) and that

Axis(DCD -1 ) = Axis(AD ′ CD ′-1 A -1 ) , that is, D -1 AD ′ ∈ Stab(Axis(C)) = C and therefore D = AD ′ B -1 for some B ∈ C .
Let us now observe that there is a well defined function

u : A → [1, +∞)
such that u[γ 1 , γ2 ] = cosh d(γ 1 , γ2 ). Moreover the bijection between C \π 1 (S)/ C and A transforms u in u. In conclusion, the summation of Equation ( 30) is equal to:

grad ℓ c (h) 2 WP = 2 π ℓ c (h) + 2 π Γ∈A\∆ u(Γ) log u(Γ) + 1 u(Γ) -1 -2 . ( 34 
)
where ∆ ∈ A denotes the class of (γ 1 , γ1 ). In this case, the proof will use the following preliminary lemma: Lemma 8.2. There exist ǫ 0 > 0 small enough and n 0 > 0 large enough such that, for every choice of:

• A hyperbolic metric h on a closed orientable surface S;

• A number δ > 0;

• An embedded h-geodesic arc α of length at most ǫ 0 , such that the δ-neighborhood of α is embedded; • A simple closed curve c, whose h-geodesic representative γ intersects α at least n 0 times; one has:

|| grad ℓ c (h)|| 2 WP ≥ Cδ(#(α ∩ γ)) 2 , for some constant C = C(n 0 ) (independent on the genus of S).

Proof. Recall that γ denotes the h-geodesic representative of c, let π : H 2 → (S, h) be a fixed metric universal cover, and let us fix a lift α of the geodesic arc α, so that π| α is a homemorphism onto α. We suppose that #(α ∩ γ) > n 0 > 0, and we will determine n 0 later on.

Let us denote

A α = {[γ 1 , γ2 ] ∈ A : γ1 ∩ α = ∅, γ2 ∩ α = ∅} . (35) 
Denote moreover E = γ ∩ α and define a function

ϕ : E × E → A α such that ϕ(p, q) = [γ p , γq ],
where γp is the unique geodesic of H 2 such that π(γ p ) = c and π(γ p ∩ α) = p. Clearly ϕ is surjective and maps the diagonal in E × E to A α ∩ ∆. We claim that, for [γ, γ′ ] ∈ A:

sinh d[γ, γ′ ] ≤ 2(sinh ǫ 0 )exp - δ 2 • (#(ϕ -1 [γ, γ′ ]) -1) . (36) 
To prove the claim, suppose the cardinality of ϕ -1 [γ, γ′ ] is n + 1. Therefore there are n + 1 pairs (p i , q i ) such that [γ pi , γqi ] are all equivalent to (γ, γ′ ) in A. This means that there exists g i ∈ π 1 (S) such that g i (γ pi , γqi ) = (γ, γ′ ). It follows that, for every i = j, the arcs g i (α) and g j (α) are distinct. Indeed, if g i (α) = g j (α), then g i • g -1 j would send α to itself and move at least one point of α, is impossible since α is embedded. Now, the arcs g i (α) intersect γ in the n + 1 different points g i (p i ), which are at distance at least δ from one another since the δ-neighborhood of α is embedded. Let r and r ′ be the feet of the common perpendicular of γ and γ′ . Then, at least one of the points g i (p i ), is at distance at least nδ/2 from r.

Denote by p 0 = g i0 (p i0 ) be such point, and let q 0 be the projection of p 0 to γ′ . The quadrilateral with vertices in p 0 , r, r ′ , q 0 is a Lambert quadrilateral, that is, it has right angles at r, r ′ , q 0 . See Figure 3 Now we can conclude the proof. By Theorem 8.1, we have:

grad ℓ c 2 WP ≥ 2 π [γ1,γ2]∈Aα\∆ cosh d[γ 1 , γ2 ] log cosh d[γ 1 , γ2 ] + 1 cosh d[γ 1 , γ2 ] -1 -2 ≥ 2 π [γ1,γ2]∈Aα\∆ log cosh d[γ 1 , γ2 ] + 1 sinh d[γ 1 , γ2 ] 2 -2 ≥ 2 π [γ1,γ2]∈Aα\∆ (2 log 2 -2 log sinh d[γ 1 , γ2 ] -2) ≥ 4 π [γ1,γ2]∈Aα\∆ -log sinh ǫ 0 + δ 2 (#(ϕ -1 [γ, γ′ ]) -1) + log 2 -1
where in the last line we have used Equation (36). Therefore, if we suppose that 0 is small enough so that C 1 (ǫ 0 ) :=log(sinh(ǫ 0 )) -1 + log 2>0, we get

grad ℓ c 2 WP ≥ 2δ π [γ1,γ2]∈Aα\∆ #(ϕ -1 [γ, γ′ ]) + C 1 (ǫ 0 )(#(α ∩ γ) -1) ≥ 2δ π • #(E × E \ ϕ -1 (∆)) + C 1 (ǫ 0 )(#(α ∩ γ) -1) = 2δ π (#(α ∩ γ))(#(α ∩ γ) -1) + C 1 (ǫ 0 )(#(α ∩ γ) -1) = 2δ π (#(α ∩ γ)) 2 + C 1 (ǫ 0 ) - 2δ π #(α ∩ γ) -C 1 (ǫ 0 ) ≥ 2δ π (#(α ∩ γ) -1) 2 , provided #(α ∩ γ) > 1. The last quantity is certainly larger than C • δ • (#(α ∩ γ)) 2 , if #(α ∩ γ) > n 0
, for some suitable choices of n 0 and C = C(n 0 ).

We will now replace the constant ǫ 0 which gives the thin-thick decomposition (see Equations (28) and (29)) by a smaller constant (if necessary), so that ǫ 0 is smaller than the constant given by Lemma 8.2. Proposition 8.3. Let ǫ 0 < arcsinh(exp(log(2) -1)) a constant inducing a thin-thick decomposition of S. There exists a constant a = a(ǫ 0 ) (independent of the genus of S) such that for every hyperbolic metric h on S and every simple closed curve c, if the h-geodesic representative γ of c satisfies:

length h (γ ∩ S thin h ) ≤ length h (γ ∩ S thick h ) , then grad ℓ c (h) WP ≥ a |χ(S)| ℓ c (h) .
Proof. By an adaptation of the argument of [BS12, Lemma A.1], there exists a constant β 0 (independent on h) such that the subset

γ := x ∈ γ | #(α r x (ǫ 0 /4) ∩ γ) ≤ β 0 |χ(S)| ℓ c (h) ⊆ γ has h-lenght at most ℓ c (h)/2
, where α r x (ǫ 0 /4) is the h-geodesic arc orthogonal to γ starting at x, on the right with respect to a chosen orientation of γ, of length ǫ 0 /4. The constant β 0 only depends on the initial choice of ǫ 0 . Now, in our hypothesis, since length h (γ ∩ S thin h ) + length h (γ ∩ S thick h ) = ℓ c (h), the length of γ ∩ S thick h is at least ℓ c (h)/2. Therefore there exists some point x ∈ (γ \ γ) ∩ S thick h . Since x is in the ǫ 0 -thick part of (S, h), the arc α r x (ǫ 0 /4) is embedded. Moreover, the (ǫ 0 /4)neighborhood of α r x (ǫ 0 /4) is embedded, for otherwise there would be a closed loop starting from x of length less than ǫ 0 , which contradicts x being in the ǫ 0 -thick part.

Recall that, since by construction x ∈ (γ \ γ) ∩ S thick h , #(α r x (ǫ 0 /4) ∩ γ) ≥ (β 0 ℓ c (h))/|χ(S)|. Hence, from Lemma 8.2, there exist constants n 0 > 0 and K = K(ǫ 0 , n 0 ) > 0 such that

|| grad ℓ c (h)|| WP ≥ K#(α r x (ǫ 0 /4) ∩ γ) ≥ Kβ 0 |χ(S)| ℓ c (h) , (37) 
whenever #(α r x (ǫ 0 /4) ∩ γ) ≥ n 0 , which occurs under the hypothesis that

ℓ c (h) ≥ n 0 β 0 |χ(S)| . (38) 
On the other hand, we have the inequality grad ℓ c (h

) WP ≥ (2/π)ℓ c (h) from Equation (30). Observe that if ℓ c (h) ≤ n 0 β 0 |χ(S)| , (39) then 
(2/π)ℓ c (h) ≥ 2β 0 πn 0 1 |χ(S)| 1/2 ℓ c (h) .
Hence, putting together the cases (38) and (39), there exists a constant a > 0 such that

grad ℓ c (h) WP ≥ a |χ(S)| ℓ c (h)
thus concluding the proof.

8.3. Estimates in the thin part of the hyperbolic surface. We are left to consider the case when length

h (γ ∩ S thin h ) ≥ length h (γ ∩ S thick h ) ,
where γ is the h-geodesic representative of c. For this purpose, suppose γ enters into a tube T α,d(ǫ) , where α is a simple closed geodesic of length ℓ h (α) = ǫ ≤ ǫ 0 . Let us fix a metric universal cover π : H 2 → (S, h) and a lift α of α, that is, an entire geodesic in H 2 . Let A ∈ π 1 (S) be a primitive element which corresponds to a hyperbolic isometry with axis α. We will denote (in analogy with the notation of (35), but with the difference that here α covers α):

A α = {[γ 1 , γ2 ] : γ1 ∩ α = ∅, γ2 ∩ α = ∅} ,
which is a subset of the set of equivalence classes defined in Equation (33).

Lemma 8.4. Let [γ 1 , γ2 ], [γ ′ 1 , γ′ 2 ] ∈ A α. If [γ 1 , γ2 ] = [γ ′ 1 , γ′ 2 ] and d(γ 1 ∩ α, γ2 ∩ α) ≥ length h (α), then there exists k ∈ Z such that γ′ 1 = A k (γ 1
) and γ′ 2 = A k (γ 2 ). Proof. Suppose that the equivalence classes of (γ 1 , γ2 ) and (γ ′ 1 , γ′ 2 ) coincide, and there does not exist any k ∈ Z such that γ′ 1 = A k (γ 1 ) and γ′ 2 = A k (γ 2 ). We will then prove that

d(γ 1 ∩ α, γ2 ∩ α) < length h (α).
We first consider the case in which d(γ 1 ∩ α, γ2 ∩ α) = length h (α), which occurs if γ2 = A(γ 1 ) (or γ2 = A -1 (γ 1 ), which will be completely analogous). This means that there exists D ∈ π 1 (S) such that D(γ ′ i ) = γi for i = 1, 2, but D is not in the stabilizer of α. Hence D(α) is a geodesic of H 2 , different from α, which intersects both γ1 and γ2 .

We can also assume that D is such that 0

< d(γ 1 ∩ α, γ1 ∩ D(α)) < d(γ 2 ∩ α, γ2 ∩ D(α))
. By this assumption, and the action by isometry of A , it follows that A • D(α) intersects γ2 in a point which is closer to α than D(α) ∩ γ2 . On the other hand, A • D(α) either intersects γ1 in a point which is further from α than D(α) ∩ γ1 (by the choice of D), or is disjoint from γ1 . In both cases, it follows that A • D(α) must intersect D(α), which gives a contradiction since α is a simple closed geodesic. See Figure 4.

In the case d(γ 1 ∩ α, γ2 ∩ α) > length h (α), we get a contradiction a fortiori, since every translate D(α) which intersects γ1 and γ2 , must also intersect A(γ 1 ) (or A -1 (γ 1 )). This gives a contradiction as in the previous paragraph. Let us fix a connected fundamental domain α0 for the action of A on α, and let us denote γ1 , . . . , γn the lifts of γ which intersect α0 , ordered according to an orientation of α0 , where n = ι(α, c). It follows from Lemma 8.4 and Equation (34) that

grad ℓ c (h) 2 WP ≥ 2 π ℓ c (h) + 2 π 1≤i≤j≤n +∞ k=1 u(γ i , A k (γ j )) log u(γ i , A k (γ j )) + 1 u(γ i , A k (γ j )) -1 -2 .
(40) The next step thus consists of providing a uniform estimate on the multiple summation in the above inequality (40).

Lemma 8.5. Let α be a simple closed geodesic on (S, h) of length ǫ ≤ ǫ 0 and let γi and γj be lifts of γ which intersect the fundamental domain α0 in α. Then there exists a universal constant K > 0 such that +∞ k=1 u(γ i , A k (γ j )) log u(γ i , A k (γ j )) + 1 u(γ i , A k (γ j )) -1

-2 ≥ K max 1 ǫ , 1 ǫ | log(sin θ)| 2 , ( 41 
)
where θ is the angle formed by γi and α, and u(γ i , A k (γ j )) = cosh d(γ i , A k (γ j )) .

Proof. By a simple application of hyperbolic trigonometry, we have (see Figure 5): where φ θ (y) := arcsinh(sin θ sinh(y)) .

To show that the sum in Equation ( 41) is larger than K 1 /ǫ, we observe that φ θ (y) ≤ y and write: In light of the inequality we have just proved, to conclude the proof it suffices to show that there exists θ 0 > 0 such that the sum in Equation ( 41) is larger than (K 2 /ǫ)| log(sin θ)|, for all θ ≤ θ 0 for some constant K 2 > 0.

For this purpose, let us start again from In conclusion, we have

+∞ k=2 F (φ θ (kǫ)) ≥ C ǫ (1 -δ) - 1 2(1 -δ) 2 | log(sin θ)| 2 -C ′ ≥ K 2 ǫ | log(sin θ)| 2 ,
for some constant K 2 , provided θ ≤ θ 0 and ǫ ≤ ǫ 0 . This concludes the proof.

We are now ready to conclude the proof of the estimate of the Weil-Petersson gradient of the length function, in the case in which most of the length of the geodesic γ lies in the thin part of (S, h): Proposition 8.6. There exists a constant a, depending only on the choice of a sufficiently small ǫ 0 inducing a thin-thick decomposition of S, such that for every hyperbolic metric h on S and every simple closed curve c, if the h-geodesic representative γ satisfies: Proof. Choosing ǫ 0 small enough, we have assured that there are at most 3g -3 simple closed geodesics α 1 , . . . , α 3g-3 on (S, h) of length at most ǫ 0 . Hence, the thin part of (S, h) is composed by at most 3g -3 tubes T αi,d(ǫi) , where ǫ i is the length of α i and the tubes were defined in Equation (26). Let α = α i0 be one of such simple closed geodesics, of length ǫ, such that

length h (γ ∩ T α,d(ǫ) ) ≥ 1 3g -3 length h (γ ∩ S thin h ) ≥ 1 6g -6 ℓ c (h) .
We will denote T = T α,d(ǫ) for convenience. Observe that, for every connected component η of γ ∩ T , such that the angle formed by η and α is θ, we have

sinh length h (η) 2 = sinh d(ǫ) sin θ = 1 sin θ sinh( ǫ 2 ) , (42) 
by using the definition of d(ǫ) from (27).

Let us choose the connected component η whose length is minimal -which corresponds to choosing the connected component whose angle θ of intersection with α is maximal. Then it is easy to see that all the other connected components have length less than length h (η) + ǫ, since they lift to geodesic segments in H 2 connecting two points in the two boundary components of T . See Figure 6. Remark 8.7. It appears possible, from the strategy used to prove Theorem H, to find the explicit value of the constant a in the statement. This actually depends on some choices, for instance the constant ǫ 0 . We do not discuss such explicit value in this paper.

We conclude by observing that, using Theorem H, one can give another proof of Theorem E. For this purpose, first observe that, by the density of simple closed curves in the space of measured geodesic laminations, Thurston's asymmetric distance d Th (h, h ′ ) = inf f log L(f ) can also be computed by the following characterization of L(f ) (compare with Equation (18)):

L(f ) = sup µ∈ML(S) ℓ µ (h ′ ) ℓ µ (h) . (45) 
Now, fix two metrics h and h ′ , and let λ be the measured geodesic lamination such that h ′ = E λ l (h). For any measured geodesic lamination µ, by convexity of the length function along earthquake paths, we have:

ℓ µ (h ′ ) ≥ ℓ µ (h) + d dt t=0 ℓ µ (E tλ l (h)) = ℓ µ (h) + grad ℓ µ , Ėλ l (h) WP , (46) 
where Ėλ l defines a vector field on T (S). Since it is known by a result of Wolpert ([Wol83]) that the symplectic gradient of the length function ℓ λ is infinitesimal earthquake along λ, that is:

d dt t=0 ℓ λ (r(t)) = ω WP ( Ėλ l (h), ṙ(t)) = J Ėλ l (h), ṙ(t) WP ,
where J is the almost-complex structure of T (S), from Equation (46) we get: ℓ µ (h ′ ) ≥ ℓ µ (h) + J grad ℓ µ (h), grad ℓ λ (h) WP .

In particular, if we choose µ = µ 0 , as the measured geodesic lamination such that J grad ℓ µ0 (h) = grad ℓ λ (h), one obtains: 

L(f ) ≥ ℓ µ0 (

  is such that e(ρ l ) = e(ρ r ) = |χ(S)|, and therefore ([ρ l ], [ρ r ]) defines a point in T (S) × T (S). (Here ρ : π 1 (S) → Isom 0 (AdS 3 ) is identified to a pair of representations into PSL(2, R) by means of Equation (2).) The representations ρ l and ρ r are called left holonomy and right holonomy.

  4) b satisfies the Codazzi equation d ∇ b = 0 for the Levi-Civita connection ∇ of h.

Figure 1 .

 1 Figure 1. Curves described in the proof of Proposition 6.2

Figure 2 .

 2 Figure 2. The lengths of the edges A,B and M satisfy sinh(A) sinh(B/2) = cosh(M/2).

  Thus d(Axis(C), Axis(DCD -1 ) = d(Axis(C), Axis(D ′ CD ′ -1 ) , since A stabilizes the axis of C.

Figure 3 .

 3 Figure 3. The Lambert quadrilateral in the proof of Lemma 8.2.

Figure 4 .

 4 Figure 4. The contradiction in the proof of Lemma 8.4.

FFFigure 5 .

 5 Figure 5. The inequality sinh d(γ i , A k (γ j )) ≤ (sin θ) sinh((k + 1)ǫ).

+∞ k=2 FFFFF

 k=2 (φ θ (kǫ)) ≥ +∞ 2 (φ θ (xǫ))dx = 1 ǫ +∞ 2ǫ (φ θ (y))dy ≥ 1 ǫ +∞ 2ǫ0 (y)dy .This concludes the claim, by declaringK 1 = +∞ 2ǫ0(y)dy > 0 .

+∞ k=2 FFF

 k=2 (φ θ (kǫ)) ≥ +∞ 2 (φ θ (xǫ))dx ≥ 1 ǫ +∞ 2ǫ0 (φ θ (y))dy ,and observe that, by a direct analysis, there exists a constant C > 0 such thatF (x) ≥ C| log(sinh x)|for x ∈ (0, arcsinh(1)). Since φ θ (y) ∈ (0, arcsinh(1)) for y ∈ (0, arcsinh(1/ sin θ)), we can continue the inequality by: ′ , where we have used that log(x) ≤ arcsinh(x), that log(sinh y) ≤ y, and we putC ′ := 1 2ǫ0 | log(sinh y)|dyNow, if we fix some small δ > 0, we have| log(sin θ)| 2ǫ0 | log(sin θ)|dy = (| log(sin θ)| -2ǫ 0 )| log(sin θ)| ≥ (1δ)| log(sin θ)| 2if θ is smaller than some θ 0 = θ 0 (ǫ 0 ). On the other hand, since lim x→+∞ log(x) arcsinh(x) = 1 , one has | log(sin θ)| ≥ (1δ)arcsinh(1/ sin θ), for θ ≤ θ 0 (up to replacing again θ 0 ) and therefore δ) 2 | log(sin θ)| 2 .

  length h (γ ∩ S thick h ) ≤ length h (γ ∩ S thin h ) , then grad ℓ c (h) WP ≥ a |χ(S)| ℓ c (h) .

Figure 6 .

 6 Figure6. In the universal cover, the tube T is lifted to the set of points at bounded distance from α. Using the fact that all components of γ ∩ T are disjoint, one sees that the length of every component of γ ∩ T is at most length h (η) + ǫ, where η is the shortest component.

  . . , α 3g-3 , each with unit weight. By Theorem H we have

	thus	grad ℓ P WP ≥ grad(log ℓ P ) WP ≥ |χ(S)| a a ℓ P , |χ(S)|	.

  Estimates in the thick part of the hyperbolic surface. Let us begin with the case in which length h (γ ∩ S thin

	).
	8.2.

h ) ≤ length h (γ ∩ S thick h

  h ′ ) ℓ µ0 (h) ≥1 + ||J grad ℓ µ0 (h)|| WP || grad ℓ λ (h)|| WP ℓ µ0 (h) =1 + || grad ℓ µ0 (h)|| WP || grad ℓ λ (h)|| WP ℓ µ0 (h) ≥ 1 + a 2 |χ(S)| 2 ℓ λ (h)by Theorem H, where we have also applied Equation (45). Using Theorem C, this concludes the alternative proof of the following: Theorem 8.8. Let M h,h ′ be a maximal globally hyperbolic AdS 3 manifold. Then Th (h,h ′ ) -1 .

	Vol(C(M h,h ′ )) ≤	π 2 2	|χ(S)| +	|χ(S)| 2 4a 2	e d

The authors were partially supported by FIRB 2010 project "Low dimensional geometry and topology" (RBFR10GHHH003). The first author was partially supported by PRIN 2012 project "Moduli strutture algebriche e loro applicazioni". The first two authors are members of the national research group GNSAGA.