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Stokes problems in irregular domains
with various boundary conditions

Sylvie Monniaux*f Zongwei Shen?

Abstract

Different boundary conditions for the Navier-Stokes equations in bounded Lipschitz
domains in R?, such as Dirichlet, Neumann, Hodge or Robin boundary conditions are
presented here. The situation is a little different from the case of smooth domains.
The analysis of the problem involves a good comprehension of the behaviour near the
boundary. The linear Stokes operator associated to the various boundary conditions is
first studied. Then a classical fixed point theorem is used to show how the properties
of the operator lead to local solutions or global solutions for small initial data.

Introduction

The aim of this chapter is to describe how to find solutions of the Navier-Stokes equations
ou—Au+Vr+(u-Viu = 0 in (0,7) x Q,
divu = 0 in (0,7) x Q, (NS)
u(0) = wy in Q

in a bounded Lipschitz domain 2 C R?, and a time interval (0, T) (T < 00), for initial data
ug in a critical space, with one of the following boundary conditions on 0€2:

1. Dirichlet boundary conditions:
u=0, (Dbc)

also called “no-slip” boundary conditions, which can be also decomposed as a non
penetration condition v - u = 0 and a tangential part ¥ x v = 0 which model the fact
that the fluid does not slip at the boundary; this is commonly used for a boundary
between a fluid and a rigid surface;

2. Neumann boundary conditions:
AVu) + (Vo) v —av =0, Xe(-1,1], (Nbe)

which can be rewritten as Ty (u,7)v = 0 where T)\(u,n) := AN(Vu) + (Vu)' — w1d;
if A =0, (Nbc) becomes d,u = 7v; if A = 1, Ti(u,w) is the Cauchy’s stress tensor
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so that (Nbc) can be viewed, for instance, as an absence of stress on the interface
separating two media in the case of a free boundary; (Nbc) can be decomposed into
its normal and tangential parts and can be rewritten in the following form

L+Nv-du=m [MNVu)+(Vu)')r], =0; (0.1)

tan
3. Hodge boundary conditions:
v-u=0, vxcurlu=0, (Hbe)

also called “absolute” boundary conditions (see [49, Section 9] or “perfect wall” con-
dition (see [1]); they have been studied in, e.g., [4] and [23]; they are related to the
more traditionally used “Navier’s slip” boundary condition

v-u=0, [(Vu)T + Vu)v], =0, (0.2)

tan

see discussion below (see also a detailed discussion in [34, Section 2]);
4. Robin boundary conditions:
v-u=0, vxcurlu=au, o>0; (Rbc)

since v - u = 0, u is a tangential vector field at the boundary, so it make sense to
compare it to the tangential part of the vorticity: it describes the fact that the fluid
slips with a friction proportional to the vorticity. Remark that (Hbc) is recovered if
a =0 and (Dbe) if a = 0.

In the boundary conditions above, v(z) denotes the unit exterior normal vector at a point
x € 0N (defined almost everywhere when 052 is a Lipschitz boundary).

As explained in [34, Section 2 and Section 6], the Hodge boundary conditions (Hbc) are
close to the Navier’s slip boundary conditions (0.2). Indeed, if £ is assumed to be smooth
enough, say of class €2, under the condition v - u = 0, the following holds:

[(VU)T + Vu)v], = —vxcurlu+2Wu

tan

where W is the Weingarten map (also called the shape operator, see [43, Chapter 5]) on
0 acting on tangential fields (see also [17, Section 3]). In particular, the term Wu is a
zero-order term, depending linearly on the velocity field u, and is equal to 0 on flat portions
of the boundary.

The strategy in this chapter to solve the Navier-Stokes equations with one of the bound-
ary conditions described above is to find a functional setting in which the Fujita-Kato scheme
applies, such as in their fundamental paper [20]. In all situations, the idea is to study the
linear problem to prove enough regularizing properties of the Stokes semigroup so that
the nonlinear problem can be treated via a fixed point method. For the last two types of
boundary conditions (Hbc) and (Rbc), the Navier-Stokes system is rewritten as follows:

ou—Au+Vr—uxcurlu = 0 in (0,7) x Q,

divu = 0 in (0,7) x 9, (NS)
u(0) = wy in Q.



This is motivated by the form of the boundary conditions and the fact that, for a smooth
enough vector field u,

(u-V)u=31V[u* —u x curlu,

so that (NS) becomes (NS') with the pressure 7 replaced by the so-called dynamical pressure
T+ |ul? (see, e.g. [23] or [4]).

In this chapter, Q C R3 is a bounded, simply connected, Lipschitz domain. The chapter
is organized as follows. In Section 1, the Dirichlet-Stokes operator is defined in the L?
setting, and then in the L? theory. Existence of a local solution of the system {(NS), (T)h(')}
for initial values in a critical space in the L?-Stokes scale is then shown. In Section 2, the
previous proofs are adapted in the case of Neumann boundary conditions, i.e., for the system
{(NS), (Nbe)}. In Section 3, the system {(NS’), (Hbc)} is studied for initial conditions in
the critical space {u € L2(Q;R3);divu=0in Q,v-u =0 on OQ} whereas in Section 4, the
system {(NS’), (Rbc)} is considered in a ¢! domain.

1 Dirichlet boundary conditions

For a more complete exposition of the results in this section, as well as an extension to more
general domains, the reader can refer to [39], [33] and [48]. The case where 2 is smooth
was solved by Fujita and Kato in [20]. In [15], the case of bounded Lipschitz domains 2
was studied for initial data not in a critical space.

1.1 The linear Dirichlet-Stokes operator
1.1.1 The L? theory
The following remark about L? vector fields on © will be used throughout this chapter.

Remark 1.1. For © C R? a bounded Lipschitz domain, let u € L?(€2;R3) such that
divu € L?(Q;R). Then v-u can be defined on 95 in the following weak sense in H 2 (0 R):
for ¢ € H(;R),

(u, Vo)q + (divu, d)qg = (V- u, p)sn (1.1)
where ¢ = Tr ¢, the right hand-side of (1.1) depends only on ¢ on 99 and not on the

choice of ¢, its extension to 2. The notation (-, ) stands for the L2-scalar product on E.
The following Hodge decomposition holds on vector fields: L?(Q;R3) is equal to the

1
orthogonal direct sum Hp & G where
HD:{UELQ(Q;]R?’);divu:Oin Q,v-u=0ondN} (1.2)

and G = VH!({;R). This follows from the following theorem due to Georges de Rham [12,
Chap.IV §22, Theorem 17°]; see also [51, Chap.I§1.4, Proposition 1.1].

Theorem 1.2 (de Rham). Let T be a distribution in €>°(Q;R3) such that (T, ¢) = 0 for
all ¢ € €°(R3) with dive = 0 in Q. Then there ervists a distribution S € €>°(;R)’
such that T = VS. Conversely, if T = VS with S € €°(;R), then (T,¢) = 0 for all
¢ € €X(Q;R3) with dive =0 in Q.

Remark 1.3. In the case of a bounded Lipschitz domain Q C R?, the space Hp coincides
with the closure in L?(Q;R3) of the space of vector fields u € €>°(2;R3) with divu = 0
in Q.



Denote by J : Hp — L?(€2;R?) the canonical embedding and P : L2(Q;R3) — Hp the
orthogonal projection, called either Leray or Helmholtz projection. It is clear that PJ =
Idg,,. Define now the space Vp = H} (Q; R3)NHp: it is a closed subspace of Hg(Q;R?). The
embedding J restricted to Vp maps Vp to Hg(Q;R3?): denote it by Jo : Vp < H}(Q;R3).
Its adjoint J) =Py : H~1(;R3) — V}, is then an extension of the orthogonal projection P.
The space Hp is endowed with the norm u — ||ul|2 and Vp with the norm u — ||Vul|a.

The definition of the Dirichlet-Stokes operator then follows.

Definition 1.4. The Dirichlet-Stokes operator is defined as being the associated operator
of the bilinear form

3
a:VpxVp—=R, a(u,v)= Z(aiJOU,az‘JOU>-
i=1
Proposition 1.5. The Dirichlet-Stokes operator Ap is the part in Hp of the bounded
operator Ag.p : Vp — V], defined by Ap pu : Vg — R, (Ag pu)(v) = a(u,v), and satisfies

D(Ap) = {u € Vp; P1(—A$)Jou € Hp},
Apu=P(-A%)Jou u € D(Ap),

where A% denotes the weak vector-valued Dirichlet-Laplacian in L*(Q;R3). The operator
Ap is self-adjoint, invertible, —Ap generates an analytic semigroup of contractions on Hp,

D(A%)) = Vp and for all u € D(Ap), there exists © € L?(;R) such that
JApu = —AJou + V7 (1.3)
and D(Ap) admits the following description
D(Ap) = {u € Vp;3r e L*(Q{R) : —AJyu+ V7 € Hp}.

Proof. By definition, for u € D(Ap) and for all v € Vp,

n

(Apu,v) =a(u,v) = Y (9;Jou, d;Jov)

j=1

== g1 Jou, Jov) gy = -1 ((—A)Jou, Jov)
j=1

= Vb <]P’1(—A)J0u, U>VD .

The third equality comes from the definition of weak derivatives in L2, the fourth equality
comes from the fact that 2?21 832» = A. The last equality is due to the fact that Jjj = PP;.
Therefore, Apu and P1(—A)Jou are two linear forms which coincide on Vp, they are then
equal, which proves that Ay p = P1(—A)Jy : Vp — V},. Moreover, the fact that u € D(Ap)
implies that Apu is a linear form on Hp, so that the linear form P;(—A)Jyu, originally
defined on Vp, extends to a linear form on Hp (since Vp is dense in Hp by de Rham’s
theorem). The fact that Ap is self-adjoint and —Ap generates an analytic semigroup of
contractions comes from the properties of the form a: a is bilinear, symmetric, sectorial of

1
angle 0, coercive on Vp x Vp. The property that D(A})) = Vp is due to the fact that Ap
is self-adjoint, applying a result by J.L. Lions [28, Théoréme 5.3].



To prove the last assertions of this proposition, let u € D(Ap). Then Apu € Hp and
P1J(Apu) = PJ(Apu) = u. Moreover, if v € D(Ap), u belongs, in particular, to Vp.
Therefore, Jou € H(Q;R?) and (—A)Jou € H1(R3). The following identities take
place in V7,

Py (J(ADu) — (—A)Jou) =P1J(Apu) — P1(—A)Jou = Apu — Apu = 0.
By de Rham’s theorem, this implies that there exists p € €°(Q;R)’ such that J(Apu) —
(—=A)Ju = Vp: Vp € H 1(Q;R3), which implies that p € L?(; R). O

The relations between the spaces and the operators described above are summarized in
the following commutative diagram:

Ji
VD(_())H(%

|

Aop| Hp C—>J L? (=A%)

d{ P=J' [d

VIi——H
D p—y

3
In the case of a bounded Lipschitz domain Q C R3, the following property of D(A})
also holds; see [33, Corollary 5.5].

3
Proposition 1.6. The domain of A}, is continuously embedded into WOI’?’(Q;]R?’).

It has been proved by R.Brown and Z.Shen [7] that the domain of Ap is embedded
into Wol’p(Q;R‘?) N W%72(Q,R3) for some p > 3. The proof Proposition 1.6 uses the well
posedness result for the Poisson problem of the Stokes system [16, Theorem 5.6], similar to
the corresponding result proved in [25] for the Laplacian.

1.1.2 The LP theory

P. Deuring provided in [14] an example of a domain with one conical singularity such that
the Dirichlet-Stokes semigroup does not extend to an analytic semigroup in LP for p large,
away from 2. M.E. Taylor in [50], however, conjectured that this should be true for p in an
interval containing [%, 3], which was indeed proved 12 years later by the second author in
[48].

Let 622(€2) denote the space of vector fields u € €°(€;R?) with divu = 0 in Q, and

LE(Q) = the closure of €.5(£2) in LP(Q;R3). (1.4)

Note that if © is Lipschitz and p = 2, L2(Q) = Hp. In view of Proposition 1.5, the
Dirichlet-Stokes operator in the L? setting for 1 < p < oo is defined by

AD,p =—Au+ Vmr, (15)
with the domain

D(Apyp) = {U € Wé’p(Q;RB’); divu=0in Q and o)
— Au+ Vr e LE(Q) for SOHIGT('GLP(Q)}. .

5



Since €22 (2) C D(Ap,p), the operator Ap, is densely defined in L5 () and Ap p(u) =
P(=A)u for u € €25(Q). If p = 2, Ap, agrees with the Dirichlet-Stokes operator Ap
defined in the previous subsection.

The following theorem was proved in [48].

Theorem 1.7. Let Q be a bounded Lipschitz domain in R3. Then there exists ¢ > 0, de-
pending only on the Lipschitz character of §, such that —Ap , generates a bounded analytic
semigroup in L5(Q) for (3/2) —e <p<3+e.

It was in fact proved in [48] that if 2 is a bounded Lipschitz domain in R%, d > 3, then
—Ap, generates a bounded analytic semigroup in L5 () for

<p< 2d + (1.7)
i+1 “SPSgaTe '
where ¢ > 0 depends only on d and the Lipschitz character of €). This was done by
establishing the following resolvent estimate in LP,

1(ADp +X) " Fllzeicty < Cp N Nl e (uca (1.8)
for any f € €>°(Q;C%) with div f = 0 in Q, where p satisfies (1.7),
AeXg:={z€C: A#0and |arg(z)| <7 — 6},

and 6 € (0,7/2). The constant C), in (1.8) depends only on d, 6, p, and . It has long
been known that if ) is a bounded 42 domain in RY, the resolvent estimate (1.8) holds for
A€ 3Xpand 1 < p < oo (see [21]). Consequently, the operator Ap , generates a bounded
analytic semigroup in LP for any 1 < p < oo, if ) is 2. The case of nonsmooth domains
is much more delicate. As mentioned earlier, P. Deuring constructed a three-dimensional
Lipschitz domain for which the L? resolvent estimate (1.8) fails for p sufficiently large. This
was somewhat unexpected. Indeed it was proved in [45] that the LP resolvent estimate
holds for 1 < p < oo in bounded Lipschitz domains in R? for any second-order elliptic
systems with constant coefficients satisfying the Legendre-Hadamard conditions (the range
is % —e<p< dZng + ¢ for d > 4). It is worth mentioning that it is not known whether
the range of p in Theorem 1.7 is sharp.

The approach used in [48] to the proof of (1.8) is described below. Consider the operator
Ty on L%(Q;C%), defined by T\(f) = Au, where A € 5 and u € H}(Q;C?) is the unique
solution to the Stokes system

—Au+Vr+du=f in Q,
divu =0 in €, (1.9)
u =0 on 0f).
Note that Ty is bounded on L2(;C?%) and ||T)\||;2_z2 < C. To show that T is bounded
on LP(Q;C?) and ||Th||pe—rr < C for 2 < p < 2% + ¢, a real variable argument is used,
which may be regarded as a refined (and dual) version of the celebrated Calderén-Zygmund

Lemma. According to this argument, which originated from [8] and further developed in
[46, 47], one only needs to establish the weak reverse Holder estimate,

1 1/2
(f )" < o(f )’ (1.10)
B(zo,r)N2 B(x0,2r)NQ

6



for pg = d2__d1, whenever u € H}(Q;CY) is a (local) solution of the Stokes system

(1.11)

—Au+ V7 + Au=0,
divu =0

in B(zg, 3r)NQ for some 29 € Q and 0 < r < cdiam(f2). The extra ¢ in the range of p is due
to the self-improvement property of the weak reverse Holder inequalities (see, e.g., [24]).

To prove the estimate (1.10), the Dirichlet problem for the Stokes system (1.11) is
considered in a bounded Lipschitz domain € in R¢, with boundary data v = f on 0,
where f € L?(09;C?) and [y, f - v = 0. The goal is to show that

[(w)*l200) < C 1 fllz250); (1.12)

where (u)* denotes the nontangential maximal function of u and is defined by
(u)*(Q) := sup {\u(x)] czxeQand |z —Q| < C dist(m,@Q)}

for any Q € 092 (Cp > 1 is a large fixed constant depending on d and ). This, together

with the inequality
1/pa 1/2
u[P? <C / u)*|? ,
(/ 1) (f 16F)

which holds for any continuous function u in 2, leads to

(/Q \uypd)l/pd < C(/m \qu)l/z. (1.13)

The desired estimate (1.10) follows by applying (1.13) in the domain B(zg,tr) N Q for
t € (1,2) and then integrating the resulting inequality with respect to ¢ over (1,2).

Finally, the nontangential-maximal-function estimate (1.12) is established by the method
of layer potentials. The case A = 0 was studied in [11, 18], where the L? Dirichlet problem
as well as the Neumann type boundary value problems with boundary data in L? for the
system —Au + V7 = 0 and divu = 0 in a Lipschitz domain ) was solved by the method of
layer potentials, using the Rellich type estimates

~ (| Vianul 12 00)-

Hap‘ L2(8Q)

Here % is a conormal derivative and Viu,u denotes the tangential derivative of u on 0f2.

The reader is referred to the book [26] by C.Kenig for references on related work on LP
boundary value problems for elliptic and parabolic equations in nonsmooth domains. In an
effort to solve the L? initial boundary value problems for the nonstationary Stokes equations
Ou — Au+ V7 = 0 and divue = 0 in a Lipschitz cylinder (0,7") x €2, the Stokes system
(1.11) for A = iT with 7 € R was considered by the second author in [44]. One of the key
observations in [44] is that if A = i7 and 7 € R is large, the Rellich estimates for the system
(1.11) involve two extra terms |7—|1/2Hu||L2(BQ) and |7|[[u-v|| -1 (50), Wwhere H~(09) denotes
the dual of H'(99). While the first term |7|"/2||ul| .2 (o) Was expected in view of the Rellich
estimates for the Helmholtz equation —A + 47 in [6], the second term |7|[|u - v||g-1(50) Was

not. Let
ou Ou

— = — — L.

op Ov

7



By following the general approach in [44], it was proved in [48] that if (u,7) is a suitable
solution of (1.11) in ©, then

ou
Ha—pllp(am ~ [|Veantll 2200 + A2 ull 1200y + M [[w - 2]l =100 (1.14)

holds uniformly in A for A € ¥y with |A\| > ¢ > 0. As in the case of Laplace’s equation
[52], the estimate (1.12) follows from (1.14) by the method of layer potentials. The reader
is referred to [48] for the details.

1.2 The nonlinear Dirichlet-Navier-Stokes equations

The system {(NS), (Dbc)} is invariant under the scaling uy (¢, z) = Au(A?*t, Ax), (\*t, Az) €

(0,T) x Q (X > 0): if u is a solution of {(NS), (Dbc)} in (0,T) x § for the initial value uo,

then u, is a solution of {(NS), (Dbc)} in (0, %) x 1 € for the initial value z — Aug(Az).
The goal here is to find the so-called mild solutions of the system {(NS),(Dbc)} for

initial values ug in a critical space, in the same spirit as in [20].

1
Lemma 1.8. The space D(A})) is a critical space for the Navier-Stokes equations.

1

Proof. The space D(A})) is invariant under the scaling uy(z) = Aug(Az) for 2 € 3 Q, A > 0.

Indeed, it suffices to check that ||uy|l2 = )\_%HUHQ and ||Vuyll2 = )\%HVU/HQ and apply the
1

fact that D(A},) is the interpolation space (with coefficient 1) between Hp, closed subspace

1
of L?(Q;R3), and Vp = D(A3), closed subspace of Hg(€2;R3). O

For T' > 0, define the space &r by
1 3 1
&r :{u € 6,([0,T); D(AL)); u(t) € D(AL),u/(t) € D(AL) for all ¢ € (0,7]

3 1
and sup Ht%A?)u(t)Hg + sup [[tApU ()]s < oo}
te(0,T) te(0,7)

endowed with the norm

1 1 3 1
lulle, = sup [Apu(t)llz + sup [[t2Apu(t)]z + sup [[tApu'(t)]|2-
te(0,7) te(0,7) te(0,7)

The fact that & is a Banach space is straightforward. Assume now that u € &r, and
that (Jou,p) (with p € L*(;R)) satisfy {(NS), (Dbc)} in H~(€;R?): indeed, every term
Vp, 0y Jou, —AJyu and (Jou - V)Jou independently belong to H~(Q;R3). Apply P; to the
equations and obtain

u'(t) + Apu(t) = =P ((Jou - V)Jou)

since P1Vp = 0 and P1(—A)Jou = Ag pu. The problem {(NS), (Dbc)} is then reduced to
the abstract Cauchy problem

u'(t) + A07Du(t) = P ((Jou . V)Jou) (1 15)
u(0) = wy, u€ép, '
for which a mild solution is given by the Duhamel formula:
u=a+ ¢(u,u), (1.16)



where a(t) = e"#Pyg and

d(u,v)(t) = /0 e~ (t=9)4p (—%]P’l ((Jou(s) - V)Jou(s) + (Jov(s) - V)Jou(s))> ds.  (1.17)

The strategy to find u € &p satisfying u = o + ¢(u,u) is to apply a fixed point theorem.
For that, &r needs to be a “good” space for the problem, i.e., & € & and ¢(u,u) € &p.
The fact that o € & follows directly from the properties of the Stokes operator Ap and
the semigroup (e 74P );>.

Proposition 1.9. The mapping ¢ : & X Ep — &Ep is bilinear, continuous and symmetric.

Proof. The fact that ¢ is bilinear and symmetric is immediate, once it is proved that it is
well-defined. For u,v € &7, let

f(t) = =3P ((Jou(t) - V)Jou(t) + (Jov(t) - V) Jou(t)), te€ (0,7T). (1.18)
By the definition of &7 and Sobolev embeddings, it is easy to see that
(Jou(t) - V) Jou(t) + (Jou(t) - V) Jou(t) € L*(;R?)

and
| (Toult) - V) Joo(t) + (Jov(t) - V)Jou(t)||, < Ct71 Julls, [[v]ls,

where C' is a constant independent from ¢, which gives the following estimate

£, < Ct T ullg ollsy (1.19)

Therefore,
1 L (t-s)A 3
[AB(u,v) ()2 S/O [ADe™ 2P| 2 () C ™1 [Jullgpllv]ley ds
t 1 3
([ (=5 tsh ds) fullsy ol
0

and since fg(t - S)fisfg ds = fol(l - s)fisfg ds, the following estimate is finally obtained:

[ALG(w, v) ()2 < Cllullsy 0]l - (1.20)

1
The proof of the continuity of t — A},¢(u,v)(t) on Hp is straightforward once the estimate
(1.20) is established. The proof of the fact that

3
IVEAL(u, v)(0)]l2 < C llullsplv]l sy (1.21)
1 3
is proved the same way, replacing A}, by A7, and using the fact that

3 s 3
|Ape= 94D 4y < C (¢ —5)71

and

t 1
/ (t—s)*%sfi ds:té/ (1—3)*%9*% ds.
0 0

9



It remains to prove the estimate on the derivative with respect to t of ¢(u,v). Rewrite f
as defined in (1.18) as follows:

f(s) = =3P1V - (Jou(s) ® Jov(s) + Jov(s) ® Jou(s)) (1.22)

where u®uv denotes the matrix (u;vj)1<; j<3 and the differential operator V- acts on matrices
M = (m;)i<i j<3 the following way:

3
= (o)
v ; ") <jes
For u,v € & and s € (0,7),
f'(s) =—3P1V - <Ju'(s) ® Jov(s) + Jou(s) @ Jv'(s)
+ JV'(s) @ Jou(s) + Jov(s) ® Ju'(s))
For all s € (0,T)
5 1
st]|Ju'(s) ® Jov(s)ll2 <[|sJu(s)3]ls7 Jov(s) s
1 1L
<[sApu'(s)ll2llst Apv(s)[l2
lullsr lvllsr
where the first inequality comes from the fact that L3 L5 < L?, the second comes from the
1 1
Sobolev embeddings D(A}) < L3(Q;R?) and D(A2) — L5(€2;R3) and the third inequality
follows directly from the definition of the space &r. Of course the same occurs for the other

1

three terms Jou(s) ® Juv'(s), Jv'(s) ® Jou(s) and Jov(s) @ Ju'(s). Therefore, since A,2
maps V to Hp,
5 -1
sup |lsTAp®f(s)ll2 < cllullg l|vlls,- (1.23)
0<s<T
It is straightforward that

t

o(u,v)(t) = /5 e *AD f(t — 5)ds + /5 e~ =)D f(s)ds te (0,T),

0 0
and therefore

d(u,v) (t) :e*%ADf(%) + /02 Al%)e*SADA(;l%f'(t —s)ds

t
+ /2 —Ape~ 94D £(5) ds,
0

which yields

i c 111
Ao (u,v) ()2 < — [[£(5)[], + ¢ (/ = 7 ds) [l 1o,
t1 0 si(t—s)d
211
([ as) Il ol
0 (t—s) s1
2 do

C
< (14 [ )l ol
¢ 0 (1—0’)40’4



where the estimates (1.19), (1.23), and the fact that —Ap generates a bounded analytic
semigroup (so that HA%e_tADHg(HD) < Ct™*) were used. This last inequality together
with (1.20) and (1.21) ensure that ¢(u,v) € & whenever u,v € &p. O

This section is concludedby applying Picard’s fixed point theorem (see, e.g., [27, The-
orem 13.2] or [40, Theorem A.1l]) to obtain the following existence result for the system

{(NS), (Dh()}
Theorem 1.10 (Existence). Let Q@ C R3 be a bounded Lipschitz domain and let ug €

1
D(A}). Let o and ¢ be defined as above.

1
(1) If |ALuoll2 is small enough, then there exists a unique u € & solution of u =
a+ ¢(u,u).

1
(it) For allug € D(A},)), there exists T > 0 and a unique u € & solution of u = a+¢(u,u).

1

Uniqueness in the larger space %;,([0,7"); D(A},)) can be obtained, applying [38, Theo-
rem 1.1]. The argument there is somewhat stronger though, since uniqueness in ([0, T); L?)
is proved, using a maximal regularity result by Z.Shen [44, Theorem 5.1.2].

1
Theorem 1.11 (Uniqueness). Let u,v € €,([0,7);D(A}))) both be mild solutions of the
system {(NS), (Dbc)}, i.e., they both satisfy (1.16). Then u =wv on [0,T).

Before proving this theorem, the following lemma is shown, similar to [37, Proposition 2].

1
Lemma 1.12. Let p € (1,00) and 7 € (0,T]: ¢ defined by (1.17) maps LP(0,7;D(A})) x

1 1
L>(0,7;D(A})) to LP(0,7;D(A})). Moreover, there exists a constant C), > 0 independent
of T such that

||¢(ua v)||LP(O,T;D(A1D/4)) < Cp Hu||LP(O,T;D(A1D/4)) HUHL‘”(O,T;D(AIDM))' (124)
If v e L*(0,7;Vp), the following improved estimate holds
1
Hgb(u’v)HLl’(O,T;D(A%D)) < KPT4 Hu||Lp(077-;D(A1D/4))||v||L°O(0,T;VD)? (1'25)

where K, > 0 is a constant independent of T.

Proof. First, let M the maximal regularity operator on Hp: for all ¢ € LP(0,7; Hp), M
is defined by

t
Mo(t) ::/ Ape =940 p(s)ds, te (0,7).
0

Since Hp is a Hilbert space and —Ap generates an analytic semigroup in Hp, the operator
M is bounded on LP(0,7; Hp) for all p € (1,00) and all 7 > 0; see,e.g., [13]. Moreover,
Ml.2(Lr(0,7;#p)) is independent of 7. Then

3

AT b(u,0) = M(A5 f)

11



1 L
where f is defined by (1.22). For w € LP(0,7;D(A},) and v € L>(0,7;D(A})), by Sobolev
embeddings, Ju ® Jv + Jv ® Ju € LP(0,7; L3/?(Q; R?)), with the estimate

HJu QJv+Jv® JUHLP(O,T;LS/Q(Q;R?’)) < C Hu”LP(O,T;D(AlDM))”U”LW(O,T;D(AIDM))’

1

where the constant C' depends only on the constant of the embedding D(A}) < L3(£;R3).
3

This implies that f € Lp(O,T;Pl(W_l’?’/z)). Since D(A})) — W01’3(Q;]R3) (see Proposi-

3 _3
tion 1.6), the embedding Py (W*1’3/2(Q;R3)) — (D(Az‘)))l holds and therefore A *f €
LP(0,7; Hp) with

_3
||AD4f||LP(O,T;HD) <C ||uHLP(O7’T;D(A1D/4))||’U||LOO(O,T;D(A1D/4)).

Using the LP maximal regularity result in Hp gives (1.24).
1
To prove (1.25), let w € LP(0,7;D(A}))) and v € L*>(0,7;Vp). Using the embeddings
1
D(A},) = L3(S;R3) and Vp — LS(Q;R3),

||Ju ®Jv+Jv® Ju||LP(O,T;L2(Q,R3)) <C Hu||LP(O,T;D(A1D/4)) ||v||L°°(O,T;VD)'

As before, this implies that f € LP(0,7;V/)) and therefore

Using the analyticity of the semigroup (e_tAD)tzo in Hp and Young’s inequality,

1 _3
HA4D¢(U,’U)||LP(0,7—;HD) <C Ht =1 HLl(O,T)||uHLp(0,T;D(A1D/4))HUHLOO(O,T;VD)' U

Proof of Theorem 1.11. The proof is inspired by the method described in [37] (see also |2,
1
Section 8]). Let p € (1,00), € > 0 to be chosen later and w := u —v € €,(0,7;D(A})) C
1
LP(0,T;D(A})): w satisfies

w =¢(u, w) + dp(w,v) = ¢(w,u +v — 2a) + 2¢(w, @)
=¢(w,u+ v —2a) + 2¢(w, 0 — ae) + 2¢(w, o)

where o (t) = e*tADuo,g, with ug . € Vp satisfying ||ug,—uo|| < e. Using Lemma 1.12,

D(AgR")
w is estimated in LP(0, 7; D(Ai)) as follows

1
ol 0070y <0000 (Collla+ 0 = 20l gy + )+ Ko7 el
SK’I) (6 + 95(7')) ||w||LP(O,T;D(A1/4))?

where g-(7) = ||[u + v — 20| + 71 llwo.ellvp pvy 0. This shows that choosing
—

Lo (0,7;D(AM"))
¢ > 0 small enough, there exists 7 > 0 such that |[w([ 1o rp(ar/ay) < i Wl £r(0,7;p(a1/4y); In
other terms, w = 0 on [0,7) (recall that w is continuous on [0,7)). If 7 = T, then it was
proved that w = v on [0,7). If 7 < T, by continuity, w(7) = 0 also holds. The previous
reasoning can be iterated on intervals of the form [k7, (k 4+ 1)7) to prove ultimately that
w = 0on [0,T) (remark again that all constants C,, K, , appearing in the estimates above
are independent of 7). O
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2 Neumann boundary conditions

In this section, the system {(NS), (Nbc)} is studied. The results proved in [36] will be only
surveyed, the method to prove existence of solutions being similar to what has been done
in Section 1.

2.1 The linear Neumann-Stokes operator

Before defining the Neumann-Stokes operator, the following integration by parts formula
will be useful.

Lemma 2.1. Let A € R, u,w : Q — R3, m,p : Q = R sufficiently nice functions defined
on the Lipschitz domain Q C R3. Let Lyu = Au + AV(divu) and define the conormal
derivative

o (u, ) = (AVu + (VU)T)V —7v  on OS). (2.1)

Then the following integration by parts formula hold

/(LAu—Vﬂ')-wdx:—/ [I\(Vu, Vw) — 7 divw] dz + o) (u,m) - wdo (2.2)
Q Q o0N

:/(L)\w—v,o)-udx—F/[Wdivw—pdivu] dz
Q Q

b [ [ ) o] o 23)

where
3

Q) = ) (GigGig + AigGia)s for & = (Gii<iyes and ¢ = (Gij)i<ij<s:

ij=1
Recall that Vu = (0ju;)1<i j<3-
The space L?(;R3) admits the following Hodge decomposition, dual to the one shown
in Section 1: Hy é_B Gy, where G := {Vw;w € H&(Q;R)} and
Hy = {u € L*(Q;R?);divu = 0}. (2.4)

Following the steps of the previous section, define Viy = H'(;R?) N Hy and Jy : Hy <
L*(Q;R?) the canonical embedding, Py = Jj : L?(;R3) — Hy the orthogonal projection,
Jyn : Vv = H'(Q;R?) the restriction of Jy on Vi and Jy = Py : (HY(Q;R?)) — Vi,
extension of Py to (H'(£2;R3)). The Neumann-Stokes operator is defined as follows.

Definition 2.2. Let A € R. The Neumann-Stokes operator A, is defined as being the
associated operator of the bilinear form

ay VN X VN — R, aA(u,v) = / I)\(VJNU,VJNU) dx
Q

In the case where A € (—1,1], the bilinear form a) is continuous, symmetric, coercive
and sectorial. So its associated operator is self-adjoint, invertible and the negative generator
of an analytic semigroup of contractions on Hy.

The following proposition is a consequence of the integration by parts formula (2.2), [36,
Theorem 6.8] and [28, Théoreme 5.3].

13



Proposition 2.3. Let A € (—1,1]. The Neumann-Stokes operator Ay is the part in Hy

of the bounded operator Ay : Vy — V}; defined by (Apu)(v) = ax(u,v). The operator

Ay is self-adjoint, invertible, — Ay generates an analytic semigroup of contractions on Hy,
1

D(A2) = Vy and for all u € D(A)), there exists m € L?(Q;R) such that
InAyu = —AJyu+ V7 (2.5)
and D(Ay) admits the following description
D(Ay) = {ue Vi;Im € L2 (4R) : f = —Adyu+Vr € Hy and 9 (u,7); = 0},

where 0} (u, ) is defined in a weak sense for all f € (H'(Q;R3)) by
(azi\(uaﬂ)f,ﬂ)bﬂ = (Hl)’<f’ qI>I{1 +/ I)\(anu, V\I’) dz — L2 <7T,diV \I]>L2
Q

for O € HY(Q) and ¢ = Trgq V.
Remark 2.4. If f € (H(Q2;R3))’, the quantity 0, (u, 7)s exists on 02 in the Besov space
Bi’i (0Q;R?) = H_%(OQ,R?’) according to [36, Proposition 3.6].

2

Thanks to [36, Sections 9 & 10], a good description of the domain of fractional powers
of the Neumann-Stokes operator Ay can be given. In particular, in [36, Corollary 10.6] it
was established that

3
D(A}) is continuously embedded into W'3(; R?). (2.6)

2.2 The nonlinear Neumann-Navier-Stokes equations

The results in 2.1 allow to prove a result similar to Theorem 1.10 for the system {(NS), (Nbc) }.
1
As in the previous section, it is not difficult to see that D(A}) < L3(;R?) is a critical
space for the system. For T' € (0, o], following the definition of &7 in Section 1, define
1 3 1
Fr :{u € 6,([0, T); D(A})); u(t) € D(A}),u/(t) € D(A}) for all t € (0,7
3 1
and sup Ht%A/‘\‘u(t)Hg + sup [[tAfu/()]|2 < oo}

t€(0,T) t€(0,T)

endowed with the norm
1 ;8 1
lullzr = sup [[Afu(®)ll2 + sup [t2Au(t)]2+ sup [[tA{w'(2)]]2-
te(0,T) te(0,T) te(0,T)

The same tools as in 1.2 apply, so the following result can be proved (see [36, Theorem 11.3]).

1

Theorem 2.5. Let Q C R3 be a bounded Lipschitz domain and let ug € D(A}). Let B and
1 be defined by
Bt) =e Py, >0,

and for u,v € Fp and t € (0,T),

Y(u,v)(t) = /0 e*(t*s)Ak(—%PN)((JNu(s) V) JInv(s) + Jyv(s) - V)Jaru(s)) ds.
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1
(i) If [|[Ajuoll2 is small enough, then there exists a unique u € Fo solution of u =

B+ v(u,u).
1
(it) For all ug € D(AY), there exists T > 0 and a unique v € Fr solution of u =
B+ ¢(u, u).
-

A comment here may be necessary to link the solution w obtained in Theorem 2.5 and
a solution of the system {(NS),(Nbc)}. If u € Fp, then v’ € Hy and (Jyu- V)Jyu €
L?(£;R™). Moreover, if u satisfies the equation u = 8 + 1 (u, u), then u is a mild solution
of
Ayu = —u — PN((JNU . V)jNU) € Hy.

Going further, i i
INPN ((Jnvu - V)JIyu) = (Jyu- V)JIyu — Vg

where ¢ € H}(Q;R) satisfies
Aq = div (Jyu-V)Jyu) € H 1 (Q;R").
Therefore, by definition of Ay, there exists 7 € L?(Q, R) such that
—AJyu+ V= Jy(Ayu) = —Jyu' — (Jyu - V)Jyu+ Vg

and at the boundary, (u,7) satisfies (Nbc) in the weak sense as in Proposition 2.3. Since
q € H}(Q;R), (u, 7 — q) satisfies also (Nbc). This proves that (u,m — q) is a solution of the
system {(NS), (Nbe)}.

The uniqueness is true in a larger space than .#p: for each ug € D(Ai), there is at most
one u € 6,([0,T); D(Ai)), mild solution of the system {(NS), (Nbc)}. For a more precise
statement, see [36, Theorem 11.8].

3 Hodge boundary conditions

Most of the results presented here are proved thoroughly in [35] for the linear theory and
[34] for the nonlinear system. The linear Hodge-Laplacian on LP-spaces is first studied and
then the Hodge-Stokes operator before applying the properties of this operator to prove
the existence of mild solutions of the Hodge-Navier-Stokes system in L3. Some recent
developments/improvements can be found in [29].

3.1 The Hodge-Laplacian and the Hodge-Stokes operators
We denote by H the space L?(€;R3). Let

Wrp = {u € H;curlu € H,divu € L>(Q;R) and v -« = 0 on OQ},
and Wy := {u € H;curlu € H,divu € L*(R) and v x u = 0 on 99},

(subscript T is for “tangential” and N for “normal”) both endowed with the scalar product
{u, v))w = (curlu, curlv)q + (divu,divv)q + (u,v)q,

where (-,-)g denotes the L?(E)-pairing.
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Remark 3.1. Asin Remark 1.1 for a bounded Lipschitz domain €2 and a vect?r fieldw e H
satisfying curlw € H, define v x w on 99 in the following weak sense in H ™2 (9€; R3): for
¢ € H' (4 RY),

(curlw, p)q — (w, curlp)q = (v X w, P)an (3.1)
where ¢ = Tr‘ag(b, the right hand-side of (3.1) depends only on ¢ on 02 and not on the
choice of ¢, its extension to €.

Remark 3.2. In the case of smooth bounded domains, i.e., with a ¢! boundary or
convex, the spaces W and Wy are contained in H!(Q;R3) (see, e.g., [3, Theorems 2.9,
2.12 and 2.17)).

This is not the case if 2 is only L%pschitz. The Sobolev embedding associated to the
spaces Wr n is as follows: Wy — H2(Q; R3) with the estimate

||| g1 < C [||uH2 + |lcurlul|2 + ||div qu], u e Wrn; (3.2)
see for instance [9] or [31, Theorem 11.2] where it was proved moreover that

if w € Wr v, then u has an L? trace at the boundary 9% :
o = W)+ (v Xu) xve L*(09;R?), (3.3)
and lu,, [|z2a0s) < C [Julle + leurlull + [divall). (3.9

u

Remark 3.3. If Q is of class €, the previous result applies also if v € LP(Q;R3) with
curlu € LP(Q;R?), divu € LP(Q;R), and v-u = 0 on 99 (or v x u = 0 on 90N) if p € (1, 00)
(see [31, Theorem 11.2], where it was proved that if € is only Lipschitz, it is also true for p
in a range around 2).

Remark 3.4. The Helmholtz projection P : L?(;R3) — Hp defined in Section 1 (after
Remark 1.3) maps also Wy to the space {u € Wr;divu = 0} =:Vr.

The projection Py : L?(Q;R?) — Hy defined in Section 2 (before Definition 2.2) maps
also Wy to the space {u € Wn;divu = O} =: Vn.

On Wr x Wr, we define the following form
br : Wr x Wr = R, br(u,v) = (curlu, curlv) + (div u, div v),
where (-,-) denotes either the scalar or the vector-valued L?-pairing. Similarly, we define
by : Wy x Wy = R, by(u,v) = (curlu, curl v) + (div u, div v).

Proposition 3.5. The Hodge-Laplacian operators Br and By, defined as the associated
operators in H of the forms by and by, satisfy

v X curlu

D(Br.n) :{u € Wr n;Vdivu € H,curlcurlu € H and .
’ : (divu)v

=0 on 89}
BT7NU = — Au, U € D(BT,N). (3.5)
Proof. Let u € Wr y and v € H}(;R3) € Wy n. Then

brn(u,v) = g-1(—Vdivu + Curlcurlu,v>Hé = H—1<—AU,U>H5
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so that By yu = —Au in H-1(Q;R3).

The proof of Proposition 3.5 is described now in the case of by defined on Wy x Wiy,
The case of by defined on Wy x Wi can be proved with the same arguments (using Py
instead of P in what follows). Let D be the space

D = {u € Wp;Vdivu € H,curlcurlu € H and v x curlu = 0 on 8(2}.

If w € D, then Byu = —Au € H and therefore u € D(Br).
Conversely, assume that w € D(Br). Then (Id — P)Bru € H satisfies for all v € W

((Id — P)Byru,v) =(Bru, (Id — P)v) = bp(u,v) — bp(u,Pv)
=(divu,divv) = y; (=Vdivu, v)wy,

so that —Vdivu = (Id —P)Byru € H. Then curl curlu = Bru + Vdivu € H. It remains to
prove that v X curlu = 0 on 9€2. Remark that it makes sense to consider the tangential part
of w := curlu on the boundary 0f) since it was just proved that curlw € H and therefore,
thanks to (3.1), v x w € Hfé((?Q;]R?’). For all ¢ € H%((?Q;]R?’) N L2, (0Q;R3), there exists

tan

¢ € H'(Q;R3) such that qﬁ‘m = . In that case, ¢ € Wr and therefore

(—Vdivu + curlcurlu, ¢) =(Bru, ¢p) = br(u, @)
=(div u, div ¢) + (curlu, curl ¢)
(=Vdivu + curleurlu, @) — 17290y (v X curlu, @) g2 g0

tan(aQ; Rg)a
and then v x curlu = 0 on 0f). O

It proves that 1290y (v X curlu, ) gi/2(5g) = 0 for all ¢ € H%((?Q;Rg) N L?

Since the forms by are continuous, bilinear, symmetric, coercive and sectorial, the

operators —Br ny generate analytic semigroups of contractions on H, Br y is self-adjoint

and D(le{ ]2\,) = Wr n. The following property will be useful in next Section; it links Br

and By, as shown in [41, Proposition 2.2].

Lemma 3.6. For uw € H such that curlu € H, the following commutator property occurs
for alle >0
curl (1 + eBr) 'u = (1 + eBy) curlu. (3.6)

Proof. Let u € H such that curlu € H. Let ue = (14+eBy) 'u and w. = (14+eBy) ‘curlu.

Step 1: curlu. € D(By).

By (3.5), it holds curlu. € H, curlcurlu. € H, div (curlu.) = 0 € HY(Q), v x curlu. = 0
on 99 and div (curlu;) = 0 on 99Q. To prove that curlu. € D(Br), it remains to show,
thanks to (3.5), that curlcurl (curlu.) € H. This is due to the fact that

curl curl (curlu.) = curl (—Au.) in H~H(Q,R3).

Since
~Au. = By(14eBr) 'u =

and curlug, curlu € H, the claim follows.

Step 2: curlu, = w;.
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By Step 1, curlu. € D(By). Moreover, in the sense of distributions
(1 +eBpy)(curlu,) = curlue — eAcurlu, = curl (ug — EAU,5> = curlu

since uz — eAue = (1 +eBr)(1 + eBr)~'u = u. Therefore,
curlu, = (1 4+ eBy) teurlu = w,
which proves the claim. O

To prove that the operators Br n extend to LP-spaces, it suffices to prove that their
resolvents admit L? — L? off-diagonal estimates. This was proved in, e.g., [35, Section 6]
(see also [29]).

Proposition 3.7. There exist two constants C,c > 0 such that for any open sets E, F C R?
such that dist (E, F) > 0 and for allt >0, f € H and

u= (Id+#Brn) (1 f),

it holds

dist (

. —c E,F)
Mgul2 + t|1gdivulls + t|1gcurlully < Ce e |[Lgfllo. (3.7)

Proof. Start by choosing a smooth cut-off function ¢ : R? — R satisfying £ =1 on E, £ =0

on F and || V€|l < W Then define n = €% where § > 0 is to be chosen later. Next,

take the scalar product of the equation
u—t?Au = Ipf, ue€ D(BT,N)

with the function v = n?u. Since n = 1 on F and |lus < |1 f||2, it is easy to check then
that

I ull3 + 2]l div a3 + ¢[|n curl ul|3

<|[UF f13 + 20l V€ oot [n ull2(Iln divullz + |7 curlul2)

and therefore, using the estimate on ||VE|ls and choosing § = %,

I ull3 + [l div a3 + ¢*|ln curl w3 < 2|1pf]3.

Using now the fact that n = ¢° on E,

dist (E,F)

IMgull2 + t|1gdivu||s + t||Lgcurlul|s < V2e g f1l2,

which gives (3.7) with C' = v/2 and ¢ = . O

With a slight modification of the proof, it can be shown that for all § € (0, 7) there exist
two constants C, ¢ > 0 such that for any open sets E, F C R3 such that dist (£, F) > 0 and
for all z € $r_g = {w e C\ {0}; |argz| <7 — 6}, f € H and

u = (21d + Br.n) ' (1p f),

it holds

1 . 1 _cdi 3
|2[|[Mgull2 + |2|2 |1 pdivull + |22 | Tgcurlully < C e BRI g £, (3.8)

18



Following [30] and [10] (see also [29]), there exist Bogovskii type operators R;, T;, i = 1,2, 3,
and K 2, L1 2 such that for all p € (1,00),

Ry : LP(;R®) — WIP(O;R), Ty : LP(Q;R3) — Wy P(Q;R),

Ry : LP(O;R?) — WEP(OQ;R®), Ty : LP(OR3) — WP (O RY),

Rz : LP(Q;R) — WIP(Q;R?), Ty : LP(Q;R) — W, P (4 R?),

Kio: LP(Q;R3) — WHP(Q;R®),  and Ly : LP(Q;R?) — Wy P(Q; R?)

satisfying

Rocurlu + VRiu =u — Kju Vu € LP(;R3) with curlu € LP(;R)

and curl Kju = 0 if curlu = 0, (3.9)
Rsdivu + curl Rou = u — Kou, YVu € LP(Q;R?) with divu € LP(Q;R)
and div Kou = 0 if divu = 0, (3.10)
Treurlu 4+ VT = v — Liu, Yu € LP(Q;R?) with curlu € LP(%;R),
vxu=0on 0 and curl Lju = 0 if curlu = 0, (3.11)
Tadivu + curl Tou = u — Lou, Yu € LP(Q;R?) with divu € LP(Q;R),
v-u=0on 0 and div Lyu = 0 if divue = 0. (3.12)

With these potential operators (at this point, only the relations (3.10) and (3.12) are needed)
and (3.8), it is easy to prove that (see, e.g., [29])

z(21d + Br) ™! is bounded in HY, and in G,, for p € [£,2] uniformly in z € £,y (3.13)
where HY, := {u € LP(Q;R?) s.t. divu =0 and v-u =0 on 90} and G, := VW'P(Q;R)

are defined for p € (1,00); if p = 2, then H12) = Hp and G5 = G defined in Section 1. With
the same reasoning, one can prove that

z(21d + By) ™! is bounded in HY and in G for p € [£,2] uniformly in z € £, (3.14)

where HY = {u € LP(Q;R?) s.t. dive = 0} and Gpp = VWol’p(Q;R) are defined for
p € (1,00); if p=2, then H% = Hy and Ga = Gy defined in Section 2.

Proposition 3.8. The resolvents {z(zId + Brn)7l 2 € Eﬂ,g} are uniformly bounded in
LP(Q;R3) for all p € (g}, q0), where qo := min{6,3 + ¢} (¢ >0 depends on ON).

Proof. By [19, Theorems 11.1 and 11.2], the projections defined in Section 1 and Section 2
P and Py extend to bounded projections on LP(Q;R?) for p € ((3+¢)',3+¢), (3.15)

where ¢ > 0 depends on 99 (and (3 +¢)' = g—ii < 3); if Q is of class €7, then € = cc.
This means in particular that HY, coincides with the space L% () defined in (1.4) for all
p € ((3+¢),3+¢). Therefore for all p € (g, 2], the resolvents {z(zId+Br,n) !,z € Sr_g}
are uniformly bounded in LP(2;R?). The same result for all p € [Q,qo) is obtained by

duality. O
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Corollary 3.9. The semigroups (e_tBT’N)tzo extend to bounded analytic semigroups on
LP(Q;R3) for p € (q),q0) and satisfy

|Vediv(ePro g, < Glflly Ve (e Bex p)|| < Colflly (3.16)
|evdiv (@™ p)) < Kllfllp [[teurleurl (755 )| < K1, (3.17)

for all f € LP(Q;R3).

Proof. The estimates (3.16) and (3.17) in the corollary above come from the fact that for
pE (qé, qo), the negative generators BY. \; of the semigroups (e7tBrN )e>0 satisfy

D(BY. ) ={u € LP(Q;R?);divu € W'P(Q;R?), curlu € LP(;R?),
curleurlu € LP(;R?),v - u =0 and v x curlu = 0 on 9Q} (3.18)
Bi yu=—Au, u€D(B}y).

This can be proved the same way we proved Proposition 3.5, (case p = 2) using the fact
that P and Py are bounded in LP(2; R). O

Remark 3.10. Let w € L*(Q;R3) such that curlw € L*(Q;R3) and v x w = 0 on 9.
Then v - curlw =0 in Hfé((?Q).

If the operator By is restriced on Hp and the operator By on Hy, the following Hodge-
Stokes operators A and Ay defined by

D(Ar) :{u € Hp NWy;curleurlu € L?(Q;R?) and v x curlu = 0 on OQ}
Aru =curlcurlu  for u € D(Ar)
and

D(An) :{u € Hy N Why;curlcurlu € LQ(Q;Rg)}, Anu = curlcurlu  for u € D(Ay)

are obtained. Remark 3.10 ensures that if u € D(Ar) as defined above, v - curl curlu = 0
on 0f2, so that curlcurlu € Hp.

The properties (3.13) and (3.14), together with a duality argument and the fact that
the projections P and Py are bounded on LP(Q;R3) for p € ((3 +¢),3+ 6) prove that
(e7*A7);5¢ extends to an analytic semigroup on HY) (its generator is denoted by —Ar))
and (e~*V),5¢ extends to an analytic semigroup on HY, (its generator is denoted by — Ay )
for all p € [g,qo). Moreover, the estimates (3.16) and (3.17) are valid if By y is replaced
by Ar n for all p € [g,qo).

Lemma 3.11. If u € H}, and curlu € L*(Q;R?), then v € HY, for all p € [3,q0).
Proof. Thanks to the relation (3.9),
u=Pu= P(Rgcurlu + Klu)

since PVRyu = 0. The mapping properties of Ry and K; show that Rscurlu + Kiju €
L3(9,R3) N LS(2,R3), which proves the claim of the Lemma. This has been done in, e.g.,
[34, Sections 3 and 4]. O
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Remark 3.12. One can actually prove that the operator —A7, generates an analytic
semigroup in HY, for all p € (1,3 +¢). The same holds for —Ay, on HY.. See [29] for more
details.

Remark 3.13. In [50], M.E. Taylor conjectured that the Dirichlet-Stokes operator generates
an analytic semigroup in Hf) forp € ((3—1—5)’ , 3+€), which was proved in [48]. The question
of optimality of this range is still open, the counterexample provided by P. Deuring in [14] is
for p > 6. We see here that, for the Hodge-Stokes operator, one can allow all p € (1,3 +¢).

3.2 The nonlinear Hodge-Navier-Stokes equations

The nonlinear Hodge-Navier-Stokes system ((NS), (Hbc))

Ou—Au+Vr—uxcurlu = 0 in (0,7) xQ,
divu = 0 in (0,7)x 9,
veu = 0, vxcurlu = 0 on (0,7)x0Q,

w(0) = wy in €,
is considered for initial data ug in the critical space H% in the abstract form
u'(t) + Appu(t) — P(u(t) x curlu(t)) =0, ug € HY, (3.19)

The idea to solve (3.19) is to apply the same method as in Sections | and 2.

With the properties of the Hodge-Stokes semigroup listed in the previous subsection
(and more particularly Lemma 3.11), the following existence result for (3.19) is almost
immediate. For T' € (0, o], define the space %r by

9r ={u € G([0,7); Hp) N €((0,7); HY'™D); curlu € €((0,T); L* (2, R?))
S5
with sup ([T u(s) s(1-g) + V5 curlu(s)]s) < oo}
0<s<T

endowed with the norm

)
lullg, = SupT(HU(S)Hs + |2 uls)[l3(145) + 1V curlu(s)|ls),

0<s<
where 0 < § < § (¢ > 0 coming from (3.15)).

Theorem 3.14. Let Q C R3 be a bounded Lipschitz domain and let ug € Hf’). Let v and ®
be defined by
V(t) = e Arrug, >0,

and for u,v € 9p, and t € (0,7,

O(u,v)(t) = /0 e_(t_S)AT73/2(%IP’)((u(S) x curlv(s) + v(s) x curlu(s)) ds.

(i) If |[ug||3 is small enough, then there exists a unique u € Yoo solution of u = v+ @ (u, u).
(i) For all ug € H3), there exists T > 0 and a unique u € 9 solution of u =y + ®(u,u).

For a complete proof of this theorem, we refer to [34, Section 5].
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4 Robin boundary conditions

As studied in [5], the system ((NS'), (Rbc)) can also be considered. Recently, this has also
been investigated in an L?-setting for smooth domains €2 but with the friction coefficient
a replaced by a (time-dependent) matrix [0,7] x 9 > (t,z) — B(t,z) € #3(R) with
Lgs, coefficients, admitting v(z) as eigenvector for almost every (t,); see [41]. It is also
worth mentioning that the material here is part of a project with Jiirgen Saal [42]. In the
following, consider o« > 0 a constant. Note that the proofs in this section go through if
a: 00 — [0,00) is an L>-function.

4.1 The Robin-Hodge-Laplacian
Recall the notations at the beginning of Subsection 3.1: H = L?(Q;R3) and
Wy = {u € H;curlu € H,divu € L*(;R) and v-u =0 on o0}
On Wy x Wy, define the form
bo : Wr x Wr = R, by(u,v) = (curlu, curlv)q + (div u, div v)q + (au, v)aq.

Recall that according to (3.3), any u € Wz admits an L?-trace on 952, so that (au,v)sq
makes sense for every u,v € Wrp.

Remark 4.1. The previous property holds also in LP, 1 < p < oo, provided € is of class €.
More precisely, any u € LP(2,R?) with curlu € LP(Q,R3), divu € LP(,R) and v-u = 0
on 0f2 admits an LP-trace on €2 which satisfies

1250 | Lp (205R3) < C(lullp + leurlull, 4 [|div ).

See, e.g., [32, Proposition 6.2]: in the case of a ¢! domain €, the exponent qq in that
result (related to the solvability of the Poisson problem for Neumann boundary data and
the regularity of the Poisson problem for Dirichlet boundary data) is equal to oo.

The form b, is continuous, bilinear, symmetric, coercive and sectorial, so that the associ-
ated operator B, on H is self-adjoint, — B, generates an analytic semigroup of contractions

and D(B;/ 2) = Wr. The operator B, is called the Hodge-Robin-Laplacian. It has the
following description:

D(B.) :{u € Wr;Vdivu € H, curlcurlu € H and v x curlu = au on 8(2}

Bou=—Au, uecD(By). (4.1)

Remark that for u € Wy,

vector field v x curlu belongs to H 7%(8Q;R3). Therefore, the identity v x curlu = au
above holds in Hfé((?Q; R3). The proof of (4.1) follows the lines of the proof of Proposi-
tion 3.5, thanks to the following result (see, e.g., [41, Lemma 2.3], inspired by [32, Proof of
Proposition 2.4 (iii)]) of which we also give the proof.

Lemma 4.2. 1. Let g € L*(09,R3). Then there exists w € H with curlw € H such
that for all ¢ € Wr

Uy € L?(09Q;R3) and if moreover curlcurlu € H, the tangential

<g’ ¢>BQ = <CUI'1’U), ¢>Q - <’U), curl ¢>Q (42)
Moreover, there exists C > 0 such that

[l + llewrlwlz < Cligllrz@0,rs)- (4.3)
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2. If in addition g € L2, (0 R3) (which means that g € L*(0Q;R3) and v-g = 0 on
0R0), then there exists w € H such that curlw € H and (4.2) holds for all ¢ € H' ().
And in that case g = v x w in H-/2(9Q;R3).

Proof. 1. Define the space X := {(¢,curl ¢); ¢ € Wr}. It is a closed subspace of H x H.
As already mentioned, every ¢ € Wr admits an L?-trace at the boundary 9 and therefore
vx ¢ € L20QR?) for all ¢ € Wp. Since g € L2(0§;R3), it is immediate that v x g €
L?(0Q;R3) = (LZ(OQ; ]R?’))/. Thus, v X g acts as a linear functional on X as follows:

(v x g)(¢,curl ) := (v X g,v X ¢)gq for all ¢ € Wr.

By the Hahn-Banach theorem, there exist (vi,v2) € H x H such that

(v x g)(¢,curl @) = (vy, curl p)q + (v2, p)o  for all ¢ € Wr,

where (H x H)/ has been identified with H x H. Choose ¢ € H}(;R3) C Wr and obtain
that

0= pg-i(curlvy + vz, 9) 1.

This gives that curlv; +v9 = 0 in H*I(Q;Rg’). Set w := —vy € H, so that curlw = vy € H.
Moreover,

(Vv x g,v X d)og = —(w,curl p)g + (curlw, ¢p)q for all ¢ € Wr. (4.4)

Since ¢ € Wr, ¢),,, € L2, (09, R3) and it is clear that ¢ = (v X ¢) X v, so that the left-hand

tan

side of (4.4) coincides with
(9,0)oq  for all ¢ € Wr, (4.5)

which proves (4.2).
The existence of C' > 0 such that (4.3) holds follows from the Closed Graph Theorem
since {u € H;curlu € H} is complete for the norm |Ju||s + ||curl u||2.

2. Assume now that g € L2, (9 R3). Let w € H such that curlw € H and (4.2) holds.

tan

Since v x g € L?(0;R3), we can approach it in L?(9€; R?) by a sequence (¢, )nen of vector
fields ¢, € H1/2(8Q,R3). In particular,
on XV — (X g)xv=g in L*(0QR3) asn — oc.
By assertion 1, for each n € N there exists w, € H such that curlw, € H satisfying
(on X v, 9)aa = (curlwy,, p)o — (wy,curl p)q  for all ¢ € Wr.

Thanks to the estimate (4.3), it is immediate that

w, —— w and curlw, —— curlw in H.
n—oo n—oo

Let now ¢ € H'(;R3). For ¢ > 0, let ¢. = (1 +eBr) '¢. Then ¢. € Wr and thanks to
Lemma 3.6,

¢ — ¢ and curlg, = (1+eBy) tcurlp — curl¢ in H.
e—0 e—0

This implies also that

VX e — v x ¢ in H V200 R?).
e—0
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Therefore, for all e > 0 and n € N

<V X ¢5790n>8§2 = <<Pn XV, ¢6>8Q = <Cur1wn7¢a>ﬂ - <wn7cur1 ¢6>Q

First take the limit as € goes to 0 and obtain (recall that ¢, € H'/2(90;R?))

H-1/2 <V X @, QDn>H1/2 = <Curlwm¢>ﬂ - <wn,cuﬂ¢>g.

Since ¢ € H'(Q,R3), the first term of the latter equation is also equal to (¢, X v, ¢)aq.
Taking the limit as n goes to oo yields

(9, )on = {curlw, ¢)q — (w, curl P)q

which proves the claim made in 2. O

Remark 4.3. If Q is of class €, one can prove that Lemma 4.2 is also valid in L? instead
of L? for all p € (1,00), identifying the dual of LP with L (noting that gy defined in
Proposition 3.8 is equal to 00).

Proof of (4.1). For the time being, denote by D, the set on the right-hand side of (4.1).
Let u € D,: Au = —curlcurlu + Vdivu € H and for all v € Wy N HY(Q;R3),
(—Au,v)gq =(curl curlu,v)g — (Vdivu,v)q

=(curlu, curlv)q + (v x curlu, v)sq + (div u, divv)g

=(curlu, curlv)q + (divu, divv)q + au, v)sn

=bo(u,v).
The second equality comes from the integration by parts formula. In the third equality the
characterization of elements in D,, has been used. Thanks to the density of WrN H!(£;R?)

in Wy, this proves the inclusion D, C D(B,) and that Bou = —Awu for u € D,,.
Conversely, let u € D(B,). Let n = —Byu € H, g = au. Since uj,, € L2, (0S;R3),

tan
Lemma 4.2 shows the existence of w € H with curlw € H such that cau = v x w on 0f).

Therefore, the boundary value g = awu satisfies the conditions of [32, Theorem 1.2] with
p = 2. Then there exists a unique u satisfying

@ € Wr,curleurla € H,diva € HY(Q),
Au=mne H, (4.6)
v x curlt = g € H-Y/2(0Q; R3),

For all v € Wy, integrating by parts,

A, v)g — (v X curl a,v) g0
n,v)Q = (9, v)o

(Bau,v)q — (@ u,v)an

=ba(u,v) — a(u,v)s0

(curlu, curlv)q + (div u, div v)q.

(curl @, curlv)q + (div @, dive)q =

<_
<_

The second equality comes from the fact that @ is the solution of (4.6). The third equality is
a simple reformulation of the previous line using the notations introduced before. The fourth
equality uses the fact that B, is the operator associated with the form b,. Finally, the last
equality comes directly from the definition of b,. Therefore, we proved that v = u—u € Wrp
and satisfies curlv = 0 and dive = 0. Since € is simply connected, this proves that v = 0,
or equivalently u = @, and then that u € D,, from which follows the inclusion D(B,) C D,.

Ultimately, it has been proved that D(B,) = D,. O
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As in the case of Proposition 3.7, Gaffney-type estimates hold:

Proposition 4.4. There exist two constants C,c > 0 such that for any open sets E, F C R?
such that dist (E, F') > 0 and for allt >0, f € H and

u= (Id+t2B,) "L (1gf),
it holds

dist (E,F)

Mgu||e + t]1edivuls + t||lgcurlulls + tv/a ||].1EUHL2(BQ;R3) <Ce “ ¢ |lpfl2 (4.7

Proof. The proof goes as in the case @« = 0 (Proposition 3.7 for Br). Choose a smooth
cut-off function ¢ : R3 — R satisfying £ = 1 on E, £ = 0 on F and ||V¢|s < m.
Then define = % where § > 0 is to be chosen later. Next, take the scalar product of the
equation

u—t?Au=1pf, ueD(B,)

with the function v = n%u. Since n = 1 on F and |lus < |1 f||2, it is easy to check then
that

w3 + [0 divul3 + *ln curl ul3 + *alln u|72 ooms)
< Upf3 + 20 VE]lsot* [ ullz (7 divullz + [l curlull2)

and therefore, using the estimate on ||V¢||» and choosing § = diSt4(,§’F),

I ull3 + [l div a3 + ¢l curlull3 + el ull72p0ps) < 2010 £3.
Using now the fact that n = ¢° on E,

: _ dist(B.F)
pullz + ¢ Updivulz + ¢ Tpewlull + tvVa |Lpul 2@oms) < V2™ B [Lpf]a,

which gives (1.7) with C' = v/2 and ¢ = +. O

As before, with a slight modification of the proof, it can be shown that for all § €
(0, 7) there exist two constants C,c > 0 such that for any open sets E, F C R? such that
dist (£, F) >0 and for all z € ¥,y = {w € C\ {0};|argz| <7 — 0}, f € H and

u = (z1d + Ba) " (1rf),
it holds
|2l g ullz + |21 | Lpdivullz + 2|2 | Lpcurlu]y
T 121 Va | Lpull g2 oaups) < C e BB 1, (4.8)

With the same arguments as for the Hodge-Laplacian, the analogue of Proposition 3.8 and
Corollary 3.9 can be obtained, as well as (3.18) for B,: for all p € (qé, qo),

{z(z1d + By) Yz e Sr—¢} is uniformly bounded in LP(Q;R?); (4.9)
(e7tP);50 extends to a bounded analytic semigroup on LP(€; R?); (4.10)
|VEdiv (=B £)], < Gl fll Vel (5= 1), < Cpl (.11)
|tV div (e*tBo‘f)Hp < Kyl fllp, ||t curleurl (eftBaf)Hp < K| flp- (4.12)
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Moreover, if © is of class €, the following description of B, p, the negative generator of
(e7tBa)>0 in LP(€2;R3) holds:

D(Bayp) = {u € LP(;R?);divu € WHP(Q;R?), curlu € LP(Q; R?),
curlcurlu € LP(Q;R?), v-u =0 and v x curlu = au on o0} (4.13)

Bopu=—Au, u€ D(Bqap),

To prove that, the result in Remark 4.3 has been used, as well as the solvability of (41.6) in
LP for p in the interval ((3+¢)’,3+¢) = (1,00) in that case ([32, Theorem 1.2] is also valid
in this range of p).

4.2 The Robin-Hodge-Stokes operator

From now on, assume that Q is of class €!. Let p € (1,00). Let g € LP(Q;R?), with
divg = 0. By Remark 1.1 (also valid for p € (1,00) with the obvious changes), it holds

-1 . "
v-g € Bp,p/p(BQ) and also v - g satisfies the condition B (00) (v-g, ]1>B;//§),(aﬂ) = 0. By
[19, Corollary 9.3], the problem
qeWP(Q), A¢g=0inQ, 08,q=vr-gon dN (4.14)
has a unique (modulo constants) solution satisfying moreover
¥aly S 10 0l 1 0 (415)
Consider the operator
T, :D(Bayp) — WH(Q), ur— g
where ¢ is the solution of (4.14) with g = —curl curlu.
Lemma 4.5. Forp € (1,00), u € D(Bqy), the following estimate holds
IVTpull, S allcurlul, + [divall,). (4.16)

Proof. Let p € (1,00) and u € D(B,,p). Let ¢ € B;/Z,((?Q). Let ® € W' (Q), so that
®|,, = ¢ (recall that % =1- ]%) Thanks to the description of D(B, ;) given by (4.13) and
the formula (3.1) (also valid in LP), there holds

=(curl curlu, V®)q = (v x curlu, V®)gq

_ v - curlcurl u
By 0o P)py

P, (09)
=a (u, V@)oo = a (curlw, VO)q,

where w € LP(Q;R3) with curlw € LP(Q;R3) is determined by Lemma 4.2, 2 (for g = u;
see Remark 4.3). Therefore by Remark 4.1

I+ curleurlull ;v oy < Cllewlwly, < Cllullsongs) < C(lull + leurlul, + divul,).

(692)

Since Q is bounded, |lul|, can be estimated in terms of ||curlu||, and ||div u||,, which gives
(4.16). O
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Next result links the operator I', and B, , with the Robin-Hodge-Stokes resolvent prob-
lem for z € 3, _p:

zu—Au+Vqg = f in
divu 0 in (4.17)
v-u = 0, vxcurlu = au on ON.

Proposition 4.6. Let p € (1,00). Let z € ¥ and f € HY,. Then (u,q) € D(Bay) X
WLP(Q) is a solution of (4.17) if, and only if, u € D(Ba,,)NHY, satisfies zu—Au+VI,u = f
and in that case ¢ = I'pu.

Proof. = Assume that (u,q) € D(Bayp) x WHP(Q) is a solution of (4.17). Applying the
divergence to the first equation of (4.17) and using the fact that divu = 0, there
holds A7w = 0. Moreover, taking the normal component at the boundary of the same
equation, 8, = v - Au = —v - curlcurlu (recall that, since f € HY,, v- f = 0 on 99)
and therefore ¢ satisfies (4.14) with g = —curl curl u, which implies by definition of I',,
that ¢ = Ipu. This shows that u € D(B,,) N HY, and satisfies zu — Au+ VI,u = f.

«: Conversely, let u € D(B, ,)NH?, satisfying zu—Au+VT,u = f and define v := divu €
WLP(Q). Then v satisfies zv—Av = 0in Q: apply the divergence to 2u—Au+VIu =
f and remark that div f = 0 and div VI'yu = AT',u = 0. Moreover, taking the normal
component of zu—Au+VI',u = f at the boundary, —0,v+v-curlcurlu+9,I',u = 0
on 09 (we wrote —Au = —Vwv+-curlcurlu), and therefore d,v = 0 on 9. Uniqueness
of the Neumann problem for the Laplacian,

(zv—Av:OinQ and 8Vv:00n8(2)=>(v:0),

shows that v = divu = 0. Therefore, (u,[pu) € D(Bayp) x WHP(Q) is a solution of
(4.17). O

Proposition 4.6 allows to define the part of B, in Hp) as follows.

Definition 4.7. Let p € (1,00). The Robin-Hodge-Stokes operator denoted by A, , is an
unbounded operator in HY, defined by

D(An,p) = D(Bayp) N HY, Agpu=—Au+VTu, ueD(A,y). (4.18)

Remark 4.8. If p = 2, it is easy to see that A, is the operator associated with the
continuous, bilinear, symmetric, coercive form a, defined as follows

ao: (WrNHp)x (WrnNHp) =R, aq(u,v) = (curlu, curlv)q + (au, v)sq.

Therefore, A, 2 is self adjoint and —A, 2 is the generator of an analytic semigroup of
contractions in Hp.

Lemma 4.9. Let p € [2,00) and u € D(Aqp). Then u € L%(Q;R3).

Proof. By definition, if u € D(Aqp), then u,curlu € LP(Q;R3), divu = 0 € LP(Q) and
v-u =0 on 09 By [31, Theorem 11.2] (note that B;,/IJ,D < L¥ in dimension 3), there
holds u € LSTP(Q;R?’). Apply the same reasoning to curlu: curlu,curlcurlu € LP(£2;R3),
diveurlu = 0 € LP(Q) and v x curlu = au € LP(9;R?), so that curlu € L%(Q;Rg).
Using again that v - u = 0 on 0€Q, there holds u € L%(Q; R3). O

27



Theorem 4.10. For allp € (1,00), the operator — A, generates an analytic semigroup in
HY, satisfying the estimates

H\/Zcurl (e*tAa’Pf)Hp < GCplfllp and Htcurlcurl (e*tA“va)Hp < Kl fllp, (4.19)
for all f € HY, if p> 2.
Proof. Let z € ¥;_y. By Proposition 4.6,
(zId + Aayp) = (Id — VI, (21d + Bayp) ') (21d + Bay).
Lemma 4.5 and (4.11) imply that for all f € LP(Q;R3),

_ _ . _ o
||Vrp(21d+Ba,p) lf“p Sa (chrl (ZI(H‘Ba,p) lpr‘}'Hle (ZId+Ba,p) lpr) <C—=

BRVIE

This proves that, for |z| large enough (|z| > 4C%a?), zId+ Aq : D(Aa,p) — HY is invertible
with

[1£1lp-

(21d + Anyp) " = (21d + Bayp) ' (Id — VI (21d + Bay) ™)

and

< 1.

HZ(ZId + Amp )_1H$(Lp(Q;R3)) ~

)_1H$(H%) < QHZ(zId + Bap

Moreover, the same reasoning gives

H \/mcurl (z1d + Aoup)il HZ(H%;LP(Q;RC“)) < 2“ \/gcurl (21d + B‘”’)il Hai”(L”(ﬂﬂR?’)) S
(4.20)
and
chrl curl (zId+A4q,p

< 2||curl curl (21d+ Ba,p <1 (4.21)

)71H.,2”(H%;LP(Q;R3 )71H.,2”(LP(Q;R3)) ~
To prove that 2Id+ A, : D(Aap) — HY is invertible if z € X, _p with |z| < 4C?a?, proceed
by induction. The assertion is proved for p > 2 (the range is obtained 1 < p < 2 by duality
since A, 2 is self adjoint in Hp). Assume first that p € [2, 3], so that D(Aq2) < HY by
Lemma 4.9. Let z € ¥,_g with |z| < 4C?a? and let w = z + 8C?a?. There holds w € ¥, _g
and |w| > 8C%a? — |z| > 4C?%a?. Therefore, for f € HY, — Hp,

(21d + Apo) ' f = (WId + App) L f +8C%a* (WId + Apyp) H(21d + Ano)

which gives
H(Zld + Aa,Q)ilpr < COéHpra

and this proves that zId + Asp : D(Aap) — HY is invertible with the norm of its inverse
controlled by a constant depending on «. For any p > 2, the previous procedure can be
iterated using again Lemma 4.9 valid for all p > 2. Estimates of the form (4.20) and (4.21)
are straightforward. Eventually, the result claimed in Theorem 4.10 is obtained for p > 2.
As mentioned earlier, the case 1 < p < 2 is obtained by duality. O
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4.3 The nonlinear Robin-Hodge-Navier-Stokes equations

The nonlinear Robin-Hodge-Navier-Stokes system ((NS'), (Rbc))

Ou—Au+Vr—uxcurlu = 0 in (0,7) x Q,
divu = 0 in (0,7)xQ,
v.u =0, vxcurlu = au on (0,7) x 01,
u(0) = wy in Q

for initial data ug is considered in the critical space H% in the abstract form
u'(t) + Aapu(t) — Pu(t) x curlu(t)) =0, wug € HS, (4.22)

Recall that 4! domains € are considered here. The idea to solve (4.22) is to apply the same
method as in previous Sections.

With the properties of the Robin-Hodge-Stokes semigroup listed in particular in The-
orem 4.10, the following existence result for (4.22) is almost immediate. For T' € (0, o],
define the space ¢ by

S :{u e G([0,T): H3): curlu € €((0, T); L* (9, R?))

with sup ||v/scurlu(s)||s < oo}
0<s<T

endowed with the norm

lullsz = sup_(Jlu(s)lls + [[V/s curlu(s)|s).

0<s<T

Theorem 4.11. Let Q C R3 be a bounded Lipschitz domain and let ug € Hf’). Let v and @
be defined by
y(t) = e Hasyy, >0,

and for u,v € H7, and t € (0,T),
D (u,v)(t) = /t e*(t*s)A“’Q(%P)((u(s) x curlv(s) + v(s) x curlu(s)) ds.
0

(1) If ||uol|3 is small enough, then there exists a unique u € o, solution of u = y+®(u,u).
(ii) For all ug € H3,, there exists T > 0 and a unique u € 7 solution of u = v+ ®(u,u).
Elements of the proof. Remark that, as in Lemma 3.11, for u € 57, (thanks to (3.9)) there
holds u = P(Rgcurlu + Kju) € €((0,T); H%) with sup /s|[u(s)|l6 < ||u].- The proof

0<s<T
goes as in the previous sections. U

Conclusion

In the case of a smooth bounded domain in R", it was proved by Y. Giga and T. Miyakawa
in [22] that the Dirichlet-Navier-Stokes system admits a local mild solution for initial values
in L™ (critical space for the system in dimension n). Their method relies on the fact that
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the Dirichlet-Stokes operator, as defined in Section 1, extends to all LP spaces and is the
negative generator of an analytic semigroup there, which was proved in [21]. The situation
in Lipschitz domains is different. For instance, P. Deuring provided in [14] an example of
a domain with one conical singularity such that the Dirichlet-Stokes semigroup does not
extend to an analytic semigroup in LP for p large, away from 2 (in this example, p > 6).

As already mentioned, E.Fabes, O.Mendez and M. Mitrea proved in [19] that the or-
thogonal projection P defined in Section 1 on L?(€;R3) extends to a bounded projection
on LP(£2;R?) for p in an open interval containing [%,3] (if Q is €, then this interval is
(1,00)). This led M. Taylor in [50] to formulate the conjecture that the Dirichlet-Stokes
semigroup defined originally on Hp extends to an analytic semigroup on L? for p in the
same interval as in [19]. This is actually true as shown in Subsection 1.1.2. It is not known
whether this range is optimal, i.e., for any p > 3 (or any p < %), is there a bounded Lipschitz
domain such that the Dirichlet-Stokes semigroup (e 747 );>o does not extend to a bounded
analytic semigroup in H7,? When considering Hodge boundary conditions (Hbc), the range
where (e*tAT)tZO extends to a bounded analytic semigroup in HY, is however larger (see
Remark 3.12, based on results in [29]).

To apply the Fujita-Kato scheme as in Subsection 1.2, proving that the Dirichlet-Stokes
semigroup (e*tAD)tZO extends to an analytic semigroup in H f’) seems to be the first step
to obtain mild solutions of the Navier-Stokes system with Dirichlet boundary conditions.
Next step is to be able to estimate Ve *AP in the L? norm, which is not as straightforward
as in the L? case where |[Ve t42 f||o = HA}:)/QeftADfHQ.

Finally, it would be very satisfactory to obtain a theory for Robin boundary conditions
(Rbc) in Lipschitz domains as studied in Section 4 for ¢! domains.
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