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KOLMOGOROV EQUATIONS AND WEAK ORDER ANALYSIS FOR SPDES WITH
NONLINEAR DIFFUSION COEFFICIENT

CHARLES-EDOUARD BREHIER AND ARNAUD DEBUSSCHE

ABsTrACT. We provide new regularity results for the solutions of the Kolmogorov equation associated to a
SPDE with nonlinear diffusion coefficient and a Burgers type nonlinearity. This generalizes previous results
in the simpler cases of additive or affine noise. The basic tool is a discrete version of a two sided stochastic
integral which allows a new formulation for the derivatives of these solutions. We show that this can be
used to generalize the weak order analysis performed in [20]. The tools we develop are very general and can
be used to study many other examples of applications.

1. INTRODUCTION

The Kolmogorov equation associated to a stochastic equation is a fundamental object. It is important to
have a good understanding of this equation since many properties of the stochastic equation can be derived.
For instance, it may be used to obtain uniqueness results - in the weak or strong sense - using ideas initially
developped by Stroock and Varadhan [45] or the so-called "It6 Tanaka" trick widely used by F. Flandoli and
co- authors, see for instance [23]. Also, it is the basic tool in the weak order analysis of stochastic equations,
see [46].

For Stochastic Partial Differential Equations (SPDEs), the associated Kolmogorov equation is not a stan-
dard object since it is a partial differential equations for an unknown depending on time and on an infinite
dimensional variable. In the case of an additive noise, it has been the object of several studies, see [I1], [19],
[15], [34], [44] and the references therein. But for general diffusion coefficients, very little is known. In [16],
strict solutions are constructed but the assumptions are extremely strong and the result is of little interest
in the applications.

In this work, we consider a parabolic semilinear Stochastic Partial Differential Equation (SPDE) of the
following form:

(1) dXt = AXtdt—FG(Xt)dt—FO'(Xt)th,

where W is a cylindrical Wiener process on a separable infinite dimensional Hilbert space H. Typically, H
is the space of square integrable functions on an open, bounded, interval in R so that the SPDE is driven by
a space time white noise.

We wish to study regularity properties of the solutions of the associated Kolmogorov equation. The main
application we have in mind is the weak order analysis of a Euler scheme applied to . This has been the
subject of many articles in the last decade, see [B], [7], [9], [20], [21], [24], [27], [32], [33], [47], [51], [52]. In
all these articles, the method is a generalization of the finite dimensional proof initially used in [46] (see also
the monographs [3I] and [36] for further references) and based on the Kolmogorov equation associated to
. These results are restricted to the case of a ¢ satisfying very strong assumptions.

Thus our first aim is to obtain new regularity estimates on the transition semigroup (P;);>. When
has a unique solution (which is the case in the present article), denoted by (X (¢, ))i>0, it is defined by

(2) u(t,x) = Prp(x) = E(p(X (¢, 2))),
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where ¢ is a bounded borelian function on H. The function u formally satisfies the Kolmogorov equation:
d 1

(3) di;(t’ x) = §Tr (a(x)a*(x)DQu(t,x)) + (Ax + G(z), Du(t,z)), u(0,z) = ¢(x).

As usual, we have identified the first order derivative of u with respect to x and its gradient in H and the

second order derivative with the Hessian. The inner product in H is denoted by (-, -).

Our arguments are general and can be applied in various situations. However, in order to concentrate on
the new arguments, we consider a prototype example. Namely, we take three functions Fi,Fy,0 : R - R, and
consider the following stochastic partial differential equation on the interval (0,1) with Dirichlet boundary
conditions and driven by a space time white noise:

dX = (Bee X 4+ +F1(X) 4 e Fo(X))dt + 5(X)dW, t >0, = € (0,1),
X(0,t) = X(1,t) =0,
X(£0) = z(§).

The initial data z is given in L?(0,1) and W is a cylindrical Wiener process (see [I8]). This equation can be
rewritten in the abstract form (1)) classically. Indeed, we define H = L?(0,1) with norm |- |, A = d¢¢ on the
domain D(A) = H?(0,1) N H(0,1), and the Nemytskii operators:

Fi(z) = F (z(+)), o(x)h =6 (z(-))h(-), x € H, h € H.

Assuming that Fy, Fy, and & are bounded, this defines Fy, Fy : H — H and o : H — L(H), where L(H)
is the space of bounded linear operators on H. Below, we assume that Fi, F, and & are functions of class
C3, which are bounded and have bounded derivatives. However, it is well-known that Fy, F» and ¢ do not
inherit these regularity properties on H. The control of their derivatives requires the use of LP norms.

Finally, setting B = d¢ on H'(0,1) and G = F; + BF», we obtain an equation in the abstract form
above.

Global existence and uniqueness of a solution X € L2(2;C([0,7]; H)) follow from standard arguments
(see [I8] for instance). Indeed, we have boundedness and Lispchitz continuity properties on the coefficients
G and o. Thus the transition semigroup can be defined by the formula .

The regularity results which are required for the numerical analysis and which we obtain in this article
have roughly the following form, under appropriate assumptions on : for ¢ € (0,7

|Duft, x) - h| < C(T, )t~ *|(=A)~hl,

W [D?u(t, @) - (h.k)| < C(T, o)t PV |(=A) h||(—A) k],

where (—A)~* denotes a negative power (for o« > 0) of the linear operator —A. We do not make precise which
LP norms appear on the right-hand side in . Precise and rigorous statements are given in Section

Note that these regularity results are natural. They hold for instance in the case G = 0, ¢ = 0 for any
«, B,v > 0 thanks to the regularization properties of the heat semi-group. Using elementary arguments
(differentiation inside the expectation, control of the derivative processes using Itd formula and Gronwall
inequalities), see for instance [3], [20], one can consider the case when the diffusion coefficient o is constant
- additive noise case. Then the estimate above holds for @ € [0,1), and 3,y € [0,1) such that 8+ v < 1.
The case of an affine o is also treated in the above references but then we impose «, 3,7 € [0, %) When
the diffusion coefficient o is nonlinear (the so-called multiplicative noise case), the results obtained so far in
the literature are not satisfactory: the extra restriction g + v < % is imposed. This is not sufficient for the
applications. For the weak order analysis, we need to take 3 +  arbitrarily close to 1.

Also, the right hand side of is well defined only if one is able to get for a € [0,1), 8,7 € [0, %) with
B+ > % This is important to prove existence of strict solutions to this Kolmogorov equation and thus to
generalize results available in the case of additive noise.

In this article, we introduce a new approach to obtain such results. Our first main contribution in this
article is to prove that in one may take « € [0,1) and 3,v € [0, %)7 in the multiplicative noise case, for
SPDEs of the type of .

At a formal level, our strategy is based on new expressions for the first and the second order derivatives of
u which are obtained thanks to the Malliavin duality formula. These formulas are written in terms of some
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two-sided stochastic integrals, with anticipating integrands. Several notions of anticipating integral exist:
see for instance [2], [35], [39] where the definition of such integrals is motivated by similar reasons to ours.
The two-sided integrals which we would need are similar to those developed in [38], [40], [4I], but we need
to consider more general types of integrands.

We have not found the construction of the two-sided integrals we need in the literature. Although
interesting in itself, their rigorous and general construction would considerably lengthen the article; this is
left for future works.

We have chosen a different approach: we consider time discretized versions of the problem, and at the
end pass to the limit in estimates. The advantage is that we do not need to provide the construction of the
two-sided integral since at the discrete level it is straightforward. The drawback is that all our estimates are
made on the discretized processes and computations are sometimes technical.

Nonetheless, we give a formal derivation of the formulas for the first and second derivatives of u in section
We hope that this helps the reader to understand our ideas. Also, this allows to describe the type of
integrals which would be required to have a direct proof in continuous time. Again such a proof, which would
simplify some technical estimates such as those in section [5.10] requires the rigorous construction of a two
sided integral and we chose to avoid this. Thus, results presented in section [5.I] remain at a formal level.

Once new regularity estimates on the solutions of Kolmogorov equations are obtained, our second contri-
bution is to address the weak order analysis of the following Euler scheme applied to :

X1 — Xn = At(AX 41 + G(X,,))dt + o(X,) (W ((n + 1)At) — W(nAt)), Xo =z,

where At is the time step. We prove that the weak rate of convergence is equal to %: for arbitrarily small
k€ (0, %),
|E<p(X(NAt)) — @(XN)’ < Ci(T, @,x)Atéf’{,
where the integer N is such that NAt = T, for arbitrary but fixed T € (0, 00).
The value % for the weak order convergence is natural: indeed, it is possible to show that (for an appro-

K

priate norm | - [|) one has the strong convergence rate 1: E[|X(NAt) — Xn|| < Cu(T, T)Ati— 5,

Like in [7], [9], in the case of ergodic SPDEs, the analysis can be extended on arbitrarily large time
intervals, with a uniform control of the error. This yields error estimates concerning the approximation of
invariant distributions. In fact, under appropriate conditions on the Lipschitz constants of the nonlinear
coefficients, one can include factors of the type exp(—ct), with ¢ > 0, on the right-hand sides of the equations
in ; alternatively, these regularity estimates are transfered to the solutions of associated Poisson equations.
We do not consider this question further in this article.

We generalize the proof of [20], and of subsequent articles, which was done under the artificial assumptions
that F': H — H and 0 : H — L(H) are of class C?, with bounded derivatives, and that the second order
derivative of o satisfies a very restrictive assumption. As already explained above, the new regularity
estimates on the solutions of Kolmogorov equation obtained in the first part of the article are fundamental.
Here we treat diffusion coefficients of Nemytskii type, and drift coefficients which are sums of Nemytskii and
Burgers type nonlinearities. Treating Burgers type nonlinearities is one of the novelties, and one of the main
source of technical difficulties, of this work. Even if the decomposition of the error and ideas in the control of
the terms are similar to [20], we need to consider all the terms again since the functional setting is different.

Another approach, using the concept of mild Ité processes, see [14], [I7], has been recently studied to
provide weak convergence rates for SPDEs (1) with multiplicative noise, for several examples of numerical
schemes: see [I3], [28], [29], [30]. In particular, in [28], a similar result as ours is obtained when the
Burgers type nonlinearity is absent (F» = 0). This requires also to work in a Banach spaces setting, with
an appropriate type of mild It6 formula [I4]. It is not clear that this can be extended to the case Fy # 0.
Moreover, we believe that our way of treating the discretization error is more natural and somewhat simpler.
We also mention that the regularity requirements are weaker in our work.

Also, in [4], a completely different approach is used; but up to now, this covers only additive noise, i.e.
the case when o is constant.

Using Malliavin calculus techniques to get weak convergence rates for numerical approximations is stan-
dard in the literature of finite dimensional Stochastic Differential Equations: see for instance [6] and [I2]. As
3



already emphasized in [20], Malliavin calculus techniques are used in a completely different manner in this
article. Note that the approach of [I2] has been extended in the infinite dimensional setting in [4]. However,
the approach of [6] can not be applied for SPDEs, as proved by [§]: weak convergence rates for SPDEs
heavily depend on the regularity of the test function.

In future works, we plan to analyze the weak error associated to spatial discretization, using Finite
Elements, like in [5]. Note that the analysis of the weak error may also be generalized to other examples of
time discretization schemes, such as exponential Euler schemes, like in [47], |[51] for instance.

We have chosen to consider SPDEs of one type, namely with Nemytskii diffusion coefficients, and
Nemytskii and Burgers type nonlinear drift coeflicients, driven by space-time white noise, in dimension
1. We believe that natural generalizations hold true, for instance for equations in dimension 2 or 3, with
appropriate noise. Moreover, considering coefficients with unbounded derivatives, with polynomial growth
assumptions, is also an important subject, which we have not chosen to treat; indeed it would have required
to deal with additional technical difficulties, resulting in hiding the fundamental ideas of our approach.

On a more theoretical point of view, we leave for future work the important question of the construction
in continuous time of the two-side stochastic integrals used in the proof of the new regularity results for the
solutions of Kolmogorov equations. It may also be interesting to generalize these estimates to higher order
derivatives. Finally, we believe that these results and the strategy of proof will have other applications,
beyond analysis of weak convergence rates.

This article is organized as follows. The functional setting is made precise in Sections 2] and [8] Section []
contains the statements of our main results, on the regularity of the solution of the Kolmogorov equation
(Section, then on the weak rate of convergence of the Euler approximation (Section. Detailed proofs
are given in Section [5] and in Section [6] respectively.

2. SETTING

We use the notation N* = {1,2,...} for the set of (positive) integers.

Throughout the article, ¢ or C' denote generic positive constants, which may change from line to line. We
do not always precise the various parameters they depend on. When necessary, we write C = C._(...) to
emphasize the dependence on some parameters, by convention it is locally bounded on the domains where
the parameters live.

2.1. Functional spaces and stochastic integration. In all the article, given two Banach spaces E; and
Es, CF(Er; Ez), or CF(E1) when Ey = Es, is the space of bounded C* functions from E; to E2 with bounded
derivatives up to order k. Also L(E7; F3) denotes the space of bounded linear operators from F; to Eo. If
E1 = EQ, we set ,C(El) = ,C(EhEl)

The SPDE is considered as taking values in the separable Hilbert space H = L?(0,1), with norm
(resp. inner product) denoted by |- | (resp. (,-)). We will also extensively use the Banach spaces L?(0,1),
for p € [1,00]; the LP norm is denoted by | - |re.

When K is a separable Hilbert space, the trace operator is denoted by Tr(-); recall that Tr¥ is well defined
when U € £(K) is nuclear ([25]).

We recall that if ¥ € L(K) is a nuclear operator and L € L(K) is a bounded linear mapping, then LU
and WL are nuclear operators, and TrLW = TrW L.

Let Hy, Hy be two separable Hilbert spaces. For L € L(H;, Hs), we denote by L* its adjoint. We now
introduce the space L£o(Hy; Hs) of Hilbert-Schmidt operators from H; to Ha: alinear mapping ® € L(H;; Hs)
is an Hilbert-Schmidt operator if ®*® € L(Hy, H;) is nuclear, and the associated norm || - ||z, (,,a,) satisfies
H©||52(H1;H2) = H(I)*Hﬁg(Hz;Hl) = (TI' (D(I)*)% We use the notation EQ(Hl) = EQ(Hl; Hl)

For a function ¢ € C*(H;R), we often identify the first order derivative and the gradient: (D (z),h) =
Di(x) - h, for x,h € H. Similarly, if ¢ € C?(H;R), we often identify the second order derivative and the
Hessian: (D%*y(x)h, k) = D*(x) - (h, k), for ,h,k € H
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We are now in position to present basic elements about stochastic Ito integrals on Hilbert spaces, see [I§]
for further properties. The cylindrical Wiener process on H is defined by

(5) W)= Bi(t)fi

ieN*
where (Bi)i . is a sequence of independent standard scalar Wiener processes on a filtered probability space

satisfying the usual conditions (Q, F, (ft)tZO,IF’) and ( fl)z cn- 18 @ complete orthonormal system of H.

It is standard that this representation does not depend on the choice of the complete orthonormal system
of H. Moreover, it is well-known that W (¢) as defined by does not take values in H; however, the series
is convergent in any larger Hilbert space K, such that the embedding from H into K is an Hilbert-Schmidt
operator.

Given a predictable process ® € L?(2 x (0,T); Lo(H; K)), the integral fOT O(s)dW (s) is a well defined Ito
integral with values in the Hilbert space K. Moreover, Itd isometry reads:

T T
E<| / @(s)dW(s)lli()—E(/o ||<I><s>|%2<H;K>ds>.

In the sequel, we will need to control L? norms of stochastic integrals, for p € [2,00), for processes ® with
values in £(H; E), where E' = LP(0,1) is a separable Banach space. The space L2(H, K) of Hilbert-Schmidt
operators is then replaced by the space R(H, E) of v- radonifying operators: a linear operator ¥ € L(H, E)
is a y-radonifying operator, if the image by ® of the canonical gaussian distribution on H extends to a Borel
probability measure on E. The space R(H; E) is equipped with the norm || - || gz, ) defined by

11 pry =B Y w@fi]”,
ieN*
where (7;)ien+ is a sequence of independent standard (mean 0 and variance 1) Gaussian random variables,
defined on a probability space (€, F, IP’), with expectation operator denoted by E, and (fi)ien+ is a complete
orthonormal system. The expression of ||®||r(q;r) does not depend on the choice of these elements. We
refer for instance to [10, 49, [50] for further properties.

An important tool which is used frequently in the sequel is the left and right ideal property for ~y-
radonifying operators: for every separable Hilbert spaces K, and for every Banach spaces E = L?(0, 1),
€ =L%0,1), with p,q € [2,00), for every Ly € L(E,E), ¥ € R(K,E) and Ly € L(K,K), one has L1 ULy €
R(K,E),

(6) L1V Lo rixc,ey < NLallcee) ¥l rex, 2| L2l 2 (e, k) -

For E = L?(0,1) with p € [2,00), the following generalization of Itd isometry holds true, in terms of an
inequality only: for predictable processes ® € L*(Q x (0,T); R(H; E)), the Ito integral fOT D (s)dW (s) can
be defined, with values in E, and there exists cg € (0,00), depending only on the space E, such that

(7) E (n / <I>(s)dW(s)I%> < cpE ( / |¢<s>||z(H,E>ds> .

Finally, generalizations of Burkholder-Davies-Gundy inequalities are also available and will be used
throughout the article.
To simplify the notation, we often write L? instead of L?(0,1).

2.2. Elements of Malliavin calculus. We recall basic definitions regarding Malliavin calculus, which is a
key tool for the analysis provided below; especially, we define the Malliavin derivative, and state the duality
formula which will be used. We simply aim at giving the main notation; for a comprehensive treatment of
Malliavin calculus, we refer to the classical monograph [37].

Malliavin calculus techniques will be required for both contributions of this article: first the proof of new
regularity estimates for the solution of Kolmogorov equations associated to SPDEs with nonlinear diffusion
coeflicient, and second the analysis of weak convergence rates for the numerical discretization of the SPDE.
For the first part, we will only use discrete time versions of all objects, which are based on standard integration
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by parts in the weighted L?, spaces, where p is the Gaussian density. The full generality of Malliavin calculus,
in continuous time, is mainly needed in the second part.
Given a smooth real-valued function G on H ™ and ¢1, cee wn € L?(0,T; H), the Malliavin derivative of

the smooth random variable G(fOT (W1(r), dW (r fo (1 (r),dW(r))), at time s, in the direction h € H,
is defined as

T T
DLG([ (a0 AW ()., / (bn(r), AW (1)
T
fZaG / O AW [ ). WD) 1),

We also define the process DG by (DG(s),h) = D'G. Tt can be shown that D defines a closable operator
with values in L?(Q x (0,7); H), and we denote by D2 the closure of the set of smooth random variables
for the norm

r :
IGllos = (3G + [ DGPas)

We define similarly the Malliavin derivative of random variables taking values in H. If G = Zz Ge; €
L*(Q, H) with G; € D'2 for all i € N* and ), fOT |D*G|ds < oo, we set

'D?G = ZD?GZ'EZ', DSG = ZDsGiei-

The chain rule is valid: if u € C}(R) and G € D'2, then u(G) € D'? and D(u(G)) = «'(G)DG
For G € DY and ¢ € L?(Q x (0,T); H), such that ¢(t) € D2 for all t € [0,T], and such that

fOT fOT |Dst(t)|2dsdt < oo, we have the Malliavin calculus duality formula

T
E(G / <w<s>,dW(s>>>=E</0 (D,G, () ) ZE(/ DEG <w<s>,ei>ds>,

where the stochastic integral is in general a Skohorod integral. However, in this article, it corresponds with
the Ito integral since we only need to consider the Skohorod integral of adapted processes. Moreover, the
duality formula above holds for G € D2 and v € L?(Q x (0,T); H) when ¢ is an adapted process.

Recall that if G is F; measurable, then D,G = 0 for s > t.

Finally, we use the following formula, as a consequence of the duality formula above, see Lemma 2.1
in [20]: let G € D2, w € CZ(H) and ¢ € L*(Q x (0,T), L2(H)) be an adapted process, then

( /w AW (s ) ZE</ D2u(G) - (DS G, (s)e:) d )

=E (/ Tr (¢*(s)D*u(G)DsG) ds>.

0

3. ASSUMPTIONS AND PROPERTIES OF COEFFICIENTS

In this section, we give definitions and properties of the coefficients A, G = F} + BF5, and o, which
appear in (I). In addition, Section [3.2) presents results concerning Sobolev norms.

3.1. The linear operator A. The operator A is an unbounded linear operator on H = L2(0,1): it is
defined as the Laplace operator on (0,1), with homogeneous Dirichlet boundary conditions, on the domain
D(A) = H?(0,1) N H}(0,1). It satisfies Property [3.1] below.
Property 3.1. For i € N*, define e; = \/Esin(im) and \; = (im)?. Then
° (ei)ieN* is a complete orthornormal system of H, and, for all i € N*,
Aei = —/\iei.

o Foranya € R, Y 2 A\ < oo if and only if o > %
o the family of eigenvectors is equibounded in L™ : sup;cn« |€i]re < 00.
6



In particular, for every p € [2,00], sup;en+ |€i|z» < 0o. This equiboundedness property is crucial for many
estimates which will be proved in this article.

For every p € (2,00), A can also be seen as an unbounded linear operator on LP(0,1), with domain
D,(A) ={z € LP(0,1); Az € L?(0,1)}. Note the inclusion D,(A) C D,(A) C D(A) for p > ¢ > 2.

The operator A generates an analytic semigroup (etA) on LP(0,1), for every p € [2,00), see for

>0
instance [42]. In the case p = 2, we have the following formula: e!4 = >°7° e~ti(. ¢;)e; for every z € H
and t > 0.

We use the standard construction of fractional powers (—A)~* and (—A)® of A, for @ € (0,1), see for
instance [42]:

™

(—A)™ = sin(ra) /OO t=(tI — A)~ldt,
0

sin(ma)

(—A)® = /OO =Y AY (T — A)~dt,

0 0

where (—A)* is defined as an unbounded linear operator on LP(0,1), with domain D,,((—A)*). Definitions
are consistent when p varies. In the case p = 2, the construction is simple: indeed,

(A) % = Z A Yz, ei)e;, x€H,

iEN*

(—A) % = Z Mz e)e;, @€ Da((—A)*) = {:v € H; Z)\?‘)‘(ac,ei>2 < oo} .

iEN* i=1
We use the natural norms on D, ((—A)%), denoted by |[(—A)* - |L».
3.2. Useful inequalities. For p # 2, the norm of D,((—A)*) does not in general coincide with the norm
of the standard Sobolev spaces W2®P = W?2%P((, 1); see [48, Section 4.2.1] for their definitions. When 2«

is not an integer, we may use the norm defined in [48] Section 4.4.1, Remark 2]. In this article, o € (0,1/2)
and in this case, this norm writes:

p
®) el = ol + [ [ OO gy

It is useful to compare the two scales of spaces D,((—A)*) and W?2®P. Below we use a series of results
from [48]. Let us choose € > 0, by the definition in section 4.2.1, Theorem 1, section 4.3.1 which asserts that
2.4.2 (16) holds, we have:

W2a76,p _ Bgzje — (Lp W2 p)a_77p
where Bgz‘;é is the Besov space and (-,-)g,, denotes the interpolation spaces. Then, we use 1.3.3 (e), the
equality W2P? = D((—A)) and 1.15.2 (d) to obtain:
(L7 W) s © (L7, W39, € D((—A)").

It follows

W?2e—eP C D((—A)®).
The same arguments imply

D((—A)*) c w2eter,
(Note that for p = 2, we can take ¢ = 0 and we have in fact D((—A4)%) C W?2*:2))

We deduce the following inequalities:

(9 lelweacr < caepl(=A)2|ie, @ € Dp((=A)") ;1 |(=A)*@[1r < Carepltlwaates, v € WP,
for ca,e,p € (0,00).

We also need inequalities for composition and products in these spaces. Let us consider a Lipschitz
continuous function g : R — R. It satisfies:

lgOI < L+ t]),  [9(t) —g(s)| < Lt —s|, s €R,



for some constant L. It follows for € W2*P o < l

ool < 11+l [ [T <1 [ [ BT

Recalling the definition of the norm on W2%P we get the following inequality: for o < 5 and € > 0, any
x € Dy((—A)**), and any Lipschitz continuous function g : R — R,

(10) }(—A)O‘g(x)|Lp < Ca,epl9(@) [ w2ater < Caepg (1 + |x|Wza+e,p) < Carepg (1 + |(—A)O‘+€x|Lp).

Also, by Hélder inequality and , for a < %, and x € W24,y € W2%7 such that % = % + %, one has

(11) |zy|wrzar < Ca7q7r(|x|Lq|y‘W2a,r + |x|W2a,q|y|Lr) < Caq.r|Tlw2ea|y|wea.r.

Using then (9), yields that for a € (0,3), € >0, 3 = 2+ 1, and @ € Dy((=A4)**), y € D, ((—A)**°),
one has

(12) (=A)*zy|1r < caeqr|(—A) @[ La| (—A)* Y| L.

Below, we also need to estimate products of two functions, one of which belongs to a space of negative
regularity, in a space D((—A)~) with o € (0,3). More precisely, given z € D((—A)~®), we want to give
a meaning to the product xy. For functions defined on the whole space R, this is classically treated thanks
to paraproduct. In the case of the interval treated here, we provide an alternate argument to do this. As
in the case of R, the sum of the regularity of x and y has to be positive and the product is defined only in
spaces of negative regularity.

We use a duality argument. Let us first consider smooth z and y, then for z smooth. Let o € (0, 3),
€>0, %Z%-i-%, %—i—%:l;notethat%:%-&-%

(zy, 2) = ((—A) "z, (—A)*(y2)) :/0 ((=A)"*2) () ((=A)*(y2))(§)dE < [(=A)*@|ral(=A)*(y2)| o' -
From (9) and (11), we obtain

[(=A)*(W2) L < clyzlwzatea
S C|y|W2a+5,r

Z|W2u+5,p/
<el(=A) oyl [(—A) T2 L
We deduce:

(zy, 2) < c|(=A) "] La| (= A) Y| [ (= A) T2 L

Since |(—A)~~(zy)|» = sup %, we obtain:

(13) [(=A) ™ (ay)lLr < caeqrl(=A)2|Lal(=A)* YL
By density, this inequality remains true for all x,y, z such that the right hand side is finite.

Finally, for every p € [2,00), we have the Sobolev embedding: L? C Wéf%’z, see for instance [I, Theo-
rem 7.58|. Since DQ((_A)%_%) is a closed subspace of W22 and the norms | - |w2az and [(—A)® - |2
are equivalent on D ((—A)*) (see [48], Theorem 1.18.10), we deduce:

(14) j2|e < O(p)|(—A)5~ % a2,

3.3. Nonlinear terms GG and o. The drift G is the sum of a Nemytskii and of a Burgers type nonlinearities:
G = F\ + BF,, where Bx = 9:x € LP(0,1) for x € W'P(0,1), and where F; and F» are Nemytskii
coefficients. Precisely, let Fy, Fy € CE’(]R) be two real-valued functions. We assume that they are bounded to
simplify the presentation, but this could easily be relaxed. Then we set, for every x € LP, with p € [1, o],
Fy(z)(-) = Fi(x(")), for i € {1,2}.
Straightforward applications of Hélder inequality yield Property [3.2] below.
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Property 3.2. Let F € {F1, F»}.
For every p € [1,00], there exists C,, € (0,00) such that for every x € L? h € LP

[F(@)|ler <Cp ,  [F'(2)-hlLe < Cplh|Le;
moreover, if qi,q2,71,72,73 € [1,00] are such that q% + q% = 1% and % + % + % = %, there exists Cp(q1,q2)

and Cy(r1,72,73) such that for every x € L?
|F(2)($).(h1,h2)|LD S Op(q1,q2)|h1|LQ1 |h2|Lq2, v h1 € Lq],hz S L%
|F®)(2).(h1, ha, hs)|Le < Cp(ri,r2,73) k1L |ha|ra |hs|prs, ¥ hi € L™, ho € L™, hg € L.

L™ L2

In order to control terms of the form BF5(x), we will use the following property

1
—_ A 2B(— AP :
(15) |(—A)"*B(-A) |L(Lp)<oo, fora+ 3 > 5

Indeed, this inequality is a direct consequence of @D when a = 0, and uses a duality argument when 5 = 0.
The general case follows by an interpolation argument.

The diffusion coefficient o is a linear operator of Nemytskii type. Precisely, let & € C3(R) be a real-
valued, bounded, function, with bounded derivatives up to order 3. Then, for every p € [1,00], define
(o(x)h)(-) = 6 (x(-))h(-) for all z,h € LP.

Property 3.3. For everyp,q € [1,00], o : L? — L(LP, L9) is of class C3. Moreover, the following conditions
on the derivatives of o hold true.
For every p € [2,00], there exists C,, € (0,00) such that for every x € L?

|lo(@)|c(ry < Cp
For every p € (2,00), there exists C,, € (0,00) such that for every x € L?
(16) |(—A)"2 (o' (2).h) |£(L2) < Cplhlpr, V h e LP,
(17) |(=4)7 % (0" (2).(h, k) | o 2y < CoplPliaolklze, ¥ bk € L7,
(18) |(*A)_% (e ().(h, klak2))|g(m) < Cplhlpev|k|pan k2| pan, ¥ h € L ki, ko € L*.
Finally, for every x € L? and h € LP, k1, ky € L?P
(19) o@)y =o(@) , (o'@)h)" =d@)h , ("(@)(ki, k2))" = 0" (x).(k1, ko).

We sketch the proof of , the two other estimates and are obtained in the same way. For
every y,z € L2,

L
2

b2

_a _a
((0'(x)-h)y, (—A)" 2 2) < Clh|LolylL2](—A) "2 2[Lr
< Clhliolyl=l(=A) 72 52| e,
thanks to Holder inequality, with % + % = %, and inequality . i
When no confusion is possible, we will often use the notations F; for F;, and o for &.
3.4. Test functions p. We now give the regularity assumptions on the test functions ¢. Typically, ¢ is only
defined on LP(0, 1), for some p € [2,00) and is not a C™ function on LP for n > 2. It possesses derivatives only

in restricted directions, that is in a smaller space which is in general L? for ¢ > p. To state the assumption
on the test functions allowed, we consider regularized version g, defined in Assumption below.

Assumption 3.4. Let p € [2,00) and ¢ : LP(0,1) = R. For every 6 € (0,1), define ¢s(-) = ¢(e>*-). We
assume that s is of class C® on H, for every § € (0,1). Moreover, we assume that the derivatives satisfy
the following conditions, uniformly with respect to 6 € (0,1): there exist ¢ € [2,00), K € N* U {0}, and
C(p,q,K) € (0,00) such that for every x € LP, and hy, ha, hs € L4

(20) |Ds().h1| < C(p,q, K)(1+ [2[10) ||,

(21) |D*@s(x).(h1,ho)| < Clp,q, K)(1 + |$|LP)K|h1|Lq|h2|Lq7
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(22) |D%ps(x).(h1, ha, h3)| < C(p,q, K)(1 + |z|LP)K|h1|L‘1|h2|L‘1|h3|L‘1-

Interesting examples of test functions ¢ are constructed as follows. Let ¢ € C3(R) a function of class C?;
we assume that the derivatives of ¢ have at most polynomial growth. Define

o(z) = /0 o (2(6)) de

for x € L™(0,1), where n € N* is such that sup(‘lﬁ/‘% < 00.
z€R

Since derivatives of ¢ take the form D™ (z).(hi,..., hy) = ¢ (2(-))h1(-)... hy(-), Assumption is
satisfied by applying Holder inequality, with appropriately chosen parameters p, q.

If we assume that the derivatives of ¢ are bounded, we may choose K = 0 and p = 2; the estimate on the
third order derivative requires to choose ¢ = 3.

4. MAIN RESULTS

We consider the stochastic evolution equation , which we recall here:
(23) dX; = AXydt + G(Xy)dt + o(Xy)dW (t), X(0) ==,

where x € H is an arbitrary initial condition.
For every time T € (0,00), equation admits a unique mild solution in C([0,T); H), i.e. X =
(X1), o saH -valued continuous stochastic process such that for every 0 <t < T

t t
(24) X, = etAx—F/ e(tfs)AG(Xs)ds—F/ =946 X ) dW (s),
0 0

where the H-valued stochastic integral is interpreted in It6 sense. We refer for instance to [I8] for a proof of
this standard result.

To emphasize on the influence of the initial condition x, we often use the notation X (¢,z). However, in
many computations we omit this dependence and write X; for simplicity.

A rigorous treatment of the problem is made easier by considering regularized coefficients Gs and oy, for
0 > 0, defined as follows:

Gs = e&AG(eéA_) _ eéAFl(e6A_) _i_BeéAFQ(e(SA.) - e&AU(etSA_)eéA.

It is straightforward to check that Properties and are preserved after regularization, with constants
which are uniform with respect to 8. Indeed, e’# is bounded with norm equal to 1, from L? to LP, for every
p € [1,00] and § € (0,1). Also for § > 0, e’4 is a bounded operator from L? to L? for any p > 2, and thus
the regularized coefficients Fs and o are Cg’ on H (but with norm depending on §). Note that B and e’4
do not commute.

Remark 4.1. We cannot use standard reqularization methods in our setting, such as spectral Galerkin
projections, like in [20]. Indeed, the associated projection operators are not uniformly bounded (with respect
to dimension), in LP spaces for p > 2.
The reqularization we use in this article does not provide finite dimensional approzimation of the process.
Alternatively, the not so different reqularization proposed in [26] (see Lemma 3.1) may be used. It is based

on an additional truncation of modes larger than N(6), in the definition of e®?, for a well-chosen integer
N(9).

In the computations below, we often omit to mention the dependence on 6. All the estimates we state
and prove are uniform in 4.

Working with regularized coefficients Fs and o, with § € (0,1), we introduce the regularized SPDE
(25) dX? = AXPdt + Gs(X?)dt + os(X0)dW (t), X°(0) = z.

When § — 0, X9 converges (in a suitable sense) to X. Consistently, the notation X° = X will be used.
For every § € (0,1), introduce the function us : [0,7] x L? — R, defined by

(26) us(t,z) = E[gp(;(X‘s(t,a:))},
10



and the function u : [0,7] x L? — R

(27) u(t,z) = E[@(X(t, x))]

The function ug, resp. u, is formally solution of the Kolmogorov equations associated to 7 resp. . As
already mentioned, the regularity results proved in this article could be used to prove that these functions
are in fact strict solutions of these Kolmogorov equations.

Consistently, we use the notation uy = u. Indeed, results on u will be obtained from results proved for
0 > 0 and passing to the limit § — 0.

Thanks to [3] or [T, for every § € (0,1) and ¢ > 0, us(t, ) is a function of class C3 on L?.

4.1. Regularity estimates on the derivatives of the Kolmogorov equation solution. The first main
results of this article are new estimates on the first and second order spatial derivatives of w.

For our results given below, we consider the setting of Section [3]and Section [3:4] Note that all the results
are valid for the parameter ¢, defined in Assumption satisfying ¢ € [2,00). The proofs of the cases ¢ = 2
and ¢ € (2,00) need to be treated separately. We only provide detailed proofs in the case ¢ € (2,00). The
case ¢ = 2 is easier.

Theorem 4.2. For every f € [0,1) and T € (0,00), there exists Cg(T'), such that for every 6 € [0,1),

te (0,T], z € LP and h € L4

Cs(T)
B

(28) | Dus(t,2)-h] < (1 4 [a] e )< (= A) b oo

This result can be interpreted as a regularization property: for every ¢ > 0 and S € (0,1), we have
(—=A)PDu(t,z) € L", where r is the conjugate exponent of 2q, i.e. % + i = 1. For t = 0, from Assumption
we formally have Du(0,z) = Do(z) € L™ € L7 where ¢ is the conjugate exponent of ¢’. No information
on Dy in D((—A)?) is available.

Theorem is not difficult for 3 € [0,1) (see [3], [20]). Getting the result for 3 € [0,1) with standard
arguments is possible only in the case of additive noise. We recall below in Section [5.1] where the limitation
8 < % comes from in direct approaches, when o is nonlinear. Then we give a formal description of our
strategy of proof of Theorem and introduce new arguments.

The constant Cg(T") depends on ¢ through the constants appearing in Assumption More precisely,
it depends on the constant in the right hand side of and . It may seem surprising that we need
information on the second differential of ¢ to get an estimate on the first differential of u. This is due to the
final step of the proof where we use an interpolation argument to get rid of an extra smoothing parameter
7 introduced below. We do not know whether this is optimal.

We now turn to the result on D?u, which is also a regularization property.

Theorem 4.3. For every 8,v € [0, %) and T € (0,00), there exists Cg ~(T), such that for every § € [0,1),
t € (0,T), x € LP and hy, hy € L*

Cp (T
09 [D%ust0).(hnsha)| < SR (1t el ) A) el (- 4) e

Again, the novelty in Theorem is the range [0, 1) for the parameters 8 and 7. More precisely, we
remove the restriction 8+~ < %, for which a direct proof works, see [3], [20].

As above, the constant C ,(T") depends on ¢ through the constants appearing in Assumption Now,
it depends on the constant in the right hand side of , and .

Another novelty is that we consider SPDEs with a spatial derivative in the nonlinear term. Moreover,
Nemytskii type diffusion and nonlinear terms are allowed. This requires bounds depending on L? norms and

not only on L? norms.

Remark 4.4. The presence of L?? and L*? norms in the right-hand side of and is not optimal.
A careful inspection of the proof reveals that norms on the right-hand side may be replaced with weaker LIT¢
and LT norms, where € is arbitrarily close to 0. Moreover, at the price of increasing the singularity in T,
one may use the Markov property to get estimates which depend on L" with much smaller r.
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The main motivation and application of Theorem and Theorem is the analysis of weak convergence
rates for numerical discretizations of the SPDE (23). For that purpose, being able to choose both 5 and
7 arbitrarily close to % is fundamental. Theorem [4.2) with 3 € [0, §) is sufficient to consider the case with
F5 =0, but we need S close to 1 to treat the Burger type nonlinearity BF5.

In the additive noise case, it is possible to choose ,v € [0,1), such that §++v < 1in Theorem Then
we may choose for instance 5 € [%, 1), and this simplifies several arguments in the weak convergence analysis
- and also in the argument presented below to give a meaning to the trace term in . We believe that
the same strategy as for the proof of Theorem [£.2] can be adapted to prove that indeed the conclusion of
Theorem is still valid for 8,7 € [0,1) with 8 4+ v < 1. Substantial generalizations of the arguments are
however required, and they will be studied in future works.

In addition to the analysis of weak convergence errors, Theorems and [£.3]can be used to give a meaning
to the different terms in the right-hand side of (3)). First the terms (Az, Du(t,z)) has a meaning as soon as
|(—A)Pz|a < oo, for B arbitrarily close to 1. Choosing 3 > % is fundamental, since the solution X (¢, z)
takes values in D,((—A)®) only for a < 1. The term (G(z), Du(t,z)) = (Fi(z) + BFs(z), Du(t,z)) is
well-defined also, choosing 8 > % thanks to . The trace term is more delicate. Thanks to Theorem

for 8,7 € [0,3) and = € LP we have
Tr (o(z)o* (z)D?u(t, z)) = Z D?u(t,z).(0%(x)en, en),
and

3 [D%ult, ) (o*w)enen)] < L2 (1 pai) ) E =A@ @il -4 el

_ Cpa(T) .
< S (4 ) Dl el

where we have used sup |e, |4« < 0o thanks to Property [3.1
neN*

Nevertheless, taking v < % arbitrarily close to % and 8 = 0 is not sufficient, since

overcome this issue, we use , then :
(=A) P (o?(x)en)| paa < C\(*A)ﬁﬁz(x)lmI(*A)’B“enlm < e(1+ (= A) x| psa) [ (= A) T F e La.
We choose v, 3 € [0, ) and € > 0 such that v+ 3 — e > 1

Cs (T v Bte
S |D2u(t, ). (0% (w)ens en)| < %(l L[ (14 (=AY Feal o) ST AT,

—
nenx A 1 =o00. To

Note that it is possible to choose f3, € arbitrarily close to 0. Therefore the trace term in is meaningful as
soon as « € Dgq((—A)%) for some a > 0. Again the exponant 8¢ is not optimal.

For completeness, we also state a regularity result on the third order derivatives of us. This result is useful
to prove the two results above and in the analysis of the weak convergence rate for numerical approximations
below. Contrary to Theorems [.2] and [1.3] since we consider a restrictive range for the parameters «, 38,7, i.e.
with the constraint a4+ 8+~ < 1/2, standard arguments are sufficient and the proof is left to the reader. The
arguments used for Theorems and could be naturally extended to generalize Proposition under
appropriate assumptions, as well as to higher order derivatives. We leave the study of such generalizations
to future works.

Proposition 4.5. For every a, 3,7 € [0, %) such that « + 8+ < %, and T € (0,00), there exists C(T),
such that for every § € (0,1), hy, ho, hy € L31

Co (T . B B
(30) (DRt ). (P ha)] < 20T (1)) ) (A ()l

The constant Cy g~(T) depends on ¢ through the constants appearing in Assumption
The results in Theorems are proved for the function ug, defined by , for § € (0,1). Thanks
to the result on the third order derivatives of us, we may take the limit § — 0 in Theorems [{.2] and [4-3}
12



this provides Gateau differentiability of first and second order of the function u, at points x € LP and in
directions hq, ho € L9.

If ¢ is a C? function on H satisfying Assumption with p = 2 = ¢ = 2, using standard arguments, we
can prove similar estimates on DFus, k = 1,2,3 with 3 =~ = 0 for x € H and h, hy, hy, hs € H. Thus in
this case, we can prove that v is a C2 function on H.

4.2. Weak convergence of numerical approximations. As an application of the results of Section
we study the discretization of by the following semi-implicit Euler scheme (also known as the linear
implicit Euler scheme). Let T' € (0, 00) be given, and let At € (0,7T") denote the time-step size of the scheme,
such that N = % € N* is an integer.

Then for n € {0,..., N — 1}, define

(31) X1 — X, = At(AXnH + G(Xn)) + J(Xn)(W((n + I)At) — W(nAt)), Xo==.
The nonlinear terms G and o are treated explicitly (which is possible thanks to global Lipschitz continuity
assumptions), whereas the linear operator A is treated implicitly. Note that can be rewritten in an
explicit form

Xnr1 = Sas X, + AtSAG(X,) + S’Ata(Xn)(W((n + 1)At) - W(nAt)),
where
(32) Sar = (I — AtA) ™"

This proves the well-posedness of the scheme, thanks to nice regularization properties of Sa¢, see Lemmas|[5.2)
and 5.3
The weak convergence result is given by Theorem [£.6} its proof is given in Section [6} It generalizes the
1

statement that the weak rate, equal to %, is twice the strong order 7, which has been obtained for instance

in [43]. Recall that the values of p,q and K are determined by Assumption

Theorem 4.6. For every k € (0, %), T € (0,00) and every Aty € (0,1), there exists Cy(T, Ato, p), such
that for every At € (0, Aty), with N = Alt € N*, for every x € LP N L3

(33) B (X (T)) — Ep(Xn)| < CulT, Ato, 9) (1 + |2] pmasiosn) - ALZF.

The proof is a generalization of [20], with several non trivial modifications, due to the assumptions made
on the nonlinear drift term and diffusion coefficients. In this article, we work in LP spaces, and it seems that
it is the first time that a weak convergence result is provided for SPDEs with Burgers type drift coefficients,
i.e. with a spatial derivative in the drift nonlinear term. More importantly, our main contribution is the
treatment of non constant diffusion coefficients o (the multiplicative noise case), under realistic assumptions.
In particular, we drop the artificial assumption on ¢ from [20].

As mentioned in the introduction, the approach using mild It6 calculus, see [I3], [28], [29], [30], has also
recently been able to deal with such non constant diffusion coefficients. The main difference is in the way the
discretization error is analyzed: our approach is in our opinion somewhat simpler, and closer to the standard
approaches from finite dimensional cases. We require also lower regularity on the drift and diffusion terms.

Our proof is based on a decomposition of the error depending on the solution u of the Kolmogorov
equation. In particular, Theorem (to handle Burgers type nonlinear drift coefficients), resp. Theorem [4.3
(to handle nonlinear diffusion coefficients), removing the condition 5 < %, resp. the condition 8+~ < 3,
are essential tools.

5. PROOFS oF THEOREMS AND (43

The aim of this section is to provide the proofs of the new regularity results, Theorems and

The key ideas of our original approach are explained in Section however only at a formal level: indeed
the stochastic integrals in below involve anticipative integrands and are not well defined so that
cannot be used. These integrals are in fact two-sided integrals and should be defined appropriately. This
would considerably lengthen our article. A discrete time approximation is used to make the analysis rigorous:
it is introduced in Section (5.2

In addition to the auxiliary temporal discretization, with parameter At, another approximation is used,
with parameter 7. The most difficult part of the proof is to obtain the auxiliary regularity results which
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are stated in Section for positive 7. The proofs of these results are performed in three steps. First, the
new expressions suggested by the formal arguments of Section [5.1| are rigorously derived at the discrete time
level in Section [5.4] The key ingredients are discrete time versions of the two-sided stochastic integrals, and
of an appropriate Malliavin calculus duality formula. Second, Section [5.5]is devoted to proving bounds for
the terms appearing in these new expressions. Finally, it remains to pass to the limit At — 0.

The proof of Theorems and is then concluded in Section [5.6] getting rid of the auxiliary parameter
7. Finally, technical auxiliary lemmas are proved in Section

5.1. Formal arguments in continuous time. In this section, we explain how Theorems [£.2] and [£.3] could
be obtained if one first constructs suitable stochastic integrals. We first recall the origins of the limitations
on parameters 8 and « in standard approaches. We then present the strategy of the proof, in particular
what are the two-sided stochastic integrals that are required.

As explained in the introduction, we do not intend to give a rigorous meaning in the continuous time
setting to the objects introduced below, and do not justify the computations. As will be clear below, some
expressions do not make sense as standard objects. In order to simplify the presentation, since we want
to focus on the difficulties due to the diffusion coefficient o being non constant, in this section we assume
that F; = F» = 0. Moreover, we work in an abstract setting: we assume that the diffusion coefficient o
is a function on H of class C2, with bounded derivatives — this property not being true for the Nemystkii
coeflicients considered in this paper. We also assume that the test function ¢ is of class CE .

First, differentiating , we obtain for h € H:

Du(t,z).h = E[D@(X(t, x)).nh’m(t)]
where 7/ (t) is the solution of
i (t) = An"* (t)dt + o' (X (t, ). (£)dW (t), 7" (0) = h.

Using the mild formulation of "% (¢) and It6 isometry,

t 2

E|n™*(t)|*> = E etAh—i-/ e(t_s)AJ’(X(s,x)).nh"”(s)dW(s)
0

t
= e e X ) 5

t
< Ct72P)(=A)Ph)® + C'/ (t— s)_%_“E|nh’z(s)|2ds.
0

Indeed, for y,h € H and € (0, %)

2 2

A=) (y).k

< ‘eA(t—s)
Lo(H)

2 —oN\; (t— _1_
|U/(y)./€|£(H) <C Z e 2Nt s)|k|2 <c(t—s)73 H|k|2,

£2(H) ieN*

since ) oy« )\i_%_m < 00. Assuming that 28 < 1, and applying Gronwall Lemma, we get
sup 1°E (| (1)) < Cl(~4)~"n,
te(0,7)
which then yields the required regularity result, for 8 € [0, %)
|Du(t,z) - b| < ¢|@llat™?|(=A)~7hl.

The limitation 8 < % in previous articles thus comes from the fact that It6 formula is used to control the
stochastic integral, and naturally squares appear in integrals. In the additive noise case, since ¢’ = 0, no
stochastic integral appears in the definition of 7% (¢), and thus choosing 8 € [0, 1) is possible.

A similar difficulty appears for the second order derivative: differentiating twice , for h,k € H yields

D?u(t,x).(h, k) = E [D*o(X (8, 2)). (0" (8), 1" () + Dp(X (t,2)).¢" " (1)]
where ("% (t) is the solution of

¢t (t) = ACME (H)dt + o (X (t,2)).CF (AW (t) + o (X (E,2)). (0™ (£), 0 (£)) dW (t),
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with the initial condition ¢"****(0) = 0. The issue lies again in the control of the stochastic integral: indeed,
1to isometry for the mild formulation of the equation gives

E[¢MM (1) < C/Ot(t — )2 (ISR ()P + E I () PIn T ()] ds,
and, generalizing the previous estimate on 7 to handle the fourth moment, we have
E [l (s)P[n" (s)[*] < Cs™2772|(=A) P h?|(—=A4) k[,
and fg (t— 5)’%’“5’25*27(15 < oo if and only if B4+ < % Under this condition, we obtain
|D?u(t,z).(h, k)| < CtP=7|(=A)"Phl|(—A) k|

In order to overcome the limitations on 3 and 7, we introduce new formulas for Du and for D?u. The
idea is to use the Malliavin calculus duality formula, in order to replace stochastic It6 integrals, which
require square integrability in time, with integrals with respect to Lebesgue measure, which require only
integrability in time.

First, define 7% (t) = n™*(t) — e*h, and write

(34) Du(t,z).h = E(Dp(X (t,x)).e"*h + Dp(X (t,2)).7""(t)).

The first term on the right-hand side is easily bounded by t=#|(—A)~#h|, for B € [0,1). To control the
second term, note that

di™®(t) = (Aﬁh’””(t)dt + o' (X(t, x)).ﬁh@dW(t)) + o' (X (t,z)).e hdW (t).
Formally, ¢"** and ®
following identities

are the solutions of the same type of equations, and we would like to write the

70) = [ 110t 90" (X5, ) A haWV (5),
(33) 0

t

¢me(t) = /0 1(t,5)0" (X (s,2)) - (0 (s), 0" (5))dW (s),
where TI(¢, s) is the evolution operator associated with the linear equation

dZys = AZy sdt + o' (X (t,2)).Zy s dW (t) , Zss =2,

ie. II(t,8)z = Zy 5.

Formulas are not well defined since the integrals contain anticipative integrands. Unfortunately,
Skohorod integrals or two-sided stochastic integrals do not work. If we use such integrals in , the
formula makes sense but does not provide a solution of the equations. In fact, we can guess what would be
the correct integral for our purpose. From the discrete formulas below, it should be:

lim > Tt tr40)o” (X (b)) AR (W (te + 1) = W (k)
for the first one and a similar expression for the other. As usual the limit is taken on subdivisions of [0, ]
with § = max(tg41 — t¢) converging to 0.

As explained in the introduction, it may be possible to adapt the arguments from [2], [38], [39], [40]
and [41] and give a rigorous meaning to using such new integral. This is not the strategy we follow;
instead, we work on time-discrete approximations of the problem, for which every object is easily defined
and only standard tools of stochastic analysis are used.

Let us anyway go on with the formal argument and show why is useful. We consider the second term
in and rewrite using this formula:

E(Dy(X (t,x)).7""(t)) =E (Dgp(X(t,x))./O H(t,s)a’(X(s,x)).esAde(s)> .

The next step is to apply a Malliavin duality formula. This would replace the right hand side above by
E (fg Ds (Dp(X (¢, x))) II(t, s)o’ (X (s, x)).e“‘hds) . Thus, we are now dealing with a standard integral and
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do not need square integrability in time and a higher order singularity is allowed. Unfortunately, this is
not correct: the integral has not been defined and no generalization of the duality formula has been proved.
In fact, we may guess from the discrete computations below that the correct formula should contain an
additional term and write:

E(Dp(X (t,2)).7""(t)) = E(/O Dy (Dp(X (t,x))) IL(t, s)o" (X (s,z)).e**hds

t
—|—/ Dop(X (t,x)).Ds (I1(t, 8)) o' (X (s, :v)).eSAhds> .
0

Again, we have chosen to avoid the rigorous construction of the two-sided integral and the proof of the
associate duality formula by working on discrete time approximations.

5.2. Discrete time approximation. In order to give a rigorous meaning to the arguments presented above

in Section we replace the continuous time processes (X g (t)) tef0,T]’ with § € [0,1), with discrete-time

approximations. We use a numerical scheme, with time-step size At = % € (0,1), with N € N*. We prove
regularity results for fixed NV, with upper bounds not depending on NV, and finally pass to the limit NV — oco.
We also require an additional regularization parameter, 7 € (0,1). Some estimates depend on 7; when it
is the case, it will always be stated precisely.
The discrete-time processes are defined using the linear-implicit Euler scheme: for 0 <n < N —1

(36) XOTAY = A XOTA £ AtSaGs (XOTAY) + ™48 a05 (XOTAY AW,

with the standard notation AW, = W ((n + 1)At) — W (nAt), and Sa; = (I — AtA)~'. Note that we have

added the regularization operator in the diffusion coefficient: e™4.

Below we omit to write the dependance on &, 7, At and write X,, instead of X2 ™4t All constants are
independent on 4,7, At. Moment estimates for X,, are given by Lemma [5.1] below.

Lemma 5.1. For every p € [2,00), a € [0,7), M € N* and T € (0,00), there exists C(p, M, T), such that
for everyn € {1,...,N} (with NAt =T ), and every x € D,((—A)*)

(37) E|(—A)*Xn()|1 < Clp, o, M, T)(1+ £, 2M2[33),

E|(—A)* X ()| 5 < Clp,a, M,T)(1+|(—A)x|2).
The proof of Lemma [5.1] uses the two following results.

Lemma 5.2. For every B € [0,1) and p € [2,00), there exists C(p, ) such that for every n € N*

o,
(=AY S oan < S0 B

th
Lemma 5.3. For every 8 € |0, %), p € [2,00), and k € (O,% — ), there exists Cy(p, B) such that for every
n € N* (.5)
Ck(p, B
B qgn r\s
(A SR pr ) < R

Both results in the case p = 2 are obtained by straightforward computations, thanks to expansions using

the eigenbasis (en)n eN* of A. When p € (2,00), the arguments use properties of the analytic semigroup

(etA) >0 I LP. The proofs are given below since these results are not standard in the literature for SPDEs.
Arguments from [42] are used. The results are in fact valid for p € (1,00).

Proof of Lemma[5.3 The case § = 0 follows from the two inequalities [Sa¢|z(r2) < 1 (which is proved using

expansions in the Hilbert space L? with the complete orthonormal system (ek)keN*) and [Sa¢|z(pey < 1.

By a standard interpolation argument, we thus have |SZJ{1 <1 for every p € [2,0].

‘L(LP)
Define the resolvent R(\, A) = fooo e MetAdt, for A € (0,00). Then Sa; = a7 R(2;, A). First, for z € L?,

we set y = Saz. Then |y|pe < |#]zq, and Ay = 37 (y — x). We thus obtain

2
|Ay|Lq = ‘ASAt.’II|Lq S E|III|LQ.
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Second, when n € N*,

nl|(—A)R(A, A" Hie| | = | / e (= Ayt
0

< C(p.B) / etz
0
<Cp,B)(n— 1IN |z[rs.

This gives |(—A)S”+1|£(Lp) < (nciﬁ, for n € N*. Thus the result is proved for 8 = 1. The case § € [0,1)

follows by an interpolation argument (see [48], Theorem 1.15.3):

B | ant1, |1-B C(p,B)
(—APST | < ep(—A)SH x| |87t | T < 2 |1
| |L P| At |L ’ At |L ((n—i—l)At)’B
This concludes the proof of Lemma O

Proof of Lemma[5-3 Let (%) KEN* denote a sequence of independent standard real-valued Gaussian random
variables, ¥, ~ N (0, 1).
Then, using standard properties concerning moments of Gaussian random variables,

(=) SRl 1y = E\ka )P SRsexl],

2
< (E\Z% 5Sm€k!m)p

< ([ 5 M )
<(/ E\Z el )
s(/ ZWH;M (e ).

Using Property and the estimate
_1_ H K —2K—2
Z)‘Qﬂ 1+>\kAt Z/\ — AP SR erfFa < Oty ’

which follows from Lemma [5.2] we get the result.

Proof of Lemma[5.1]. First, note that, for 0 <n < N,

n—1 n—1
(38) Xo = SR+ At SRFBG(Xy) + > SR e o (Xy) AW
k=0 k=0

17



Thanks to Property inequality , and Lemmas and we have for £ > 0 such that 2a+2k < %:

n—1
E[(—A)*Xul70 < Cl(—=A)*SKxl70 + C(ALY |(—A)H RS RE 1))
k=0
n—1 9
+CE| Y (—A)*Sx e o (Xp) AWR|,
k=0
n—1 L, ) n—1 )
< Ot aliy + C(AtY 1, 2577")" + CAt Y E|(—A) SR, e o (Xi) [ e 10
=0 k=0
n—1 9 9
S C(]. + t;2a|$‘%p) =+ CAt Z |(_A)asgzk|R(L2,LP)E|67AO—(XIC)|L(L2)
k=0
n—1 1, 9
<Ol + Aty ),
k=0
This proves in the case M = 1. The case M > 1 and the second estimate of are obtained with
similar computations combined with standard arguments. This concludes the proof of Lemma [5.1] O

5.3. Regularity results for an auxiliary process. The objective of this section is to state regularity
results for the first and second order spatial derivatives of the function u®” defined by

(39) T (t, ) = E[ps (X‘S’T(t7 )],
where 7 is an auxiliary regularization parameter, and the process X7 is solution of the SPDE
(40) AXPT = AXDTdt + G5(XPT)dt + e os(XOTVAW (),  XO7T(0) = a.
Let us also define the function u>™2% : {0, At,..., (N — 1)At, NAt =T} x H — R, by
(41) WA AL, ) = B[ (X574 ()],

where X274t (z) is the solution of with initial condition z.

Note that when 7 — 0, X%7 converges to X°, for all § > 0. In addition, the discrete time process defined
by is obtained by temporal discretization of X%7. Sections and are devoted to proving new
regularity estimates for Du®"2t(NAt, z) and D?u®"AY(NAt, ), with T = NAt. We omit writing these
expressions, which contain many terms vanishing in the limit At — 0. Indeed, passing to the limit At — 0,
the following regularity results for the auxiliary function u%7 are obtained.

Proposition 5.4. For every § € [0,1) and k € (0,1), there exists Cp (T'), such that for every 6,7 € (0,1),
x € LP and h € L*

- Cs..(T) -
(42) | Du™ (T, x).h| < f}iw(uugﬁx@,zq))\(_/x) Phl .
Proposition 5.5. For every 3,7 € [0, %) and k € (0,1), there exists Cg ~..(T) such that for every 6,7 €
(0,1), z € L? and h,k € L*

T C 5 7K(T)
(43) | D" (T, z).(h, k)| < Ti}iﬁﬂ(l + |z

flja}((pﬂq)) |(_A)_,8h|L4q |<_A) _7h|L4q .

Observe that the right-hand sides of and contain a singular factor 7. It is important to note
that the exponent & is positive but arbitrarily small. Proofs of Theorems [£.2] and [£.3] require the use of an
interpolation argument to get rid of the parameter 7, indeed passing to the limit 7 — 0 is not sufficient.
Details are provided in Section [5.6

In Section and below, the analysis is performed with fixed parameters 7 > 0 and At > 0, i.e. at a
discrete time level.
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5.4. New expressions for derivatives in the discrete-time framework. The goal of this section is to
derive new expressions for Du® ™4 (¢, z).h and D?u®7A%(t, x).(h, k). This is done by repeating the discussion
of Section and the formal formulas are turned into rigorous ones for the discret objects.

Thanks to the regularity properties of G = Fy + BF5, o and ¢, see Properties[3.2] [3.3|and Assumption [3.4]
foreveryn € {0,1,..., N}, x € L? s u>™44(t,,, x) is of class C2, and it is straightforward to prove recursively
that:

e the first order derivative satisfies
(44) Dud™ At x).h = E[Dps (X, (2)).n}]
with 7% = h and, for n € {0,..., N — 1},
(45) nh iy = Sael + AtSaG5(Xn) .l + Sace™ (05(Xn).nk) AW,,.

Recall that Sa; is defined in
e the second order derivative satisfies

(46) D*u’ TR (b, 2).(h, k) = E[D?ps (X (). (0", 0%) ] + E[Des (X (2)).¢1*],
with Cg’k =0 and, for n € {0,...,N — 1},
Gt = SatGn™ + AtSaG5(Xn) -G + Sare™ (05(X0).(iF) AW,

(47)
+ ALSAGH(X0n).(ml, ) + Sare™ (05 (Xn).(nh, 1)) AW,
Define the auxiliary process (777}{)0 <n<N’ by
(48) M =y = S&ch g =0,

Again, in order to simplify the notation, most of the time we do not mention the parameters J, 7, At.

Our objective is to obtain the following estimates, with arbitrarily small x € (0, 1):

Cp.x(T _
| Du® ™2 (T, z).h| < ;;T(K)(l + || ooz ) KT (= A) PRl 20, B €[0,1),
(49)
i Cpmn(T _ _ 1
|D?u® AT, 2).(h, k)| < 1{}177(72(1 + || prmaxo2a) ) KT (= A) Ph| paa|(—A) k| L1, B,y € [0,5).

Note that the right-hand sides do not depend on At and on §. Passing to the limit when these parameters
go to 0 is straightforward.

We now do perform similar computations as in section but on the discrete processes so that we do not
have to manipulate anticipative integrals.

Define random linear operators as follows: for every n € {0,...,N — 1} and every z € H

(H")ognqu

(50) I,z = Sasz + AtSA Be™ G (Xy).2 + Sare™ (0 (X0).2) AW,,.

Note that II,, = II(X,,, AW,,) with the deterministic linear operators II(z, w) defined by
(7, w)z = Satz + AtSatBe ™ F'(z).2 + Sare™ (o' (2).2) w.

We emphasize on the following key observation: II,, depends on the Wiener increments AWy, ..., AW,,_4
only through the first variable of TI(, -), and depends on AW,, only through its second variable.

Introduce the notation II,,_1., = II,,—; ... IIp for £ € {0,...,n — 1}, and by convention II,, 1., = I. These
operators are the discrete versions of the evolution operators II(¢, s) introduced in Section

Recursion formulas for n”, i and ¢, are rewritten in the following forms:
M =Wl ng = h,
(51) ity = il + AtSAG'(X,).Sach + Sae™ (o' (X,).Sx h) AW,

Gt = TG + AES A G (Xon)- (s ) + Save™ (0 (Xo).(mh, 1)) AW,
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A straightforward consequence of the first equality in is the equality
(52) my = Ma-10h,

for every n € {0,...,N}. Moreover, we get the following discrete-time analogs of , now taking into
account also nonlinear drift terms:

n—1 n—1
’IT},Z = At Z Hn_l;g_t,_lSAtG/(Xe).SZAth + Z Hn—l:é—&-l‘S’AteTA (O./(XE)'SZAth)AWb
(53) £=0 =0
n—1 n—1
ik = AL Tl 1041SaeG" (Xo)-(nft ) + Y Wy rie1Sace™ (07 (Xe).(nf) nf)) AW,
£=0 £=0

We treat separately the contributions of the drift and diffusion terms and introduce

n—1 n—1

it =AY T 1418aG (X0).Sheh 5 2 = oo 11Sae™ (o) (X0).Sh,h) AW
54) £=0 £=0
( n—1 n—1
C12L7k71 = AtzHn—l:@-ﬁ-lSAtG//(Xé)-(n?v"75) ) <7}:7k72 = ZHn—1:€+ISAteTA(O-H(Xl)-(n?an?))AWK
=0 £=0

Using 0! = S%,h + "1 + 72, we obtain the decomposition

Du’ ™ AT, z).h = E[Dp(Xn).(SAh)] + E[De(Xn)-iiy'] + E[De(Xn) iiy’]

(55)
=DN’ + D' + DY,
where to simplify the notation we write ¢ instead of 5.

We also obtain the following decomposition for the second-order derivative:

D>’ AT, z).(h, k) = E[D*o(Xn).(nk,nk)] + E[Do(Xn).Ce"'] + E[De(Xn) o™

(56)
= NP0 L et et

The term DK;O is straightforward to estimate using Lemma The terms 51}\1,’]6’(), Dﬁ,’l and 5]}:,’]“’1 are not
very difficult thanks to Lemma stated below.

Finally, the terms Djh\;Z and &y 2 contain the discretized two-sided stochastic integrals and are treated
using the Malliavin calculus duality formula. Note that in the discrete time setting, this formula can
simply be considered as a standard integration by parts formula in the weighted L? space corresponding
with Gaussian density.

Let us first consider the first order derivative term D;ﬁ;z. Introducing the adjoint II;_;.,, ; of the operator
IMy—1:041, we get

N-—1
Dh? = E[(Dp(Xn), Y Tn—1e415a0€7 (0 (Xe).Sheh) AW)]
£=0
N-1 (6+1)At
= SB[l Do), [ Sarem 0! (X0)Sh, )W ()]
=0 LAL
N—-1
h,2
= DN,z
=0
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We now apply the Malliavin calculus duality formula, and we get for every £ € {0,...,N — 1}

oii->e

(
ieNx At

(e+1)At
D (H7Vf1;z+1D90(XN)) e S (J/(XZ)'SZAth) ci)ds

(£+1)At B
E / DE(Dp(Xn), In_1:0416™ Sar (0 (Xe).Sheh)ei)ds
)4

iEN* At

h,2,1 h,2,2
=DyNi +DNG
where, thanks to the chain rule,
h,2,1 _
Dy =Y B[

. (e+1)At
D22 = 3 E /e (Dp(Xn), DL (TIn1.e01e™ S (0 (X0). Sk, ) e ) .

(e+1)At
D2p(X,). (DgiXM 1o SAs (a’(Xg).Sgth)ei>ds,
At

N—1
Ent? = Z E[(Do(Xn), On—1:0115ace™ (0" (X0).(n,mf ) AW,))
=0
N-1 (e+1)At )
= 3 B[00, De(Xn), /Z L Sae (e (X)) W ()]
£=0 t
N—1
hk,2,1 hk,2,2
= (EN,Z +5N,£ )’
=0
with
h,k,2,1 (E+1)at 2 e; TA " h k
glk :ZE/ D ga(XN).(D;XN,HN,LMe Sai(o (Xg).(ne,ng))ei)ds,
. LAt
(58) ’

(e+1)At
h,k ;
SN’7E72’2 = § IE/ (Do(Xy), Dg (HN,MHeTASAt(0"(Xg).(17£‘7nf))ei)>ds.
p LAL
For completeness, the new expressions for the first and second order derivatives of u%™2t, obtained by our
original strategy, are rewritten in the following proposition. They are obtained by inserting (57) and (58)

in and , and using .
Proposition 5.6. The first and second order derivatives of u>™*t have the following expressions:

n—1

Du&,T,At(T, aj)h =E [D(p(XN) (Sgth)] +E |:D<,0(XN) (At Z Hn_1:g+1SAtG'(Xg).SeAth)]
£=0

N-1 (e+1)At

+ZZE/

D2p(X,). (D?‘XN, TIn - 1eog167 S as (07 (X0)-S4,h) ei> ds
(=0 icNx VAt

(b4+1)At
+Y> IE/ (Dp(Xy), D% (HN_MHeTASAt(a’(Xg).SeAth)ei)>ds,
LA
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n—1

DT, ). (h, k) = E[D%0(Xx)- (1)) + E[Dip(Xn)- (A1 3 Mo SaeG (Xe) (o )|
£=0

i

N-— (L+1)At

Z Z / D*o(Xy). (DseiXN, Iy 117 Sae (0" (Xe).(n) U?))ei) ds
=

N-—

(e+1)At
+ ZE/ (De(Xn), Dy’ (HN—lzl-&-l@TASAt (U"(Xe)-(n?m?))ei)ﬂ&
=0 i tat

5.5. Estimate of the derivatives.

5.5.1. Auziliary results. To control the terms appearing in the expressions of Du®™AY(T, 2).h and D?u®™AY (T, x).(h, k)
in Proposition we see that estimates on the random operators Il _1.¢41, and on the Malliavin derivatives

DXy and Dglly_1.041, for s € (EAt, (L + 1)At) are needed.

Lemma 5.7. For any q € [2,00), M € N*, T € (0,00), and 8 € [0,2), v €[0,1) ifg=2 and vy € [0, % %)

for q # 2, there exists Cg(M,q,T), such that for any 0 < £ < n < N, and any J(AWO,...7AW¢,1)-
measurable random vector zy, then

(59) (E|(—A)7an1:ezz|%q )2M < Cg(M,p,T)t, (]E|( A)~ Bzd%{\]/[)m.
Lemma 5.8. Let £ € {0,...,n— 1}, and s € ((At, (£ + 1)At), Then
(60) D, X, = Hn—1:€+1SAt€TAO'(Xg).

Lemma 5.9. For any q € (2,00), £ € (0,3), and T € (0,00), there exists Cy;(q,T) € (0,00), such that for
any0 <l < N-—1, anys € (€At, L+ 1)At), any z € L*% and any U(AWO, cee AWg,l)—measumble random
vector 6y, then

(61)
1 1
E|DY T, —1:0412]70 < Cu(q, T) (E|6y]124) 2 (At(l + T)|Z|L2f1 + Lnse2(1+
2t t

1

+1
q

—0—

(A Eeeaf,).

3 m\»—A

+
2
Moreover, when £ = N — 1, DIIn_1.0412 = 0.

In , the quantity DI _1.412 is interpreted as the image of 6, by the linear operator DIy _1.¢112.

The assumption that the random vector 0, is o (AWy, ..., AW,_;)-measurable is crucial.
The proofs of Lemmas [5.7} B-8 and [5.9] are very technical and are postponed to Section [5.7]

5.5.2. Estimate of D;L\,’l and of S]}\L,’k’l. Using the Cauchy-Schwarz inequality, Lemma and Assumption

on ¢, we have
DA < O+ lale)  BIRE)E L W] < C(1+ fol) ™ (BIGYS'20) 2,

and below we control the moments of 7! and ¢/**:!, for every n < N.
We treat D' first. Thanks to (54), applying Lemma gives, for r € (0, 1),
n—1
1 2 1
(Blipt17)% < CALY (B|u_1.041Sa0G (X0). S50, ) 2
£=0
n—1 1. 1L ) . 5 1
< CLALY 1 2 (B](—A) 2 TS0 G (X0). 880, ) 2
£=0

<c, AtZt 2hx E|F{(Xe)«52th|iq)%
080T A ) B RS

£=0
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By Property we get
(E|F{(X,).S4 h|Lq) < C|S4h|ra < Clygot; ?|(=A)Ph|La + Loo|h|La.
Using succesively (15)), (12)), (9) and (L0)), and recalling that Fj(x).h = Fj(z)h is a product,
(E|(—A) 3+~ BF)(X,).85,h[2,)* < C(E|(—A)* F(X,).S4:h|>,)*

< CR(|(= AP FY(X0) |y | (- )R, )
< C1L+ Bl A" Xel30) * (= A)** Sy bl ar.

Let s > 0 be such that 8+ 7k < 1. Then, thanks to Lemmas [5.1] and [5.2]

(Bl 20)F < Cta ™ Adlhlze + Ot ) (= 4) Pl
Ot A+ |(— AV ) [ (= A 3o + CHE (14 [i]g0) (= )Pl 20

< CAEFE(1 4 |(=A) 2] 20)|(—A)**h 20 + Otz " (1 + || g2a)|(— A) P 0.
and we conclude that
DY < CAt%J”‘”"(l + |x|Lp)K(1 + [(—A)* x| 124)|(—A)3*h| 24
K— K —
(1 2l ) S (1 |2l 20) | (—A) P 20

We now treat 51}(,”“’1 with similar arguments. Thanks to , applying Lemma gives, for k € (0, %),

1_
+ 0t

n—1

(EIEF12,)% < OAES (BT 141 Sa:G" (Xo).(nf nf)| ) 2

~
| ©

n

1

1 1
é (]E|F Xf (W:W |Lq)2

IN

CLAt

M

~
(=)

+CeAL S 63 (B (- ) BRY (X ()5,
=0

Recall from that 1 = II;_1.0h. Property then gives
2 1 —_/— _ _
(E|FY(Xe)-(nfnE)]0) % < Clusoty /(= A) P hlpaa| (= A) k|20 + CTy—o|h| L2al k|20
The remaining term is treated similarly to the one in D?\;l. Using successively , , @[), and :
1l 2 2 5 2 1
(E|(=A)" 2" BE (Xo).(n} ;)| 10)* < C(E|(—A)* ' (Xe)-(nf! )| )

1

< CE(’(_ )3KF2N (Xe) ’qu‘( A)%UHLM’(_A 4R k’L“q)Q
1
s

< O+ Bl=AXil5an) ® (B] -4y a2 [%.,) (BI- 4=t [s.,)"
< Cllagoty P77 (14 [ 20) [ (= A) PRl pao|(—A) k] Lo
t Cllemo (|14 (= A) ] 20 ) | (= A) P g | (= A) R

thanks to Lemma for k > 0 chosen sufficiently small to have 4k < Z —
We thus obtain, if 8+ v+ 12k < 1,

8q

(BIEER12,)E < CAC R o k] p2e + AR (14 |(— A) ] 120 [ (— A) ¥ s | (— AV | o
+ O3 ) [ (= A) PRl (— A) TR o
< cm+~(1 (= A) "] 120 )| (— A) B aa | (— A) K| 1o
+ 0t T [l gaa)| (— A) PRl aal (— A) VK] .
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and we conclude that
lEntt < 0(1 2 oe) AL (14 [(—A) 2] 20 ) [ (—A) 5 o | (— A) K| Lo

+ Ot TP (1 ) (14 [l 20 [ (= A) PR o | (— A) V] o

5.5.3. Treatment of DJ}(;2 and of Ejlf,’ka. We use the following basic identities:

(o' (Xe).Sach)ei = > ((0/(Xe).Shih)erese; = > ((0/(Xe).Shh)ej, ei)e;

(62) JEN* JEN*
("(Xo).(nf ) ei = > (" (Xe).(nft ) )esresdes = > (0 (Xe).(n ) €5, i)
JEN* JEN*

thanks to , from Property
The parameter 7 > 0 plays an important role in the estimates below, to ensure summability with respect

to 7 € N*. Indeed, since Lemmas and are restricted to powers of —A strictly less than %, the

_1
computations below for 7 = 0 would only provide upper bounds in terms of > j /\j 2T~ e
Control of DJ}Q’?Z’I. From , , and Assumption we have

(€+1)At
AEDY E/ D2p(X ). (Dy X (o (X0).Shsh) e, TIn 117 Save;) ds|
JEN*

(e+1)A
<C(+al)® ) / E|HN_1:Z+1eTASAtej|%qE|DSXN(J'(Xg).SeAth)ej|iq)%ds.
JEN*

On the one hand, by Lemma for £ €{0,...,N — 2},
_1_
(E|HN—1:Z+1€TASAtej‘%q) < Cth-‘r:‘ﬁ (—A) +I’i TASAte]‘Lq < Cth-‘rK —25)\j 3 H,.

When ¢ = N — 1, (E|HN Lev1€” SAteJ|Lq) |e SAteleq < CAt_’_”)\ 3 "
On the other hand using Lemmas [5.8) and [5.7] and then Properties [3.1] and 33
(E|Ds XN (a’(Xg).SZAth)ejqu)% = (E|HN_1:5+1SAt€TAU(X€)(Ul(XL’)-SZAth)ej}QLq)%
< C(E|o(X) (0" (Xe).Sach)
< C|Sadhl
< Clezoty *|(—A) P hLe + Clo—g| L.

2
ej‘Lq

Recall that 3 . A féfﬁ < oo by Property This yields

Z |Dh21 %( 2+”At|h\Lq +t2+n B‘ Bh|m)'
£=0

Control of Dg,’,zf. Thanks to , , and Assumption we get

€+1)At , .o
h22‘ _ ‘ Z / ),Dg (Xe)-Sash) JHN,MHeTASAtej)dS‘
JEN*
(e+1)At 1
< C 1+ ‘.’Ele Z / E D(" (Xe). SAfh)67H 1:[+1€TASAtej|iq)§ds~

JEN*
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In addition, observe that DK;?]{?A = 0, thanks to the second part of Lemma Applying the estimate
in Lemma 5.9} for ¢ € {0,..., N — 2}, one has

o' (X,).S% h)e; T 3
(]E!Dg (Xe)-Sa )JHN71:6+1€ ASAt€j|2Lq)2

1 1
< C(BI(0(X0) Sh)es] | ) A IS ey 10 (1 + )
2q
tn—ily
1 —5TK T 1
+ C(E|(0"(Xe)-Sheh)es] oy |*) ean—2l(=4) 7378 500 Aejlrza(1+ —=77)
4 2
tn_ilo
- _ ok —Liok At* 1
Sc(ﬂe?éotéﬂKiA) 6h|L2q +]l€:0|h’|L2q)T ? >\] ’ (1+ 141 4. ZfN+i)'
17T 2q 1
tn—el1 tn_pls
This yields
N—1
h,2 C(1+ |z[r)™ 32K B
D4 < S (e ) (1) bl + ).
£=0

Control of 51}(,]; »1 Thanks to and Assumption we get

hk21|_‘z /

JEN*

z+1)At
Xn)- (Do Xn (07 (X0)-(nf' nb)) ey, HN_uﬂeTASAtej)ds\

(1) At .
< C(1+|z[L)™ Z/ (E|In—1ier1e™4Sace; 2 E[D X n (0" (Xo).(nf nf) ) es |2, ) 2 ds
JEN*

On the one hand, by Lemma for ¢ € {0,...,N — 2},
(E|HN71:Z+leTAsAtej|iq) < CtN2r1 _%)‘j_%_n-

When ¢/ =N — 1, (E|HN 1.0+1€7 SAt6]|Lq)% |e ASAtej|Lq < C’At""‘)\ H o
On the other hand using Lemmas [5.8] and [5.7, and Property [3.3]
1 1
(]E’DSXN(U”(XE)-(U?’nf))ejﬁq)2 = (E[My—1.e+15ace™ 0 (Xe) (0 (X)- (17, 0 )eJ’LQ)Q
S C(E’U(Xf //(Xf) (7727775 )eJ’Lq)§
< C(EWH%N) ! (E‘W ‘L2<1) !
< C]lg#otz_ﬁ_”(—A)_ﬂhhzq|(—A)_’Y]€‘L2q + C]lz:0|h|L2q|k|L2q.

This yields

Z gk < COATnE dom bl e 4 £ () 2Bl e (—A) 7] ).

7-21@

Control of Eh 2.2 Thanks to , and Assumption we get

bk ““)At (o (X0).(nl E))es A
5 | = Z Xn),Ds Oy _1.041€7" Sacej)ds
JEN*

A (0 (Xe).(nft e 3
< C(+ |z|pe)™ Z/ (E[Ds” i YTy 1€ SAteJ‘Lq)Z
JjEN*
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In addition, observe that Ekfﬁzj\’,{l = 0, thanks to the second part of Lemma Applying the estimate in
Lemma[5.9] for £ € {1,...,N — 2}, one has

N

" h k .
(E’Dga (Xe)-(ngmg))e; HN_1;£+1€TASAt€j|%Q)

41 1 . 1
< C(E|(o" (Xo)-(nf 1)) es] o] ) * A7 Sare™ 20 (14 )
tn—tl
+ C(E|(o"(Xe)-(n18)) €5] 12g| ) Thean—2|(—=A) 2T Snse A€j|L2q(1+m)
En_elo
1 1 ik AN Toen—2
< C(Elng [720) ™ (Bl [720) 572722 " (14 P lfiJrn)
1T 2¢ 47 2q
tn_ilq tN_rlo
—B—~ "y — ok 3K At” Teen—2
< O Lgxot, |(=A) " h|r2a|(—A) " k|p2a + Lozo|h|p2a|k[L2q ) 772N, (1+ T i v )
ftagtr 1t3gtR
tn_elq tn_ilo

This yields

1

N—-1

C(1 + |z|r0) ¥ - _ - At
3 feke] < ST (1 2 (A bl (A K+ 2 bl )
=0

7—21<;

5.5.4. Estimate with T > 0. Gathering all above estimates, we have - recall that ¢y =T - for § € [0,1):
| Dubm AT, 2).h| = DL + DR + DY
< CT P (1 + |a|s) |(—A)Ph| o
+ CAEE (14 |2 1) ™ (1 + [(—A) 2] 20)| (= A)*7 R 2o
+OTE P (1t folz) (1 [l ) | (~4) b

c( K 1
Gt o)™ t'i'“”) (T~ At + 57| (—4)~%h| )
c(1 K At
+ (Jj#(l + T%_ﬁ_n_’@) (|(7A)7ﬂh|L2q + ?|h|L2q).

Letting At — 0 yields Proposition [5.4] Similarly, gathering all above estimates and using the identity
D2uSTAY T, z) (b k) = EWPO 4 P L ghF2 gives a similar estimate for D2u®™AH (T, z).(h, k). Letting
At — 0 then yields Proposition [5.5]

5.6. Conclusion of the proof. To deduce Theorems [£.2] and [£.3] from Propositions [5.4] and [5.5] it remains
to explain how to get rid of the singular factor 7=* in and . This is done thanks to an interpolation
argument. We need the following result, which is not optimal — we expect an order i in as in -
but sufficient for our purpose.

Proposition 5.10. For every k € (0,1), T > 0, there exists Cy (T) € (0,00), such that for every §, 7 €
(0,1), x € L? and h,k € L*

(63) b7 (T, ) — us(T, x)| < Cu(T)T17 (1 + |2/,
(64) |(Du®™ (T, ) — Dus(T, x)).h| < Co(T) 71 (1 + |2]5,) |ha s
(65) ’(Dzu‘s’T(T, x) — D?us(T, x)).(h, k‘)’ < CH(T)T%_K(l + |x\fp)|h|L3q|k|Laq.

The proof of Proposition is postponed to the end of the section.
We are now in position to conclude the proof of Theorem[f.2] as a consequence of Propositions[5.4]and [5.10]
Identifying the first order derivative with the gradient, and letting % + 2% = 1, we may rewrite and
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as

Cﬁ,H(T)
LT S THTB
| DU (T, @) — Dus(T, )|, < Cu(T)75 (1 + |2|0) "

|(—A) Dud" (T, z) (1+ [2[20) (1 + 2] £20),

for € [0,1). Take 7, =27%, 0 < B < B<1, A= T and K < (1 — A). Then we may write:

|(—A) L <Y (AP (DUl (T, 2) — Dub™ (T ) |,
keN
T T A T T 1=
< Z| Du5 #+1(T, ) — Du®™ (T, z)) LT|Du5’ #+1(T, 2) — Du®™ (T, )|,
keN
Cﬁ K( ) K k(—rA(3—r)(1=X))
< oD (14 fal ) (1 fal o) 3 2
keN
< Gss(T)

K
< 22 (1 folge) (1 + [ gan).

This yields , and concludes the proof of Theorem

We proceed similarly for the proof of Theorem [.3] and thus we will not provide all the details. Identifying
the second order derivative with the Hessian, and letting % + 4—111 = 1, we may rewrite and as

Oﬂ,%H(T)
LT - THTB+’Y

| (D" (T, z) — D%(T,x)) L < O (M55 (1 4 [2|1) b o

|(=A) D> (T, z)(—A)°h

(1 + [l £0) (1 + || z20) o] 2o

Let us first take § = 0 and take v <& < s A= % and k < (1 A); then, for 7 < 7o,
|(=A)" (D*u"(T,x) — D*u®>"(T,z)) h
< |[(=A)Y (D*u® (T, z) — DZ‘u“M(T, x)) i (D27 (T, ) — D*u® " (T, z)) h 2:*

C K T L1-N) -k K
me( VO N8(0 al0)S (1 + [l ) Bl e
Since D?u is symmetric, it follows replacing v by 8 € [0, 3):
Cﬁ@ (T) e
LT S Ti%TQ
for ap < (1 — f3). We then repeat the argument to conclude the proof of Theorem .
To conclude this section, we give a proof of Proposition [5.10]

IN

’ (D2u51’T(T, x) — D%’ (T, z)) (—A)

K
*(1+Jalee)” (1 + [@lp20) | Lss,

Proof of Proposition[5.10, Again, we omit to write the dependence on 4, for instance we write u” and u
instead of u®7 and us. Also, we only treat the case ¢ > 2. For every 7 € [0,1), let (XT)O<t<T denote the
solution of
dX7 = AX]dt + G(X])dt + e o(X])dW (t), X§ ==z,
so that u™ (T, x) —%cp(XtT)], X% =X and u° = u.
We first prove (63). Due to the regularity conditions on the test functions ¢, see Assumption it is
sufficient to prove the following bounds: for every M € N* and every p, ¢ € [2,00), for every v € [0, 5) and

& > 0 sufficiently small, there exists Cz,p ¢(T") € (0,00), such that for every 0 <t < T and every x € LP, we

have
_1
(66) (E‘XT(t) 2L]y) <Oy (T) (1 + |2 Le),
_1
(E|XT(t) - Xo(t) 2Ljy) < C%fﬁ,p,q,M(T)T%_FC

For simplicity, we treat only the case M = 1. The first inequality is easy because Fi, F5, and o are
bounded.
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Since (etA) +>p 1s an analytic semi-group on L? for every p € [2,00), it is standard that for « € [0, 1),

there exists C(p, a) € (0,00) such that
(67) |(7A)*O‘(eTA - I)’L(LRLP) < C(p,a)m®
Let us write e, = X7 — X, e, = el + €2 with

el = / (t= S)A( WX]) — Fi(XY))ds + (/t e(t75+T)A(0(XST) —o(X?2))dW (s)

0 0
t
- / (e = 1)e"=946(X0)dW (s),
0
which yields, thanks to Properties [3.2] and [3.3]

Bl ()t < © [ EIXT - X0fds
0
t
= —STT 2 T
+C/O |[(—A)zaelt=st )A|R(L2)L7)E|XS — X092 .ds

t
1 2 1, (t—str)A|2
+C/o [(=A) 75" (e 4 _I)’L(LQ,L4)|(_A>4 el )A’R(L2,L‘I)d8
t
1 T 02 12k
SC/O (m-ﬁ-l)ﬁﬂp{s — X/|74ds + C1>2 ,
using a continuous time version of Lemma/[5.3]

The equation for €2 is

d
dt e2 = Ae2 + (BF(X7) — BF»(X?)), €2(0)=0.

We estimate e by an energy method. Recall that we work in fact with regularized coefficients, G5 =
BedAFy(e®) + 4 Fy(e°-), so that both X7 and X are sufficiently regular to justify all the computations.
Multiply the equation by (e2)?~!, integrate in space to get thanks to standard manipulations as in the proof

of Lemma G171}

=y

L1, < X~ Xl
and
D162, < X7~ Xoff
Integrating in time and adding with the inequality above yields:
t
E|X] — XP|7. < C/O <t—s)1%+1+“ + 1) E|XT — X03,ds + Cr2~%"

and follows from Gronwall Lemma.
The proof of is similar but longer; details are left to the reader. Finally, instead of proving with

similar long but straightforward arguments (and a better estimate with TI7F g obtained), it is simpler to
use Proposition for ky, ko, ks € L3%:

|D3’U,5(T, x).(kl, kg, k3)| S CB(T)(I -+ |CE|Lp)K|k1|L3q |k2|L3q|k3|L3q.
and get the result by an interpolation argument. This concludes the proof of Proposition O
5.7. Proof of the auxiliary lemmas.

Proof of Lemma[5.8 Thanks to (36]), we obtain
X, = SE7 X, + AtST TG (Xy) + Sgt L™ o (Xo) AW,

n—1
+AE Y SRGX Z SR AT (X ) AW,
m={+1 m=¢+1
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where X, is U(AWO, cee AWg,l)—measurable. Thus D, X, = 0 for s > (At.

Moreover, D! AW, = 6 and, for m > ¢, D!AW,, = 0 for s € (EAt, L+ l)At). Using the chain rule, we
thus obtain, for n > ¢ and any 6 € H,

n—1
DIX, = Sa; ‘e o(X)0+ At > SK "G (Xm) DI Xm + Z Sxme™ (0! (X)) DY X1 ) AW,
m=¢+1 m=¢+1

which in turn gives DYX,, = I1,,_1D? X,,_; by definition . Since DY Xy, 1 = Sare™ o (Xy), equality
is satisfied, and this concludes the proof of Lemma O

Lemmas [5.7] and [5.9] are both consequences of the following technical result.

Lemma 5.11. Let ¢ € [2,00), M € N*, T € (0,00), and 8 € |0, %) There exists Cg(M,q,T) such that the
following holds true.
Let £ € {0,...,N — 1} and consider a G(AWO, .. .,AWg_l)—measumble random vector zg, and two se-
quences (Zf;)nﬂ je(1.2}’ such that Z3 is U(AWO, U AWn_l)—measumble.
Define the sequence (YTf)£<n<N by Y/ = 2z, and forn > ¢

Vi =1L, 1Y | + AtSaiGro1 + Sare™ (07 (Xn—1)-(Z)_1, Z2_1)) AW, 1,

with G = G"(Xn_1).(Z} 1,722 ).
Then, when q > 2, and everyn > £+ 1,

1 n—1
(ElY,, %%MSCB(M,%T)(_M(EK A) B Ay (1+

1
2+
m=~( tn

1 1
SRR

n—1
1
#8037 (1 ) BIZ) o (RIZ2 ) ).
m={

When q = 2, for everyn >4+ 1

n—1
o - 1 1 L
BV Y < 0ot ) (1227l Ay PP ALY (14 ()
m=/ n—m
! 1 . .
F ALY (1 ) BIZHE S B2 ).
m=~{ trzy,_m

Before we give the proof of this result, let us mention that it will be useful when combined with the
following discrete Gronwall Lemma, see for instance Lemma 7.1 in [22] for details. Lemma will also be
used repeatedly in Section [6]

Lemma 5.12. Let p,v € (0,1), and T € (0,00). Assume that At = %, for some N € N*; for1 <n < N,
let t,, = nAt.

Assume that the sequence (¢")0<n<N’ with values in (0,00), satisfies the following condition: there exists
Cy,Cy such that for every1 <n < N

n—1
bn < C1(1+1,1TH) + Cort Z t ;.
7=0

Then there exists C' such that ¢, < C(1+t;1TH) for every 1 <n < N.

We now give a detailed proof of Lemma We only consider the case ¢ € (2,00); the case ¢ = 2 is
treated with similar arguments, but with a slightly different treatment of the stochastic integral.
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Proof of Lemma[5.11. Note that V! = Y,/ 4 V2¢| where

n—1
Yl = SRz + ALY SR (Xom) Y, + ZS” e (0! (Xm). Vi) AW,

m=£{

+AtZF L+ Z SnmeT A (X)) (2L, Z2) AW,

and
n—1 n—1
Y2 = ALY SR BEY (X)) Y + ALY SR BF,
m=£ m=~{

where F, ; = F/'(X,,).(Z},, Z2,), j € {1,2}, are such that G,y = F,_11 + BF,_12. By Property.
|Fojl7e" < C|ZL 3R Z2) 35

The quantity Y, is treated using properties of ST, whereas energy inequalities are used for Y,2*, which
contains all the terms where the linear operator B appears.

Using a discrete time version of formula @ and the corresponding Burkhélder-Davies-Gundy inequality,
as well as the ideal property @, we get

n—1 M
E|Y, )2 < CE|Sk; ‘2|3 +CIE< £ (|Sx ™ (Xm).Ynﬂ%q+]SZt_meTA(o’(Xm).Yfl)]Z(Lam)))

m=~{

n—1 M
+CE (AtZﬂSZ;mFmJEq Ky TAU”(Xm).(Z#,Z,Qn)’;(m,m))>

m=4~
n—1 M
< Ot 20N E|(—A) P27 + CE (At >+ |(_A)21qSZtmﬁ%(L?,L‘Z))ElYng'%q)
m=£{

n—1 M
L mn—m
4 CE <Atz<1+|<—A>zqsm @(LZ,U))Euz,zimz%]) |

m=£{

thanks to Lemma [5.2] and Properties [3.2] and [3:3] Thanks to Lemma [5.3] and Minkowskii inequality, we
obtain

n—1

(BT < 00 20E (((-A) =) 1oAY (1+

1 1
% %“FK,)IE (|Y7fl QLJy) "

m=~£ t
n—1
+ 08 3 (14 o) (E (12014 B [1Z244)) ™
m={ th—T?’L

We then estimate Y, with an energy inequality. First, note that
V2O vEL = At (AYP + BEY(X, 1)V, + Be™F,_1,).

Then, multiply the above equation by (Y,2¢)?~! and integrate in space. Recall that A = Oce, B = 0,
and that homogeneous Dirichlet boundary conditions are imposed. Standard manipulations, including using
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Holder inequality and integration by parts, yield the following inequalities:
1
(VR — A1) < At [ (ORTIAYE B,V + P ) (0201
0
1
~a= DAt [ (VR0 g
0
1
= DA [ (FOGYL 4 B 2) (201002
0
1
~a- 1At [ (o2 P
0
1 1
F OB [ (V0 + (B2 )22 + At [ (1200 20,y 2 Pag
0 0

1
gw/mh?mHMWW%a
0

Recall that we work with regularized coefficients (with § > 0), so that Y;>* and Y,’ are sufficienctly regular
so that the computations above are rigorous.
Applying Holder inequality, then Lemma [5.12] we obtain

n—1
Y2 (ha < et Y S (Wonlze + [FmafZa) Vot If2"
m=¢
Define Y, = sup,,,_, , [YV;2¢|1q; then
n—1
V2R < (V22 < CALY (V7 + 120724120 7 20) -
m=¢

Finally, taking expectation and using Minkowskii inequality yield

n—1

E(VREN™ < cae ST (B (VARNY + (B (25180 E (122114)) ™).

m={

Gathering the estimates on Y, and Y;>* concludes the proof of Lemma m
O

Remark 5.13. For the case ¢ = 2; the contribution of the stochastic integral needs to be treated differently.
We have for instance, for any k € (0, 3),

|Sn m TA( (Xm) Yrﬁ) |i‘,(L2) — Tr((O_I(Xm).yi)QSZ(tn—m)e2TA)
2 e—‘f‘)w
= Z: ‘ (O—/(Xm)yrﬁ,) —(1 T At/\i)n_m €¢’L2

1
02 2
< C|Ym|L2 Z (1 I At}\l)Q(n_m) |ei|L°°

_1_
S CH‘Y£|%2tn—2mH

Proof of Lemma[5.7. For v = 0, Lemma is a straightforward consequence of Lemma with Z! =
Z% = 0 and of the discrete Gronwall lemma, Lemma
For v > 0, we write, with Y,* = TI,, .02y,

= S%, ze+AtZ SR "G(X Z SR e (0! (Xim). Y, ) AW,
m=£{
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and, thanks to Lemmas and and ,

1 n-1 1
(E((~A YY) < et 7E ((—A) P2 et 3 (6,2, +1) (BIYLBY) ™
m={
n_l 11 9 1 :
telAtd t,2," (E|y,|250) ™
m=/{

Using the estimate obtained for v = 0, and the condition % + % + 27 4+ k < 1, for sufficiently small x > 0,
then concludes the proof. O

Proof of Lemma[5.9 Again, we only treat the case ¢ € (2, 00).
Define Y,f =1l,-1.0412, where 0 </ <n—-1.If L =n—1, Y,f = z, and thus for s € (fAt, ¢+ I)At) one
has DY/, =0. If n> ¢ +1,
V=T, 1Y = SacYi ) + AtSaiG (Xpo1).Y_y + Sae™ (0! (Xn—1). Y, )) AW, 1.
Using the chain rule and the identity DsAW,,_; = 0 for s < ( + 1)At < (n — 1)At, for every € H
DY = Sa DY) + AtSaiG (Xn—1).DEY, | + Sare™ (0! (Xpo1) DIV ) AW,y
+ AtSA G (X 1) (DEX 1, YiE)) 4 Sace™ (07 (Xn—1).(DI X1, Y, )) AW,y

We apply Lemma with £ replaced by ¢ + 1, and 2,1 = 0, Z}, = DIX,,, Z2, =Y}'), and M = 1. This
gives, for n > { + 2,

n—1 11,
EDIYL3. <CAt Y (t,%," " +1)EDIYL],
m=~¢+1

n—1

+OAE S (6,207 1) (BIDY Xonldan) * (EIYEIL20) 2.
m=~+1

Thanks to Lemma and Lemma when m > £ 41,
E[DY Xin| 120 < CE6¢|7205
and
€4 4 —4(3—+) —lik 4
E|Ym|L2q - E|Hm71:E+1Z|L2q S Ctm—€—1 |(—A) 2 Z|L2q.
For m =+ 1, we use E|Y/, |12, = |2(]2-

Thus
s 1 1 1
At Y (I 7as) (EIDY Xl f20) * (EIYp 720) ®
m=~¢+1 t;f%
< CA(L+ 577 (E/0el420) * |23
tn—lq—l
s 1 1 4 1 14 2
#OMmnes 3 (4 o) pmae (Bl A e
m=~£+2 n—m m—A~_—
1 4 \3(,2
< OAH(L + ) (Blfelz0) *[2] e
tnfqul
1 1 1
+ C]ln>4+2 (]. + ﬁ) (E|9[|%2q) 2 |(—A)_§+NZ’2L2Q,
tn—fq—Q

using a straightforward comparison between the series and an integral. Applying Lemma [5.12| concludes the
proof. O
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6. PROOF OF THEOREM [4.6]
Recall the definition of the scheme, see : forn € {0,...,N — 1},
(68) Xn+1 = SAtXn + AtSAtG(Xn) + SAtO'(Xn)AWn,

with the initial condition Xy = x, the condition NAt = T, and the Wiener increments AW,, = W((n +

1)At) — W (nAt). Recall the notation Sa; = (I — AtA)~L.

Let ¢ be a function satisfying Assumption and u(t,z) = E[¢(X;(z))] be defined by (27).

In order to justify all computations below, it is convenient to replace G and o in with the regularized
coefficients G5 and o introduced in Section |4} and to consider us defined by instead of u. Since all
upper bounds hold true uniformly with respect to J, passing to the limit 6 — 0 allows us to remove this
regularization parameter. To simplify the notation, we do not mention § in the computations.

Associated with the scheme , we introduce an auxiliary, continuous-time, process (f( (t)) +e[0,T]? defined

on each interval [t,,t,4+1] by
(69) X(t) = Xy + (t — tn)SatAX, + (t — t0)SarG(Xy) + Saro(Xn) (W (t) — W(t,)).
Equivalently, X(tn) = X,, and for t € [t,, tnt1],
(70) dX (t) = SarAXpdt + SaG(Xy,)dt 4+ Saro (X )dW (t).
Note that Lemma is still true for § = 7 = 0 so that we have bounds on the moments of X,, in
D((—=A)*), a < +. Moreover
(71) (A X ()] Lr < el(=A)* XulLr, t € [tn,tata).
Using the notation ¢; = £ if s € [tg,t¢11), for s € [0,T], we have the formulation

k—1 th
(72) Xy = SKw+ Aty SK‘G(Xe) + / Sk bea(Xy,)dW (5).
£=0 0

Following the standard approach, introduced first in the SDE setting, see [46] and the monographs [3T]
and [36], the weak error is decomposed as follows:

]Ego(X( )) Ecp(XN) [ (T, z) — u(0, XN)]

N
Z T — ti, Xi) = u(T = tig1, Xpei1)]
=0

—
-3
w

~

ol

N-1
E[u(T — At, X1) — u(T,2)] + > (ak + bi + cx),
k=1

with
(2381 5 =

ty

b = / " EIGR(0) - S5G(X), Du(T — 8, X (1)),

ty

Ck:§

where in ¢ we have used the property o(-)* = o(-), see (19)), Property

In the following sections, we successively treat the terms E[u(T — At Xy) — u(T, a:)], ag, by and cx. A
technical result is given in Section [6.6]

We will control the error terms, in terms of Atz =" with positive, arbitrarily small k. We do not try to
obtain optimal constants. The value of x may change from line to line. At the end of the proof, gathering
the estimates and choosing an appropriate k gives the result.
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6.1. Control of E[u(T — At, X1) — u(T,z)]. We note that
E[w(T — At, X1) — u(T,2)]| < |E[w(T — At, X1) — u(T — At, X (At))]|

1

1+ |x ‘Lq 5,

c
< m( pmaxwzo ) THE|(—A) T (X — X(A)

using Theorem [£:2]
We then write X; — X(At) = (X; — z) — (X(At) — z), and note that
E|(—A4)7 Xy — 2)[f0 < Cl(=A) 7 (Sar — Dalia
+ At (=A) TS0 G (@) [0 + CAL(=A) T R ) 1Saco (@) |7 12
< CAt 2% |z|2, + CAt.

We have used the two following inequalities. First, for every 8 € [0,1) and ¢ € [2, 00), there exists Cs 4 such
that

(74) [(=A) P (Sar = D (zay = At(=A) 7 Saile(na) < CpgAt7,
using the identity Sas — I = AtASa: and Lemma (with n =1).

Second, adapting the proof of Lemma for a > i,

|(7A)7a‘%%(L2,LQ) < 0.
Similarly,
E|(—A)"1F(X(AL) — 2) 2, < CA 2% |z|2, + CAt.

We thus obtain
(75) [E[u(T — At, X1) — (T, 2)]| < C(T)1 + |2] pmasco2n ) KTTALE .
6.2. Control of ay.
6.2.1. Decompositions. For each k € {1,...,N — 1}, ay, is decomposed into the following terms:
(76) ay = ay +ai = (ak + ak 24 a,1€’3) + (ai’l + ai’Q + ai’3),
where

ol = E/tHl (A(T = Sas) Xy, Du(T — t, X (1)),

it =E [ AG(®) - X0, DulT — 1, X)),

and aj, and aj are further decomposed into

try
alt = —AﬂE/ (A2S3 e, Du(T — ¢, X (t)))dt,

tr
tht1 k-1 ~
ai 2 _ —AﬂE/ (At Z AQSZIZ-HG(XZL DU(T -1, X(t))>dtv
th £=0

tk+1 ~
al® = _AGE / ZA?Sk (X, AW, Du(T — t, X () dt,
k

and, using ,

tret1 5
IE/ (t — t)(Sar A2 Xy, Du(T — t, X (1)),
tr

a>? =E ml(t — t1)(ASAG(X1), Du(T — t, X (t)))dt,
ai,s g thia (ASaro(X0) (W (t) — W(ty)), Du(T — t, X (t)))dt.
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Indeed, I — Say = —AtASa;, and

k—1 k—1
(77) Xi = SK,z + At SKG(X0) + > 8K o (X0) AW
£=0 £=0

6.2.2. Treatment of aj.. We treat succesively the terms a,lc’l, a,1€’2 and a}ﬂ’g. The first quantity only needs

elementary arguments and Theorem with 8 € [0, %) The second quantity requires the stronger version
of Theorem with 8 € [0,1), contrary to [20], due to the Burgers type nonlinearity. The third quantity
requires the use of the Malliavin calculus duality formula, and of Theorem with §,v € [0, %)

We also use repeatedly combined with Cauchy-Schwarz inequality.

Treatment of a}c’l. Using Theorem with 5 = % — Kk, we get for k € {1,...,N — 1},

tht1 1
layt| < Cu(1+ |x\me@,aq>)K+1At/ [(—A) "2 A28K e, dt

t (T - t)%7H

th+1 1
<C.(1+ |x\Lmax(p,2q>)K+1At/ 7;_&|(_A)%Jr%sm(—A)l_HSth’qudt
123 (T - t)Q
At%—m tet1 1
< Cu(l + || poax oz ) E T2 / —— dt,
o | ‘L (» 24)) | |L" tlléiﬁ " (Tit)%_,g

using Lemma |5.2

Treatment of a}f. Similarly, thanks to , the boundedness of the mappings F; and Fs from L9 to L9,
thanks to Property using Theorem [£.2| with 8 = 1 — &,

tr41 1 k-1
1,2 K+1 143 1—k gk—¢
Iak, | S Cn(l + |:E Lmax(p,Zq)) At ‘/tk mAt; |(—A)2 RSAt(_A) KSAt ‘L(qu)dt
ot - trga 1 k=l
5—3K
S C,i(l + |$|Lmax(p,2q)) |.T‘Lth2 /t; Wtht Z F
=0 k—¢
K+1 1-3 fess 1
S C,@(l + |Z‘|Lmax(p,2q)) |$‘Lth2 ’i /;k Wdt
Treatment of a}c’g, Let k € {1,...,N — 1}. For technical reasons, we decompose a,1€’3 = a}1€,3,1 + a,1€’3’2 where

tht1 k—2
ay®t = —AtIE/ (> A2SK o (X)) AW, Du(T — t, X (t)))dt
e 4=0

tht1 th—1 ~
—AtIE/ </ A2SKT TG (X, )dW (s), Du(T —t, X (t)))dt

tr 0

tey1 N
ay®? = —AtE / (A2S%,0(X_1) AWy, Du(T —t, X ()))dt,

tr

with the convention that a;®' = 0.
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We first treat ai’?”l. Using the Malliavin calculus duality formula,
[PES] tp—1 ~
ay®t = —AtE/ </ A2SH o (X )dW (s), Du(T — t, X (t)))dt

tk 0
tet1 th—1 ) ~ ~

~ AR / / T (X, ) A5, D2u(T — 1, X (1)D.X (1)) dsdt
tk 0

_ e * 42 gk—Ls+1 12 v

= —AtE Tr(o(Xe, ) A*SK, T D*u(T —t,X(t)U(t, s)Saro(Xy,) )dsdt
Tk 0
tet1 tr—1 ~

= —AtE/ / ZD2u(T - t,X(t)).(AQSZZKSHU(XZS)Q%,U(t,s)SAtei)dsdt,
Tk 0 i

where we use that o(z)* = o(z), and we have introduced the linear operator U(t, s) such that DX (t) =
U(t,s)Saro(Xs,). We then apply Theorem 4.3
On the one hand, using Property

(E|A—%+H+QSZ;£SHU(X& )%e; ’2L4‘1) :
< |(—A) skt

1

CAt=372r
S tl*/{
k—Lg

1 1
£(LAa) |(=A) 278 |£(L4q) (Elo(Xe,)%es |i4q) ’

‘ei|L4q7

thanks to Lemma under the condition that ¢4 < k — 1.
On the other hand, we use Lemma see Section Thanks to Theorem we thus have

lay®'| < CAt(1 + |z

th+1 tp—1 CAt—%—QK 1 1
K+1 —5+kK 4 1
Lmax(o20)) / / B L NT(E|(—A) S TRU(L, 5)Sasei|taa) T dsdt
p,29 " o (T_t)l_mtllefés 2( L )
thot1 C k—2
< CAtz 3 (14 |:c|me<p,2q>)K+1/ e dt(AY
tr £y £=0

1
tl—r-e) E :<|(_A)_%+2K5At€i|mq
f—t

%

(T -
+ OAL? |Sapes| pia ) dt

< CALE (14 |a

e [*C
max(p,2q) ——dt
pastezo) / EDIEG

Indeed, Zi(|(_A)_%+2KSAt€i|L4q + CAt% |SAtei|L4q) S C’At_?m.
It remains to treat a,lc’3’2. This is done with much simpler arguments: using Theorem |4.2

tht1 1 1
1,3,2 _lig 3
|(Ik | S CAt(l + |z|Lmax(p‘2q))K+1 /t m(At]EK*A) 2t AzSQAtO—(Xk—l)ﬁ%(LQ,LQq)) zdt
k
tht 1 .
< CAt(1 + |z me(pgq))K“/ ——dtAtz TR
ty (T - t)i_”
using |(_A)_%+3K|R(L2,L2) < 0o and |(—A)1_K5At|£(L2) < CAt=1+r,
Conclusion. Gathering the estimates on a,lc’l, a,lc’2 and ai’g, and summing for k € {1,..., N — 1}, we obtain

1 1

N T
(78) > ak| < A4 |2 me<p,2q>)K“/0 T (1+ tl_n)dt.

k=1

6.2.3. Treatment of a;.
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Treatment of ai’l. Since ASa; = —ﬁ([ — Sat), we rewrite

/tk+1 t — tk (I - SAt)Xk’ Du(T —t, X(t)»dt

and observe that the right-hand side has the same structure as ak. Using the straightforward inequality
t —tr < At when ¢ <t < tgy1, we thus directly obtain that ZkN:_ll |ai’1| is bounded from above by the

right-hand side of .

Treatment of ai’Q. We again use Theorem (with 8 = 1 — k), inequality with Proposition and
obtain

=B [ (- 6)ASNGON), DulT — 1 X (1)

tht1 1 ) Ciik
< CAt(1+ Im\Lmax@,w)K“/ W\(—AF””SM( A)T2TG(X )| g dt
tr

. tet1 1
< CALZ 725 (1 + |2 poaxpi2ay ) 1 / dt,

v (T—0)i"

thanks to Lemma

Treatment of ai’g. To treat this term, we again use the Malliavin calculus duality formula. Writing the
Wiener increment as a stochastic integral, we obtain

o2 _E/W / ASauo (X)W (s), Du(T — t, X (£)))dt
_E / e / T (0(X1)*SarAD*u(T — t, X (1)D, X (1)) dsdr
_E / e / t Te(0(X1)* S ADu(T — t, X (1))Savo (X)) ds

— E/tk+1(t —tr) Z D*u(T —t, X(t)) (SAtez, ASaio(Xy) ez)d

123

where we have used o(z)* = o(z), and the equality D, X (t) = Sa;0(Xy) for t;, < s < t < tg41, obtained
from . We then use Theorem and obtain

a®] < CAL(1 K [0 g A)" 2R S e A2t 0(Xy)
a | = ( + |J"|Lmax(1)*2‘ﬂ) \ (T — t)liﬁ tz ‘(_ ) Ate’b|L4q’(_ ) AtU( k el’Lélq
k i

< CAH(1 + |z

ot trt1 1 A2+ 1 NG
Lmax(p,2q)) " mdt( t Z)\%-i-n) t72 .

2,1 2,2

Conclusion. Gathering the estimates on a;’", a;’” and ai’?’, and summing for k € {1,..., N — 1}, we obtain

N
(79) > e} < CAP (14 2

k=1

2y ) KT ! L (1+ L )dt
L p.2q 0 (T_t)l—n ti—r :

6.3. Control of b.
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6.3.1. Decompositions. For each k € {1,..., N — 1}, b is decomposed into the following terms:
(80) br = b+ bf = by + (0" + b7 + 0% + ),

where

bl = /tk“ E((I — Sa)G(Xy), Du(T — t, X (t)))dt,

tr

. /tk+l E(G(X(t)) _ G(Xk),DU(T — t’X(t)»dt

= /tk+1 ]EZ — Gi(Xp)]0u(T — t, X (t))dt,

where G;(-) = (G(-), e;) and dju(-,-) = (Du(, ), e;).
In addition, b? is further decomposed with

R E/t - /t > ou(T - £ (1) T (S0 (X1)? 5, DGR (5)) )
bi,2 _ E/tk+1 /t Zaiu(T . t’X(t))<SAtAXk7DGi(X(S)»det
b9 — / / 57 0uu(T = . X(0) (SacF (Xe), DG:(X (s))dadt

i =k [ S (- 1 X)) / (DGi(X (s)). Saro (Xi)dW (s) dt

tk i tk‘

thanks to It6 formula, and using o(-)* = o(-).

6.3.2. Treatment of bl.. We directly apply Theorem . with 8 = 1 — k, and thanks to , Property
and inequality ., we get

) K1 tet1 1
|bk‘ S C(l -+ “T|LmaX(p,2q)) dt

th (T —t)t=~

K+1 e 1
max(p,2q) 7(#,
L) / D

(A S0 )G

< CAt225(1 + |2

As a consequence,

N-1
(81) by < C’At’*%(l + || maxp.20) ) T
k=1

6.3.3. Treatment of b3.

Control of bz’l. To treat the term bi’l, we expand the trace, using the orthonormal system (ei)ieN*, and
with straightforward calculations we write

won [ [ tzaium bR O) T (800 (X0 S8 DG (X))t
= / Hl/ —t, X(t ))DZGi(X(S))-(SAtemSAtU(Xk)zen)det

_ / k1 Z Du e X ))7DQG(X(S))_<SAten,SAtU(Xk)ﬂfn))det

tk
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Using Theorem with 8 = % + K, combined with inequality 7 and Properties and we get

K+1 s 1
[, max(p,2 )) ]E/ —_—
P,2q " T _ t)

/ IE\D2 ()~(( ))-(Saten, SAta(Xk)zen)\%q)§+ﬁdsdt
b jef1, 2}7n€N*

tht1 1
< CAt(l + ‘x|LmaX(P«2¢Z))K+1 Z |SAt6n L2 / Wdt

i tet1
—
SRSt ot ) o S

b2 < C(+ |z

Control of bi’Q. As for the term a,1€’3, we need to further decompose

th+1 N _
b2 _E / (Du(T — t, X (1)), DG(X (5)). (Sar AXy))dsdt
tr tr
_ bi,z@ " bi,z,z " bi,z,s’

where, using ,

tr41 _ _
b2t = E/t t (Du(T —t,X(t)), DG(X(s)).(Ski' Az))dsdt
k k

tht1

b?? = / Du —t,X(t)), DG(X AtZAS G(Xy)))dsdt
tk tr
tet1

b?? = / Du —t,X(t)),DG(X ZASk lo(Xo)AWy))dsdt.
tk tr

The terms bi’Q’l and bi’2’2 are estimated using Theorem in a straightforward way..
On the one hand, thanks to ,

tht1 1
|bi’2’1| S CAt-/t mdt(l + |£E|Lmax(p,2q))K+1|SZJ{1ALE|qut
k

A+ !
S 07 1 + X max(p, K+1/ 7dt.
t’i—n ( | |L (» 2‘1)) ” (T _ t)%+n
On the other hand,
t k—1
0222 <ont [ a1+ | VALY (|ASK T ppey + |ASK B4 )
b b (T —t)ite FlLmaxt 20 At e )

k

£=0

< CAtz=2 /tHl ;dt(l + || pmaxp.2 ))KH(Atkz_:l L)
- tr (T - t)%Jrn 7 =0 ti:?

It remains to treat bi’2’3. Writing

ZAsk Hlo(X) AW, = / ASET o (X, )dW (1)

39



as a stochastic integral, and subdividing the interval [0,t;] = [0,tx—1] U [tx—1, tx], we have the decomposition
tp41 ot B N ty
b?? = ]E/ / (Du(T - t,X (1)), DG’(X(s)).(/ ASK T o (X, )dW (1)) ydsdt
ty 22 0
tk+1 t - ~ tkfl
= ]E/ / (Du(Tft,X(t)),DG(X(s)).(/ ASK T o (X, )dW (r)) ) dsdt
tr 123 0

+E / o (Du(T —t, X (1)), DG(X (s))-( / ’ ASR M o(Xe, )AW (7)) dsdt

th—1
22231, 122,32
e

Using the Malliavin calculus duality formula,
p2:2:3.1

= E/tk+1 t<Du(T — t, X(t))aDG(X(s))(/tkl ASZ;KT-FlJ(XzT)dW(T’))>dsdt
tr tr 0

-, / Tt X(0). DGR (). ASK (X0 e (1) st
_ trt1 . B N ~ Mo th—1 k7€r+10_ o s
_E/tk /t %}D (T~ 1. X(1), DG(X(5)). m>/0 (ASK T o (Xe, Jen, em)dBn(r)dsdt

= /kﬂ/t /k 12 ASK T o (X, )ens em) D*u(T — t, X (). (Dr X (t)en, DG(X (8)).€mm ) drdsdt
+E/ttk+1/ /tk 12 ASk bt )en,€m><DU(T—t,X(t))7DQG(X(S)).(em,DTX(s)en»drdsdt
:]E/tk+1/ / - ZDZU(T—t,X(t)).(U(t,T)SAtBn,DG(X(S))ASZIZ"+1U(XeT)26n)drdtds

. e — 2 k—tetl Ze S, T e rds
+E/ / / Du(T t, X (1)), D*G(X (s)).(ASK T o (X, ) 2en, U(s, ) Saren ) ydrdsdt,

where we have used the identities D, X (t) = U(t,7)Sac0(Xs,) and D, X (s) = U(s,7)Sar0(Xy,) for r <
th—1 < s <t <.
To estimate bi"Q’g’l we first write

E|(~A)"2""DG(X (5)ASK; "o (Xe, enltan < CEIF](X(s))ASK, " 0(Xe,) enl 700

+ B|(—A)*F3(X (5)) ASK; o (X, ) enlfaa-

The treatment of the ﬁrst term is straightforward, with upper bound given by c|AS At For the

— 41
|£(L4‘1)
second term, we use and .
- - 2
E\(—A)Q”F;s<X(s>>Aszzfr“o<Xe,.>2en|%4q < B (14 (=AY X (5) o) (—A) RS (X, el o0 )

~ 2
< B (14 (=A™ X () o) (= A) 8K g pon )

Therefore, using , we obtain:

1 ~ 1 1 1
(BI-A) FDOX () ASK o (X Penlfan)” < el gelolumn) M
k k—e,

Moreover by Lemma [6.1}

1
(]E\(—A)—%+”‘U(t,r)SAten\%4q) 2 < c(|(_A)—%+F~5Aten\L4q + At%_"‘|Smen|L4q),
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and using Theorem [4.3] we get

ED2(T — 1, X (1) (U(t,1)Sasen, DG(X (5) ASKT o (Xe,)%en)

_ _ 1
S C(l + ‘.T Ln]ax(p‘2q))K+1m(1 + tk 3K|$‘L8q)At ar tl_ﬁ
k—£¢,
X (|(=A) "2+ Sasen| i + ALZF[Saren|10)
1 1
K -3 —
S C(l + ‘l’ anax(p,2q)) +1m(1 =+ tk H|./L"L8q)At 6r tl*ﬁ .
k—L. A\

The second term of b2 231 is treated similarly thanks to Theorem . with 8 = % K):
E(Du(T —t, X (t)), D2G(X (5)).(ASK, "L o(Xy, ) 2en, Uls, ) Saren)) ‘

1 —
c(1 4 | 2| pmax(p.2a) ) E ! 7E|(A52t o (X )2en ) (U(s, r)SAten)|Lq

(T — )5+
1 k—L,
c(l+ |$|Lmax(p,2q))K+lm‘ SA: |L(L2q)E|U(37 T)SAt€n|L2q
< (1 + [@] pmaxip2a )T : " ! |Saten|
<S max(p,2q n q
(T B t)%+n tllc IZ L2
1 1 1 1
K+1 —g— 2K R
S C(l + |x|Ln1ax(p,2q)) mAt 2 ti—’; )\%—H{ .
—Lr n
We deduce
b2 < C+ |2] pmaxtoisa) +2/ / /tk 1 (14 g% al o)At L
L gt e
< CAt%_éM(l—f— |2 max(os ))K+3/tk+1 i#(Atkil 1 )(Z 1 )dt
S max(p,8q P —K —K 1 K
ty t3 (T - t)l =0 tllcfl n )\721+
1 1

tr41
< CAtz—4(1 max(p, K+3/ —_—
( + |x|L (p SQ)) " t?’” (T o t)liﬁ

. .. 1.3
using similar arguments to the control of a;’

drdsdt

To treat the remaining term bi’2’3’2, we again use the Malliavin calculus duality formula. With the same

22,31

arguments as for by , we get the identity

p2232 _ / [ Du(T — 1, X (1), DO(X (s)).( / " AS%, (X1 )dW (1)) dsdt

tr t te—1

tht1 tr -
/ / / —t,X(t)).(U(t,7)Saten, DG(X (s))ASR,0(Xi—1)%e,)drdtds
ti te Jlk—1 p

+E/k+1/ /tk - > (Du(T = t, X (1)), D*G(X(s))-(ASA0 (Xi—1) en, U(s,7)Sasen) ydrdsd,

and we get, using Theorems [£.2] and 1.3} and Lemma [6.1]

2,2,3,2 2 K+1 e 1
b} | < CAL* (1 + || fmox(p.20)) et
w  (T'=1)

Z (|(—A)_%+RSAt€n|L4q + At%_“|SAten|L4q) ‘(—A)1+H52t|£(L4q)

n

L, ka1 [ 1 1
< CAt27>"(1+ max(p,2q / dt
< (Ut felgmmnao ) |yt Y
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Control of bz’g. The treatment of this term is straightforward, using Theorem with 8 = % + K, and
Property Indeed,

b23|_‘]E/tk+l/ > da(T — . X (1) (SaG(X5). DG(X ()))dsdt‘

~ [ /tk“ (Du(T — 1, X(1)), DG(X(5)). (SaeG (X)) s

tet1 1 t 9 (1
< C(1+ || pmaxcrza) ) K1 / —_— / (E|(~A)2H Sa(—A) "2 7"G(Xy)],) > dsdt
tr (T*t)z ® t
CA 1 K+1 s 1 d
< t§7ﬁ 1 max(p,2q N t?
= ( +|x‘L ( 2)) /tk (T_t)%-‘rn

using |SAtB|L(Lq) < CAt~27* thanks to and Lemma

Control of bi’4. The term bz’4 involves a stochastic integral. Similarly to the treatment of the term ai’z, we

use the Malliavin calculus duality formula, and the identity Dy X (t) = Saro(Xy) for t, < s <t < tpy1. We
obtain

B34 = E/tk+lzaiu(T—t,X(t))(/t <DGi(X(s)),SAto(Xk)dW(s»dt‘

) tk“/t ﬂ((DSX(t))*DQu(T—t,X(t))DG(X(s))sAto(Xk))dsdt‘

tr

= ]E/tk+1 /tZDzu(T_t’X(t»'(SAte”’DG(X(S))SAtU(Xk)Zen)dsdt‘

41
(1+|x‘LmaX(P 2<J> Jr1/ / Z 1 2/1 A)iéJﬂisAt@n‘L‘Lq

(E|(—A)’5+“DG(X(5))SAta(Xk)26n|i4q) % dsdt

1 e 1 tet1 1
< CAtTn Y /\ém(l + |2 pmaxto2 ) (1 + t3K|x\qu)/t mdt
n n k

< CABTFYS L 1+ )E+2 /tkﬂ (1+ ! ) L
>~ X [ max(p,8q) 7 77& 5
\3+e ! ” 3% (T — )12

n n

thanks to similar arguments as for the treatment of b2’2’3

Conclusion. Gathering the estimates on bi’l, bi’27 bi’?’ and bi’4, and summing for k € {1,...,N — 1}, we
obtain
- 2 1 weo [T 1 1
82 bi| < CA=27"7(1 max(psa) ) T 1+ —)(14+ =———)dt.
) D I0k] < ORI+ llumo) 2 [ (14 52) (14 7 s)

6.4. Control of c.

6.4.1. Decompositions. For each k € {1,..., N — 1}, ¢ is decomposed into the following terms:

3 38 | 3C |, 3D
(83) gp=chtd+c=c+E+ (AP0 )
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where (using the symmetry of D?u)

d=1e [ T (1 = 8200 (X(0)*(T — S Du(T ~ £, X(1)) ) dr

E/tk“ T‘r(SAto(X(t))2(I — Sa))D*u(T —t, X(t)))dt,

tr

ok

1

= iE /t t T (Sae [o(X () = o(X0)?] Sac D?u(T — . X (1)) ) dt.

In addition, ¢} is further decomposed as follows: for A € {A, B,C, D},

tht1 B
gt = 5E/ Tr(SAtASAtDQu(T—t,X(t)))dt
tr

(84) "
=3 [ Dt 0 X0 (Sahen, Saves )

with the linear operators A, B,C, D obtained by applying Itd formula:

([0(XM)" —o(Xp)hiha) = Y (A, ho),

A€{A,B,C,D}
with
1

- /t Tr (SAtU(Xk)QSAtDQU%LI’hz (X(S))>ds

(Ahq, he) = 2 ).,

t

(Bhi, hy) = / (SarAXy, Do, (X(s)))ds

k
t

(Chy, o) = / (SarG(Xy), Do, (X(s)))ds

(Dhy, o) = /t (D2, . (X(5)). Saco(Xe)dW (s))ds

k

using the notation o7, ;= (o(-)*h1, ha).
For future reference note the following identity:

(85) (Do, ., (x),h) = /(0 1)(02)/(f(E))en(i)em(f)h(é“)dﬁ = (Da?, 4(x),em)-
6.4.2. Treatment of c}c, Since Theorem [4.3|is restricted to 8,y < 1 , this term needs some work:

jeh| = % ‘]E /:M Te((7 — Sa) D*u(T — 1, X()) (I - SAt)a(X(t))2)dt’

< %E/ o Z ‘D%(T —t, X(1).((I — Sat)en, (I — Sar)a(X(t))%ey) | dt

S (1+|$‘L‘HHX(172(1) K+1Z/ —t 1— 2/{’( A)_%K(I_SAt)en’[flq

(B|(—A) 351 = San)o (X (1) en,) 2 dt
te41 1

< OOt A T [ e @Ay o () e )

n tk
Using , , we get

(= A) 0 (X(5) en| 1y < Cl(=A) " en| o |(—A) 0 (X (£)°] 1o, < OATZ(14](~ A" X (1)
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As a consequence, using (71)),

1 1

) Tt

tht1
(86) eh] < O(1+ 2] prasiosn) P2 ALE 5 / (1+

tk

6.4.3. Treatment of c;. The treatment of 3 is straightforward, using Theorem
(87)

2| < ‘IE . > D*u(T —t,X(1)).(S I-8 ))d
Ll S s Atena( At) ( 1
tr n

<C(1+|=

n

t)
bt 1 1
< O(1 + || e 20 K“At%’“/ dt :
= ( |'T|L (p,2 )) ” (T _ t)172n — )\é+n

6.4.4. Treatment of c;.

Control of c;, 34 We proceed similarly, and applying Theorem . we obtain:

1
2

tht1 1
A < C(1 A+ [2] prmaxte.20 ) K / T Z [(—A) "2 S psen| pia (Bl(—A) "2+ Sarden|2a,)
tk

< CAtT*C(1 + |z

rar [ 1 3
Lmax(p,2q)) / ( — t 1—on dtz ElAen‘Lélq) 2 .
ty

1
To have a control on (E|Aen\%4q) 2, let any hy € L* and hy € L", with ﬁ + % = 1; then

(Ahy, hy) = = / Tr(sAta(Xk)QsAtD%im(X(s)))ds

N}

1 tht1
5/ ZD2ah1 1y (X (5)). (SAta(Xk) en,SAten)ds

<CA t|h1|L4q|h2|LrZISAta Xi)%en| Lo |Saren|r=
=—K 1
< CAt? \hl\LM\h?‘LTZ@'

n n

Thus (E|Ae,|24,)* < CAtz*, and we obtain

bt 1 1
3,A 33K K+1
|Ck‘ | S CAtz C(l —+ ‘x|Lmax(p,2q)) /tk mdtz A%+K .

n

. 1, 2,2 . . .
Control of ci’B . Like ak'3 and b;’“, the term ci’B contains a bad term and require a careful analysis.

introduce the decomposition B = B; + By + B3, and the associated terms cz’Bl cz B2 and 03 Bs , with

t
(Buhy, ha) = / (S5 Az, Do?, , (X(s)))ds

ty

t tr ~
(Bohy, ha) = / ( / Sh-UHLAG(X,, )dr, Do?, . (X(s)))ds

tr 0

(Bahy, hs) = / < / " ASK o (X, )AW (), Do?, (X (5))) ds.

tr 0
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The terms ci’Bl and ¢y’ 382 o not present difficulties, using and standard arguments. Indeed, for any

hi € L* and hy € L", with 41q + ; =1,

Ata—3n

—5=—|h1l|padlh2
k

wies S Cl(=A)T2m S| e < il

(Bihy, ha) < CAt|hy|paalha|pr|ASE T 2| Lo < Cl| L

L™ L,

using |(—A)"Sarx|pe < [(—A)*Saiz]
Similarly, we have for Bs

23
(Bahi, hs) < CAHAr|psa|hol e / ISk AG(X,,)| L dr.
0
Moreover, using Property 3.2 and G = F + BF5,
k—€,+1 149k — — —7—;-;
S8 AG(Xe, )| L < [(=4)2 SﬁﬂqLiLw)K_A) Sar” z:(l;)<1+| B’ %)

< C}(—A)§+4HSA1§|£(L%)

< ApmEiRg
using , as well as the following inequalities, which are consequences of Sobolev inequalities and of @D:
for any z € L%,
(A2 Spsz, . < Cl(—A) T S| a1 < Cl(=A)2 T Snpa] 1

We thus obtain

bt 1 1
3,8 3,8 15
|‘3k I+ |Ck | < C(1+ |2 pmax(o.2a)) K+ AL K/ (1 + tl_”) Y2 dtz Ly’

tr 2

Finally, cf ® requires a Malliavin integration. First, we write

1 tht1 _

C%Bi*’ = 5IE/ ZDQU(T — t,X(t)).(SAthen,SAten)dt
tr n

1 tr41 B

7E/ Z<B3€n,€7n>D U(T t7X( )) (SAtemaSAten)dt

= f]E/// > (ASK T o(Xe,)ej, Do?, . (X(5))) D*u(T — t, X(1)).(Satem, Saten)dB;(r)dsdt,

n,m,j

where for simplicity we use the notation [[[(...)dB,(r)dsdt = tk“ ftk “(...)dBn(r)dsdt.
Using the Malliavin calculus duality formula, for ¢ € [ty tx41] and s € [tk, t], then

B[S [ ASk H0(X,)es. D2, (R(D) DT — £ X(0)-(Sarerns Saren) a8, (1)
=E [Z / k Dza'en,em (X(S)) (ASZ?Z7~+1U(X£T)EJ'7 DTX(S)QJ)DQU(T o t7 X(t)) (SAtenh SAten)dr]
+E [Z /0 k <ASZ;ZT+1O’(XZ7-)ej7 DUS,L,EW (X(S))>D3U(T — t, X(t))'(SAtenm SAterr“ Drx(t)ej)dr}

=E|) / " D%g., .. (X(s)).(ASK " +1ej,DTX(S)J(XgT)ej)DQU(Tft,X(t)).(SAtem,SAten)dr]

+E[Y [ 00T~ 1K) (Saren SaiD0? s, (K(5). DX (O(X,)e))ar].

J
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using the identity o(-)* = o(-) for both lines, and for the second line. Moreover,

D?c, . (X(5))-(ASK; " He;, DX (s)0 (X, )ej)] < Clen|nlem| L |ASK; 7 ej] 12| D X (s)0 (X4, ey 2
DUSH,ASZ;ZT+16]' (X(s))
and using Lemma [6.1] we get

E|D, X (s)o(Xy,)ej|2: < CElo(Xy, )ej|p2 < C.
Then, using Theorem [4.3] and Proposition we obtain

[PEN] ty Atffffin 1
Kl drdsdt
Jmax( 2) — rds
P,2q / / /[; tk, gr _ t)l 2K

< Clen| = |ASE e pee,

L4a

e Bs) <01+ |z

1

tet1 tr At7774n 1
C(1 + || pmaxp.2a)) SR / / / ’ —drdsdt
tk v, (T —t)2—*
6 K41 b
< CAt2 ( + |Z‘|Lmax(p 2q)) /tk (711 — t)1*2“ dt
1 brt1 1
FOALE R (1 4 || pmanipze) ) KT / .
ty (T - t)i_lti

Control of ci’c. Using 7 similarly to ci’A7 we get

3,C 2 b 1 1 2 \3
) —zkK 2
s onct | 7 et 3 g el

For any h; € L* and hy € L", with 4%1 + % =1, we get

|(Cha, ho)| < CAthy|paa|ha|Lr|SarG(X) e < CAE™Y 275 hy| Laa]ha|L

We thus obtain

LT

A772H b1 1 1
3¢ < CAt3 7@_&172&&2 L

t PR

Control of Ci’D. Using , the definition of D, and the Malliavin calculus duality formula,

1 tre41 N
P = f]E/ Z(Den,em>D2 (T —t,X(t).(Satem, Saten)dt
trt1 - -
N / / Da? . (X(s)),Saco(Xy)e;)dB;(s)D*u(T — t, X (). (Satem, Saren)dt
e j,m,m
1 trt1 N N
=5 / / T—t X( )).(D,;X(t)ej,SAtem,SAten)<Dagmem(X(s)),SAta(Xk)ej>dsdt
e J,m,m
1 tht1 ~
=2 / / SO DPu(T — 1, X (1)) (Saro(Xi)es, Satem, Sacen) (D02, . (X(5)), Saro(Xi)e,)dsdt
e 7,m,m
trt1 -
/ / —t, X(t )-(Saro(Xy)ej, SAtDJgn,Smo(Xk)e,- (X(5)), Saten)dsdt
tk jn
th+1 N
—IE / / 7 D3U(T — 1, X (8)).(Saves, SacDo?, g0 ixyee, (X()), Saven)dsdt,
tk jn

where we haved used (85| ., and then .
We now use Proposition [£.5] Note that

(DO?, sar(xirze, (X(5)), W) < ClhlLrlenlpaale;| i < ClhlLr,
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for any h € L", with - + = =1; thus (IE|DUe Savo(Xn)2e; (X( ) L4q) <C.

We obtain

tht1 t 1
Pl < C(1+ \mle)K/ / ik Z | = A)7 TS pve; | 1a|Saten| Liadsdt
e I (T=1)27"

tht1
1_3. K
< CAt2 (1+|z|rr) / (T ; P Z)\ern 2+H

tk

Conclusion. Gathering the estimates on ci’A, ci B, czc and czD, and summing for k € {1,...,N — 1}, we
obtain
N T 1
3 1k K+1
(88) Z |Ck| S CAt2 (1 =+ |I|Lmax(p,2q)) /0 (1 + m)dt

k=1

6.5. Conclusion of the proof of Theorem - Gatherlng , . and (79) allows to control the sum
of ak Similarly, by is estimated thanks to 81)) and (82)) whereas ¢y, is estlmated by (83| , . and

Then7 follows from and .

6.6. An auxiliary result. We used the estimate below for the treatment of several terms, for instance a]1€,3
and bi’Q’?”l. Recall that D, X (t) = U(t, s)Saro(Xe) for t € [tk,thr1), 8 € [te,teg1), and £ < k — 1.

Lemma 6.1. For every q € [2,00), T € (0,00) and k > 0 sufficiently small, there exists Cy (T) such that
for every h € L, t € [tg,tkr1), S € [te,ter1), with 1 <k < N,

(89)  (BI-A) U@ )BE) ™ < Counl®) (J(-A) 5 hlpa + A b)) if k> 41

Proof of Lemma[6.]. Let s be fixed. It can be seen that U; = U(t, s)h satisfies:

t t
Ui = Uy, +/ (ASAtUtk + SAtGI(Xk)‘Utk)dr +/ Sat (U/(Xk?)'Utk)dW(T)7
23

23
Uteyr = SatUs, + AtSaG(Xy).Uy,, + Sae (0 (Xi).Uy, ) AWy,
Upoy = h
First, for every ¢ € [tg,tp+1),
E|(—A) ¥ UiJ3, < CE|(—A)" 35Uy, [}, + CAR|ASarlp 1 EI(-A) 73U, I3,
+ CAH 2 E|U,, |2, + CALE|(=A) =3+ Sy (0 (X8).-Un) [ 112 1
< CE|(—A) 737U, [}, + CAL T E|U, [3, + CAH(—A)% 5, 1o 1 E|UL, .

Note that |(—A)%_%+K|?3(L2 ey < 00 when % — 1+ k < —1; this condition is satisfied when ¢ > 2 and

k > 0 is chosen sufficiently small.
The result is clear for k = £+ 1. For k > {4+ 1, since Uy, = IIy_1.¢41h, we get, by Lemma[5.7]

C At =28
1-2k 2
At E|Utk|L<1 < (k‘ — 0 — 1)1—25At1—2n

[(=A)"Fth3, < O|(—A)"2t h[3,.

Now,
k—1
Uy, =S, Th+ At Y SK"BF (Xp).Us, + Z Sk (0! (Xn).Us,, ) AW,
m=(+1 m=(+1
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and thus, with the condition ﬁ — % + K < —% fulfilled for x > 0 sufficiently small,

2

k—1 k—1
_la, 1y, 1
E[(=A) 35U, 20, < [(-A) 5 hE, +C | At Y e ElU, |10 | +CAL > E|U,, 7
m=0+1 k—m m={+1
1
<|(=A)"2trR]2, + CAt?tMimﬁq + CAth)2,
k—0—1
el . 2 k-1 )
rof(at Y s | A Y e | AR,
m=£+2 k—m tfn_g_l m=~0+2 m—~L{—1

< C|(=A) 22 R2, + CAth|2,.

This concludes the proof of Lemma [6.1
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