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KOLMOGOROV EQUATIONS AND WEAK ORDER ANALYSIS FOR SPDES WITH
NONLINEAR DIFFUSION COEFFICIENT

CHARLES-EDOUARD BREHIER AND ARNAUD DEBUSSCHE

ABsTrRACT. We provide new regularity results for the solutions of the Kolmogorov equation associated to a
SPDE with nonlinear diffusion coefficients and a Burgers type nonlinearity. This generalizes previous results
in the simpler cases of additive or affine noise. The basic tool is a discrete version of a two sided stochastic
integral which allows a new formulation for the derivatives of these solutions. We show that this can be
used to generalize the weak order analysis performed in [I6]. The tools we develop are very general and can
be used to study many other examples of applications.

1. INTRODUCTION

The Kolmogorov equation associated to a stochastic equation is a fundamental object. It is important to
have a good understanding of this equation since many properties of the stochastic equation can be derived.
For instance, it may be used to obtain uniqueness results - in the weak or strong sense - using ideas initially
developped by Stroock and Varadhan [41I] or the so-called "Itd Tanaka" trick widely used by F. Flandoli and
co- authors, see for instance [19]. Also, it is the basic tool in the weak order analysis of stochastic equations,
see [42].

For Stochastic Partial Differential Equations (SPDEs), the associated Kolmogorov equation is not a stan-
dard object since it is a partial differential equations for an unknown depending on time and on an infinite
dimensional variable. In the case of an additive noise, it has been the object of several studies, see [8], [T5],
[LT], [30], [40] and the references therein. But for general diffusion coefficients, very little is known. In [12],
strict solutions are constructed but the assumptions are extremely strong and the result is of little interest
in the applications.

In this work, we consider a parabolic semilinear Stochastic Partial Differential Equation (SPDE) of the
following form:

(1) dXt = AXtdt+G(Xt)dt+U(Xt)th,

where W is a cylindrical Wiener process on a separable infinite dimensional Hilbert space H. Typically, H
is the space of square integrable functions on an open, bounded, interval in R so that the SPDE is driven by
a space time white noise.

We wish to study regularity properties of the solutions of the associated Kolmogorov equation. The main
application we have in mind is the weak order analysis of a Euler scheme applied to ([II). This has been the
subject of many articles in the last decade, see [4], [5], [6], [16], [T7], [20], [23], |28], [29], |43], [47], [48]. In
all these articles, the method is a generalization of the finite dimensional proof initially used in [42] (see also
the monographs [27] and [32] for further references) and based on the Kolmogorov equation associated to
(). These results are restricted to the case of a o satisfying very strong assumptions.

Thus our first aim is to obtain new regularity estimates on the transition semigroup (FP;);>. When (I
has a unique solution (which is the case in the present article), denoted by (X (¢, 2)):>0, it is defined by

(2) u(t, z) = Prp(x) = B(p(X (¢, 1)),
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where ¢ is a bounded borelian function on H. The function u formally satisfies the Kolmogorov equation:
d 1

(3) d—?(t, x) = §Tr (o(z)o* (z)D?u(t, z)) + (Az + G(z), Du(t, z)), u(0,z) = ¢(x).

As usual, we have identified the first order derivative of u with respect to x and its gradient in H and the

second order derivative with the Hessian. The inner product in H is denoted by (-, -).

Our arguments are general and can be applied in various situations. However, in order to concentrate on
the new arguments, we consider a prototype example. Namely, we take three functions Fi,Fy,0: R — R, and
consider the following stochastic partial differential equation on the interval (0,1) with Dirichlet boundary
conditions and driven by a space time white noise:

dX = (8ee X + F1(X) + 0 Fo(X))dt + 6(X)dW, t > 0, z € (0,1),
X(0,t) = X(1,t) = 0,
X(£0) = x(§).

The initial data x is given in L?(0,1) and W is a cylindrical Wiener process (see [14]). This equation can be
rewritten in the abstract form () classically. Indeed, we define H = L?(0,1) with norm |- |, A = J¢¢ on the
domain D(A) = H?(0,1) N H(0,1), and the Nemytskii operators:

Fi(z) = E(az()), o(z)h =& (x(-))h(-), v € H, h € H.

Assuming that Fy, I, and & are bounded, this defines Fy, Fy : H — H and o : H — L(H), where £(H)
is the space of bounded linear operators on H. Below, we assume that Fy, F5 and & are functions of class
(O3, which are bounded and have bounded derivatives. However, it is well-known that Fy, F» and o do not
inherit these regularity properties on H. The control of their derivatives requires the use of LP norms.

Finally, setting B = ¢ on H'(0,1) and G = Fy + BF», we obtain an equation in the abstract form (I
above.

Global existence and uniqueness of a solution X € L2?(€;C([0,7]; H)) follow from standard arguments
(see [I4] for instance). Indeed, we have boundedness and Lispchitz continuity properties on the coefficients
G and o. Thus the transition semigroup can be defined by the formula (2)).

The regularity results which are required for the numerical analysis and which we obtain in this article
have roughly the following form, under appropriate assumptions on ¢: for t € (0,7

|Du(t,x) - h| < C(T, )t~ *[(=A)""hl,

W ID?u(t,z) - (h,k)| < C(T, o)t~ V(= A) " h]|(—A) k],

where (—A)~* denotes a negative power (for o > 0) of the linear operator —A. We do not make precise which
L? norms appear on the right-hand side in (). Precise and rigorous statements are given in Section Bl

Note that these regularity results are natural. They hold for instance in the case G = 0, 0 = 0 for any
«, B,y > 0 thanks to the regularization properties of the heat semi-group. Using elementary arguments
(differentiation inside the expectation, control of the derivative processes using Itd’s formula and Gronwall
inequalities), see for instance [2], [16], one can consider the case when the diffusion coefficient o is constant
- additive noise case. Then the estimate above holds for « € [0,1), and 3,7 € [0,1) such that 8+ v < 1.
The case of an affine o is also treated in the above references but then we impose «, 3,7 € [0, %) When
the diffusion coefficient o is nonlinear (the so-called multiplicative noise case), the results obtained so far in
the literature are not satisfactory: the extra restriction g + v < % is imposed. This is not sufficient for the
applications. For the weak order analysis, we need to take 3 +  arbitrarily close to 1.

Also, the right hand side of (@) is well defined only if one is able to get (@) for o € [0,1), 3,7 € [0, ) with
B+~> % This is important to prove existence of strict solutions to this Kolmogorov equation and thus to
generalize results available in the case of additive noise.

In this article, we introduce a new approach to obtain such results. Our first main contribution in this
article is to prove that in (@) one may take o € [0,1) and 3,7 € [0, %), in the multiplicative noise case, for
SPDEs of the type of ().

Our strategy is based on new expressions for the first and the second order derivatives of u. They are
obtained thanks to Malliavin integration by parts, and are written in terms of some two-sided stochastic
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integrals, with anticipating integrands. Such integrals can be defined in many different ways: see for in-
stance [I], [31], [35] where the definition of such integrals is motivated by simular reasons to ours. The
two-sided integrals which are required in this work are similar to those developed in [34], [37], [306], except
that we need to consider more general types of integrands.

We have not found the construction of the two-sided integrals required in our work in the literature.
Although interesting in itself, their rigorous and general construction would considerably lengthen the article;
this is left for future works. Instead, we have chosen a different approach: we have chosen to consider time
discretized versions of the problem, and to pass to the limit in estimates. Indeed, at the discrete time level
the construction of the two-sided integrals is straightforward. Nonetheless, we give a formal derivation of
the formulas in Section [£.I] to explain our ideas and the type of integrals which would be required to have a
direct proof in continuous time.

Once new regularity estimates on the solutions of Kolmogorov equations are obtained, our second contri-
bution is to address the weak order analysis of the following Euler scheme applied to (I):

X1 — Xy = At(AX 1 + G(Xy))dt + o(Xn) (W ((n + 1)At) — W(nAt)), Xo ==,

where At is the time step. We prove that the weak rate of convergence is equal to %: for arbitrarily small
k€ (0, %),

|Ep(X(NA)) — o(Xn)| < CulT, ,2)ALE",
where the integer N is such that NA¢ = T, for arbitrary but fixed T € (0, 00).

The value % for the weak order convergence is natural: indeed, it is possible to show that (for an appro-
priate norm | - ||) one has the strong convergence rate 1: E[|X(NAt) — Xn|| < Cu(T, T)Ati— 5,

Like in [5], [6], in the case of ergodic SPDEs, the analysis can be extended on arbitrarily large time
intervals, with a uniform control of the error. This yields error estimates concerning the approximation of
invariant distributions. In fact, under appropriate conditions on the Lipschitz constants of the nonlinear
coefficients, one can include factors of the type exp(—ct), with ¢ > 0, on the right-hand sides of the equations
in (@); alternatively, these regularity estimates are transfered to the solutions of associated Poisson equations.
We do not consider this question further in this article.

We generalize the proof of [16], and of subsequent articles, which was done under the artificial assumptions
that F': H — H and o : H — L(H) are of class C?, with bounded derivatives, and that the second order
derivative of o satisfies a very restrictive assumption. As already explained above, the new regularity
estimates on the solutions of Kolmogorov equation obtained in the first part of the article are fundamental.
Here we treat diffusion coefficients of Nemytskii type, and drift coefficients which are sums of Nemytskii and
Burgers type nonlinearities. Treating Burgers type nonlinearities is one of the novelties, and one of the main
source of technical difficulties, of this work. Even if the decomposition of the error and ideas in the control of
the terms are similar to [I6], we need to consider all the terms again since the functional setting is different.

Another approach, using the concept of mild Itd processes, see [10], [13], has been recently studied to
provide weak convergence rates for SPDEs ([l) with multiplicative noise, for several examples of numerical
schemes: see [9], [24], |25], [26]. In particular, in [24], a similar result as ours is obtained when the Burgers
type nonlinearity is absent (F» = 0). This requires also to work in a Banach spaces setting, with an
appropriate type of mild Itd formula [I0]. It is not clear that this can be extended to the case Fy # 0.
Moreover, we believe that our way of treating the discretization error is more natural and somewhat simpler.
We also mention that the regularity requirements are weaker in our work.

Also, in [3], a completely different approach is used; but up to now, this covers only additive noise, i.e.
the case when o is constant.

In future works, we plan to analyze the weak error associated to spatial discretization, using Finite
Elements, like in [4]. Note that the analysis of the weak error may also be generalized to other examples of
time discretization schemes, such as exponential Euler schemes, like in [43], [47] for instance.

We have chosen to consider SPDEs () of one type, namely with Nemytskii diffusion coefficients, and
Nemytskii and Burgers type nonlinear drift coefficients, driven by space-time white noise, in dimension
1. We believe that natural generalizations hold true, for instance for equations in dimension 2 or 3, with
appropriate noise. Moreover, considering coefficients with unbounded derivatives, with polynomial growth
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assumptions, is also an important subject, which we have not chosen to treat; indeed it would have required
to deal with additional technical difficulties, resulting in hiding the fundamental ideas of our approach.

On a more theoretical point of view, we leave for future work the important question of the construction
in continuous time of the two-side stochastic integrals used in the proof of the new regularity results for the
solutions of Kolmogorov equations. It may also be interesting to generalize these estimates to higher order
derivatives. Finally, we believe that these results and the strategy of proof will have other applications,
beyond analysis of weak convergence rates.

This article is organized as follows. The functional setting is made precise in Section2l Section Bl contains
the statements of our main results, on the regularity of the solution of the Kolmogorov equation (Section [B1]),
then on the weak rate of convergence of the Euler approximation (Section [3.2). Detailed proofs are given in
Section M and in Section [l respectively.

2. SETTING

We use the notation N* = {1,2,...} for the set of (positive) integers.

Throughout the article, ¢ or C' denote generic positive constants, which may change from line to line. We
do not always precise the various parameters they depend on. When necessary, we write C = C._(...) to
emphasize the dependence on some parameters, by convention it is locally bounded on the domains where
the parameters live.

2.1. Functional spaces and stochastic integration. In all the article, given two Banach spaces E; and
Es, C’f(El; Es), or C’f(El) when E; = FE», is the space of bounded C* functions from F; to E» with bounded
derivatives up to order k. Also L£(FE1; E2) denotes the space of bounded linear operators from E; to Fy. If
El == EQ, we set E(El) = ﬁ(El;El).

The SPDE () is considered as taking values in the separable Hilbert space H = L?(0,1), with norm
(resp. inner product) denoted by | -| (resp. (-,-)). We will also extensively use the Banach spaces L?(0, 1),
for p € [1,00]; the LP norm is denoted by | - |Ls.

When K is a separable Hilbert space, the trace operator is denoted by Tr(+); recall that Tr¥ is well defined
when U € £(K) is nuclear ([21]).

We recall that if U € £(K) is a nuclear operator and L € £(K) is a bounded linear mapping, then LU
and UL are nuclear operators, and TrL W = TrW L.

Let Hy, Hy be two separable Hilbert spaces. For L € L(H, Hs), we denote by L* its adjoint. We now
introduce the space Lo (Hy; Ho) of Hilbert-Schmidt operators from H; to Ha: a linear mapping ® € L(Hy; Ha)
is an Hilbert-Schmidt operator if ®*® € L(Hy, Hy) is nuclear, and the associated norm || ||z, z,, m,) satisfies
@Il 2ot by = 197N £ (B1a; 1,y = (T @@*)%. We use the notation Lo(Hy) = Lo(Hy; Hy).

For a function ¢ € C1(H;R), we often identify the first order derivative and the gradient: (D (z),h) =
Di(x) - h, for x,h € H. Similarly, if ¢ € C?(H;R), we often identify the second order derivative and the
Hessian: (D?*y(x)h, k) = D?*y(x) - (h, k), for ,h,k € H

We are now in position to present basic elements about stochastic Itd integrals on Hilbert spaces, see [14]
for further properties. The cylindrical Wiener process on H is defined by

(5) W(t) = Z Bi(t) fi,

iEN*
where (ﬂi)i N~ is a sequence of independent standard scalar Wiener processes on a filtered probability space

satisfying the usual conditions (Q, F, (Ft)e>o0, ]P’) and (fi)ieN* is a complete orthonormal system of H.

It is standard that this representation does not depend on the choice of the complete orthonormal system
of H. Moreover, it is well-known that W (t) as defined by (@) does not take values in H; however, the series
is convergent in any larger Hilbert space K, such that the embedding from H into K is an Hilbert-Schmidt
operator.



Given a predictable process ® € L?(Q2 x (0,T); L2(H; K)), the integral fOT D(s)dW (s) is a well defined Ito
integral with values in the Hilbert space K. Moreover, Itd’s isometry reads:

T T
E(II / @(s)dW(sn%():E(/o ||¢><s>|%2<H;K>ds>.

In the sequel, we will need to control LP norms of stochastic integrals, for p € [2, 00), for processes ® with
values in L(H; E), where E = LP(0, 1) is a separable Banach space. The space Lo(H, K) of Hilbert-Schmidt
operators is then replaced by the space R(H, E) of 7- radonifying operator: a linear operator ¥ € L(H, E)
is a y-radonifying operator, if the image by ® of the canonical gaussian distribution on H extends to a Borel
probability measure on E. The space R(H; E) is equipped with the norm || - || gz, ) defined by

11,y = Bl 3w fil”
iEN*
where (7;)ien+ is a sequence of independent standard (mean 0 and variance 1) Gaussian random variables,
defined on a probability space (Q, F, I?’), with expectation operator denoted by E, and (fi)ien is a complete
orthonormal system. The expression of ||®||z(x,) does not depend on the choice of these elements. We
refer for instance to [7, 5] 46)] for further properties.

An important tool which is used frequently in the sequel is the left and right ideal property for -
radonifying operators: for every separable Hilbert spaces K, KC and for every Banach spaces F = LP(0,1),
& =L490,1), with p,q € [2,00), for every L1 € L(E,E), ¥ € R(K,E) and Ly € L(K, K), one has L1 VL, €
R(K, &),

(6) L1V La| ric,ey < 1Ll o)1 Y Rk, 2yl Lall 2, k) -
For E = L?(0,1) with p € [2,00), the following generalization of 1t6’s isometry holds true, in terms of an

inequality only: for predictable processes ® € L?(2 x (0,7); R(H; E)), the Ito integral fOT D (s)dW (s) can
be defined, with values in E, and there exists cg € (0,00), depending only on the space F, such that

T T
(7) E(| / <1>(s)dW(s)|I%>§cE1E (/ ||@<s>|%<H,E>ds>.

Finally, generalizations of Burkholder-Davies-Gundy inequalities are also available and will be used
throughout the article.
To simplify the notation, we often write L? instead of LP(0,1).

2.2. Coefficients of the SPDE. In this section, we give definitions and properties of the coefficients A,
G = Fy + BF>», and o, which appear in ().

The operator A is an unbounded linear operator on H = L?(0,1): it is defined as the Laplace operator
on (0, 1), with homogeneous Dirichlet boundary conditions, on the domain D(A) = H?(0,1) N H}(0,1). Tt
satisfies Property 2.1] below.

Property 2.1. For i € N*, define e; = \/ﬁsin(iw-) and \; = (im)?. Then
° (ei)ieN* is a complete orthornormal system of H, and, for all i € N*,
Ael- == —)\1‘61'.

e Forany o € R, Y70, A7 < oo if and only if a > 3.
e the family of eigenvectors is equibounded in L™ : sup;cy« |€i]r~ < 00.

In particular, for every p € [2, 00|, sup;en+ |€i|z» < 0o. This equiboundedness property is crucial for many
estimates which will be proved in this article.

For every p € (2,00), A can also be seen as an unbounded linear operator on LP(0, 1), with domain
D,(A) ={zx € LP(0,1); Az € L?(0,1)}. Note the inclusion D,(A) C D,(A) C D(A) for p > ¢ > 2.

The operator A generates an analytic semigroup (etA)t>0 on LP(0,1), for every p € [2,00), see for

instance [38]. In the case p = 2, we have the following formula: e'4 = 377 e =t (- e;)e; for every z € H

and ¢t > 0.
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We use the standard construction of fractional powers (—A)~® and (—A)® of A, for o € (0,1), see for
instance [38]:

B o sin(ma) [ -t
(—4) .—77T /0 =¥t — A)~dt,
(—A)a:Ln(m) / oL~ A) (] — A)Lat,

™ 0

where (—A)* is defined as an unbounded linear operator on LP(0,1), with domain Dy, ((—A)®). Definitions
are consistent when p varies. In the case p = 2, the construction is simple: indeed,

(—A) Yz = Z N “(z,ei)e;,, x€H,
ieN*

(A=Y Az, e)ei, x € Dy((—A)*) = {a: € H Y Nw,e)? < oo} .
iEN* i=1
We use the natural norms on D, ((—A)%), denoted by |(—A)* - |r». They do not in general coincide with
the norms of the standard Sobolev spaces W?2*P = W?2%P(0,1); see [44, Section 4.2.1] for their definitions.
When 2« is not an integer, we may use the norm defined in [44] Section 4.4.1, Remark 2]. Nevertheless, for
any € > 0, we have the following inequalities:

8)  |alwza-cr < Caepl(=A)@lrr, x € Dp((=A4)") 3 [(=A)"2|1r < carepltwater, z € WP,

for ca.ep € (0,00). These inequalities follow from combining several arguments from [44], and using the

inclusion D,(A) C W??: see (3) from Section 1.15.2, (e) from Section 1.3.3, and (a), (b) from Section 4.6.1.
Moreover, the choice of norm on W2*? from [44], Section 4.4.1, Remark 2| immediatly yields the following

inequality: for a < % and € > 0, any x € Dp((—A)O‘“), and any Lipschitz continuous function g : R — R,

(9) [(=A)%g(x)|,, < Caelg(@)|wzater < cae(9) (1 + [alwzarer) < cae(g) (1 +[(—A)*Fa|Ls).
Similarly, for a < %, and z € W24 y € W2%" such that 1—17 = % + 1 one has

Pl
(10) eylwaes < cagor([oloalplwans + [ehwanalylir) < cogrlthwanslylwse
Using then (§), [[0) yields that for o € (0, 3), € > 0, % = % + 1, and z € Dg((—A)*"9), y € D, ((—A)>+e),
one has

(11) [(=A)*@y|Lr < Careqrl(—A) T @|La|(—A)* y[Lr.

We will use below a last inequality concerning products, where one of the factors is controlled in a negative

space. For a0 < %, e >0, % = % + % and x € L9, y € DT((—A)O““), one has

(12) [(=A)"* " (2y)|Lr < Caeqrl(—A) Lol (—A)* Y|Lr.
Let us give a proof of inequality (IZ). Let z € Dy ((—A)**¢), where % + 1% =1, then

(zy, 2) = ((=A)" "2, (=A4)%(y2)) < |(=A)"“2|ra|(=A)"(y2)[ Lo,

where % + % = 1; note that % =14 %. From (8) and ([I0), we obtain

|(=A)*(y2)| Lo < clyzlwaates
< C|y|W2a+e,r Z|W20‘+€vpl
< cl(=A) Yl (= A) 2 L

We finally conclude the proof of (I2]) thanks to the following inequality:
{2y, 2) < cl(=A)"a|La|(=A) Y| L (= A) 2]

The drift coefficient G is the sum of a Nemytskii and of a Burgers type nonlinearities: G = F; + BF3,
where Bz = 9¢x € LP(0,1) for x € WP(0,1), and where Fy and I are Nemytskii coefficients. Precisely, let
Fi,Fy € C}(R) be two real-valued functions. We assume moreover that they are bounded, to simplify the
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presentation, but this should not be seen as a restrictive assumption. Then define, for every z € L?, with
JAAS [15 OO], FZ(I)() = E(.I()), for i € {15 2}
Straightforward applications of Holder’s inequality yield Property below.

Property 2.2. Let F € {F, F»}.
For every p € [1,00], there exists C,, € (0,00) such that for every x € L* h € LP

|F(@)ler <Cp , [F'(2)-h|Le < Cplh|Le;
moreover, if q1,q2,71,72,73 € [1,00] are such that qll + q% = % and % + % + % = %, there exists Cp(q1,q2)
and Cy(r1,72,73) such that for every x € L?
|F®) (2).(h1, ho) e < Cplqr, @2)|hi|pa |ho|pe, ¥ by € L9 hy € L%
|F®(@).(h, ho, ha)l Lo < Cp(r1,72,73) bl i [halpralhslirs, ¥ hy € L™ hy € L™ hg € LT,

In order to control terms of the form BFs(xz), we will use the following property
—a _ 1
(13) |(—A4)"“B(-A) ﬁ’g(m) < oo, fora+p> 3

Indeed, this inequality is a direct consequence of (B) when o = 0, and uses a duality argument when § = 0.
The general case follows by an interpolation argument.

The diffusion coefficient o is a linear operator of Nemytskii type. Precisely, let & € CJ(R) be a real-
valued, bounded, function, with bounded derivatives up to order 3. Then, for every p € [1,00], define
(o(2)h)(:) = 6 (x(-))h(-) for all z,h € LP.

To state the regularity estimates on the derivatives of o which will be used below, we need the following
result.

IS

Lemma 2.3. For every p € [2,00), there exists C(p) € (0,00) such that for every x € D((—A) 7%)
(14) [2lzr < C)|(-A)F

Proof. The standard Sobolev inequality gives |z|.» < C(p)

1
2|2,

|x|W%,;,2. To conclude, we use the fact that, for
P
a € [0,4), the norms | - |yy2a.2 and |[(—A) - |12 are equivalent on D ((—A)%). O

Property 2.4. For everyp,q € [1,00], 0 : L? — L(LP, LY) is of class C3. Moreover, the following conditions
on the derivatives of o hold true.
For every p € [2,00], there exists C, € (0,00) such that for every x € L*

lo(@)|er) < Cp.
For every p € [2,00), there exists C,, € (0,00) such that for every x € L?

1

(15) |(=A4) 72 (0" (2)-h) | 1 2y < Cplhln, ¥ hE LP,

(16) [(=A)"% (0" (2).(h, k) | ey < Colhluzn|kl iz, ¥ bk € L7,

(17) [(—A)7% (0@ ().(h, k1, k)| o ey < Cplhlizolkilpow kelpor, ¥ b€ L. ki ks € LY,
Finally, for every x € L? and h € LP, ky, ko € L%

(18) ol@)* =o(x) , (o/@).h) =o' @)h , ("(@).(ki,k2))" = 0" (x).(k1, ka).

We sketch the proof of ([[H)), the two other estimates ([[0) and (7)) are obtained in the same way. For
every v, z € L2,

1 4
((0'(z).h)y, (=A) "2 2) < ClhlLelylrz|(—A) 2 2|Lr
< Clhlolylre|(~4) 473 752 e,
thanks to Holder’s inequality, with  + % = 1, and inequality (I4).

When no confusion is possible, we will often use the notations F} for Fj, and o for &.
7



2.3. Test functions. We now give the regularity assumptions on the test functions ¢. Typically, ¢ is only
defined on L4(0,1), for some ¢ € [2,00). Considering regularized version ¢s, defined in Assumption
below, allows us to consider functions defined and regular on H = L?(0, 1).

Assumption 2.5. For every § € (0,1), define ps(-) = cp(e‘m-). We assume that @5 is of class C3 on H, for
every 6 € (0,1). Moreover, we assume that the derivatives satisfy the following conditions, uniformly with
respect to § € (0,1): there exists p,q € [2,00), K € N*U {0}, and C(p,q,K) € (0,00) such that for every
x € LP, and hy, ho, hg € L1

| Dgs ()| < Cp, g, K) (1 + |]1e) ™ [ha] o,
(19) |D*s(x).(h1,ho)| < Clp,q. K)(1 + |$|LP)K|h1|LQ|h2|Lq7
|D%@s(2).(h1, he, hs)| < Cp,q, K)(1 + |x|LP)K|h1|L‘1|h2|Lq|h3|LQ-

Interesting examples of test functions ¢ are constructed as follows. Let ¢ € C3(R) a function of class C?;
we assume that the derivatives of ¢ have at most polynomial growth. Define

1
o) = [ olal))de,
0
for # € L™(0, 1), where n € N* is such that sup(‘lﬁ‘(;‘))‘n < 0.
zeR

Since derivatives of ¢ take the form D™ y(z).(hi,...,hy) = ¢ (2(-))h1(-)... hy(-), Assumption 25 is
satisfied by applying Holder’s inequality, with appropriately chosen parameters p, g.

If we assume that the derivatives of ¢ are bounded, we may choose K = 0 and p = 2; the estimate on the
third order derivative requires to choose ¢ = 3.

2.4. Elements of Malliavin calculus. We recall basic definitions regarding Malliavin calculus, which is a
key tool for the analysis provided below; especially, we define the Malliavin derivative, and state the integra-
tion by parts formula which will be used. We simply aim at giving the main notation; for a comprehensive
treatment of Malliavin calculus, we refer to the classical monograph [33].

Malliavin calculus techniques will be required for both contributions of this article: first the proof of new
regularity estimates for the solution of Kolmogorov equations associated to SPDEs with nonlinear diffusion
coefficient, and second the analysis of weak convergence rates for the numerical discretization of the SPDE.
For the first part, we will only use discrete time versions of all objects, which are based on standard integration
by parts in the weighted Lﬁ spaces, where p is the Gaussian density. The full generality of Malliavin calculus,
in continuous time, is mainly needed in the second part.

Given a smooth real-valued function G on H™ and 1, ...,%, € L*(0,T; H), the Malliavin derivative of
the smooth random variable G(fOT (1 (r), dW (r)),. .., f0T<1/1n(r), dW (r))), at time s, in the direction h € H,
is defined as

T T
DAG([ ). aW ) [l ()
n 70 T 0 T
=S 0G([ @AW [ ). W) ().
i=1

We also define the process DG by (DG(s),h) = D"G. It can be shown that D defines a closable operator
with values in L?(Q x (0,7); H), and we denote by D2 the closure of the set of smooth random variables
for the norm

7 !
Gllpe» = (E(GP? + /0 D.Glds) "

We define similarly the Malliavin derivative of random variables taking values in H. If G = El Gie; €
L2(Q, H) with G; € D2 for all i € N* and ¥, [ [D*G,[2ds < oo, we set

'D?G = ZDQGieiu DSG = ZDsGiei'

The chain rule is valid: if v € C} (R) and G € D"2, then u(G) € D"? and D(u(G)) = «'(G)DG.
8



For G € DY? and v € L?(Q x (0,T); H), such that ¢(t) € D2 for all t € [0,T], and such that
fOT fOT |Ds1)(t)|?dsdt < oo, we have the Malliavin integration by parts formula:

E (G/j@(s»dW(s))) —E (/0 (DG, (s ) e (/0 DEG w(s),ei)ds) |

where the stochastic integral is in general a Skohorod integral. However, in this article, it corresponds with
the It6 integral since we only need to consider the Skohorod integral of adapted processes. Moreover, the
integration by parts formula above holds for G € D%? and ¢ € L2(2 x (0,T); H) when 1 is an adapted
process.

Recall that if G is F; measurable, then D;G = 0 for s > t.

Finally, we use the following integration by parts formula, see Lemma 2.1 in [I6]: let G € D*?, u € CZ(H)
and ¢ € L?(Q x (0,T),Lo(H)) be an adapted process, then

( /w YAW (s ) ZE(/ D*u(G) - (D% G, 4p(s)e;) d )

=E (/ Tr (¢*(s)D*u(G)D,G) ds).

0

3. MAIN RESULTS
We consider the stochastic evolution equation (), which we recall here:

where x € H is an arbitrary initial condition.
For every time T € (0,00), equation ([20) admits a unique mild solution in C([0,T]; H), i.e. X =
(Xt) te[0.7] is a H-valued continuous stochastic process such that for every 0 <t < T

t t
(21) X, = ez + / e=I4Q(X,)ds + / =946 X)) dW (s),
0 0

where the H-valued stochastic integral is intepreted in It6 sense. We refer for instance to [I4] for a proof of
this standard result.

To emphasize on the influence of the initial condition x, we often use the notation X (¢, z). However, in
many computations we omit this dependence and write X; for simplicity.

A rigorous treatment of the problem is made easier by considering regularized coefficients G5 and o5, for
0 > 0, defined as follows:

Gs = d4G(*4)) = eéAFl(eéA_) +B€6AF2(€6A_) . 05 = Mg (4 et

It is straightforward to check that Properties and 2.4] are preserved after regularization, with constants
which are uniform with respect to §. Indeed, on the one hand, e’# is bounded with norm equal to 1, from LP
to LP, for every p € [1,00] and § € (0,1); on the other hand, for § > 0, e’4 is also a bounded operator from
L? to LP for p > 2, and thus the regularized coefficients Fs and o5 are C; on H (but with norm depending
on §). Note that B and e’ do not commute.

Remark 3.1. We cannot use standard regularization methods in our setting, such as spectral Galerkin
projections, like in [16]. Indeed, the associated projection operators are not uniformly bounded (with respect
to dimension), in LP spaces for p > 2.
The regularization we use in this article does not provide finite dimensional approximation of the process.
Alternatively, the not so different regularization proposed in [22] (see Lemma 3.1) may be used. It is based
on an additional truncation of modes larger than N(6), in the definition of e®?, for a well-chosen integer
N(9).

In the computations below, we often omit to mention the dependance on ¢. All the estimates we state
and prove are uniform in 9.



Working with regularized coefficients F5 and og, with § € (0,1), we introduce the regularized SPDE
(22) dX) = AX)dt + Gs(X?)dt + o5(X0)dW (t), X°(0) = x.

When § — 0, X? converges (in a suitable sense) to X. Consistently, the notation X° = X will be used.
For every § € (0,1), introduce the function us : [0,7] x L? — R, defined by

(23) ug(t,x) = E[go(;(X‘s(t, :v))},
and the function u : [0,7] x L? = R
(24) u(t,z) = E[@(X(t, x))]

The function ug, resp. u, is formally solution of the Kolmogorov equations associated to (22)), resp. ([20). As
already mentioned, the regularity results proved in this article could be used to prove that these functions
are in fact strict solutions of these Kolmogorov equations.

Consistently, we use the notation uy = u. Indeed, results on u will be obtained from results proved for
0 > 0 and passing to the limit § — 0.

Thanks to [2] or [§], for every § € (0,1) and ¢ > 0, us(t, ) is a function of class C* on L?.

3.1. Regularity estimates on the derivatives of the Kolmogorov equation solution. The first main
results of this article are new estimates on the first and second order spatial derivatives of u.

For our results given below, we consider the setting of section 2.2l and section 2.3l Note that all the results
are valid for the parameter ¢, defined in Assumption 2] satisfying ¢ € [2,00). The proofs of the cases ¢ = 2
and g € (2,00) need to be treated separately. We only provide detailed proofs in the case g € (2,00). The
case ¢ = 2 is easier.

Theorem 3.2. For every 5 € [0,1) and T € (0,00), there exists Cg(T'), such that for every 6 € [0,1),
te€(0,T], z € LP and h € L1

Cs(T)

(25) |Dus(t,).h| < 5

(1 + |I|Lmax(p,2q) )K+1 | (_A)_Bh|L2q .

This result can be interpreted as a regularization property: for every ¢t > 0 and 8 € (0,1), we have
(—=A)’Du(t,z) € L", compared with Du(0,x) € L", where r is the conjugated exponent of 2¢, i.e. %—i—z—lq =1

Theorem is not difficult for 8 € [0,1) (see [2], [16]). Getting the result for 3 € [0,1) with standard
arguments is possible only in the case of additive noise. We recall below in Section 1] where the limitation
b < % comes from in direct approaches, when o is nonlinear. Then we give a formal description of our
strategy of proof of Theorem and introduce new arguments.

We now turn to the result on D?u, which is also a regularization property.

Theorem 3.3. For every 3,7 € [0,1) and T € (0,00), there exists Cp(T), such that for every § € [0,1),
t € (0,T], x € LP and hy, hy € L*
Cp(T)

(26) | D?us(t, ). (ha, h) | < <22 (1 fe] pozn) (= 4) PR aa| (= 4) Bl .

Again, the novelty in Theorem is the range [0, %) for the parameters § and . More precisely, we
remove the restriction g+ v < %, for which a direct proof works, see [2], [16].

Another novelty is that we consider SPDEs with a spatial derivate in the nonlinear term. Moreover,
Nemytskii type diffusion and nonlinear terms are allowed. This requires bounds depending on L? norms and
not only on L? norms.

Remark 3.4. The presence of L* and L** norms in the right-hand side of @5 and (28] is not optimal.
A careful inspection of the proof reveals that norms on the right-hand side may be replaced with weaker LIT¢
and LTt norms, where € is arbitrarily close to 0. Moreover, at the price of increasing the singularity in T,
one may use the Markov property to get estimates which depend on L" with much smaller r.
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The main motivation and application of Theorem [3.21and Theorem B.3is the analysis of weak convergence
rates for numerical discretizations of the SPDE (20). For that purpose, being able to choose both § and
~ arbitrarily close to % is fundamental. Theorem with 8 € [0, 1) is sufficient to consider the case with
F5 =0, but we need [ close to 1 to treat the Burger’s type nonlinearity BF5.

In the additive noise case, it is possible to choose 8,v € [0,1), such that §++ < 1 in Theorem B3l Then
we may choose for instance 5 € [%, 1), and this simplifies several arguments in the weak convergence analysis
- and also in the argument presented below to give a meaning to the trace term in ([B). We believe that
the same strategy as for the proof of Theorem can be adapted to prove that indeed the conclusion of
Theorem is still valid for 8, € [0,1) with 8+~ < 1. Substantial generalizations of the arguments are
however required, and they will be studied in future works.

In addition to the analysis of weak convergence errors, TheoremsB.2land B3] can be used to give a meaning
to the different terms in the right-hand side of (). First the terms (Az, Du(t, z)) has a meaning as soon as
|(=A)*Px|ra < oo, for B arbitrarily close to 1. Choosing 5 > 3 is fundamental, since the solution X (¢,z)
takes values in Dy ((—A)*) only for @ < 1. The term (G(z), Du(t,z)) = (Fi(z) + BFs(z), Du(t,z)) is
well-defined also, choosing 5 > l thanks to (I3). The trace term is more delicate. Thanks to Theorem B3]

for 8,7~ € [0, )andxeprehave

Tr (o(2)o* () D?u(t,z)) = Z D?u(t,z).(0%(x)en, en),

and
Cs4(T)
> [D%u(t,2).(0*(@)en,ea)] < 22T (1 4 Jaf) 3 1A 2o wen)l ol (—A) enl
n
< G84(T)
< S () A @l
where we have used sup |e,|r1¢ < 0o thanks to Propertym
neN*
Nevertheless, taking v < 5 arbltrarlly close to 5 and 8 = 0 is not sufficient, since - . A\,;? = oo. To

overcome this issue, we use (EEI) then ([@):
(=A) P (0*(2)en)|Laa < el(=A)7 0% (@)|1sa|(—A) 7 enlrsa < e(L+[(—A) F a|ps0)|(—A) " en| L.
We choose v, 8 € [0, %) and € > 0 such that v+ 3 — € > %:

> ID%u(t,2).(0% (@)en, en)] < %(1 2l 55) (14 [(—A) Fealpea) Y A0

Note that it is possible to choose (3, € arbitrarily close to 0. Therefore the trace term in (B is meaningful as
soon as & € Dgy((—A)%) for some a > 0. Again the exponant 8¢ is not optimal.

For completeness, we also state a regularity result on the third order derivatives of us. This result is useful
to prove the two results above and in the analysis of the weak convergence rate for numerical approximations
below. Contrary to Theorems[B.2land [3.3] since we consider a restrictive range for the parameters «, 3,7, i.e.
with the constraint a+5+v < 1 / 2, standard arguments are sufficient and the proof is left to the reader. The
arguments used for Theorems B.2] and B3] could be naturally extended to generalize Proposition B.5 under
appropriate assumptions, as well as to higher order derivatives. We leave the study of such generalizations
to future works.

Proposition 3.5. For every «, 3,7 € |0, %) such that o+ B+ v < 5 , and T € (0,00), there exists Cg(T),
such that for every § € (0,1), hy, ho, hy € L31

(27) ‘D3U5(t,.%‘).(h1,h2,h3)| < Cﬂ( )(1+| |LP)K|( ) ah1|L3q|(—A)_'8h2|LSq|(—A)_’Yh3|L3q.

The results in Theorems [3.2] are proved for the function us, defined by (23], for § € (0,1). Thanks
to the result on the third order derivatives of us, we may take the limit § — 0 in Theorems and B3}
this provides Gateau differentiability of first and second order of the function u, at points € LP and in
directions hq, hy € LY.
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If © is a C? function on H satisfying Assumption with p = 2 = ¢ = 2, using standard arguments, we
can prove similar estimates on DFus, k = 1,2,3 with 3 =~ = 0 for z € H and h, hy, ha, hs € H. Thus in
this case, we can prove that u is a C? function on H.

3.2. Weak convergence of numerical approximations. As an application of the results of section B}
we study the discretization of (20) by the following semi-implicit Euler scheme (also known as the linear
implicit Euler scheme). Let T' € (0, 00) be given, and let At € (0,7 denote the time-step size of the scheme,
such that N = % € N* is an integer.

Then for n € {0,..., N — 1}, define

(28) Xpg1 — Xn = At(AXp 1 + G(X,)) 4+ (X)) (W ((n + 1)At) — W(nAY)), X, = z.

The nonlinear terms G and o are treated explicitly (which is possible thanks to global Lipschitz continuity
assumptions), whereas the linear operator A is treated implicitly. Note that (€I) can be rewritten in an
explicit form

X1 = Sae X + AtSAG(Xp) + Saro (X)) (W ((n + 1)At) — W(nAt)),

where Sa; = (I — AtA)fl. This proves the well-posedness of the scheme, thanks to nice regularization
properties of Sa;, see Lemmas and

The weak convergence result is given by Theorem B.GL its proof is given in Section Bl It generalizes the
statement that the weak rate, equal to %, is twice the strong order %, which has been obtained for instance
in [39]. Recall that the values of p, ¢ and K are determined by Assumption

Theorem 3.6. For every x € (0,3), T € (0,00) and every Aty € (0,1), there exists Ci.(T, Ato, ), such
that for every At € (0, Aty), with N = % € N*, for every x € LP N L1

(29) |Eo(X(T)) — Ep(Xn)| < Cu(T, Ato, @) (1 + 2] s ) OAEETE,

The proof is a generalization of [16], with several non trivial modifications, due to the assumptions made
on the drift and diffusion coefficients. In this article, we work in L? spaces, and it seems that it is the first time
that a weak convergence result is provided for SPDEs with Burgers type drift coefficients, i.e. with a spatial
derivative in the drift nonlinear term. More importantly, our main contribution is the treatment of non
constant diffusion coefficients o (the multiplicative noise case), under realistic assumptions. In particular,
we drop the artificial assumption on o from [16].

As mentioned in the introduction, the approach using mild Itd calculus, see [9], [24], [25], [26], has also
recently been able to deal with such non constant diffusion coefficients. The main difference is in the way the
discretization error is analyzed: our approach is in our opinion somewhat simpler, and closer to the standard
approaches from finite dimensional cases. We require also lower regularity on the drift and diffusion terms.

Our proof is based on a decomposition of the error depending on the solution u of the Kolmogorov
equation. In particular, Theorem B.2] (to handle Burgers type nonlinear drift coefficients), resp. Theorem B3]
(to handle nonlinear diffusion coefficients), removing the condition 8 < %, resp. the condition 8+ v < %,
are essential tools.

4. PROOF OF THE REGULARITY ESTIMATES

4.1. Formal arguments in continuous time. In this section, we explain how Theorems and are
obtained. We first recall the origins of the limitations on parameters $ and v in standard approaches. We
then present the strategy of the proof, in particular what are the two-sided stochastic integrals that are
required.

As explained in the introduction, we do not intend to give a rigorous meaning in the continuous time
setting to the objects introduced below, and do not justify the computations. In order to simplify the
presentation, since we want to focus on the difficulties due to the diffusion coefficient ¢ being non constant,
in this section we assume that F} = F5, = 0. Moreover, we work in an abstract setting: we assume that the
diffusion coefficient ¢ is a function on H of class C?, with bounded derivatives — this property not being true
for the Nemystkii coefficients considered in this paper. We also assume that the test function ¢ is of class
cz.
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First, differentiating (24I), we obtain for h € H:
Du(t,z).h = E[Dp(X (t,z)).n"*(t)]
where 1% (t) is the solution of
dn™®(t) = An®(t)dt + o' (X (t, ). (t)dW (), 7% (0) = h.

Using the mild formulation of 77 (t) and It6’s isometry,

t 2

E|n"* (1)) = E etAh—i-/ e(t_S)AU'(X(s,:v)).nh’w(s)dW(s)
0

t
= Jet b7 4 [l (X ) ()
0
t
< Ct2B|(—A) PR + C/ (t— s)"F " Eln"" (s)|?ds.
0
Indeed, for y,h € H and k € (0, %)

2 2
A(t=3) o/ (1) ke <‘ A(t—s)
¢ 7 (y) Lo(H) — ¢ Lo(H)

o' () Kz < C D eI R2 < et — 5)7 2R |k[,
1€N*

1
since Y oy Ay C " < 0o0. Assuming that 28 < 1, and applying Gronwall’s Lemma, we get

sup 8 ([ (0)]") < 1(=A)"hP,
te (0,7

which then yields the required regularity result, for 8 € [0, %)
|Du(t,z) - b| < ¢llpllit=?|(=A)~"hl.

The limitation g < % in previous articles thus comes from the fact that [t6’s formula is used to control the
stochastic integral, and naturally squares appear in integrals. In the additive noise case, since ¢/ = 0, no
stochastic integral appears in the definition of 7 (t), and thus choosing 8 € [0, 1) is possible.

A similar difficulty appears for the second order derivative: differentiating twice 24), for h, k € H yields

D?u(t,@).(h, k) = E [D*p(X (t,2)).(n""(t),n"*(t)) + Dp(X (t, )).¢"5*(#)]
where (%% (t) is the solution of
d¢m e (t) = ACMPE (1)t + 0! (X (8, 2)).CV B (AW (8) + o (X (8, 2)). (" (), 0" (1)) dW (B),

with the initial condition ¢"*#(0) = 0. The issue lies again in the control of the stochastic integral: indeed,
It6’s isometry for the mild formulation of the equation gives

E[¢"5e()]* < C/Ot(t —8) "2 (BICE ()P B[l ()Pl (s)] ) ds,
and, generalizing the previous estimate on 1 to handle the fourth moment, we have
E[[n"*(s) [ (s)7] < Os™2 =2 |(=A) P h?|(=A) kP,
and fot(t —5)72 "5 2P 245 < oo if and only if §+ v < 1. Under this condition, we obtain
|D2u(t, x).(h, k)| < Ct P |(—A)Ph||(—A) k.

In order to overcome the limitations on 3 and 7, we introduce new formulas for Du and for D?u. The
idea is to use Malliavin integration by parts formula, in order to replace stochastic Ité’s integrals, which
require temporal square integrability properties, with deterministic integrals, which require only temporal
integrability.

First, define 7% (t) = n™*(t) — e*h, and write

Du(t,z).h = E(Dp(X (t,x)).e"*h + Dp(X (t,2)).7""(t)).
13



The first term on the right-hand side is easily bounded by t=#|(—A)~#h|, for B € [0,1). To control the
second term, note that

di™* (t) = ( 7 () dt + 0’(X(t,x)).ﬁh’de(t)) + o' (X (t,x)).e hdW (t).

Formally, ("% and 7"* are the solutions of the same type of equations, and we have the following expressions
(at least at a formal level)

ﬁh’m(t):/ I1(t, s)o' (X (s,2)).e* 2 hdW (s),
(30) ’

¢hn(t) = / TI(t, 8)0 (X (3,2)) - (1% (s), 7 (5))dW (s),

where TI(¢, s) is the evolution operator associated with the linear equation
dZys = AZy sdt + o' (X (t,2)).Ze sdW (t) , Zss =z,

i.e. II(t,s)z = Z; . The difficulty of course comes from the randomness of II(¢, s), so that the stochastic
integrals in (B0) are not defined as standard Ito integrals. Indeed, II(¢, s) is not adapted as a function of s.
As explained in the introduction, it may be possible to adapt the arguments from [, [34], [35], [36] and [37]
and give a rigorous meaning to ([B0). This is not the strategy we follow; instead, we work on time-discrete
approximations of the problem, for which every object is easily defined and only standard tools of stochastic
analysis are used.

Once a precise meaning to [B0) is provided, it remains to use Malliavin integration by parts formula
to get rid of the stochastic integrals. Only integrability in time is required for TI(¢, s)o’ (X (s, x)).e5*h and
(¢, s)o” (X (s,2)) - ("*(s),n™*(s)), instead of square integrability in previous approaches. This allows to
choose 3 € [0,1) (resp. 3,7 € [0,4)) in the estimate on the first order derivative (resp. the second order
derivative).

4.2. Discrete time approximation. In order to give a rigorous meaning to the arguments presented above
in Section Il we replace the continuous time processes (X J(t)) refo.1]’ with § € [0,1), with discrete-time

approximations. We use a numerical scheme, with time-step size At = % € (0,1), with N € N*. We prove
regularity results for fixed NV, with upper bounds not depending on NV, and finally pass to the limit N — oo.
We also require an additional regularization parameter, 7 € (0,1). Some estimates depend on 7; when it
is the case, it will always be stated precisely.
The discrete-time processes are defined using the linear-implicit Euler scheme: for 0 <n < N —1

(31) XOTP = SarXOTA 4 AtSaGs (XOTAY) 4 €S p05 (XOTAY) AW,

with the standard notation AW,, = W ((n + 1)At) — W (nAt), and Sa; = (I — AtA)~*. Note that we have
added the regularization operator in the diffusion coefficient: e™.
The remainder of this section is devoted to statements and proofs of some results concerning ‘ (—A)PS%, ‘ £(LP)

and ‘(—A)ﬂSZt|R(L27Lp). Their are used to get a priori estimates on moments of X,,.

Lemma 4.1. For every p € [2,00), a € [0, i), M e N* and T € (0,00), there exists C(p, M, T), such that
for everyn € {1,...,N} (with NAt =T), and every x € D,((—A)%)

) BI(-A)" XY < Cfp,a, MT)(1+ 1, of3),

E|(—=A)* Xn(2)[75 < Clp, 0, M,T) (1 + |(—A)*[33).

Lemma 4.2. For every 8 € [0,1) and p € [2,00), there exists C(p, B) such that for every n € N*

n C(p,B
(AP SRl (rry < ( )-
B

n

Lemma 4.3. For every € [0, %), p € [2,00), and k € (0, % — f3), there exists Cy(p, B) such that for every

n € N* Cio(p, B)
B an vy
|(=4) SAt|R(L2,LP> = pathtn
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Both results in the case p = 2 are obtained by straightforward computations, thanks to expansions using
the eigenbasis (en)n ene of A. When p € (2,00), the arguments use properties of the analytic semigroup

(etA) > iIn LP. The proofs are given below since these results are not standard in the literature for SPDEs.
Arguments from [38] are used. The results are in fact valid for p € (1,00).

Proof of Lemmal[{.2. The case 3 = 0 follows from the two inequalities [Sa¢|z(z2) < 1 (which is proved using
expansions in the Hilbert space L? with the complete orthonormal system (ek)keN*) and [Sa¢|z(pey < 1.

By a standard interpolation argument, we thus have |SZJ[1‘L(LP) <1 for every p € [2,00].

Define the resolvent R(X, A) = [ e~ *e!4dt, for A € (0,00). Then Sa; = a; R(A;, A). First, for z € L?,
we set y = Saix. Then |y|pe < |#|zq, and Ay = 2 (y — x). We thus obtain

2
|Ay|Lq = |A5Atx|Lq < E|J/’|Lq.

Second, when n € N*,
nl|(~A)R(\, Az, = | / e (— Ayt
0

< C(p, B) / Mt
0
< Clp,B)(n — IA"[z[ L.
This gives |(—A)SZ‘[1|£(LP) < %, for n € N*. Thus the result is proved for § = 1. The case 8 € [0,1)
follows by a standard interpolation argument:

n n B n+1 1-8 O(paﬂ)
(A Sx ], < [(=A)SK el [SK ], < —————z|
| e
This concludes the proof of Lemma 2] O

Proof of Lemma[{.3 Let (’yk) KEN* denote a sequence of independent standard real-valued Gaussian random
variables, ¥, ~ N(0,1).
Then, using standard properties concerning moments of Gaussian random variables,

(=47 SRil 2,10y = Bl ;M—A)ﬂsztek\ip

< (& Zwk<—A>5Sztek\’;)
([ B SN e )’
([ BUS N gt ae)
<([ Zx“ﬁﬁ en(©?) )

3

IN

Using Property 2], and the estimate

N\)—l

)\Qﬁ +n+,851n < C tn —2k—28
k1 +)\kAt =P verle

k

)

which follows from Lemma 2] we get the result.
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Proof of Lemma[{.1] First, note that, for 0 <n < N,

n—1
(33) Xn = SR+ AtY SR FBG(X) + Z SR A (X 1) AW
k=0

Thanks to Property 2.2 inequality ([I3]), and Lemmas[Z2 and[L3] we have for x > 0 such that 2a+2k < %:

n—1

E|(—A)* X, 30 < Cl(=A)*SRexl7, + C(AL Y [(—A) 3583 o 1m)’
k=0

+OE\Z<—A> SR AG (X ) AW,

n—1
<t %z, + O AtZt PR CALY E[(=A)*SK e o (Xi) 12 10y
=0 k=0
n—1 )
< C(L+t,|z[7,) + CAL Y |(—A)*SR, ’“\R(Lz 1 Bl 0 (X))
k=0
<C(1+t,%z2, +AtZt 2T,
k=0
This proves [B2) in the case M = 1. The case M > 1 and the second estimate of ([32) are obtained with
similar computations combined with standard arguments. This concludes the proof of Lemma [4.1] O

4.3. Derivatives in the discrete-time framework. We now repeat the discussion of section Il in the
discrete-time framework and turn the formal arguments into rigorous ones.
Define the function u®™2%: {0, At,..., (N — 1)At, NAt =T} x H — R, by

(34) u5’T’At(nAt, x) = E[gﬁg (XZ’T’At(:E))} ,

where X7A%(x) is the solution of (BI)) with initial condition .
Thanks to the regularity properties of G = Fy + BF5, o and ¢, see Properties 2.2] 2-4land Assumption 23]
for every n € {0,1,...,N}, . € L? = u®"2(t,,, ) is of class C2, and it is easy to prove recursively that:

e the first order derivative satisfies
(35) Du®™ A4t x).h = E[Dps (X, (2)).n"]
with 8 = h and, for n € {0,..., N — 1},
(36) iy = Sal + AtSaGS(Xn) a1k + Sace™ (05(Xn) 0k ) AW,
e the second order derivative satisfies
(37) D2 A 4, x).(hy k) = E[D205(Xn(2)). (0, 18] + E[Dgs (Xn ().,
with Cg’k =0 and, for n € {0,...,N — 1},

Gty = SarCh® + ALSaG5(X0).GF + Sare™ (05(Xn).ChF ) AW,

(38)
+ ALSA G (Xn)-(n,myy) + Sace™ (05 (Xn)- (1, 1)) AW,
Define the auxiliary process (ﬁ2)0<n<N, by
(39) iy =my =Sk, 75 =0.

In order to simplify the notation, most of the time we will not mention the parameters 9, 7, At.
16



Our objective is to obtain the following estimates, with arbitrarily small x € (0, 1):

w(T _

| Du®™ 24T, z).h| < L ( )(1+|x|me<p,2q))K+1|(—A) Bh|12q, B €0,1),
(40)
)
72 -

Note that the right-hand sides do not depend on At and on §. Passing to the limit when these parameters
go to 0 is straightforward. To remove the parameter 7, interpolation arguments are used.

Coym - -
| D2uSTAUT, ). (h, k)| < %(1—0—|x|me<p,2q>)K+1|(—A) PRl pasl (—A) k|, B,y € [0

As explained in Section L] the formal expressions of 7)(t) and ((t), given by ([B0), are essential to improve
these regularity results. Contrary to the continuous time situation, in the discrete time framework there is
no difficulty to obtain and give a rigorous meaning to such expressions, see (44)) below.

Define random linear operators (H")ognSN—l as follows: for every n € {0,...,N — 1} and every z € H
(41) I,z = Sasz + AtSA:Be™ G (X,,).2 + Sare™ (0/(X0).2) AW,,.

Note that IT,, = I1(X,,, AW,,) with the deterministic linear operators II(z, w) defined by
(2, w)z = Satz + AtSaBe™ F'(2).2 + Sare™ (o' (2).2) w.

We emphasize on the following key observation: II,, depends on the Wiener increments AWy, ..., AW,
only through the first variable of II(,-), and depends on AW,, only through its second variable.

Introduce the notation I1,,_1.p = II,,—1 ... I, for £ € {0,...,n — 1}, and by convention II,,_1.,, = I. These
operators are the discrete versions of the evolution operators II(¢, s) formally introduced in Section E.11

Recursion formulas for n", 77" and (h ’k, are rewritten in the following forms:
Moy =y, 0 = h,
(42) iy =il + AtSaiG' (Xn).SRh + Sae™ (07 (X,).S%,h) AW,
Gty = TG+ ALS G (Xon)-(nfh 1) + Savve™ (07 (Xn)- (s 1)) AW,y
A straightforward consequence of the first equality in [@2]) is the equality

(43) nh =1, _1.0h,
for every n € {0,...,N}. Moreover, we get the following discrete-time analogs of (B0, now taking into
account also nonlinear drift terms:
n—1 n—1
=AY T 10415a:G (X0).SAch+ Y T 1.041Sare”™ (07 (X0). S8, h) AW,
(44) nffzo é:f)l
ot = At Z - 1041Sa:G” (Xo). (0! ) + Z My -1:e415are™ (U/I(Xl)'(n?’ Wg))AWZ'
£=0 =0

We treat separately the contributions of the drift and diffusion terms and introduce

n—1 n—1
= AtZHH,L[JrlSAtG/(Xg).Séth 5 ~h2 ZHn 1g+1SAt6 (O'/(Xg).Séth)AW[;
£=0 £=0
(45) _—
Rt = A T 11 SarG (Xo)-(oft ), (o2 = ZHn ver1Sace™ (o (Xe).(f 1)) AW,
£=0 £=0

Using n! = SR.h+ il 4+ 772 we obtain the decomposition
Du’™ AT, 2).h = E[Dp(Xn).(SX,h)] + E[Do(Xn).iin'] + E[Dp(Xn)-ix’]
_ D%O I D]h:[,l I DJI;,Q,

where to simplify the notation we denote ¢ instead of vs.
17



We also obtain the following decomposition for the second-order derivative:

D> AT, 2).(h, k) = B[D*0(Xn). (k. nk)] +E[De(Xn).x"'] + E[Do(Xn) (3"
- 5h,k,o +gh,k,1 +gh,k,2
- %N N N '

The term DJ}Q’O is straightforward to estimate using Lemma [£2 The terms Ej}f/k’o, Dfﬁ,’l and 5]}\?]“’1 are not,
very difficult thanks to Lemma 4] stated below.

Finally, the terms DJ’Q’2 and 5]}\?]“’2 contain the discretized two-sided stochastic integrals and are treated
using a Malliavin integration by parts formula. Note that in the discrete time setting, this Malliavin integra-
tion by parts formula can simply be considered as a standard integration by parts formula in the weighted
L? space corresponding with Gaussian density.

Let us first consider the first order derivative term ’D%z. Introducing the adjoint ITy,_,.,, ; of the operator
IINn_1:041, we get

N-—1
DN? =E[(Dp(Xn), > TIn_1.0415ae™* (0 (X0).S5,h) AWY)]
£=0
N-1 (L+1)At
= S E[y 1si Do(Xn), / Sare™A (0" (X0).Sh 1) AW (5))]
—o oAt
N—-1
h,2
= DNe
=0

We now perform the Malliavin integration by parts formula, and we get for every £ € {0,..., N — 1}
(e+1)At

D= E / [ DT Do(Xn), €7 Sixe 0 (X0)- S ex)ds

(L+1)At
=Y E / DE(Dp(Xn), N 120401674 Sas (0 (Xe).S5 k) ei)ds
4

where, thanks to the chain rule,

h 2 L (E+1)At . N ,
Z / ).(D:IXN,HN,1:2+1€T SAt (O'/(Xg).SAth)ei) dS,
i€N*
(46) i3 (e+1)a
Z / Dga (Xn), DY (HN,1;E+167ASAt (J’(Xg).Sﬂth)ei)Ms
1eN*

. s h,k,2 .
Similarly, for the second order derivative term £y, we write

N—-1
ENN? = E[(Do(XN), TIn_1:01Sace™ (0" (Xo).(n} 1)) AWy)]
=0
N-1 (e+1)At
= 3 B[ D), [ s Xl V)]
£=0 t
N—-1

(S5 + ),

~
I
o

18



with

(E+1)At
Eni! ZE/ *o(XN). (D?XN, 10017 Sar(0” (Xe)- (0} 775))61') ds,
4
( 7) h k 2,2 (E+1)AL e; TA " h k
ZE (D(Xn), D (T ve41e™ Sana (o (X0). (0 1) e ) .
To go further, we see that we need estimates on the random operators IIxy_1.411, and on the Malliavin

derivatives Ds Xy and DIy _1.041, for s € (éAt, (¢ + I)At). Lemmas [44] A3 and are proved in
Section 4] below.

Lemma 4.4. For any q € [2,00), M € N*, T € (0,00), and 8 € [0,1), v € [0, )lfq—2and7€[0——lq)
for g # 2, there exists Cg~(M,q,T), such that for any 0 < £ < n < N, and any U(AWO,...,AWg,l)
measurable random vector zy, then

(48) (EI(—A) Tzt 2) ™ < Gy (M., T), 27 (BN~ A) P 2f3) 77
Lemma 4.5. Let £ € {0,...,n— 1}, and s € ((At, ({ + 1)At). Then
(49) DX, =, _1.0015a:e™20(X).

Lemma 4.6. For any q € (2,00), k € (0,1), and T € (0,00), there exists Ci.(q,T) € (0,00), such that for
any 0 <l < N-—1,anys € (EAt, L+ 1)At), any z € L*? and any U(AWO, ey AWg_l)—measumble random

vector 6y, then
(50)

1 1 1 1.2
E[DJ Tl 1:0412[F0 < Cu(q, T)(El0e]720) (Af(l + ) B+ Losera (14 =) (- 4) o Z‘qu>-
2 2
tn—fq—l n—éq—Z
Moreover, when £ = N — 1, Dglln_1.0412 = 0.

In (50), the quantity DIy _1..112 is interpreted as the image of 6, by the linear operator DIy _1.0112.
The assumption that the random vector 6, is U(AWO, cee AWg,l)—measurable is crucial.

4.4. Proof of the auxiliary lemmas.

Proof of Lemma[4.5 Thanks to (BI)), we obtain
X, = S% X+ ALSTEG(Xy) + SE e Ao (X)) AW,

n—1 n—1
FAE D SHTG(Xm) + Y SR e o (Xom) AW,
m=0+1 m={+1

where X, is U(AWO, ceey AWg,l)—measurable. Thus DX, = 0 for s > (At.
Moreover, D! AW, = 6 and, for m > ¢, D!AW,, = 0 for s € (éAt, (¢ + 1)At). Using the chain rule, we
thus obtain, for n > ¢ and any 6 € H,

n—1
DIX, = Sa ‘e o(X)0+ At D> SA "G (Xm) DI X + Z S e (0! (Xn) DI X ) AW,
m=~¢+1 m=¢+1
which in turn gives D! X,, = I1,,_ ;DY X,,_; by definition [@I]). Since D! X1 = Sae™ 0 (Xy), equality (@)
is satisfied, and this concludes the proof of Lemma O

Lemmas 4] and are both consequences of the following technical result.

Lemma 4.7. Let ¢ € [2,00), M € N*, T € (0,00), and 8 € [0, %) There exists Cg(M,q,T) such that the
following holds true.

Let £ € {0,...,N — 1} and consider a J(AWO, .. .,AWg,l)—measumble random vector zg, and two Sse-
such that ZJ is U(AWO, cee AWn,l)—measumble.

19
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Define the sequence (Y,f) by Yf = zy¢, and forn > ¢

1<n<N
V=T, 1Y, | + AtSaGrot + Sae™ (0" (Xn-1).(Z}_1, Z2_1)) AW, 1,

with Gp—1 = G"(Xp-1).(Z}_1,Z2_1).
Then, when q > 2, and every n > { + 1,

n—1
- — L 1 L
BV < O, 1) (£2HEIA) Pt + 80 Y (14 ) E (WA
m=~{ tn 7;11
n—1 1
. .
FACY (L e EIZL ) EIZ213) ).
m=4_ tn—;z
When q = 2, for everyn >0+ 1
72 — 1 T
(BY,{PM)™ < Cp(M, K T)( 620 E(—A) Pz + ALY (1+ ——)E (V1) ™
met L2
n—1 1
1 1
# 003 (1 ) (12 EIZ211) ).

Before we give the proof of this result, let us mention that it will be useful when combined with the
following discrete Gronwall’s Lemma, see for instance Lemma 7.1 in [I8] for details. Lemma .8 will also be
used repeatedly in Section

Lemma 4.8. Let p,v € (0,1), and T € (0,00). Assume that At = %, for some N € N*; for1 <n < N, let
t, = nAt.

Assume that the sequence (¢n)0<n<N’
C1,Cy such that for every 1 <n < N

with values in (0,00), satisfies the following condition: there exists

n—1
on < Cy (1 + 1, 1+,u) + CyAt Z t_1+u
7=0

Then there exists C' such that ¢, < C(1+t,; 1) for every 1 <n < N.

We now give a detailed proof of Lemma 71 We only consider the case ¢ € (2,00); the case ¢ = 2 is
treated with similar arguments, but with a slightly different treatment of the stochastic integral.

Proof of Lemma[{.73. Note that V! = Y,1:¢ + V2!, where

= S0l + At Z SR E (X)) Y+ Z SR (0! (Xom) Yo ) AW,

m={

+ At Z Foa+ Z Srme™ e (X)) (2L Z2) AW,

and
n—1
V2t = At Z SR, " BFy(Xpn). Y + ALY SX, " BF,

m=~{

where F, j = F/(X,,).(Z},, Z2,), j € {1,2}, are such that G,,_1 = F,, 11 + BF,_1,2. By Property 2.2
|Fujl1d < ClZ |15 E|Z2 15

The quantity Y,1* is treated using properties of SR, whereas energy inequalities are used for Y,2¢, which
contains all the terms where the linear operator B appears.
20



Using a discrete time version of formula (7)) and the corresponding Burkhélder-Davies-Gundy inequality,

as well as the ideal property (), we get

n—1 M
E[Y,- )25 < CE|Sk; ‘2|3 +OIE< £ (SR (Xm) Yo 70 + |k e™ (o (Xm).Ynﬂ)|;(L27Lq))>
n—1 " M
+CE <At S (88 Fna |, + S 0" (Xom) (2L, Zﬁl)};(m)m))>
m=F . y
< Ct, 20ME|(-A) P23 + CE (At >+ |<—A>21qSzzmmz,m))mm%q)
n—1 " M
om (At S I(—A>21qSZI”I%»,@z,Lq))E[IZ;I%zqIanlimz]) |
m=/

thanks to Lemma and Properties and Z4 Thanks to Lemma and Minkowskii’s inequality, we

obtain

n—1
(BB < O (1(-A) P2 ¥ + oA S (1+ ) B (VAR
m=( tn 7;11
n—1 1 e
FOALY (1+ o) (B ZLIE B 122 84]) .
m=4_ tn—;z

We then estimate Y,2¢ with an energy inequality. First, note that
V2 Y2 = At (AY2 + BF)(X1)Y,E | + Be™ Fo_10) .

Then, multiply the above equation by (V;>*)9~! and integrate in space. Recall that A = 9, B = 0O,
and that homogeneous Dirichlet boundary conditions are imposed. Standard manipulations, including using
Holder’s inequality and integration by parts, yield the following inequalities:

1
S (2 = L) < A [ (R A BV + B ) 02
1
~la= 1At [ (R0 g
0
1
(q—l)At/ (F'(Xpn_1)Yf ) + Fo12) (V27720 V.2 d¢
0
1
~la= 1At [ (VR0 g
; ,
1 1
H O [ (V2 (Faaa P2+ At [ (V2012062 g
0 0
1
<Ot [ (V0P + (Fraa P e,
0
Recall that we work with regularized coefficients (with § > 0), so that ¥,%* and Y’ are sufficienctly regular

so that the computations above are rigorous.
Applying Holder’s inequality, then Lemma (4.8 we obtain

n—1
V2T, < eat Yy (Vilto + [ Felfo) Yo |5

m={
21



Define Y, = sup,,,_, . [V,;2¢|Lq; then

n—1
V270 < (V202 <CALY (IVA170 4120 724 2215 20) -
m=F

Finally, taking expectation and using Minkowskii’s inequality yield

n—1

E (23 < oar Y (BRI + (B (Z512) E(122114)) 7).

m={

Gathering the estimates on Y,* and Y;>* concludes the proof of Lemma LTl
O

Remark 4.9. For the case q = 2; the contribution of the stochastic integral needs to be treated differently.
We have for instance, for any r € (0, 3),

‘SZZWGTA (g/(Xm) vaz) ‘i(LQ) — ’I‘r((O./(Xm)'y7£)2si(tnfm)62714)
—TAi

2 e

1
02 12
S O|Ym|LQZ (1—|—At)\l)2(n7m)|61|l/m
< Cu|YE2at 2R

Proof of Lemmal[]4 For~ = 0, Lemma[Alis a straightforward consequence of LemmaZwith Z} = Z2 =
and of the discrete Gronwall’s lemma, Lemma (1.8
For v > 0, we write, with Y,f =1L, _1.02¢,

n—1
= SR e+ ALY SR (X)) Y + Z Sx e (0 (X)) Y, AW,

m=4¢
and, thanks to Lemmas and 3] and ([I3)),

n—1

(B((— AP YN T < et 7E (|(—A) P2 22) ™ 1 eat S (15577 + 1) (B|Y,L 22 ™
m=F/
+c<Atz:t;,;_27 (| AN )
m=F

Using the estimate obtained for v = 0, and the condition % + % + 27 + k < 1, for sufficiently small x > 0,
then concludes the proof. O

Proof of Lemma[{-6 Again, we only treat the case ¢ € (2,00).
Define V! =11,,_1.44112, where 0 </ <n—1. If f=n—1, Y} = 2, and thus for s € (fAt, L+ 1)At) one
has DY/, =0. If n > (+1,

Vi=T,1Y, | = SaYy ) + AtSaiG (Xn—1).Y; 1 + Sare™ (0/(Xno1).Y,l ) ) AW, 1.
Using the chain rule and the identity DsAW,,_1 = 0 for s < (¢ + 1)At < (n — 1)At, for every € H
DIY! = SADIY! | + AtSa G (Xp1) DY) + Sare™ (07 (Xp1) DY ) AW,y
+ AtSAG" (Xn1) (DX 1, Y )) + Sare™ (07 (Xn-1)-(D! X1, Yyl 1)) AW, 1,
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We apply Lemma 7] with £ replaced by £+ 1, and 2z, = 0, Z} = DX,,,, Z2 =Y'), and M = 1. This
gives, for n > ( + 2,

n—1 11
EIDIY, |1, <OAt Y (8,2, " +1EDIY, [
m=¢+1
n—1 11, N N
+CAL Y (6,27 1) (EDY Xulda)) (BIVE|0) .
m=~+1
Thanks to Lemma .5 and Lemma [£.4] when m > £ + 1,

E|’Dgf Xml%ﬁq < CE|0, |%2q )
and

Elynl;lé}ﬁq E|Hm 1@+1Z|L2q < Ct 2 H)| A)_%"‘”

S
For m = (+ 1, we use E|Y/, | [1., = |2[} ...
Thus
n—1
1 1 1
CAt Y (I —5oy) (BIDY Xonl120) * (BIY i 120)
m=~+1 tfz 7;11

1 1
< AL+ ) (Bl 20) * |2l

tnil1
= 1 1 4 1 _14 2
+CAtLsra ) () g (Bl ) | A) 722,
m=0+2 to —0—1
1 1
< OAt(1+ ﬁﬁ) (E|0e|724) 213 24
n—{—1
1 4 \3 —lik |2
+Cﬂn>l+2(1+m)(ﬂz|oz|[‘2q) |(—A) 2 Z|L2q’
tn—fq—2

using a straightforward comparison between the series and an integral. Applying Lemma concludes the
proof. O

4.5. Control of the derivatives.

4.5.1. Estimate of Dy~ and of 5]}\?1“’1. Using the Cauchy-Schwarz inequality, Lemma[41] and Assumption 2.5
on ¢, we have

DN < OO+ folu) “ (BIRE)®L JERM| < O+ [odon)  (BIGH ' 0)*.
and below we control the moments of 7!

and (%1 for every n < N.
We treat Djli,’l

first. Thanks to (@), applying Lemma B4 gives, for « € (0, 3),
n—1
- 1 2 \1
(Blint74)2 < CAEY (B[ -1:011SaG' (X0).SA sk}, ) 2
(=0

n—1

< CLALY " (E|(—A)f%“SAtG/(XZ)-SeAth‘;)%
£=0

<c, AtZt LB F (X S5n,)
+l~c _1 14 2 3
+C, AtZt 2 —A) It BF(Xy).Sach|},) 7
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By Property 222 we get

1 - _

(E}F{(Xg).sgth@q) 2 < C|Shhlna < Clizot; P|(=A)Phla + Lo—olh|La.
As in the proof of Lemma 4] the presence of the operator B causes some difficulties.
sively ([3)), (), () and (@), and recalling that Fi(x).h = Fj(xz)h is a product,

(E|(—A)~HBFJ(X,).85,h[%,)F < C(B|(—A) Fy(X,).545h]%,)}

< CE(‘(_A)?WFQ Xé |L2q| A)anﬁthﬁzq)é
< C(11+E[(— A" X [2.,) 2 [(— A< Sk Bl oo

Let k > 0 be such that 5+ 7x < 1. Then, thanks to Lemmas F.1] and [£.2]
(Elik 1|Lq)% < Ot;%+“At|h|Lq - Ct§+”_6|(—A)*ﬁh|Lq

+ Oty TTAL1 + (= A) 2| p20)| (— A)P B 20 + CtTG“*"u + || p24)](—

Using succe-

A)_Bh|L2q

< OABBTR(1 4+ (= A) %] 120) | (= AV Bl 20 + Ot (14 o] ) | (= A) PR 0.

and we conclude that
5 K K K K
DY < CABHR (14 [2]10) " (14 [(—A) 2] 20)| (— A)* Al 20
Ot (1t ) S (1 o) [ (= A) PR e

We now treat Eﬁ,’k’l with similar arguments. Thanks to (@), applying Lemma .4 gives, for x € (0, 1),

n—1

(E|CMR12,)? < CAt

M

(BT 101 Sa:G" (Xe). (0l ) [.,) 2

~
Sl
| <

1

IN

SN D “(E|FY(Xe).(nf i) |Lq)%

o~
(=)

1

£ 2 " (E|(—A) " BEY (X). () nf)] ) 2

n

+ C,At

~

=0
Recall from ({@3) that n) = Hg,lzoh. Property 2.2] then gives

(E}F (Xe) (77g ,77@ |Lq) < Oﬂg#gt;ﬁi’q(—A)iﬁhhn|(—A)77k|L2q + Cly—olh|p2q|k| 24
The remaining term is treated similarly to the one in ’D?\,’l. Using successively ([3), (), @), and @):

(B|(—A) 2+ BEY (Xo).(nl 0f)| ) * < C(B|(— A F (Xo).(nl il)|3,) 2
< CE(|(_A)3NF2H Xf }L2q|(_A)4N77ﬂi4q}(_A i k|L4q)§
é

< O(|1—|—E|(—A)4KXE|%2L1) (E|(_A)4nnéz‘i4q)ﬁ (E|(_ 41{ k|L4q)€

< CLegoty 2271 4 [a] 20) (= A)Phl o (—A) k]
+ Ol (|14 (= A) ] o) [ (— AV ™R oy | (—A) K

thanks to Lemma 4] for x > 0 chosen sufficiently small to have 4k < i — 8—1(1.
We thus obtain, if 5+ v+ 12k < 1,

(EICN"™[24)* < CALETR R 2ok 20 + CAL T (14 [(—A) | 20) [ (—A) ] Lo | (= A) K] Lo

+ Ot 4 (2] p20) (= A) PR paa] (— A) ] e
< OAEE (14 |(— A) | 20 ) [(—A) D) paa | (— A) k] 1
+ Ot TP (1 4 [ 2 [(— A) PR paa (= A) R .
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and we conclude that
et <o+ |x|Lp)KAt%+”‘(1 + (=AY ] 20 )| (= A) R paa | (— A) ¥ K| 1a
+ O3 TP (U4 Jal) S (U L) (= A) P Bl el (= A) V] o,

4.5.2. Treatment of Dﬁ,’z and of Ezlf,’k’z. We use the following basic identities:

(U/(Xg).52th)€i = Z <(U/(Xg).52th)ei, €j>6j = Z <(0’I(Xg).52th)ej, €i>€j

(51) JEN* JEN*
("(Xo).(nf ) ei = > (0" (Xe).(nt ) )essesdes = > (0" (Xe). (0 ) ejn ei)e;
JjeEN* JEN*

thanks to (I8), from Property [Z41
The parameter 7 > 0 plays an important role in the estimates below, to ensure summability with respect
to j € N*. Indeed, since Lemmas 4] and are restricted to powers of —A strictly less than %, the

_1
computations below for 7 = 0 would only provide upper bounds in terms of > Iy RS

Control of Dfﬁ,’i’l. From (@), (&I, and Assumption 28] we have

e+1)A
Dy =Y E/ D2p(X ). (Dy X (o (Xe).Shh) e, Tn 117 Save ) ds|
JEN*

(e+1)A
<O+ |z|)" Z/ E|HN,1:Z+167ASA,56J-|%qE|DSXN(J/(Xg).Sith)ej|2Lq)%ds.
JjeN*

On the one hand, by Lemma[£4] for ¢ € {0,..., N — 2},
(E|HN—1;e+1€TASAt€j|%q) < CthJm (_A) Bt TASAtea}Lq < CtNZH _%)‘j_%_ﬁ'

When ¢/ =N — 1, (E’HN_l;gHeTASAteﬂ%q)% = ’eTASAteﬂLq < CAt_%_H)\;%iﬁ.
On the other hand, using Lemmas and [£.4] and then Properties 2.1l and 2.4,
1 1
(E|Ds X (0 (Xe)-Shih)ej|7,)? = (BT 141 Saie™ 0 (Xe) (o' (X0)-Sh i) ej]2,) 2
2 1
< C(E|o(Xe) (0" (Xe)-Sath)es] )
< C|Sahl,,
< Clygot, P|(=A)~Ph|a + Cly—o|h]pa.

Recall that ;. /\j_%_N < 0o by Property 211 This yields

Z\Dm < COF )T (b Ay 4+ 5P (= 4)0h] ).

T2n

Control of D%QE’Q. Thanks to {g), (BI]), and Assumption 20 we get

h g (L+1)At (o' (Xr).Sh,h)e; T4
= ‘ > E (Dp(Xn), Ds Hn-1:0416 SAt€j>d8‘
JEN~

) 1
< C(1 + |2|10)¥ Z/ ]E}D OOy e S e, s
JEN* At
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In addition, observe that Dﬁ,’?];?_l = 0, thanks to the second part of Lemma Applying the estimate
in Lemma [£6 for ¢ € {0,..., N — 2}, one has

O’l . 4 €5 T l
(]E‘Dg (Xe)-Sach) "HN_1:.041€ ASAt€j|2Lq) :

1 1 T 1
< C(E| Xg SAt eJ‘L%‘ )4At2|SAt€ A€j|L2q (1 + m)
tn—ea
I —1lik T 1
+C(E|(o"(Xe).Shsh 63}L2q| ) " Lean—2|(=A) 72" Sase A€j|L2"(1+W)
tn—tta
_ _ o\ — K AtF 11[ N
< O (Lesoty *1(=A) Pl + Lol )72\ T (L 5o + )
tn—ia tn—ilo
This yields
N-1 K
h,2,2 (1+|I|Lp) l,Lq,,{,ﬁ At
DN < = (L ) (1A Phlie + ).
=0 -
Control of 51}\1,’12’2’1. Thanks to 1) and Assumption 25 we get
(e+1)A
h k2 1‘ = ’ Z / ).(DSXN(O'”(XZ).(HF,775))63',HNfl;ngleTASAtej)dS‘

JjeEN*
(e+1)A 1
< C(1+ |z|n)E Z/ E\HN ver1e A Sace; |3 EDs Xnv (0" (Xo).(nf ) eJ\Lq)2
JjeEN*

On the one hand, by Lemma[£4] for ¢ € {0,..., N — 2},
Ag 3 <0 2+’”~ —2&)\*%*"‘
(E|TN 104174 Sasel74) % < Oty j -

When ¢ = N — 1, (E|HN 1er1€” SAteJ|Lq) |eTASAteJ|Lq < C’At"”‘)\ e
On the other hand using Lemmas .5 and 4] and Property [2.4]

1
2

(E"DSXN(U“(XK)'('U??n?))ej‘iq) = (E|HN—1;£+1SAt€TAU(X€)(U (Xe).(ni'f)) )ejEQ)%
< O(E|o(X0) (o (X0)-(nl's ) e 2,)
< C(El} 520) * (B0 1La0)*
< Clegoty " 7|(=A) Rl g2al (= A) k|20 + CLe—olhl p2a k|20
This yields
N—-1

C 1+ |x —5+kK K= — -
S et <« SR (o A bl + 5757 A) Bl (~ 4) k] ).
£=0

Control of 51}3,”]2’2’2. Thanks to @), (BI) and Assumption 2.5 we get

ghika ””A (o (X2 (nlf ml))es A
| = ‘ Z E (Do(XnN), Ds IN-1:.041€ SAt€j>dS‘
JEN*

(e+1)A 1
<C(1+|$|LP Z/ E|D(U (Xe)-(mfnf))e; My Lesre” SAte]}Lq)z

JEN*
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In addition, observe that 51}3,’72]\’,2_1 = 0, thanks to the second part of Lemma[Z.6l Applying the estimate in
Lemma[46] for ¢ € {1,...,N — 2}, one has

Nl=

(IE‘D " (Xe)-(ng g ))GJH LHleTASAtej&‘J)

1 1 = 1
<C(E|( XE) (7767772 )eJ‘L2q| )4At2|SAte A€j|L2q(1+ l+i+ﬁ)
i
4\ g —i4k T 1
C(IE‘(U”(Xg).(né‘,néf))ej’pq’ )4]lg<N_2|(—A) TR GAE Aej|L2q (1+71+L+H)
tn—ilo
1 P At" Tocn—2
C(Elng[Z20) ® (Elng|Z2)* 7> A+ Ltttk f +n)
A Al
—B—n - —y I AtF Toen—2
< C(Lezoty " I(—A) P hlp2a (= A) k| p2a + Lo—olhlpoalklpze ) 772N 2 " (14— + 1)
17T 2¢ 4 ' 2q
In_eiq In_vlo
This yields
1+ x —Kk—FB— _ _ At
Z ENT2?] < %(1—1—% H 7)(|(—A) Ph|p2q|(—A) 7k|L2q+t—|h|L2q|k|L2q).
N

4.5.3. Estimate with 7 > 0. Gathering all above estimates, we have - recall that ty =T - for 8 € [0, 1):
’Du“At(T . ‘ ‘Dh0+Dh1+D
< OT (1 + |al) “ [(—=A) PRl L
+ CALF (Lt [ o) ™ (1 + (= A) "] g20)|(— A)* B 20
£ OTH58 (14 Jal 1) (1+ Ja] o) | (= A) PR 20

L GO tlaln)® g t';;'”) (T2 Al o + 27577 |(—4) 7 ,)
# SRR (1 b i) () P+ bl
Define the auxiliary function u®7 by
(52) u"T(t,z) = Elps (XO7 (¢, 3))],
where
(53) dX? = AXDdt + Gs(XP)dt + ™A os(X2)dW (), X°7(0) = .

Letting At — 0, we obtain Proposition [£.10

Proposition 4.10. For every § € [0,1) and k € (0,1), there exists Cg .(T'), such that for every 6,7 € (0,1),
x € LP and h € L*?

T C 7N(T) —
(54) | D™ (T, 2).h| < =225 (14 el 0 ) (= 4) PRz,
Gathering estimates concerning the second-order derivative, with D?u®™2(T, z).(h, k) = 5}}\?19,0 + 5]}\Lfk’l +
ghik:2

N7, and letting At — 0, we also obtain Proposition [LTT]
Proposition 4.11. For every 8,7 € [0,%) and k € (0,1), there exists Cgq,(T) such that for every 6,7 €
(0,1), x € L? and h,k € L*

) o n(T) . )
(55) |D*u®7(T, x).(h, k)| < %(1 + |2 B 2 ) (= A) PRl aa| (= A) VA paa.
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4.5.4. Conclusion. To get rid of the singular factor 7= in the estimates ([B4) and (B3) above, we use an
interpolation argument. We need the following result, which is not optimal — we expect an order % in (B8)
as in ([B0O) — but sufficient for our purpose.

Proposition 4.12. For every r € (0,1), T > 0, there exists Cy (T) € (0,00), such that for every 6,7 €
(0,1), z € L? and h,k € L*?

(56) Wb (T,x) — ug(T,x)| < Co(T)r T~ (1 + |2[15,)
(57) |(Dud™ (T, 2) — Dug(T,)).h| < Co(T)77 (1 + |2|5,) A1 | Lo
(58) |(D2u®™ (T, x) — D2us(T, x)).(h, k)| < ColT)rs ™" (1 + |2[5,) | 2| poal k| 13-

Proof of Proposition [{.12 Again, we omit to write the dependance on §, for instance we write u” and u
instead of u*7 and us. Also, we only treat the case ¢ > 2. For every 7 € [0,1), let (XtT)0<t<T denote the
solution of o

dX]T = AX]dt + G(X])dt + ™ o(X])dW (t), X§ =z,
so that u™ (T, z) = E[p(X])], X° = X and v° = u.

We first prove ([B0). Due to the regularity conditions on the test functions ¢, see Assumption 25 it is
sufficient to prove the following bounds: for every M € N* and every p, q € [2,00), for every v € [0, %) and
£ > 0 sufficiently small, there exists Cz,p o(T") € (0,00), such that for every 0 <t < T and every x € LP, we
have

1
(EIXT (OB < Copppgr(T)(1 + [2]10),
(BIX™ () — X)) < Cy gt (T) 75"

For simplicity, we treat only the case M = 1. The first inequality is easy because Fy, F5, and o are
bounded.
Since (e 40 is an analytic semi-group on L? for every p € [2,00), it is standard that for o € [0, 1),

there exists C'(p, &) € (0, 00) such that
(60) |(=A)" (e ~

(59)

tA)

D) pgar iy < Clp )7
Let us write e, = X7 — X0 e, = el + €2 with

et | 9By (XT) — F(XO)ds + ( / A (o(XT) — o (XO)) AW (s)
0 0

t
+/ (e = 1)e"=946(X0)dW (s),
0
which yields, thanks to Properties and 2.4]

t
Blel0)f}, < C [ BIXT - X03uds
0
t
L (—str)A2 .
e / (At IAR L EIXT - X0 ds
0
! —l4k/ TA 2 Ik (t—s+7)A|2
+C o [(=A) 77 (e _I)‘L(LQ,LQ)’(_A)4 € ’R(L2,Lq)ds

t
1 1
<C | (———— T 1)E|XT — X°2,ds + Cr2—2,
- /o(<t_s>é+;+~+)'s lodser

using a continuous time version of Lemma
The equation for e? is
d
Eei = Ae? + (BFy(XT) — BF5(X?)), €2(0) =0.
We estimate e by an energy method. Recall that we work in fact with regularized coefficients, G5 =
BeS4 Fy(e9-) + e94Fy(€9-), so that both X7 and X are sufficiently regular to justify all the computations.
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Multiply the equation by (e2)?~!, integrate in space to get thanks to standard manipulations as in the proof
of Lemma [L7

d _
Ie o el XT — Xolfale2]%,”
and

d T
E|€3|%q <] XT = XolZa-
Integrating in time and adding with the inequality above yields:
t
1
E[X] — X{|2. < C/ <7 + 1) E|XT — XO12,ds + C'r2 =2+
0

(t—s)ztats

and (B6) follows from Gronwall Lemma.

The proof of (B7) is similar but longer; details are left to the reader. Finally, instead of provgin (G8)) with
similar long but straightforward arguments (and a better estimate with TiTR g obtained), it is simpler to
use Proposition 5] for ki, ko, ks € L39:

|D3u5(T, x).(k1, ka, kg)‘ < Cp(T)(1 + || o) k1| p3a k2| L34 k3| L34
and get the result by an interpolation argument. O

We are now in position to conclude the proof of Theorem Identifying the first order derivative with
the gradient, and letting 1 + 21—q =1, we may rewrite (54)) and (B7) as

Cp,(T)
LT S TﬁTﬂ

|Dub™(T, x) — Dus(T, x)|,, < Co(T)ri (1 + |2]10) "

for € [0,1). Take 7, =27 % 0< B < B < 1, )\2% and £ < 7(1 — ). Then we may write:

|(~A)° Dud™(T, ) (14 |2]20) ™ (1 + 2] p20),

L

=4 L < ST (A (Dub ™+ (T, 2) — Du™(T,a) |,

kEN

=21 P (DT (T, ) = DubH (T, ) ; ST (T, ) — Du®™(T, z)|}, g
kEN
Cys (T ) L

< ﬂTiﬁ()(l + |$|LP)K(1 + |z|p24) Z ok(—RA+(F—r)(1-))

keN

Cys (T

< '8’7()(1 + |$|LP)K(1 i |{[;|L2q)_

This yields (28]), and concludes the proof of Theorem B2
We proceed similarly for the proof of Theorem B3] and thus we will not provide all details. Identifying
the second order derivative with the Hessian, and letting  + 4—1q = 1, we may rewrite (53) and (B8) as

Cpry (T
|(_A)"YD2U6,T(T7 x)(—A)ﬂh|LT < %(1 + 2|5 ) (1 + | 2| p20)| R Laa
| (D*u®"(T,z) — D2U5(T,:c N |y, < Cre(T)T5 7% (1+ |2]5,) ] 10

Let us first take § = 0 and take v < & < s A=

% and k < %(1 — A); then, for 7 < 719,

(—A)" (D*u®™(T, z) — D*u®7(T,x)) h|, .

< |(=A)7 (D*u®7 (T, x) — D*u®7 (T, z)) h|}, | (D*uP7 (T, ) — D*u®>7(T,a)) b},
C%N(T) % (1-A)—

IN

(14 |2 00) ™ (1 + |2]g20) 2| Lo

Since D?u is symmetric, it follows replacing v by 8 € [0, l):

o < Lot o (14l 1) ¥ (1 + )l
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for ap < %(1 — /). We then repeat the argument to conclude the proof of Theorem B3

5. PROOF OF THEOREM
Recall the definition of the scheme, see 28)): for n € {0,..., N — 1},
(61) Xn+1 = SAtXn + AtSAtG(Xn) + SAtO'(Xn)AWn,

with the initial condition Xy = x, the condition NAt = T, and the Wiener increments AW,, = W((n +
1)At) — W (nAt). Recall the notation Sa; = (I — AtA)~*.

Let ¢ be a function satisfying Assumption 25 and u(t, z) = E[p(X¢(x))] be defined by ().

In order to justify all computations below, it is convenient to replace G and o in ([€1) with the regularized
coefficients G5 and o5 introduced in Section Bl and to consider us defined by (23] instead of w. Since all
upper bounds hold true uniformly with respect to ¢, passing to the limit § — 0 allows us to remove this
regularization parameter. To simplify the notation, we do not mention § in the computations.

Associated with the scheme (GII), we introduce an auxiliary, continuous-time, process (5( (t)) tef0T]’ defined
on each interval [t,, t,4+1] by

(62) X(t) = Xy + (t = t0)SatAXy + (t — 1) SatG(Xy) + Saro(Xn) (W (t) — W (k).
Equivalently, X (t,) = X,,, and for t € [t,, tp41],
(63) dX (t) = SatAXpdt + Sa:G(X,)dt + Saro(X,)dW (t).

Note that Lemma F] is still true for 6 = 7 = 0 so that we have bounds on the moments of X,, in
D((—A)™), a < 1. Moreover

(64) (A X (1|2 < cl(=A)*XnlLe, t € [tn, tnra).
Using the notation ¢y = £ if s € [tg,tp41), for s € [0,T], we have the formulation
k—1 th
(65) Xy =Sk + Aty SKG(X)) + / Sk g (X, )dW (s).
=0 0

Following the standard approach, introduced first in the SDE setting, see [42] and the monographs [27]
and [32], the weak error (29]) is decomposed as follows:

Eo(X(T)) — Eo(Xn) =E[u(T,z) — u(0,Xy)]
N-1
= E[U(T—tk,Xk) _u(T_tk+1,Xk+1)}

k=0
N—-1
=E[u(T — At, X1) —u(T,2)] + > (ar +br + k),
k=1
with
ap = / " BIAR (1) — ASai X Du(T — 1, X (1)),
(66) b = / o E(G(X (1)) — SatG(Xy), Du(T —t, X (t)))dt,

=y [ ET([(0) - Sao (X Sa] Du(T — 1, X (1)),

where in ¢, we have used the property o(-)* = o(+), see [I8), Property 2.4
In the following sections, we successively treat the terms E[u(T — At, Xq) — u(T, a:)], ay, by and cp. A
technical result is given in Section
We will control the error terms, in terms of Atz=" with positive, arbitrarily small k. We do not try to
obtain optimal constants. The value of k may change from line to line. At the end of the proof, gathering
the estimates and choosing an appropriate x gives the result.
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5.1. Control of E[u(T — At, X1) — u(T,z)]. We note that
|E[w(T — At, X1) — u(T,2)]| < |E[w(T — At, X1) — u(T — At, X (At))]|

1

C K
< gy (U belimson) € (E| AT (X - X(A0)[7,)*,

using Theorem
We then write X1 — X (At) = (X1 — x) — (X(At) — z), and note that

E|(—A)" (X1 = 2)[7 < O[(=A) 1 (Sar — D)7,
+ At|(=A) TS AG () [0+ CAL(=A) B 12 1oy [Saio ()2 12
< CAt 2% |z|3, + CAt.

We have used the two following inequalities. First, for every § € [0,1) and ¢ € [2, 00), there exists C 4 such
that

(67) [(=A)"P(Sar — Dl(ne = Atl(=A) " Sarlcpey < Cp oA,
using the identity Say — I = AtASa; and Lemma [£2] (with n = 1).

Second, adapting the proof of Lemma [£.3] for o > %,

|(_A)7a|§%(L2,LQ) < 0.
Similarly,
E[(—A) (X (At) — z)[2, < CAH 25|22, + CAt.

We thus obtain
(68) [E[u(T — At, X1) — u(T,2)]| < C(T)(1 + [2] praccrz0 ) S FLALE ",
5.2. Control of ay.

5.2.1. Decompositions. For each k € {1,..., N — 1} ay, is decomposed into the following terms:
(69) ax = a}, +af = (ak o’ +a”) + (@ + a4 ),
where

al = E/tk“ (AL = Sae) X, Du(T — t, X (1)))dt,

2 —E / AR () - X0, DulT — 1, X (1),

and a;, and aj are further decomposed into

tet1
ab'l = AME / (428K} e, Du(T — 1, X (1)) dt,

ty
tr41 k-1 ~
al? = Am/’ (A3 A2SK G, Du(T — t, X (1)))dt
23 =0

thp1 K N
ay® = —AtE/ ZAQS’“ o (X)) AWy, Du(T — t, X (t)))dt,
ty

and, using (62),

tr41
E / (t — t)(Sar A% Xy, Du(T — t, X (1)) dt,

?rm
H

tre41 N
IE/ (t — ti)(ASa:G(Xy), Du(T — t, X (t)))dt,

?rm
H

=5 [ T (ASaie (X0 (W (0) — W (k). Du(T — 1, (0.
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Indeed, I — Say = —AtASa;, and

k—1 k—1
(70) Xy =Sk + Aty SKIG(X) + > SN o(Xo) AW

£=0 £=0
5.2.2. Treatment of aj.. We treat succesively the terms a,lC 1, a,lC ? and a1 . The first quantity only needs
elementary arguments and Theorem 3.2 with 5 € [0, ) The second quantity requires the stronger version

of Theorem 3.2 with 8 € [0, 1), contrary to [16], due to the Burgers type nonlinearity. The third quantity
requires the use of Malliavin integration by parts formula, and of Theorem with 5, € [0, %)
We also use repeatedly (64]) combined with Cauchy-Schwarz inequality.

Treatment of ak . Using Theorem 32 with 5 = 5 — k, we get for k € {1,..., N — 1},

i1 1
lat| < cﬁ(1+|x|me<p,2q>)K+1At/ [(—A)~ 2t A28k |, dt

ti (T - t)%7’€

K41 e 1
< Ol +lelmnno) V0 [

—  |(—A)ETTEG N (— AV ESE | L dt
" (T—t)E_”‘( ) At( ) At ‘L q

At——2n tet1 1
< Cu(1 4 || praxrza ) KTz / ——dt,
( | |L P,2q ) | |Lq " (T_t)%—n

using Lemma

Treatment of allg’2. Similarly, thanks to ([I3]), the boundedness of the mappings F; and Fy from L9 to L9,
thanks to Property 2221 using Theorem B2 with 8 =1 — &,

treya 1
2] < Cull + [al o)1 [ T (= A3 Sau (=AY SR gy
th -

K+1 1-3k et .
< Coll + 2] gtz )< Y] o A /t (Tith }O:
K+1 -3k e 1
S CK(l + |I|Lmax(p,2q)) |$|Lth2 /tk Wdt
1,3 . 1,3 _ 13,1 1,3,2
Treatment of a,”. Let k € {1,..., N — 1}. For technical reasons, we decompose a,” = a,’”" + a,”" where

tet1
o = v [ ZAQS’“ (X AW, Du(T — t, X (£)))dt

_AtE/tk“</t“A2sk LAl (X, VAW (s), Du(T — t, X (t)))dt

tr 0

tht1 -
ay®? = —AE / (A%S%,0( X 1) AWy, Du(T —t, X (t)))dt,

tr

with the convention that a1 S .
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We first treat ai’s’l. Using Malliavin’s integration by parts formula,
tet1 th—1 ~
ay®t = —AtE/ </ A2SE Lt G (X )dW (s), Du(T —t, X (t)))dt

= —-AlE

tr
trt1
ty

0
tp—1 _ ~
/ ’I‘r(o(ng)*AQSElS“DQu(T 4, X(t))DSX(t))dsdt
0
tet1 tr—1 ~
— _AIE / / ﬂ(a(xgs)*AQSggfs“D?u(T —t, X(1))U(t, s)Saro (X, ))dsdt
tr 0
tr41 tr—1 ~
— _AIE / / S D2u(T — 1, X(1)). (AQSEZS“a(ng)Qei, U, s)SAtei)dsdt,
tr 0 i

where we use that o(z)* = o(z), and we have introduced the linear operator U(t, s) such that D, X (t) =
U(t,s)Saro(Xp,). We then apply Theorem B3
On the one hand, using Property 2.4]

(E|A~H 2850 o (X, e )
(s

1

CAt—z—2
17
t_t,

IN

cain | (AP0 1y (Blo(Xe el ,)

IN

|€i|L4‘77

thanks to Lemma 42 under the condition that £4 < k — 1.
On the other hand, we use Lemma [5.1] see Section Thanks to Theorem [3.3] we thus have

131 K b1 ple—1 CAt—%—2K/ Cien y 1
a7 < CAL(L + |2 pmaxtr.20)) ) o (Tl E :(EK—A) 2TEU(t, 5)SateilT0) * dsdt
k k—fs 4
-3k K+1 et c = 1 —1ok
< CAtZ 7% (1 4 || pmax(p.20)) Y e 17ﬁdt(At§ -—) E (|(=A) 22" Sasei| paa
t (T t) t,_ -
=0 "k—¢ i
+ CAL2[Sares| paa)dt
1-5 K+1 e c
< CA27°"(1 + || pmax(p,29) / At
( | |L P,2q ) " (T _ t)l*l{

Indeed, 3, (|(—A) 220 Sasei|p1a + CALZ|Sases|pa) < CAL3.
It remains to treat a,1€’3’2. This is done with much simpler arguments: using Theorem [B.2]

tht1 1 1L, 1
|a,1€’3’2| S CAt(l + |I|Lmax(p,2q) )K+1 /t m (At]EK—A) 2+ A2SZtU(Xk*1)|?%(L2,L2q)) 2 dt
k
K+1 fest 1 L 14
< CAt(1 + mas(p, / ——dtAt2 "
< CAH(1 + 2] pmaxtr20)) W T -0
using |(—A)7%+3F"|R(L27L2) < oo and |(—A)17F"SA,5|L(L2) < CAt=1+r,
Conclusion. Gathering the estimates on a,lc’l, a,1€’2 and a11€,3, and summing for k € {1,..., N — 1}, we obtain
al T 1
1 1 5k K+1
(71) kz::l |a}] < CAZT%(1 + |2] pmaxtr 200 ) /0 T (1+ tl_ﬁ)dt.

5.2.3. Treatment of ai.
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Treatment of ai’l. Since ASa: = —ﬁ([ — Sat), we rewrite

/tk+1 t — tk (I _ SAt)Xk7 Du(T — t, X(t)»dt

and observe that the right-hand side has the same structure as a]lC Using the straightforward inequality

t —tr < At when t; <t < try1, we thus directly obtain that Z |a | is bounded from above by the
right-hand side of (TT)).

Treatment of ai’2. We again use Theorem B2 (with 5 = 1 — k), inequality (I3 with Proposition 22 and
obtain

tht1
= ‘E/ (t — tk)<ASAtG(Xk),Du(T —t, X dt‘
tr

teta 1 1
S CAt(l + |J;|Lmax(p,2q))K+1 ‘/t m‘(—A)§+2NSAt(_A)_7_HG Xk |L2q

1 bt 1
< CAtf_Qﬁ(l + |x|Ln]ax(p,2q))K+l / dt,

v (T—=0)"

thanks to Lemma

Treatment of ai’g. To treat this term, we again use Malliavin’s integration by parts formula. Writing the
Wiener increment as a stochastic integral, we obtain

a2 E/tk“ </t ASaro(Xe)dW (s), Du(T — t, X (£)))dt

t t
ktk+1 ’ t B ~

:]E/ E/ Tr(a(Xk)*SAtADZ’u(T—t,X(t))DSX(t))dsdt
tr tr

tet1 t B
—E / E / Tr(a(Xk)*SAtADQu(T—t,X(t))SAta(Xk))dsdt
tr tr

_ ]E/tk+1(t —t1) > D?u(T — t, X(t)).(Sacer, ASawo(Xy)?e;)dt,

ty

where we have used o(z)* = o(z), and the equality D, X (t) = Sa;0(Xy) for t), < s < t < ty41, obtained
from (62)). We then use Theorem B3] and obtain

Vol < oAt o [ L4 A)"EHS e A) TSN 0(Xy)
|a},”| < t(1 + || pmaxr.20)) W tZ‘(— ) Atel‘L4q’(_ )? ato(Xk) ez’mq
tr i

bt 1 1 L
< CAt(1 S~ K“/ — dt(At At~37",
< OO+ algmmorna) ™ | gAY )

Conclusion. Gathering the estimates on ai 1, ai % and a2 -3 , and summing for k € {1,..., N — 1}, we obtain
% 2 K+1 g 1 1
7_ K +
(72) E lag| < CAZ 72 (1 + |z| pmax(p.20)) /O D (1+ tl—ﬁ)dt'

k=1

5.3. Control of b.
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5.3.1. Decompositions. For each k € {1,..., N — 1}, by is decomposed into the following terms:
(73) br = bj + by = by + (05" + b7 + 0% + ),
where

b /tk+1 E((T — Sar)G(Xg), Du(T — t, X (1)) dt,

ty

v /tk+1 E<G(X(t)) - G(Xk)a Du(T —t, X(t))>dt

— /tk+1 . Z — Gi(Xi)|0iu(T — t, X (t))dt,

where G;(-) = (G(-), e;) and dju(-,-) = (Du(-, ), e;).
In addition, bi is further decomposed with

b2t = /tk“ /thau 4 X(t ))'I‘I“(SAta(Xk)QSAtDQGi(X(s)))dsdt

i

b2 =F o Zau(T—tX(t))<s AX,, DGi(X
k 0 ) At ks z( (S))>d5dt
tk tk i

b2 3 _ /tk+1 / —t X( ))<SAtF(X;C), DGi(X(S)»det

i

124 R / e S 0u(T — 1, X (1) / (DGR (5), Saro (X)W (5))dt,

tr i tr

thanks to Ito’s formula, and using o(-)* = o(+).

5.3.2. Treatment of b}.. We directly apply Theorem B2 with 8 = 1 — x, and thanks to (@7), Property 22
and inequality (3, we get

] 1
|bllc| < C(l + |$|Lmax(p,2q))K+l/ m|(—A)2+2HSAt(_A) 2 G Xk |£(Lq dt

tr

tht1 1
< CAt%_QR(l + |x|Ln]ax(p,2q))K+1 / dt,

v (T—=0)"

As a consequence,
N-1
|bk| < CAt7_2N(1 + |:E|me<p,2q))K+1,
k=1

5.3.3. Treatment of b}.

Control of bi’l. To treat the term bi’l, we expand the trace, using the orthonormal system (ei)ieN*, and
with straightforward calculations we write

bi,l _ E/ k+1/ ZaiU(T _ t,X(t))TI‘(SAtU(Xk)QSAtD2Gi(X(S))) dsdt
/ N / ' — £, X(1)) D*Gi(X(5))-(Saten, Saro(Xp) en ) dsdt

_ / k+1 Z Du _ t X ))7D2G(X(S)).(5AtenuSAtU(Xk)2en)>d8dt

tk
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Using Theorem B2 with 8 = % + k, combined with inequality (I3, and Properties 21l and [Z2] we get

2,1 K+1 et 1
B S O+ ol o) E [ ﬁ
~ 1,
/ (E|D?Fj (X (5))-(Saten, Sato(Xe)?en)|24) " "dsdt
b jeq1, 2},neN*
tht1 1

< CAt(1 + |;C|Lmax(p,2q))K+ Z |Saten |2 / Wdt
K1 tr41

< CAt2 (1 + |$L'|Lmax(p 2q) Z )\2-1-;1 / — t dt.

Control of bi’z. As for the term a11€,37 we need to further decompose

tr41 ~ B
b? =E / (Du(T —t,X(t)), DG(X(s)).(SarAXy,))dsdt
tr tr
_ bi,2,1 + bi,2,2 + bi,2,37

where, using ([0,

trt1 ~ N
b2t = E/ (Du(T —t,X(t)), DG(X (s)).(ShT' Azx))dsdt
tk tk

tht1

b?? = / Du —t,X(t)), DG(X AtZAsk H1G(Xy)))dsdt
tk tk
tr41

by?? = / Du —t,X(t)), DG(X ZAS’“ o (Xo)AW,))dsdt.
tk tk

The terms bi’Q’l and bi’Q’Q are estimated using Theorem in a straightforward way..
On the one hand, thanks to (I3)),

tht1 1
|bi,2,l| S CAt/ mdt(l + |x|Ln1ax(P,2q) )K-‘rl |Sz4t’1A.’II|Lq dt
tr -

Atl—r tr41 1
< C——(1 + |2| max(o, KH/ ——dt.
= tllc_ﬁ ( || max(p.20) ) ” (T—t)%Jr“

On the other hand,

k—1

tre41 1
k

=0
< OAtz—2% /tk+1 ;dt(l + |2] pmaxp2 ))KH(At% 1 )
< max(p,2q —K /"
W @-pie = i

It remains to treat bi’2’3. Writing

ZAsk (X)) AT, = / ASE O (X, )W (1)
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as a stochastic integral, and subdividing the interval [0,¢;] = [0, tx—1] U [tx—1, tx], we have the decomposition

b =E / [ (Du( — 1, X(1), DG(X(5)).( / ASE o (X, )dW (r)) ) dsd

= ]E/tk+1 (Du(T — t,X(t)),DG(X(S))'(/tkl ASZ;fT-l-lo'(Xgr)dW(’r))>d5dt
t th 0

tr

+E / " Du(T - 1 &), DO (). / ASR, o (Xg, )AW (1)) )dsdt

tr—1
122,31 2,2,3,2
= 2RI 2232

Using Malliavin’s integration by parts formula,
p2:2:3.1

= E/tkH <Du(T — t,X(t))jDG(X(S))'(/tM ASZ;eTHo—(XgT)dW(r)))dsdt
tk th 0

- / / T =1, X(1), DG(X(5)-( /0 ASK T o(X, JendBa (1)) dsdt
B /’““ / T—1,X(t)), DG(X(s)).em) /O k71<As§;4r+1o(XeT)en,em>dﬁn(r)d8dt

= /k+1/ /k 12 ASZ,:E 1 o(Xe, )en,€m>D2 (T —t, X( ). (D X( Yen, DG(X ( )).em)drdsdt
Tk /k+1/ /k 1 Z ASKTE T 6(Xy, Ve, em ) (Du(T —t, X (1)), D*G(X (s ))-(em, Dr X (s)en))drdsdt
_]E/tkﬂ/ / 7 ZDQU(T_taX(t))-(U(t,T)Smen,DG(X(s))ASZ;“*la(XZT)Qen)drdtds

+E / / / - IZDU T —t, X (1)), D*G(X(5)).(ASk; " 10 (X,)2en, Uls, 1) Saven) drdsit,

where we have used the identities D, X (t) = U(t,7)Sat0(Xy,) and D, X (s) = U(s,7)Saro(Xy,) for r <
th—1 < s <t <ty
To estimate bi"z’g"l we first write

E|(—A) 3T DG(X (s)ASk; "o (X, )2en 2a < cBIF] (X (s)ASA o (X, ) 2en 2
+ B (—A)* FJ(X (5)) AShy Tl o (X, ) 2en|Faa-

The treatment of the first term is straightforward, with upper bound given by c|AS A

Lr+1
|L(L4q)' For the
second term, we use (@) and ([II)):

~ ~ 2
E|(— A Fy(X () ASK; " o(Xe,)enfan < B (1+](=A)™ X ()] o) | (= A) 8K (X, el o )
~ 2
< B (14 (= A)™ X () o) (= A) 8K g pon )

Therefore, using (&), we obtain:

. L 1 1
(E|(_A)_%+HDG(X(S))A52;£THU(X£T)2€n|%4Q) "< c(1+ t?>_f<|$|L8q)At_4H A-r
k k—¢,

Moreover by Lemma BTt

(E|[(=A)" 25U (t,7)Saren|2a)? < c(|(=A) 25 Sasen| o + A2 5|Saren| 1),
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and using Theorem B3] we get

[ED2u(T — 1, X (1)-(U(t,1)Sasen, DG(X (5) ASKT (X0, )en)
1

K+1 —3K 4K
C(l + |I|Lmax(p,2q)) 7(T—t)1_2” (1 +tk |$|L8q)At t}g:'z
X (I(=A) "2 Savenlps + Atz [Saren )
1 1 1
K+1 —3K —6K
C(l + |$|Lmax(p,2q)) m(l + tk |.’I]|L8q)At t]];:'z )\%-‘rn .

The second term of bi’2’3’1 is treated similarly thanks to Theorem B.2] (with 8 = % + K):

E(Du(T — t, X (1)), D*G(X (5)).(ASK, """ (Xgr)2en,U(s,r)SAten)>}

1 _
e(l+ |:C|Lmax(p,zq))K+17(T - t)%+nE’(ASZt ETO'(XgT)2€n)(U(S, T)Smen)}Lq
1
C(l + |I|Lmax(p,2q))K+1m‘AS2t T‘ﬁ(qu)E|U(57T)SAten‘qu
1 1
K+1 —K
C(1+ |I|Lmax(p,2q)) (T_t)%+'€At t]lg ; }SAten}qu
1 1 1 1
c(1 4 2| pmaxtpezg) ) E T ———— A2 720 |
( | |L (» 2‘1)) (T_t)%Jrn tllc:z )\éJﬂi
We deduce
b223 < o1 K+2 o 143" N e
| | (1 + [@| pmaxtr.50)) )1 211( + 1|2 Ls) t=r L4k ras
th Ly k—t. Ap
Beer ] 1 1 1
< CAB (1 4 o] poncos >)K+3/ 11 -t dt
sV | (T_W( LT
bt 1
1 4k K+3
< CALZT*(1 + || fmax(p.80)) /tk ﬁ,—ﬁmdtv

. .. 1.3
using similar arguments to the control of a;’

To treat the remaining term bi,z,g,z, we again use Mallavin’s integration by parts formula. With the same
arguments as for bi’2’3’1, we get the identity

202 =8 [ [Du(m -1 X0, 06| AS (W () s

tr t tre—1

k

tht1 tr ~
/ / / T —t,X(t)).(U(t,r)Saten, DG(X (s))ASR,0(Xi—1)%e, ) drdtds
ty ty Jlk—1 p

+E [ / / Do(DU(T = £, X(0). DGR (). (ASR0 (Xumr e Ul ) Sren)drdsr,

and we get, using Theorems and B3] and Lemma [5.1]

02232 < CA(1 4 |2| paxco2n ) 5! /tk“ L
g B 4 (T—t)r

S (I=A) ¥ Saenlpso + AtE|Savenl s ) [(=A) SR, (o)

n

;-3 K41 i 1 1
< CAt2 7 (14 max(p.2q / dt
< (1 felgmmsnao ) | gyt Y
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Control of bi’3. The treatment of this term is straightforward, using Theorem B.2] with 8 = % + k, and

Property 221 Indeed,
tht1
b23|_’IE/ /Zau — 1, K (1)) (SaiG(Xe), DE(X (3))) |

_ ‘]E/tml | <DU(T_t,fc(t)),DG(X(S)).(sAtG(Xk))msdt}

tht1 1 t 1
gc<1+|x|Lm<p,2q>)K+1/ 7n/ (E|(—A) 55 (—4) 171G (X0)|2, ) Pdsdt
tr

tr (1 t) :
< CA1521 (1 + |‘l | )K 1 /t ' 7dt
max(p,2q) )
— L ' (T ,/)_1 +K

using ‘SAtB‘ﬁ(Lq) < CAt~27% thanks to (I3) and Lemma E2

Control of bi’4. The term bi’4 involves a stochastic integral. Similarly to the treatment of the term az’Q, we
use Malliavin’s integration by parts formula, and the identity Dy X (t) = Saro(Xy) for t < s <t < tjy1.

We obtain

529 = ]E/tk+lzaiu(:r_t,x(t))</t (DG(X(5)), Saro (X)W (s)di]

_ IE/:M /t:Tr((DsX(t))*D%(T—t,X(t))DG(X(s))SAta(Xk))dsdt‘

thyr ot ~ )
= IE/ / ZDQu(T—t,X(t)).(SAten,DG(X(S))SAtU(Xk)zen)dsdt‘
1 tet1 )
(1 + |$|Lmax(p 2q) K+ / / Z 1 2’% A)7§+KSAt6n|L4q

(E|(—A)’2*“DG(X(S))SAN(X’C)QS”|2L4q)

1 4. 1 1 tha 1
S OAtz Z A%Jrli (1 —+ |$|Lmax(p,2q)) (1 —+ tg—’{|$|LSq)/t mdt
k

n n

dsdt

14k 1 Ko [ 1 1
< CAt2 Z )\%-l-n (1 + |£L'|Lmax(p,8q)) ) (1 + t?’_’{) mdt,
n n k

thanks to similar arguments as for the treatment of bi’2’3.

Conclusion. Gathering the estimates on bi’l, bi’Q, bi’g and bi’4, and summing for k € {1,...,
obtain

N T
1, 1 1
(74) kz::l 07| < CATTR(1+ |x|me<p,gq))K+2/o (1+ ) 1+ T t)lfﬁ)dt.

5.4. Control of c¢.

5.4.1. Decompositions. For each k € {1,..., N — 1}, ¢ is decomposed into the following terms:

3,A 3,B 3,C 3,D
(75) Ck:C}C‘FCi"‘Ci:C}C"‘Ci"‘(Ck +Ck +Cl€ +Cl€ ),
39
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where (using the symmetry of D?u)

ch %]E/tk+1 TI“((I - SAt)U(X(t))z(I — Sa)D?u(T —t, X(t))>dt’

tr

& =E /tm T‘r(SAtU(X(t))2(I — Sae) D*u(T —t, X(t)))dt,

tr

_ E]E/tk“ T (Sae o (X (0)° = 0(X0)?] Sac D2u(T — t, (1)) )t

ty

In addition, ¢} is further decomposed as follows: for A € {A,B,C, D},

3.A fes 2 o
S = —E / Tr(SAtASAtD u(T—t,X(t)))dt

t
(76) ’;Hl )
/ S Du(r 4 K ) (Sarhen Sacea)
with the linear operators A, B,C,D obtained by applying It6’s formula:
([o(X(1)" - o(Xi)? b ho) = Y (Ahy,ha),
AE{A,B,C,D}
with

(Ahy, hy) = = / t Tr(sAta(Xk)QsAtD%iw (X(s)))ds

ty

1
2
t ~
<Bh1,h2>:/ (SatAXy, Doy, 1, (X(s)))ds
t

k
t

(Chl,h2>:/t (SatG(Xk), Dop, . (X(s)))ds

(Dhl,h2>:/t <DU,2L17,L2()~((5)),SAtU(Xk)dW(s»ds,

k

using the notation o7, , = (0(-)*h1, ha).
For future reference note the following identity:

(77) (Dol ., (x),h) =/ (%) (x(8)) en(€)em(N(E)dE = (Da? 1, (x), em).
(0.1)

5.4.2. Treatment of c}.. Since Theorem B3]is restricted to 8,7 < %, this term needs some work:

bl =5 ’E/t (1 Sa)DPu(T 1 X (D) (1 - SAt)o(X(t)f)dt‘
< %IE/ o Z ‘D%(T —t, X(1).((I = Sat)en, (I — Sar)a(X(t))%e,) | dt
(1 + || pmaxe, 2q) K+1 Z/ - e B ’(_A)iéﬁ(l - SAt)en’Lzlq

1
2

(E|(—A) "5 (I — Sar)o (X (1)) enlrs,) T dt

tr41 N 1
< C(1+ [@] psncozn ) T AEE 8 ZA;%”/ W(IE}(—A)*g"a(X(t))Qenqu)édt.
n Lk

Using @), ([I2), we get

‘(_A>72KU(X(t))26n’L4q < O|(_A)72Ken|L8q‘(_A) (X ) ’LSq < O)‘1:2K (1 + ’(_ 5KX ’LSq
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As a consequence, using (64)),
1 1
———dt.

tr41
1 K+2 1l_ 5
b1 < Ot felgmannn) 200375 [T (04 )

5.4.3. Treatment of ¢z. The treatment of ¢ is straightforward, using Theorem 3.3}
2] < ‘E/ ZD2 X (1) (Saven, (T~ San)o (X (1))
K+1 s 1 —i4k R
< C(1 + | 2| pmax.2a)) /t WZK_A) 2T Saten|paa|(—A) 2 (I—SAt)|£(L4q)dt

. 5 tit1 1
< C(1 + |2] pmax(p.2a) ) K+ Af__ H/ (T — )i~ 2ndtz 2+n
tg

5.4.4. Treatment of cj.

Control of ck 34 We proceed similarly, and applying Theorem [B:3] we obtain:

tht1 1 1
et <+ I:vImemzq))K“/t T Z [(—A) 245 Sasen| o (Bl(—A) 2 Sanden 24, ) 2 dt
k

—92 K+1 fes 1 3
< CAT**C(1 + || fmax(p.20)) /t T—0 2thz E|A6n|L4q)2.
e

To have a control on (E|Aen|L4q) 2, let any hy € L* and hy € L, with 4%1 + % = 1; then

(Ahy, ho) = / T (S (X0)2Sae D07, 1, (X(s)) ) ds

N =

1 tr41
5/ ZD20h1,h2 )) (SAtU(Xk) en,SAten)ds

<CA t|h1|L4q|h2|UZ|SAt0(X;€)26n|Lm|SAten|Loo

1, 1
< OAtz""|hy|paa|ha| - zﬂ: T
1
Thus (E|Aen|24,)? < CAt2~", and we obtain
bt 1 1
3,4 13k K+1

< CAt27°"(C(1 max(p,2q - dt .

|Ck | = ( + |x|L (p,2 )) ~/tk (T— t)1721-€ ; Aé-ﬁ-n

Control of ci’B. Like a11€,3 and bi’Q, the term ci’B contains a bad term and require a careful analysis.
3,61 ci B2 and 03 Ba , with

introduce the decomposition B = By + By + Bs, and the associated terms ¢,

t
(Buhy, hs) = / (Skt1 Az, Do?, . (X(s))ds

ty

t tr N
Baha o) = [ ([ SKHAG(X ) Dt (R (5))ds

tr 0

(thl,h2>:/ </ ASK M o(Xy, ) AW (r), Do, (X (s)))ds.

tr 0
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The terms cz’Bl and ¢’ 352 o not present difficulties, using (7)) and standard arguments. Indeed, for any

hy € L% and hy € L", with & + L =1,

At——?m
(Bihy, ha) < CAt|hy|palho|pr|ASK T 2] L < O|I|Lpt7|h1|L4q|h2|LT

k

using |(—A)"Saix|pe < |(—A)"‘SAt:17|W%+% < C|(—A)it2e8px] e < ﬁlxlm-
Similarly, we have for Bs

23
(Bahi, ha) < CAH | paalha] e /0 ISk HAG(X,, )|, dr
Moreover, using Property 22 and G = F| + BF3,
Lo, e ok
Lo — ’(_A)2+2 SAt'ﬁ(L%J/oo)l(_A) SAt

< C‘(_A)%JWIKSA”

‘Sk Z+1AGX[ ‘

ey (LB 0)
L(L7)
< ApmEing e,

using ([[3)), as well as the following inequalities, which are consequences of Sobolev inequalities and of (8)):
for any z € L%,

(=42 Sz, < C(—=A) 7S] a1 < Cl(—=A)2 T Saual )

We thus obtain

tht1 1 1 1
3,8 3,8 K+1A43-5
g+ 16| < C(1+ [@] pmaxco20 ) * AL /t 1+ 5=) (T - t)l—%dtz PEa

n

3

Finally, cf requires a Malliavin integration. First, we write

tht1 ~

ci’B:” = %IE/ Z D*u(T —t, X (t)).(SatBsen, Saten)dt
th -

1 (2281 N

—IE/ Z(Bgen,em>D2 (T —t,X(t)).(Sarem, Sace,)dt

:—]E/// > (ASK o (Xe, )ej, Dot (X(5)))D*u(T — t, X (t)).(Satem, Saren)dB; (r)dsdt,

n,m,j

where for simplicity we use the notation [[[(...)dB,(r)dsdt = t’““ ftk “(...)dBn (r)dsdt.
Using Malliavin’s integration by parts, for ¢ € [tx, tx+1] and s 6 [ty t], then

E[Z/o ASK (X0, )es, DO, (X () DPu(T £, X(1)-(Saverm, Saven) B, (1)
- E{Z/ k D?0e, ., (X(s)).(ASK; " T1o(Xy, )e;, Dy X (s)e;) D*u(T — t, X (¢)).(Satem SAten)dT:|
+E[Y [ ASE 10X, Jeg. D, (R()) DU (T = £ X(0)-(Sarerns Saren. D, X t)ey )]

_E{; i

+ E[Z /Otk D3u(T — t, X (t)).(Saten, Sar Do

tr

D%, .. (X(s)).(ASK," +1ej,DTX(S)U(XZT)ej)DQU(T—t,X(t)).(SAtem,SAten)dr}

agiteen, (X)L DX (B)0(Xe, )ej)dr ],

€n,
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using the identity o(-)* = o(-) for both lines, and (7)) for the second line. Moreover,
D20€717em (X(S))'(ASZIET+1637DTX(S)O'('XKT)GJ) — |€m|Loo |A52;£Te.7|L2|DTX(S)O'('XZT)6]|L2

DUSH,ASZ;““% (X(s))

and using Lemma [5.1] we get

< Clen|r=|ASK, " ej| Lo,

L4a

E|D, X (s)o(Xq, )ej|22 < CE|o(X, )ej|z2 < C.
Then, using Theorem B.3] and Proposition 3.5l we obtain

tr41 ty Atf—fﬁn 1
3,8
1255 < C(1 + |2] pmaxcrzn)) +1/ / / = g st

tht1 th Atflfém 1
C(1 + || pmaxw.20)) K+1 / / / j’{ —drdsdt
—eT (T —t)=7"

tr41
< CAtz=0%(1 e “/ 1
(1 + [2| pmax(p.20)) " (T_t)l—%

=+ OAtéiGn(l + |$|Lmax(p,2q))K+1 /tk+1 ;ldt
22 (T - t)iiﬁ

Control of cz’c. Using (@), similarly to cz’A, we get

tr41 1

3,C —

|Ck |§0At 2n/t _t = 2thz é E|C€n|L4q) .
k Ai

=

For any h; € L% and hy € L", with 4%1 +1 =1, we get
[(Cha, ha)| < CAthy|paa|ha|Lr|SarG(Xp) Lo < CAE™Y275 by | paa|ha|Lr.

We thus obtain
—*21{ fes 1 § 1

tr n

Control of cz’D. Using (@), the definition of D, and Malliavin integration by parts formula,

1 tr41 N
ci’D = —IE/ Z(Den,em>D2 (T - t,X(t)).(SAtem, SAten)dt

en s€m

- / / (DoZ, e, (X(5)); Saro(Xe)e;)dB; (s)D*u(T = 1, X (£)). (Sarem, Saren) dt

_],’ﬂ m

1 tht1 ~ 5 5
= §E/ / Z D3u(T —t, X (t)).(Ds X (t)e;, Satem, Saten)(Do? .. (X(s)), Saro(Xp)e;)dsdt
L (23 jm,m
1 tet1 ~
- / / S° DR — t, X(1)-(Sai0(Xe)es, Savem, Saren) (Do, . (X(5)), Saro(Xe)e;)dsdt
2 j,m,m
tht1 -
= —IE / / > DPu(T —t, X(1)).(Saro(Xe)ej, SatDo2, g, o(xp)e, (X (), Saren)dsdt
tr jn
tr41 N
= —E/ / ZDB — t X( )) (SAtGJ,SAtDUen Saro(Xk)2e; (X( )) SAten)det
tk jn

where we haved used (7)), and then (I8]).
We now use Proposition 3.5 Note that

(D02, saso(xi)2e, (X(5)), 1| < Clhlzrlen|paaleslze < Clhlrr,
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for any h € L", with - —i— = =1; thus (E|DUE Saro(Xe)2e; (X (s)) 2 1)
We obtain

<C.

tht1 t 1
,D 1,
1< ctr [ f (T—t)%_*nzn_A) $45 56| oa|Saven] pradsdr
tr tr -

1 X Lkt
< CALZ" (1 + [x[L») / S B
t ( 2 n )\2+n
Conclusion. Gathering the estimates on ci’A, ci B, ic and ci D, and summing for k € {1,...,N — 1}, we
obtain
K+1 g 1
_,,{ +
(78) Z ’Ck’ < CAt 1 + |J;|Lmax(p,2q)) ‘/0 (1 + m)dt

5.5. An auxiliary result. We used the estimate below for the treatment of several terms, for instance a11€,3

and b.>*!. Recall that DX (t) = U(t, 5)Saro(Xy) for t € [ty,ths1), 5 € [to,tey1), and £ < k — 1.
Lemma 5.1. For every q € [2,00), T € (0,00) and r > 0 sufficiently small, there exists Cy . (T) such that
for every h € LY, t € [tg,tps1), $ € [te,teq1), withl <k <N,

(79) (E|(—A) "3 U (t, 5)h|2K) K < Cy o (T) (l(—A)—%“hqu + At%—wm) ifk>0+1.

Proof of Lemmal[2l. Let s be fixed. It can be seen that U; = U(t, s)h satisfies:

t t
Ut = Utk +/ (ASAtUtk =+ SAtG/(Xk)'Utk)dr =+ SAt(U/(Xk)'Utk)dW(T)7

tk tk
Utk+1 = SAtUtk + AtSAtGI(Xk).Utk + SAt(U/(Xk).Utk)AWk,
Utz+1 = h.

First, for every ¢ € [tg, tpt1),

E|(=A)"# Ui}, < CE|(—A)~ +ﬁUtk|Lq+0At2\AsAt!w> (=AU, [

+ CAt' " E|Uy, |34 + CAE|(— )72 Sa(0” (Xk).-U) |Z(L27LQ>

< CE|(~A)"2+°U,, 2, + mﬂ*“wk 30+ CAH(=A)2a 22 1 EU |3

Note that |(—A)2_1q_%+ﬁ|§g(L2,Lq) < oo when 2—1(1 — 1+ k < —1; this condition is satisfied when ¢ > 2 and
% > 0 is chosen sufficiently small.
The result is clear for k = £+ 1. For k > ¢ + 1, since Uy, = Ij_1..11h, we get, by Lemma 7]

B CAt1—2n
ALTEE|U, |2, <

=k —0—1)—2Ap-2n [(—A)"2%"h|7, < Cl(—A) 2T R[],

Now,

k—1 k—1
U, = SN, Th+ At Y S"BF (Xp).Ur, + Y S, ™ (0 (Xm) Ut ) AW,
m=~+1 m=~¢+1
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and thus, with the condition 2—1(1 — % + K < —% fulfilled for x > 0 sufficiently small,

2

k—1 k—1
1
E[(—A) U, 32 < (A T3, +C (AL Y = ElUs. Lo | +CAt > ElU,, [
m=0+1 k—m m=¢+1
1, 1
< |(—A)"ztFh)3, +0At2t4n—|h|2m + CAt|h]3,
k—0—1
k—1 1 1 2 k—1 1
1
+C At Z 2k 1 + At Z 1—2 |(_A)_§+2Nh|%q
G2 " —
m=~£+2 ml, -1 m=0+2 m—L—1

< C|(=A) 22 h2, + CAth)2,.

This concludes the proof of Lemma [5.11
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