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Abstract

We consider an infinite number of one-dimensional bilinear Schrodinger
equations on a segment. We prove the simultaneous local exact con-
trollability in projection for any positive time and the simultaneous
global exact controllability in projection for sufficiently large time.
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1 Introduction

Let 7 be an infinite dimensional Hilbert space. In quantum mechanics,
any statistical ensemble can be described by a wave function (pure state)
or by a density matrix (mixed state) which is a positive operator of trace 1.
For any density matrix p, there exists a sequence {9;}jen C S such that

(1) p=Y Ll l, D =1, 1;>0 VjeN.

JjeN jeN



The sequence {1);}en is a set of eigenvectors of p and {l;};cn are the corre-
sponding eigenvalues. If there exists jo € N such that [;, =1 and [; = 0 for
each j # jg, then the corresponding density matrix represents a pure state
up to a phase. For this reason, the density matrices formalism is said to be
an extension of the common formulation of the quantum mechanics in terms
of wave function.

Let us consider 7' > 0 and a time dependent self-adjoint operator H (t)
(called Hamiltonian) for ¢ € (0,7'). The dynamics of a general density
matrix p is described by the Von Neumann equation

{iz';(t) = [H(t), p(t)], t € (0,7),
p(0) = p°, ([H,p] = Hp— pH),

for p° the initial solution of the problem. The solution is p(t) = U;p(0)U;,
where Uy is the unitary propagator generated by H (t), i.e.

(2)

iU, = —iH(t)Uy, t€(0,7),
Up = Id.

In the present work, we consider /# = L?((0,1),C) and H(t) = A +
u(t)B, for A = —A the Dirichlet Laplacian (i.e. D(A) = H?>N H}), B a
bounded symmetric operator and u € L?((0,7),R) control function. From
now on, we call I'{ the unitary propagator U; when it is defined. The
problem (2) is said to be globally exactly controllable if, for any couple
of unitarily equivalent density matrices p' and p?, there exist T > 0 and
u € L?((0,T),R) such that p? = I'%p!(I'4)*. Thanks to the decomposition
(1), the controllability of (2) is equivalent (up to phases) to the simultaneous
controllability of the Cauchy problems in 7

{iatwj(t) = A;(t) + u(t) B (1), t e (0,7),
1;(0) = 9, vj e N.

The state 1/1? is the j-th eigenfunction of p° corresponding to the eigenvalue
Aj and p° = PO Aj[9) (2] The j-th solution of (3) is ¥;(t) = T'y4)y.
To this purpose, we study the simultaneous global exact controllability of
infinitely many problems (3) and we only rephrase the results in terms of
the density matrices.

3)

The controllability of the bilinear Schrodinger equation (3) has been
widely studied in the literature and we start by mentioning the work on
the bilinear systems of Ball, Mardsen and Slemrod [1]. In the framework
of the bilinear Schrédinger equation, the work shows the well-posedness of
(3) in 4 for controls belonging to L], .((0,7),R) and an important non-
controllability result. In particular, let S be the unit sphere in s and

Z() :=={v € D(A)| 3T >0, Ir > 1,3u e L} ((0,T),R) : ¥ =TTy}



For every ¢y € SND(A), the attainable set Z (1)) is contained in a countable
union of compact sets and it has dense complement in S N D(A).

Despite this non-controllability result, many authors have addressed the
problem for weaker notions of controllability. We call M,, the multiplication
operator for a function p € # and Hy) = D(]A]|3) for s > 0.

For instance in [3], Beauchard and Laurent improve the work [2] and they
prove the local exact controllability of (3) in a neighborhood of the first
eigenfunction of A in SN H30 when B = M), for a suitable u € H3.

The global approximate controllability in a Hilbert space has been studied
by Boscain, Caponigro, Chambrion, Mason and Sigalotti in [4] and [6]. In
both, simultaneous global approximate controllability results are provided.
Morancey proves in [11] the simultaneous local exact controllability in S N
H (30) for at most three problems (3) and up to phases, when B = M, for

suitable p € H3.

In [12], Morancey and Nersesyan extend the result. They provide the exis-
tence of a residual set of functions @ in H* so that, for B = M pand p € Q,
the simultaneous global exact controllability is verified for any finite number

of (3) in HELV) == D(|A+V?) for V € H*.

In the present work we use part of the notations of [3], [11], [12] and we
carry on the previous results. We provide explicit conditions in B that im-
ply the simultaneous global exact controllability in projection of infinitely
many problems (3) in H (30) by projecting onto suitable finite dimensional

subspaces of H (30). Another goal of this work is to prove the simultaneous
local exact controllability in projection for any T° > 0 up to phase-shifts. We
use different techniques from the Coron’s return method usually adopted for
those types of results, e.g. [11] and [12]. Indeed, in the appendix we develop
a perturbation theory technique that we use in order to get rid of an issue
appearing in the proof of the local controllability: the “eigenvalues reso-
nances”. The formulation of the controllability for orthonormal basis allows
to provide the result in terms of density matrices and unitarily equivalent
sets of functions.

1.1 Framework and main results

We denote # = L?((0,1),C), its norm || - || and its scalar product (-,-).
The operator A is the Dirichlet Laplacian, i.e. A = —% and D(A) =
H((0,1),C)N H?((0,1),C). The control function u belongs to L2((0,T),R)
and B is a bounded symmetric operator.

We consider an Hilbert basis {¢;};cn composed by eigenfunctions of A re-
lated to the eigenvalues {\;};en and we have

(4) 6;(t) = e Mgy = e Nilg;.



Let us define the spaces for s > 0

D=

Hiyy = Hi((0,1),C) := D(AZ), [ -llw) = I - 1z, (ZW o),

() = {{th;}jen C H| up l[4bjl|¢ < 00},
n(#) = { Qs hyen € ] S Il)? < o).
j=1

We call H* := H*((0,1),C), H§ := H§((0,1),C) and, for N € N
(5) IV = {(,k) e Nx{1,..,N}:j #k}.

Assumption (I). The bounded symmetric operator B satisfies the following
conditions.

1. For any N € N, there exists C'y > 0 so that for every j < N and k € N
[(¢x, Boj)| > Cn /K.

2. Ran(B\H?O)) - H(QO) and Ran(B|H(30)) C H3N H}.

3. For every N € N and (4, k), (I, m) € I such that (j,k) # (I,m) and
§% —k? — >+ m? = 0, there holds (¢;, Bo;) — (¢x, Box) — (¢, Béy) +
(¢m; Bom) # 0.

Remark 1. If a bounded operator B satisfies Assumptions I, then B €

L(H(QO),H(ZO)). Indeed, B is closed in ¢, so for every {upfnen C

such that w, — w» and Bu, — v, we have Bu = v. Now, for every

H2 H?
{tun}nen C H(QO) such that u, ~® 4 and Bu, -3 v, the convergences
with respect to the J#-norm are implied and Bu = v. Hence, the operator
B is closed in H, (20) and B € L(H (20),H (20)). The same argument leads to

Be L(H(?’O), H3 N H}) since Ran(B|H?O)) C H3n H.

Example. Assumptions I are satisfied for B : ¢ — z2¢. Indeed, the condi-
tion 2) is trivially verified, while the first directly follows by considering

_1)J k (—1)itk

(65220 = | —

[(ox, a0} = (% e}

k e N.

The point 3) holds since for (5, k), (I,m) € IV so that (j,k) # (I, m)

Pk -P4+mP=0 = j2-k?2-124+m?2#£0.



Let ¥ := {¢;}jen C S and AN (V) := span{t; : j < N}. We define
7N (¥) the orthogonal projector onto (V).

Definition 1. The problem (3) is said to be simultaneously globally exactly
controllable in projection in H, (30) if, for every N € N, there exist 7' > 0 and

U = {¢;}jen C S so that the following property is verified. For every
{ijl.}jeN, {w]z}jeN C H(?’O) unitarily equivalent, there exists u € L2((0,T),R)
such that

TN (0)9F = mn (0T Vj €N,

Definition 2. Let us define

Oer :Z{{%‘}jeN C Hiy| (5, 9n) = 655 sup [l — 65(T) | (3) < 6}-
JEN

The problem (3) is said to be simultaneously locally exactly controllable
in projection in H(30) if, for every N € N, there exist ¢ > 0, T" > 0 and

U := {¢;}jen C S so that the following property is verified. For every
{¢}}j6N C O., there exists u € L?((0,T),R) such that

TN (0)Y) =y (U)o, Vi e N.

Let U(4#) be the space of the unitary operators on .#°. We present the
simultaneous local exact controllability in projection for any positive time
up to phases.

Theorem 1. Let B satisfy Assumptions I. For every N € N, there exist

€ > 0 so that, for every T >0 and ¥ := {1 }en C H(?’O), the following holds.

For any {sz}]EN € O and Tc U(H) such that {{bvj}jeN = {f(ﬁj}jeN, if
(6) T3} jen © Hip),

then there exist {0;};<ny C R and u € L*((0,T),R) such that

N () = iy (0)ei T J<N,
TN (V)Y = mn ()1, j>N.
Proof. See Proposition 6. O

We present now the simultaneous global exact controllability in projec-
tion.
Theorem 2. Let B satisfy Assumptions I and let U3 = {¢?}jeN C H?O)'
Let {z/le}jGN, {¢]2}jeN7C H?o) so that there exists T € U(A) such that

(Tl }jen = {2} jen. If
(7) Ty} jen C Hiy,

5



then for any N € N, there exist T > 0 and u € L?((0,T),R) such that
(8) wn (U0) ¢f = 7N (%) Tpyy,  jEN.
Proof. See Section 3. O

We point out that if U3 = U2, then f*wf € H(g‘o). By considering that

2 .
Rl J S Na
(9) T (W%) f =4 7 .
J s N(\I’2) ]2 7> N,
the next corollary straightly follows (if W2 is composed by orthogonal ele-
ments, then the second line of (9) is 0).

Corollary 3. Let B satisfy Assumption I. Let Wl := {w]l}jENa U2 =
{IZJJZ}J'EN C H?O) unitarily equivalent. For any N € N, there exist T > 0
and a control function u € L*((0,T),R) such that

Db} = o3, j<N
N (U2) Thyt = mn (W2)y2, j > N.

Remark. One can notice that Corollary 3 implies the simultaneous global
exact controllability (without projecting) of N problems (3). As we have
mentioned before, a similar result is proved by Morancey and Nersesyan in
[12, Main Theorem|. They prove the existence of a class of multiplication
operators B that guarantees the simultaneous global exact controllability of
a finite number of equations i9;1) = (A+ V)¢ +u(t) By in D(|A+ V|?) for
V € H*. However, Theorem 2 and Corollary 3 provide a novelty as we are
able to provide conditions in B implying the validity of the result. Given
any bounded operator B, one can verify if those assumptions are satisfied,
e.g. B =22

Remark 2. Assumptions as (6) and (7) naturally occur when one tries to
control simultaneously infinite bilinear Schrédinger equations. Indeed, if
{T4p;tjen = {T'¢;}jen for T > 0, u € L?((0,T),R) and I' € U(#), then
for every k € N

Z] [(pr, Tis) | Zﬂ (T3 ok, d5) > = [[(T4) DIy

As we present in the next section, (I'}.)* preserves H ?) and then, for every

k € N, we have ||(F%)*d>k||%3) < 400. On the other hand, for every k € N

Z;wk,rm] Zywk,w] Zﬁr (T 6r, 6)1> = [IT* bk |5



Now, we rephrase Theorem 2 in terms of density matrices.
Corollary 4. Let B satisfy Assumptions I and p', p*> € T(H#) be two density
matrices so that Ran(p'), Ran(p?) C H(?’O). We suppose the existence of
T e U(A) so that p? = Tp'T*. Let U3 := {Tﬁ?}jeN C H(B’O) be such that

{fwg}jeN - H(?)O)v
for every j € N. For any N € N, there exist T > 0 and a control function
u € L%((0,T),R) such that

Ty (U°) Tipp! ()" mn (9%) = mn (W) p? i (1°).

Proof. See Section 3.3. O

1.2 Well-posedness

We mention now the crucial result of well-posedness for the problem in 7

(10) {iw(w = A(t) + ult) (1),
— .0
$(0) = O, t e (0,7).

Proposition 5. [3, Lemma 1; Proposition 2]
1) Let T > 0 and f € L2((0,T), HLNH?3). The function G : t — fot ¢4 f(s)ds
belongs to C’O([O,T],H(?’O)). Moreover

Gl Loe 0,7y, 13) < CI(T)HfHLQ((O,T),H3mH(10))7
where the constant c1(T') is uniformly bounded with T in bounded intervals.

2) Let p € H3, T >0, y° € H?o) and w € L?((0,T),R). There exists a
unique mild solution of (10) in HE)’O), i.e. € CU([0,T), H},) so that

a1 (0)
Y(t, x) = e A0 (z) — i/o e A=) (u(s) (@) (s, ) ds, vt € [0,T].

Moreover, for every R > 0, there exists C = C(T,u,R) > 0 such that,
if l|ullz2qo,mr) < R, then, for every PO € H(?’O), the solution satisfies

1 llcoo,r,m3,)) < Clv°ll@) and lv(6) e = W0l for every t € [0,T].

The result of Proposition 5 is also valid if one substitute u € H? with

B e L(HE)’O),H?’ N H). When B satisfies Assumptions I, we know that

B € L(H},, H3NH}) (see Remark 1) and there exists a unique mild solution

(0)’
of (3) in H3, so that

(0)

Yt z) = e*iAtw?(x) — i/t e*iA(t*S)u(s)Bwj(s,a:)ds.
0



1.3 Time reversibility

We present another feature of the bilinear Schrodinger equation, the time
reversibility. First, we substitute ¢ with T'— ¢t for T" > 0 in the bilinear
Schrédinger equation (3) and we obtain

i T% 0 = — A% 0 — u(T — ¢)BT% 40,
T4 90 =Tyl = ¢! t€(0,T).

Then T% 0 = Tyt for u(t) := u(T — t) and T'¥ so that
12 Tt = (—A - u(t)B)T{y!,
Ty = ol t e (0,T).

Thanks to Id = f%T%, it follows fg = (%)~ = (I'%)*. The operator re
describes the reversed dynamics of I'} and represents the propagator of (6)
generated by the Hamiltonian (—A — u(t)B).

The importance of the time reversibility resides in the fact that all the
controllability results that we are going to prove are also verified for the
reversed problem. We use this feature in many steps of the next proofs.

1.4 Scheme of the work

In Section 2, we presents Proposition 6 and its proof. The proposition ex-
tends Theorem 1 and it provides the simultaneous local exact controllability
in projection for any positive time up to phases. In order to motivate the
modification of the problem, we emphasize the obstructions to overcome.
In Section 3, at first we prove that the simultaneous local exact controlla-
bility in projection of infinite problems (3), under particular conditions, is
equivalent to the simultaneous local exact controllability of a finite number
of problems. We call this feature “transposition argument”. Second, we
prove the simultaneous global approximate controllability for N problems
(3) in Proposition 7. Third we gather Proposition 7 with the simultaneous
local exact controllability ensured by [12, Main Theorem| in order to prove
the simultaneous global exact controllability for N problems (3) (Proposi-
tion 8). The transposition argument leads to the proof of Theorem 2. In
conclusion the proof of Corollary 4 follows from Theorem 2.

In Appendix A, we develop the perturbation theory technique adopted in
the proofs of Theorem 2, Corollary 4 and Proposition 6.



2 Simultaneous locale exact controllability in pro-
jection for 7' > 0

2.1 Preliminaries

In this section, we discuss the simultaneous local exact controllability in
projection and we explain why we modify the problem before proceeding.

Let ® = {¢;};en be an Hilbert basis composed by eigenfunctions of A.
We start by studying the local exact controllability in projection with respect
to mn () of functions belonging to O 1. Let T'j4p; = 721 éw(T){(¢r(T), T ;)
be the solution of the j-th problem of (3). We consider the map a(u) as the
infinite matrix with elements

o j(u) = (o (T), T705), k,jeN k<N.

Our goal is to prove the existence of € > 0 such that for any {1;};en € Ocr,
there exists u € L2((0,T),R) so that

N (@) = N (P)Y;,  VjeN.

This outcome is equivalent to the local surjectivity of the map « for 1" > 0.
To this end, we want to use the Generalized Inverse Function Theorem
(see [10], p. 240) and we study the surjectivity of Fréchet derivative of «,
v(v) := (dy(0)) - v. The map ~ is the infinite matrix with elements

T
Vij (V) = <d>k(T), —i/ e_iA(T_S)U(s)Be_iAS¢jds>

0

T
= —i / v(s)e " NiTAGsBy s k<N, jEN,
0
for By ; = (¢r, Bo;j) = (Boy, ¢;) = Bjr. The surjectivity of v consists in
proving the solvability of the moment problem

Tk j (T —ilh—
(13) == —z/ u(s)e WX =Ak)s g,
B 0

for each infinite matrix , with elements xy, ;, belonging to a suitable space.
One would use the Haraux Theorem ([9], p. 67) but a problem appears. The
so-called “eigenvalues resonances” occur when, for j, k,n,m € N, (j,k) #
(n,m) and k,m < N, there holds \; — A\ = A\, — Ay, (We recall \; = 720%).
Those relations imply the constraints

Thky _ . T —i(j=AR)S Jo s T —i(An—Am)s jo _ Tn,m
— = — u(s)e "\ ds = —i u(s)e ds = ——.
By 0 0 Br,m

An example is A\7 — Ay = Ag — A4, but they also appear for all the diagonal
terms of  since A\j — A\ = 0 for j = k.

We avoid the problem by adopting the following procedure.



e We decompose A + u(t)B = (A + upB) + ui(t)B for up € R and
up € L?((0,T),R). We consider A + uoB instead of A and we modify
the eigenvalues gaps by using ugB as a perturbating term in order to
remove all the non-diagonal resonances.

e The previous point imposes to redefine « in a map @ depending on
the parameter ug. After, we introduce a"® by acting the following
phase-shifts in order to remove the resonances on the diagonal terms

Fittyay = 28y ) — a0y = 25 Gy )

2.2 The modified problem

Let N € N and u(t) = ug + ui(t), for ug and wu;(t) real. We introduce the
following Cauchy problem

10 {iatwj(t) = (A +uoB);(t) + ui () By (1),

$i(0) =9 te(0,T), jeN.

Its solutions are v;(t) = I‘f”“lqﬁ?f’, where T}°*"! is the unitary propagator
of the dynamics which is equivalent to the one of the problems (3). The
operator A + ugB has pure discrete spectrum and its eigenvalues {)\;‘0 }ien
correspond to an Hilbert basis composed by eigenfunctions ¢%0 := {gf)}‘o }jen.

We set ¢°(T') := eiMJDTqﬁ?O and we introduce

(15)
Oyt = {Wj}jeN C Hiy| (5, 9r) = 6k sup 95 — ¢5°(T) | (3) < 60}-
JEN

In addition, we chose |ug| small enough so that A\;° # 0 for every k € N
(Lemma 13). The introduction of the new Hilbert basis imposes to define

o0

(16)  Hy=D(A+uwBD). |-l = (2 INECo0)
k=1

M=

However, from now on, we consider the hypothesis of Lemma 15 (Appendix

. . 73 — 3
A) being verified so that Hio) = Hp,.
We define @, the infinite matrices with elements for £ < N and j € N so
that oy, j(u1) = (¢,°(T), I‘%ﬁulqﬁé“)) and the map o™ with elements

g (ur) = %ak,ﬂul), j,k <N,
g (ur) = @ j(ur), j>N, k<N.

10



Now, we point out that for k < NV

N STIY
w0y T+ g0 — ™ o (1) g0 . Giylu)
(17)  wn(PU0)w,; Iy 950 = ng)k (T)Oé;w-(ul), wj = B (a0
k=1 ’
Thus, the local surjectivity of the map o in a suitable space (in Q" defined
below in (19)) is equivalent to the simultaneous local exact controllability
in projection on OgOOT for a suitable ¢y > 0 up to N phases.

Let v"0(v) = ((dy,a"°)(0)) - v be the Fréchet derivative of a0 and let
B be the infinite matrix with elements B;LE,’€ = (¢}°, B¢?) for j < N and
k € N. Defined 7, j(v) = ((dy,@)(0)) - v, we compute v"°(v) so that

Ny = (V.50 + kg — ok R(Ai5)), Gk <N,
Vg = Vhj> k<N,j>N.
Thus for kK < N and j € N
~ . T —i(\"0_) %0 i
(18) ryllctg = ’Yk,j =t f(] ’LL1(S)€ (AJ )\k )SdSB]?,Oja k 7& I
Vg = R(kk) = 0, k=j,
The relation fy}j(}g = 0 comes from the fact that (i) 1) € R since %,j = _%

for j,k < N. Thanks to the phase-shifts, the diagonal elements of v"0 are
all 0.

Remark. Thanks to the orthogonality of the elements in O . (see (15))

Tou O ={{fi}jen C € (Hip))| (61°, f5) = —(65°, fr) }-

We have Tou O C EOO(HEO’O)) since supjey ([ — ¢;°ll3) < €o for every
{¥j}jen € OgOOT. In conclusion, thanks to Remark 2, the maps o0 and ~“0
take respectively value in

QY :={{an b e € BA(O)Y] wip €R, k< N},

(19) .
GV ={{zr}ujen € (BP(O)Y| 21 = —Tjx & wpp =05,k <N}
k<N

2.3 Proof of Theorem 1

In the next proposition we ensure the simultaneous local exact controllability
in projection for any 7" > 0 up to phases.

Proposition 6. Let N € N and B satisfy Assumptions I. For every T > 0,
there exist € > 0 and ug € R such that for any {¢;}jen € Ocr satis-
fying the relation (6), there exist a sequence of real numbers {0;}jen =

{{é\j}jgN’O’ ...} and a control function u € L*((0,T),R) such that

TN (D)1 = wn (D) eI T, Vj € N.

11



Proof. 1) Let ug belong to the neighborhoods defined in Appendix A by Re-
mark 7, Lemma 13, Lemma 14 and Lemma 15. First, by referring to Remark
2, the relation (6) is required for the following reason. Let {I'}¢/°}jen =
{f%}jeN for T > 0, u € L2((0,T),R) and ' € U(#). For |ug| small
enough, thanks to Lemma 13, there exists C; > 0 such that 55 < Cl\)\;‘o|3
and, thanks to Lemma 15, there exists Co > 0 such that, for every k € N

+oo
> 3%k, T * < 01!\(F%)*¢k!!2 S C1.C | T 17y
On the other hand, for every k € N

+oo
> 3%k, Teio) 2 Zy |(br, Tps) |2 Zy (T 6k, 63)* = [T 6kl
j=1

7=1

Second, thanks to the third point of Remark 7, the controllability in Oq:OOT
implies the controllability in O, 7, for suitable ¢g, since

sup [|¢; — ¢;(T) |3 <Sup||¢“°—¢j(T)ll< +Sup\|¢g ¢;°(T)ll3)
jEN

Third, thanks to the discussion provided for the relation (17), the local
surjectivity of the map a0 guarantees the simultaneous local exact control-
lability in projection up to phases of (3) with initial state {(b }jen on O60 T
for €y small enough. We consider Generalized Inverse Functlon Theorem
(see [10], p. 240) since @V and G¥ are Banach spaces. If y%0 is surjective
in GV, then the local surjectivity of a® in QY is ensured. Now, 7% is
surjective when the following moment problem is solvable

uo

T, 0 T Lug
(200 puy =i /0 u(s)e N A s GEN, k<N, k#j
k7j

for {x }]kGN € GN. We know that {x }j keN,{’y }j,keN c (hHN
k<N k<N

Thanks to Lemma 14 and to |B%| = [B;}], it follows
2\N
{05/ B} jwews {105/ BEG e € (6)

We do not consider the equations of (20) for k& = j since 7,5 = 0 and
)5 = 0 for every k < N and for every {z;% }y jen € GY. Thanks to Lemma
) 2 k<N

16 (Appendix A), for IV defined in (5), there exist

@ — . (inf)EIN N0 = A0 = AR+ AR] >0,
Js s(n,m
(4:k)#(n,m)
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o= sup (inf SN NP AR 2
ACIN N (k) (n,m)eIN\A
(4,k)(n,m)

where A runs over the finite subsets of I. Hence, for T' > 2??7 Haraux

Theorem ([9], p. 67) implies the solvability of the moment problem (20).
The proof is achieved since a0 is locally surjective for T' > 0 large enough.

2) Now, we show that the first point is valid for every T' > 0 by proving that
4 = too. Let AM :={(j,n) € N?| j,n > M; j # n} for M € N. Thanks to
Lemma 13, for |up| small enough and for every K € R, there exists Mg > 0
large enough so that inf ;) 4ae [A]” — AR°[ > K. Thus

G > J\S/[ueII)\I((j ni)réfAM S — Ano| = 2A%) > 0.

For |up| small enough, Lemma 13 implies the existence of C' > 0 so that

¢ >C(lim inf A=Ay |=2\n) > C lim (Apryo—An41—2N?7%) = 4o00. O
M—o00 (j,n)eAM M—o0

Remark 3. The proof of Proposition 6 is still valid by phase-shifting the
components of the map u +— {I’}Jqf)?o}, i.e. by substituting o with

GEM kW), Gk <N,
Ak j(u), j> N, k<N.

3 Simultaneous global exact controllability in pro-
jection

The common approach adopted in order to prove the global exact controlla-
bility (also simultaneous) consists in gathering the results of global approx-
imate controllability and local exact controllability.

We would like to use this strategy in order to prove Theorem 2, but it is
not possible for the controllability in projection. Indeed, the propagator
I'%. does not preserve the space ﬁN(\If)H?O) for any ¥ := {1 }jen C H(30),
making impossible to reverse and concatenate dynamics. In other words, let
o' y? € HE). For T1, Ty > 0, uy € L*((0,11),R) and uz € L*((0,13),R)

v (Ut = an (U022 A oy (DDRTE Y = oy (8)y2

Thus, we have to adopt an alternative strategy. We prove that, under par-
ticular conditions, the controllability in projection onto an N dimensional
space is equivalent to the controllability of N problems (without projecting).
We call this feature “transposition argument” (see remark below).
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Remark 4. The time reversibility (Section 1.3) implies that for j, k € N
<¢ZO (T),F%quu-o) — e_i)‘:OT< %¢;'L0’ ¢Zo> — e—i)\ZOT<¢;{0, (F%)*¢Zo>

= ¢TI (g0 (T), TR ge).

(21)

Now, e_i(’\zo+)‘;o)T does not depend on u and the relation (21) implies that

the surjectivity of the two following maps (on suitable spaces) is equivalent
{0 TH6) e LD, TF62) ) e
k<N J<N
For this reason, under particular conditions, the simultaneous global exact

controllability in projection of (3) onto a suitable N dimensional space is
equivalent to the controllability of N problems (6) (without projecting).

Remark 5. Keeping in mind our notation, the transposition argument and
[12, Proposition 4.4] imply the simultaneous local exact controllability in
projection in H, (30) (defined in (16)) for any 7" > 0 with phases ambiguity

in the components. Indeed, H, ? ) defined in [12], corresponds to H (30) when
V = upB and B is a suitable multiplication operator. In particular, for
N € N, there exists a set of assumptions on the couple (ug, B) so that, for
every T' > 0, the following result is verified. Let O(®%0) € Em(ﬁg’o)) be
a suitable neighborhood of ®“0 = {¢?°};en and {0;}jen C R. For every
{¥j}tjen € O(P}°) satisfying the relation (6), there exists u € L?((0,T),R)
so that

N
S opoets (90, 4py) = T (U0) I, Vj e N.
k=1

The transposition argument is particularly important as it allows to

concatenate and reverse dynamics on (H 30 )N which is preserved by the
propagator when one wants to prove the controllability in projection.
For the simultaneous local exact controllability result, we can use Proposi-
tion 6 with the transposition argument, but this is not the most convenient
approach. Even though Proposition 6 provides the controllability for any
T > 0, the outcome is true up to phases. For this reason, we consider
[12, Theorem 4.1] instead of Proposition 6. The mentioned theorem ex-
hibits the simultaneous local exact controllability of N problems including
the control of the phases, even if it is not valid for any T' > 0 (contrary
to Proposition 6). However, we are not able to ensure Theorem 2 for any
T > 0 since the simultaneous global approximate controllability, adopted in
the proof, is not guaranteed for any T > 0, as we show in the section below.

3.1 Approximate simultaneous controllability

In this subsection we prove the simultaneous global approximate controlla-
bility of the problems (3).

14



Definition 3. The problem (3) is said to be simultaneously globally ap-
proximately controllable in H(SO) if for every N € N, ¢q,....., N5 € HE"’O),

Te U(S€) such that Loy, ...,Dpy € H, and € > 0, then there exist T > 0

and u € L?((0,T),R) so that for every 1 <k < N

ITr — Dipabn|| s < e

Proposition 7. Let B satisfy Assumptions I. The problem (3) is simulta-
neously globally approrimately controllable in H(?’O).

Proof. Let N € N and ug belong to the neighborhoods provided in Appendix
A by Remark 6 and Remark 7. We define the norms

Iy = 0 Wogrn iy - Isvioma = I lsviay,
for || fll Bv((0,r)r) = SUD{1,},. P Z?Zl |f(t;) — f(tj—1)| and P the set of the
partitions of (0,7") so that tp =0 <t <...<t, =1T.
1) Let A > 0 and Hjy := D(A(iA—A)) = H(y,. We consider [7, Section 3.10].
For T > 0,u € L%((0,T),R) and A large enough, ||u(t)B(iA—A)"L || 2 <1
and

M= sup || (ide = A—u(®)B) "l 2

100,71 (0 H(o)
= sup [ (I —u(®)BA—A) )|
t€[0,T
< sup Z Il (u(t)(ire — A)7IB)| (2) < oo
te[0,7] 75
We know that B : .FAIELO) (30) — H?N H& C H(zo) and the techniques of

Remark 1 imply that B € L(HELO), H(QO)). Now
— 1A= A=UB W 11t ) < v 1B N g i, <+
Thanks to [7, Section 3.10], for every ¢ € HELO)
(A +u(T)B — Ny < MMV (A= M) o
Now, Cy := || A(A+u(T)B —i\) 71| (2) < 00. There exists C3 > 0 so that
T4 ) = I[AT0]|(2) < CrMeMN|[(A = i)l 2y < CoMeMN][5)]| .

In conclusion, for every T' > 0, u € L?((0,T),R) and 4!, ¢? € HELO), there
holds [|[T44! — 2|4 < 4o0.

15



2) Let {¢1}3<N, {1112}]<N - H?o) unitarily equivalent. Thanks to the den-
sity of H: 0) in H3 0) with respect to the H. (3 y—norm, we know that, for every

€ > 0, there exist {@Z) }i<n, {¢ }i<n C HEL) such that for every j < N

o = bl <& lF — Pl <e

We point out that the same arguments of the first point can be used in order
to prove that, for every 7' > 0, u € L?((0,T),R) and ¢ € H(?)O), there exists
C3 > 0 so that [[['p)]|3) < Cs([¢]|(3). Now

IT%0} — 92[|3) < €+ D%} — T8} | ) + T4} — 92| 5)
< (C3+ 1De+ [Ty ¢ 1/’ (3)-

Thanks to the Cauchy-Schwarz inequality, for every ¥ € H (40), we have

1li%) = (120, 1Al29) = (AP, |A[) = 19l o) 1l

and, thanks to the first point of the proof, there exists Cy > 0 so that
1 ~ o~ 1
T4} = 93ll(3) < (Cs + Ve + CF T} — 4311,

Afterwards, the hypothesis of [5, Proposition 5] are satisfied since the opera-
tors —i(A+wupB) and —i(A+ugB)—iuB are skew-adjoint. Moreover, Remark
1 implies the validity of [5, Proposition 6] which ensures that the couple (A+
uoB, B) is 2-weakly coupled (see [5, De finition 1]). Now, (A+wuoB, B) ad-
mits a non-degenerate chain of connectedness (see [5, De finition 3]) thanks
to Remark 7. Thanks to Remark 6, it follows H (20) =H (20) and there exists
Cs > 0 so that [ - |2y < Cs]| - Hﬁ?()). Now [5, Proposition 5] implies the

existence of u : [0,7] — U so that

1T ¢ @/) l2) < Cs|Tp ﬂ) ¢2||H2 < Cse Vj < N.

Jun

1
In conclusion, ||T'%, wl ¢ i3y < €fore=(C3+1)e+ C'4 CZlex. O

3.2 Proofs of Theorem 2 and Corollary 4

In the current section, we provide the proof of Theorem 2 which requires
the following proposition.

Proposition 8. Let N € N and B satisfy Assumption I. For any {1} }r<n,
{2 e<n C H(?’O) orthonormal systems, there exist T' > 0 and a control

function u € L*((0,T),R) such that:
Vi =Thu, k<N,
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Proof. Let N € N and let ug € R belong to the neighborhoods provided in
Appendix A by Remark 7, Remark 8, Lemma 14 and Lemma 15.

Keeping in mind the discussion in Remark 5, we consider the assumptions
(Cs), (Cy) and (Cs) introduced in [12,p. 10]. If we substitute V with uyB
and pu by —B, then the statement of [12, Theorem 4.1] is still valid. How-
ever, the condition (C3) is ensured by Lemma 14, while the assumptions (Cy)
and (Cjy) respectively follow from the first point of Remark 7 and Remark
8. Let ¢,7 > 0 and

N
Olr = {{%‘}JSN C Higy| (5, 0) = s Y 1y — dills) < 6}-
i=1

Thanks to Lemma 14 and [12, Theorem 4.1], the simultaneous local exact
controllability is guaranteed in ON for suitable € > 0 and T" > 0. Lemma 14
allows to obtain the result of [12, Theorem 4.1], not only in a neighborhood
of H3 (0)’ but also in Oé\fT CH 5’0). The controllability is also verified for the

problem (6).

Now, Theorem 7 implies the simultaneous global approximate controllabiliy
for N problems. For any {zﬁ}}jg N CH (30) composed by orthonormal ele-

ments, there exist Ty > 0 and u; € L?((0,71),R) so that
T4} — ¢%||g) < ~, Vj<N ryly .y € OV
— 9’ ley <5 V=N = {Invjlin €Ocr
Thanks to the local controllability, there exists u € L2((0,T),R) so that

{TiHj}j<n = {FT¢ Yien = {I% TiHapi }jen = {07 }i<n.
By concatenating and reversing the dynamics, the proof is achieved. O

Proof of Theorem 2. Let N € N and ug € R in the neighborhoods provided
in Appendix A by Remark 7, Remark 8, Lemma 14 and Lemma 15.

1) Controllability in projection of orthonormal systems: Let U3 :=

{’l/]?}jEN € H(:)’O) be an orthonormal basis. We consider {dJ]l-}jeN, {wjz}jeN C
H (30) orthonormal systems and I' € U(5¢) so that I‘wjl- = %2 and F*w? €
H (30) for every j € N. The last relation implies that for every k < N

U —Zw (W2, Z% Tl o) = 3w (h, T*}) = Ty € H,.
7j=1

7=1

Thanks to Proposition 8, there exist T > 0 and u € L*((0,T),R) so that
Y = F%wg, for each £ < N. Hence

<¢jla ¢k> <¢j7¢k> (%2,%?% vjvk € N, k< N.
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Thanks to Section 1.3, we have (I'% },@Dk) <¢1 F“¢k> ( JQ,@ZJ’%> and
(22) oy (UP)F = oy (UP)0j,  VieN.

2) Controllability in projection of unitarily equivalent functions:
Let us consider {w}}jeN, {wjz}jeN C H ?0) unitarily equivalent. Let U3 :=

{Tﬂ?}jeN be an Hilbert basis of .. We suppose the existence of T' € U ()
so that f@/)]l = wjz and f*wf eH ?O) for every j € N. One knows that for every
j € N, there exists {a}}ren € €2(C) such that ¢; = 3=, aj.¢p. However,
{f@[};’}jeN is an Hilbert basis of .7 and

=Tyj =) Ty},
keN
The point 2) implies that there exist 7> 0 and v € L?((0,7T),R) so that
v (%) T = v (°) T

for every k € N, and then for any j € N

an(U%) Tyt = af (my (U9) Thd) = an(8%) D alTyp = mn (0% 47,

keN keN

3) Controllability in projection with generic projector: Let ¥3 =
{wjo-’}jeN CH (30) be a sequence of linearly independent elements. For every
N € N, by considering the Gram-Schmidt orthonormalization process, there
exists an orthonormal system U3 := {{@b;’}jSN, 0,...} such that

span{v : j < N} = span{g?: j < N},

The claim then follows since mx (U3) = 7y (¥3). If U3 = {¢?}j€N C H(?’O) is
a generic sequence of functions, then one can extract from ¥3 a subsequence
of linearly independent elements and repeat as above. O

3.3 Proof of Corollary 4
Let ¢!, ¢? € s#. We define the rank one operator |¢')(1)?| so that

[N W2 = (2 ), Ve € A

We point out that, for any T € U(#), we have T|yp1) (12| = |T!) (4%| and
|Pp1) (2 |T* = [p1)(T'y?| since for every 1 € S

[y (AT = 1 (2, T)) = 1 (T2, ¢) = [p')({Ty?|w.
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Proof of Corollary 4. Let T > 0 large enough and U3 := {1/}5-’}]-61\; € H(30)'
Let p', p? € T(H) be two unitarily equivalent density matrices such that

Ran(p'), Ran(p?) C H(30). We suppose that the unitary operator I' € U ()

such that p? = fplf satisfies the condition f*¢§’ € H?o) for every j € N.
One can ensure the existence of two complete orthonormal systems W' :=
{wjl- bien, U2 = {Tﬂ?}jeN eH (30) respectively composed by eigenfunctions of
p' and of p? such that

Pt =Yl Pt = LWl
J=1 j=1

The sequence {l;};en C RT corresponds to the spectrum of p' and of p?.
Now, thanks to Theorem 2, there exists a control function u € L2((0,T),R)
such that my(¥3) F%wjl- = 7 (P3) wJQ-. Thus

i (WP) Tipp (D) mn (W7) = 3 1jlmn (9%) Do) (9 Ty (99) |
j=1

=" U (U9) [92) (2| (U°) = 7y (T°) pPrn (U9). O
j=1

Acknowledgments. The author thanks Thomas Chambrion for sug-
gesting him the problem and Nabile Boussaid for the periodic discussions.
He is also grateful to Morgan Morancey for the explanation about the works
[11], [12] and to the colleagues Lorenzo Tentarelli, Riccardo Adami for the
fruitful discussions.

A Analytic Perturbation

Let us consider the problems (14) and the eigenvalues {A}°};en of the opera-
tor A4+ugB. Let B be a bounded symmetric operator satisfying Assumptions
I. We introduce some classical results by Kato [8].

Definition 4. Let D be a domain of the complex plan. A family 7'(z) for
z € D of closed operators from a Banach space X to a Banach space Y is
said to be a holomorphic family of type (A) if D(T'(z)) is independent of z
and if T'(z)u is holomorphic for z € D and for every u € D(T(z)).

Theorem 9 (Kato; [8]; Theorem VIL.3.9). Let T(z) be a self-adjoint holo-
morphic family of type (A) defined for z in a neighborhood of an interval
I C R. Furthermore, let T'(z) have a compact resolvent. Then all eigenvalues
of T(z) can be represented by functions which are holomorphic in I. More
precisely, there is a sequence of scalar-valued functions z — {\n(2) }nen and
operator-valued functions z — {¢n(z)}nen, all holomorphic on I, such that
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for z € I, the sequence {\,(2) }nen represents all the repeated eigenvalues of
T(z) and {¢n(2) }nen forms a complete orthonormal family of the associated
eigenvectors of T'(z).

Proposition 10. Let B be a bounded symmetric operator satisfying As-
sumptions 1. There exists a neighborhood D of w = 0 in R small enough
where the maps w— Xy are analytic Vj € N.

Proof. Thanks to [8, Theorem VII.2.6], there exists a neighborhood D C R
containing 0 so that the self-adjoint family of operators A 4+ ugB is holomor-
phic of type (A) for ug € D. Theorem 9 achieves the proof. O

The next lemma proves the existence of perturbations which do not
shrink the eigenvalues gaps. From now on, we use the notation || - || for
the operators norm of bounded operators in 2.

Lemma 11. Let B be a bounded symmetric operator satisfying Assumptions
L There ezists a neighborhood U(0) of u = 0 in R such that for each ug €
U(0), there exists r > 0 such that ¥j € N

Proof. Let D be the neighborhood provided by Proposition 10. First, we
prove that for ug € D so that |ug| is small enough, (A + upB — ;) is
invertible with bounded inverse for each j € N. We know that (A4 — p; ) is
invertible in a bounded operator since u; € p(A) (resolvent set of A). For
¢ = minjen{|Aj+1 — Ajl}

€p(A+uB),  [l(A+uB—p) | <r.

2 2
A= p)7H| < sup = <.
H| ( J) “| heN ’M] _ )\k‘ ’)‘j—O—l _ )\j‘ 5
_ _ 2
= A=) B < fuol [ (A= )" NI B < Sluol | BII-
If [ug| < 35 for e € (0,1), then || (A= ;) tuoB|| < 1—e. The operator

(A + uoB — p; ) is invertible and one can notice that

0 o6(1—c€ de
A+ 0B — )l = 1A= p5) | — uoB| > 3~ 20D =%

and in conclusion ||| (A + uoB — uj)—l Il < %, O

Lemma 12. Let B be a bounded symmetric operator satisfying Assumptions
I. There exists a neighborhood U(0) of 0 in R such that Yug € U(0)

(A+ugPy B — X))

1s invertible with bounded inverse from D(A)ﬂqbﬁ to gka-, for P(jk the projector
onto the orthogonal space of ¢y and for every k € N.
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Proof. Let D be the neighborhood provided by Lemma 11. For any ug € D,
one can consider the decomposition

(A+ugPy B — A\j°) = (A= \[®) + uoPy, B.

The operator A — \}° is invertible with bounded inverse when it acts on the
orthogonal space of ¢ and we want to estimate

(A = X))~ uo P B
However, for every ¢ € D(A) N Ran(Pﬁ) such that ||| = 1, we have
1A = X0l = min{| A1 = A L AL = Ak HI -

Let 6 := min {|Ags1 — AL°[,|Af° — Ag—1]}. Thanks to Lemma 11, for |uo|

small enough, there holds \;° € ()"“’1;)"“, A’“LQ)‘ k“) and then

> k.

Ak + Akg1 ’

0 > min {’)\k+1 - 5

Ae—1 + Mg (2]€ - 1)7r2
— A— ’ > 7
2 o } =2
Afterwards, || ((A— AZO)’ﬁ)_luquka I < i|uo| Il Bl and, if [ug| < (1 —
T)m for r € (0,1), one has that

(A = X)) T uo Py B < (1 —7) < 1.

The operator A := (A — \.° + UOP(;; B) is invertible when it acts onto the
orthogonal space of ¢; and

L 1
Ak 12 1A= Xy | = w0 P Blyg Il > 64— llwoP Bl
> 0k — |uo| || B > 6 — (1 = 1)0g = rg.
In conclusion, the proof is achieved since

1 1
o 1 -1 - _
(23) (A =X +uoPy B)| )7 Il < - < o

Lemma 13. Let B be a bounded symmetric operator satisfying Assumptions
L. There exists a neighborhood U(0) of 0 in R such that, for any ug € U(0),
we have )\?0 # 0 and )\;‘0 = Aj for every j € N. In other words, there ewist
two constants C1,Cy > 0 so that for each j € N

(24) C1Aj < A1 < Oy,
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Proof. Let ug € D for D the neighborhood provided by Lemma 12. We de-
compose the eigenfunction qﬁ}“’ = aj¢; +nj, where a; is an orthonormalizing
constant and 7; is orthogonal to ¢;. Hence

AL dr = (A4 uoB)(andr + M)
= Aapdr, + Any + uoBar oy, + uoBny,

= Nardr + A0k = Aagdy + Ang + uoBaydr 4 uo By
By projecting onto the orthogonal space of ¢y
Aoy = Ang + uoPy, Bagdy, + uo Py, By,
= (A+uPy, B — N°)mw = —uo P}, Bagoy.

However, Lemma 12 ensures that A—l—uoP(blk B—M\,?° is invertible with bounded
inverse when it acts on the orthogonal space of ¢, and then

(25) M, = —ar((A+ ugPy, B — AgO)|¢kl)*1u0P;€B¢k.
Afterwards, we know that
A = (a;d; +nj, (A+uB)(a;j¢; +n;))

= |a;]*\; + uola;o;, Bajé;) + (ajé;, (A + ugB)n;)
+ (05, (A +uoB)ajd;) + (nj, (A +uoB)n;).

By using the relation (25), there holds
(nj, (A +uoB)n;) = (nj, (A + ugPy B — Xi®)n;) + X[ |
=\ ns]1? + (mj —a; (A + uo Py B = X))
((A+ugPpB - A;%O)\#)—luopd}jB(pj)

However, (A + uOPQfB = A)((A+ uon;)B - )\;-LO)} )71 = Id and then
J J ¢j

(nj, (A +uoB)n;) = X°|n;|* — woa;(nj, Py, Be;).

Moreover, (¢;, (A + uoB)n;) = uo(¢;, Bn;) = UO<P(;;.B¢j777j> and equiva-
lently (n;, (A4 uwoB)¢;) = u0<77j,P¢ljB¢j>. Thus

(26) A" = |a;[*A; + wola;[* By + AJ° lnjl|* + wow;(Py; By, mj).

One can notice that |a;| € [0,1] and ||n;|| are uniformly bounded in j. We
show that the first accumulates at 1 and the second at 0. Indeed, from (23)
and (25), one has that there exists a constant C; > 0 such that

Ch

- 2
(27) i l1* < Juol® 1 (A + wo Py, B = Xj) | ) ™I ¥l 1 Bey |1* < R
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for r € (0,1), which implies that lim;_, ||7;]| = 0. Afterwards, by contra-
diction, if @ 1= lim; ;o |a;j| # 1, then |as| € [0,1) and thus

1= lim [|¢;°]] < lim |a;|[|¢;]] <1
j—o0 Jj—00

that is absurd. From (26), it follows that A!® =< A; for |uo| small enough.
The relation also implies that )\}‘0 # 0, for every 7 € N and for |ug| small
enough. O

Lemma 14. Let B be a bounded symmetric operator satisfying Assumptions
I. For every N € N, there exists a neighborhood U(0) of 0 in R such that,
for any ug € U(0), there exists Cn > 0 such that
(28) (@2 (T), Bo(T))| > Clv Vi,keN, <N
k ’ i - k3 ) Js y J > .

Proof. We achieve the proof for fixed j < N. The generalization follows by
using the minimum of all the constants defined for every 7 < N.

We start by choosing £ € N such that k¥ # j and ug € D for D the
neighborhood provided by Lemma 13. Thanks to Assumptions I, we have

(¢, Boi)| = [{ardr + nk, B(ajo; +nj))l

(29) apa; o
>COn—3 — @ (¢, Bnj) + aj (i, Bés) + (k. Bnj)|-

1) Expansion of the terms of (29): Thanks to (25), for |up| small enough

(30)
(—ap((A+ugPy, B — AgO)\%)*luOP;kBm, Py Bo;)

-1
= ((A+uoPy, B - )\ZO)\%) uo Py, Béy, Py Bo;) =

(A= NP )™ ~ (uo((A = X°)Py,) ' Py BP;, ) "ug Py, Béy, Py, Bé;)

n=0
By defining My, := Y77 (uo((A — )\ZO)P&)_ng;B)nP;;, there holds
(31) (e, Boj) = —uo{arMyBéy, (A — X°) Py )~ Py B;).
Thanks to the fact that B : D(A) — D(A)

(A= NP Py )Py Béj = Py B((A— A\°)Py.) "' ¢
— [P, B, (A= X{°)P;. ) "' Py |6 = Py, B((A— \°) Py, ) oy
— (A= X)) P53 )Py [B, AJ((A— X°) Py ) "' 5.

23



By calling By, := (A — \{°)P£ ) "' P [B, A]
(32) (A= X)Py) Py Boj = Py (B+ Br) (A — A*) oy
Let us consider (31) and (32), we have

(33) (i, Boj) = (ax My, Boy, (B + Bi)o;).

__ %
Aj— A0
Now, thanks to the same techniques
[(nke, Bnj)| = [(Bni,n;)| = [(woarB((A — X°) Py, )~ My By,

=2

ajagpug ‘
_9TRTO0 L +bs
M — )\Jyo <¢k7 k7J¢]>

BV (4= xmPL) B |

for Ly j := (A= A{") BMy((A—X;°)P5. )" Py B((A — A;O)quj)—leB. We
know the existence of € > 0 such that |a| € (¢,1), for every I € N. Thanks
to (33) and (34), there exists Cy such that from the relation (29), we have

v C u ~
(630, Bo;°)| > k—év — ‘)\‘70)\”0<Mk3¢k7 (B + Bk)¢j>‘
_ o 23 BN Yo b
o (B4 B My B0 | = |3 (0 )|

2) Features of the operators M, Ek, Ly ;: First, the operators M;,

are uniformly bounded in L(H (20), H (20)), when |ug| is small enough so that

| wo((A — AZ‘O)PJ}C)—1P(;;€BP¢L Il L(H,) < 1. Second, (32) implies that

k
BpPy = (A= X°)Pg-) "' Py B(A— \°)P}. — Py BP}-
from which follows that the operators Ek are uniformly bounded in k in
L(H() N Ran(Py,), Hf) N Ran(Py.)).

Third, one can notice that B((A — X;O)Pdf—j)*leB € L(H?

(0) H(QO)) and

(A= X)) BMi((A— N0 Py ) Py,
= (A= XO)B((A-XN)Py )™ (wPy B((A - X°)Py )" )" Py,
n=0

= (A= X)((A = X°)Pg.) "' Py, (Bi + B) My,

for Mk =3 (uoPdf;B((A - AZO)Pﬁ)_l)nP(jk. Now, the operators Mk
and Ly, ; are uniformly bounded in L(H(20), H(QO)) as M.
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Let {F};cn be an infinite family of uniformly bounded operators in L(H (20), H (20)

> C
VIEN, T >0+ Y [k r, Fij)* < 0o, = [(¢n, Fiy)| < ?;
k=1

Now, one can choose constants ¢; uniformly bounded in [ since

sup |k (¢, Figpj)|> = sup Y _ [m®(dm, Fioos)|* — Sup > [mP (Gm, Fig)|?

leN leN meN mk

< 2sup || Fyg5|7y) < oo
leN
Thus, for every family of uniformly bounded operators F; in L(H (20), H (20))

c

(36) Te>0 ¢ [{on Fiey)| < 1.

3) Conclusion: The operators {BMk(B+§k)}keN, {Lk ; } ken are uniformly

bounded in L(H(QO),H(%)) and BM;(B + B;) € L(H(QO),H?O)) for every 1 <

j < N. Hence, we use the relation (36) in (35). Now, [A\; —A;°|~! ~ k™2 and

Ak — )\;-‘°|_1 ~ k2, thanks to Lemma 13. Thus, there exist Cy, Cy, C3, Cy >
0 so that for |ug| small enough

u w U U A~ 1 Cl’u0|
(0%’ (T), Boi*(T)| = (¢, (T), Bo;*(T)| 2 N5 — w3
k Yl
. CQ|U0| . 03|'LL0|2 >
Ak = AOLR2 A — ASOLR2 T

1
C4ﬁ'

Now, the relation (28) is verified for £ = j thanks to the analyticity and by
choosing ug such that [(¢j°(T), B¢;°(T))| = ¢ # 0. For fixed j < N, the
relation (28) is valid for a constant C; = min{Cy, c-53}. In conclusion, (28)

is valid for every j < N by imposing Cy = min;<n{C}}. O

Lemma 15. Let B be a bounded symmetric operator satisfying Assumptions
I. There ezists a neighborhood U(0) of 0 in R contained in the one introduced
in Lemma 13 so that, for any ug € U(0)

(i H/\;OI%@}LO’ ')\2>; = (i 153(65, .),2>;'
=1 ~

Proof. For |ug| small enough, we prove that there exist C7 > 0 such that
I|A + uoB|24|| < C1]||A|2¢| for s = 3. We start by assuming s = 4. For
any ¢ € HELO), there exist Co, C3 > 0 such that

1A +uoBI*¢ll = (A +uoB)*¥|| < |A*%] + uol [ B*I| + |uol | ABY ||
+ ol BAY| < (|40 ] + [uo P B + [uol Il BI sz, | A

+ [uol [ BINIAYI < Col| A%9|| + Cslv| < (C2 + Cs)ll| AP
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Now, the proof of [5, Lemma 1] implies the validity of the relation also for
s = 3. There exists C' > 0 so that for every ¢ € H ?0)

3 3
1l = 1A +uo B2l < ClI[A[2l = Cliv [z, -

The opposite inequality follows by the same techniques thanks to the de-
composition A = (A + ugB) — upB. O

Remark 6. Let B be a bounded symmetric operator satisfying Assumptions
1. The techniques of the proof of Lemma 15 also allow to prove the existence
of a neighborhood U(0) of 0 in R so that, for any ug € U(0)

-1z, —(Zuw JP)? (Zm @) =1l

Lemma 16. Let B be a bounded symmetric operator satisfying Assumptions
Tand N € N. Let € > 0 small enough and IV be the set defined in (5). There
exists a Ue C R\ {0} such that for each ug € U,

inf |/\";°—)\};0—)\Z°+)\%)\ > €
(4:k),(n,m)eIN
(4:K)#(n,m)

Moreover, for every § > 0 small there exists € > 0 such that dist(Ue,0) < 6.

Proof. Let us consider the neighborhood D provided by Lemma 12. The
maps AY — Ap — Ap + A7, are analytic for each j,k,n,m € Nand u € D. One
can notice that the number of elements such that

(37) A=A —An+An=0, jneN, km<N

is finite. Indeed A\ = k*72 and (37) corresponds to j? — k* = n2 — m2. We
have [j2 —n?| = |k? — m?| < N2 — 1 which is satisfied for a finite number of
elements. Thus, for I the set defined in (5), the following set is finite
1) Let ((j, k), (n,m)) € R, the set Vijjpm) = {u € D| Al Af A4+, = 0}
is either a discrete subset of D or equal to D. Thanks to the relation (26)

Af =N = A+ A, =

|aj1?X; + wola;|* By + X njlI* + woa; (P, Béj, nj)

— larl* A = wolar|* Bu — Ap° lmwl|* — o ( Py, B, i)

- ’an|2)‘n - uO’anlan,n = A HnnH2 - UO@<P(;;LB¢W 77n>

+ |am|*Am + U0|am|2Bm,m + A0 7 |1 + uO@(R;meébma M)
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= A=A = MY = i PN — farP A — [anPAn 4 am*Am

(38) 2 2 2 2
+ (la;|*Bjj — lax|"Bix — |an|"Bnn + am|” Bm,m)uo + o(uo).

For |u| small enough, thanks to the fact that lim,,ola;|* = 1 and to the
third point of Assumptions I, AY — A — Ap + A, can not be constantly equal
to 0. Then, V(; 1 n.m) is discrete and

V ={uwe D|3(j,k,n,m) e R: X} — X} — A + Ay, = 0}
is a discrete subset of D. Thanks to the fact that R is a finite set
Ue:={u€ D:V(j,k,n,m) € R| ]\ = A — A%+ \%] > e}

has positive measure for € > 0 small enough. Moreover, for any ¢ > 0 small,
there exists ey > 0 such that dist(0,Us,) < .

2) Let ((4, k), (n,m)) € (IN)2\ R be different numbers, we know that
A} = AL = A) 4+ A =727 — B2 —n® + m?| > 7.

First, thanks (26), A/® < |a;|?Aj + |uo|Ch and AP > |a;|?Aj — |uo|Ca for
suitable constants C,Cs > 0 non depending on the index j. Thus

U0 X0 A0 ] > (a2 — kA — an2An + ||

(39)
— ‘UO’(2C1 + 202).

Now, thanks to the relation (25), limj_ss |ax|> = 1. For any v in D and €
small enough, there exists M, € N so that for R® := (IN)2\ R

aj 2N = an Ak = [anl*An + |am[*Am| = 72—,

Y((4,k), (n,m)) € R, j,k,n,m > M..

However limj, |0 |ag|?> = 1 uniformly in k thanks to (27) and then there
exists a neighborhood W, C D such that for each u € W,

aj A — |ar)® Mk = an*An + am*Am| > 72 — ¢,

Y((4, k), (n,m)) € R®, 1<j,k,n,m < M,.
Thus for each v € W, and ((4,k), (n,m)) € R such that (j, k) # (n,m)
[N} — AR — A+ A >l —e

3) The proof is achieved since for €; >0 small enough, (761 N W, is non zero
measure subset of D. For any ug € U, N W, and for any ((j,k), (n,m)) €
(IM)? so that (j, k) # (n,m), we have

|/\;.‘0 — A=A AR > min{7r2 —€,€1}. ]
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Remark 7. Let B be a bounded symmetric operator satisfying Assumptions
I. By using the techniques of the proofs of Lemma 14 and Lemma 16, one
can ensure the existence of a neighborhood U; of ug in R and Us, a countable
subset of R so that, for any ug € U(0) := (U; \ Uz) \ {0} we have

L. For every N € N, A0 — A0 — Aj0 + A0 £ 0 for all (5, k), (n,m) € N
(see (5)) so that (j,k) # (n,m).

2. Bj§ = (°(T), B¢ (1)) # 0 for every j,k € N.
3. For € > 0, if |u| is small enough, then sup;ey [|¢; — ¢7°[|(3) < €.

Remark 8. Let B be a bounded symmetric operator satisfying Assumptions
I. As Remark 7, there exists a neighborhood U; of ug in R and Us, a count-
able subset of R containing u = 0 so that, for any ug € U(0) := (U1\U2)\{0},
the numbers {1, /\;-‘0 }jen are rationally independent, i.e. for any M € N and

{TJ}OSJSM cQ \ {0} it holds rg + Z]]\il Tj)\?-o #0.

References

[1] J. M. Ball, J. E. Marsden, and M. Slemrod. Controllability for dis-
tributed bilinear systems. SIAM J. Control Optim., 20(4):575-597,
1982.

[2] K. Beauchard. Local controllability of a 1-D Schrodinger equation. J.
Math. Pures Appl. (9), 84(7):851-956, 2005.

[3] K. Beauchard and C. Laurent. Local controllability of 1D linear and
nonlinear Schrédinger equations with bilinear control. J. Math. Pures
Appl. (9), 94(5):520-554, 2010.

[4] U. Boscain, M. Caponigro, T. Chambrion, and M. Sigalotti. A weak
spectral condition for the controllability of the bilinear Schrodinger
equation with application to the control of a rotating planar molecule.
Comm. Math. Phys., 311(2):423-455, 2012.

[5] N. Boussai d, M. Caponigro, and T. Chambrion. Weakly coupled sys-
tems in quantum control. IEEE Trans. Automat. Control, 58(9):2205—
2216, 2013.

[6] T. Chambrion, P. Mason, M. Sigalotti, and U. Boscain. Controllability
of the discrete-spectrum Schrodinger equation driven by an external
field. Ann. Inst. H. Poincaré Anal. Non Linéaire, 26(1):329-349, 20009.

[7] T. Kato. Integration of the equation of evolution in a Banach space. J.
Math. Soc. Japan, 5:208-234, 1953.

28



8]

[9]

[10]

[11]

[12]

T. Kato. Perturbation theory for linear operators. Classics in Mathe-
matics. Springer-Verlag, Berlin, 1995. Reprint of the 1980 edition.

V. Komornik and P. Loreti. Fourier series in control theory. Springer
Monographs in Mathematics. Springer-Verlag, New York, 2005.

D. G. Luenberger. Optimization by vector space methods. John Wiley
& Sons, Inc., New York-London-Sydney, 1969.

M. Morancey. Simultaneous local exact controllability of 1D bilinear
Schrodinger equations. Ann. Inst. H. Poincaré Anal. Non Linéaire,
31(3):501-529, 2014.

M. Morancey and V. Nersesyan. Simultaneous global exact controlla-
bility of an arbitrary number of 1D bilinear Schrédinger equations. J.
Math. Pures Appl. (9), 103(1):228-254, 2015.

29



