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Abstract

We consider an infinite number of one dimensional bilinear Schrodinger
equations in a segment. We prove the simultaneous global exact con-
trollability in projection of unitarily equivalent sequences of functions.
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1 Introduction

Let 7 be an infinite dimensional Hilbert space. In quantum mechanics,
any statistical ensemble can be described by a wave function (pure state) or
by a density matrix (mixed state) that is a positive operator of trace 1. For
any density matrix p, there exists a sequence {9;}jen C S such that:

(1) p=> LWl Y =1, ;=0 VjeN.
jEN jeN

The sequence {9} };cn is a set of eigenvectors of p and {/;};en are the cor-
responding eigenvalues. If jo € N is such that [;; = 1 then [; = 0 for each



j # jo and the corresponding density matrix represents a pure state up to a
phase ambiguity. Hence the density matrices formalism extends the common
formulation of the quantum mechanics in terms of wave function.

Let us consider T' > 0 and a time dependent self-adjoint operator H (t)
(called Hamiltonian). The dynamics of a general density matrix p is de-
scribed by the Von Neumann equation:

@ {id—(t)=[H(t),p(t)L te (0,7) ([Hpl=Hp—pH),

for p¥ the initial ensemble. The solution p(t) = U;p(0)U;", where U, is the
unitary propagator generated by H(t) and:

i4U, = —iH(t)U, te(0,T),
Uy = 1d,

In the present work, we consider # = L2((0,1),C) and H(t) = A +
u(t)B, for A = —A the Dirichlet Laplacian, B a bounded symmetric oper-
ator and u € L2((0,T),R) control function. From now on we call T¥ the
unitary propagator U;. The system (2) is said to be globally exactly control-
lable if for any couple of density matrices unitarily equivalent p', p? there
exist T > 0 and u € L*((0,T),R) such that p? = I'p!(T'%)*. Thanks to the
decomposition (1) the controllability of (2) is equivalent (up to ambiguity
on the phases) to the simultaneous controllability of the infinite systems:

) {mﬂpj(t,x) = Au;(t, ) + u(t) Bu;(t, ), z€(0,1), te (0,T),
P;(0,x) = Y (x), Vj € N.

The state 1/)?(3:) is the j-th eigenfunction of p°, p? = P )\]|1/)?>(¢?| and
the j-th solution of (3) is v;(t) = I’f&b?. To this purpose we study the
simultaneous global exact controllability of infinitely many systems (3) and
we rephrase the results in terms of the density matrices.

The controllability of the bilinear Schrédinger equation (3) has been
widely studied in the literature and we start by mentioning the work on the
bilinear systems of Ball, Mardsen and Slemrod [1] to which the following
proposition is related (see also Turinici [15]).

Proposition 1. The system (3) for u € L} ((0,T),R) admits an unique

loc

solution ¢ € C((0,T'), ), for any initial state in . Moreover if S is the
unit sphere in J€ and:

Z(o) :={¢ € D(A)| 3T >0, Ir > 1,Fu € L],.((0,T),R) : ¢ =TTy},

then for every g € S N D(A) the attainable set Z (o) is contained in a
countable union of compact sets and it has dense complement in S N D(A).



Despite this non controllability result many authors have addressed the prob-
lem for weaker notions of controllability.

For instance Beauchard and Laurent [3] prove the local exact controllabili‘cy
of (3) in a neighborhood of the first eigenfunction of A in Hyy = = D(|A|2)

for s = 3 and B = y € H? improving the work [2].

The global approximate controllability in a Hilbert space has been studied
by Chambrion, Mason, Sigalotti, Boscain in [7] and by Boscain, Caponi-
gro, Chambrion, Sigalotti in [4]. In both simultaneous global approximate
controllability results are provided.

Let Hpy, = D(|A+V|2) for V e H®, Nersesyan and Morancey in [11] prove
the global exact controllability of one dimensional Schrodinger equation with
B = ;i € H% and a polarizability term in H ?V)'

Morancey in [10] proves the existence of a residual set of functions p in H3
such that for B = pu the simultaneous local exact controllability is verified
in H (30) for at most three systems (3) and up to phase-shifts.

In [12] Morancey and Nersesyan extend the result and achieve the existence
of a residual set of functions p in H* so that for B = u, one can ensure the
simultaneous global exact controllability of any finite number of (3) in H2 vy

In the present work we use part of the notations of [3], [10], [11], [12] and
we carry on the previous works. We provide explicit conditions in B that
imply the simultaneous global exact controllability in projection of infinite
(3) in H ?0) by projecting into suitable finite dimensional subspaces of H, ?0).
Another goal of this work is to prove the simultaneous local exact control-
lability in projection for any 7" > 0 up to phase-shifts. In the appendix
we develop a perturbation theory technique that we use in order to get rid
of an issue appearing in the proof of the local controllability: the “eigen-
values resonances”. The formulation of the controllability for orthonormal
basis allows to provide the result in terms of density matrices and unitarily
equivalent sets of functions.

1.1 Framework and main results

We denote 2# = L?((0,1),C), its norm || - || and its scalar product (-,-). Th
operator A is the Dirichlet Laplacian (A = —d > and D(A) = H}((0,1),C)N
H?2((0,1),C)), B is a bounded symmetric operator and u is a LQ(( ,T),R)
control function.

We consider an orthonormal basis {¢;}jen composed by eigenfunctions of
A related to the eigenvalues {\;};cn and:

(4) ¢i(t,x) = e_iAt(bj(x) = e_i)‘ftqﬁj(x).

)



Let us define the spaces for s > 0:

Higy = Hip((0,1),€) i= D(A%), |-y = (D k(000 2)
k=1

() = {{tj}jen C K| Ji lillr < oo},

208) = {0 e © #] 3 I < 0.
j=1

n () = {{}sen € | 3G s l)? < o).
j=1

Assumption (I). Let B be a bounded symmetric operator.

1. For any N € N there exists Cy > 0 such that:

4 4 C
VikeN, jSN,  [énBopl = o5

2. Ran(B|H(20)) - H(QO) and:

Ran(Blp3, (0,1).0) & H?((0,1),C) N Hy((0,1),C);

3. for each 7, k,1,m € Nsuch that j2—k?—124+m? = 0 and (5, k) # (I,m),
then:

Remark 1. If a bounded operator B satisfies Assumption (I) then B €

L(H(QO),H(QO)). Indeed B is closed in 2, then for every {up}lneny C

such that wu, z) u and Bu, i v we have that Bu = v. Now for every

H? H?
{tn}nen C H(QO) such that u, —© 4 and Bu, —© v, the convergences with
respect to the ##-norm are implied and then Bu = v. Hence the operator
: . 2 2 2

B is closed in H; and B € L(H(O), H(o))'

Example. Assumption (I) holds for B : ¢ +— 2%¢. Indeed the conditions

1) and 2) directly follow and by considering:
(=1Jt*

—1)i—k .
‘<¢j7x2¢k>’ = ‘((]‘_1]3;27T2 - (j+k)27r2 9 ] 7& k?

[(6r 220 I[3 = 583 | ke,

the condition 3) is verified as:

Pk -P4+m?P=0 = j2-k?2-124+m?2#£0.



Definition 1. Let ¥ := {¢;};eny C S and (V) := span{y); : j < N}
The map 7y (¥) is the orthogonal projector into .y (¥) and if ¥ is an
orthonormal system, then for each ¢ € 7

N
T (W) = 3wl ).
j=1

Theorem 2. Let B satisfy Assumption (I). Let {T/J}}jeNa {%Z}JEN’ C H?o)
unitarily equivalent and U3 = {¢?}jeN C H(?’O) a sequence of functions. If
Te U(S) is a unitary operator so that {ﬁﬁ}}jeN = {Q,D]Z}jeN and it satisfies
the condition f*¢? € H?o) for every j € N, then for any N € N there exist
T > 0 and a control function u € L*((0,T),R) such that:

TN (%) o = an(U°) Ty,  jEN.

For any couple of elements {wjl }ieNs {wjz}jeN, CH 5’0) unitarily equivalent,

one can consider a sequence W3 := {¢?}jeN C H(?’O) such that f*¢? € H?o)
and so that the assumptions of Theorem 2 are satisfied.

We point out that if we set U3 = W2, the condition f*¢? € H (30) is always
verified (such as if U3 = W!). By considering that:

2 -

R jSNa
5 N (U?) 2 =7
5) N(T7) ¥ {wN(\Iﬂ) 2, j >N,

the next corollary straightly follows (if U2 is composed by linearly indepen-
dent elements, the second line of (5) is 0).

Corollary 3. Let B satisfy Assumption (I). Let W' := {Q,Z)Jl}jeN, U2 =
{¢]2}jeN CH ?0) unitarily equivalent, then for any N € N there exist T > 0
and a control function u € L*((0,T),R) such that:

Tiap) = 93, j<N
7wy (9?) T} = mn (92)y3, j > N.

One can notice that Corollary 3 implies the simultaneous global exact
controllability without projecting of N systems (3) and provides further
informations about the remaining functions. This extends Morancey, Ners-
esan [12, Main Theorem] and it provides conditions in B that imply the
controllability.

Moreover as long as we study the controllability of two unitarily equivalent
sequences of functions and we project with respect to the target one, we do
not need any further condition as in Theorem 2.



Each time that we try to control in projection with respect a third sequence
of functions, the situation is more delicate. Theorem 2 assures that if a
“H 5’0)—compatibilily” condition between two elements and a projector is sat-
isfied, one can simultaneously control them in projection.

Now we rephrase the two controllability results in terms of density ma-
trices in the following corollary.

Corollary 4. Let B satisfy Assumption (I) and p',p? € T () be two
density matrices unitarily equivalent such that Ran(p'), Ran(p?) C

1. Let U2 := {¢j2}jeN C H?o) a complete orthonormal system composed

by eigenfunctions of p>. Then for any N1 € N there exist T} > 0 and
a control function uy € L?((0,T1),R) such that:

Ter(\Ij2) F%pl(r%i)* 7TN1(\II2) = 7TN1(\II2) p2 7TN1(\D2)'

2. Let U3 = {1/1 }ien C H(o) T € U(A) the operator such that p* =
Fplf* If F*?/)?’ € H fm’ every j € N, then for any No € N there
exist To > 0 and a contml function uy € L%((0,T3),R) such that:

7TNQ(\I]B) F%PI(F%)* WNQ(\II?)) = 7TN2(\II3) p2 7'(-]\72(\113)'

1.2 Well-posedness of the Cauchy problem

We mention now the crucial result of well-posedness for the system:
iOpp(t, x) = =Ad(t, x) + u(t)p()(t, z) + f(t, ),
¥(0,z) = ¢ (z), z € (0,1), te(0,T).

Proposition 5 (Beauchard, Laurent; [3]; Lemma 1 & Proposition 2).

1) Let T > 0 and f € L2((0,T), H{NH?). The function G : t — f €5 f(s)ds
belongs to C°([0,T), H( )) Moreover:

(6)

G Loe (0,1, HE) S € ()HfHL2 ((0.7), H3NH )

where the constant c1(T') is uniformly bounded with T lying in bounded in-
tervals.

2) Let p € H*((0,1),R), T >0, ° € HE)(0,1), f e L*((0,T), Hy N H?)

and u € L?((0,T),R). Then there exists a unique mild solution of (6) in
(0) (0,1), i.e. a function ¥ € Cy([0,T], (0)) such that for every t € [0,T]:

(7) p(t,z) = dUO(z) — i /0 30 (u(s) () (s, x) + [(s,2))ds.

6



Moreover, for every R > 0, there exists C = C(T,u, R) > 0 such that, if
|l 2 (0,r),r) < R then the solution satisfies:

®)  Mlleoqor,mg,) < C(WOHH(SO) 2o, m2nm)s Yoo € Hy.-

If f =0 then:
o[l = 9° vt € [0,T].

If B satisfies Assumption (I), then Proposition 5 implies:

Pt x) = e_iAtQ,Z)?(x) - i/ot e_iA(t_S)u(s)B¢j(s,x)d8.

The relation (8) becomes ||'11Z)jHCO([O7TLHE30)) < C||1,Z)?||H(30) and for every {1} jen €
€°°(H3)) (respectively h3(H(30))) it follows that {T'}.4);}jen € KOO(HEO’O)) (re-

©
spectively h3(H, (30) ))-

1.3 Time reversibility

Let us now present another feature of the bilinear Schrodinger equation, the
time reversibility. First we notice that:

0T _ 0 (x) = —ATY._0%(x) — u(T — t)BTY._ 0 (x),
D o¢(x) = Dpg(z) = ¢! (2),
Let us define () := u(T — t), T'¥ := I't_,. It follows:

{mﬁ?wl@) = (A - u(t)B)I{p!(z), =€ (0,1), t€(0,T),
TEy0(z) = ¢ (z)

and T¢T% =T% ,. Then T#I% = Id and:

9) Tf = (Tf) 7' = (T4)".

In conclusion for ¢ > 0 and @(-) = u(t — -) the operator I'? is the propagator
related to (—A — u(t)B) and describes the reversed dynamics of T'}'.

The importance of the time reversibility resides in the fact that all the
controllability results that we are going to prove are still verified for the
reversed system. We will use this feature in many steps of the next proofs.



1.4 Scheme of the work

First, in Section 2 we present the general strategy and the sketch of the
proof of the simultaneous local exact controllability in projection. We em-
phasize the obstructions to overcome in order to motivate the modification
of the problem. In Theorem 6 we prove the simultaneous global approximate
controllability for N systems (3).

Second, we achieve the simultaneous local exact controllability in projection
for any 7' > 0 up to phase-shifts (Section 3, Theorem 8).

Third, we prove that the simultaneous local exact controllability in pro-
jection of infinite systems (3), under particular conditions, is equivalent to
the simultaneous local exact controllability of a finite number of systems
(Section 4, Proposition 9).

Fourth, we use together the simultaneous local exact controllability of a
finite number of systems from [12, Theorem 4.1] with Theorem 6 in order
to obtain the simultaneous global exact controllability for N systems (3)
(Section 4, Theorem 10).

The proof of Theorem 2 follows from Theorem 10. We provide the controlla-
bility in terms of unitarily equivalent sets of functions and density matrices
(Section 4.2).

2 Preliminaries and simultaneous global approxi-
mate controllability

In this section we discuss the simultaneous local exact controllability in

projection and we explain why we modifiy the problem before proceeding.

Moreover we prove the simultaneous global approximate controllability in
H(?’O) In the local result, our purpose is to control different orthogonal

systems {¢ Hien, {¢2}J€N € h¥( (0)) such that ||7/)]1H = ||7/)]2H for every
j € N, hence we define {p;};en the h3(R) sequence such that:

pj = el = IIW3ll, VjeN.

We recall Definition 1 and we set:
A = span{g; : j < N}, TN :=TN {¢J}J€N Z¢J )

We start by studying the local exact controllability in projection with respect
to mn of the systems (3) with initial state {¢?}jeN = {pjoj}jen in the
neighborhood:

Oe,r ::{{T,Z)j}jeN € h*(Hp))| (5, ¥k) = piprdi;

(10)
195 = pi 85Dl as, ) < 6}'



In other words, let 7" > 0 and N € N, our goal is to prove the existence of
€ > 0 such that for any orthogonal system {T,Z)jl }jen € Ocr, there exists a
control function v € L2((0,7T),R) such that:

nThpid; = by, Vi €N

To this purpose, we consider the solution of the j-th system:

¥;(t) =Tipj¢; = Z¢k t),piLid;) = Z(ﬁk (Prdw(t), 0T d5)

and the map «a(u), the infinite matrix with elements:

agj(u) = (prdw(T),Irpi05) = prpj(on(T), Tr¢;), k,jeN k<N,

The local existence of the control function is equivalent to the local right
invertibility of the map « for T' > 0 (in other words the local surjectivity).
To this end, we are going to use the Generalized Inverse Function Theorem
(see [9], p. 240) and we study the surjectivity of the Fréchet derivative of «,
v(v) == (dy(0)) - v, the infinite matrix with elements:

T
Vi,; (V) 1 = piDp; <q§k(T), —i/o e_ZA(T_S)v(s)Be_ZAS(bjds>
T .
= —i/o v(s)e " NiTAsgsBy s k<N, jeN,

for By, ; = pkpj{dk. Boj) = pxpj(Bék, ¢j) = Bj k. The right invertibility of
the map ~ consists in proving the solvability of the moment problem:

. T
Lk,j - / u(s)e_i(Aj_Ak)st.
By 0

for each z, infinite matrix such that {xk,jB];;}k,jeN € ()N
YUkSN

One would use Haraux Theorem ([8], p. 67), but there are the “cigenvalues
resonances”.

1. First, we recall A\, = 72n? so that Aj — Ax = 0 for all the diagonal
terms of v (j = k).

2. Second if the dimension of 7y is large enough, there happens that
Aj = A = Ay — A, for j,k,n,m € N, (j,k) # (n,m) and k,m < N.
An example is A7 — A\{ = Ag — \4.

These eigenvalues resonances cause the following constraints:

, T
Y —i/ u(s)e "N AR)3 g
B, 0

T —i(An—Am)s Ln,m
=—i [ wu(s)eVnTm)Sdg = ,
0 Bn,m

for k # n,m and j # n,m. Hence we adopt the following strategies.



1. We apply a phase-shift:

in order to remove the resonances of the diagonal terms.

2. We decompose the operator A + uB as:
A+uB = (A+uyB)+u(t)B

and consider A + ugB instead of A, in order to modify the eigenvalues
gaps using ugB as a perturbating term.

The perturbation theory technique is required in order to remove the res-
onances and solve the moment problem (local controllability), but it is
also necessary in the global approximate controllability result that we are
going to clarify in the next subsection. In particular one can use it to
ensure that the problem admits a non-degenerate chain of connectedness
[5, Definition 13].

2.1 Modified problem

Let N € N and u(t) = ug + ui(t), for up and w;(t) real. We consider the
systems:

an {z’atw, 7) = (A+upBY;(t,2) +ur (1) By (¢, 2),

) (0,x) = ¢?($) Vi eN,

with solutions ¢ (t,z) = F;L°+”1¢?(x) where T} is the unitary prop-
agator of the dynamics. We point out that A + ugB has a compact resol-
vent thanks to the fact that B is bounded and that A has compact resol-

vent. Hence the operator A + ugB has pure discrete spectrum, its eigen-
values {\:°};en correspond to some eigenfunctions {¢7°(x)}jen and we set

$U0 (T, ) = e Tl ().

Now by recalling that {p;};en € h3(R), we introduce:

OgoOT {{w]}JGN € hg( ){ <¢ja¢k> p_]pk
l[4; —pj¢?0( )”h3(H3 ) < 60}

(12) O ={{fi}jen C Hi| (f5 fx) = prpsbin Gk < N

N
S0l = pi (@), < e}

j=1

10



The introduction of the new orthonormal system imposes to define:

Hiyy = D(A+uoBl2), ||l = (ZHW s)*.

However we will consider ug small enough and B satisfying Assumption
(I) so that the hypothesis of Lemma 16 (Appendix A) are verified. Hence
H(?’O) = H?) and there exist two constants Cq,Cy > 0 such that:

Cull- gy < I le, < Call -l

that we abbreviate as || - || 7. =< ||| Y, - Afterwards, we define the maps &
(0)

and ¥, the infinite matrices with elements:

a,j(u1) = peps {0} (1), 7" 67°), k<N, jeN,
(13) ap () = FL Gy, (u), j k<N,

ag;(ur) = ay,j(u1), j> N, k<N,
respectively.

Definition 2. Let 7° := span{qﬁ?o : 7 < N}. The orthogonal projector
N« A — Hy° and the map II}) : °°(H) — (°(#°) are respectively
such that for each ¢ € 7 and {¢;};en € °°(I):

N
TY = 5N, ), TR {Ws}jen = {0 e € £°(A°).

J=1

2.2 Approximate simultaneous controllability

In this subsection we prove the simultaneous global approximate controlla-
bility of the systems (3) by using the theory from [5]. Let us call U (%) the
space of the unitary operators on 2.

Definition 3. The problem (A, B,U,{¢;},en) is said to be finetely simul-
taneously globally approximately controllable in H? ) if for every r € N,

Uiy, Yy € Hpy, Te U(S) such that Lo, ..., D, € H{p, and € > 0, there
exist T > 0 and u € L?((0,T),R) so that for every 1 < k < r:

T4y — D] s < e.

Theorem 6. Let us consider the systems (11) and B satisfying Assumption
(I). Then (A, B,U,{¢;}jen) is finetely simultaneously globally approximately
controllable in H?o)'

11



Proof. Let us consider (A 4+ uoB, B, U, {(ﬁ}‘o }ien) with ug contained in the
neighborhoods provided by Lemma 16 and Remark 3 (Appendix A). Then
the hypothesis of [5, Proposition 65] are satisfied since the operators —i(A+
uoB) and —i(A + upB) — iuB are skew-adjoint. Moreover Remark 1 implies
the validity of [6, Proposition 6] that ensures that the couple (A + ugB, B)
is 2-weakly coupled. Now (A + ugB, B) admits a non-degenerate chain of
connectedness thanks to Remark 3.

Thus for every n >0, s <4 —n,r € N, ¢y, ....; ¢, € D(]A—i—uOB]%) = f[fo),
Te U(4) such that fth - f?/)r € ]TI(SO) and for every e > 0, there exists a
piecewise constant control u : [0,7] — U such that for every 1 < k <r:

ITer, — F%%Hﬁ(so) <e.

Thanks to Lemma 16 the claim is achieved. O

3 Simultaneous local exact controllability in pro-
jection
The aim of the section is to study the surjectivity of the map «"°, defined
in (13) (from now on we omit its dependence in u). If o is locally surjec-
tive then the systems (11) are simultaneously locally exactly controllable in
projection in hg(Hg’O)).
Let B“0 be the hermitian infinite matrix with elements B;f% =Dpj pk<¢;.“’, B¢p®)
for j < N and k € N. We prove the local surjectivity of a“® by using the
Inverse Function Theorem (][9], p. 240) and we focus our efforts on the map
Y0 (v) = ((du, @™ )(0)) - v. One can define 7, ;(v) = ((dy, @)(0)) - v and then
%0 (v) is the infinite matrix with elements:

{%?f} = 52 (gpipsOhs + 71k — epi0eRG;0), RSN,

Thus for K < N and j € N:

~ T N0 _ 340 )
(14) ’Y;?OJ =Yk = —1 fo ui(s)e A7 A )SdsBZ?j, k +# 4,
Vg = R(kk) =0, k=37,

The relation 7,9 = 0 comes from the fact that v, = ¥(7,/9) as one can
notice that:

(15) Mo = =% Gk <N, k#j.

12



3.1 Features of the spaces

Let us study the spaces in which the previous maps take values. We consider
PoU0 = {p;$.°(T)}jen, the space O defined in (12) and:

N
M0z C{{Ws ke € BP0 355 = pidf (D,
j=1

[o.¢]
+ > il <o}
j=N+1

Afterwards we introduce the tangent space:

N Trauw O p ={{fj}jen € W°(S°)] (270, f5) = —(@°, fi)

j,k<N}.
One can notice that:
N oo
S by (), T )
k=1 j=1
(16) - o
- Z Z TP g (T), 65°)]? < o0,
k=1 j=1

thanks to the fact that f}; preserves h3(H? )) (as the propagator I'}, Section

(0
1.2) and that {pyd;.° }ren € h?’(HE’O)) (Lemma 16). Thus {pj_ljgak,j}k,jeN €

k<N
22(C))N. In conclusion the maps @, o and v* respectively take value in:
Yy

DN ::{ {drj}y jen € (R*(C)N| {pjildekJ}k,jeN € ((C)Y;

E<N k<N
({dg}jen dig}sem)e = puilps [0 k.1 < N,
N e e (BCNN] 3d e DN o = Tk
QY =\ {zk}rjen € (BP(C)Y] 3d € DY+ = j < N;
k<N |dj7j|
wk,j = ko j > N}7

G~ 3:{{5'3k,j}kk,]£vN e (RPN {pj ' 2hty jen € (CCO)Y;

E<N
Tpj = —Tjk J k < Nj; Tk =0 k‘EN}

3.2 Simultaneous local exact controllability in projection for
any 7'> 0

Now, we are going to expose the simultaneous local exact controllability in

projection of (3) in Og’; defined in (12).
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Proposition 7. Let N € N and B satisfy Assumption (I). Then for any
T > 0 there exist eg > 0 and ug € R such that for any {1 }jen € OgOOT there

exist a sequence of real numbers {0;};jen = {{@}KN,O, } and a control
function u € L*((0,T),R) such that:

{ri¥itjen = {0 € T4p;¢i°}jen.

Proof. 1) First we recall (14) so that v“0(u) is the matrix with elements:
T _A()\uo _)\“O)
Yy (u) = —i/ u(s)e” " TR P B 0ds, jEN, k<N, j#k.
b2 0 b2

Let up be contained in the neighborhoods provided by the lemmas 14, 15,
16 and Remark 2 (Appendix A). We want to apply Haraux Theorem ([8],
p. 67) in order to solve the following moment problem:

T . U, U,
(17) xz(’j = —i/ u(s)eiZ(Ajof)‘ko)sB}:(}ds, JEN, k<N, k#j.
I 0 i

for every z%0 € QN . Now the validity of Lemma 15 (Appendix A) implies
the existence of C'y such that:

|20 (60 (T), Be°(T)) | < [CF 52
Thus:

{mes(Bio) 7}, = {meami v (oo @), Bap @) e (@),

We point out that one can just solve (17) for:
(k,j) € l:={(k,j) EN* | k< Nk<j or k=j=1}

since the remaining equations are redundant thanks to (15) and to the def-
inition of GV. Thanks to Lemma 17 (Appendix A) there exist:

e N o e R
,7),(m,n)e

- : uo uo uo uo
T e mena T T Al >0
where A runs over the finite subsets of I (we present a precise estimate of
% in the second point of the proof). Hence for T' > 2?7, one can use Haraux
Theorem ([8], p. 67) and solve the moment problem (17). Then "0 is
surjective up to phase-shifts.
The proof is achieved by using Generalized Inverse Function Theorem ([9],

p. 240), which ensures that the map a"° is locally surjective.
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2) Let us estimate the gap:

& .= sup inf AU — Ao U0 \BO| >
Act (kg),(mm)enA 7

that defines the minimal time of solvability of the moment problem (17).
Let M e N, AM .= {(k,j) € [ | k<N, j <M} and I™ := I\ AM. For M
large enough Remark 2 (Appendix A) implies the existence of C' > 0 such
that for every (k,j), (m,n) € I'M:

\)\}‘“ = AL = A HF AR = O = A= A+ A

Hence we can study the asymptotic gap by considering the unperturbated
eigenvalues so that:

gECSUp( inf )‘j_>\k—)\n+)\m>.
MeN (k,j),(m,n)EIM

The sequence {inf(k7j)7(m,n)€11v1()\j — A — A+ A
positive, thus:

)} My 18 increasing and

@ >C lim ( inf ()\j—)\k—)\n—i—)\m)).
M—00 \ (k,j),(m,n)eIM
For every (k, 5), (m,n) € I one knows that \g, A, < 72N2, so:

)\j—)\k—)\n-i-)\m > ’)\j _)\n’ I\

Now j,n > M and for M large enough |\; — A\,| > 272N? and |\; — A, | >
AM42 — AM41 — 2712 N2, Then:

G >C lim (Ayy2 — Mgt — 2N?7%) = lim Cn?(2M + 3 — 2N?) = .
M—r00 M—00
In conclusion the moment problem (17) is solvable for every 7" > 0. O

Remark. In the proof of Proposition 7, one can get rid of the diagonal
resonances by phase-shifting the components instead of the solutions. Indeed
we can repeat the proof by substituting the map a*° with the following one:

Gel Gy (u), Gk <N,
A (u), j>N, k<N.

In fact, we point out that one can mix the two techniques by phase-shifting
a part of the components and a part of the solutions.

In the next Theorem we ensure the simultaneous local exact controlla-
bility in projection for any 7" > 0 up to phase-shifts for orthonormal sets.
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Theorem 8. Let N € N and B satisfy Assumption (I). Then there exist
T >0, e>0 and up € R such that for any:

{Ws}ien € {{w}jen € Hip)| (W5, 90) = i3
15 = &5 (T)lgoe 113, ) < e}

there exist a sequence of real numbers {0;}jen = {{é\]} } and a

control function u € L*((0,T),R) such that:
(18) {m¥;}jen = {m € TH67"} jen.

Proof. For every {1;}jen € KM(H?O)) and {p;}jen € h*(R) it follows that
{pjt;}ien € K3 (H ?0)). Hence the claim is consequence of Proposition 7. 0

]SN? 0’

4 Simultaneous global exact controllability in pro-
jection

The purpose of the section is to provide the proof of Theorem 2. We would
like to start by proving the theorem in h3(H 30 ) with an approximate con-
trollability result and the local exact controllability of Proposition 7.

However even if it is possible to prove the simultaneous global approximate
controllability for infinite systems in h3(H ?0)) thanks to Theorem 6, the flow

of the unitary propagator I'}. does not preserve the space 7y (H, (30)) making
impossible to reverse and concatenate dynamics.

Thus we have to adopt an alternative stategy and we transpose the problem.
In particular we prove that under particular conditions the controllability
in h3(H ?0)) in projection into a NN dimensional space is equivalent to the
)N

controllability of N systems in (H?O) without projecting. We call this

feature “transposition argument”. Now the space (H ?0))N is preserved by
the propagator, hence we can reverse and concatenate dynamics.

4.1 Finite simultaneous local exact controllability

Let us start by proving that Proposition 7 implies the finite simultaneous
local exact controllability of the systems:

(19) 0 f°(t,x) = —(A+uoB) f°(t,x) —w(t) Bf°(t, v),
f9(0,2) =pié G N,
in the neighborhood 530°7T introduced in (12).

Before proceeding we define the following notation. Let us consider a generic
matrix x = {x 1 }(jx)es for J C N2 set of indices, we call 2T the transposed
matrix with elements x?k = Tk, j-

16



Proposition 9. Let N € N and B satisfy Assumption (I). Then there exist
T >0, g >0 and ug € R such that for any {¢;}j<n € OF° oT there exist a

sequence of real numbers {0 }ren = {{Gk}k<N, 0, } and a control function
u € L?((0,T),R) such that:

Z ope (0 ) = Tpy®, j < N.

Proof. First, by using the relation (9), one can show that:

<¢zo (T), F%¢;‘O> — e*iAkOT(P%(b}m, ¢ZO> — e—iAk0T<¢;m7 (P%)*¢z0>
— e*i(AkOJr)\jO)T <¢;m (T), ~%¢zo>

(20)

Now e X"+ does not depend on u and then the relation (20) im-

plies that the map {(¢,°(T), I“Zj«(élﬂ}k,jeN is surjective in DY if and only if

{{,2(T), F%gbuoﬂk jeN is surjective in the space:

j<N

{x = {xk,j}k,jEN‘ xT S DN}.
J<N

Let the map @ be the infinite matrix so that ay, ;(u1) := (prd°(T), fé,ﬂOJrﬂlquS?O).
One can ensure that the surjectivity of the map "0 is equivalent to the sur-
jectivity of the map a“°, the infinite matrix with elements:

Agk(U1) ~

() = giteang (W), 5k <N,
az?j(ﬁl) = (1), k>N, j<N.

Thus the simultaneous controllability by projecting into JZy° of infinite
systems (11) is equivalent to the simultaneous controllability of N systems
without projecting.

In conclusion thanks to Proposition 7, for any {¢] }i<n € 62007% there exist

a sequence of numbers {6;}en = {{9 } } and a control function

up € L?((0,7T),R) such that:

j<N’

Z gb sz (T), f%o+u1pj¢?o>. 0

Remark. We define for € > 0:
0(e) :={{w}hsen € Hip)| (W) = 0y 1 = 63l ) < €

Let us consider the transposition argument and the existing results of simul-
taneous local exact controllability for N systems from [12, Theorem 4.1]
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and [12, Proposition 4.4]. One can state the existence of a residual set
of functions g in H? such that for B = pu the following controllability
features hold. In particular they imply the simultaneous local exact con-
trollability in projection in O(e): the first for 77 > 0 large enough and
the second for every T' > 0 up to phase-shifts into the components. In
other words V {t;};en € O(e) there exist u € L?((0,7),R) and a sequence

{0;}jen = {{@}]SN,O, ...} such that:

(O, Th0;) = € (¢p, ),  jEN, k<N.

However our purpose is different, we want to explicit conditions in B so that
the local controllability in projection is guaranteed for every T' > 0 and up
to phase-shifts as in Theorem 8.

Remark. The transposition argument allows to adopt in the proof of Theo-

rem 2 the result [12, Theorem 4.1] instead of Theorem 8. Indeed [12, Theorem 4.1]
ensures the simultaneous local exact controllability of N systems without

the any phase-shifts. The theorem does not hold for any 7" > 0, contrary to
Theorem 8, but we have to renounce to the controllability for any positive

time when we use Theorem 6.

Now we prove the simultaneous global exact controllability for a finite
number of systems (19).

Theorem 10. Let N € N and B satisfy Assumption (I). Then for any
{¢}e<n, {¥iti<n C H?o) orthonormal systems, there exist T > 0 and a

control function u € L*((0,T),R) such that:

Wi =T%Pi, k< N.

Proof. Let ug be contained in the neighborhoods provided by Remark 3,
Lemma 15 and Lemma 16 (Appendix A). Now [12,Theorem 4.1] holds if
one substitutes V with ugB and p with —B. Then there exists ¢ > 0 such
that for:

N
N(e) == {{s%}kgzv C Hiy| (55 0x) = ks Z; lloe = Pl < 6}
.]:

there exists T' > 0 so that V {¢g }k<n € N(€) there exists a control function
uy € L*((0,T),R) such that ¢, = Iy "¢, for every k < N.

Afterwards, for each {t }r<ny C H?o) such that (¢;, 1) = 0; , Theorem
6 holds if one substitutes A with —A and B with —B. Hence there exist
T > 0 and a control function us € L?((0,T),R) so that:

N
up _ Tuotu2
;wk Lty <e

18



Now {f%ﬁwwk}kg]v € N(e) and thanks to the first part of the proof there
exists a control function ug € L?((0,7),R) such that:

fl%oJrUka _ F%OJFHS ¢Z0’ VY k< N.
By reverting the dynamics and defined:
u(t) = o+ uz(t)xpor) (t) + u2(T + T = )X g (1)

we have that ¢ = P;+T¢Z°. Hence for any W2 := {¢j2}j§N C H?o) or-
thonormal system there exists a control such that the dynamics of (3) start-
ing from {gb;”’ }j<n reaches U2, Thanks to the time reversibility for every
Ul= {1#} ti<n C H ?0) orthonormal system there exists a controlled dynam-

ics with initial state ¥! and target {gb}“’ }i<n- In conclusion if we concatenate
the two, one can ensure the existence of a control such that the associate
dynamics starting from W! arrives to ¥? by passing through {(;5;‘0 Yi<n. O

4.2 Proofs of the main results

Proof of Theorem 2.

1) Controllability of orthonormal systems:
Let U3 := {¢3}jeN € H?) be an orthonormal basis. We consider a couple
of orthonormal systems {1/) }ieNs {¢ }ien C H(o

Te U(#) such that FT/J} = 1/1]2 and F*T/J? € H(o) for every j € N. The last
relation implies that for every £ < N:

) and the unitary operator

G = Do) = 30w (Tuj u) =T € By,
j=1 J=1

Thanks to Theorem 10 there exist T > 0 and a c~ontro~l function v €
L%((0,T),R) such that for every k < N we have that 15 = I'%1)3. Hence for
jeN, kE<N: N N

(W7 TFeR) = (¥, r) = (03, 97),
then (¢7,¢) = (T4}, ¢) and:

(21) v (B2 = my(B)Tgl,  VjieN.

2) Controllability of unitarily equivalent sets of functions:
Let us consider {w}}jeN, {T/sz}jeN CH 5’0) unitarily equivalent. We suppose

the existence of a unitary operator T so that fqul = ¢J2 and f*¢f € H ?0)
for every 7 € N. One knows that 1/1]1 = D keN aiwg, but {fzp?}jeN is an

orthonormal basis of 7 and:

=Ty} =Y alTy}.

keN
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Now the first part of the proof implies that there exist 7" > 0 and a control
function u € L2((0,T),R) such that:

mn(U3) T = mn (%) T, VkeN
and then for any j € N:
="l (rn (¥) i) = an(0%) D alTyf = mn (¥°) 472,

keN keN

3) Controllability with generic projectors:

Let U3 = {¢?}jeN CH ?0) be a sequence of linearly independent elements.
For every N € N by considering the Gram-Schmidt orthonormalization pro-
cess, there exists an orthonormal system W3 := {{¢?}j§N, 0,...} such that:

span{zb}3 : J< N} = span{zZ? : J< N}

The claim then follows since my (¥3) = 7w (U3). If U3 = {T,Z)?}jeN C H?o) is
a generic sequence of functions, one can extract from W2 a subsequence of
linearly independent elements and repeat as above. O

Remark. Let us consider the transposition argument and the techniques
adopted in the proof of Theorem 2. By using the existing result of simul-
taneous global exact controllability of N systems of [12, Main Theorem],
one can prove the simultaneous global exact controllability in projection in
Hzlo) for B =y and p in a residual set of H?.

Proof of Corollary 4. We start by proving the second point of the corollary.
Let T > 0 large enough, W3 := {1/1 }ien € H(o) and p!, p? € T(#) two den-
sity matrices unitarily equivalent such that Ran(p'), Ran(p?) C H 5’0). We

suppose that the unitary operator Te U() such that p? = fplf satisfies
the condition P*T/J;’ eEH 5’0) for every j € N. One can ensure the existence of

two complete orthonormal systems W' := {4j}jen, U2 1= {7 }jen € HEO’O)
respectively composed by eigenfunctions of p' and of p? such that:

Pt =Gl 0t =Y L)
Jj=1 j=1

The sequence {/;};en C RT corresponds to the spectrum of p' and of p?.
Now W, W2 satisfy the hypothesis of Theorem 2 and there exists a control
function u € L2((0,T),R) such that 7y (¥?) I’%wl. = mn(03) zp?. Thus:

mn (%) Tip' (D) 7 (U%) = Zl |7 (U%) T} ) (o Ty (U7 |
7j=1

Z T () [02) (2 (0%) = o (B9) Py ().
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In conclusion, the first point follows from Corollary 4 such as the second
comes from Theorem 2. O
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He is also grateful to Morgan Morancey for the explanation about the works
[10], [12] and to the colleagues Lorenzo Tentarelli, Riccardo Adami for the
fruitful discussions.

A Analytic Perturbation

Let us consider the systems (11) and the eigenvalues {A:°};en of the operator
A+ ugB. We recall that A is a self-adjoint operator with discrete spectrum
o(A) = {\j}jen, B is a bounded symmetric operator and uq is real.

Proposition 11. Let us consider the family of operators A(u) = A+uB u
real. Then there exists a meighborhood D of u = 0 small enough where the
maps u — A} are analytic Vj € N.

Proof. The claim is consequence of the validity of [5, Proposition 56] that
implies [5, T heorem 55]. O

The next lemma proves the existence of perturbations which do not
shrink the eigenvalues gaps. From now on we use the notation ||| - || for the
operators norm of bounded operators in 7.

Lemma 12. Let us consider the Cauchy systems (11) for B a bounded
symmetric operator. Then there exists a neighborhood U(0) of u = 0 such
that for each ug € U(0), there exists v > 0 such that Vj € N:

_ AT A

1 : 5 €p(A+uB),  [(A+uB—py) | <7

Proof. Let D be the neighborhood provided by Proposition 11. First, we
want to prove that for ug € D small enough the operator (A4 + ugB —
) is invertible with bounded inverse Vj € N. We know that (A — ;) is
invertible in a bounded operator and p; € p(A) (resolvent set of A). Let
d := minjen{|Aj41 — Aj|}, one has that:

_ 2
(A = )Ml < sup <

2
kel — el A=A T 6
Thus:

_ _ 2
1A = 1) o Bl < fuol Il (A= ) I BIF < Sluol I B
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and, if |ug| < % for € € (0,1), we have that || (A —p;) tueB|| <1—e.

The operator (A 4+ ugB — p;) is invertible and one can notice that:

6 O(1—¢€ e
A+ uoB =) Il = A=) Il = lluoBll =5 - ( . )25

and in conclusion || (A +uoB — p;) 71| < % 0

Lemma 13. Let us consider the Cauchy systems (11) for B a bounded
symmetric operator. Then there exists a neighbohood U(0) of 0 in C such
that Yug € U(O)

(A+ugPy B — X))

is invertible with bounded inverse from D(A) N ¢k to i, Vk € N and P(jk
1s the projector into the orthogonal space of ¢p.

Proof. Let D be the neighborhood provided by Lemma 12. For any ug € D,
one can consider the decomposition:

(A+ugPy B — A\j°) = (A= \{°) + uo Py B.

The operator A — \° is invertible with bounded inverse when it acts on the
orthogonal space of ¢ (t) and we want to estimate:

(A = X)) o P B
However for every ¢ € D(A) N Ran(qulk) such that ||| = 1 we have:

(A = X)) = minf s = LA = -l

Let §; := min {’)\kﬂ A R PYREp VR } Thanks to Lemma 12 for ug small
enough, \,° € </\’“‘1+)‘k, AHQ)"““) and then:

2

(2k — 1)72
2

)\k+)\k+1‘ ‘)\kfl‘i‘)\k -k

O > min{‘)\k—i—l - 5 5

S

Afterwards || (A= A, ) uoPABI| < & luol | B and, i uo] < (1 -

r) m%||| for r € (0,1), one has that:

(A = X)) o Py Bl < (1 —7) < 1.

The operator Ay := (A — \,° + uoPd)lk B) is invertible when it acts into the
orthogonal space of ¢y (t) and:

A = 1A= N0l = luoPg Bl = 6 — luoPy, Bl

>
>0k — |uol | Bl = 0k — (1 — 1)k = 7.
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In conclusion thanks to the fact that:

. - 11
(22 (A= X+ uoPL B )7 ] < o <

the proof is achieved. O

Lemma 14. Let us consider the Cauchy systems (11) for B a bounded
symmetric operator. Then there exists a neighbohood U(0) of 0 in C such
that, for any ug € U(0) there holds that )\}‘0 = \j. In other words there exist
two constants C1,Cy > 0 so that for each j € N:

(23) Cl)\j < )\}m < CQ)\]'.

Proof. Let ug € D for D the neighborhood provided by Lemma 13. We
decompose the eigenfunction (ﬁ}“’ (T) = a;jp;(T) + n;, where a; is an or-
thonormalizing constant and 7; is orthogonal to ¢;(T"). Hence:

ANl (T) = (A4 uoB)(ardr(T) + 1)
= Aay¢p(T) + Ang + woBodi(T) + uo By,

and:
AL (T) + NP = Aagdr(T) + Ay, + uo By (T') + uo By,
By projecting into the orthogonal space of ¢y (T):
Aoy = Ang + uo Py, Bagdy(T) + uo Py, By
(A +uoPy B — \j°)my, = —uo Py, Baygi(T).

However Lemma 13 ensures that A—l—uOPka B— " is invertible with bounded
inverse when it acts on the orthogonal space of ¢x(T") and then:

(24) M = —ag((A+ugPy, B — )\ZO)|¢é)*1uoP¢tB¢k(T).
Afterwards:

A = (a;9;(T) + nj, (A + woB)(ed; (T) + my))
= Jaj[*Aj 4+ uo(a;d;(T), Bajé;(T)) + (i (T), (A + uoB)ny)
+ (nj; (A +uoB)ajd; (T)) + (nj, (A + uoB)nj).

By using the relation (24):
(nj, (A+uoB)n;) = (ny, (A+uoPy B — \i)n) + A7 [l
=\ nsl12 + (mys —5 (A + o P B = A°)

((A+uPyB - A;O)\ﬁ)*luoqujB(z)j(T))
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However (A + uOP(;;B - A0 ((A+ uOP(;;)B — )\;fo)uf)fl = Id and then:

(nj, (A+woB)n;) = X ||nj 1> — woey; (nj, Py, Bo;(T)).

Moreover we have:

(65(T), (A+uoB)n;) = uo($;(T), Bny) = uo(Py. Bo;(T), ;)

and equivalently (n;, (A + uoB)g;(T)) = uo(n;, P¢Lj B¢;(T)). Thus:
(25) AP = JayPAj + wolay [ By + A°[Inj|I* + uoa; (P, B;(T), ).

One can notice that a; € [0,1] and ||n;|| are uniformly bounded in j. We
show that the first accumulates at 1 and the second at 0. Indeed from (22)
and (24), one has that there exists a constant C; > 0 such that:
—12
I l1* < fuol® Il ((A + wo Py, B ~ AP )™ Il B ()1

(26) _ luoPIBg;(DI? _ &
— 702]‘2 - j2'

for r € (0,1), which implies that lim;_, ||n;|| = 0. Afterwards by contra-
diction if aoe 1= lim;j o0 o] # 1, then ao € [0,1) and thus:

1= lim [[¢;°(T)]| < lim |ay[|¢;(T)] <1
j—o00 Jj—o0

that is absurd. In conclusion from (25) it follows that A%% < A;. O

Lemma 15. Let us consider T > 0 and the Cauchy systems (11) for B

a bounded symmetric operator satisfying Assumption (I). Then for every
N € N there exists a neighbohood U(0) of 0 in C such that, for any ug € U(0)
there exists C'y > 0 such that for k € N and j < N:

(27) (6,°(T), Be3*(T)| 2 =5

Proof. We prove (27) for fixed j < N then the generalization follows by
using the minimum of all the constants defined for every j < N.

We start by choosing & € N such that £ # j and ug € D for D the
neighborhood provided by Lemma 14. Thanks to Assumption (I) we have:

o) [(61°(T), B (D)) = [awdn(T) + i, Bl é5(T) + )|
> On=55? — (@ 0n(T), Buy) + o (e, By (1)) + (i, Bry)|.

1) Expansion of (ng, Bo;(T)), (¢(T), Bnj)s (mk, Bnj):
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Thanks to (24):

(29) (e, Bo;(T)) = (i, Py Bo;(T)) =
(—ar((A +uoPy B — Ni°)| )~ uo Py, Bow(T), Py, Bo;(T)).

We point out that for ug small enough:

w -1

((A+uoPy, B — Negr) =

(A= X©)Py )t Z (uo((A = A{*)Py. )" Py BP;. )"
n=0

and by defining My, := Y7 (uo((A — APy ) IPJ- B) P(;; the relation
(29) becomes:
(30)  (mk, Bo;(T) = —uo{ar MxBey(T), (A = Nj*) Py, )~ Py, Bé;(T)).
Thanks to the fact that B : D(A) — D(A):

(A= XY PEYUPE Boy(T) = PEB((A - A°)PE)14,(T)

= [P, B (A= NPy, )7 i, ]65(T) = Py BUA = NP By, )™ 5(T)

— (A= XV Py ) " Py [BLAN((A = ) Py, )™ 05(T)
and by calling By, := (A — X\{°)PL )"\ PL [B, A]:

(31) (A= X0 Py )~ Py Boj(T) = Py (B + Bi)((A = \°) Py ) 65(T)
= Py, (B+ Br)(\; = N°) 4 (T).

Let us consider (30), by using (31) we have:
(82) (e B;(T)) = — 5 (o MiBou(D), (B + By, ().

Now one can use the same techniques and obtain:

[{nk, Bnj)| = [(Bigk,15)| = [(uock B((A — AUO)PJ)_leBék(T%

‘ _ ‘ oz]akuo

ugoy; (A — )‘?O)P¢ ) "M B (T

for Ly, j := (A= X}") BMy((A=\.°) P ) ' Py ((A—A;%O)P(;j)—leB. Now
there exists € > 0 such that a; € (e, 1) for every [ € N. Thanks to (32), (33)
there exists C' such that from the relation (28) we have:

(34)

(810 (T), B (T))]| > Cx— uo

B [ (M Bou(T), (B + B (1)

Up

=[5 Z5m (B + By, M, B, = |52 wm( )+ Li g (T))|
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2) Features of the operators My, Ek, Ly ;:
First, the operators M}, are uniformly bounded in L(H (0) H (20)) if ug is small
enough so that:

[uo((A — AZO)P@*P@BPMH(QO) <1
Second, the relation (31) implies that:
5 pl 1\-1pL 1 1L ppl
from which follows that the operators Ek are uniformly bounded in & in:
L(HGy N Ran(Py,), Hiy N Ran(Py.)).
Third, one can notice that B((A — )\?O)qu) 'M;B e L(H(O), (2)) and:
(A= X)) BM((A— \p°) Py )~ Py

[e o]

= (A= XP)B((A= APy ) (uoPg, BI(A = X°) Py ) )" Py
n=0

= (A= MNO)((A= X2 Py ) ' Py (By, + B)Mj

for Mj, := Yomto (uoPd)lkB((A )\ZO)PJIC)*I)"P;IC. Now the operators M), are
uniformly bounded in L(H (20),H (20)) such as My. Hence Ly ; are uniformly
bounded in L(H (20) H (20))

Let now {F}};en be an infinite family of uniformly bounded operators in
L(H (20), (0)) We know that for every [ € N there exists ¢; > 0 such that:

Z|k2<¢ka-Fl¢J>| <00, = |<¢ka-Fl¢j>

| —_ /{32
k=1

Now one can choose constants ¢; uniformly bounded in [ since:

sup |k*(¢r, Fi¢;)] -—pr]m (dm, Fioss)| —wm§:wz¢mﬂ%ﬂ

leN mEN m;ﬁk
< 2sup | i3 < oo
leN C)

Thus for every infinite family of uniformly bounded operators Fj in L(H (0)’ H (20))
there exists a constant ¢ such that:

c
(3) {0, Fi6))] < 5
3) Conclusion:
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Thanks to the previous point, one knows that the families of operators
{BMy(B + By)}ken, {Lk,j}ken are uniformly bounded in L(H (0) (0)) and
BM;(B+Bj) € L(H?O),H(%)) for every 1 < j < N. Hence in (34) we use the
relation (35). We point out that |A; —A;°| 7! and | Ay = A | =1 asymptotically
behave as k~2 thanks to Lemma 14. Thus there exist C;, Cy, C3,C4 > 0 such
that for ug small enough:

U u ~ 1 Cl\uo\ CQ”LLO‘ Cg‘UoP
NT),Bp;°(T))| > Cn—~ — — —
64 (T), BOIN 2 On g A = ARCIRZ A = AR A — A0 (R

1

> 045-

Now the relation (27) is verified for k¥ = j thanks to the analyticity and by
choosing ug such that [(¢;°(T), B¢;°(T))| = ¢ # 0. In conclusion (27) is
valid for every k € N and for a fixed j < N for Cy = min{Cy,c- 53} O

Lemma 16. Let us consider T > 0 and the Cauchy systems (11). Then
there exists a neighbohood U(0) of 0 in C such that, for any ug € U(0):

(ZHA“‘W 7)< (Zw (6T, F) .

Proof. Let D be the neighborhood provided by Lemma 15. The validity of
Lemma 14 implies that A\}° < \;, and then:

Z!IA“OI ZU

By using the decomposition ¢;°(T") = a;¢;(T')+n; where ay is an orthonor-
malizing constant and 7, is orthogonal to ¢ (7T'), we have:

(T @, 0r) < (S 1Eemor) + (X1 m k)

jeN jeN jeN

N[
N

We want to prove the existence a constant Cy > 0 such that > 72 7% (ns, ) ? <
C'1||1/)H§{3 . Now thanks to the Minkowski inequality:
(0)

=

(SR R)’ = (3] X5 o oe@yion. o)

jeN jeN II;;N]
< 3 Kon (@l (17 g on(T r) .
keN JEN
i#k
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The argument used in order to obtain the relation (30) is still valid and one
can prove that for j # k:

(nj> k) = —uga; (M Bo;(T), (A — Xi0) " (7).

Thanks to (23), there exists a constant C; > 0 such that for j, k € N, j # k:

ST 1R o) < 3 7 uol?| (v — X20) 7P [(M; By (T), )|
j=1

e
36 ’
% 2S00 (D), MBo(T)) 12 _ 2 [1M; Bowl3
< [uol Z‘ (k2 — \"0) ‘ < Chluo| 2z
ik J
JEN

However the operators M;B are uniformly bounded in L(H, (20), H (20)) as we
have showed in the proof of Lemma 15, hence there exists a constant Cy > 0
such that:

> 1 m n(D)P < C3672.
J#k

JEN

Thus there exists a constant C3 > 0 such that:

(X1 s 0?)* < Co Do (D), k™" < Callin(T), W) 1" e

jEN keN
< Gsl[{dn(T), ¥) |3

and:

SIS

> 1725, 0P) " < bl + Call bl -
(0) (0)
j=1

Now, the lower bound is due to the same argument by adopting the decom-
position ¢;(T) = a;¢;°(T) + 1 for a; = 04]71 and 17; = —a;n;, Indeed for
up small enough thanks to (26) there exists § > 0 such that «; € (d,1] for
every j € N. It follows that |a;| < d~1 for every j € N and one can repeat
as before. O

Lemma 17. Let us consider the Cauchy systems (11) for B a bounded
symmetric operator. For ¢ > 0 small enough, there exists Ue, a non zero
measure subset of C non containing 0, such that for each ug € Ue:
inf ALY = AT = A+ AR > e
k,j,m,neN

Jm<N

Moreover, for every § > 0 small there exists € > 0 such that dist(Ue,0) < 4.
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Proof. Let us consider the neighborhood D provided by Lemma 13. Here
the maps Aj — A} — Aj, + Aj are analytic for each k,j,n,m € N.
One can notice that the numer of elements such that:

(37) N =M—AntAn=0 jneN, km<N

is finite. Indeed )\, = k?7% and the relation (37) corresponds to j2 — k% =
n? —m?2. We have that |j2 — n?| = |[k? — m?| < N? — 1 which is satisfied for
a finite number of elements. Thus:

R:={(k,j,m,n) € (Nx{1,...N}?: k#j#m#n; Me—X\j—An+A\, =0},

is a finite set.
1) First, let (k,j,m,n) € R, the set:

Vikjimmy = {u € D| Af = Xf — X 4 A = 0}

is a discrete subset of D or is equal to D. However by using the relation
(25):

Mg = A — A+ A, =

Ak + wol e *Bre + N e |* + woar( Py, Bow(T), 1)

— |aj*Aj = wolay[* By — X [|n|I* — woa; (P Be;(T),m;)

- |O‘m|2)‘m - u0|am|23m,m - /\%)Hnmllz - UOW<P¢LMB¢m(T)’77m>

+ ‘an’2)‘n + uo‘an‘QBn,n + )\ZOH%\P + UOOC_n<P;;B¢n(T)= Mn)-
Hence it is true that:

(38)
A= X = X A = JogeP Ak — | PA) = [ Am + o An
+ (Jan | Brx — 0> By — lam|* Bin,m + [n]” Bon Juo
+ o(up).

For u small enough thanks to the fact that limj,,_ola;|* = 1 and to the
third point of Assumption (I) the quantity A} — AY — AL + A}l can not be
constantly equal to 0. Then Vi j n, ») is discrete and:

V = {u € D| 3(k,j,m,n) € R: Al — X — Ay + A = 0}

is a discrete subseset of D. Thanks to the fact that R is a finite set and to
the analyticity, the subset of D\ V:

Ue:={u € D:V(k,jn,m) € R| A} =AY — X% + A4 > ¢}

has positive measure for € > 0 small enough. Moreover, for any ¢ > 0 small,
there exists ¢y > 0 such that dist(0,U,) < .
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2) Let (k,j,m,n) ¢ R such that k # j # m # n, we know that \) = 7?2
and:

AR =AY = A0, + M) =7 |k? — 2 —m? + n?| >
First, from the relation (25) we obtain that AY% < loj|?Aj + |ug|Cy and
)\;-LO > \aj\Q)\j — |up|Cq for suitable constants C7,Cs > 0 non depending on

the index j. Thus:
gy XN X2 kP Py = ol + a2
— ‘UO’(ch + 202).

Now, thanks to the relation (24) one has that limy_,« |ax|? = 1 and for any
w in D, e small enough there exists M, € N such that:

||ak|2)‘k - |a_7|2)‘] - |am|2)\m + |an|2)\n| > 7T2 — €,
Vk,j,m,n € RS, k#j#m#n, k,jm,n> M.

However limj,|o |ag|* = 1 uniformly in & thanks to (26) and then there
exists a neighborhood W, C D such that for each u € W:

o s — ‘O‘j‘Q)‘j = lam*Am + lan*An] > 7% =,
Vk,j,m,n e RC, k#j#m#n, 1<k jmn< M.
Thus for each u € W, and k, j,m,n € R® such that k # j # m # n:
AR — N = A+ AR > — e

3) Now for every € € (0,7?) it follows that 0 € We. The proof is achieved
thanks to the first point by considering that for €; > 0 small enough U, "W,
is non zero measure subset of D. For every ug € U, N W, and for each

(k,j,m,n) € (N x {1,..., N})? such that k # j #m # n:
AR = AJ = Ape 4+ Are| > min{n® — €, €1} O
Remark 2. Let the decomposition of the perturbated eigenfunction:

&’ (T) = ardr(T) + i,

where o is an orthonormalizing constant and 7; is orthogonal to ¢;(7T').
First the finiteness of the eigenvalue resonances proved in the proof of
Lemma 17 implies that for M large enough, for every j,n > M and for
every k,m < N:

A= Ak = A+ A| > 72

Now thanks to (26) for |ug| small enough there exists § > 0 such that oy €
(6,1] for every k € N. Thus relation (25) implies that for a neighborhood
U(0) of u =0 in C small enough there exists 0 < C' < ¢ such that for every
ug € U(0) and for every j,n > M and for every k,m < N:

AU X0 — B0 AO| > OIA; — A, — A+ A,
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Remark 3. By using the same techniques of the proofs of Lemma 15 and of
Lemma 17, one can ensure the existence of a neighbohood U(0) of 0 in C
such that, for any up € U(0) we have:

L A° —)\}‘0 — AM0 4 \lo £ ( for all j,k,n,m € Nand k # j #m # n.
2. B} = (¥;°(T), B¢ (T)) # 0 for every j, k € N.

3. The numbers {1, )\;m }jen are rationally independent, i.e. for any M €
N and {Tj}ogjg]\/[ cQ \ {0} it holds rg + Z]Nil V“j)\}m #0.
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