N
N

N

HAL

open science

On a class of path-dependent singular stochastic control
problems

Romuald Elie, Ludovic Moreau, Dylan Possamai

» To cite this version:

Romuald Elie, Ludovic Moreau, Dylan Possamai. On a class of path-dependent singular stochas-
tic control problems. SIAM Journal on Control and Optimization, 2018, 56 (5), pp.3260-3295.

10.1137/17M1114235 . hal-01481393

HAL Id: hal-01481393
https://hal.science/hal-01481393
Submitted on 2 Mar 2017

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01481393
https://hal.archives-ouvertes.fr

arXiv:1701.08861v1 [math.OC] 30 Jan 2017

On a class of path-dependent singular stochastic control problems

Romuald Elie * Ludovic Moreau Dylan Possamai *

February 1, 2017

Abstract

This paper studies a class of non-Markovian singular stochastic control problems, for which we
provide a novel probabilistic representation. The solution of such control problem is proved to
identify with the solution of a Z-constrained BSDE, with dynamics associated to a non singular
underlying forward process. Due to the non-Markovian environment, our main argumentation relies
on the use of comparison arguments for path dependent PDEs. Our representation allows in par-
ticular to quantify the regularity of the solution to the singular stochastic control problem in terms
of the space and time initial data. Our framework also extends to the consideration of degenerate
diffusions, leading to the representation of the solution as the infimum of solutions to Z-constrained
BSDEs. As an application, we study the utility maximization problem with transaction costs for
non-Markovian dynamics.

Keywords: singular control, constrained BSDEs, path-dependent PDEs, viscosity solutions,
transaction costs, regularity.

1 Introduction

The study of singular stochastic problems initiated by Chernoff [I1] and Bather and Chernoff 2] 1]
gave rise to a large literature, mostly motivated by its large scope of applications in economics or
mathematics. This includes in particular the well-known monotone follower problem, see for instance
Karatzas [27], real options decision modeling related to optimal investment issues, see Davis, Dempster,
Sethi and Vermes [14], Dynkin games, see Karatzas and Wang [30] or Boetius [4], optimal stopping
problems, see Karatzas and Shreve [28] 29], Boetius and Kohlmann [5], or Benth and Reikvam [3], as
well as optimal switching problems, see Guo and Tomecek [22]. For all these questions, the problem
of interest is naturally modeled under the form of a singular control of finite variation problem. In
this abundant literature, it is quite striking that very few studies take into consideration this type of
questions in a non-Markovian framework. One of the purpose of his paper is to try to fill this gap.

In a Markovian environment, the solution to nice singular stochastic control problems characterizes typ-
ically as the unique weak solution to a variational inequality, where the linear part of the dynamics is
combined with a constraint on the gradient of the solution. For example, when modeling the optimiza-
tion of dividend flow for a firm, as initiated in continuous time by Jeanblanc-Picqué and Shiryaev [25],
the optimal singular actions identify to paying dividends as soon as the underlying wealth process hits a
free boundary, where the gradient of the value function reaches its upper-bound value 1. This example
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compared to ours. Furthermore, their approach will not, a priori, allow for degenerate diffusions
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naturally suggests a connection between singular stochastic control problems and stochastic processes
with gradient constraints, and more precisely backward stochastic differential equations (BSDEs) with
constraints on the gain process, as introduced by Cvitani¢, Karatzas and Soner [I3]. The main initial
motivation for the introduction of such type of equation was the super-hedging of claims with portfolio
constraint. We establish in this paper that the solution to such BSDEs provides a nice probabilistic
representation for solution to singular stochastic control problems.

More precisely, the class of non-Markovian stochastic control problem of interest is of the form

V98 (£, X) —  sup EFo U (x @ Xt’x’K)], 0<t<T,
Keu?

sing

where L{Sting denotes the set of multidimensional cadlag non decreasing F'-adapted process stating from
0 and in LP, for p > 1. The controlled underlying process X has the following non-Markovian singular

dynamics

YK :X(t)+/ M?x (Xt,x,K) ds+/ fdes+/ U?x (Xt,x,K) ng,
t t t

where p and o are functional maps satisfying usual conditions, as detailed in Assumption 211 below.
By density argument, it is worth noticing that we may also reduce to taking the supremum over the
subset of absolutely continuous controls. We can also consider a weak version of such control problem.

After a well suited Girsanov type probability transform, we rewrite v*"&(¢, x) in a form that looks similar
to a a face-lift type transformation of the terminal reward. Hereby, this provides the intuition behind
the representation of v*8(¢,x) as the solution to a BSDE with Z-constraint. The convex constraints
imposed on the integrand process Z are induced by the directions f and represented via the convex set

K; = {qERds.t. (fth)-eiSOforallie{1,...,d}} .

For any time ¢, we verify that vS"8(¢, x) identifies to Y** where (Y5, Z5¥) is the minimal solution to
the constrained BSDE
T
y.t,x > Ut,x (Xt,x) _/ Z;E,x i ng, ((O’;’X)T)il (Xt,x) Z;f,x c Ks-

The line of proof relies on the observation that penalized versions of both the singular problem and
BSDE are solutions of the same path-dependent partial differential equation (PPDE for short), for
which we are able to provide a comparison theorem. As far as we know, it is the first time that the
newly introduced theory of viscosity solutions of path-dependent PDEs (see the works of Ekren, Keller,
Ren, Touzi and Zhang [16] [17, 18] 34, [35], B6]) is used to prove such a representation. Even though the
ideas are reminiscent of the approach that one could have used in the Markovian case (see for instance
Peng and Xu [33] for probabilistic interpretation of classical variational inequalities through BSDEs
with constraints), we believe that using it successfully in a non-Markovian setting will open the door
to many new potential applications of the PPDE theory.

Our main motivation for investigating such singular stochastic control problem, was the problem of
utility maximization faced by an investor in a market presenting both transaction costs and non-
Markovian dynamics. From the point of view of applications, having non-Markovian dynamics can
be seen as a very desirable effect, as this case encompasses stochastic volatility models for instance.
However, in such a framework our previous representation does not apply directly, since it requires non-
degeneracy of the diffusion matrix of X, and due to transaction costs, the dynamics of wealth needs
to be viewed as a bi-dimensional stochastic process driven by a one dimensional noise. We therefore
extend our representation in order to include degenerate volatility coefficients. Our line of proof relies
on compactness properties together with convex order ordering arguments as in Pagés [3I]. In such



degenerate context, the solution to the singular control problem identifies with the infimum of a family
of constrained BSDEs.

As a by-product, the probabilistic representation of v*™9 in terms of a BSDE solution allows to derive
insightful properties on the singular stochastic control problem. First, it automatically provides a
dynamic programming principle for such problem. Second, this representation allows us to quantify the
regularity of v*™™ in terms of the initial data points. We observe that v is Lipschitz in space as well
as 1/2-Holder in time. Obtaining such results for singular control problems is in general a very hard
task (see the discussion in [I0] Section 4.2] for instance), and our approach could be one potential and
promising solution.

The paper is organized as follows: Section 2] presents the class of singular control problems of interest
and derives alternative mathematical representations. Section Bl presents the corresponding constrained
BSDE representation. The connection is derived in Section H] via Path-dependent PDE arguments.
The consideration of degenerate volatility together with the example on transaction costs example are
discussed in Section Bl Finally Section [6] provides the applications of such representation in terms of
dynamic programming and regularity of the solution.

Notations: For any d € N\{0}, and for every vector z € R? we will denote its entries by z?, 1 <
i < d. For any p > I and (z,2141,...,%p) € (RHP=H1 " we will also sometimes use the notation

Tpp 1= ('Il, Lit1--- ,xp)'

2 The singular control problem

2.1 Preliminaries

We fix throughout the paper a time horizon T > 0. For any (¢,x) € [0,T] x R?, we denote by Ab* the
space of continuous functions x on [0,7], satisfying x; = x, B%® the corresponding canonical process
and FH#0 .= (Fo™);co<r the (raw) natural filtration of B4, Tt is classical result that the o-algebra
f;x’o coincides with the Borel o-algebra on A%®, for the topology of uniform convergence. We will
simplify notations when z = 0 by setting Qf := A0, Q := Q0 Bt := B0 B .= BO Fho .= F10° and
o := F%°. Besides, we will denote generically by C’ the space of continuous functions on [¢, 7], without
any reference to their values at time ¢. Moreover, P!, will denote the Wiener measure on (At’m,}"%m’o),
that is the unique measure on this space which makes the canonical process B"* a Brownian motion
on [t,T], starting from z at time t. We will often make use of the completed natural filtration of F%%:°
under the measure P%,

Ft .= F%0 and F := F°, and we emphasize that all these filtrations satisfy the usual assumptions of
completeness and right-continuity. For any ¢ € [0,7], any s € [t,T] and any x € C!, we will abuse

which we denote F&% := (]:;’x)tgng. Again we simplify notations by setting

notations and denote

[1X[loo,s == sup [Ixull,
t<u<s
where ||-|| is the usual Euclidean norm on R¢, which we denote simply by |-| when d = 1. Furthermore,

the usual inner product on R? is denoted by x -y, for any (z,y) € R? x R,
For any (t,s) € [0,T] x [t,T] and any x € C*, we define x* € C* by

x*(r) :==x(r), r € [s,T].

We also define the following concatenation operation on continuous paths. For any 0 <t <t/ < s < T,
for any (z,2') € R? x R? and any (x,x’) € Ab* x A% we let x ®, x' € Ab* be defined as

(x @5 x)(r) := x(r)Li<r<s + (X' (r) + x(s) = x'(5)) Lo<rzr



Let us consider some (¢, x,s,x) € [0,T] x R? x [t, T] x Ct. We will also denote, for simplicity, by = ® x
the concatenation between the constant path equal to = on [0,7] and x. That being said, for any map
g:[0,7] x CY and for any (¢,x) € [0,7] x C°, we will denote by ¢g* the map from [t,T] x C* defined by

g% (5,%') := g(s5,x @ X').

Furthermore, we also use the following (pseudo)distance, defined for any (t,t',s,s’) € [0,T]*, any
(z,2') € RY x R? and any (x,x') € A%® x A by

doo ((t,x), (', %)) = |t/ — | + OilrlET [(z @5 x)(r At) — (2 @9 X )(r At

2.2 A first version of the control problem

The first set of control processes that we will consider will be typical of singular stochastic control.
More precisely, we define

U = {(Ks)tgng, which are cadlag, R%valued, Ft-adapted, null at ¢,

sing =
with non-decreasing entries and s.t. for any p > 1, E [Kéﬁ] < —l—oo} .
We next consider the following maps
1 ]0,T) x C®— R% and o : [0,T] x C° — S¢,
where S? is the set of d x d matrices (which we endow with the operator norm associated to ||-||, which
we still denote ||-|| for simplicity) as well as a bounded map f : [0, 7] — S%.
The following assumption will be in force throughout the paper

Assumption 2.1. (i) The maps p and o are progressively measurable, in the sense that for any
(x,x") € COx C° and any t € [0,T], we have for p = u,o

x(s) = x/(s), for all s € [0,t] = ¢(s,x) = p(s,x), for all s € [0,t].

(74) p and o have linear growth in x, uniformly in t, that is there exists a constant C' > 0 such that
for every (t,x) € [0,T] x C°

e GOl + oGOl < € (1+ 1%y ) -

(7i1) wu and o are uniformly Lipschitz continuous in x, that is there exists a constant C > 0 such that
for any (t,x,x") € [0,T] x C° x C° we have

lr20) = e[ + [l (3¢) = o (| < Ol =[] -

(iv) For any (t,x) € [0,T] x C, 04(x) is an invertible matriz and the matriz oy (x)f is uniformly
bounded in (t,x).

For any (t,x) € [0,7] x C” and K € L{Sting, we denote respectively by X* and X**¥ the unique strong
solutions on (Qt,féio,]P’g) of the following SDEs (existence and uniqueness under Assumption 2] are

classical results which can be found for instance in [24], see Theorems 14.18 and 14.21)

X% = x(t) + / b (XP%) ds + / 0¥ (X'%) dB, Phras. 21)
t t

XK — x(t) + / p* (X8 ds + / fodK + / ol* (XPK) dBL, Pl-as.
t t t

By Assumption 2] and standard estimates on non-Markovian SDEs, we have the following lemma



Lemma 2.2. For allp > 2, there is Cp, > 0, depending only on p, T" and the constant C in Assumption
23, such that for all (t,t';x,x; K, K') € [0,T] x [t,T] x A* x UL,,)?

sing

EP | sup X?"’K—x(t)Hp} ng((t’—t)%(1+Hx||§O7t)+(1+(t’—t)%)IEP5[HKt/—Kt||p]>, (2.2)

Lt<s<t’
t [ X
EP| sup || X0 ’KHP} < Gy (1 + I, + BR[| K — K51 )), (2.3)
L t<s<T
P
B sup [t xpn|f } <c (HX_X i EPH/ (K. - K)) D (2.4)
L t<s<T
The stochastic control problem we are interested in is then
vIP8(t, x) == sup EF6 (U (x @ Xt’x’K)], (2.5)
Keustlﬂg

where the reward function U : C® — R is assumed to satisfy

Assumption 2.3. For any (x,x’) € C° x C°, we have for some C > 0 and some r > 0
UG) = UG < € x = (1 Il + ¥ 1)
Notice that it is clear from (23] that under Assumption 23] we have
{vsmg(t,x){ < 400, for any (t,x) € [0,T] x C°.

2.3 A first simplification

Let us consider for any ¢ € [0,7] the following subset U! of Z/{Stmg consisting of controls which are

absolutely continuous with respect to the Lebesgue measure on [t, T
S
u {K € Uy, Ky = / vedr, Py — a.s., with (vs)i<s<r, F'-predictable and (R+)d—va1ued}.
t
For any K € Ht, it will be simpler for us to consider the corresponding process v, so that we define

ut ZZ{(Vs)tgng, (R, )%valued, F'-predictable, and s.t. EF [ vsds

P
] < 400, Vp > 1}.

Then, for any (t,x) € [0,7] x C° and v € U!, we denote by X®*¥ the unique strong solution on
(QF, Fr? P) of the following SDE

X0V = x(t) + / po* (X5Y) ds + / fsvsds + / ob* (X"Y) dBL, P-as. (2.6)
t t t
We can then define
v(t,x) = sup EFo (U (x @ X)) (2.7)
veut

Our first result is that the maximization under Z/l;ng and U' actually lead to the same value function.
Notice that for such a result to hold, the continuity assumptions that we made on the functions interven-
ing in our problem are crucial. Indeed, as shown by Heinricher and Mizel [23], such an approximation

result does not always hold.

Proposition 2.4. Under AssumptionsZ1 and (23, we have for any (t,x) € [0,T] x CY

VB (%) = v(t, ).



Proof. First of all, it is a classical result that U* is dense in U’ in the sense that for any K € UL

sing sing?
there is some sequence (1™),>o C U' such that

S
K, — / vydr
t

It is also clear from Assumption 23 (Z3) and ([24]) with x = x’ that for any (¢,x; K, K’) € [0,T] x

CO x (L{Sting)2, we have for some constant Cy > 0 which may vary from line to line

EFo sup

t<s<T

2] — 0. (2.8)

n—-+o00

‘EPB [U(x @ X0%H)] — EFO[U (x @, XK ‘

1 1 1
< OB | [ @y (XK — X0R |2 (1 EP [ oy XK 20 4 B ey X002 )

2 % . T T 2r %
] <1+||x\|£ot+EP0 /sz /dK; ] )
t t

We thus deduce immediately that the map K +—— EFo [U (x R Xt%K )] is continuous with respect to
the convergence in (Z8)). Hence the result. O

1
2

+EPo

. 2r
< C()E]PO

AR

In the rest of the paper, we will therefore focus on the value function v instead of vS"8.

2.4 Weak formulation for v

For any (¢,x) € [0,7] x C° and v € U*, we now define the following P{-equivalent measure

dPt’x’V . 1 N
e[ 00 )

t

The weak formulation of the control problem (2.7) is defined as
oVeK(t, x) = sup EF " [U"*(X")], for any (t,x) € [0,T] x C°. (2.9)
veut

The following result gives the equivalence between the two formulations of the control problem. It is a
classical result and we refer the reader to Proposition 4.1 in [7] or Theorem 4.5 of [20].

Proposition 2.5. Under Assumptions[Z1 and (23, we have for any (t,x) € [0,T] x CY

ek (t x) = v(t, x).

2.5 A canonical weak formulation

In this section we introduce yet another interpretation of the value function v, which will be particularly
well suited when we will use the theory of viscosity solutions for path-dependent PDEs.

For any (t,x) € [0,7] x C°, let us define the following probability measure on (Atvxt,]:%xt’o)

PE* = Ph o (X0%) 7

Since o is assumed to be invertible, it is a classical result that we have
x —=Ph
F = FX" and F' = FX"™ °, (2.10)
x —]P)t
where FX™ denotes the raw natural filtration of X** and FX"* ° its completion under P}. As an

immediate consequence, all these filtrations satisfy the Blumenthal 0 — 1 law as well as the predictable
martingale representation property.



This implies that the process below is a Brownian motion on (At FpX0° Fbxe Pr)

Wt .= / (08%) "L (BUX) (dBEX — % (BE%)ds), P -,
t
Indeed, by definition of Pg’x, we know that
the law of BY** under Pg* = the law of X"* under PY. (2.11)

Hence, since we do have
B = / (o) 7 (XEX) (AXE* X (XX ds), Plras.,
t

the result follows immediately by the Lévy characterization of Brownian motion and (ZI0). Moreover,
we clearly also have that

the law of W™ under P§* = the law of B! under P}, (2.12)

Next, for any v € U*, we define the following probability measure P5* on (Atvxi,]:%xt’o)

d]P)’t/’X . t,x)—1 t,x t,X t,X
e ([ o) B fan(wawt)
de t T

where it is understood that we interpret v as a (Borel) map from C* to R%. We have the following simple
result

Lemma 2.6. We have for all t € [0,T]
EF [U8%(X0X)] = R [UP(BY)], for every v € U

Proof. Fix some t € [0,T] and some v € U'. We have, using successively the definition of P5*, (1T,
[ZI2) and the definition of PH»*¥

E]Pty’x [qu (Bt7xt)] _ Epg,x [5 < / (U?x) -1 (Bt7Xt)fSVS (Wt,x)dng) tx (Bt,xt):|
T

t

_ g [5 < /t (08) (X v (Bt)dB£> Ut (X’”*)]

— P [Ut,x (Xt,x)]‘
O
As a consequence of Lemma 6 we deduce immediately that for any (¢,x) € [0, 7] x C°
v(t,x) = sup BF [UX (Bbx)] . (2.13)

veut

2.6 Approximating the value function

To obtain our main probabilistic representation result for the value function v (and thus for v*8), we
will use, as mentioned before, the theory of viscosity solutions of path-dependent PDEs. However, in
order to do so we will have to make a small detour, and first approximate v.

For any integer n > 0 and any t € [0,7], we let U"™ denote the subset of U! consisting of processes
v such that 0 < 8 < n, for i = 1,...,d, for Lebesgue almost every s € [t,T]. We then define the
approximating value function for all (¢,x) € [0,T] x C°

v"(t,x) := sup EF0 (U (X5)] = sup EP [U>(B")], (2.14)
veytn veutn

where the second equality can be proved exactly as for v in Lemma

We have the following simple result.



Lemma 2.7. Under Assumptions[Z1 and 23, for every (t,x) € [0,T] x C°, we have that the sequence
(v™(t,%x))n>1 is non-decreasing and

"™ (t,x) e u(t, x).

Proof. 1t is clear that the sequence is non-decreasing, as the sequence of sets U™ is. Moreover, since
the elements of U' have by definition moments of any order, it is clear that U,>1U"" is dense in U?, in
the sense that for any v € U', there exists a sequence (1™),;,>1 such that for any m > 1, v™ € U™ and

T
EFo [/ (v —Vl”Her} — 0. (2.15)
t m——+00
By the same arguments as in the proof of Proposition 241 we deduce that
v(t,x) = su EFo [Ut* (X)) = lim o™(¢,x
6= s | BP0 (%)) =l 076,
since the sets U®" are non-decreasing with respect to n. a

3 The corresponding constrained BSDEs

3.1 Spaces and norms
We now define the following family of convex sets, for any ¢ € [0, T:
K, := {q eRYs.t. (f, q)-e; <Oforallie {1,...,d}}

where (e;)1<i<q denotes the usual canonical basis of R?, and where for any M € S% MT denotes its
usual transposition.

Remark 3.1. This form of constraint that one wishes intuitively to impose on the gradient of the value
function v is quite natural according to representation ([2I3]). Recall that f describes the direction in
which the underlying forward process is pushed in case of singular action.

We next introduce for any p > 1 the following spaces
SP ZZ{(Ys)tSng» R-valued, F'-progressively measurable, cadlag, Pj-a.s., and s.t. HYHSf < —|—oo},

where
t
VI =% sup VP .
t t<s<T

Gy 1:{(Ys)t§s§T, R-valued, F"*-progressively measurable, cadlag, Pg’x—a.s., ||Y||G€ < —i—oo},

t,x

where

VI, =55 s v

tx t<s<T
HY ::{(Zs)tgng, R%valued, Ft-predictable, HZHHf < —|—oo},
where . b
121y =% | ([ 1z as) ]
97 % 3:{(Zs)t§s§T, R%valued, F**-predictable and s.t. 1Z]lgp < —i—oo},

where

t,x
121, = E%

(/ T||Zs||2ds>%].



3.2 Strong formulation for the BSDE

For any (t,x) € [0,7] x C°, we would like to solve the K-constrained BSDE with generator 0 and
terminal condition U (Xt’x), that is to say we want to find a pair (Y%, Z4%) € §? x H? such

T
Vx> utx (X)) — / ZE* . dBL, Ph-as. (3.1)
((ob>)T)~1 (X"*) ZL* € Ky, ds @ dPjra.e., (3.2)

and such that if there is another pair (J'*, Z2t%) e §? x H? satisfying (3I) and (B3, then we have
yhx < Yt Phoas. When it exists, the pair (Y'*, Z5X) is called the minimal solution of the K-
constrained BSDE.

Such constrained BSDEs have been studied in the literature, first in [I3] and then by Peng in [32].
However, all these existence results rely on the assumption that there is at least one solution (which
does not have to be the minimal one) to the problem. This forces us to adopt the following assumption,

Assumption 3.2. For every (t,x) € [0,T] x CY, there exists a pair (7”‘,?’“") € S? x H? such that

T
V2 U (x) ~ [ Z-aBl Pl

t
((O_t,x)T)—l (Xt,x) zt,x € K,, ds® dIP%—a,e.

S S

Remark 3.3. This assumption simply indicates that it is indeed possible to satisfy the Z-constraint
as well as solve the BSDE. Such constrained BSDEs have been first introduced in order to find the
super-hedging price of a claim under portfolio constraints, and such condition in this framework simply
indicates that one can find an admissible portfolio strategy that indeed super-hedges the claim of
interest.

We then have immediately from [I3] the following

Proposition 3.4. Let Assumption[3.3, Assumption 21l and Assumption hold. Then, the minimal
solution of the K -constrained BSDE ([B.)) exists.

Proof. Since it is clear by Assumption 2.3 and (23] that EFo HU tx (Xt’x)|2] < 400, the result is an
immediate consequence of the main result in [13]. O

Since Assumption B.2]is rather implicit, let us discuss some sufficient conditions under which it holds.
We refer the reader to Assumption 7.1 in [I3] for the proof of the sufficiency.

Lemma 3.5. Fiz some (t,x) € [0,T] x C°. If there exist a constant C € R and a process p € H? such
that ((o5™) 7)1 (X*) @5 € Ky, ds ® dPf-a.e. and such that

T
Ub*(Xt*) < C +/ @5 -dBE, Ph—ae., (3.3)
t

then Assumption[32 is satisfied. Moreover, [B3)) holds if for instance U is bounded.

Proof. We only have to prove that (B3] holds when U is bounded. It suffices to notice that in this case
we can take C' to be a bound for U and ¢ = 0 since 0 € K for every s € [0, 7. O



3.3 Weak formulation for the BSDE

It will also be important for us to look at the weak version of the constrained BSDE, where for any
(t,x) € [0,T] x C°, we now look for a pair (9%, 3"*) € &7, x H7 such that

T
YHx > U (BP) — / 3L AW, P*eas. (3.4)
((ot)")~H (BY) 38* € K, ds ® dPg™-a.e., (3.5)

and such that if there is another pair (2, 35%) € 67, X 97 satisfying (B2) and (3], then we have
gjt,x < @t,x, Pé’x—a.s.

Again, we need an assumption in order to ensure the existence of the minimal solution.

Assumption 3.6. For every (t,x) € [0,T] x C°, there exists a pair (@t’x,gt’x) € 67, X 97, such that

T
T2 0 (@) - [ 3 A, s

(b)) (B"*) 3% e K, ds® dPg’x—a.e,

S

We then deduce immediately

Proposition 3.7. Let Assumption[30, Assumption 21 and Assumption[2.3 hold. Then, the minimal
solution (V' Z4%) of the K -constrained BSDE [B.2) exists. Moreover, if Y4* and Qb both eist, we
have that

the law of Y'* under Py = the law of D* under Pé’x.

Remark 3.8. Of course the sufficient conditions of Lemma can readily be adapted in this context.
In particular, both Assumptions and hold if U is bounded.

As an immediate consequence of the Blumenthal 0 — 1 law and Proposition B we have the following
equality for every (¢,x) € [0,T] x C°
yf7x — @?x.

The aim of this paper is to show that for all (t,x) € [0,T] x C°, we have
v(t,x) = yfv" = @i’x.

3.4 The penalized BSDEs

Exactly as we have approximated the value function v by v™ defined in (ZI4]), it will be useful for us to
consider approximations of the K-constrained BSDEs introduced in the previous section. It is actually
a very well-known problem, which already appeared in [13], and which can be solved by considering
the so-called penalized BSDEs associated to the K-constrained BSDE. Before doing so, we need to
introduce, for any (¢,x) € [0,T] x C°, the map

prgeRY— ¢t 1y (3.6)

where for each ¢ := (q1,--- ,q4)T € R? we have used the notation: ¢t := (qf, T ,(J:l_)T'

Under Assumptions Z.Iand B3] we can then define for any (¢,x,n) € [0,T] x C° x N*, (Ybxn Ztxn) ¢
S? x H? as the unique solution of the following BSDE

T T
yin gt (X% 4 [ ap(f] (08)) (X% 28y ds - [ ZaBl Bras (30

10



Notice that existence and uniqueness hold using for instance the results in [19], since under As-
sumptions 2] and 23] the terminal condition is obviously square-integrable, the generator z ——
p(f 5 (") T)~H(X!*)2) is null at 0 and uniformly Lipschitz continuous in z (we remind the reader
that o~ ! f is bounded, so its transpose is bounded as well).

It is then a classical result (see [I3] or [32]) that under Assumption B2 for any (¢,x) € [0,T] x C°

yoer 4 YLX for any s € [t,T], Pj— a.s., and || —ytv"’"HHQ — 0. (3.8)

n—s—+o00 t n—+0oo

Alternatively, we may consider the penalized BSDEs in weak formulation

T T
Q‘jl.t,x,n — Ut,x (Bt,x) + / np(fs—r((o_é,X)T)fl (Bt,x) BZ,X,n)dS _ / 3?x’ndW§’x, Pg,x_a.s.’

which also admit a unique solution under Assumptions 2] and 23], and which are such that under
Assumption

L 4 YPLX for any s € [t, T, ]P’f)’x —a.s., and “@t’x — @t’x’nHyﬁ o 0. (3.9)

n—+00 —+oo

4 The representation formula
The main goal of this section is to prove the following representation
v(t,x) = Y™ =YL, for every (t,x) € [0, 7] x C°.

In order to prove this result, we will show that both v™(¢,x) defined in (ZI4) and u”(t,x) := Y™ are
viscosity solutions of a semi-linear path-dependent PDE, for which a comparison result holds. It will
then imply that v"(¢,x) = u™(t,x), and the desired result will be obtained by passing to the limit when
n goes to +00, see Lemma 277 and (3.9)).

4.1 A crash course on PPDEs

In this section, we follow closely [34] to introduce all the notions needed for the definition of viscosity
solutions of path-dependent PDEs. Let us start with the notions of regularity we will consider.

Definition 4.1. (i) For any (t,x,X) € [0,T] x C° x C!, any s € [t,T] and any d > 1, we say that a
Re-valued process on (A¥t, FX0°) is in CO([s,T] x A>®X)s RY) when it is continuous with respect
to the distance dw, that is, for any e > 0, for any (r1,r9,X1,X2) € [5,T)? x C* x C*, there exists § > 0
such that

if doo((r1,%1), (12,%2)) < 0, then ‘

u*X(ry,x1) — us’;((?"'Q,XQ)H <e.
(ii) For any (t,x,X) € [0,T] x C® x C* and any s € [t,T], we say that a R-valued process u on

(ABXt FrX0) belongs to C12([s, T] x ASX®X)s) if o € CO([s, T] x A>*EX)s R) and if there exists
(Z,T) € CO[t, T] x AW RY) x CO([t,T] x A"  R) such that

- z . z . . ~

ul* —ug(x) = / y*dr —|—/ zZ3%. dBﬁ’(x®tx)S, z € [s,T], PS’(X&X) — a.s.
S S

We then denote for any x € C* and any s € [t, T,

L5 u(s,X) = Oyus(X) + pb*(X) - Du(s,X) + %Tr[az’x(az’x)T(i)Dzu(s,>~<)] = (%),
Dufs,X) := ((o0*(%)) 1) " Zs(x).
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Let us then denote, for any (¢,x) € [0,T] x C%, by Tt* the set of Ft:Xt:°-stopping times taking values
in [t,T], by ﬁ’x the subset of 75 consisting of the stopping times taking values in (¢, 7], and for any
H e T, by TI?X and Tfl’}j_, the subsets of T consisting of stopping times taking values respectively
in [t, H] and (t, H]. ’
Next, we define for any N > 1

pltxN . — {]P’f;””, Ve Ut’N} )

dQ
t,X
dP}

T
MEEN = {Q s.t. =& (/ bdeg’x> , b, F"-predictable s.t. [|b]| < N}.
t

For any (¢,x) € [0,7] xC°, and for any w € C°([0, 7] x A°*® R), we now define the sets of test functions
for w as

A w(t, x) = {o € CV2([t, T] x A¥), 0= (¢ —w"™) (t,x") > & [(¢ —w") (-, B")

t
w"X ( T/\H]
for some H € TH* and for all 7 € Téi} )

A'w(t,x) = {¢ € CL2([t,T] x Ab>), 0= (o —w") (t,x") < & [(¢ —w"™) (-, Bb*)
for some H € T%* and for all 7 € 7}3”1} ,

T/\H]

where for all ]:%Xt—measurable & such that the quantities below are finite

E/ ] = sup EQ[¢] , ErEl = inf "EQ¢], with 72 := nvd max (1; Ha_lfH) .
QEMtx Qemtn

Finally, we define for every (t,x, ) € [0,T] x C® x C12([t, T] x A**) the following PPDE
— L%o(t,x") —np <ftTDg0(t, Xt)) =0. (4.1)

Definition 4.2. Fiz some x € R? and let u € C°([0,T] x A%* R). We say that

(i) u is a viscosity subsolution of PPDE (@) if for any (t,x,¢) € [0,T) x C x A™u(t,x)
—L5p(t,x") —np (ftTDgo(t, xt)> <0.

(i1) u is a viscosity supersolution of PPDE @) if for any (t,x,p) € [0,T) x C° x A u(t,x)
—L"%p(t,x!) = np (£ Delt x')) = 0.

(791) w is a viscosity solution of PPDE (1)) if it is both a sub and a supersolution.

We shall end this section with the following result which will be useful in the PPDE derivation of the
value function.

Lemma 4.3. For all (t,x) € [0,T] x C° and T € T we have
E[r—t] > 0.

Proof. Fix (t,x) € [0,T] x C° and 7 € T, and denote by (U, V) € 67, x H7 . the unique solution of
the following backward stochastic differential equation on [t, 7]

Ue=r—t= [ alvldr— [ Vi-awix se e, P - s,

S

12



. . -
where we remind the reader that in our context 7 is Fr°

a Pg’x—version of U (resp. V), which we still denote by U (resp. V) for simplicity, and which is F%Xt-0-

-measurable, and that we can always consider

progressively measurable (resp. predictable).

Let p be an arbitrary F®*#°-predictable process satisfying |u| < @2, so that for all z € R? we have
—7|z| < - z. This implies in particular that Q* € Mb ™ with

T
dQt =& < / LLs - de’x> dPg™.
t
Hence, by standard a comparison result for BSDEs (see for instance Theorem 2.2 in [19]) we have
Ut S EQH[’T - t].
Hence, the arbitrariness of p implies that
Ug < EF[T—t]. (4.2)

On the other hand, let v™ be defined such that v" -V = —n|V| and observe that [v"| < n. Then we
have Q" € MbX" with

T
dQ" =& ( /t vl deX> AP,

We hence have, using the fact that U; is a constant by the Blumenthal 0 — 1 law
T
U=1—t— / Vi (awi* —vids) = EY' [r — 1] > E7[r — 1],
t

by definition of £}. The last inequality together with (£2)) gives that
Ut - §? [T — t]

Since 7 > t, ]P’é’x—a.s., the result follows by strict comparison (see again Theorem 2.2 in [19]). O

4.2 The viscosity solution properties

We start with the value function v™.

Proposition 4.4. Under Assumptions[21] and [223, v"™ is a viscosity solution of PPDE (&J]).

Proof. We proceed along the lines of [I7, Proof of Proposition 4.4] and split the proof into two steps.
Fix (t,x) € [0,T] x C° for the remainder of the proof.

Step 1: We show that v™ € C°([0,T] x A%X) and satisfies the dynamic programming principle, for any
€T and any 0 € THX

n o Pt 1 n tx,v\] _ PEX 1 t, Xt
V" (t,x) = sup E'0 [o"(7,x @ X"V)] = sup B [v"(6,x ®; B"*)] (4.3)
veutn veutn

The dynamic programming result is actually classical since the controls v that we consider here take
values in a compact subset of R?. We refer the reader to Proposition 2.5 and Theorem 3.3 in [20],
where we emphasize that their proof of Theorem 3.3 can immediately be extended to the case of p and
o Lipschitz continuous with linear growth (instead of Lipschitz continuous and bounded), as they only
require to have existence of a strong solution to the SDEs considered.

We next show the continuity of v™. For any (t,t';x,x’) € [0,T] x [t,T] x C° x C°, we have

[0 (t,x) — o™ (t',x")| < [v"(t,x) — 0™ (t, x)| + |0"(t, x") — 0" (¢,x])].
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We now estimate separately the two terms in the right-hand side above. We have first using Assumption
23 3), @4) and the fact that the controls v € U*" are bounded by nv/d

‘Un(t, x) — v™(t, X/)| < sup EPB |:‘Ut,x (Xt,x,y) _ytx (Xt7x,7l/) |]
veut:n

1 1 1
< C sup BP [lxc g, (x0 — Xt |2 (14 R [xep x |2 0] 4 BR[| @ X012 )7
veytn ’ ’ ’

< Can™ e =¥ [ (1 Il + ¥, )
where the constant Cy does not depend on n.

Next, using [3) for 7 = ¢/, we compute, using the previous calculation and (2.2l)

[o"(t,x") —v"(t',x")| < sup EPb “v"(t',x' ®¢ XP¥V) — v"(t',x’)u
Veut,n

3 1
< Can™" sup B[ o0 X = x| |7 (14 L + BP0 [ o0 X012 )

! ! !
veutn 00,1 00,1 00,1

< Cdn1Vr+1+r(t/ _ t)% (1 4 HX/HHI n HX/|’r+1) .

o0, oo, t!

By definition of d,, we have thus obtained that

‘v"(t,x) - v”(t',x')‘ < Cqgn' Y d o ((8,%), (t',x")) (1 + [l + HX/HTH) ’

oot o0o,t!

which proves the continuity of v” with respect to do.

Step 2: We show that v™ is a viscosity subsolution to PPDE (41]).

Assume to the contrary that there (t,x;¢) € [0,T] x C° x Av™(t,x) s.t. for some ¢ > 0
—L%p(t,x") — np(f, De(t,x')) > 2¢ > 0.

Without loss of generality, we may reduce H in the definition of ¢ € Av™(¢,x) so that by continuity of
all the above maps, we obtain

L% (s, BE¥) — np(f] D(s, BY4)) > ¢, on [t, H], P§* — a.s.
Furthermore, observe that for each s € [t, H]

np(fIDp(s, B")) = sup - (fJ Dp(s, B)),

S S
u€l0,n]?
so that by definition of %™ we have for all v € U*"
— LY%p(s, BY¥t) — v, - f] Do(s, B¥™t) > ¢, on [t, H]|, Py — a.s. (4.4)

Since ¢ is smooth on [t, H], we can write under g™ that

H H
o (H, ) = o (1) + [ £%(s, B s + [ Diplo, BX) ot (B3
t t

H
=0 (t,xt) + / Lt’xgo(s, Bt’xt) + Dap(s,Bt’xt) - fsvsds
t

H
—|—/ Dy(s, Bt’xt) -ag’x(Btht) [dI/Vst’x - (Ué’x)fl(Bt’xt)fsysds] .
¢
Since v € UM, we have PL* € MP*7 g0 that by ([@4):
t,x

EPY [(p — (v™)%) (H, B0)] < —c&, [H — 1] + ¢ (t,x") — B [(™)"* (H, B)]
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and taking the infimum on PL* € M7 on the left-hand side and recalling that ¢ € Av™(t,x), this
gives

0< Qt [(SD _ (,Un)t,X) (H, Bt,x)] < _Cét [H _ t] _ E]P’f,’x [(vn)t,x (H, Bt,xt) _ (,Un)t,x (t,Xt)] ’

and finally, by the dynamic programming principle (@3], taking the infimum over v € U™ on the
right-hand side gives

which is a contradiction since by Lemma 3] the right-hand side is negative.
Step 3: We show that v™ is a viscosity supersolution to PPDE (@.1]).
Assume to the contrary that there (t,x;¢) € [0,T] x C° x Av™(t,x) such that for some ¢ > 0

—L%p(t,xY) — np(f, Dp(t,x')) < =3¢ < 0.
Observe again that for each s € [t,T]

nelds Dls, B7) = sup u- (s Dole, 59,
ue(0,n

so that there is u} € [0,n]? such that
—L%p(t,x") —uy, - (f Dot x")) < —2e.

Without loss of generality, we may reduce H in the definition of ¢ € Av™(t,x) so that by continuity,
we obtain
—L%p(t,xY) —uk - (f) Do(s, B¥t)) < —¢, on [t, H], IP’S’X — a.s.
U

Set the constant control of U"™: v™ = u}. Hence we have
— L%p(s, BYXt) — v - £ Dop(s, BYt) < —¢, on [t, H], Pg* — a.s. (4.5)

Since ¢ is smooth on [¢, H], we have, IP’S’X —a.s.,
H H
¢ (H,B"™) = ¢ (t,x) + /t Lp(s, B)ds + /t De(s, B¥t) - 00X (B")dW ™

H
=y (t,Xt) +/ ﬁt’xtp(S,Bt’xt) 4 Dtp(s,Bt’Xt) . fngdS
t

H
+ / Dg(s, B?Xt) - gbX(BY ) [dWE* — (o)1 (BY) fovlds] .
t
By (&3), this gives
EPn [(p — (™) (H, B™)] > CEP [H — 1] + ¢ (t,x') - B [(v™)! (H, B¥)] .

Since ¢ € Av"(t,x), we have the equality (¢, x') = v™(t,x). Moreover, the fact that 1™ € U"™ enables
us to use the DPP ([3) to have

R [(p = (v)) (H, B)] = " [H — 1] > 0.

Using (again) the fact that 1™ € Y% implies that 'Y € MP™ | this contradicts ¢ € Av"(t,x). 0
Let us now treat the penalized BSDEs.

Proposition 4.5. Under Assumptions (21, 23, T2 and 38, u™(t,x) := Y™™ = Y™™ is a viscosity
solution of PPDE ([@1]).
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Proof. We proceed along the lines of [I7] Proof of Proposition 4.4] and split the proof into two steps.
Fix (t,x) € [0,T] x A for the remainder of the proof.

Step 1: We show that u™ € CO([0, T] x A%*) and satisfies the following dynamic programming principle,
for any T € TH*:

Y = ()X (r, B + / np [ £ (08) 1)~ (B8) 30| ds - / 3P WX, B -as. (4.6)

First of all, since np® is Lipschitz-continuous and nul at 0 since Assumption holds, by standard
stability results on BSDEs (see e.g. [19]), for any n > 1, there is a constant C,, (which may vary from
line to line) such that for all (t,x,x’) € [0,7] x (C%)?

T
ES Lgup Ve + / (5 ds] < Co (1 xRS (4.7)
T
E]P’t |:t2u£T D}txn yg,x/7n‘2 + /t HZ;’X’n _ Z§7XI’n||2dS:| <, HX o X/Hio725 (1 + HXHiZ;t + ||X/| 227,5)-
S
(4.8)
In particular, this gives the following regularity

[ ()] < C (1+ x4 ) (4.9)
and  |u”(t,x) — u"(t,x)| < Cp||x — x’HOO’t (1 + x5 + HXIH;,J . (4.10)

By standard arguments in the BSDE theory (this would be simply the tower property for conditional
expectations if p were equal to 0, and the result can easily be generalized using the fact that solutions
to BSDEs with Lipschitz drivers can be obtained via Picard iterations), we have the following dynamic
programming principle, for any t <t < T

t/ t

Y= @)X 4 [ [T (0T (B 3 ds - [ 3 i, P as

' ' (4.11)

In particular 95" = (u™)t*(s, BtXt) for any s € [t,T]. It then follows

|u"(t,x) _ un(tl % | _ ‘E]P’é’x [@?X,n _ @:;X,n + (un)t,X(t/,Bt,Xt) _ un(t/’x)} ‘

< E]Ptx |: {np tx)T)_l(Bt’xt):))i’x’n){d8:| +EP8’X H(un)t’x(t,,Bt’xt) o u"(t’,x)u
< E]Ptx|: |np ZX)T)_l(Bt’xt):))i’x’n)|d8:|
1 1
+Cp| sup [|xs — EFo™ B — x| ) (1 r EP0” Bl
n P [[Xs Xt” + sup s XtH + HXHoo,t/ + sup H
t<s<t’/ t<s<t/ t<s<t/

<8 [ ol (oD 3y

s + Crdoc ((£,3); (#,5)) (1 + ] 1) (4.12)

where the last line follows from ([22]). Observe from (L7)) combined with Assumption 2] and the
Lipschitz-continuity of p* that
ds]

t,X T
EFo ds| = EFo

/ ! ‘np (fsT (o)1)~ (B") Zﬁ’x’")

t

< G (1+ XI5 ) (¢ = D).

[ o (47 oty () 320)

t
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Plugging the latter into ([EI2)) and since vt/ —t < doo((t,x); (/,%)), this gives finally
[ (¢, 3) = w(#,3)] < G (14 X150 ) doo((£,30; (¢, %),

Finally, the regularity in time that we just proved, allows us to classically extend the dynamic program-
ming principle in ([II) to stopping times, giving (L) (the result is clear for stopping times taking
finitely many values, and the general result follows by the usual approximation of stopping times by
decreasing sequences of stopping times with finitely many values).

Step 2: We conclude the proof.
Without loss of generality, we prove only the viscosity subsolution, the supersolution being obtained
similarly. Assume to the contrary that there is (t,x; ) € [0,T] x C° x Au™(¢,x) such that

2 = —L%p(t,x!) — np ( ftTDgo(t,xt)> > 0.

Let H be the hitting time corresponding to the definition of ¢ € Au"(t,x). By continuity of ¢ and p,
reducing H if necessary, we deduce that

—L" (s, BY**) —np (fsDp(s, B"*)) > ¢ >0, s € [t, H].
By the DPP and the smoothness of ¢, we have under PY* we have
y QD 0 >
(o = (@)™ ) (-, BY) = (o — (u")"), (-, x")

H H
:/ ﬁt’xtp(s,Bt’xt)dS-i-/ O,é,x (Bt,xt) D(,O(S,Bt’Xt)'dWst’X
: H ,tl H
# [T (47 (@7) s as - [ s awe
t t
H -
< [ [exn (o (s ots ) = o (57 (1007) " (5 302 ) ) s
t
i t,x t,x¢ tXe) t,x -1 t,x¢ t,x,mn\ | t,x
+ ol* (BY*) ( Dg(s, Bb*t) — (o)~ (B"™) 3 dw,
t
— _ _ " n tXe) t,x -1 t,x¢ t,x,n
=—c(H—1t)+ ol - (Do(s, BV) — (ob*)  (B"*) 3} ds
t
" t,x t,x¢ t,Xt) t,x -1 t, Xt t,x,n\ t,x
+ | ot (B (Dils, B) = (o1%) 7 (BYX) 3E%) - aw!
t
H
=c(t—H) —i—/ <Dgp(s,Bt’xt) - (Ui’x)fl (B") 32”"") (o> (BYX) dWE* + alds)
t

where |a"| < n||f|| ds ® dPg*-a.c. By Girsanov’s Theorem, we then have that there is Q € M“*™ such
that [ Uz’x(Bt’xt)dWﬁ’x + allds is a Q-Brownian motion. The above inequality holds then Q"-a.s. so
that

(¢ = @) )e(,x") 2 E¥ [(p — (™)) (-, B™) + e(H — )] > E¥" [(p — (u")*)u (-, B™)]

which is in contradiction with the definition of ¢ € Au™(¢,x). O

4.3 The main result
Define, for any x € C, the following subset of C?([0,T] x A%*0)
C9([0,T] x A°) ::{u e C([0,T] x A%%), s.t. for any (£,%) € [0,T] x C°,
ub* is continuous in time IP’S’;‘ —a.s., X e 6%;}
We now recall the following comparison theorem from [34] (see their Theorem 4.1), adapted to our

context.
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Theorem 4.6 ([34]). Let u,v in C9([0, T] x A%X0) be respectively viscosity subsolution and supersolution
of PPDE @&J). If u(T,-) < v(T,), then u < v on [0,T] x C°.

Our first main result is then

Theorem 4.7. Let Assumptions 21, (23, [34 and[3Z4 hold. Then, for any (t,x) € [0,T] x C°, we have
o(t,x) = V™ =9,

Proof. From Proposition [£.4] and Proposition L3, we know that for every n > 1, v™ and u™ are viscosity
solutions of PPDE (@IJ). Since it is clear by all our estimates that v, u" € C9([0,T] x A%*°), and since
v™(T,-) = u™(T,-), by Theorem .6l we deduce that

Un (t7 X) — ttyxvn — ?X7n-

By Lemma 2.7 (B.8]) and ([89), it then suffices to let n go to +oo. O

5 Extension to degenerate diffusions

5.1 The setting

The result of the previous section is fundamentally based on the non-degeneracy of the diffusion matrix
o. Our main purpose here is to extend our general representation to cases where o is allowed to
degenerate. As will be clear later on, the type of degeneracy we will consider will be rather specific, but
it will nonetheless be particularly well-suited for the applications we have in mind. Before stating our
results, we need to introduce some notations.

For every n € N\{0} and any ¢ € [0,T"), we consider uniform partitions of the interval [¢t,T] by {t};’n =
t+k(T—t)n™t, k=0,...,n}. We also define for every 0 < k < n and every (s, zg.x) € [t, T] x (RY)FFL
the linear interpolator iy : (R9)*1 — CO by

k-1

. n
in(20)(5) = s D ((t0 = )i+ (5 = ") 0e1) Lo yon (5).

7=

Our main assumption now becomes
Assumption 5.1. Assumption[Z1(i), (i7), (iii) hold and

(iv") For any p > 0, there exist progressively measurable maps nP : [0, T] x C° — R_ with linear growth,
that is there exists some C' > 0 such that

0<—nf(x) < CL+ (%[l o),

and a deterministic map M : [0,T] — S, such that M, is symmetric positive for every t € [0,T1], the
maps x — 1y (x) are concave for every t € [0,T], the sequence (nP)p>0 is non-decreasing, and such
that for any p > 0 and any (t,x) € [0,7] x C°, the matriz J?F (x) s an invertible matriz such that
(J?p)_l(x)f is uniformly bounded in (t,x), where

o (x) = nf (x) My + 04(x).

(v) The matriz Mo, (x) + o4(x) M is symmetric negative, for every (t,x) € [0,T] x C°.

(vi) The maps U, p and o are such that U is concave and for every n > 1, and 0 < k < n—1, for every
(t,x) € [0,7T] x C°,every {(ci j, Bij,Vij) € RY x R* x R 1<i<n—k 0<j<n-—k}, and every
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(x0:k7i75’7)\) € (Rd)k+1 X Ct X Ct X [O, 1], we have

U(Z‘n<$0:k,1, (X y700 Zw Xy7171 Zw va%“ k)))
=0

1 n—=k
> U (in (01,2 (%,5:0,0, Y 2 &, 550, 1),., > A& Fiin — b))
=0 i=0

WAR,Fi0,0) = aie+ Bl 0%+ (1= NF) + (05 Mgn  +0% YK+ (1= N9,

b 14 b 14 t=14i b1
&, 9310 0) 1= aie+ B (M R+ (=N @) w0 Men 40l )(®)
b 1+z [N [N k—1+1 k—1+4
+7ie(1 = A) (77 anﬂMtZ’in + O’ti;flﬁ»i) )

Remark 5.2. This assumption deserves a certain number of comments.

e (iv') is here in order to ensure that the degenerate matrix o becomes invertible when it is suit-
ably perturbed. Of course, our ultimate goal here is to assume that nP converges to 0 and to
approximate the solution of our problem with degenerate diffusion as the corresponding limit. We
also emphasize that this assumption implies in particular that for any (¢,x) € [0,7] x CY and any

p>p

P P/ /
o (x) —a] (x) = (n{(x) —np (x)) M,
which is a symmetric positive matrix. Hence, the sequence o™ is non-decreasing for the usual
order on symmetric positive matrices.

e (v) and (vi) are actually here mainly so that the results of Lemma B3] below hold for a certain
function f involving U (see the proof of Proposition [5.4] below). They take a particularly com-
plicated form for two reasons. First, our setting is fully non-Markovian, and second, it is also
multidimensional. Indeed, as can be checked directly, if d = 1 and x — 04(x) is linear, then we
only need to assume that p is concave and f non-decreasing for (5I) below to hold. Similarly,
(vi) is somehow a concavity assumption on U, p and o. Indeed, if again d = 1 and if U were
Markovian, then a sufficient condition for (vi) to hold is that U is non-decreasing, p is concave
and o and 7 are linear.

Our strategy of proof here is to start by obtaining a monotonicity result, with respect to the parameter
p, for the solution of our control problem with diffusion coefficient o”. Such a result will be based on
convex order type arguments. More precisely, we follow the strategy outlined by Pages [31] and start
by proving the result in a discrete-time setting, this is Proposition [5.4] which can then be extended to
continuous-time through weak convergence arguments. Though the strategy of proof is the same as in
[31], our proofs are more involved mainly due to the fact that, unlike in [31], our framework is fully
non-Markovian and multidimensional.

Lemma 5.3. Let Assumption 51 hold. Fiz n > 1. For every (t,s,x,%X,A\,u) € [0,T] x [t,T] x C° x
C' xR xR, for every k=0,...,n—1, and for every Borel map f : R? — R with polynomial growth,
define the following operators

fi&( N w)
t ~ ~
= B8 [1 (g + 2 (60 + Fgprgn) + (Mo + 020 (B, = Bye) )| P

k+1

19



If f is concave and s.t. for every (t,s,%x,%,y,a, 3,7,1) € [0, T]x[t, T]xC° ththdexRi xR¥x[0,1],
f e+ Bug™(nx + (1 =n)y) + o (nx + (1 = 1)y)7)
> f(a+ Bnug® (%) + (1= nug®(¥y)) + o™ (%) + (1 —n)ay®(¥))7) , (5.1)

k+1
t,X,A

k+1

then the map (X,u) — Q £x,\

on R_.

(f)(x,u) is concave, and the map u— Q7T (f)(X,u) is non-decreasing

Proof. The fact that the operators Qﬁ;l,y are well-defined is clear from the polynomial growth of f, the
linear growth of 1 and o, and the fact that B* has moments of any order under . Then, the concavity
of Qf;tlv( f) is an immediate corollary of the concavity assumptions on f, as well as (5.1]).

Then, since f has polynomial growth, Feynman-Kac’s formula implies that
k+1 S t,
Fa(N) G w) = ot Bla),

where v : [t;", ;"] x R? — R is the unique viscosity solution of the PDE

—vg — %Tr[(thZ,n + a:g; (5:)) (thZ,n (UZt);)T(i)>,U$J3:| =0, on [t ¢5" ) x RY,
t, = t,xX /> t,x
v <tk$1,m> = f(xti’n + A(ut?n(x) + ftz;nl/tz;n> <th2n + Ut?n)x), r € R4,

This linear PDE classically satisfies a comparison theorem, and v is concave in x because of the concavity
of f. Moreover, the diffusion part of the PDE rewrites, as a quadratic functional of u

u’Tr [Mt%,nvm} + uTr [(Mtt,n (@) T (x) + o' (i)Mtt,n> vm} + Tr [at;f; x) (7)) T (%)

k k tk If,c k If,c tk
Since M? is symmetric positive, Myo,| (x)+04(x)M; is symmetric negative and v, is symmetric negative
as well, the above is actually non-decreasing for v € R_. The same then holds for f:zl)\( f)(x,u) by
comparison. O
Proposition 5.4. Let Assumptions[Z3 and [Z1] hold and fix some ¢ > p > 0. For every n € N\{0},
x € C°, let us define recursively (X;;’x’n)oskgn and (Y,ﬁ’x’n)ogkgn by Xé’x’n = Yot’x’n = x4, and for
0<k<n-1

Xt,x,n — X]i,x,n_{_

~t,x,n t t,
k+1 tn(Xk )+ft2’"yt2’”> <tk$1 —t n)

(o () g+ o (X)) (Bl B3 )
k:+1 k
YRt =y ( V" +ftmum> (t’;’il—tzn)
< txn) tn +O' tn (Y};X n)) (B:tn - B:t,n> 9
k+1 k

txn)ogkgn are defined as the following piecewise linear interpolations

where (YZX Jo<k<n and (Y,

—t,x,n t,x,n

Xp o =1 'k(Xé)/;n) Yi 7 =1 'k(Yot;fn)-

4 o o (x27)] = % o o (7))

Then, we have
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Proof. Let Ab™ := t';’il — ;™ = (T —t)/n, and consider the following martingales, for 0 < k < n,

My = B[O (i (XG%) )| Foen |+ Mo 1= B2 [0 (i (Vo) )| Fln
k k

which are well-defined, since U has polynomial growth and we know from Lemma that Xé’:Z’X and
Yoi’: ™ have moments of any order. For any k = 0,...,n, we also define the following sequences of
functions from R¥*! to R, for k = 0,...,n — 1, by backward induction, for any zg.; € (R%)*+!

D= U 0 i, Do) = Qe (B (@, ) (i o). 1 (o)) ).
W= U 0 i, Wileon) = QFE nen (Ver (@0, ) (0@, (i (@04)) ).
It is immediate by definition of X**™ and Y**" that we have for every 0 < k < n
My, = 5 (X50™) and Ny, = U (V™).

Let us now show that the maps ®; and Wj are concave for every &k = 0,...,n, and that they verify
that for any 0 < i < k — 1, (xo.n, Ton, 1) € (JRd)”+1 X (JRd)”+1 x [0,1], for any {(cumi, Bm,isYm,1) €
R% x XRiXRd, i<m<k—1, 0<1<k—i—1}, we have for ¢ = &, ¥

Ok (xo:i, ;0 + Biotty (i (o + (1= m)Fo.) + 0,7 (G(nwo: + (1= 1)F0:) %05
i+1
X /- /oA 2 X /. /o 2
D (e + Bianh iy (mivo + (1= n)doy) + o (i (nio + (1= mo)%a) )
=i J J
k—1
> (Oéj,kfifl + B hic 1ty (i (005 + (1 = n)&o5) + oy (i5(ndo,y + (1 - n)'%OIJ)’Yj,kfifl))
. J

=1 J

<

> Pk <l“0:z', @0+ Bio (U#itxn (ii(wo:i)) + (1 — 77)#;2_’,(” (iz‘(ﬂ?o;i)))

+ (nolh (@) + (1 = )ols G0.) ) o )
i+1
> (%1 + B (Wii_’fn (i(%0,5)) + (1 = n)pe,
. J

J=i

{,Z (ij@o:j)))
+ (0075 0) + (0= Moy (5 Go) )33 ) -

k—1

Z (Oéj,k—z‘—l + Bjk—i-1 (U#iﬁxn (2(Z0;)) + (1 — 77)#%? (ij@O:j)))

J=i

t, c A t, .2
+ <?70ttfi (ij(Z0:5)) + (1 = m)oi% (i (m&j)))yj,k,i,l), (5.2)
J J
where 2 and z are defined recursively, for w := z, &, by

wy = wy, 0 <1 <4,
!

i = 3 (s Bt (o)) + 0375 5 G0 ui) ) # S U k= 1.
.. J J
j=i
We only prove the result for @, the other one being exactly similar. We argue by backward induction.

When k = n, the result is obvious since U is concave and Assumption B.I(vi) holds. Let us assume
that the properties holds for ®;; for some k < n — 1. Then, let us now show that the map xg.;, —
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Qf:lAt,n(fﬁkH(mo:k, ) (ix(zo.k ), w) is concave for any u € R. We actually have

Qﬁi}w,n(‘bkﬂ(%:k, ) (g(zo.k), w)
=E" [‘I)kﬂ <360:k7 T + AP (uiij‘n (ig (o)) + ftz,nutz,n>
k

t,xX /-
+ (thilic,n + O’ti;n (Zk(xok))) <B:t,n - B:i;c,n) ‘ffi]&c,n] .

k+1

Therefore, the concavity is immediate from the induction hypothesis on ®4; (both the concavity and
Inequality (5.2)))

Now, we know that 7} (:) is concave and non-positive, and, from Lemma [3] that the map u —
Qf;tlAt,n(¢k‘+1(x0:ka ) (ix(z0.k), w) is non-decreasing on R_. This therefore proves the concavity of ®y.
Moreover, @y inherits (5.2)) directly from @y, by its definition as an expectation of ®j 1.

Finally, let us prove, again by backward induction, that for every k£ =0,...,n, ®; < Uy. The result is
obvious by definition for k£ = n. Assume now that for some k < n — 1, we have ®5,1 < Wy,q. Then,
for any xg., € RFt1

Bu(z02) = @l e @, )) (in0a), i (00)
< Qﬁ:,lAt,n(q)k+1($0;k, ) (ik(x&k)a nfz’n (Zk(x()k)))
S Qﬁ;lAt,n(\I/kJrl(-%’O:k, )) <Z‘k(1’0:k)77732,n (zk(xok))> = \I/k(.%'();k),

ii}Am(fbkﬂ(mo;k, ) (ix(xo.x ), w) is non-decreasing

on R_ (remember that n? < n7) and the induction hypothesis. To conclude, it suffices to take k = 0 to

where we have used successively the fact that u — Q

obtain ®g(x;) < Wo(x¢), which is equivalent by the martingale property of M and N to
B [ (i (x30)) ) < 2% [ (i (v52%) )]

We can now state the main technical result of this section.

Proposition 5.5. Let Assumptions[Z3 and 21l hold. For any p > 0, denote by X*P the solution to
the SDE [286)) with diffusion matriz o instead of o, and let

vP(t,x) := sup EY0 [U (x @ X"*¥P)].
v

Then, for any q > p > 0, we have for any (t,x) € [0,T] x C°
vP(t,x) < vi(t,x).

Proof. By Proposition 5.4, we know that if we replace X“*¥P and X®**4 by their Euler scheme, then
the expectation of U of these Fuler schemes are ordered. We can then follow exactly the arguments of
the proofs of Lemma 2.2 and Theorem 2.1 in [3]], using in particular the continuity we have assumed
for U, as well as the fact that the genuine Euler scheme for a non-Markovian SDE converges to the
solution of the SDE for the uniform topology on C°, to extend this result and obtain

B [U (x 0 X%9)] < BF U (e, X544

from which the result is clear. O

Our main result is then that with degenerate volatility, the singular stochastic control problem can be
represented as an infimum of solution of constrained BSDEs.
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Theorem 5.6. Let Assumptions[Z3, [2.3, and 5 hold, with oP instead of o, and assume in addition
that

sup [nf(x)| — 0.
(t,x)€[0,T]xCO ! p—+oo

Then, we have
v(t,x) = lim 1 oP(t,x) = supvP(t,x) = sup V! = supY'™*?,
p—r=+00 p>0 p>0 p>0

where YUXP and PP are defined as YU and DV with o instead of o.

Proof. Since oP satisfies all the required assumptions, by Theorem T and Proposition .5 the only
equality that we have to prove is the first one. But it is a simple consequence of classical estimates for
SDEs and the uniform convergence we have assumed for nP. O

Remark 5.7. The representation we have just obtained involves a supremum of solutions of constrained
BSDEs. Formally speaking, such an object is close in spirit to so-called constrained second order BSDEs,
as introduced by Fabre in her Phd thesis [2I]. Indeed, the supremum over p could be seen as a supremum
over a family of probability measures, such that under these measures the canonical process has the
same law as a continuous martingale whose quadratic variation has density o?(o?)". To prove such a
relationship rigorously is a very interesting problem, which however falls outside the scope of this paper.

5.2 Utility maximization with transaction costs for non-Markovian dynamics
5.2.1 The setup

Let us consider the following framework. Let us fix d = 3, and for a given A > 0

1 —(1+\ 0
fo=1-1+XN 1 0
0 0 0

Let us also be given the following bounded and progressively measurable maps 7, ¢° and o from the
space of continuous functions (from [0, 7] to R) to R. For any x € C°, we let

re(x%)x} 00 0 100
S (4352 S (632 L
pe(x) = [ pe (x*)x? |, oe(x) =10 0 o2(x)xz |, My:= |0 1 0, pf(x):=—-.
0 00 1 000 P
Then, we have
—-p 0 0
@)= [ 0 —p peSx)xE |, and (o)) x)f = —pf
0 O 1
Moreover, we have
0 00
Mioy(x)=(10 0 0],
0 00

so that Assumption BIYiv’),(v) are satisfied. The dynamics of the 3 coordinates of X“**P are then
given by

( S 1 s
xeent = [ (eton) xpentan - L [ - ) au
s 3 3
gt [ () () du (°)F (X0) an?)

1 S
_];B?Z + / (I/S —(1+ )\)ui) du,
t

t7X7V7p73 — 3 t,3
X, =x; + B~
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Under this form, the limit when p goes to 400 of the above system is exactly the dynamics of a portfolio
position in a market with transaction costs, as in [I5] B7] for instance. More precisely, the financial
market considered consists of a riskless asset with (random) short rate r and a risky asset S whose
(non-Markovian) dynamics is, under P,

as, _

o = ()7 (BY) du+ (%) (B") dB.

Moreover, transactions between the risky and the riskless asset incur a proportional transaction cost of
size A. Then, X“*¥P:1 above can be interpreted as the total amount of money invested in the riskless
asset by an investor since time ¢, while X*"P2 is the total amount of money invested in the risky
asset, and the controls v! and v record respectively the transactions from the risky to the riskless asset
and from the riskless to the risky asset. Finally, the only role played by X“*¥P3 is to represent the
Brownian motion driving the randomness in r, ;1 and o.

5.2.2 The result

We will actually use the result proved in Theorem conditionally on X»**P3 (that is to say that
we consider conditional expectations with respect to U(Xﬁ’x’y’p ’3, t < s <T) instead of simple expec-
tations). It can be checked readily that all our arguments still go through in this case. Moreover, the
drifts and volatility in the dynamics of X®*¥P! and X**¥P:2 then become (conditionally) linear. We

then choose a particular specification for the map U
U(x) =: Z/{(X37£(X%"7X%)),

where the so-called liquidation function £ is defined by

er

14+ A

Ux,y) :==x+ — 1+ Ny, (z,y) € R?,

and the map U is assumed to be a (random) utility function, which is increasing and strictly concave
with respect to its second-variable, as well as locally-Lipschitz continuous with polynomial growth, so
that Assumption is satisfied. Then, remembering Remark above, we know that (conditionally),
Assumption [B.JKvi) is also satisfied. Therefore, we can apply our result to obtain that the value func-
tion, which corresponds in this case to that of the utility maximization problem in finite horizon with
transaction costs can be represented as a supremum of solutions of constrained BSDEs. But there is
more. Indeed, in this case the constraint can be read

—pfzﬁ’x € K, dt x dP a.e.,

which, by definition of K and since p > 0, is actually equivalent to — f Z0* ¢ K. Therefore, the solution
to the constrained BSDE is actually independent of p. Therefore, the value function can actually be
represented as the solution of another BSDE, with a modified constraint as above.

As far as we know, such a result is completely new in the literature, even in the Markovian case.
Moreover, as pointed out in the recent paper [26], the non-Markovian case has actually never been
studied using stochastic control and PDE tools, the only approach in the literature being convex duality.
We thus believe that our approach achieves a first step allowing to tackle this difficult problem. Let us
nonetheless point out a gap in our approach. If we wanted to cover completely the problem of transaction
costs, we should have added state constraints in our original stochastic control problem. Indeed, those
are inherent to the problem of transaction costs, in order to avoid bankruptcy issues (though this is
actually a lesser issue when the time horizon is finite, as in our case). We have chosen not to do so so as
not to complicate even more our arguments, but we believe that they could be also used in this setting,
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albeit with possibly important modifications. In particular, the full dynamic programming principle
that we used does not seem to be proved in such a general framework in the literature, when state
constraints are present (see however [8, [0]), and it is not completely clear in which sense the equality
between v5"8 and v will then hold.

6 Applications: DPP and regularity for singular stochastic control

6.1 Dynamic programming principle

Notice that in all our study, we never actually proved that the dynamic programming principle actually
held for the singular stochastic control problem defining v (or vsing). However, it is an easy consequence
of our main result.

Theorem 6.1. For any (t,x) € [0,T] x C°, for any 7 € T* and any 6 € T**, we have

v(t,x) = sup EFo [v(1,x @ XP*V)] = supElP’bx [v(0,x @; BY)]
veut veut
Proof. 1t is an immediate consequence of the dynamic programming principle satisfied by the penalized
BSDEs (6] and the convergence of penalized BSDEs to the minimal solution of the constrained BSDE.
O

6.2 Regularity results

In this section, we show how our representation can help to obtain a priori regularity results for the
value function of singular stochastic control problems. Such results in that level of generality are, as far
as we know, the first available in the literature.

The main idea of the proof is that as soon as one knows that the value function of the singular control
problem is associated to a constrained BSDE, one can use the fact that such BSDEs are actually linked
to another different singular stochastic control problem, which is actually simpler to study. Such a
representation is not new and was already the crux of the arguments of Cvitani¢, Karatzas and Soner
[13]. It has also been used very recently in [7] to obtain the first regularity results in the literature for
constrained BSDEs. For the sake of simplicity, and since this is not the heart of our article, we will
conceniﬁte on the Markovian set-up for this application, and leave the more general case to future
researchi.

Let us define the map ¢ : [0,7] x R — R, such that for any ¢ € [0,T], §(-) is the so-called support
function of the set K, that is to say

d¢(u) :==sup{k-u, ke K;}.

Notice that since the zero vector in R? belongs to K; for any ¢ € [0, 77, it is clear that ¢ is non-negative.
This section requires requires the following additional assumptions.

Assumption 6.2. (i) The maps U, p and o are Markovian, that is to say, abusing notations slightly
Ux) = U(xy), m(x) = pu(xe), oe(x) = 0¢(x¢), for anyx € C°.

(7i) the map t — fy does not depend on t, and thus ¢ as well.

(7i1) If one defines the so-called face-lift of U by

U(z) = sup {U(z + fru) — d(u)}, = € R,
u€Rd

2We would like to point out the reader to the recent work in preparation [6] which will actually extend the results of
[7] to the non-Markovian case
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then we have for some constant C > 0 and any (v,2') € R% x R4

~

Ulz) - U(2)

<Cllz o]

The main result of this section is

Theorem 6.3. Let Assumptions 21, [2.3, [3.2, [2.8 and 6.2 hold. Then, there is a constant C' > 0 such
that for any (t,t',x,x') € [0,T] x [t,T] x C° x C°

{v(t,x) —o(t,xX)| < Cllx — %}

o(t, %) = B [o(t, x)]| < C(1+ [xi)) ) (¢ = 1)/2.

)

The remaining of this section is dedicated to the proof of this result. We shall make a strong use of the
connection with constrained BSDEs established before.

6.2.1 Another singular control problem

For any t € [0,T7], let us consider the following set of controls
Vi ::{(us)tgng, which are R%valued, Ft-predictable and bounded.}.

For any (t,z) € [0,7] x R%, we define

T
Y/ := sup EF0 [U(X;xu) —/ 5(u5)ds} ,
¢

uEVé

where X%%% is the unique strong solution on (QY, ]:%O, Pt) of the following SDE

xtw = ot [ as 4 [ fads [ ou(XE)aBt, Bras
t t t

This value function is always well-defined since u is bounded and ¢ is non-negative. Our first step is to
show that one can actually replace the map U above by its facelift. It is a version of Proposition 3.1 of
[7] for our setting.

Lemma 6.4. Let Assumptions[2_1], and[622 hold. Then, for any t < T, we have

T
Y," = sup EFo [U(Xr}’x’u) —/ 5(us)ds} .
t

uEVﬁ

Proof. Clearly, we have U > U, so that one inequality is trivial. Next, fix some u € V{;. For some
£, > 0 small enough and any ¢ € (0,¢,), we define the following element of V

L
uf = usl[t7T_5](s) + gl[T—e,T](s)7

where ¢ is any bounded and FF. ,-measurable random variable. Then, we have by the tower property

£

for expectations and the Markov property for SDEs (see for instance [12]) that

—e _ t,z,u ut T*E,Bt T T—e
E]P% |:E]P’g |:U <X§: & Xl (uf) ) _/ 5((ue)z—5,8t)d5:| —/ 5(us)d5}
t

T—e¢
Pt t,x,uf r
=[E"0 [U(in ’ )—/ 5(u§)ds} ,
t

which implies that

n —e _ t,x,u I T*E,Bt T " T—e
}/;x Z EPO [Epg |:U <X,1,1: 57XT—5 (uf) ) _ / 5((u8)g—€,B )ds:| — / (5(u5)d8:| . (61)
t

T—¢
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Next, we claim that, at least along a subsequence, we have

e t,z,u T,gth T T—e
lim EPO [EPOT [U<X§ & X () >— / 5((u€)z€’Bt)ds} - / 5(us)ds}
t

e—0 T—e
— EPo [U(Xt P fre) = 6(e) — /t ! 5(us)ds] . (6.2)

Indeed, by (an easy extension of) ([24]), we first have for any p > 2

t,x,u —e, t t,x,u —e, t||P T p
T—e €
T . LD
<) EFo H’fuzfe’B } ds.
T—e
Furthermore, by (22, we have Pj—
t,x,u —e, t - T P

£ s ) o | o]

T—e

which implies by the tower property

T— 5thuuT =B

Pt T—e> t,x,u
E"o [ ‘XT - X7,

R

< Get (15 i

T p
‘ / usds|| |, Ph—as.
T-¢

Hence, passing to a subsequence if necessary, and using the continuity of the paths of X%*“ we deduce
from the above inequalities that

T7€7Xt,z,u7(uE)T75,Bt

X converges to Xélm’u + fi, Ph-a.s. and in LP(Ph).

By continuity of U, we deduce that the following convergence holds P§-a.s. and in LP(P})

tau o T—e,Bt T
U<X§ eXroc () )-/ 5 ()8 ds —s U(XE™" + f1) — 6().
T—e¢

Then, this implies by the tower property that the following convergence holds in LI(IP’E)
]PT_E T—¢ X;z uv( E)T_E’Bt T eNT—e Bt t:L' U
E' U X, : - §((w)s =" )ds| — U(XF"™" + fu) — 0(v),
T—e¢
which implies the desired claim (6.2]).

Then, by (@) and (6.2)) we deduce that for random variable + which is bounded and F},__ -measurable,
we have

Y;J: > EP6 |:U(Xt:vu—|-fL —(5 / (5 us :| , (63)

and the same statement holds for any ¢ which is bounded and f}f—measurable by arbitrariness of &,.
Now, since the map (x,t) — U(z + fi) — 6(¢) is Borel measurable, we can argue as in the proof of
Proposition 3.1 in [7] to obtain the existence for any £ > 0 of a Borel measurable map = — ¢.(x) such
that

U(X5"") < U(XE" + fro(X55") = 6(1e(XE5") +&.

Then, if we define
P— t7m7u
tne = Le(X7 )1|LE(X;Z’“)|Sn’
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Len is bounded and Fr_-measurable by continuity of the paths X***. Hence by (6.3) we have, using
the fact that dp is null at 0

T
¢ [~
Y~ > EFo U(Xfp’x’”)l\m(x;”"“ﬂgn + U(X%m’u)l\LE(X?x’")bn - /t 6s(us)d8] —€.

Then the required result follows by letting first n go to infinity and dominated convergence (remember
that U is Lipschitz and X%*“ has moments of any order), and then ¢ go to 0. O

The next result is Proposition 3.3 of [7] in our framework

Lemma 6.5. Let Assumptions[2.1], and[G2 hold. We have for any (t,z) € [0,T) x R?

Y,¥ = essup {Yfﬂ% - 5(L)} , a.s.,
LG]LOO(]'—t)

where Lo (Ft) is the set of R%-valued, bounded and F;-measurable random variables.

Proof. First of all, one inequality is trivial by taking a constant control ¢ = 0. Then, the following
dynamic programming principle holds classically for any 0 <t < s < T

Y/ = sup EFo [YSX?I’M —/ 6(ur)dr} . (6.4)
t

uEVﬁ

Fix now some (t,z) € [0,T] x R some ¢ € Lo (F;), some & > 0 small enough, and define
€ 1 t
u® = gbl[t,t—ke] € V.

By the dynamic programming principle, we have,

. )(t,ac,uE t+e . )(t,ac,uE 1 t+e
Y7® > EPo [Y; AL / 5(ui)dr} — P [Yi Xkt 2 / 5(L)d7“:| . (6.5)
t € Jt

Next, by Lemma and the tower property we have for any u € V}

t,o,u t,zu®  i4e, Bt T
Pt Xy Pt |7 t+e, Xy utme
EFo [YHE ] > EF6 [U(XT — [ S(uy)dr] .
t+e

Be definition of u®, we have, using similar arguments as in the proof of Lemma [.4], that along a
subsequence if necessary,

~ t,x,uE t+s,Bt T ~ T
EPB |:U <X;+57Xt+5 U ) B 5(ur)d7“] N E]P’é |:U <X§l1‘+fb,u> o / 5(ur)d7“} )
t+e t

e—0

Thus, we deduce from passing to the limit in (6.5) that

T
Y > EPo |:U(X§;$+fuu> 0 —/ 5(ur)dr] ,
t
which implies by Lemma and arbitrariness of u € V}
D O}

hence the desired result. O

We can now give our main result of this section.
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Proposition 6.6. Let Assumptions 2], and [6F hold. Then, there is some constant C' > 0 such
that for any 0 <t < s < T, any (z,2") € R x R?

e -y

<Cla—a|, |V B < O+ flzl)(s - ).

Proof. The first result is an immediate consequence of Lemma [6.4] the fact that Uis Lipschitz contin-
uous, and classical estimates on the solutions to SDE satisfied by Xt%%,

Next, we have by (6.4]), the regularity in x we just proved and ([22))
Y 2 BR VX > BR [v) - CEP [|| X670 — o] 2 ER V7] — C 1+ |le]) ) (s —)V/2

Then, we have for any u € V., using the fact that ¢ — &;(+) is non-increasing and sublinear, as well as
Lemma

tau s Bt T S o s
EFo [U(XF;’XS u® > —/ 5(ur)dr} —/ O(uy)dr < stz —/ d(uy)dr
s t t

< YSX?WJ -0 </ urdr>
t

t,x,u s
< YVSXS —fft urdr.

Then by the tower property, we have, taking expectations under P on both sides

T t,x,u Su r
EF [U(X%”““)— / 5(ur)dr] < EP [YSXS & *d}
t

< E¥O [Y?] + EFS [

S
‘Xﬁ’x’“ - f/t updr —x

<ER Y]+ O(1+ 2] ) (s = )72,

|

where we used the fact that in the expression X Lau _ f fts u,.dr — x the control u actually disappears.
By definition of Y;*, this ends the proof. a
6.2.2 Weak formulation and the main result

For any (t,z) € [0,T] x R? and u € Vi, we now define the following Pj-equivalent measure

d]pt,:r,u . B -

¢
The weak formulation of the control problem is defined as
t,T,u T
Y,V = sup EF [U(Xt’“”’o) —/ 5(u5)] , for any (t,z) € [0,T] x R%,
uEVﬁ t
The following proposition is a simple consequence of Remark 3.8 and Theorem 4.5 of [20].
Proposition 6.7. For any (t,z) € [0,T] x R?, we have Y* = Y;"".

We can now proceed to the

Proof of Theorem [6.3. By Theorem 4.1 of [7], we have for any (¢,x) € [0,T] xC°, Y;W’X(t) = yf”‘ defined
as the first component of the constrained BSDE [BI)-(32). It then suffices to apply Theorem ET]
together with Proposition O
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