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REMARKS ON THE CH; OF CUBIC HYPERSURFACES

RENE MBORO

ABSTRACT. This paper presents two approaches to reducing problems on 2-cycles on a
smooth cubic hypersurface X over an algebraically closed field of characteristic # 2, to
problems on 1-cycles on its variety of lines F'(X). The first one relies on bitangent lines
of X and Tsen-Lang theorem. It allows to prove that CH2(X) is generated, via the
action of the universal P!-bundle over F(X), by CHy(F(X)). When the characteristic
of the base field is 0, we use that result to prove that if dim(X) > 7, then CH2(X) is
generated by classes of planes contained in X and if dim(X) > 9, then CHa(X) ~ Z.
Similar results, with slightly weaker bounds, had already been obtained by Pan([27]).
The second approach consists of an extension to subvarieties of X of higher dimension
of an inversion formula developped by Shen ([30], [31]) in the case of curves of X. This
inversion formula allows to lift torsion cycles in CHz(X) to torsion cycles in CH; (F/(X)).
For complex cubic 5-folds, it allows to prove that the birational invariant provided by the
group CH3 (X)tors,as of homologically trivial, torsion codimension 3 cycles annihilated
by the Abel-Jacobi morphism is controlled by the group CH1(F(X))¢tors, 47 Which is a
birational invariant of F'(X), possibly always trivial for Fano varieties.

INTRODUCTION

Let X C P! be a smooth hypersurface of degree d > 2. Let F,.(X) C G(r + 1,n + 2)
be the variety of P"’s contained in X and P, = P(&, 115, (x)) C F-(X) x X be the universal
P"-bundle. One has the incidence correspondence

pr: P — F.(X), ¢-: P, — X.

We will be particularly interested in this paper in the case r = 1 and r = 2, d = 3. It is
known (see for example [14], [36]) that if X is covered by projective spaces of dimension
1 <r < %, that is g, is surjective, then CH;(X)q ~ Q for i < and for § > i > r, there is
an inversion formula implying that

Pr,* : CHi—T(Fr(X))hom,Q — CHi(X)hom,Q

is surjective. We recall briefly how it works: Up to taking a desingularization and general

hyperplane sections of F,.(X), we can assume that F.(X) is smooth and ¢, is generically

finite of degree N > 0. Let Hx = ¢;(Ox(1)) € CH*(X) and h = ¢*Hx € CH'(P,). Given a

cycle I' € CH;(X)pom, we have NT' = ¢,..q; " and we can write ¢;T' = 37" _ h7 - pt~; where

v € CHipjr(Fr (X)) hom- Now, dgre(h? - piv;) = dHY - g (piy;) = 0 for j > 0 since
de~ = i}ixy* : CHI(X)hom — CHZ—I(X)homa

where iy is the inclusion of X into P"*!, factors through CH; (Pgﬂ)hom hence is zero. So
we get

dNT = q,.p;(dvo)

which gives CH;(X)pom,0 = 0 for ¢ < r since in this range CH;_,.(F(X)) = 0, and more
generally the desired surjectivity. Working a little more, this method gives, in the case of
2-cycles on cubic fivefolds, the following result (which is a precision of [14], [26]):

Proposition 0.1. Let X be a smooth cubic fivefold. Then the kernel of the Abel-Jacobi map
CHy(X)ay := Ker (®x : CHo(X)pom — J2(X)) is of 18-torsion.

Proof. For cubic hypersurfaces of dimension > 3, after taking hyperplane sections of F;(X),
the degree of the generically finite morphism P; — X is 6. If T' € CHy(X) 45, we can use
1
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the fact that 3Hx - T' = 0 in CH*(X) and thus (using the notation P, p, ¢ in this case)
(1) 3h-q¢*T =3(h-p*vo+h% - py) =0

in CH*(P). As h? = h - p*l — p*cy in CH?(P), where [ and ¢, are the natural Chern classes
on F;(X) restricted from the Grassmannian, we deduce from (1):

370 = =31 -1 in CH?(Fy(X)).

Combining this with the previous argument then gives 18T = ¢.p*(371 - [3) where 37, is
a codimension 2-cycle homologous to 0 and Abel-Jacobi equivalent to 0 on F;(X). Finally
we conclude using [7, Theorem 1 (i)] and the fact that Fy (X) is rationally connected, which
implies that CH?(Fy (X)) 4 = 0. O

The denominators appearing in the above argument do not allow to understand 2-torsion
cycles. On the other hand, as smooth cubic hypersurfaces admit a degree 2 unirational
parametrization ([8]), all birational invariants are 2-torsion so that, for functorial birational
invariant constructed using torsion cycles, the above method gives no interesting information.
Our aim in this paper is to give inversion formulas with integral coefficients, allowing in some
cases to also control the torsion of the group of cycles, which is especially important for those
hypersurfaces in view of rationality problems.

In this paper, we present two approaches to study the surjectivity of the map P, on
cycles with integral coefficient for cubic hypersurfaces. The first one is presented in the first
section and uses the bitangent lines of X; it gives the following result:

Theorem 0.2. Let X C ]P’ZH, with n > 2" +1 be a smooth cubic hypersurface over an alge-
braically closed field k of characteristic not equal to 2, containing a linear subspace of dimen-
sion i < 3. Assumz’ng resolution of singularities in dimension <1, Py, : CH;_1(F1(X)) —
CH;(X)/Z - H™™" is surjective.

In the case where ¢ = 2, the theorem associates to any 2-cycle a 1-cycle on Fy(X). As,
for i = 2, the condition to apply the theorem is dimy(X) > 5, F1(X) is a smooth Fano
variety hence separably rationally connected in characteristic 0. By work of Tian and Zong
([34]), CH;(F1(X)) is then generated by classes of rational curves. A direct consequence is
the following:

Corollary 0.3. Let X C PZ‘H be a smooth cubic hypersurface over an algebraically closed
field k of characteristic 0. If n > 5, then CHy(X) is generated by cycle classes of rational
surfaces.

Remark 0.4. This result is true for a different reason also in dimension 4, see Proposition
2.3.

In the second section, we study 1-cycles on F;(X) and refine Corollary 0.3 to obtain:

Proposition 0.5. Let X C IP’Z'H be a smooth cubic hypersurface over an algebraically closed
field k of characteristic 0. If n > 7, then CHa(X) is generated by classes of planes P? C X
and therefore CHa(X)phom = CHa(X)aig- If n > 9, then CHy(X) ~ Z.

Remark 0.6. Some of the results of the first two sections had already been obtained by
Pan ([27]) in charateristic 0 namely the surjectivity of P; . : CH;(F1(X)) — CHa(X) for
n > 17, the fact that CH; (F1(X))nom = CH1(F1(X))ag for n > 13 and that CHy(X) =Z
for n > 18. He has, more generally, obtained, for hypersurfaces of degree d, bounds to get
similar results on the CHs of the hypersurfaces and CH; of their variety of lines.

The last section is devoted to a second approach to the integral coefficient problem; it
consists of a generalization of a formula developped by Shen ([30], see also [31]) in the case
of 1-cycles of cubic hypersurfaces. Concretely, we prove the following:

Theorem 0.7. Let X C ]P"ZH be a smooth cubic hypersurface over a field k and ¥ a “suffi-
ciently general” smooth subvariety of X of dimensionr. Then, denoting vs € CH,_1(F1(X))
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the cycle class of a hyperplane section of dimension r — 1 of the subscheme of F1(X) para-
maretrizing the bisecant lines to 3, we have

(2deg(2) — 3)2 + PL*’)/g = mgH;L(_T
for an integer msy;.

This inversion formula is more powerful as it will allow us to lift, modulo Z- H ?{2, torsion
2-cycles on X to torsion 1-cycles on Fy(X). The application we have in mind is the study
of certain birational invariants of X. When k = C, it was observed in [39] that the group
CH?OTS’ 4y of homologically trivial torsion codimension 3 cycles annihilated by the Abel-
Jacobi map is a birational invariant of smooth projective varieties which is trivial for stably
rational varieties and more generally for varieties admitting a Chow-theoretic decomposition
of the diagonal. This is a consequence of the deep result due to Bloch ([5], [11]) that the
group CHQ(Y)wm 4y of homologically trivial torsion codimension 2 cycles annihilated by
the Abel-Jacobi map is 0 for any smooth projective variety. For cubic hypersurfaces, as
already mentioned, it follows from the existence of a unirational parametrization of degree
2 that CH3(X)tOTS’AJ is a 2-torsion group. Although we have not been able to compute this
group, we obtain the following:

Theorem 0.8. Let X C Pg“ be a smooth cubic hypersurface, with n > 5. Then for any
I' € CHa(X )tors,ag, there are a homologically trivial cycle v € CHy(Fi(X))tors,as and an
odd integer m such that Py(v) = mI'. In particular, when n = 5, if the 2-torsion part of
CHy (Fy(X))tors.as is 0 then CH?*(X)tors.a7 = 0.

As we will explain in Section 3.3, the group CH;(Fi(X))tors a4 is a stable birational
invariant of the variety F)(X), which is likely to be trivial for rationally connected varieties.

The group CH? (X)tors,as has a quotient which has an interpretation in terms of unram-
ified cohomology. We recall that, for a smooth complex projective variety Y and an abelian
group A, the degree i unramified cohomology group H,.(Y, A) of Y with coefficients in A
can be defined (see [6]) as the group of global sections HO(Y, H(A)), H'(A) being the sheaf
associated to the presheaf U + H!(U(C), A), where this last group is the Betti cohomology
of the complex variety U(C). The groups H, (Y, A) provide stable birational invariants
(see [10]) of Y, which vanish for projective space i.e. these groups are invariants under the
relation:

Y ~Zif X xP" is birationally equivalent to Z x P* for some r, s.

Unramified cohomology group with coefficients in Z/mZ or Q/Z has been used in the
study of Liiroth problem, that is the study of unirational varieties which are not rational, to
provide examples of unirational varieties which are not stably rational (see [2],[10]). In the
case of smooth cubic hypersurfaces X C ]P’EH, since there is a unirational parametrization of
degree 2 of X (see [8]) and there is an action of correspondences on unramified cohomology
groups compatible with composition of correspondences (see [12, Appendice]), the groups
H (X,Q/Z),i> 1, are 2-torsion groups. It is known that H} (X,Q/Z) = 0 for n > 2 since
this group is isomorphic to the torsion in the Picard group of X (see [9, Proposition 4.2.1]).

Since for cubic hypersurfaces of dimension at least 2, H2, (X, Q/Z) is equal to the Brauer
group Br(X) (see [9, Proposition 4.2.3]), we have H2 (X,Q/Z) = 0.

As for H2 (Y,Q/7Z), it was reinterpreted in [12, Theorem 1.1] for rationally connected
varieties Y as the torsion in the group Z* := Hdg*(Y)/H*(Y,Z)ay, quotient of degree 4
Hodge classes by the subgroup of H*(Y,Z) generated by classes of codimension 2 algebraic
cycles, i.e. H2 (Y,Q/Z) measures the failure of the integral Hodge conjecture in degree 4.
For cubic hypersurfaces X C ]P’ZC’H, by Lefschetz hyperplane theorem, the only non trivial
case where the integral Hodge conjecture could fail in degree 4 is for cubic 4-folds but it was
proved to hold by Voisin in [37].

The group H: . (Y,Q/Z) was reinterpreted in [39, Corollary 0.3] for rationally connected
varieties Y as the group CH?(Y)ors.47/alg of homologically trivial torsion codimension
3 cycles annihilated by Abel-Jacobi map (or torsion codimension 3 cycles annihilated by
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Deligne cycle map) modulo algebraic equivalence. As H2 (X, Q/Z) ~ CH*(X)tors.a7/alg,
we have Hj (X,Q/Z) = 0 for cubic hypersurfaces of dimension 2, 3 (because cubic three-
folds are rationally connected) and 4 (because the 1-cycles on cubic 4-folds are generated by
lines by [30, Theorem 1.1]). So the first non trivial case is the case of codimension 3 cycles
on cubic 5-folds.

As suggested by work of Tian and Zong ([34]), who proved that the Griffiths group
of homologically trivial 1-cycles on Fano complete intersection of index 2, modulo alge-
braic equivalence is 0, and by a question at the end of Section 2 in [40], it is likely that
CH1 (Y )tors,as/alg, which is also a birational invariant of smooth projective varieties ¥
vanishing for stably rational varieties, vanishes for Fano varieties, such as F(X) when
dim(X) > 5, or even for rationally connected varieties. So we would expect the group
H2.(X,Q/Z) to be trivial for cubic 5-folds. We have the partial result:

Theorem 0.9. Let X C P& be a smooth cubic hypersurface. Then H (X,Q/Z) is finite.

1. FIRST FORMULA

Let X C IP’ZH be a smooth hypersurface of degree d > 2 and dimension n > 3 over
an algebraically closed field k. Let us denote F(X) C G(2,n + 2) its variety of lines and
P C F(X) x X the correspondence given by the universal P*-bundle, and

p:P—>F(X), q:P—>X

the two projections. For a general hypersurface of degree d < 2n — 2, F(X) is a smooth
connected variety ([21, Theorem 4.3]).

Let us denote Q = {([l],z) € P(&;), | C X or INX = {z}} the correspondence associated
to the family of osculating lines of X, and

T:Q =X, p:Q—G(2,n+2)

the two projections. We have P C Q.
The following lemma is obvious:

Lemma 1.1. The fiber of 7 : Q — X (resp. q : P — X) over any point x in the image
of m (resp. of q) is isomorphic to an intersection of hypersurfaces of type (2,3,...,d — 1)
in P(Tx ) (resp. of type (2,3,...,d)). Moreover, for X general, Q is a local complete
intersection subscheme of P(E2) of dimension 2n — d+ 1. If char(k) =0, then Q 1is smooth
for X general.

Proof. By definition @ is the set of ([I],z) in P(&;) over G(2,n + 2) where the restriction
of the equation defining X is 0 or proportional to A%, where A, is the linear form defin-
ing x in l. Let x € X and P a hyperplane not containing x. There is an isomorphism
P(Tpn+1,) — P given by [v] + l.) NP, where I, is the line of P+l determined
by (z,v). We can assume that z = [1,0,...,0] and P = {Xy, = 0}. Let | be a line
through z and [0,Y7,...,Y, 1] € P the point associated to I. Then, denoting f an equation
defining X, since x € X, we can write f(Xo,..., Xp11) = Zf;ol Xifa—i(X1,. o, Xns1),
where f; is a homogeneous polynomial of degree i. The general point of [ has coordinates
(1, AY7, ..., AY, 1) where A = A\, and p form a basis of linear forms on [. The restriction of
f to [ thus writes Zf:_ol WX fy (Y, ..., Yni1). Thus the line [ is osculating if and only
if f;(Y1,...,Yh41) =0, Vj < d. The first equation f; is the differential of f at = and its
vanishing hyeperplane is P(Tx ), so we proved that 7~1(x) is isomorphic to an intersection
of hypersurfaces of type (2,3,...,d—1) in P(Tx ). We show likewise that the fiber ¢~!(z)
is isomorphic to an intersection of hypersurfaces of type (2,3,...,d).
On the projective bundle pg : P(€2) — G(2,n + 2), we have the exact sequence:

(2) 0 = Qp(eyy/a@nt2) (1) = pe€2 — Ope,) (1) = 0
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The last morphism being the evaluation morphism, we see that Qpe,)/c(2.n+2)(1)(1),2) 18
the ideal sheaf of x in I. Taking the symmetric power of the dual of (2) yields the exact
sequence:

0 — Sym®(Qp(e,)/a2nt2) (1) = PESym?E — pESym™? '€ @ Ope,) (1) — 0

where the first morphism is the d-th symmetric power of the (first) inclusion in (2).

Now, let f be an equation defining X; it gives rise to a section o of pESymdé'g. Let o7 be
the section of pSym? '€, ® Op(g,)(1) induced by oy. Then the zero locus of 77 is exactly
the locus of ([I], ) where the restriction to ! of the equation defining X is 0 or equal to the
linear form induced by x on [ to the power d. So @ is the zero locus in P(&5) of a section of
the vector bundle p&Symdilé'g ® Op(g,)(1). As this vector bundle is globally generated, the
zero locus of a general section is a local complete intersection (even regular if char(k) = 0)
subscheme of P(&2) of dimension 2n —d + 1. O

Theorem 1.2. Let X C P{*! be a smooth hypersurface of degree d and let P C F(X) x X

be the incidence correspondence. Assume Zf;ll " < n with r > 0 and, if r > 3 and
char(k) > 0, assume resolution of singularities of varieties of dimension r. Then for any
cycle T € CH,(X) there is a v € CH,_1(F(X)) such that

dl' + P.(y) € Z-HY™"
where Hx = ¢1(Ox(1)).

Proof. Let ¥ C X be an integral subvariety of dimension r > 0. By Tsen-Lang theorem

([22], [33, Theorem 2.10]), the function field k£(X) of ¥ is C,. As the fibersof 7 : Q — X
are isomorphic to intersection of hypersurfaces of type (2,3,...,d—1) and Z?;ll i" < n, the

restriction 7y : Q|x — X admits a rational section o : ¥ --» Q.

Case 1: The rational section o is actually a rational section of Py — 3. This means
that for any x € X, the line p o o(x) is contained in X. We have the following diagram of

resolution of indeterminacies:
¥
J/\
b))

= P P(X)

Let us denote Pg the pull-back via p o ¢ of the P'-bundle on F(X), f : Pg — X the
projection on X (which is the restriction of ¢) and pyx : Py — ¥ the projective bundle. The
line bundle 7*Ox (1) 5 gives rise to a section 7 : O P (given by s — (pod(s),7(s))) of
ps. We have the decomposition Pic(Ps) ~Z- f*Hx @ pEPic(i) so that we can write

3) n(X) = [*Hx +psD

for D a divisor on 3. We apply f« to that equality: we have f*n(i) =T (f]) = ¥ in CH,.(X).
Projection formula yields f.f*Hx = Hx - f«(1). Finally, we see that fuptD = Py (p.6.(D)).
So, we get

S = Hy - f.(1) + Pu(p.6.(D)).

Remembering that dHx - fi(1) = i%ix «f«(1) € Z- HY ", we are done for this case.

Case 2: The rational section o is not a rational section of Pz — Y. This means that for
the general point & € 3, the line ¢ o o(z) is not contained in X, hence intersects X at x
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with multiplicity d. We have the following diagram of resolution of indeterminacies:

o= Q —= G(2,n + 2)

Let again Pg be the pull-back via ¢og of the P!-bundle on G(2,n+2) and let f : Pg — P+

be the natural morphism. Let f]l be the locus in ¥ consisting of x € ¥ such that the line
poa(x) is contained in X. We have an equality of r-cycles

(4) (fiPg)x =dES+ R

in CH,.(X), where the residual cycle R is supported on the r-dimensional locus ]Pil’ or
rather its image in X. It is clear that R is a cycle in the image of P, so that (4) proves the
result in this case. 0

In the case of smooth cubic hypersurfaces of dimension > 3, F(X) is always smooth
and connected ([1, Corollary 1.11, Theorem 1.16]). We have the following result which is
essentially Theorem 0.2 of the introduction:

Theorem 1.3. Let X C ]P’Z'H, with n > 3 and char(k) > 2, be a smooth cubic hypersurface
containing a linear space of dimension d > 1. Then, for 1 <i < d and 2i # n,

P, : CH;_1(F(X)) = CHy(X)/Z - HY '

is surjective on 2CH;(X)/Z - HY ".

If moreover, n > 2" + 1 for ar >0 and resolution of singularities holds of k-varieties of
dimension r, then P, : CH;_1(F(X)) — CHy(X)/Z - Hy " is surjective for any i # 5, 1 <
1 <r.

Proof. According to [8, Appendix B], X admits a unirational parametrization of degree 2
constructed as follows: for a general line A in X, consider the projective bundle P(Tx|a)
over A and the rational map ¢ : P(Tx|a) --+ X which to a point z € A and a nonzero vector
v € Tx , associated the residual point to 2 (z has multiplicity 2) in the intersection X Nl(, .
of X with the line of P"*! determined by (z,v). The indeterminacy locus Z corresponds to
the (z,v) such that [(, ,) C X. It has codimension 2 for general lines. Indeed, if A is general,
it is generally contained in the locus were the fibers of the projection ¢ : P — X are complete
(since P has dimension 2n — d) intersection of type (2, 3) in the projectivized tangent spaces
so that the general fiber of Z — A has dimension n — 3. Choosing a sufficiently general
A, we can also assume that Z is smooth. Then, blowing-up P(Tx|a) along Z yields the

resolution of indeterminacies; let us denote 7 : P(Tx|a) — P(T'x|a) that blow-up, E the

exceptional divisor and ¢ : P(T'x|a) — X the resulting degree 2 morphism. For 1 <i <d,
by the formulas for blowing-up, we have the decomposition

CH;(P(Tx|a)) = 7" CHi(P(Tx|a)) @ jE7[gCHi—1(Z) @ jE . (jp@" Hx) - 1/pCHi(2).

As 7 is flat, we can see that ¢, jEﬁ*TIE identifies with the composition of the mor-
phism CH,(Z) — CH,(F(X)) (induced by the restriction of natural morphism P(Tx) —
G(2,n + 2)) followed by the action P,.

So let I' € CH;(X), with 2i # n, be a cycle on X. As X contains a linear space
of dimension ¢ and H?t(n_l) (X,Z¢) = Zy (V¢ # char(k)) by Lefschetz hyperplane sec-
tion theorem (n # 2i), for any P ~ P! C X, I' — deg(T')[P] is homologically trivial and
@.@* (T — deg(D)[P]) = 2(I — deg(T)[P]). As P(Tx|a) is a projective bundle over P!,
CH.(P(Tx|a))hom = 0 so, from the above discussion, we conclude that there are a (i — 1)-
cycle v € CH;_ 1 (F(X))hom and a i-cycle Dy € CH;(F(X))hom such that

2(I' — deg(T")[P]) = Py + Hx - P.Dr.
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It remains to deal with the term Hx - P, Dr. For this, let j : Y < X be a hyperplane section
with one ordinary double point pg as singularity. Then Hx - P,Dr = j.5* Py Dr.

We have Y C P™ and if we choose coordinates in which pg =[0:---: 0 : 1], the equation
of Y has the following form: F(Xo, -+, X,) = X,Q(Xo, -+, Xn-1) + T(Xo, -, Xn-1)
where Q(Xo, -+, Xn—1) is a quadratic homogeneous polynomial and T'(Xy,- -, X,—1) is a
degree 3 homogeneous polynomial. The linear projection P™ --» P*~! centered at p, induces
a birational map Y --» P! ~ [pg] where [pg] denotes the scheme parametrizing lines of
P passing through pg. The indeterminacies of the inverse map P"~! --s Y are resolved
by blowing-up P"~! along the complete intersection F,, (Y) = {Q = 0} N {T = 0} of type
(2,3). The variety of lines of Y passing through py is isomorphic to F),, (Y") and we have the
following diagram:

przg ™)
lx\
Ppr-lo ol SY

By projection formula, (j o ¢)«(j o ¢)*P.Dr = P.Dr - j.q.1 = P.Dr - [Y] = P.Dr - Hx and

—~— Fp (V)
(joq)* Py Dr is a homologically trivial cycle on P?—1 . But since the ideal CH,.(P" 1) 10m
of homologically trivial cycles on P"~! is 0, from the decomposition of the Chow groups of

a blow-up, we get that (j o ¢)*P.Dr can be written ]EFP()(Y)’*X‘EFPO(Y)U} for a cycle w on

F,,(Y) so that Hy - P.Dr = j*q*‘jEFPO(Y)’*XTEFp o which can be written P*Z'FPO(Y)7*’(U
8]

Fp,

where ig, (v) 1 Fp(Y) = F(X) is the inclusion. Finally, P is in Im(P;) so we have:
2I' = 2P + P.(7 + iR, (v),~w) which proves that 2CH;(X) is in the image of P..
When n > 2" 4+ 1, we can also apply Theorem 1.2; we get, for any cycle I' € CH;(X), a
cycle 4/ € CH;_;(F(X)) such that 3T + P,y € Z- Hy " in CH;(X).
O

Proposition 1.4. Let X C ]P’ZH, with n > 4 and char(k) > 2, be a smooth cubic hypersur-
face. Then H% % € Im(P, : CHy(F(X)) — CHy(X)). In particular, by Theorem 1.3, for
n>5, P, : CHi(F(X)) = CHy(X) is surjective.

Proof. Since, according to [25, Lemma 1.4], any smooth cubic threefold contains some lines
of second type (lines whose normal bundle contains a copy of Opi1(—1)), X contains lines
of second type. Let lp C X be a line of second type. According to [8, Lemma 6.7], there
is a (unique) P"~! C P"*! tangent to X along lp. So, when n > 4, we can choose a
Py ~ P3 C P"*! tangent to X along ly. Then S := Py N X is a cubic surface singular along
lop which is ruled by lines of X. Indeed, for any x € S\lo, span(z,lp) NS is a plane cubic
containing ly with multiplicity 2; so that the residual curve is a line passing through z. So,
we can write S = ¢(p~!(D)) for a closed subscheme of pure dimension 1, D C F(X) so, in
CHy(X), we have Hy ? = [S] = P.([D)). O

Here is one consequence of this proposition:

Corollary 1.5. Let m : X — B be a family of complex cubic hypersurfaces of dimension
n > 5 i.e. ™ is a smooth projective morphism of connected quasi-projective complex varieties
with n-dimensional cubic hypersurfaces as fibers. Then, the specialization map

CHy(X35)/alg — CHa(X¢)/alg
where X5 is the geometric generic fiber and Xy := n~1(t) for t € B(k) any closed point, is
surjective.

Proof. The statement follows from Proposition 1.4 and the following property, essentially
written in the proof of [38, Lemma 2.1]

Proposition 1.6. ([38, Lemma 2.1]). Let 7 : Y — B be a smooth projective morphism with
rationally connected fibers. Then for any t € B(t), the specialization map CHy(Y5)/alg —
CH,(Y:)/alg is surjective.
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Proof. We just recall briefly the proof: by attaching sufficiently very free rational curves to
it (so that the resulting curve is smoothable), any curve C' C Y; is algebraically equivalent to
a (non effective) sum of curves C; C Y; such that H'(C;, N¢, /y,) = 0. Then the morphism
of deformation of each (C;,Y;) to B is smooth. So we have a curve C; , C Yk, where K is
a finite extension of the function field of B, which is sent by specialization in the fiber Y%,
to Cl |

Appying this proposition to the relative variety of lines F(X) — B, yields a surjective
map: CH; (F(X7))/alg — CH;(F(X}))/alg. The universal P!-bundle P C F(X) x g X gives
the surjective maps Py . : CHy (F(Xy))/alg — CHa(X})/alg and Py . : CH1 (F(X7))/alg —
CH(X#)/alg and they commute ([15, 20.3]). O

2. ONE-CYCLES ON THE VARIETY OF LINES OF A FANO HYPERSURFACE IN P"

Throughout this section, k will designate an algebraically closed field. According to [21,
Theorem 4.3], for a general hypersurface X C P*"*! of degree d < 2n — 2, the variety of
lines F'(X) is smooth, connected of dimension 2n —d — 1. In the case of cubic hypersurfaces
of dimension n > 3, we even know, by work of Altman and Kleiman ([1, Corollary 1.11,
Theorem 1.16], see also [3]) that for any smooth hypersurface X, F(X) is smooth and
connected.

We recall that, for a smooth hypersurface X C IF’ZH of degree d, when F(X) has the
expected dimension 2n — d — 1, it is the zero-locus in G(2,n + 2) of a regular section of
Sym?(&;), where & is the rank 2 quotient bundle on G(2,n + 2) and its dualizing sheaf,

d(d+1)

given by adjunction formula ([17, Theorem III 7.11]), is —((n + 2) — =5—*)) times the

Pliicker line bundle on G(2,n + 2) restricted to F/(X). In particular, when F(X) is smooth,
connected and @ < (n+2), F(X) is Fano so rationally connected.

From now, we assume that the condition d(d+1) < 2(n+2) holds and that X C P} isa
smooth hypersurface such that F'(X) is smooth and connected. Then the following theorem
applies to F(X) if char(k) = 0 or, when char(k) > 0, if F(X) is, moreover separably
rationally connected:

Theorem 2.1. ([34, Theorem 1.3]). Let Y be a smooth proper and separably rationally
connected variety over an algebraically closed field. Then every 1-cycle is rationally equiva-
lent to a Z-linear combination of cycle classes of rational curves. That is, the Chow group
CH,(Y) is generated by rational curves.

Corollary 2.2. (i) When char(k) =0 and X is a smooth cubic hypersurface of dimension
> 5, F(X) is separably rationally connected; then Proposition 1.3 together with Theorem 2.1
yields that CHo(X) is generated by classes of rational surfaces. In positive characteristic,
the same is true for smooth cubic hypersurfaces X whose variety of lines F(X) is separably
rationally connected.

(ii)When k = C and X is a smooth cubic hypersurface of dimension 5, the group of 1-
cycles modulo algeraic equivalence, CHy(F(X))/alg is finitely generated. Thus CHz(X)/alg
is finitely generated. In particular, the group H2 (X, Q/Z) is finite.

Proof. (ii) According to [21, Theorem 5.7], any rational curve is algebraically equivalent to a
sum of rational curves of anticanonical degree at most dimy(F(X))+1. As there are finitely
many irreducible varieties parametrizing rational curves of bounded degree, CH; (F(X))/alg,
is finitely generated. Proposition 1.4 tells us that P, : CHy(F(X))/alg — CHz(X)/alg
is surjective so that CHa2(X)/alg is finitely generated. Now, by work of Voisin ([39])
HE (X,Q/Z) ~ CHa(X)tors,ag/alg C CHa(X)/alg so it is finitely generated. On the other
hand, we know that, since X admits a unirational parametrization of degree 2, H2 (X,Q/Z)
is a 2-torsion group so it is a finitely generated Z/2Z-vector space hence H2 (X,Q/Z) is
finite. ]
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Actually, by completely different methods using a variant of [37, Theorem 18], the first
item of Corollary 2.2 turns out to be true for cubic 4-folds also in characteristic 0.

Proposition 2.3. Let X C P2 be a smooth cubic hypersurface. Then CHa(X) is generated
by classes of rational surfaces.

Proof. In the proof by Voisin of the integral Hodge conjecture of cubic 4-folds ([37, Theorem
18]), one can replace the parametrization of the family of intermediate jacobians associated
to a Lefschetz pencil of X, with rationally connected fibers given by [23]and [20] the family
of elliptic curves of degree 5) by the one given by [16, Theorem 9.2] (the family of rational
curves of degree 4); her proof then shows that any degree 4 Hodge class is homologically
equivalent to the class of a combination of rational surfaces swept-out by a family of rational
curves of degree 4 in X parameterized by a rational curve. Finally, since X is rationally
connected and the intermediate jacobian J3(X) is trivial, Bloch-Srinivas [7, Theorem 1]
applies and says that codimension 2 cycles homologically trivial on X are rationally trivial
so that we have proved that any 2-cycle on X is rationally equivalent to a combination of
rational surfaces. O

2.1. One-cycles modulo algebraic equivalence. In this section, we apply the methods
of [34, Theorem 6.2], using a coarse parametrization of rational curves lying on F(X), to
study 1-cycles on varieties F'(X). Our goal is to prove:

Theorem 2.4. Let X C ]P’;H'1 be a smooth hypersurface of degree d, with @ <n, such

that F(X) is smooth, connected. Then every rational curve on F(X) is algebraically equiv-
alent to an integral sum of lines. In particular (assuming moreover that F(X) is separably
rationally connected if char(k) > 0), any 1-cycle on F(X) is algebraically equivalent to an
integral sum of lines and thus CHy (F(X))hom = CH1(F(X))aig-

We start with some preparation. Let V be a (n + 2)-dimensional k-vector space and
X C P(V) ~ P! a smooth hypersurface of degree d. A morphism 7 : P — G(2,V) such
that 7*Og(2,v)(1) =~ Op1 (e), with e > 1, is associated to the datum of a globally generated
rank 2 vector bundle on P!, which is a quotient of the trivial bundle V ® Op: i.e. to an exact
sequence

V®Op1 — Op (a) ® Op1 (b) — 0
with a,b > 0 and a + b = e. So a natural parameter space for those morphisms is
P :=P(Hom(V*, H* (P!, Opi (a)) ® H°(P', Op1 (b)))).
Given [Py, ..., Pui1,Qo,- .-, Qni1] € P, where the P;’s are in H(P!, Opi(a)) and the Q;’s
are in H°(P!, Op1 (b)), the points in the image in P(V) of Im(P* — G(2,n + 2)) un-
der the correspondence given by the universal P'-bundle are of the form [Py(Yo, Y1)\ +
Qo(Yo, Y1)ty - -y Pry1(Yo, Y1)A + Qni1(Yo, Y1) ] where Span(Yy, Y1) = HO(PL, Opi(1)). Let

X% € HO(P™H, Opni1(d)) be a mononial with 27"%" a; = d. Then the induced equa-

tion on the image in P"*! of the morphism P! — G(2,n+2) associated to [Py, . .., Pui1, Qo, - - -

has the following form:
d

n @ i—li )l -
Sox o my(Y) etk
k=0 0<lo<ao,...,0<ln11<an 1 ’
> li=k
so that, denoting Px, the closed subset of P parametrizing the [Py, ..., Put1, Qo, - - -, Qnt1]
whose image in P"*! is contained in the hypersurface X of degree d, is defined by EZ:O(a(d—
k) + bk 4+ 1) = homogeneous polynomials of degree d on P.

aQn-‘rl]

The closed subset B C P parametrizing the M € P(Hom(V*, H*(P, Op: (a))®H (P!, Op1 ())))

whose rank is < 2 has dimension 2(e +n) + 3. Now, we have the following lemma:

Lemma 2.5. ([18]). Let Y be a subscheme of a projective space PV defined by M homoge-
neous polynomials. Let Z be a closed subset of Y with dimension < N — M — 1. Then Y\Z
s connected.
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The closed subset B NPx of Px has dimension
dimp(F(X))+2(a+1)+2b+1)—1=2n—d—-14+2e+3=2(e+n)—d+2
since it parametrizes (generically) a point of F(X) and over that point 2 polynomials in
HO(P!, Op:i(a)) and 2 polynomials in H° (P!, Op: (b)). Applying Lemma 2.5 with Y = Px and
Z = BNPx, so that N = (n+2)(e+2)—1 and M = Y ¢_,(a(d—k)+bk+1) = d+1+e XL,
yields the following condition for the connectedness of Px\(B NPx):

(5) e(n — @) > 1
Proof of Theorem 2.4. We proceed by induction on the degree of the considered rational
curve, following the arguments of [34, Theorem 6.2].

Let D C P be the closed subset parametrizing 2(n+2)-tuples [Py, ..., Phi1, Qo - - - s Qny1]
that have a common non constant factor. Assume e > 2. Let p € Px\(Px N (B U D)) be
a point parametrizing a degree e morphism P! — F(X) generically injective. As e > 2,
Px\(Px N B) is connected; so there is a connected curve v in Px\(Px N B) connecting
p to apoint ¢ = [Pog,..., Prtiq Qo - @nt1,q) of Px N D\(Px N B). Factorizing out
the common factor of (P; 4, Qi q)i=0..n+1, We get a (Pil7q7Q;7q)i:O...n+1 which parametrizes
a morphism P! — F(X) of degree < e (finite onto its image), since ¢ ¢ B. So, approching
q from points of v outside D and using standard bend-and-break construction, we get from
q a morphism from a connected curve whose components are isomorphic to P! to F(X)
such that the restriction to each component yields a rational curve of degree < e (or a
contraction). So the rational curve parametrized by p is algebraically equivalent to a sum
of rational curve each of which has degree < e. We conclude by induction on e that the
rational curve parametrized by p is algebraically equivalent to a sum of lines. O

2.2. One-cycles modulo rational equivalence. From now on, we will assume that X C
P+ is a smooth hypersurface of degree d > 2, with d(d + 1)/2 < n, and that char(k) = 0.
The following is proved in [13, Proposition 6.2]:

Proposition 2.6. Assume char(k) =0 and X C IP’ZH is a smooth hypersurface of degree
d > 2, with d(d+1)/2 <n. Then, F(X) is chain connected by lines.

Proceeding as in [34], we get the following result:

Theorem 2.7. Let X C ]P’ZH be a smooth hypersurface of degree d > 2 over an algebraically

closed field of characteristic 0, with @ < n, such that F(X) is smooth and connected.
Then CH;1(F (X)) is generated by lines i.e. any 1-cycle is rationally equivalent to a Z-linear

combination of lines.

Proof. Let v be a 1-cycle on F(X). According to Theorem 2.4, there is a Z-linear com-
bination of lines ). m;l; such that v — > . m;l; is algebraically equivalent to 0. Then,
using [34, Proposition 3.1], we know there is a positive integer N such that for every 1-
cycle C on F(X), NC is rationally equivalent to a Z-linear combination of lines. As the
group CH; (X )q4 of 1-cycles algebraically equivalent to 0 is divisible ([4, Lemme 0.1.1]), we
conclude that v — >, m;l; is rationally equivalent to a Z-linear combination of lines. O

This provides us the following results for cubic hypersurfaces (cf. Proposition 0.5):

Corollary 2.8. Let k be an algebraically closed field of characteristic 0 and X a smooth
cubic hypersurface. We have the following properties:

(i) if dimi(X) > 7, then, CHo(X) is generated (over Z) by cycle classes of planes con-
tained in X and CHa(X)hom = CHa(X)aig;

(i) if dimy(X) > 9, then, CHy(X) ~ Z

Proof. Ttem (ii) is an application of Proposition 1.4 and Theorem 2.7.

(iii) The variety of lines F'(F'(X)) of F/(X) is isomorphic to the projective bundle P(E3 m, (x))
over Fp(X) C G(3,n+2), where &; is the rank 3 quotient bundle on G(3,n 4 2) and F5(X)
is the variety on planes of X, since a line in F/(X) correspond to the lines of P"*! contained
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in a plane P? ~ P C P"*! passing through a given point of P. Now, when n > 9, according
to [13, Proposition 6.1], CHo(F2(X)) =~ Z so that CHo(F'(F(X))) ~ Z. O

3. INVERSION FORMULA

Let X C IP’Z’H, where n > 3, be a smooth cubic hypersurface over a field k. Let as before
F(X) C G(2,n 4+ 2) be the variety of lines of X and P C F(X) x X the correspondence
given by the universal P'-bundle over F/(X). The variety F(X) is smooth, connected of
dimension 2n — 4 ([1, Corollary 1.11, Theorem 1.16]).

3.1. Inversion formula. In this section, adapting constructions and arguments developped
in [30], we establish an inversion formula for a smooth subvariety ¥ of X using the scheme
of the lines of X which are bisecant to ¥. The lines of ]P’ZJr1 bisecant to ¥ are naturally
in relation with the punctual Hilbert scheme Hilby(X), that we shall denote X[, via the
morphism ¢ : ¥ — G(2,n + 2) which associates to a length 2 subscheme of ¥ the line it
determines. There is a natural inclusion X2 ¢ X[, o
We recall that X2 is smooth and is obtained as the quotient of the blow-up ¥ x ¥ of

3 x 3 along the diagonal Ay, by its natural involution. Let us denote g : XT;/Z — 2 the

quotient morphism, 7 : ¥ x ¥ — ¥ x X the blow-up and jg : F — ¥ x X the exceptional
divisor of 7. As the involution acts trivially on FE, gg is an isomorphism onto its image and
q is a double cover of £ ramified along ¢(E). So let us denote § € CH'(X[?) a divisor
satisfying [¢(E)] = 20.

Let us denote P, the P2-bundle over F/(X) defined as the symmetric product of P over
F(X). There is a natural embedding P, C X [l under which P, parametrizes length 2
subschemes contained in a line of X. Let us make the following definition:

Definition 3.1. For a smooth subvariety > C X, let us denote Bisec' (2) = X2 N Py the
locus in X parametrizing the lines of X bisecant to X. The morphism ¢ induces a morphism
@' from Bisec' () to the variety of lines F(X) of X. Set Bisec(X) = ¢'(Bisecd (X)).

A smooth subvariety ¥ C X is well-positionned if Bisec (X) is a smooth closed subscheme
of 212 of codimension 2.

We have the following inversion formula for well-positionned subvarieties:

Theorem 3.2. Let X C IP’Z+1 be a smooth cubic hypersurface and ¥ C X a well-positionned
subvariety of dimension 1 < d < n. Then, the following equality holds in CH4(X):
(6) (2deg(%) = 3)[S] + Pu(ys) = m(2)Hy *

where m(X) is an integer, Hx = ¢1(Ox(1)), and s is the (d — 1)-cycle of F(X) given by
the intersection of Bisec(X) with (d — 1) general hyperplanes i.e. Bisec(X) - c1(Ear(x))? "
Es being the rank 2 quotient bundle on G(2,n + 2).

)

Proof. We have a natural residual construction X2/ --» X which associates to a length 2
subscheme of X, x + y, the point z € X residual to x + y in the intersection I, ) N X,
l(z,y) being the line determined by = + y. We can resolve the indeterminacies of this map
by blowing up the smooth codimension 2 subscheme Bisec' (X) = Py N X2

E]
SR x

Let us denote Epjs.c/(x) the exceptional divisor of that blow-up. There is a divisor

§ € CHY(ZP) which is especially related to the geometry of ¥ since ¢*6 = [¢~1(6)] = F is

a projective bundle over ¥ s0 that ¢*0? is supported on a subvariety isomorphic to ¥. So

the computation of {2[2]} (64) € CHy(X) is of special interest. To do this computation, we
*

introduce the following construction:
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Using the morphism ¢ : X2 — G(2,n 4 2), we can see that S admits a natural
embedding in P(p*&2). Denoting f the projection P(p*Ey) — ]P’ZH, we have the natural
inclusion of codimension 1 subschemes X2l ¢ f~!(X) and r : X2 — X factorizes through
the restriction f' : f~1(X) — X of f. We following proposition proves that the residual

divisor to X2 in f~1(X) is isomorphic to ¥ x X:

Proposition 3.3. There is an embedding o : SRV I P(p*E) under which 0(2/]_;</Z) is the

residual scheme to X121 in f~1(X). Moreover, the following equalities hold in CH' (P(¢*&y)):
[0( % %)] = 2" H — 7" (q.7"pr Hy: — 25)
and .
[2[2}] = f*H + 7" (qum"pr’ Hs, — 26)
where H = ¢; (OPZH (1)), Hyx, is the restriction of H to ¥, pri : ¥x X — X the first projection

and m : P(¢*E) — B2 is the projective bundle. Moreover, Bisec'(X) = ca(my(Op(prg,)(E12))
in CH?(2P).

Proof. As for any point p € ¥ x 3, the point pri(7(p)) lies on the line p(g¢(p)) (defined
over k(p)), the evaluation morphism ¢*¢*Ey — 7*priOx(1), where Ox(1) ~ OP;+1(1)|2, is
surjective i.e. gives rise to a section o’ of the projective bundle 7’ : P(¢*p*E2) — S x 3. Let
us denote ¢’ : P(¢*p*E) — P(p*E:) the base change of ¢; it is also a ramified double cover.
The composition o := ¢ oo’ : XY P(p*&y) is an isomorphism onto its image and we
have the inclusion of divisors O’(E/-;/E) C f71(X). Let us denote R the residual scheme to
G(E/;/E) in f~1(X). We need to prove that 7z is the blow-up of £ along Bisec' (%) i.e.
R~ X021,

As ¢’ is the section of the projective bundle P(¢*p*Es) given by 7*priOs(1), its class
in CH'(P(q*p*Ey)) is given by ¢ (7KLY @ Op(q p+£5)(1)), where K is defined by the exact
sequence:

(7) 0K =g ¢& — 7 priOx(l) = 0
and Op(g=pg,)(1) q’*f*%;;+1(1)~ As ¢’ is a double cover ramified along 71 (¢(E)), the
push-forward ¢, (7"*KY @ ¢"* f*Opn+1(1)) ~ ¢, (7"*KV) R f*Opn+1(1) is a rank 2 vector bundle
on P(p*&;) and Grothendieck-Riemann-Roch theorem gives
(g (7*KY @ ¢* f* Opni1(1))) = ¢y (77 KY @ ¢ f*Opni1 (1)) — 7% = q;a’(m) — 6.
On the other hand, we have:
(g (m"KY) ® f*Opnir (1)) = 2f*c1(Opn+1(1)) + c1(qm™KY)
= 2f*H + m*c1(q.K") since ¢ and 7 are proper and flat
= 2f*H 4 7*(g«c1(KY) — §) applying GRR to ¢
= 2f"H + m*[q.(m"pric1(0x(1)) — ¢ ci(p*E2)) — 6] using (7)

As a linear form on P! is determined by its value on a length 2 subscheme, the evaluation

morphism yields an isomorphism of sheaves:

(8) @& > .7 priOx(1),
so that, using Grothendieck-Riemann-Roch theorem for ¢, we have the equality c¢;1(¢*E2) =
gsc1(T*priOx(1)) — 5. We end the computation of [o(2 x X)] as follows:

(g (" KY @ ¢* f*Opnir (1)) = 2f*H + 7% [q.m*prici(0s(1)) — 2¢1(p*E) — 4]
= 2f*H+7*[(1 = 2)q.7*pric1(Oxs(1)) + (2 — 1)0]

and ¢.o’ (2 X X) = c1 (L (7*KY @ ¢"* f*Opn+1(1))) + 76
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Now, we have R = [f~(X)] — [0(E x 2)] = 3f*H — [0(E x B)] = f*H +1*(qur*prt Hy —
26) so that by projection formula 7, Op(y-g,)(R) ~ ©*E @ Os2(q7*pri Hs — 20). Letting
sRr € |Op(yg,)(R)] be a section whose zero locus is equal to R, we can consider sy as a section
of the rank 2-vector bundle 7,Op(y-¢,)(R). Then the zero locus of this section correspond
to length 2 subschemes whose associated line is contained in X that is to Bisecd' (X). As ¥
is assumed to be well-positionned, Bisec () has codimension 2 in X2 so that its class in
CH?(2P1) is ¢o(7* Op(p-e,) (R))-

Let U ~ Spec(A) be an affine open subset of £ such that P(€);; ~ P}. Denoting
[Yp : Y1) the homogeneous (relative) coordinates on PYy, the equation sg of Ry C P, is of the
form foYy + f1Y1 = 0, where fo, fi € A, since R € |Op(prg,)(1) @ 7*Oxyz) (qu7*pri Hs — 20)|.
Then the section sg of (7.Opp+g,)(R))|v is (fo, f1) so that, since ¥ is well-positionned,
the ideal of Bisec(¥) NU in U is generated by (fo, f1) and it is a regular sequence in A.
As (fo, f1) is a regular sequence, the equation foYy + f1Y1 = 0 tells exactly that R is the

blow-up of £ along Bisec'(¥) i.e. R~ X2, a

The divisors S, cr(Z/;/E) and f~!(X) can be considered as correspondences from %%
to X. The following fiber square:

yields the following easy lemma:
Lemma 3.4. The action [f*(X)]. : CH*(Z1?) — CH*(X) factors through CH™ (P"*1) i.c.
for any z € CH (ZB)), there is an integer m, € Z such that [f~1(X)].z = m, Hy 2%,

By Lemma 3.4, [2[21} +[o(E X ). CH(S1) — CHY(X) factors through CH* (P*).
As [J(m)] is tautological, we can compute the action of {i\[{]} modulo cycles coming from

PP+, In particular, since [O'(E/_\_/XE)] (6%) = f’ Ex5).-d q*6% = (-1)% lf/ (EXZ)*( (Efgl)) =

] in CHy(X), we have [iﬁ} (64) = —[%] mod Z - H4.

Another relation we have is that fllﬁ EBisec(o) = P«(Bisec(X)) so that, in order to
obtain the inversion formula, we just have to find a suitable relation between Wrﬁia and
EBisec’(d)~
Lemma 3.5. We have the following equality in CHl(iﬁ):
©) (" H) g = 27
Proof. Using that 7|55 is a blow-up, we have Kﬁ ‘ Kz[z)] + EBisec(x)- Adjunction

= (Kp(pg,) + 21))

q*T pT1 HZ - 37T|E[2]5 - EBisec’(E)~

formula gives K As Kp(prgy) = T Kxip) + Kp(p-g,) /5021, We get

S bRk
(10) EBisec’(Z) = (KIP’(¢*€2)/Z[2] + E[Q])‘iﬁ
Using formulas for projective bundle, we have

KP(¢*52)/2[2] = —261(0]13’“0*52)(1)) + ’/T*Cl(go*gg) = —2f*H + ¥ (q*T*pri*cl(Og(l)) - (5)
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Then, (10) yields
Estec’(Z ( f H+27T qxT pTle 3 (5)

=0
]
We recall from (8) that ¢q(¢*E2) = qu7*priHs — 0. Intersecting (9) with 7r~(:1( *Ey)1
and projecting to X, we get:
(11)
Hy-[ZB)] (e1(0"€2)"™) = [ZB)] [(2q.7"priHis—30)-c1(0"E) " |fsy (Bpiseos)migmon

Lemma 3.6. We have the following formulas:
(i) for k > 1, (qur*priHs)* = 3070 (* ) ar* (priHE 7 - prs HL);
(i) for k,k' >0 and m > 1,

G (priHY - pryHY ) - 8" = qujplTiging (priHY - pryHy ) - (Bjp)™ '

where jg 1 B — XT>\</E is the inclusion of the exceptional divisor, ing @ Ay — ¥ X X s
the inclusion of the diagonal (so that ix (prng prQHk ) is the hyperplane section H§+kl
on ¥ ~ Ayx) and c1(Op(—1)) ~ E|g is the tautological line bundle of the projective bundle
TE * E— AE.

(i) it follows that for m > 2,

m—1
* m m—1 * * Trm—
(e &)™ = ( I )q*r (pﬁHz ! pT2Hz))
1=0

m m—1—k m m—1—k
w0 o () (M) T e, i sy )

In order to establish (6), let us now compute the different terms of (11).

(1) We have [o (Z/\X/E)] (g (priHE ! pryHL)) = 0 since the support in X of this
cycle is Hd =iy HL which has dimension < d whereas 7* (pr’ngflfl -pryHL))
has dimension 2d — (d — 1) =d + 1.

Likewise, ford— 1>k > 1, [o (m)] 4JB TRk, (priHE s HE) - EFS1) is 0

|E
in CH*(X) since 7* q*]E*(T‘EZAE(pT*Hd =Rt prs HL) - E‘kE 1) has dimension d+1 >

lo(3x E)(

lo(5x3)
d > k + 1 whereas the support Off\[g(zxz)] q*JE*(TlEZAz(pT*Hd 1—k—1 priHL)- ElkE 1) in

X is HZ 1% which has dimension & + 1. So {2[21} (cr(¢* &)Y e Z - HL 91,

(2) We have [0(S x %), (qumpriHE) = deg(S)[S] in CHy(X) and for d — 1 > [ > 1,
[0(2 % D)]u(qur™ (priHE" - pryHL)) = 0 since the support of this cycle is H& ™' U HL which
has dimension at most d — 1 whereas pri Hy, =t prs 3 HL has dimension d. For d —1 >k > 1,
we have also [o(X x E)]*q*_jE’*(T‘EZAE (priHE*t . priHL) - EIkE ') = 0 since its support
is HS™" which has dimension k& < d — 1 whereas (T5Ay (priHE =t prsHL) - E‘kE 1) has

dimension d so that [E[Q]} (quT*priHs - c1(9*E) 1) = —deg(¥)[X] mod Z - Hy ¢

(3) Likewise, we get [0(5 x £)}(8 - e2(97E2)") = [0S x £)]«(6%) = [£] in CHy(X) s0
that [2[21] (6 e1(9*E)? 1) = —[9] mod Z - HC.
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(4) For the last term, we have

e Episec ) 710767 = Pul@l (e myer (7€)

So, we see, from the computation, that (11) yields the inversion formula (6) of the The-
orem. g

Remark 3.7. In the proof of Theorem 3.2, we could have intersected (9) with Wrﬁiad_l

instead of W"“ﬁ c1(9*&)% Y, we would have got a formula of the form

3]+ PyeZ-Hy

with v a (d — 1)-cycle on F(X). But when we cut Bisec(X) by powers of ¢1(p*E) we just

look at hyperplane sections of Bisec(X) whereas cutting Bisec (X) by powers of W"‘ﬁé gives

a cycle v which depends even more on the geometry of 3. As we will see in Section 3.3,
Bisec(X) seems to be the natural object to associate to 3.

3.2. A digression on the Hilbert square of subvarieties. Assume £k = C. Recall
that Py is defined as the symmetric product of P over F(X). It admits an imbedding
ip, : Py = X2 and a projection pp, : Py — F(X) which is a P2-bundle. As P, is smooth
and has codimension 2 in X, X is well-positionned and, with the notations of 3.1, the
class of P, in CH*(X1) is co(m,Opey(X1@)). Let £ C X be a smooth well-positionned
d-dimensional subvariety of a cubic hypersurface of dimension n > 5, with 1 < d < n — 2.
Then from Proposition 3.3, we get that [Bisec (X)] = iy, Pe; since it comes from a cycle
constructed in P, N X2 we see that [Bisec(X)] = pp2,*i}‘322[2] in CHgq—2(F(X)). So the
inversion formula of Theorem 3.2, relies on the operation ¥ — %12

On the other hand, since the coefficient appearing with ¥ in the formula is odd and
X admits a degree 2 unirational parametriation, by Theorem 3.2, the operation ¥ 2
become central in the study of birational invariants constructed from torsion algebraic cycles
for cubic hypersurfaces. The operation ¥ — X[ have the following general properties:

Proposition 3.8. Let Y be a smooth projective k-variety. Let V,V' be smooth subvari-
eties of Y of dimension d < dim(Y) and N > 0 an integer such that N (iy.(c(V)™1) —
iy« (c(V))™1) = 0 in CH.(Y) (resp. CH.(Y)/alg), where iy (resp. iy+) is the inclusion
of V (resp. of V') inY.

(i) Then 2N (VP — V') = 0 in CHyq(Y) (resp. CHaq(Y?))/alg).

(ii) Moreover if the groups CH;(Y) are torsion-free for i < 2d, then VI = VBl ip
CHay (Y12,

Proof. (i) Let us denote 7: Y XY — Y X Y the blow-up of Y x Y along the diagonal A x

and ¢ : Y x Y — Y2 the quotient by the involution. For a smooth subvariety V C Y, we
A A

have ¢, (V x V' ) = 2V in CHag(Y1?)), where V x V is the blow-up of V x V along

its diagonal Ay, i.e. the proper transform of V' x V under 7. When V is smooth, using [15,
Theorem 6.7 and Corollary 4.2.1], we have

(12)
N _
VXV =7 (VxV)=jmy a{ e, Ty )e(By )~ g, ivie(e(Ty) 1) }oa in CHaa(Y x Y)

where jg, : By — Y x Y is the exceptional divisor of 7 and for an element z € CH,.(Y x Y),
{z} is the part of dimension k of z.

Now, if N(V = V') =0 in CHy(Y) (resp. CH4(Y)/alg), V and V' being smooth subva-
rieties of Y, then

N(VxV) = NpriV-priV =pri(NV)-pr3V = pri(NV')-pr;V = priV' .pr5y(NV) = N(V'xV")



16 RENE MBORO

in CHoyq(Y xY) (resp. CHay(Y x Y)/alg). So we see that the hypothesis yields

INVEI _ vy = N (Vv —vix vt
— N[V X V) = (V' x V)]

—iBy AT, Ty )e(By gy )" T, N((iv,e(e(Tv) ™) — v u(e(Ty) 1)) bad
= 0 in CHa(YP)) (resp. CH,,(Y?)/alg).

(ii) As CH.<4(Y) is assumed to be torsion-free, V. = V' in CH4(Y). Then, by [24,
Proposition 1.4], V) = V') in CHyyq(Y®), where, for a variety Z, Z() is the symmetric
product of Z. We have the localisation exact sequence

CHaq(Ey) — CHaq(Y) = CHyq(YENEy) — 0

and since YEN\Ey ~ YO\Ay, VP — VBl can be written q.jp, .7 for a 2d-cycle v €
CHaq(Ey). According to item (i), 2(V2 — V'2) = 0 so that q.jp.(2y) = 0. As, ¢ is
flat, ¢*qujr«(27) = [¢7'¢jE«(27)] = jr«(2y) and by the decomposition of the Chow
groups of the blow-up m, 2y =0 in CHyy(Ey). So, by the decomposition of the Chow
groups of projective bundle and torsion-freeness of CH,<q(Y), v =0 i.e. VBRI v =0 in
CHay (Y1), O

Unfortunately, in general, for a smooth subvariety V' of a smooth projective variety Y,
one cannot expect the class of V2 in CH, (Y?) to be determined by (iy..(c(Ty)~1)) as the
following example, which was communicated to the author by Voisin, shows.

Let S be an abelian surface and z, y € S be two distinct 2-torsion points. For any
sufficiently ample linear system £ on S, there exists a curve C, € |£| not containing y,
resp. Cy € |£| not containing x, which is smooth away from x, resp. y, and has an ordinary
double point at x, resp. y. Let 7 : S — S be the blow-up of S at  and y and E,, I, the
corresponding exceptional divisors. The normalization C, (resp. 6’;) of Cy (resp. Cy) is
the strict transform of C,, (resp. C,) under 7 and its class in Pic(S) is 7%¢; (£) — 2B, (resp.
T*c1(L) — 2E,).

Let N € Pic(S) be sufficiently ample on S so that the line bundle T%;MCm is very ample

(once its degree on éz is large enough) on 6’; and T J\/'|Cy is very ample on 6’; We can

ICy
pick a meromorphic function f, : C, — P! in \T‘%MCJ such that, denoting x; and x5
the points lying over the node z, f,(z1) # f.(x2). Likewise, we can pick a meromorphic
function f, : C, — P! in ‘T‘*C’;;Mcy| such that f,(y1) # fy(y2), where y1,y2 are the points
lying over the node y.

Let X =5 % P! be the trivial projective bundle over S. By construction the morphisms
(T‘a‘;,fw) : Cp — X and (T‘C:,fy) : Cy — X are embeddings so D, = (TICNZ’f’J)(CJJ) and

D, = (7-|C~y,fy)(Cy) are smooth curves on X.

Proposition 3.9. In this situation, we have ip, .(c(Tp,) ") =ip, «(c(Tp,) ") in CH,(X)
but D! £ D! in CHy(X2).

Proof. We have the decomposition CH;(X) =~ pr{CHo(S) @ pri CH1(S). The projection on

CH,(S) is given by pry «; we have pry D, = T‘C:;’*Cm = Cy and pri Dy = Tla;7*C’y =0y

and C,,C, € |L|. As the Chern classes of the trivial bundle are trivial the projection
on CHy(S) is given by the composition of the intersection with pric;(Op:(1)) followed by

pri«. We have frOpi(1l) ~ T‘%/./\/“Cz and using projection formula and C, € |L|, we

get pri«(Dy - prici(Opi(1))) = (L) - eca(N) in CH(S). Likewise, we have pri (D, -
pric1(Opi (1)) = ci(£) - e1(N). So Dy = Dy in CHy (X).

By adjunction, we have K5 = (Kgz + Cm)‘av = (t"(c1(L) + Kg) + Ey — E;),5 so that

|Ca
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in CHp(X) ~ CHy(9),

ip,«Kp, = (Toi@)*ia(r*cl(ﬁ)JrEnyx)

Telg A5 (t*a(L)+ Ey — Ey)
= n((T*a(L)+ E,—E;)-Cy)

T (T*(c1(L£)? + 2E2)
= (L) -2z
Likewise iDy,*KDy =C1 ([:)2 —2y As 2z = 2y in CII()(S)7 ti,*KDw = iDy,*KDy in CHo(X)
So ip,,«(c(Tp,)~") = ip,«(c(Tp,) ).

The variety of lines of X, with respect to a very ample line bundle of the form prif’ ®

praOp1 (1), is isomorphic to S since any morphism from a projective space to a abelian variety
is constant. Let us denote P, = P(Sym25 ) ~ S xP?; it parametrizes the length 2 subschemes

x

of X contained in a line of X. So DE] N P, parametrizes length 2 subschemes of D, such that
the associated line is contained in X. But by construction, since pry,p, : Dy — C, is an
isomorphism above C,\{x}, the only length 2 subscheme whose associated line is contained
in X is {x1 + 22} whose associated line is P(&,). So, denoting ip, : P, < X[ the natural

inclusion and 7 : P, — S the first projection, we have my . (i}, DJ[CZ]) =z in CHy(S5).

Likewise 71 . (i%, D}') = y in CHo(S). So m1.i%, (DY — DY) = & — y # 0 in CHy(S), in

particular DI — DLQ] is a nonzero 2-torsion element in CHy (X [?]). O

3.3. Application to the cycle of bisecant lines. Using the results of the previous sec-
tions, we get the following:

Theorem 3.10. Let X C ]P’g“, with n > 5, be a smooth cubic hypersurface. For any
I' € CHy(X) of t-torsion (hence homologically trivial), there is a homologically trivial 2t-
torsion 1-cycle v € CH1(F(X)) and an odd integer m such that mI' = P,y in CHy(X).

Proof. Let T' € CH3(X) be a cycle annihilated by ¢t € Z~(. Using Proposition 1.4, we can
find a 1-cycle « in F(X) such that P.(a) =T. As T is a torsion cycle and CHy(X) = Z,
T'- H? =0 and since Cl(O]p(gmp(X))(l)) = q"H, we get deg(a - c1(Op(x)(1))) = deg(g«[p* (-
c1(Opx)(1)) - ¢*H]) = 0, where Op(x)(1) = det(Eyp(x)) is the Pliicker line bundle, which
implies that o - ¢1(Op(x)(1)) = 0 in CHo(F (X)) since F(X) is rationally connected. As
Pic(F(X)) ~ Z ([13, Corollaire 3.5]), « is numerically trivial. We have the following lemma:

Lemma 3.11. LetY be a smooth projective variety of dimension d > 3 and D a numerically
trivial 1-cycle of Y. Then there are smooth curves D1, Ds CY of the same genus such that
D= D1 — Dg m CHl(Y)

Postponing the proof of the lemma, we conclude as follows: let Eq, Fs C F(X) be two
smooth curves of genus g such that & = Ey — F5 in CH;(F(X)); they have also the same
degree (o is numerically trivial) that we shall denote d. Let us denote Sg, = q(p~*(E1))
and S, = q(p~1(E>)) the associated ruled surfaces in X, we have I' = P,a = Sg, — Sg,in
CHy(X). By transversality arguments, we can arrange that ¢ induces a imbedding of p~!(E;)
(resp. p~1(F2)) in X so that Sg, (resp. Sg,) is smooth and isomorphic to p~!(Ej) (resp.
p~1(Ey)). An easy computation then gives:

iSEl,*(C<TSE1)_1> = SEI + P*(iEh*KEl + dcl(OF(X)(l)) ’ El) - 2SE1 -H —2H - P*(iEl,*KE1>
— P.E1)+ (29— 2+ d)P,Jlo] — 2P.(E1) - H — 2(2g — 2)P,([lo]) - H

since CHy(F(X)) =~ Z - [lg] for a (any) point [lp] € F(X). Likewise

isp, +(c(Tsp,)~") = Pu(Ea) + (29 — 2+ d)Pu[lo] — 2P (Ez) - H — 2(29 — 2)Pu([lo]) - H
so that ig, «(c(Tsg, )™") —isp, «(c(Tsg,) ") = (SE, — Sg,) - (1 — 2H) is annihilated by ¢ in
CH.(X). Using Proposition 3.8, we get that Sg — Sgi is annihilated by 2t in CH4(X ).
According to [35, Theorem 2.2], since H*(X,Z) is torsion-free (by Lefschetz hyperplane
and universal coefficient theorems), H*(X[?,Z) is torsion-free so that [Sg} - Sgl] =01in
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H4n78(X[2} , Z)
Now, Theorem 3.2, says that there are integers mj, my such that

(2d — 3)Sg, + Pu(ppysip, S5 - c1(Op(x)(1))) = miH" 2 in CHy(X)

and
(2d — 3)Sg, + Pu(ppysip, Sh - c1(Op(x)(1))) = meH""2 in CHy(X)

in particular (2d —3)T"+ P.(pp, +ip, (5[2] S;i) c1(Op(x)(1))) € Z- H™"2. But intersecting
with H?, since I' and ppz)*zPZ(Sg — Sgi) are torsion cycles, we see that actually:

(24 = 3T+ Pu(pr, i, (S5} = S5,) - e1(Or(x) (1)) = 0
in CH2(X). Moreover ppb*i}‘%(sj[gl si2 ]) is homologically trivial since S[ ] S[EZl is. O

Proof of Lemma 3.11. Using Hironaka’s smoothing of cycles ([19]) and moving lemma, we
can write D = >, m;C; where (C;)1<i<n is a family of smooth pairwise disjoint connected
curves. We can always assume that there is a ip such that m;, = 1. Indeed, if none of the
m; is equal to 1, then we can pick 2 smooth curves Cn41,Cnyo C Y which are rationally
equivalent such that (C;)1<i<n+2 is still a family of pairwise disjoint smooth curves. Then
D= Zi m;C; + CN+1 — CN+2 in CHl(Y)

Let C' C Y be a smooth curve intersecting C;, transversally in a unique point and disjoint
from the remaining C; and Z = (UY.;C;) U C. The subscheme Z is purely 1-dimensional
and smooth away from the point C' N C;, which is an ordinary double point. In particular
Z is a local complete intersection subscheme, so that the sheaf Iz/I% on Z is a vector
bundle that we shall denote Ny y- Let L€ Pic(Y) be a very ample line bundle such that

HYY,L®I%) =0 and Ng/y @ Lz is globally generated. Then, from the exact sequence
017 =1z = Ny, =0

we get a surjective morphism HO(Y,L ® Iz) % H(Z, Ng/y ® Lyz). According to [29,
Lemma 1], for any nonzero section s, the zero scheme V(s) C Y is singular at a point z € Z
if and only if the section p(s) of NZ/Y ® L)z vanishes at x. As /Y ® Lz is globally
generated of rank > 2, the zero locus of a generic section of N /Y ® Lz has codimension
rank(N Z/Y ®L|z) > 2i.e. is empty. So we can find a smooth hypersurface in [£| containing
Z. Repeating the process, we can get a smooth surface S C Y, which is complete intersection
of hypersurfaces given by sections of powers of £, containing Z. Next it is a standard fact
(e.g consequence of Riemann-Roch formula) that for any divisor W on a smooth projective
surface S, deg(W - (W + Kg)) is even. Applying this fact to the divisor D = >, m;C; of S,
[¢D g (D 4 Kg) is even and since D is numerically trivial on Y and Kg is the restriction
of a d1v1sor of Y by adjunction formula (S is complete intersection in Y), deg(D?) € 2Z.
Let us write deg(D?) = 2¢. Let H € Pic(S) be a very ample divisor coming from Y such
that the line bundles Og(H — ¢C) and Og(H — {C + D) are ample. We can choose smooth
connected curves Ey € |[H — {C + D| and Ey € |H — (C|; we then have D = E; — E5 in
Pic(S) (thus, in CH;(Y) also). By adjunction formula, we have:

29(Ey) —2 = fS(H £C+D) (H—-1C+ D+ Kg)
= [qH—LC)-(H—lC+Kg)+ [¢D-(H—LC+D+Kg)+ [¢D-(H—(C)
fS(H C)- (H—-LC + Kg) +fSD2—2€D C

since D is numerically trivial on Y and H and Kg come from divisors of Y
= J4¢(H —(C)-(H —LC + Kg) since by construction [(C-D = [(C-Cj =1

and

29(Es) — 2 = /(H—w) (H —(C + Kg).
s
Le. g(E1) = g(E2). 0

Before stating our main corollary, let us prove the following lemma:
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Lemma 3.12. The group CHi(Y )iors as is a stable birational invariant for smooth projec-
tive varieties Y .

Proof. As usual, it suffices to prove invariance under taking products with P"and under
blow-ups. We have

and this decomposition is compatible with the Deligne cycle class map. As the torsion of
CHy(Y) injects into AlbY by Roitman [28], it follows that CHy(Y )sors, 47 = 0 which proves
the first invariance. Similarly, let Y, — Y be the blow-up of Y along Z, with Z smooth of
codimension > 2. Then we have

CH1(Yz) = CHy(Y) & CHo(2)

and we conclude by the same argument invoking [28] that CHl(?Z)tOmAJ = CH1(Y)tors,AJ-
O

Remark 3.13. In fact the same arguments show that the group CHi (Y )iors 4 is trivial
when Y admits a Chow-theoretic decomposition of the diagonal.

We have the following corollary for cubic 5-folds:

Corollary 3.14. Let X C ]P?: be smooth cubic hypersurface. Then Py, : CHy (F(X))tors, a5 —
CH3(X)tOT5’AJ 1s surjective. So the birational invariant CHg(X)toTS’AJ of X is controlled
by the group CH1(F(X))iors,AJ-

Proof. Let T € CHS(X)tmﬁs,AJ ~ CH2(X)tors,as; by Theorem 3.10, there are a homolog-
ically trivial torsion cycle v € CH;(F(X)) and an integer d such that (2d — 3)I" = Py.
Because of the degree 2 unirational parametrization of X, CH*(X )tors,AJ 18 a 2-torsion
group; in particular (2d — 3)I' = I' in CH3*(X) and it is equal to P,y. By functoriality
of Abel-Jacobi maps (P, induces morphisms of Hodge structures), denoting, for a com-
plex variety Y, @?f*l the Abel-Jacobi map for homologically trivial cycles of codimension
¢, @5 (') = P*q)%(x)(’y). Now, by [32], P, is an isomorphism of abelian varieties so vy is
annihilated by the Abel-Jacobi map. O

Under the assumption of the corollary, the variety F(X) is Fano, hence rationally con-
nected. Along the lines of the questions asked in [40] for the group Griff; (Y'), and the results
proved in [38] for the group Ha(Y,Z)/H2(Y,Z)q14 (showing that it should be trivial for ratio-
nally connected varieties), it is tempting to believe that the group CH1 (Y )iors, 47 is always
trivial for rationally connected varieties. Thus we can see Corollary 3.14 as an evidence that
the group CH3(X )iors,as should be trivial, hence also the unramified cohomology group
H: (Y,Q/Z) for Y a cubic fivefold.
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