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Abstract: The principal component analysis (PCA) is a linear technique widely used to retrieve
a subspace that maximizes the variance of the data, making the presence of a fault easy to
detect. Nevertheless, the real systems are nonlinear. To this end, we propose in this paper
to use a kernel-based technique known as kernel principal component analysis (KPCA) for
fault diagnosis. The main idea is to use a nonlinear transformation that projects data into a
higher dimensional feature space, where conventional PCA is applied. Although detection can
be defined in this space, the estimation of the fault requires the map back to the input space.
In this sense, we derive an iterative pre-image technique. A study on possible initial points is
done. Three initialization techniques based on different properties are presented. The relevance
of the proposed technique is illustrated on simulated data.

Keywords: Fault diagnosis, nonlinear systems, kernel principal component analysis,
optimization problem.

1. INTRODUCTION

In the last decade, the need of highly performance indus-
trial processes emerges in complex systems and products.
Therefore, it is important to supervise these complex sys-
tems for important gain in product quality. The diagnosis
of a system is a main aspect of their supervision. The first
important aspect in system diagnosis is the detection of
functioning changes due for example to sensor or actuator
or even system components failures.

System fault diagnosis consists of three main phases: fault
detection, isolation but also estimation of the detected
fault. Principal component analysis (PCA) is a widely used
technique for process monitoring and fault diagnosis in Qin
(2003). It seeks for the axes that maximize the variance of
data, making it easy to evaluate the error by projecting
the observation on the residual axes. The detection part is
done through the computation of some indices, while the
isolation is frequently done using the structured residuals.
The main idea is to find a modification that makes the
transformed residuals sensitive or insensitive to certain
faults. A variable reconstruction technique is then applied
to estimate the amplitude of the detected and isolated
fault.

However, the PCA identifies only linear structure in a
given dataset, as it is nothing but a linear projection.
In order to extend this technique to deal with nonlinear
structures, many studies have been proposed to define the
nonlinearities generally using the kernel machines. In this
particular case, it is an extension to the PCA with the

so-called kernel PCA (KPCA) detailed in Schölkopf et al.
(1999).

The idea behind the use of the kernel machines is essen-
tially due to the concept of the kernel trick, a “double-
edged sword”. In fact, in the case of KPCA, the data are
implicitly mapped from an input space into some high-
dimensional nonlinear feature space, where the linear PCA
can be applied. Therefore, in this feature space, we can
detect the presence of the fault. Cho et al. (2005); Choi
et al. (2005) proposed different methods based on the
kernel PCA for fault detection. Bin Shams (2011); Kallas
et al. (2014, 2015) recently proposed nonlinear PCA for
fault diagnosis and more generally for process monitoring.

Despite the fact that the isolation of the fault with different
techniques relies on the idea of structuring indicators
of failure, the extension of this idea to the nonlinear
case with the kernel machines remains difficult in the
feature space. Alcala and Qin (2010) proposed to extend
the reconstruction technique to the nonlinear case in the
feature space. However, it was necessary to retrieve a
value in the input space, leading to solve an optimization
problem in order to obtain the reconstructed observation.
Due to the nonlinear transformation in a high dimensional
space, estimating fault magnitude cannot be interpreted in
the feature space. Thus most of the studies investigate only
fault detection. In order to retrieve a meaningful result,
it is necessary to map back the obtained feature to the
input space, the space of observations. Due to the use of
the kernels, the nonlinear transformation is not explicit,
resulting in a mapping back which is complex. This inverse
operation to return to the input space is called the pre-



image problem detailed in Honeine and Richard (2011);
Kallas et al. (2013). Its resolution is required to reconstruct
the variables. This problem is ill-posed, since the exact
pre-image may not exist, and even if it exists, it might
not be unique. Therefore, we seek an observation in the
input space whose image in the feature space is as close as
possible to the obtained feature in the virtual space. It can
be defined by an optimization problem whose convergence
properties should be studied.

In this paper, we propose to diagnose a nonlinear system
using the kernel principal component analysis. To this end,
the dataset is projected into a higher dimensional feature
space, where the linear PCA is applied. The detection
part is done directly in this feature space. However the
estimation of the fault requires a map back to the input
space. Therefore, we present an iterative fixed-point tech-
nique that needs an initialization. To this end, we propose
three different initial point methods in order to evaluate
the pre-image namely the amplitude of the fault. The first
one considers only the direction of reconstruction, while
the second uses the properties of a Gaussian function to
define an attraction zone using the bandwidth. The third
technique seeks an observation with a detection limit along
the considered direction.

The rest of the paper is organized as follows: section 2
introduces the KPCA technique for fault detection, while
section 3 presents a detailed method for fault estimation.
Three initial points methods for the fixed-point iterative
technique are detailed in section 4. Finally, section 5
illustrates the efficiency of the proposed technique on
simulated example.

2. FAULT DETECTION FOR NONLINEAR SYSTEMS

2.1 Kernel PCA

We consider an input space X with an inner product
between the data. Let κ : X × X "→ IR be positive semi-
definite kernel, namely

∑
i,j βi βj κ(xi, xj) ≥ 0 for all

βi,βj ∈ IR and all xi,xj ∈ X . Based on the Moore-
Aronszajn theorem in Aronszajn (1950), any positive def-
inite kernel guarantees the existence of a unique (up to
an isometry) feature space (or reproducing kernel Hilbert
space) H where κ defines an inner product. In other words,
there exists a map ϕ : X "→ H, from the input space to the
feature space, such that

κ(xi, xj) = 〈ϕ(xi), ϕ(xj)〉H (1)

for any xi,xj ∈ X , where 〈· , ·〉H denotes the correspond-
ing inner product in H.

Using this concept, a given data matrix, defined by N
observations describing m variables, namely,

X =




x"
1
...

x"
N



 xi ∈ IRm, X ∈ IRN×m

is mapped to H, more precisely

xi →
ϕ

φi = ϕ(xi), φi ∈ IRh

In a matrix form, we can write

Φ =




φ"

1
...

φ"
N



 , Φ ∈ IRN×h

where h >> m is the dimension of the feature space.

We evaluate the covariance matrix, in the feature space H
using:

S =
1

N − 1

N∑

i=1

φiφ
"
i , S ∈ IRh×h

=
1

N − 1
Φ"Φ

(2)

It is worth nothing that ϕ(·) is not explicitly defined. With
the use of the kernel trick, one can evaluate the Gram
matrix K = ΦΦ" using the kernel function κ(xi,xj). We
obtain:

K =




φ"

1 φ1 . . . φ"
1 φN

...
. . .

...
φ"

N φ1 . . . φ"
N φN



 (3)

As in the case of the conventional PCA, KPCA seeks to
solve the eigenvector equation in the feature space, by
evaluating the eigenvectors νi where i = 1, · · · , N and
eigenvalues λi of the covariance matrix S. Let αi and λi

be an eigenvector and its corresponding eigenvalue of the
matrix K with αi ∝ Φvi. Nevertheless in the feature
space, the eigenvectors with a unit length will be given
by

νi =
Φ" αi√
λi(N − 1)

(4)

We can form a matrix V = [ν1 · · ·ν" , ν"+1 · · ·νN ] with
the eigenvectors νi where % is the number of principal
components (PC). It corresponds to the eigenvectors of
the covariance matrix S in the feature space. We denote
V̂ = [ν1 · · ·ν"] the principal subspace that spans the
maximal variance between data, and Ṽ = [ν"+1 · · ·νN ]
the residual subspace that contains the noises. The two
subspaces are complementary. Using this configuration,
we estimate the KPCA model. Therefore, the % value is
determined based on a certain percentage of the overall
eigenvalues. A threshold δ2, linked to the level of noise
affecting the system, is then computed from a fault-free
database where we consider few outliers. It will be used as
a reference to detect the presence of a fault.

2.2 Fault detection

Once the KPCA model is estimated on healthy data,
faults can be detected. Let us consider x a new fault-free
observation. Its image in the feature space is

φ = ϕ(x), φ ∈ IRh

for which, the projection on the principal and residual
spaces are given by

t̂ = V̂
"
φ, ∈ IR"

t̃ = Ṽ
"
φ, ∈ IRh−"

We evaluate the statistics Square Prediction Error (SPE),
where the dot product in H is replaced by the kernel
function as follows



SPE(x) = t̃
"
t̃

= κ(x,x)− κ"(x)C κ(x)
(5)

with
κ(x) = [κ(x1,x), · · · ,κ(xN ,x)]"

C = (N − 1)−1Â Λ̂−1 Â
"

where A is the matrix of the eigenvectors of the Gram
matrix K with A = [α1, · · · ,αN ], from which we choose
the first % columns as Â and Λ̂ is the diagonal matrix of
the first % eigenvalues λi, for i = 1, · · · , %.
Remark 1. For statistic reasons, it is preferred to have cen-
tered data in the feature space. The centering is detailed
in Chapter 5 of Shawe-Taylor and Cristianini (2004).

For the following, kernels are assumed centered.

The value obtained with the SPE is then compared to
the threshold δ2. If it is greater than this value, we have
detected a fault on the observation x. Then, we need to
isolate the faulty variable and estimate the amplitude of
the fault in this observation. Let

x = x∗ + ξξξjf (6)

be the measured observation, where x∗ is the fault-free
value, and ξξξj = [0 · · · 1 · · · 0]" is a vector defining the jth

direction of the fault f with 1 on the jth component and
0 elsewhere.

3. FAULT ISOLATION AND ESTIMATION

As aforementioned, it is important to estimate its value f̂

and recognize its direction ξ̂ξξ once a fault is detected. The
main idea is to find a magnitude f̂i for a given direction
ξξξi for which SPE ≤ δ2. Therefore, we seek to minimize
the SPE. Let us consider zi the corrected measure with a
reconstructed fault along the ith direction, with

zi = x− ξξξifi (7)

The expression of the SPE(zi) is

SPE(zi) = κ(zi, zi)− κ"(zi)Cκ(zi)

Eventhough a fault can be detected in the feature space,
the estimation of its amplitude can’t be interpreted in this
virtual space. Therefore, we need to map back to the input
space, where the amplitude can be expressed. However,
due to the use of the kernel trick, the transformation ϕ
is not explicit. Thus, the map back is not direct. This is
the pre-image problem, where we seek to find a solution
that minimizes the SPE. Therefore, for each direction ξξξi,
we seek a magnitude f̂i. Thus, we derive the SPE with
respect to fi, and we obtain

∂SPE(zi)

∂fi
=

∂κ(zi, zi)

∂fi
− 2κ"(zi)C

∂κ(zi)

∂fi
∂κ(zi)

∂fi
=

∂κ(zi)

∂z"
i

∂zi

∂fi
= −

∂κ(zi)

∂z"
i

ξξξi

In this paper, we use the Gaussian kernel, the mostly used
kernel in fault diagnosis, defined by

κ(xi,xj) = exp

(
−
(xi − xj)"(xi − xj)

2c

)
(8)

where
√
c is the bandwidth of the kernel. The derivative

of SPE with respect to fi is defined by

∂SPE(zi)

∂fi
= −

2

c
κ"(zi)CDi(zi)κ(zi)

where zi = x− ξξξifi and Di(zi) is a diagonal matrix with

Di(zi) =





(zi − x1)"ξξξi 0 · · · 0

0
. . . · · · 0

0 · · · (zi − xt)"ξξξi 0
0 · · · · · · 0
0 · · · · · · (zi − xN )"ξξξi





Therefore, we can write the gradient of SPE(zi) as

∂SPE

∂fi
= −

2

c

(
κ"(zi)CDi(x)κ(zi)− fiκ

"(zi)Cκ(zi)
)

In order to estimate fi, we set the gradient to zero and we
obtain the following expression for the stationary condition

fiκ
"(zi)Cκ(zi) = κ"(zi)CDi(x)κ(zi)

Taking this expression, we can see that there is a necessary
condition to estimate fi defined by

Λ̂− 1

2 Â
"
κ(zi) ,= 0 (9)

otherwise 0fi = 0 for every fi along direction ξξξi.

Based on this expression, the estimation of fi can be
evaluated via a fixed-point iterative technique (f = g(f))
for all possible directions ξξξi. The solution is thus given by

f̂i =
κ"(ẑi)CDi(x)κ(ẑi)

κ"(ẑi)Cκ(ẑi)
(10)

From expression (10), it is important that κ(ẑi) is not null,
in order to obtain a value for fi. After the convergence
of f to a certain value, the SPE is reevaluated on the
corrected observation zi defined by (7), where fi and ξξξi are

replaced with their estimated values f̂i and ξ̂ξξi. If the SPE
of this corrected observation is less than the threshold δ2,
then a fault on the ξ̂ξξi direction is isolated. However, it
is worth nothing that the true direction ξξξ is not defined,
since the diagnosis aims to localize the fault among the
component of x. Therefore, this procedure is done for all
possible directions ξξξi.

However, for convergence purpose in some cases, it is
necessary to start with a value of zi near the dataset, in
other words, an observation within a certain neighborhood
in order not to obtain κ(zi) ≈ 0. Due to the fact that
the used technique is iterative, we might obtain a local
minimum. Therefore, the initial point for the iterative
expression is important. The derivative of SPE evaluated
on the chosen initial point should not be zero or very small
leading to a slow convergence. We need to obtain a value of
f̂ that minimizes the SPE and the value obtained should
be less than δ2, in order to eliminate the influence of the
fault. Thus, we propose in the following three different
initializations.

4. INITIALIZATION OF FIXED-POINT ITERATIVE
TECHNIQUE

As for all nonlinear optimization techniques, the method
can converge toward a local minimum. The idea is to
choose an initial point for which κ(zi) is not null. There-
fore, this section presents three different initialization of



the search algorithm. The first one can be applied directly.
It seeks the closest observation in a given direction. The
second technique is based on the properties of a Gaussian
function and its bandwidth. The third proposition searches
for the decision limit along a certain direction.

4.1 Closest observation in a direction

This solution is a simple technique that takes into consid-
eration the closest observation according to the direction
of the reconstruction. To this end, we write a minimization
problem to seek for the nearest observation

t∗ = argmin
t

|(x− xt)
"ξξξi|

where t∗ corresponds to the observation number retrieved.
This leads to an initial start for the algorithm with

f̂0
i = −(x− xt∗)

"ξξξi (11)

However, this solution considers only one component, and
in some cases the observation retained, taken with all its
components, is far from the faulty one.

4.2 Observation in the attraction zone of the dataset

Another solution can be proposed in the case where the
faulty observation x is far from the dataset, in other words
κ(x) ≈ 0. In the case of a Gaussian kernel defined by (8),
κ(xi,xj) is very small when the distance between xi and
xj is greater than 3

√
c. Due to the fact that κ(zi) appears

as a quadratic form κ"(zi)κ(zi), the corresponding value
tends to zero. To overcome this problem, in practice the
radius 3

√
c is limited to p

√
c where p < 3 tending the

exponential to a value higher than exp(− 9
2 ). Due to the

fact that we seek some observations near the direction
of reconstruction, we can therefore define a condition of
belonging to an attraction zone of the kernel making the
κ(zi) not null. In other words, we consider a minimal
amplitude of fi that verifies the following condition for
a certain observation xt

‖zi − xt‖2 = p2c

Replacing zi by its expression leads to

f2
i − 2fi(x− xt)

"ξξξi + ‖x− xt‖2 − p2c = 0 (12)

(12) is a second order equation in fi, for which the
disciminant is

∆ =
(
(x− xt)

"ξξξi
)2 −

(
‖x− xt‖2 − p2c

)

Due to the fact that κ(x) ≈ 0, and the expression of the
Gaussian distribution, ‖x − xt‖2 ≥ p2c, if p = 3. The
discriminant is positive or null if

∣∣(x− xt)
"ξξξi

∣∣ ≥
√
‖x− xt‖2 − p2c (13)

In other words, there is an intersection between the recon-
struction direction and a circle of center xt with radius
p
√
c. Therefore, the solutions are given by

f̂0
i1,2

= (x− xt)
"ξξξi ±

√
∆ (14)

We thus search in the database all possible observations
verifying (13) and we choose the one with the minimal
amplitude fi using (14). The searching algorithm for this
proposed technique is presented in Algorithm 1.

This algorithm needs to be evaluated for each t =
1, · · · , N , and has some parameters to be chosen making
it a technique with high computational cost. We propose

the next initialization method that considers the detection
limit.

Algorithm 1 Search of observation in attraction zone
1: Inputs:

xt, t = 1, · · · , N
x, with κ(x) = 0
ξξξi a given direction

2: Initialize:
j ← 1
m← ‖x− x1‖
p← a, with a < 3 depending on the value of λ−1

"
3: while j ≤ N do

4: if
∣∣(x− xj)"ξξξi

∣∣ ≥
√
‖x− xj‖2 − p2c then

5: ∆←
(
(x− xj)"ξξξi

)2 −
(
‖x− xj‖2 − p2c

)

6: if (x− xj)"ξξξi ±
√
∆ < m then

7: m← (x− xj)"ξξξi ±
√
∆

8: xsol ← xj

9: end if
10: end if
11: j ← j + 1
12: end while

13: f̂0
i1,2
← (x− xsol)"ξξξi ±

√
∆

4.3 Observation with detection limit according to the
reconstruction direction

If we take a Gaussian kernel where an observation is
assumed to be affected by a fault along direction ξξξi, we
can write the expression as

κ(zi,xt) = κ−i(x,xt)∆t

where

κ−i(x,xt) =
∏m

p=1,p %=i exp
{
− ([x]p−[xt]p)

2

2c

}

∆t = exp
{
− 1

2c

(
(x− xt)"ξξξi − fi

)2}

where [·]p corresponds to the pth component of the consid-
ered vector. Therefore, we can write in a matrix form

κ(zi) = ∆fκ−i(x)

with

∆f =





∆1 0 · · · · · · 0

0
. . . · · · · · · 0

0 0 ∆t · · · 0

0 0 · · ·
. . . 0

0 0 · · · · · · ∆N





We seek the minimal fault amplitude for which SPE(zi) ≥
δ2. Minimizing the SPE leads to maximizing κ"(zi)Cκ(zi)
given by

max
(
κ"
−i(x)∆fC∆fκ−i(x)

)
≤ 1− δ2 (15)

Taking the maximum of the eigen decomposition of C, the
inequality is written as

λmax(C)max
(
κ"
−i(x)∆

2
fκ−i(x)

)
≤ 1− δ2

Let us define the different terms with

λmax(C) = 1
N−1λmax(Λ̂−1) = 1

(N−1)λ!

max
(
κ"
−i(x)∆

2
fκ−i(x)

)
≤ N maxt κ2

−i(x,xt)∆2
t

Since ∆2
t is a decreasing exponential, it is maximum

when 1
c

(
(x− xt)"ξξξi − fi

)2
is minimum, and the term



κ−i(x,xt) is maximum when the observation xt is as close
as possible to x in all directions except the ith. Therefore,
we seek the observation xt∗ satisfying

t∗ = argmin
t




m∑

p=1,p %=i

([x]p − [xt]p)
2



 |(x−xt)
"ξξξi| (16)

Let us denote di = (x− xt∗)"ξξξi, (15) can be written as

κ2
−i(x,xt∗) exp

{
−
1

c
(di − fi)

2
}
≤ (1− δ2)

(N − 1)λ"

N

Taking the logarithm of this expression gives us
1

c
(di − fi)

2 ≥ log(κ2
−i(x,xt∗)) + d

where d = log
(

N
(N−1)λ!

)
− log(1− δ2)

Replacing κ2
−i(x,xt∗) with its expression leads to

(di − fi)
2 ≥ c d−

m∑

p=1,p %=i

([x]p − [xt∗ ]p)
2

︸ ︷︷ ︸
=a

Using this inequality, we seek to solve a second order
equation in fi defined by f2

i − 2difi + d2i − a = 0. The
discriminant of this equation is ∆ = a. It is positive or
null if a is positive or null. In this case, the solutions are

f̂0
i1,2

= di ±
√
a (17)

Usually, the minimum value of these two solutions is
considered as the starting point.

5. EXPERIMENTS

In this section, we use simulated data to test our ap-
proaches. The main idea is to illustrate on a simple aca-
demic example the results of the three techniques. To
this end, we consider a 2D banana dataset. It is defined
by a parabola having (x,x2 + ε) as coordinates, where
x is defined by 75 points uniformly distributed within
the interval [−2, 1], and ε is normally distributed with a
standard deviation of ν = 0.1.

The limit of detection which correspond to SPE = δ2 is
evaluated with the Gaussian kernel (8) with a bandwidth
of 0.35, and by taking 95% of the fault-free database. It is
represented in Figure 1 with the green dashed line. In order
to detect a fault, it should have sufficient amplitude to
obtain an observation outside the boundary. The % retained
PCs correspond to 98% of the sum of eigenvalues.

In order to visualize the possible cases, where the faulty
observations can’t be projected on the principal axes as in
(9), we use the derivative of the SPE with respect to the
fault fi. Figure 1 illustrates this derivative, for which we
choose the direction x1, on a grid that covers the dataset.
The values are presented by vectors corresponding to their
amount. As we can see, for some points, the derivative is
null making it impossible to converge to the initial dataset
where there is no fault affecting the observations.

Let us start with the simple initialization technique pro-
posed in section 4.1. Figure 2 illustrates the choice of the
initialization observation. We see that the faulty obser-
vation in red is in a zone where the derivative is null as
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Fig. 1. Evaluation of the derivative of SPE with respect
to fi in each point in the grid containing the learning
database and illustration of the threshold δ2 (green
dashed line) in the case of a Gaussian kernel

defined in Figure 1. The retained observation is the ma-
genta one. We see that it is not near the faulty observation
eventhough in the considered direction x1, it is the closest
as defined in (11). The initial point is given by the + sign
and the obtained solution is the cyan observation which is
not near the database.

−3 −2 −1 0 1 2 3
−0.5

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

x1

x
2

Fig. 2. Initialization using the technique of the closest
observation in the direction x1 defined in 4.1, where
the red is a faulty observation, the magenta observa-
tion is the chosen one for the initialization and the
cyan observation is the solution using the fixed-point
iterative technique

The Figure 3 illustrates the initialization technique based
on the search of an observation in the attraction zone of
the Gaussian kernel detailed in section 4.2, for the same
faulty observation. Using the direction of reconstruction
x1 as presented with the line, we can see the intersection
with the circle of radius p

√
c given by the Algorithm 1.

In our case, p = 2.5. Therefore, we seek an observation
that satisfies both equation (12) and the initialization of f
is evaluated by (14) for the retained magenta observation.
The initial point is presented by the + sign at the intersec-
tion between the circle and the line defining the direction.



The solution of the fixed-point iterative technique is the
cyan observation.
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Fig. 3. Initialization using the technique of attraction de-
fined in 4.2, where the red is a faulty observation, the
magenta is the chosen observation for the initializa-
tion and the cyan observation is the solution using the
fixed-point iterative technique in the x1 direction

The Figure 4 presents the initialization technique where
we seek the observation near detection limit according to
the reconstruction direction x1 defined in section 4.3. To
this end, a search for the observation xt maximizing the
decreasing exponential ∆2

t detailed in (16) is done. It is
illustrated with the magenta observation. The initial value
for f is given by (17). It is presented by the + sign. As we
can see, it is near the threshold illustrated in Figure 1.
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Fig. 4. Initialization using the technique of the observation
with detection limit according to the reconstruction
direction x1 defined in 4.3, where the red is a faulty
observation, the magenta observation is retained for
the initialization and the cyan observation is the
solution using the fixed-point iterative technique

6. CONCLUSION

In this paper, the fault detection and estimation is pre-
sented. The fault is detected if the SPE is greater than
a threshold. we proposed a study about the estimation of

the amplitude of the detected fault. To this end, a fixed-
point iterative technique is used to resolve an optimization
problem. The initialization of this technique is studied,
where a simple method uses the closest observation. A
second technique takes advantage of the bandwidth of the
Gaussian kernel and uses it as an attraction zone. The
third one searches for an observation near the decision
limit. The relevance of the proposed techniques is illus-
trated on a simulated example.

As for future work, we intend to apply these techniques
on more complicated examples with more dimensions.
We want also to present other techniques to resolve the
optimization problem in order to estimate the amplitude
of the fault such as a gradient descent technique with an
adaptive stepsize. We might consider a direct technique to
be a solution for the optimization problem based on some
neighbors in the dataset.
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