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Introduction

Spaces of genuine Bianchi modular forms have been used Berger, Dembélé, Pacetti and S ¸engün to construct evidence for the Brumer-Kramer paramodularity conjecture and the Eichler-Shimura conjecture [BDPS ¸15]. This evidence however consists so far in just one Abelian surface (that is paramodular in the Brumer-Kramer setting; and they deduce from it an Abelian surface satisfying the Eichler-Shimura conjecture). No other non-trivial example for the Eichler-Shimura conjecture in dimension 2 is present in the literature. This is due to the limitations of the database of genuine weight 2 Bianchi modular forms that was available to the four above-named authors. That database [RS ¸13] did treat only level One Bianchi modular forms, yielding extremely few genuine forms. So in order to systematically build up more evidence for the Brumer-Kramer paramodularity conjecture and the Eichler-Shimura conjecture in dimension 2, it will not be enough to simply continue on a larger database of level One genuine Bianchi modular forms, but rather one should use a database of higher level genuine Bianchi modular forms. The latter type of database is provided with the present paper [RS ¸T16]. Again, as for level One, the higher weight spaces of genuine forms are very rare, but the weight 2 spaces in our database are more abundant, and give hope for the construction of an algorithm that could systematically produce the desired Abelian surfaces.

In order to find the spaces of genuine Bianchi modular forms in the present database, a major task was to establish dimension formulas for the non-genuine forms: For level One, formulas were already established by Finis and Grunewald [START_REF] Finis | The cohomology of lattices in SL(2, C)[END_REF], yielding the dimensions of Langlands Base-Change forms and Complex Multiplication (CM) forms outside the Base-Change space. These dimensions of the non-genuine subspace did, in [RS ¸13], only need to be subtracted from the full dimension of the Bianchi modular forms space, which was computed on the machine from the geometry of the Bianchi modular group. The latter machine computations extend to higher level via the Eckmann-Shapiro lemma, which is implemented for calculating the cohomology that corresponds to the Bianchi modular forms space through the Eichler-Shimura(-Harder) isomorphism. The Base-Change dimension formulas however did require a greater effort for their extension to higher level. What added a particular additional challenge here, is that at higher levels, also twists of Base-Change appear, and have to be taken care of as part of the non-genuine space.

Result. Let K be an imaginary quadratic field of discriminant D K , odd class number h K and ring of integers O K . Let N ≥ 1 be a square-free integer, coprime to D K . Then we provide an explicit formula for the dimension of the space S nG k (N O K ) of non-genuine modular newforms of level N O K and arbitrary weight k in Theorem 3. This formula comes with instructions (Section 6) on how to evaluate it on a computer.

We also provide such formulas for class number 1, K = Q( √ -p) for some prime p ≡ 3 mod 4 and level p or p 2 where p 2 = (p) (see Section 6.3). But our dimension formulas need to be explicit enough to be evaluable on the machine, so they involve a lot of case distinctions, and consequently are provided only for a part of the levels. The authors hope that it should however become clear for experts how to obtain formulas for the missing levels. For instance, for some theorems we assume that the class number is odd, which is equivalent to the discriminant being -4 or -8 or -p, where p is a prime congruent to 3 modulo 4. However, for even discriminants and class numbers, one should proceed analogously (see the remarks in Section 7).

In conclusion, we can say that the formulas and databases established with the present paper constitute a significant progress on the question raised in section 9.1 of [BS ¸V16] on the exhaustion of spaces of newforms by non-genuine forms.

Organization of the paper. In Section 2, we fix the notation and assumptions that we will use throughout the paper. We also derive a first quantitative expression for the dimension of the Base-Change space. In Section 3, we take the twists of Base-Change into account. In Section 4, we establish formulas for the dimension of the space of CM-forms that are not Base-Change. In Section 5, we provide a formula for the total dimension of the space generated by newforms that are non-genuine, i.e. of any of the three types mentioned above. This formula is made explicit in Section 6, in a way that it can be evaluated on the machine. We make some concluding remarks on our formulas in Section 7. In Section 8, we present our machine results, in which the non-genuine dimension is subtracted from the full dimension of the newforms space, the latter being computed from the geometry of the Bianchi modular group. Due to the sparsity of the genuine forms, those results can be considered as a treasure map to the conditions under which they exist.

Setting

Let D > 1 be a square-free integer and let K = Q( √ -D) and denote its ring of integers by O K . For any ideal n of O K and integer k ≥ 2 we let S K k,k (Γ 0 (n)) denote the space of Cuspidal Bianchi modular forms over K of weight k, k, level n and trivial Nebentypus. This space admits an action of a Hecke algebra generated by operators indexed by the prime ideals of O K . Each eigenvector F of this algebra corresponds to an automorphic representation Π F in A 2 (K), the set of all cuspidal automorphic representations of GL(2, A K ). We are interested in the ones appearing in the image of the Base-Change operator defined by Langlands [START_REF] Langlands | Base Change for GL(2)[END_REF],

BC K Q : A 2 (Q) → A 2 (K),
along with their twists. Here we generalise the formula of [START_REF] Finis | The cohomology of lattices in SL(2, C)[END_REF] to arbitrary level n coprime to the discriminant D K of K. More precisely, we provide an algorithm computing the dimension of this space without really computing the spaces in hand. In some simple cases we also provide explicit formulas. We also provide an algorithm for level (p) = p 2 , where p is a rational prime that ramifies in K. We hope that our proposed strategy outlines a complete plan for the interested reader to fill out the missing level cases without much effort. It is clear that without loss of generality it is enough to study the Base-Change image problem on the new subspace of S K k,k (Γ 0 (n)), which we will denote by S k (n) in the rest of this paper. A necessary condition for Base-Change to have non-trivial image is that the level is Galois stable, i.e. an ideal generated by a rational number. Let n = N O K for some N ≥ 1 coprime to D K . The first crucial observation is that one can consider the Base-Change operator locally. Let Π = BC K Q (π) be an automorphic representation in the Base-Change image. Then for any prime ideal p coprime to D K , the conductor of Π p is the extension to O K of the conductor of π p , where p is the prime below p. We therefore get that if π contributes to the Base-Change subspace of S k (n), then its conductor away from D K is exactly N . This leaves us with the primes dividing the discriminant. Let p divide D K . Then Π p is a principal unramified series, since we required that the level is coprime to the discriminant. Let ω p be the quadratic character of conductor p. A complete list of all the possible local components π p of π at p is provided in [START_REF] Finis | The cohomology of lattices in SL(2, C)[END_REF] which we also provide here for convenience:

• unramified Principal Series.

• 1 ⊕ ω p .

• A certain supercuspidal representation ( of conductor p 2 when p > 2).

We now have a complete description of the inverse image of the Base-Change operator in terms of its inertial type at the primes p|N D K : If p|N , then the type can be anything of conductor equal to the power of p dividing N . And if p|D K , then it is one of the types mentioned above. In order to compute the dimension of the Base-Change subspace we would have to keep in mind that the Base-Change map is one-to-one when the component at a ramified prime is of the first kind and two-to-one if it is of the other two. Moreover, if a newform in the preimage spaces has CM by K, then its image is Eisenstein, so it does not contribute to the dimension. The above discussion yields the following formula.

Proposition 1. Let S(d) be the set of prime divisors of d. Let ω d be the quadratic character of conductor d, under the convention that ω d is trivial at a prime p|d if and only if p 2 ||d.

Then we obtain

dim S BC k (N O K ) = d|D 2 K 1 2 |S(d)| dim S d-sc,new k (Γ 0 (N d), ω d ) -dim S d-sc,new k (Γ 0 (N d), ω d ) CMK ,
where for each d, the space S d-sc,new 

(Γ 0 (N d), ω d ) CM K is the CM subspace.
Of course many of the spaces appearing on the right hand side are trivial since the parity of their nebentypus does not match that of the weight k. The final key observation is that we have formulas for all of the spaces appearing on the right hand side of the above formula (see [START_REF] Cohen | Dimensions des espaces de formes modulaires[END_REF] or [START_REF] Finis | The cohomology of lattices in SL(2, C)[END_REF]).

Twists of Base-Change

It is fairly easy to see that it is possible to obtain non Base-Change forms just by twisting a Base-Change one by a suitable non Base-Change character. We would like to count these forms out of our genuine forms subspace and therefore we would like to find the dimension of the subspace they span as well. Let us denote by S tBC k (n) the subspace of S k (n) generated by those newforms that are twists of Base-Change. For this purpose, we say that

f ∈ S k (n) is twist of Base-Change, if there exists a classical weight k modular form g of level M ∈ N with M dividing n, such that f = BC K Q (g) ⊗ c
for some non-trivial character c. We first prove the following: Theorem 1. Let K be an imaginary quadratic field of discriminant D K and class number h K . Let N ≥ 1 be a square-free integer, coprime to

D K . Let n = N O K . Then for all k ≥ 2, dim S tBC k (n) = (h K -1) dim S BC k (n).
Proof. Since we are interested in newforms of square-free level, we get that the local type at any prime p is Steinberg or unramified principal series, depending on whether p|n or not. Let ǫ be a non Base-Change character of O * K and assume it has non-trivial conductor c(ǫ). Let p|c(ǫ) be a prime ideal of K. Then f ⊗ ǫ has level divisible by p 2 and its type at p is ǫ ⊗ St or ǫ ⊕ ǫ. In both cases, the type comes from Base-Change if and only if ǫ does. This shows that such an ǫ cannot be used to twist a non Base-Change form to a Base-Change one and vice versa. The only option left for ǫ is to be non Base-Change and to have trivial conductor. There precisely h k -1 many such characters. Indeed each such character has the desired property which gives the desired result.

CM-Forms

Another subspace we would like to exclude as non genuine is the one generated by CM-newforms. They are the ones whose corresponding automorphic representation occurs as the automorphic induction of a suitable Hecke character of a quadratic extension M/K. Let us denote this subspace by

S CM k (n). It is quite often the case that S CM k (n) ⊆ S BC k (n)
, but not always. Nevertheless one can easily prove the following: Theorem 2. Let K and n be as in Theorem 1. Moreover assume that h K is odd. Then for all

k ≥ 2, dim S CM k (n) = 0.
Proof. Let f be a newform that supposedly lies in S CM k (n). Let ψ be the Hecke character of some extension M/K whose automorphic induction is f . We then have that L(f, s) = L(ψ, s).

Equating local components at any prime p dividing the discriminant d M/K we see that p 2 should divide n. Since n is assumed to be square-free no such p should exist and thus the extension M/K is unramified. This provides the desired contradiction since the class number of K is assumed to be odd.

Total non-genuine subspace

In this section we provide a formula for the total dimension of the space generated by newforms that are "non-genuine" in any of the three notions discussed above, i.e. a formula for

dim S BC k (n) + S tBC k (n) + S CM k (n) .
Let us denote this space by S nG k (n). Then combining Theorem 1, Theorem 2 and Proposition 1 yields the following: Theorem 3. Let K be an imaginary quadratic field of discriminant D K and odd class number h K , and N ≥ 1 be a square-free integer, coprime to

D K . Let n = N O K . Then dim S nG k (n) = h K dim S BC k (n) = h K d|D 2 K 1 2 |S(d)| dim S d-sc,new k (Γ 0 (N d), ω d ) -dim S d-sc,new k (Γ 0 (N d), ω d ) CMK .
(1)

Dimension formulas

In this section we provide explicit formulas/algorithm for the right hand side of the formula in Theorem 3. We split the computation into two parts, each involving one of the two main ingredients of each summand in the right hand side of (1). 6.1. Computing dim S d-sc,new k (Γ 0 (N d), ω d ). Our starting point is Proposition 4.18 in [START_REF] Finis | The cohomology of lattices in SL(2, C)[END_REF] which we provide here for convenience. Here, we denote by S k (Γ(N )) the space of weight k elliptic modular forms for the principal congruence subgroup Γ(N ) ⊆ SL(2, Z) of level N .

Proposition 2 (Finis, Grunewald, Tirao). Let N ≥ 1 and k ≥ 2 be integers and σ a representation of G N = SL(2, Z/N Z) such that σ(-I 2 ) is the scalar (-1) k . Let U N ⊆ G N be the subgroup of all upper triangular unipotent elements and S 3 and S 4 the images in G N of elements of SL(2, Z) of order 3 and 4, respectively. Then,

dim Hom GN (S k (Γ(N )), σ) = k -1 12 dim σ - 1 2 dim σ UN + ǫ k tr σ(S 3 ) + µ k tr σ(S 4 ) + δ k,2 dim σ GN .
The constants ǫ k and µ k are explicit functions of k and δ k,2 is the usual Kronecker delta notation. In what follows, given a subspace of newforms B ⊆ S k (Γ(N )), we will say that σ defines B if Hom GN (S k (Γ(N )), σ) ∼ = B. We thus need to identify a suitable σ for each subspace involved in the last line of (1). In fact we only need to compute the following five invariants associated to such a sigma: dim σ, dim σ UN , tr σ(S 3 ), tr σ(S 4 ), dim σ GN .

We will denote them by I i (σ), i ∈ {1, 2, 3, 4, 5} respectively. It is important to notice that σ, and therefore the five invariants associated with it, depends only on the level structure of the subspace that is of interest to us and not the weight. It is also clear that the following properties hold:

I i (σ ⊕ σ ′ ) = I i (σ) + I i (σ ′ )
and

I i (⊗ p σ p ) = p I i (σ p )
for all σ = ⊗ p σ p , σ ′ and for all i ∈ {1, 2, 3, 4, 5}.

Let us fix one of the spaces in the right hand side of the formula in Theorem 3, S d-sc,new k (Γ 0 (N d), ω d ) say, and let σ be the representation defining it. In view of the properties just mentioned, we will compute the I i (σ) by determining the N -part and the d-part separately.

In order to compute the N -part, it is enough to notice that it corresponds to the one defining S new k (Γ 0 (N )). Given an integer N ≥ 1, let σ N = ⊗ p σ N p and σ N,new = ⊗ p σ N,new p be the representation of G N defining S k (Γ 0 (N )) and S new k (Γ 0 (N )) respectively. It is immediate then that σ N p = σ p e and σ N,new p = σ p e ,new , where p e ||N . Moreover it is easy to see that

dim S new k (Γ 0 (p e )) = dim S k (Γ 0 (p e )) -2 dim S k (Γ 0 (p e-1 )) + dim S k (Γ 0 (p e-2 )),
for any e ≥ 0, with the understanding that the dimensions mentioned are 0 if the exponent of p becomes negative. This in turn implies the following formula:

(2)

I i (σ p e ,new ) = I i (σ p e ) -2I i (σ p e-1 ) + I i (σ p e-2 ).
As before, the I i 's involved are 0 if the corresponding exponent of p is negative. Formulas for the right hand side are provided in [START_REF] Cohen | Dimensions des espaces de formes modulaires[END_REF] and we also state them here for convenience: 

I 1 (σ p e ) = 1 e = 0 p e-1 (p + 1) e ≥ 1 I 2 (σ p e ) = λ(e, 0, p) =      1 e = 0 2p n e = 2n + 1 p n + p n-1 e = 2n ≥ 2 I 3 (σ p e ) = #{x mod p e |x 2 + x + 1 = 0} =        1 e =
I 5 (σ p e ) = 1
where λ(sr p , s p , p) is the one defined in [START_REF] Cohen | Dimensions des espaces de formes modulaires[END_REF]. Using (2) and the above one easily gets: (5)

I 1 (σ p e ,new ) =          1 e = 0 p -1 e = 1 p 2 -p -1 e = 2 p e-3 (p -1) 2 (p + 1) e ≥ 3 (3) I 2 (σ p e ,new ) =          1 e = 0 0 e = 2n + 1 p -2 e = 2 p n-2 (p -1) 2 e = 2n ≥ 4 (4) I 3 (σ p e ,new ) =                    1 e =
I 4 (σ p e ,new ) =                    1 e = 0 or p e = 2 3 -1 p -1 e = 1 and p = 2 - -1 p e = 2 and p = 2 -1 p e = 2 or 2 2 0 otherwise (6) 
I 5 (σ p e ,new ) =      1 e = 0 -1 e = 1 0 e ≥ 2 (7) 
Let τ d , where d|D 2 K , be the d-part of the representation D K . The I i 's for each τ d ℓ , with ℓ|d, have already been determined in [START_REF] Finis | The cohomology of lattices in SL(2, C)[END_REF]. We then have that σ

= σ N ⊗ τ d defines S k (Γ 0 (N d), ω d ). Moreover I i (σ N ⊗ τ d ) = I i (σ N )I i (τ d
) and we have explicit formulas for both terms in the right hand side.

dim S k (Γ 0 (N d), ω d ) = k -1 12 I 1 (σ N )I 1 (τ d ) + • • • .
If one lets I i (σ p ) = 1 for all i and all p ∤ D K then one gets the formulas derived in [START_REF] Finis | The cohomology of lattices in SL(2, C)[END_REF].

6.2. Computing dim S d-sc,new k (Γ 0 (N d), ω d ) CMK .
We follow the method used in [START_REF] Tsaknias | A possible generalization of Maeda's conjecture[END_REF] to count CM newforms of a given level, weight and Nebentypus. As explained there, every newform has associated to it a pair of characters (ψ f , ψ ∞ ) that satisfies a certain compatibility condition. Moreover, for every such compatible pair, there are h K many newforms associated with it. The problem is thus reduced to counting compatible pairs that match the prescribed level, weight and Nebentypus. The infinity component is always uniquely determined by the weight, so we only have to count all the ψ f 's that correspond to the given level and Nebentypus and are compatible with the given weight. Finally every such ψ f is determined by its local components at every prime p of O K , so we count the possible choices for each of those and multiply them to get the final answer.

Recall that N d = N(m)|D K |, where m is the conductor of ψ f . Since N and D K are coprime, every prime dividing N should divide N(m) too. Moreover, a prime ℓ|d divides N(m) if and only if ℓ 2 |D K . We will treat primes p separately, depending on their ramification and residue class degree, e p and f p respectively. We start with primes p whose residue characteristic is greater than 2. 6.2.1. p inert. In this case p = p and N(p) = p 2 , so the exponent of p in N should be even. Assume that this is the case: p 2n ||N , for some n ≥ 1. We then get that the conductor of ψ f has to be divisible exactly by p n . As we can see in [START_REF] Ranum | The group of classes of congruent quadratic integers with respect to a composite ideal modulus[END_REF], (O/p n ) * is generated by three independent generators: ξ, 1 + p and 1 + pω of order p 2 -1, p n-1 and p n-1 respectively. The residues of rational integers form a subgroup isomorphic to (Z/p n Z) * which is generated by ξ p+1 and 1 + p.Since the restriction of ψ f on Z * is predetermined by the nebentypus we have unique choices for ξ p+1 and 1 + p. In our case the nebentypus is trivial and therefore ψ f (ξ p+1 ) = 1 and ψ f (1 + p) = 1. If n = 1, then the only generator to consider is ξ and since we need the conductor at p to be p we have to exclude 1 from the possible values of ψ f (ξ), which leaves p choices in total. If however n > 1 then in order for the conductor at p to be p n we need either ψ f (1 + p) or ψ f (1 + pω) to be a primitive p n-1 -th root of unity. Since ψ f (1 + p) = 1 we get that ψ f (1 + pω) must satisfy this condition which leaves ϕ(p n-1 ) = p n-2 (p -1) choices. In this case all p + 1 choices for ψ f (ξ) are permitted, so we get in total p n-2 (p 2 -1) many choices. 6.2.2. p split. In this case p = pp and N(p) = N(p) = p. Let p t ||N for some t ≥ 1. Then the p-part of the conductor of ψ f is apriori of the form p α pβ for any 0 ≤ α, β ≤ t such that α + β = t. We will first show that in our case α = β = n ≥ 1 and therefore t must be even. We have the following group homomorphisms:

(Z/p max{a,b} Z) * ֒→ (O K /p α pβ ) * and (O K /p α pβ ) * ∼ = (O K /p α ) * × (O K /p β ) * .
Notice that 1 + p will map to (1 + p, 1 + p) after composing the two maps above. Since we assume that the p-part of the conductor of ψ f is p α pβ , we get that ψ f (1 + p) must be a primitive p α-1 -th root of unity, as well as a p β-1 -th one. This can of course only happen if α = β = n. Let's go back to counting all possible characters of O * K of conductor p n pn . Having in mind the isomorphism above, any such character is completely determined by the images of the generators of (O K /p α ) * and (O K /p β ) * . Wlog we can pick 1 + p and δ, of order p n-1 and p -1 respectively, to generate both groups. Like before, the restriction of ψ f to Z is determined by the nebentypus. For the p-part we have that the two are in fact equal and since the nebentypus has trivial p-part we get the same for the p-part of ψ f |Z. This means that (1 + p, 1 + p) and (δ, δ) should map to 1 and we therefore have that

ψ f ((1 + p, 1)) = ψ f ((1, 1 + p)) -1 and ψ f ((δ, 1)) = ψ f ((1, δ)) -1 .
Apriori, ψ f ((δ, 1)) has p -1 choices. If however n = 1, then this δ is the only generator and if it has trivial image, the conductor then becomes lower, which leaves p -2 choices. If n > 1, the conductor condition is satisfied by restricting ψ f ((1 + p, 1)) to be a primitive p n-1 -th root of unity. This gives p -1 choices for the image of δ and ϕ(p n-1 ) = p n-2 (p -1) many choices for that of 1 + p.

6.2.3. p ramified. In this case p = p 2 and N(p) = p. Assume that p t ||d (remember that N and D K are coprime). Assuming that p u ||D K (and since p is ramified we also have that u ≥ 1), we get that p t-u || N(m) so the p-part of the conductor of ψ f should be p t-u . If t = 1, we clearly have a unique choice for the p-part of ψ f which happens to match the Nebentypus too. If t = 2, we are looking for non-trivial characters of (O K /p) * , which are apriori p -2 many. The nebentypus condition determines these characters uniquely on (Z/pZ) * , which happens to be isomorphic to (O K /p) * . The unique character that is left is actually non-trivial so we have a unique choice. Summarizing all of the above: Recall that it is easy to determine whether a prime is split, inert or ramified in K simply computing

CM (p t ) =                                  1 t = 0 1 t =
D K p .
Putting everything together we get:

(8) dim S d-sc,new k (Γ 0 (N d), ω d ) CMK = p t ||N d CM (p t ).
Notice that the formula above works for any N coprime to D K , not just square-free. Specializing to square-free N we get:

dim S d-sc,new k (Γ 0 (N d), ω d ) CMK = 1 N = 1 and rad(D K )|d, 0 otherwise.
where rad(D K ) is the product of all primes dividing D K . Hopefully it should be obvious by now that we have sketched an algorithm that computes dim S nG k (n) in an elementary way.

6.3. The case K = Q( √ -p), p ≡ 3 mod 4 and n = (p). Let p ≡ 3 mod 4 be a prime number, and (p

) = p 2 in O K for K = Q( √ -p).
In this section, we essentially describe all the ingredients for a dimension formula in the cases where the level n is p or p 2 . For this purpose, we determine the parameters I i (σ p ) for all the suitable σ p in these two cases, further the twists of Base-Change, and show that there is no CM outside Base-Change. For simplicity, we restrict ourselves to the case where the class number h K of K is 1.

Let us begin with n = p. In this case, the only possible type over K of level p is unramified Steinberg. It is fairly easy to see that the only type over Q that can base-change to this is unramified Steinberg at p. This space over Q coincides with the new Γ 0 (p) space and the σ-parameters can be computed using (3) -(7):

I 1 = p -1, I 2 = 0, I 3 = -3 p -1, I 4 = -2, I 5 = -1.
Notice that the new Γ 0 (p) space over Q contains no CM forms. Using the same arguments as in Theorem 1 we see that there are no twists of Base-Change in Γ 0 (p). We also claim that there are no CM forms: Indeed, assume there exists one of level Γ 0 (p), f say. Then f is automorphic induction of ψ from L to K, where L/K is a quadratic extension and ψ is a Hecke character over L. Since the L-series for f and ψ must be the same, we get that L must be ramified at p only. This is absurd since class field theory for K tells us that it does not have any even degree abelian extensions ramified only at p. Summing everything up:

dim S nG k (p) = dim S new k (Γ 0 (p)).
One can then use the I i parameters given above or use classical dimension formulas to compute the right hand side. We move to the n = p 2 = (p) case. Let ω p be the quadratic character of conductor p and recall that ω p is the quadratic character of conductor p. The following list summarizes the possible types over K of level p 2 and for each one gives the possible types over Q that base-change to them:

• All the spaces listed in the trivial level case: After twisting their Base-Change by a quadratic character of conductor p they become of level p 2 . The type at p after Base-Change is again Principal Series, I(ω p , ω p ). • Principal Series I(χ, χ -1 ), where χ is of conductor p, non quadratic. Their Base-Change (or their twist by a suitable character of conductor p) becomes a newform of level p 2 and trivial nebentypus. The type at p after Base-Change is again Principal Series, I(η, η -1 ) with η = ω p . • Unramified Steinberg Series St(p). As mentioned in the level n = p case, their Base-Change image are the Unramified Steinberg Series St(p) over K. After twisting by a quadratic character of conductor p they become newforms of level p 2 and trivial nebentypus. The type at p after Base-Change is ramified Steinberg, ω p ⊗ St(p). • Finally all Supercuspidal series of level p 2 that are not part of the third case described in the trivial level situation. Their Base-Change image (and their twists by ω p ) are Supercuspidal Series of level p 2 and trivial nebentypus. The type at p after Base-Change is again Supercuspidal Series. These four components comprise all the possible Base-Change as well as twists of it that can occur for level p 2 and trivial nebentypus. Table 1 provides the formulas to compute the parameters I i (σ) in each case, which one needs in order to use Proposition 2 to compute the corresponding dimensions. Here SC 3 (p) and SC 4 (p) are the functions tr S 3 (p) and tr S 4 (p) respectively that are defined in the statement of Lemma 4.19 of [START_REF] Finis | The cohomology of lattices in SL(2, C)[END_REF], and CPS(p) is defines as follows:

CPS(p) = -2 p ≡ 1 mod 3 0 otherwise
Finally we need to account for any CM forms not already present in the Base-Change subspace. In fact one can easily see that there are none. The argument is almost identical to the one given for the level p case: The existence of any such CM form would imply the existence of a quadratic extension of K ramified only at p but no such extension exists. At this point, anyone wanting to compute dim S nG k (p 2 ) has everything needed to do so.

Type dim σ dim σ U N trS3 trS4 dim σ G N I(ωp, ωp) p + 1 2 p -3 1 + 1 2 SC3(p) 0 0 I(η, η -1 ), η = ωp (p -3)(p + 1) 2 1 + hK CPS(p) 1 + 1 2 SC4(p) 0 ωp ⊗ St(p) p -1 0 -3 p -1 -1 p -1 -1 Supercuspidal (p -3)(p -1) 2 p -2 + hK -2 -3 p -CPS(p) -SC3(p) -1 - 1 2 -1 p 0
Table 1. Parameter values for the types contributing to Base-Change of level p 2

Final Remarks

We would like to sum up here the cases for which we provide a complete answer:

• Odd Class Number, square-free level, coprime to the discriminant, trivial nebentypus.

• Class Number 1, K = Q( √ -p) for some prime p ≡ 3 mod 4 and level p or p 2 where p 2 = (p). Many of our arguments however provide partial answers to a broader range of cases:

• We have a complete description in (3) -( 7) of the σ parameters away from the discriminant as long as the nebentypus is trivial for any level, not just square-free ones. The generalization to non-trivial nebentypus should be quite straightforward but even more cumbersome to write down as single formulas. • For primes p dividing the discriminant, the 0 exponent case is the one treated in [START_REF] Finis | The cohomology of lattices in SL(2, C)[END_REF] and we provide an answer for exponents 1 and 2 and trivial nebentypus in the case p ≡ 3 mod 4. • Theorem 1 applies to imaginary quadratic fields of even class number too, not only to the ones with an odd class number. • Finally the formula in (8) allows one to compute the dimension of the classical newforms that base-change to Eisenstein forms for any N coprime to the discriminant and trivial nebentypus, not just for the square-free levels.

Computational results for the spaces of genuine forms

The authors have used the software Bianchi.gp ([Rah11], [START_REF] Rahm | Higher torsion in the Abelianization of the full Bianchi groups[END_REF]) to compute the necessary geometric-topological information about the whole Bianchi group, and then applied a MAGMA [START_REF] Bosma | The Magma algebra system. I. The user language. Computational algebra and number theory[END_REF] implementation by S ¸engün (for which we provide the algorithm in [RS ¸T16]) to deduce the dimension of the relevant cohomology space for the congruence subgroup at level n, passing by the Eckmann-Shapiro lemma. They have then substracted the Eisenstein series space to get the cuspidal cohomology space, which by the Eichler-Shimura(-Harder) isomorphism yields the cuspidal forms space. Then they did substract the oldforms using a well-known recursive formula, to get the dimensions of the newforms spaces S k (n) defined in Section 2. 3. Overview of the sample presented in the Appendix. Under "# spaces", we count the newforms spaces that have been computed at the specified discriminant and varying level, and under "# genuine spaces", we count those of them which admit a non-trivial genuine subspace. provided in Table 2. We note that in [RS ¸13], some further subspaces are tabulated, which are in fact populated by CM-forms (arising through automorphic induction). We need this table in order to spot the twists of genuine level One forms to deeper levels. 8.2. Level: the square of minus the discriminant. We have compared the evaluation of our above formulas against our numerical results for the full space of cuspidal newforms. At discriminant -m, at level (m) (of norm m 2 and Hermite Normal Form (HNF) [m 2 , 0, m]) and its divisors, we have carried out this computation from (automorphic form) weight 2 up to the following upper limits for the weight.

Discriminant -7 -11 -19 -43 -67 weight up to 25 21 11 4 2

The result is that of these 83 cuspidal newforms spaces, all are completely exhausted by (twists of) Base-Change, except for the following. Out of these, the forms at discriminant -7, weight 14 and at discriminant -11, weight 12 are twists of the genuine level One Bianchi modular forms already found by Grunewald [START_REF] Finis | The cohomology of lattices in SL(2, C)[END_REF]. In the other cases, there are no level One forms that could be twisted [RS ¸13]. That there are no CM-forms in the cases m congruent to 3 mod 4, is guaranteed for arbitrary weight by Theorem 1. So the remaining spaces must be genuine, and we print them in boldface.

8.3. Square-free levels. Let n ∈ Z be square-free and coprime to the discriminant of the imaginary quadratic field in question. Consider the level (n) of HNF [n 2 , 0, n]. Then we have the formulas of Section 6 for the dimension of the space of base-changed forms of level (n). We have compared them against the machine computed dimension of the space of cuspidal newforms. At discriminant -19, the range of this machine computation was as follows.

Levels As the level is square-free and the class group of the imaginary quadratic field is trivial, there are no twists of base-change forms. By Theorem 1, there are no CM forms. So the above six spaces must be constituted of genuine forms. The above sample of 154 spaces allows us to guess that genuine forms are more likely to occur at low weights than at high weights (supported by Table 3); and that levels which admit genuine forms at some low weights are rather unlikely to admit more of them at higher weights (supported by the Appendix). 9. Appendix: Detailed results in the square-free level case

In addition to the sample of Section 8.3, we include in the following tables a range of square-free ideals which are not Galois-stable (in our setting of imaginary quadratic fields, not totally real). At each discriminant, we first specify the range of the pertinent machine computation, and then in a separate table the spaces with a non-trivial genuine subspace. The computation usually was run also at the Galois-conjugated level, but in the range tables, we print only one HNF per pair of Galois-conjugate levels. We omit the details for weight 2, and outsource them to [RS ¸T16]. A statistical overview is given in Table 3. The bottleneck for the computations were the memory requirements; processor time aspects were completely eclipsed by them. With the quadratic (in the weight) growth of the coefficient modules, the MAGMA program did grow its memory requirements quadratically.

k(

  Γ 0 (N d), ω d ) is the subspace of S new k (Γ 0 (N d), ω d ) spanned by newforms whose local type at every p 2 ||d is the supercuspidal representation mentioned above. And S d-sc,new k

0 or p e =≥ 2 and p = 3 I 4

 34 (σ p e ) = #{x mod p e |x 2 + 1 = 0} =

0 or p e =

  

  (p -1) 2 t = 2n ≥ 4 and p split p n (p 2 -1) t = 2n ≥ 4 and p inert

		1 and p ramified
	0	t = 1 and p unramified
	1	t = 2 and p ramified
	p -2 p	t = 2 and p split t = 2 and p inert
	0 p n	t = 2n + 1 ≥ 3

Table 2 .

 2 8.1. Level One. We recall here a dimension computation of 4986 different spaces of cuspidal newforms at level 1, at varying discriminant D (over 186 different imaginary quadratic fields) and varying weight k + 2. The precise scope of our computations is given in [RS ¸13]. In only 22 of these spaces were we able to observe genuine forms. The precise data about these exceptional cases is Level One cases where there are genuine classes

	7 k + 2 14 |D|	11 12	71 3	87 4	91 155 199 223 231 8 6 3 2 6	339 3	344 3
	dim	2	2	2	2	2	2	4	2	2	2	2
	|D| 407 415 455 483 571 571 643 760 1003 1003 1051 k + 2 2 2 2 3 2 3 2 4 2 3 2
	dim	2	2	2	2	2	2	2	2	2	2	2
		Weight 2				Higher weight (at least 3)		
	Discriminant # spaces # genuine spaces			# spaces		# genuine spaces
	-7		1174		355				556			17
	-11		1307		353				683			14
	-19		504		151				531			6
	-43		318		61				103			1
	-67		123		17				33			1
	-163		24		4				3			0
	Table											
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That is, the genuine spaces at level (6) = [36, 0, 6] already observed in Section 8.3, as well as two further two-dimensional weight 3 spaces and their Galois conjugates.