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ON THE AFFINE RANDOM WALK ON THE TORUS
JEAN-BAPTISTE BOYER

ABSTRACT. Let p1 be a borelian probability measure on G := SLg(Z) x T%. Define, for
x € T, a random walk starting at « denoting for n € N,

Xo = T
Xn+1 - an+1Xn +bn+1

where ((an,br)) € G is an iid sequence of law p.

Then, we denote by P, the measure on (TN that is the image of u®Y by the
map ((gn) — (T, 1T, g201%, ..., Gn - .. 17, ... )) and for any ¢ € L* (TN, P,), we set
B ((Xn)) = [ ¢((X0))dPo((X,).

Bourgain, Furmann, Lindenstrauss and Mozes studied this random walk when g is
concentrated on SLg4(Z) x {0} and this allowed us to study, for any hélder-continuous
function f on the torus, the sequence (f(X,)) when z is not too well approximable by
rational points.

In this article, we are interested in the case where p is not concentrated on SL4(Z) x
Q¢ /Zd and we prove that, under assumptions on the group spanned by the support
of u, the Lebesgue’s measure v on the torus is the only stationary probability mea-
sure and that for any hélder-continuous function f on the torus, E. f(X,) converges
exponentially fast to [ fdv.

Then, we use this to prove the law of large numbers, a non-concentration inequal-
ity, the functional central limit theorem and it’s almost-sure version for the sequence

(f(Xn))-

In the appendix, we state a non-concentration inequality for products of random
matrices without any irreducibility assumption.
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2 JEAN-BAPTISTE BOYER

1. INTRODUCTION AND MAIN RESULTS

Let d € N, d > 2 and T := R?/Z? be the torus of dimension d. Let u be a borelian
probability measure on G := SLg(Z) x T?. Define, for any 2 € T¢, a random walk
starting at x by denoting, for any n € N,

XO = T
Xn+1 = an+1Xn+bn+1

where ((a,,b,)) € GY is an iid sequence of law p.

Then, we denote by P, the measure on XV that is the image of the measure pu®N
on GN by the map ((g,) — (z, 912, 92912, ..., gn - .. 917, ... )) and by E, the operator of
integration against the measure P,.

We denote by P the Markov operator associated to u. This is the operator defined
for any borelian non-negative function f on T¢ and any z € T¢ by

Pf(x) = /G f(g)du(g)

Thus, for any n € N, we have that
P f(x) = / f(gz)du™™ (g) = / A5, (y) = / FX)APL((X,)) = Eof(X,)
G Td (Td)N

Where we noted 1*" the n—th power of convolution of the measure p (*° is by conven-
tion the Dirac measure at (I4,0)).

Bourgain, Furmann, Lindenstrauss and Mozes studied in [BFLM11] the case where p is
concentrated on SLy(Z) x {0} and they proved that, under assumptions on the support of
1, the only P—invariant probability measures on the torus where the Lebesgue’s measure
v and the uniform measures on unions of rational orbits (which are finite). their result is
even more precise since they give the rate of convergence of E, f(X,,) to [ fdv in terms
of diophantine properties of x and this allowed us to study the sequence (f(X,)) for
starting points x that are not too well approximable by rational points in [Boy16].

In this article, we are interested in the case where p is not concentrated on SL4(Z) x
Q?/Z?. A result by Benoist-Quint (see [BQ11]) shows that in this case, under assump-
tions on the projection on SLj(Z) of the subgroup spanned by the support of p, the only
P—invariant probability measure on the torus is Lebesgue’s measures and this proves
that for any continuous function f on T¢ and any z € T¢,

1n—1
-y f(Xg)— [ fdv P, —ae.
P00

The aim of this article is to precise the previous convergence by proving a Central Limit
Theorem, a Law of the Iterated Logarithm, etc.

To do so, we are going to make a few assumptions on the subgroup spanned by
{al(a,b) € supp i}

In the sequel, we will say that a closed subgroup H of SL;(R) is strongly irreducible
if it doesn’t fix any finite union of non-trivial subspaces of R%. Moreover, we will say
that H is proximal if it contains an element g such that there is v} € R4\ {0}, A €R
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and a g— invariant hyperplane Vg< in R? such that R? = ]Rv; <) V;, gv; = )\v; and
the spectral radius of g in Vg< is strictly smaller that |A|. Finally, we will say that a
probability measure p on SLg(R) is strongly irreducible and proximal if the closure of
the subgroup spanned by the support of u has these properties.

These two assumptions are actually assumptions on the Zariski-closure of H and so,
as an example, they are satisfied if H is Zariski-dense in SLg(R).

Finally, we will say that a measure p on SLy(R) has an exponential moment if there
is some € € R such that

/ lglFdug) < +oo
SLa(R)

We will see in the sequel that our study of the random walk on the torus requires
arguments of orbit closures. This is why we give a name to the property that we will
use and we will see right after examples of measures satisfying it.

Definition 1.1. Let p be a borelian probability measure on G.

We say that p satisfies an effective shadowing lemma if for any C’, ¢ € R%, there
are C1,Cy, M,t, L € RY such that for any z,y € T¢, any r € R* and any n € N, with
r < Cre I if

©" ({g € Gld(gz,y) <71}) = Coe™™"
then, there are /.5y’ € T? such that d(z,2’),d(y,y’) < reMn

re and
M*n ({g c G‘gx/ _ y/}) > Cleft/n

Remark 1.2. For a measure to satisfy this property means that if a lot of elements
g € supp p*" send x close to y, it is only because z and y are close to points of the
same orbit. The name comes from the theory of hyperbolic diffeomorphisms since when
[ = 04,, saying that p satisfies an effective shadowing lemma means that there is some
constant M such that for any large enough K, any n € N and any z,y € T with
d(ghz,y) < e K there are 2/,y € T¢ such that d(z,2'),d(y,y’) < e”E =M and
gz’ =y

Example 1.3. This is a technical definition but we will see in section 4 a criterion (the
proposition 4.7) that allows to tell if a measure satisfies to an effective shadowing lemma
and we will deduice examples from it.

In particular, we will see in example 4.4 that if by € T! is such that there are C, L € R%
such that for any ¢ € N*, d(gbp,0) > q%, then, any borelian probability measure p on
G whose projection on SL4(Z) is strongly irreducible, proximal and has an exponential
moment and such that F'(u) := {coefficients of b|(a,b) € supppu} C {0,bo} satisfies an
effective shadowing lemma.

Moreover, in example 4.6 we will prove that if aj,...,ay € SL4(Z) generate a
strongly irreducible and proximal group, then for a.e. by,...,by € T? the measure
W= % Zf\il 0(a;,b;) satisfies an effective shadowing lemma.

For a €]0,1], we denote by C%*(T%) the space of a—hélder-continuous functions f on
T? endowed with the norm

[flle := 1 flloe +ma(f)
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where
= su x)| and m =sup —————
Il = sup £ (@) and (1) o= sup H- 00—
where d is the distance induced by some norm on R¢.
Moreover, for any two borelian probability measures 1,92 on T¢, we denote by
Wa(01,192) the Kantorovich-Rubinstein’s distance of 7 and ¥2 and this is defined by
Waord2) = swp_ | [ gai~ [ sao,
feco(T)
[ flla<1

This will allow us to prove the

Theorem 1.4. Let u be a borelian probability measure on G := SLg(Z) x T? that is not
concentrated on SLq(Z) x Q?/Z% and satisfies an effective shadowing lemma. Note pg
the projection of u on SLy(Z) and assume that pg is strongly irreducible, proximal and
has an exponential moment.

Denote by P the Markov operator associated to .

Then, the Lebesque’s measure v on T? is the only P—invariant borelian probability
measure on the torus. Moreover, for any o € ]0,1], there are C,t € R such that for
any f € CO(T9) and any n € N,

sup Wa (™ * 85, v) < Ce™™| f|a
z€Td

In particular, for any a— holder-continuous function f on the torus, there is a continuous
function g such that

J - / fdv =g — Py and |lgllee < C||flla

Remark 1.5. We don’t know if the function g that we construct in this theorem is holder-
continuous.

This theorem will allow us to prove a few of the classical results in probability theory
for the sequence (f(X,)) in the

Theorem 1.6. Under the same assumptions than in theorem 1.4.

Denote, for any continuous function f on the torus, f = f — [ fdv and, for any
sequence x = (X,,) € (THN,

n—1 n—1
Suf(@) = Y T(Xe) = Y £(X0) ~n [ fav
k=0 k=0

Moreover, for any t € [0,1], set

fn(t):%(Slf(g)—kn(t—%)f(Xl)) fo7‘%<t<i+1 and 0 <i<n—1

n

Then, for any continuous function f on the torus and any = € T,

Llf(z) =0 P, —ae
-  — a.e.
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Moreover, for any o €]0,1] there is t € R% such that for any e €]0,1] there is a constant
C' such that for any a—hélder-continuous function f on the torus, any x € T¢ and any
n € N,

Pa ({E € XN‘!Snf@)! > naHfHa}> < Gt
Finally, set

204 . 2 24,
()= [ = (PP

and then,
(1) If ®(f) # O then for any bounded continuous F : C°([0,1]) — R and any = € T,
e n o2) an nn — I k o2 T a.e.

Where W, denotes Wiener’s measure of variance .

And for any continuous function o on R such that t2¢(t) is bounded and for
any x € T?,

n

1 1 (Skf(z)
on ; 4 ( N/ ) — Ep(W,2(1)) P, — a.e.

(2) If o®(f) = 0 then for any x € T% and any n €N, S, f € L=(P,) and
[Snf Lo @) < 2C|fl

Remark 1.7. The two convergences of (F(&,)) in point (1) are respectively called func-
tional central limit theorem (FCLT) and almost-sure functional central limit theorem
(ASFCLT). There is no obvious link between the convergence in law of (F'(§,)) and the
a.e. convergence of it’s logarithmic average (see [BCO1] for a criterion). However, note
that we have to take a logarithmic mean because of the arc sine law.

Remark 1.8. The FCLT and the ASFCLT have many corollaries such as the cental
limit theorem and the almost sure central limit theorem (taking F,(§) = ¢(£(1)) for
any continuous and bounded function ¢ on R), the law of the iterated logarithm (see

theorem 2.4 in [Cha96]), a control of %W (taking F'(§) = supyepq]§(t)), or

an estimation of o2(f) (taking p(z) = x?).

Before we continue, we give an example where there is a non-constant function f such

that o?(f) = 0.
Az(? 1) andB:<_O1 (1)>

Example 1.9. Let
Then, the subgroup spanned by A and B is strongly irreducible and proximal.
Let by € T'\ Q/Z be a diophantine number?!, b = (bg,0) and pu = %5(,471,) + %5(BA7B,)).
Then, according to proposition 4.7, the measure u satisfies to the assumptions of
theorem 1.4.

IThere are C, L € R such that for any q € N*, d(gbo,0) > Cq™~.
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Let g be the function defined for any = € T? by g(z) = d(x,0). We made everything
so that for any z € T?, g(Bx) = g(x).
Then, for any z € T?,

1 1
Pg(x) = §g(Ax +b)+ ig(BA:C + Bb) = g(Az + b)

/]Pg )2dv(z /]gAx—i—b\du /]g )2 dv(z

Moreover, if we set f = g — Pg, then, we just saw that o?(f) = [ g* — Pg)2d1/ =0 and
for any 2 € X, n € N and any (g1,...9,) € {(4,0), (BA,Bb)}", we have that

9(Gn+1--.912) = g(Agn ... 1z +b)

And,

And so,
n—1
Zf -g1w) = g(x) —g(gn---glx)+Zg(gk+1---91$) —g(Agy ... 17 +b)
k=0

=9(@) = g(gn ... 1)
This proves that for any = € X, the sequence (372} f(gx - - . g1)) is bounded in L= (P,,).
The results in section 3 of [Boy16] actually prove that this example is really general.

We will see in sub-section 1.3 that theorem 1.6 is a quite general corollary of theo-
rem 1.4 since we can easily study functions f on the torus that writes f = g— Pg+ [ fdv
with ¢ continuous and theorem 1.4 precisely says that any holder-continuous function
can be written in this way.

Therefore, the main point of this article is the proof of theorem 1.4. To do so, we
use the same method as Bourgain, Furmann, Lindenstrauss and Mozes. In section 2, we
prove that the only obstacle in the equidistribution of the measure p*™ * ¢ is the lower
regularity of ¢ i.e. the existence of points = such that for some r depending on n,

W B(x,r)) =r°

M 4 9 is far from Lebesgue’s measure then there has to be points x

In particular, if u
such that
w9 B(x,r)) = r°
Then, our assumptions that p satisfies an effective shadowing lemma and that supp
is not a subset of SLg(Z) x Q?/Z¢ will allow us to prove in section 3 that this cannot
happen when r < e <K r°.
The precise proof of the theorem is in subsection 1.2.

Finally, in section 4, we prove proposition 4.7 that is a criterion that shows that under
some diophantine conditions on the translations in it’s support, a measure satisfies an
effective shadowing lemma and we will use this criterion to produce examples of such
measures.

In the appendix, we state results on the products of random matrices in the case
where the action is not irreducible and that we use in section 3.



ON THE AFFINE RANDOM WALK ON THE TORUS 7

1.1. Some kind of diophantine assumption is necessary. We already said (and
we will prove in section 4) that a way to guarantee that a measure satisfies an affective
shadowing lemma is to require diophantine conditions on the coefficients of the trans-
lations of it’s support. In this sub-section, we prove that this kind of assumptions is
indeed necessary to get theorem 1.4.

Proposition 1.10. Let a,b € SLy(Z) and v € T¢. Set = %5(%0) + %5(5,7@).

Assume that for some a €]0,1], there are C,t € R% such that for any a—hdélder-
continuous function f on the torus and any n € N,
Pria) - [ s < ce gl

sup
xETd

Then, there are constants Cy, L € R* such that for any rational point g c Q)74

P Co
d v, — > T
( Q> qt

Proof. For ¢ € N* and = € T¢, we set X, = %Zd/Zd and
fo(z) =1 —min (1, ¢*%d(x, Xq)%)

This function is chosen so that it takes the value 1 on %Zd/Zd, it vanishes on the
complementary of the 2 —neighborhood of %Zd/Zd and it is holder-continuous with

q2
I falla < .
In particular, we have that, for some constant C' depending only on d (and on the

distance on T%),
1 C
[ows ¥ v(2(h)) <
L= ¢ q q
EEEZ /Zd

Moreover, for u®N—a.e. ((ay,b,)), we have that

fa <Z an...ak+1bk> — 1| < |Ifqllad (Z an...ak+1bk,Xq>
k=1

k=1
6onn

NG

d(v,Xq)aq2a

where we noted e = max(||A|, ||B||). Indeed, for any g € X,, we have that f,(p/q) =1
and >_}_ ap ... ag41bg can be written Dv where D is a matrix with integer coefficients
and ||D|| < 27 llan - .- apr1] < Sp_, eM@™@=F) This proves that for any n € N,

eonn

_ 2
PP £, (0) — 1] = ‘/G £,(b)dp™™ (a, b) — 1‘ < e X
But, by assumption, we also have that

P"fq(O)—/fqdy

< Ce—thqua g Ce—tana
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So, this proves that for any n,q € N*,

C eonn
1—- =2 _(C —tn _2«a <—
N

Thus, for any p € Z%, any ¢ € N* such that ¢¢ > 4C and any n such that Ce " < ¢2%/4,

we have that
M
P e —1
dlv,=| > ———
( q> 21/aean2

In particular, for n = L% In(4C¢>¥)| + 1, we find that, for some constant C’ depending

only on M, a,t,C,
p '
d <”’ 5) Z 2]t

And this is what we intended to prove. ]

d(’l}, Xq)anOz

Remark 1.11. We can prove the same kind of results for rates more general than Ce™"

and this shows that even convergences slower than exponential require some kind of
diophantine assumption.

1.2. Proof of theorem 1.4 given the results of sections 2 and 3. Let a €]0,1]
and € € RY.

According to theorem 2.1 there are constants cp,e’ € R* with ¢ < e such that for
any ¥ € M (T?), any ¢ €]0,1] and any n € N with n > ¢o(1 + |Int|),

W (™" x99, v) 2t =0 ({m € Td‘ﬂ(B(x,r)) > 7“5}) >t

) " 1/a
= 6*(A1+€ n <_>
16

In particular, for any m,n € N, any ¢ € M (T9) any t € R?% small enough and any C
large enough,

where

W, (M*n+m*797y) >Ce—tn :>M*m*79<{x er

w k9 (B(x,r)) = re}) > (Ce™™)®
for
e—(A1te'=0/a)n

161/a

But, since the measure satsfies to an effective shadowing lemma, according to proposi-
tion 3.1, there are C1,Cs,to, L € R such that for any =,y € T¢, any m € N and any
r € R} with r < Cie=tm,

1w ({g € Gld(gz,y) < r}) < Coe O™

And so, to get a contradiction, we only need to assume that

e~ (A1te'=d/a)n e—e(A1t+e’ —6/a)n
S O R, I S —
161/« 168/

And this is always possible for n = K'm with K € N large enough and ¢ small enough.

T =

r= > Che o™
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We just proved that there are C,¢ € R% and K € N* such that for any borelian
probability measure ¥ on T¢ and any m € N,

W, (M*(K-i—l)m 0, V) < Cetm
Let n € N and let m, L € N be such that n = (K + 1)m+ L and 0 < L < K + 1. Then,
We (1™ %9, v) < Wy (,u*(KH)m w1 s 0, 1/> < Cet™m = Qe mr1 (1)
< Cete—tn/(E+1)
And this finishes the proof of the first part of the theorem.

In particular, with ¥ = d, for some z € T¢, we get that for any a—holder-continuous
function f on T and any x € T¢,

‘P"f(a:)—/fdl/ <Ce™|f]la

Let f be an a—hdélder-continuous function on T¢. Set, for any n € N,

n—1
am=> P~ [ sav
k=0

(o= Pigu =1 - [ Faw - (P"f -/ fdu)

lim g — Pgn — f — /fdv

Moreover, the series is normally convergent since

> ‘P"f—/fdu .

n

Then,

And so,

C

1—et

<

1/ la

And so, the function ¢g = lim,, g,, exists, is continuous and satisfies
C
9= Pg=f~ [ fdvand gl < Il

Now, let ¥ be a P—invariant borelian probability measure on T¢. Then, for any
holder-continuous function f,

/fdﬂ:/P”fdﬂm fdv

Where we first used the P—invariance of ¢ and then the dominated convergence theorem
since for any x € T?, lim,, P"f(z) = [ fdv according to the first part of the proof. And,
finally, as the holder-continuous functions are dense in the space of continuous functions
on the torus, this proves that ¥ = v and so, v is the unique P—invariant borelian
probability measure on T¢.
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1.3. Proof of theorem 1.6.

Proof of the law of large numbers. This result is a consequence of the uniqueness of the
P—invariant borelian probability measure seen in theorem 1.4. Indeed, if we manage
to prove that for any z and P,—a.e. z = (X,) € (T9)Y, the accumulation points of
Ung = %ZZ;(% 0x, are P—invariant, we will get that they have to be the Lebesgue’s
measure and so, for any continuous function f on the torus,

n—1

1
_Zf(Xk) — /fdy P, — a.e.
n k=0
For any continuous function f on the torus, we can compute,
1 n—1 1 n—1
[ = [ Prav = 37000 - 3 PR
k=0 k=0
1= 1
= > F(Xk1) — PF(XR) + E(f(Xo) — f(Xn))
k=0

But, M,, = Zz;é f(Xg41)—Pf(Xk) is a martingale with bounded increments so %Mn —
0 a.e. and as f is bounded, we also have that < (f(Xo) — (X)) — 0 in L®(P,).

Thus, we just proved that for any = € T and any continuous function f on T?, there
is X7 C (TN such that P,(X;) = 1 and for any z € X,

lim/fdyn,z—/Pfdun&: 0

Let (f;) be a dense sequence in C°(T¢) and Xo, = M;Xy,. Then, P,(Xs) = 1 and for
any € X, and any 7 € N,

lim/fidun,x— /Pfid’/n,x =0

So, as the sequence (f;) is dense, we get that for any continuous function f on T¢ and
any r € X,

lim/fdyn,z—/Pfdun&: 0

This proves that for any x € Xo, the accumulation points of (1, ;) are P—invariant and
so they are equal to v and this proves the law of large numbers. O

To prove the remaing part of the theorem, we are going to use Gordin’s method and
deduce the non-concentration inequality, the FCLT and the ASFCLT from these results
for martingales. Indeed, according to theorem 1.4, for any « €]0, 1], there is a constant
C such that for any a—hdlder-continuous function f on the torus there is a continuous
function ¢ such that

J- / fdv =g — Pg and |lglloe < C|flla
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Set, for z = (X,,) € X,
n—1 n—1

Suf(@) = F(Xe) = [ fdv and M, = 3 g(Xer) - Pg(Xe)

k=0 k=0
Then,
Snf(z) = My + g(Xo) — 9(Xn)
And M,, is a martingale with bounded increments.

Proof of the non-concentration inequality. For any n € N, we have that

| M| 2 |Snf(@)] = 2llglloc = |Snf(z)| = 2C| f]la
So, using Azuma-Hoeffding’s inequality, if ne > 2C, we get that

In(z) 2 = Py (|Snf ()| > nel[flla) <Pz (|Ma] = (ne = 20)|flla)

—(ne = 2CPIfI e e 1
&P ( 2020 f |2 P\ "3z T a0 T

And this finishes the proof of this point. ]

Proof of points 1 and 2. As the function g is bounded, the sequence (S, f(z) — M,) is
bounded in L>°(P,) and so it is clear that to prove the FCLT and the AEFCLT, it is
enough to study the martingale M,, (that has bounded increments). But, according to
the functional central limit theorem for martingales (see corollary 4.1 in [HH80]) and
it’s almost sure extension (see [Cha96]), it is enough to prove the a.e. convergence of
the variance (when the limit doesn-t vanish). But, for any n € N*,

n—1

1 n—1
—ZE [‘qutl M| ‘XOa---an} == ZEx [’g(XkJrl) - Pg(Xk)‘Q‘XOa---an}

== ZP — (Pg(Xy))?

So, according to the law of large numbers that we already proved and applied to the
continuous function P(g?) — (Pg)?,

n—1
1
- ZET [|Mk+1 - Mk|2‘XO,---,Xk] = o*(f) = /92 — (Pg)*dv P, — a.e.

(We used the P—invariance of v to get that [ P(g Hdy = ngdy
And this proves point 1 since we suppose in it that a?(f) #0.

To conclude, remark that, using the G—invariance of v, we can compute

/ / l9(v2) — Pg()]? dv(z)dp(y / / 9(v2)* + 9(x)? — 2Pg(x)g(v2)dv(z)dpu()
/Xg — (Pg)2dv = 20*(f)
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And so, if 02(f) = 0, then, as g is continuous, we get that for any v € supp p and any
z € T¢ g(yx) = Pg(x). This proves that for any n € N, M,, = 0 P,—a.e. and so,
Spf(z) = 9(Xo) — g(X,). Thus, for any = € T?, S,,f € L>°(P,) and

sup sup || S fllLe=(e,) < 2[lgllec < 2Cf]a
zeTd neN

This inequality finishes the proof of point 2. O

2. THE NON-EQUIDISTRIBUTION COMES FROM THE LOWER RECGULARITY OF THE
MEASURE

Like Bourgain, Furmann, Lindenstrauss and Mozes did for the linear random walk on
the torus, we are going to prove in this section that if the measure p*"* % ¢ is far from
being equidistributed, it is only because of atoms i.e. of points € T? such that

W B(x,r)) =r°
for some r € R* depending on n.
More specifically, the aim of this section is to prove the

Theorem 2.1. Let p be a borelian probability measure on SLy(Z) x T?. Denote by ug
the projection of u on SLy(Z) and assume that pg is strongly irreducible, proximal and
has an exponential moment. Let \; € R% be the largest Lyapunov exponent of po (see
appendiz A).

Then for any a € 10,1] and any € € RY., there is cp,e’ € RY with €’ < e such that for
any ¥ € MY(TY), any t €10,1] and any n € N with n > co(1 + [Int]),

We (1" % 0,0) = t = 9 ({x € ']I‘d‘ﬂ(B(x,r)) > r}) > {0

a1
r= e*()\l‘i’e n <_>
16

In the case of the linear random walk, this statement is a reformulation of an inter-
mediate result (propositions 7.1 and 7.2) of [BFLM11]. We could prove it for the affine
random walk just like they do for the linear one that is to say, by studying, for any
borelian probability measure ¢ on T¢, the set of Fourier-coefficients of p* % ¥ and by
remarking that for any ¢ € Z¢,

Where we set

o —

LT % 19(0) — / / e2i7r(c,a:v+b) du*n(a’ b)dl/(.%')
Td JSLy(Z)x Td

_ / e2im(c,b) 7/5(15010)(1#’*11(a7 b)
SL4(Z)xTd
And so,
1/9\(tac)

" = 9(c) dpg” (a)

dp™(a,b) = / ‘@\(tac)
SL4(Z)

< /
SLy(Z)xTd

Where we recall that we denoted by g the projection of p onto SLy(7Z).
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Thus, if ‘M*/n*\vﬂ(c)‘ > t, then for many a, we also have that ‘ﬁ(tac)‘ >t and this is
the key remark in the proof of BFLM.

Instead, we are going to see that this result can also be obtained as a corollary of the
one of BFLM for the linear walk : at first, we are going to prove that their result gives
informations on the spectral radius of the operator P in LP(T¢,v) (even for the affine
random walk) and then, that this implies the theorem.

2.1. Spectral gap in L?(T%). Let G be a second countable locally compact group acting
measurably on a standard borelian space X endowed with a G—invariant probability
measure V.

Let pu be a borelian probability measure on G and P the Markov operator associated
to p. This is the operator defined for any non-negative borelian function f on X and
any « € X by

Pf(z) = /G f(gz)du(g)

As v is a G—invariant probability measure, it is clear that for any p € [1,+o00], 1 €
LP(X,v) and P1 = 1. Moreover, we can prove, using Jensen’s inequality that | P, = 1.

So, we note, for any p €]1, +o0],
/fdy = O}

and p, the spectral radius of P in L{j(X, ). We say that P has a spectral gap in L5(X, v)
(or, by abuse of notations in LP(X,v)) if p, < 1.

In the sequel, we will need a more flexible tool than the spectral gap. This is why,
for any P—invariant subspace H of LP(X,v) endowed with a norm ||. /g such that
P is continuous on (H,||.|u) and the injection of (H,||.|w) into (L?,||.],) is also
continuous, we set

LH(X,v) = {f e L’ (X,v)

DX o)) e Ini 12" flly )
k(p, H,LP (X,v)) ;== —Inlimsup sup
n—+oco feH\{0} [ fllex

Remark 2.2. The sequence <sup FEH\{0} %) is not sub-multiplicative in general so

it may converge to 0 only at polynomial rate and in this case, we would have that
k(p, H,LP (X,v)) = 0. This is impossible if H = LP(X) because in this case, if it
converges to 0, it has to be at exponential rate.

With this definition, if (H, ||.|m) = (LP(X,v),||.|), then e #HLPXv) — 5 “and,

for any (H,|.|/s), we have, since the inclusion of H into LP(X,v) is supposed to be
continuous,

K(M’ H, LP (X’ V)) z —In Pp

In particular, when H is a subset of L°>°(X, ), we can define and study the function
(p = w(p, H,LP (X, v))).
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Remark 2.3. Remind that, according to Holder’s inequality, for any 1 < p < p’ and any
function f € L>*(X,v) with || f]lec < 1,

117 = /X P v < /X FPdw = £ and [£1lp < £l

So, we get that the function (p — k(u, H,L? (X, v))) is decreasing whereas the function
(p — pr(p, H,LP (X,v))) is non-decreasing.

In the same way that we defined L(T?), we set

Cy*(T?) == {f e CO(T9)

[

The definition of the function k is made to get the

Proposition 2.4. Let p be a strongly irreducible and proximal probability measure on
SL4(Z) having an exponential moment.
Then, for any « €)0, 1] small enough,

lim pk (,u,Coa (']I'd) ,L?P <']I'd,1/)) = Md

p—>+00

This theorem implies in particular that for any € € R*, there are p € N and C € Ry
such that for any n € N and any f € CO (T,

1P fllo(ray < Cem 1P| £,

Proof. First of all, since p has an exponential moment, for any « €]0,1] small enough,
any f € C%*(T?) and any x € T,

[P f(@)] <[ flloo

and for any y € T,

Pf() / Fg2) — Fan)ldun(e) < I1f ]l /G d(g, gy)*du(g)
< | Fllad(z, v)* /G lgll*du(g)

So, Pf is a—holder-continuous and P is a continuous operator on Cg’a(Td).

According to the result of Bourgain, Furmann, Lindenstrauss and Mozes in [BFLM11]
(that we use as stated in proposition 4.5 in [Boy16]), we have that for any o €]0, 1] and
any € € R* | there is a constant C' such that for any n € N, any ¢ €]0, 1] with n > —C'Int
and any f € C%%(T?) with [ fdv =0,

{zllP @) = tlflay U B<§,eme)n>

%e(@d/zd
q<Ct=¢
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In particular, for any L € N*,
/\P"f\LdV < (ENflla) + v {zl[Pf ()] = Il ) 115

< (#F + (CrOytemCamain) | g &

And so, taking t = e

that for some constant C',

with § € R’ small enough and L € N large enough, we find

[ 1Py < cen a2 g
And this proves (reminding that the limit exists according to remark 2.3) that
lim p & (u,cgv“ (Td> 1P <’]1‘d, 1/)) > A d
P

We are now going to prove the other inequality. Let & €]0,1/4], f € C>®(T%) such that
f=1on B(0,9), [|fllcc <land [ f=0.
Then, for any € € RY and any = € B(0, e~Mte)ng) we have that

P f(x) = /G Lgl<en+on f(g2)dp™(g) + /G Ljgzeu+an f(g2)du™(g)
= 1" ({g‘HgH < e()‘1+€)"}> + /G 1||g||>e(A1+a)nf(QCU)dM*n(Q)

> 1 -2 ({g|llgl > e+ })

But, according to theorem A.5, there are C,t € R” such that

i ({o]lloll = ) < centn

And so, for n € N large enough, we have that for any x € T¢,
[P f(z)] > (1 —2Ce™™) Lp(0,e-Catomg) (@)
In particular, for any L € N,
/ 1P f (@) v > (1 —2Ce ™) u(B(0,e=M17978)) = (1 — 206 t) " e~ Cateldngd
And this proves that
limp k <,u,C8’a (Td> ,LP <']I'd,y>) < Aid
P

And this finishes the proof of the proposition. O

We are now going to extend the previous result to measures on SLg(Z) x T? by proving
the

Corollary 2.5. Let p be a borelian probability measure on G := SLgq(Z) x T¢. Let pg
be the projection of u onto Go := SLg(Z) and assume that pg is strongly irreducible,
proximal and has an exponential moment.
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Then, for any « €)0, 1] small enough,
lim pk (,u,Cg’a (']I'd) ,LP <']I'd,1/)) > \id

p—r—+00

Remark 2.6. Theorem 1.4 actually proves that for any measure p satisfying it’s assump-
tions we have that for any f € C%%(T%) with [ fdv =0, any n € N and any p € N*,

/ PPy < CPe P £

And so, for any p € [1, +o0],
K <u,68’°‘ (Td> 1P <’]1‘d, 1/)) >t

And, in particular,

lim px (u,cgvo‘ (’]I‘d) 1P <Td, y)) = +00

p—>+00

We are going to prove this result in three steps. First, we are going to prove it for
trigonometric functions, then, for regular ones and last, for holder-continuous functions.

Lemma 2.7. Let i be a borelian probability measure on G and pg it’s projection on Gg.
Denote by P the Markov operator associated to pu and by Py the one associated to pig.
Then, for any ¢ € Z¢, any n € N and any L € N,

/d |P"e.|*ldr < /d |Pre.|*ldy
T T

Where, for ¢ € 7%, e. is the function defined for x € T? by

ec(x) — eZiw(c,x)

Proof. Using Fubini’s theorem, we can make the following computation

/ Ppee(a)PEdv(x) = / (Bec()) (B f @) Edv(z)
X X

- / / ol ec(a’lx) cee ec(aLx)ec(aL+1CC) c ec(agLJC)dpén(al) . dﬂén(azL)dI/(x)
XJG

= [ [ et o s )i ) i)
Q2L JX

= /GQL 1{'5(a1+---+aL—(llL+1+---+a2L))CZO}dMSn(al) ce dusn(G’?L)

Doing the same kind of computations for the measure p, and noting, to simplify nota-
tions, for (a1,b1),...,(azr,bor) € suppp, al = a; +--- +aj and b} = b; +--- + bj, we
find that

2L

n |21 o 24 (c,bL —b ) *n *n
/X|P ec| dy_/(;ue b1 l{t(affai]j’_l)t::O}diu (a1,b1)...dp" " (asr, bar)

< / 1{t(af—a2L )czO}d:U'Ek]n(gl) s dﬂan(QZL) = / ’P(?eCPLdV
G2L X

L+1
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Where the last inequality comes from the first part of the proof and precisely gives what
we intended to prove. O

For s € R, we denote by H*(T%) the Sobolev space of exponent s.

Lemma 2.8. With the same assumptions than in corollary 2.5, for any s € RY large
enough and any € € RY,, there is L € Ry such that for any f € H*(T?) and any n € N,

/‘P”f—/fdy

Proof. Let f € H*(T%). Then, by definition, we can expand f in Fourier series : f =
~ ~ 1/2
ez F(e)ee with [[flhes = (Loeza(l + 22 F(e)?) "~ < +o0 and so, for any

L e N*,
1/2L R 1/2L
( / |P"f|2Ldv> < Y If) ( / |P"ec|2Ldu>
Td Td

ceZ4

2L
dv < Ce-Cud=m 2L

Using the previous lemma and proposition 2.4, we get that for any € € R* | there is
L € R, such that for any c € Z¢\ {0},

[Prec(w) 2ru() < Cem Crd=om |2
Td

Combining this inequality with the previous one, we get that for any f € H*(T¢) with
f(0)= [ fdv =0,

1/2L R
(/ |P"f|2Ldu) < CH2EemudmamBL % T f(o)[lel] < C'e M2 £ gy
e cez4\{0}

For some constant C’ depending on d, s, p, L but non on f. O

End of the proof of corollary 2.5. According to Jackson-Bernstein’s lemma, for any « €
]0,1] and any s € R, large enough, there is a constant C such that for any f € C%®(T%),
there is a sequence (f,,,) € H*(T%)N such that for any m € N*,

C
[ = [ a1 = o < e and [l < Conll

This implies that for any € T¢ and any m,n € N*,

C
[P fn(a)] > [P F(@)] =~ |l
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Let e € R, m € N* and t = 72”—91 Then, using the equality ¢t — C'/m® = ¢/2 and
lemma 2.8, we get that

/\P"f\2LdV<(tHfHa)2L v ({IP"fl =t fllad) 1158

< (t% . ({\P"fm\ > (t— —) Hfua})) 112
2M
2L n 2M v
< <t (o) et >HfH

9 2M Code
< <t2L+ (W) C2M M e=(ad=<) HinM> [WalFss

, we get that for some constant C’,

/|Pnf|2LdV < C’ (675a2Ln +65(1+a)2Mn (Ad—e) > ||f||2L

So, for m = e

And so, for § small enough and L large enough, we get that
/ [P fPEdy < Cem =20 | £ 3
And this is what we intended to prove. O

2.2. Equidistribution, lower regularity and spectral gap. In this subsection, we
finish the proof of theorem 2.1 by studying the link between equidistribution and the
lower regularity of the measure when the spectral gap is large.

Lemma 2.9. Under the same assumptions as in theorem 2.1, for any e € R, there are
C,t € RY such that for any x,y € T¢, any f € CO(T?) and any n € N,

P f(2) = P"f ()] < (*M9d(2, )" + Ce™) | flla

Proof. Let’s compute, for any z,y € T¢, n € N, f € C%*(T9) and ¢ € R,

PP f (@) — P"f(y)] = \ [ sta0) = rtanania)

) /c; Lgl<eta+an|f(g2) = fgy)|du™(9)
i /G Lgzea+onlflgz) — f(gy)ldu™(g)

< ma(f)/G1”g”<e(xl+g)nd(gx,gy)o‘du*"(g)

+ 2/ flloon™ ({g - G(ng > e(>\1+6)n})

< (dla, e w25 ({g € G|lgll = ¢+ ) ) £l

Where we used the fact that for any z,y € T% and any g € G,
(g, gy) < llglld(z,y)
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To conclude, we use theorem A.5 and we get that there are C,¢ € R% such that

p ({9 € @flgl = e} < oot s

We are now ready to prove theorem 2.1.

The idea of the proof is that if we have some point x( of the torus such that |P" f(xo)| >
t, then, on a neighborhood B(zq,7) for r ~ e~*1" we also have that |P"f(x)| ~ t. But,
the control on x(p,C%*, LP) implies that v(z||P"f(z)| > t) ~ e %" and so, we have
that v(z||P"f(x)| = t) ~ e % ~ v(B(xg,r)) and this proves that {z||P"f(z)| > t}
cannot be much bigger than B(xo, 7).

Proof of theorem 2.1. Let a,t €]0,1], ¥ € MY(T?) and n € N. As, for any 0 < o/ < «
the inclusion of C%*(T%) into C%*'(T9) is continuous, we may assume without any loss
of generality that « is small enough so that corollary 2.5 holds.

Assume that W, (" * 9,v) > t.

By definition, there is f € C%%(T%) with || f||o < 1 and such that

/P"fdvﬂ—/fdu 5!

=

We can assume without any loss of generality that [ fdv = 0 and ||f]|o < 2. And this

proves that
/yp"f )| dd(a ‘/ P f(2)dd(z)| >

We set, for any n € N and ¢ €]0, 1],

Xop = {w e TP ()| > ¢}
Then, using that ||P" f|lco < ||f]lcc < 2, we find that

t t
5 < [P r@Iao) < § 420 (Xo)
X

t
2

And so,
t

I (Xn/a) > g
Moreover, according to lemma 2.9, for any ez € R, there are C,ty € R’ such that for
any r € X, /4 and any y € T9, we have that

t t
|P"f(y)| > Z _ ea(AlJrez)nd(x,y)a _ Cefton > g o ea()\1+€2)nd(x,y)a

Since we can take ¢g so large that Ce 0" < & for n = ¢o(1+ |Int]).

In particular, noting r = e~ (M1 +e2)n (%)1/ , we have that for any = € X, ; /4, B(z,7) C
Xn,t/lﬁ'

Moreover, according to the classical covering results, there is a constant C(d), de-
pending only on d and points x1,...,zx € T¢ such that

nt/4 C U B xu C X, ,t/16
i=1

and the union has multiplicity at most C(d).
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This implies in particular that

N
Z ]-B(:ri,r) < C(d)an,t/lﬁ
i=1

And so, taking the integral against the measure v and using the equality v(B(z,7)) = 7,
we get

Nrd < C(d)v(Xp1/16)

C(d)V(Xn,t/IS)
rd

To sum-up, we found points z1,...,xxy with N < , such that

N
vﬂ( B(x,r)) >
i=1

So, noting Z := {i € [1, N|[9(B(x;,7)) > 145}, we get that

9 <U B(aci,r)> > %

1€l

0| =+

And finally, for any = € (J;c7 B(w;,7), there is, by definition of Z, some i € Z such that
B(x,2r) D B(x;,7r)

And so,
V(B(x,2r)) > o

16N
In conclusion, we proved that

o({aer

To finish, note that we have that

(B, 2r)) > mLN}) > L

X, d/a

And that, according to Markov’s inequality and corollary 2.5, for any 1 € R, there are
C, L € Ry such that

16 2L 16 2L
) < () [ 1P s@PRav(e) < () e vaem gt

2L
< <¥> Ce*(Ald*&)n
S\t

This proves that for some constant C' depending on &1, d, ,
C
N < t_Ce(z’;‘l-i-Egd)n

And so, taking 1, &5 small enough and ¢ large enough, we get that

t > tC+1 _(51+52d)n > (2 )5
— =z ———¢€ = T
16N C

and this is what we intended to prove. O
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3. MEASURE OF POINTS-STABILIZERS

The aim of this section is to prove the following

Proposition 3.1. with the same assumptions as in theorem 1.4, there are C,t € RY
such that for any x € T¢ and any n € N,

1" @ " ({91, 92 € Glgrz = gox}) < Ce™ ™"

This proposition will be a direct corollary of lemmas 3.2 and 3.3 since if p is not
concentrated on SLg(Z) x Q, then the measure x; of lemma 3.2 is not concentrated on

SL4(R) x {0}.

To evaluate the measure of the stabilizer of a point, we are going to lift the situation
from T? to RY since we know better the products of random elements of SLy(R) x R?
(through the theory of products of random matrices since this group can be identified
to a subgroup of SLg;1(R)) than those of elements of SLg(Z) x T¢.

To understand what we are going to do, remark that if yu = %5(_(]1,1)1) + %5(9271)2) with
91,92 € SLy4(Z), v1 € @d/Zd and v € T? such that the coefficients of vy and 1 are
Q—linearly independent, then, for u*"—a.e. (g,v) € SLy4(Z) x T?, we can write

v = Mjv1 + Mavy

with M; € My(Z).
So, in particular, noting U1, 0% some representatives of vy, vy in RY, we get that if
v =0 in T% then there is p € Z¢, such that,

Miv{ + Maus = p

As we assumed that the coefficients of vy and 1 are Q—linearly independent and that
v1 € Q% we get that Msyv3 = 0 and Myv] = p.
So, we set
1 1 1 d
H1 = 5(5(91,0) + 55@271}—5) eM (SLd(R) X R >
and what we just proved is that

p" (SLa(Z) x {0}) < p1" (SLa(R) x {0})
And so we are let with a problem on probability measures on SLg(R) x R?.

Thus, to lift the situation from T? to R?, we are going to project the translation part
of elements in the support of 1 onto a complementary subspace of Q¢ in the Q—vector
space R%. To do so, we fix some Q—linear projection TQ : R? — R? onto Q% and
we remark that for any v € R?/Z% v — QU € R? is well defined and the application
SL4(Z) x T 3 (g,v) = (g,v — mgv) € SLg(Z) x R? is a group-morphism.

Now, we can prove the following

Lemma 3.2. Let uu be a borelian probability measure on SLy(Z) x T¢.
Then, for any n € N and any y € T¢,

1 @ ({(91,92) 95 "1 € Stab(y)}) < 3" @ pi™ ({(91.92)| 95 "g1 € Stab(y — mqy)})
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where 1 is the measure on SLg(Z) x R defined by p1(A) = u(e~'(A)) where ¢ :
SL4(Z) x T¢ — SLy(Z) x R? is the function defined by
v(9,v) = (9,v — mqV)

and g is some Q—linear projection onto Q<.

Proof. As ¢ is a morphism, we only need to prove that for any g € SLq(Z) x T? and any
y € T4, if gy = y then ¢(g)(y — mqy) = (y — moy).
Write g = (a,b) with a € SLy(Z) and b € T¢. Then, ¢(g) = (a,b — mgb). So,
v(9)(y — moy) = aly — mqy) + b — mob

%
But, gy = y, so, noting b ,7 some representatives of b,y, we get that there is p € Z¢

such that -
a? + b = 7 +p

Projecting onto Q¢, we also get that

ﬁ
am@7 +mob = 7@74-]9
And this proves that
%
a(lg—7Q) Y + (la—7mq) b = (la—mq) Y
Finally, as (I4 —WQ)7 and (I —77(@)3> don’t depend on the choices of the representatives
of y and b, this finishes the proof of the fact that

a(y — moy) + b — mob =y — moy
and this finishes the proof of the lemma. O

Lemma 3.3. Let u be a borelian probability measure on SLy(R) x R? that is not con-
centrated on SLg(R) x {0} and has an exponential moment. Let jy be the projection of
w onto SLy(R) and assume that pg is strongly irreducible and prozimal.

Then, there are C,t € R* such that for any x € R? and any n € N,

1" @ ™ ({(g1, 92)l1e = gox}) < Ce™

Proof. We denote by fi the measure on SLy(R) x R defined by ji(A) = pu(A~1) for any
borelian subset A of SLy(R) x R% and where A~! := {g7!|g € A}.

Let A\; = -+ > Ay be the Lyapunov exponents of pg (see appendix A).

Then, the largest Lyapunov exponent of fi is —\g. Moreover, as Ay > --- > Ag, Ay >0
and A\ + -+ Ag = 0, we have that \y < 0 and so, —Ag > 0.

Let n € N, e € R} and x € R?. We can compute,

In(z) : = " @ " ({g1,92 € Glg1z = gox}) = " @ 1" ({ (91, 92) € G*|gogrz = z})

* ~ % 1+ g_lglx —A\g—
< pt <{(gl’92)'—1H—i-QHwH H < eP1mAa=e)n

But
L+ lgegrzll 1+ [lgagrz|| 1+ |lgr||

L+ ] L+ lgrzl] 1+ [|]




ON THE AFFINE RANDOM WALK ON THE TORUS 23

So, we obtain that

L+ gzl _  (n—cs2
oy ({1 o
1+ [l
- L+ H9291~"3|| —Ag—e/2) x
o T+ lgsal e

And we can conclude with corollary A.9 applied to the measures p and ji. O

4. EFFECTIVE SHADOWING LEMMAS

The aim of this section is to prove a criterion to produce measures satisfying an
effective shadowing lemma.
First of all, we recall the

Definition 4.1. Let p be a borelian probability measure on G.

We say that p satisfies an effective shadowing lemma if for ant C’,t' € R*, there
are (1,0, M,t,L € R such that for any z,y € T¢, any r € R* and any n € N with
r < Cre I if

1" ({g € Gld(gz,y) <7}) = Coe™
then there are 2,y € T¢ such that d(x,2’),d(y,y') < reM™ and
>

M*n ( g:UI y }) ! —t'n

e

The criterion that we are going to prove will use the diophantine properties of the
translation parts of the elements in supp u. More specifically, we want a condition that
ensures that if (g1,v1), (g2,v2) € supp ™" are such that v; and vy are close (in some
sense) then v; = vy. This is why we make the following

Definition 4.2 (Diophantine subsets of T¢). Let d € N* and B C T? a finite subset.
We that that B is (C, L)—diophantine if for any non zero (M) € Z5,

C
d Myb < — Mib =
(z b,o> A WIS

beB
More generally, we say that B is diophantine if it is (C, L)—diophantine for some C, L €
R%.
Remark 4.3. With this definition, a diophantine subset can contain rational points.

Example 4.4. Let b € T'\ Q/Z. Asking {b} to be diophantine is asking for C, L € R%
such that for any g € N*,

d(gb,0) > —
(¢b, 0) o

The name comes from this property.
Remark 4.5. Let d > 2 and B a subset of T¢. It is not the same thing to say that B
is diophantine and that {coefficients of b|b € B} is a diophantine subset of T! (consider

B = {(b1,b2)} with b; diophantine and by not). This last property is stronger but this
is the one that we will need in the sequel and we refer to lemma 4.8 for more details.
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Example 4.6. Let N € N*. Then, for a.e. by,...by € T!, the set {by,...by} is
diophantine.

We are now ready to state the main result of this section

Proposition 4.7. Let p be a borelian probability measure on SLq(Z) x T¢ and let uo be
it’s projection on SLy(Z). Assume that pg is strongly irreducible, prozimal and that it
has an exponential moment and that { coefficients of b|(a,b) € supp u} is a diophantine
subset of T'.

Then, i satisfies an effective shadowing lemma.

To prove this proposition, we first come back to the difference for a subset B of T¢
between being diophantine and having elements whose coefficients form a diophantine
subset of T!.

Lemma 4.8. Let B be a finite subset of T and
F := {coefficients of B} C T!

Then, F is (C,L)—diophantine if and only if there is C' € R% such that for any non
zero (My) € Mg(Z)B,

Mypb, 0 = Mpb =10
(Z ' ) maXbuMbu Z '

beB

Proof. First, assume that F' is (C, L)—diophantine and set ¢’ = C/(d|B|)*.
Let 0 # (M) € My(Z)P be such that

C/
Myb,0) < ———
102 (mae, [ 4]}

Each coefficient of ), Myb is a sum of elements of F' multiplied by integers that are
smaller than d|B|maxy ||Mp|. In other words, for any coefficient of ), Mb, we get a
sum > e Ly f with [Ly| < d|B|maxy || M| and

C’ C'(d|B|)* C
200 | € o TR iy T = L
maxy || M[[* maxy [Lp|® (maxy [Lg])
And as F is (C, L)—diophantine, this implies that Ly f = 0 and so, as this is true

for any coefficient of )", Mb, we get that >, Myb = 0.
Reciprocally, if there is C’ € R% such that for any 0 # (M;) € My(Z)P

Mpb, 0 Mpb=0
(Z ' ) maxbann L= 2

beB
Then, we set C = C’/d" and let 0 # (Ls) € Z'" be such that

C
Lif,0| € ———7
; ! (max [Lg)F
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For any element f of F', choose an element (b(f),i(f)) in
{(b,7) € B x [1,d]|f is the i — th coefficient of b}

Now, for any b € B, we denote by M; the matrix where we set Ly in the i—th column
if there is f € F such that (b(f),i(f)) = (b,7) and 0 otherwise.
Thus, by definition,

dpLsf
D Mip=|

beB S Lif
And max; | Mp|| < dmaxy|Ly| so

C c’
Myb,0 ) < <
! (; o 0) (max; L) (maxy [ M)

And this proves, as B is (C, L)—diophantine, that ), Mb = 0 and so we also get that
zf Ly f =0 and this finishes the proof of the lemma. O

From now on, we set
(4.1) B(u) := {b|(a,b) € supp u} and F(u) := {coefficients of b|b € B(u)}

To prove proposition 4.7, we are going to use some control of the translation parts of
elements of supp *". To do so, for any Q € N* and any finite subset B of T¢, we set

Myb
Xq(B) = {p—+ Zb;B ;

Thus some z € T¢ belongs to Xq(B) if there is ¢ € N* with ¢ < @ such that each
coeflicient of gz can be obtained from translations by coefficients of elements of B with
multiplicities smaller than Q.

This definition is made so that for any M large enough we have that for any n € N*|
with large probability, any element (g,v) € supp p*" is such that v € X, mn (B(p)).

To make this idea more precise, we set, for any M € R} and n € N,

P geZ. ol < Q. () € Mu@)”, max sl < Q]

GM .— {(ai) € G

max max  |lag, ... a;,| <M
ke[l,n] 1<i1 < <ig<n

The aim of the following lemma is to prove that elements of G} are generic.

Lemma 4.9. Let 1 be a borelian probability measure on G and let g be the image of
on SL4(Z). Assume that po has an exponential moment.
Then, for any M € R large enough, there is t € RY such that for any n € N,

" (Ga') Z1—e
Moreover, if B(n) is finite (see equation (4.1)), then, for any (ay,b1),...,(an,b,) €
supp p such that (a;) € GM,

n
Z Ap ... ak+1bk S Xe(M-H)n (B(M))
k=1
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Proof. First, remark that as g is concentrated on SLy(Z), for up—a.e. g € Go, ||g|| =1
and so, noting § € R* such that fGo g/|°dpo(g) < 400, we have that for any M € R*

and any n € N,
oniaMy . _  ®n . N . > M
o (G 2 = kg ({(92) €Go|max | max, _ lgi--gull > e })

<" ({0 € Gflgnll - ol > M })

< e M ( / ||9H5dﬂo(9)>
Go

And this finishes the proof of the first part of the lemma.
To prove the second one, take (ai,b1), ..., (ay,b,) € supp p such that (a;) € GM.
Then, we can write

n n
§ : /
Zan...ak+1bk - 1bk:b/an...ak b
k=1 1

VeB(p) \k=

and, for any b’ € B(u),

n
Z lbk:b/an eagl < neM”
k=1
This proves that Y ), @y ... apr1bg € Xpern (B(p)). O

In the sequel, we will have to control sums of the form ) ¢;a; where the a; are
W —generic and ¢; € Z. To do so, we will use the

Lemma 4.10 ([BFLM11]). Let ug be a strongly irreducible and proximal borelian prob-
ability measure on SLgy(Z) having an exponential moment.

Set
< 6}

Vie [l,d], a; € G(l] and det <Z ciai) + 0}

1

1
Gl = {a € Gol|—In flaf| = Ay

and

G¢ .= {(ai) € Gg

where we put ¢y =1 —d and ¢; = 1 fori € [2,d].
Then, for any € € RY, there are C,t € R’ such that for any n € N,
,u,*n(G-(l)) 2 1— Ceftn et Iu*n ® - ® M*n(Gg) > 1— Ceftn
Proof. In [BFLM11], this lemma is not stated as we do it here but it corresponds to the
lemmas 4.3, 4.6 and 7.9 and to some part of the proof of proposition 7.3. O

We are now ready to prove proposition 4.7. The proof consists in two lemmas. In
lemma 4.11, we study points that are far from points of X.»(B(x)) and in lemma 4.12
we study points that are close to it.
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Lemma 4.11. With the assumptions of proposition 4.7, for any M € R large enough
there are C,t € R such that for any r €]0,1], any n € N, any x,y € T¢, if

1" ({g € Gld(gz,y) <r}) = Ce™™
then there is ' € X mn(B(p)) such that

d(z,z') < reMn

Proof. The idea that makes the demonstration work is that if ajx + by, ..., aqx + by are
close to each-others, then setting ¢; = 1—d and ¢; = 1 for i € [2,d], we get that ), ¢;a;x
is close to ), ¢;b;. But, according to lemma 4.10, with large probability, the matrix
>, cia; is invertible and, according to lemma 4.9, the b; belong to X un(B(p)), and so
x € X mn(B(p)).

We keep the notations G} and G¢ from lemma 4.10 and the notation G from
lemma 4.9. Then, for any ¢ € R} and any large enough M we denote by C,t the
constants given by lemma 4.10 and by ¢y the one given by lemma 4.9.

Then, we set

G, = {((al,bl), ..., (ag,bq)) € G¥(a;) € G& and for any i, b; € Xe(]bf+1)n(B(/,L))}
By definition, we have that
P @ " (Gy) < Cem M 4 de o
So, we can compute, for any z,y € TY,

Li(z,y) - = (1™ ({g € Gld(gz,y) < 7}))*

= /Gd 1@y, (@1 +b1) ... 1p(y ) (agz + ba)dp™ (a1, 1) . .. du™ (aq, ba)

d
< Ce™™ 4 de™"" + /G [T 150 @iz + bi)dp™ (a1, b1) ... A" (ag, ba)
* i1

Thus, if M is large enough, we can find C,t € RY such that for any r €]0,1], any n € N,
if
w" ({g € Gld(gz,y) <7r}) = Ce™™
then
d
/ 11150 (aix +b:)dp ™ (ar,b1) . .. du™(aq, ba) > 0

* =1

In particular, there is ((a1,b1), ..., (aq,bq)) € G* such that for any ¢,
d(a;x + b, y) <7

%
Now, we let ?, 7, b; be representatives of z,y,b; in R?. We have that for any i € [1, d]
there is p; € Z% such that

%
lai@ + bi =Y —pill <r
So, noting ¢; =1 —d and ¢; = 1 for i # 1, we get that

H(Z cia;)x + Zcibi - ZcipiH < 2dr
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But, by definition of G, det (3°, c;a;) € Z*.
So,
d

< g2deMe)dn

1< <

§ Cia;

1

det (Z ciai>

1

Let U =), ¢ia;. Then U is invertible and we can write,
1
-1
= Vv
det U

with V € Mgy(Z) and for some constant C(d) depending only on d, |V| < C(d)||U||4!.
Thus, we get that

lz + U e = U apil|l < 2dr U]

To conclude, we only need to remark that we can write
b; = Z Méb with ngLXHMgH < M+
beB(1)

And this proves that

_ _ aVpi e (VM) b
U 1 zbz U 1 D = ZZ Ci ? H
;C * Z@,:c Pi= " et(0) det(U)

And that

max
beB(n)

> eV My

1

< 24|V || max | M| < 2dC (d)eMF1neMate)(d—1)n

So, maybe for some M’ > M we get that
= -—U"! Z cibi+ U1 Z cipi € X mrn (SUPD 1)
i i

and d(z,2') < reM'™, O

Lemma 4.12. With the same assumptions as in proposition 4.7, there are Cy, L such
that for any M € Ry large enough, there are C,t € RY such that for any n € N*, any
r €]0,1] with
Co
S oMLn
we have that for any y € T, any 2’ € X_r+1n(B(p)) and any x € T with d(x,2") < r,
(1" ({g € Gld(gz,y) <1})* < Ce ™ + 1™ @ 1™ ({1, 92|12’ = goa'})

Proof. To simplify our notations, we set B = B(u) and F = F(u). let ,2',y € T? as in
the proposition. By definition of X¢(B), there is (M,) € My(Z)P with max ||M,| < Q,
there is p € Z% and ¢ € N* with |¢| < @ such that

= P+ ZbeB Myb
q
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Let, for any € € RY and M € N,
G, = {(a, b) € G‘HaH et et p e X6<M+1>n(B)}

Lemmas 4.10 and 4.9 prove that for any ¢ € R* and any M € R, large enough, there
are C,t € RY such that for any n € N,

,U'*n(G*) >1-— Ceftn
Let’s compute

Li(z,y) : = (1™ ({g € Gld(gz,y) < 7}))°

= [ Ut 010 20007 ()00 (02

<2 (Gy) + /

- 1G.(91)1G. (92)La(g 2,g20)<2rdp™ (91)d ™™ (g2)

<2Ce™ + / L 1e.(91)1e. (92)Ya(giz,.g2m)<2rdi™ (91)dp™ (92)

G
Moreover, for g1 = (a1,b1) and g2 = (ag, ba), we have that

d(gi12’, g2a’) < d(12', 1) + d(g1, gox) + d(gaz, go2’) < |la1||r + d(g1z, gox) + [|az]|r
And this proves that

In(z,y) <2Ce™™ + / L L6 (91)16.(92) (g, 00, gowry<sretnramdp™ (91)dn™ (g2)

G
To conclude, we only need to prove that, under the diophantine condition, if 2’ €
X, (m+1m, 91,92 € Gy are such that d(g12’, gox’) < 3reM1tean then g’ = goa'.

To do so, remark that if 2’ € X 1. (B) and g = (a,b) € G, alors, az’ +b €
X26(1V1+1+/\1+5)n (B)

Thus, we have that (g1 — g2)2’ € X, (vt11a,40n(B) and that d((g1 — g2)2’,0) <
3reMiten,

In particular, there is ¢ € N* with ¢ < 4e(M+1+\+6)n gych that q(g1—g2)2 is a sum of
elements of b multiplied on the left by matrices of norm smaller than (4e(M+1+A1+e)n)2
and

d(Q(gl B 92).%17 O) < ’q‘?)re()\l—l—a)n < 12746(M+1+2)\1+25)n
So, as F' is (C, L)—diophantine, according to lemma 4.8, there are constants C’, L such
that if

C/
(M+142\1 +26)n
L2re S (4T A +e)n)2L

then we have that qg2’ = qgo2’. But, this proves that g2’ = goa’ + g for some p € Z4.
And

d <]2, 0) =d(q12', go2') < 3re(riten
q

So, if ﬁ > 3reMte" we have that g = 0 and so, g1’ = go’. O
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End of the proof of proposition 4.7. According to lemma 4.11, we have that for any M &€
R% large enough, there are C,t € R’ such that for any r €]0,1], any n € N and any
z,y € T?, if

1" ({g € Gld(gz,y) <r}) = Ce™™
then there is 2’ € X, un(B(p)) such that

d(z,z') < reMn

But, in this case, we have, according to lemma 4.12, that if

Co

Mn
< eLMn’

reM™ <
then
(1™ ({g € Gld(gz,y) <7})* < Ce ™+ p™ @ 1™ ({91, 92| 912 = g2 })

And this is what we intended to prove since
@ " ({91, 92|12’ = goa'}) = / 1" ({g1| g’ = go'}) dp*(g2) O
G

APPENDIX A. PRODUCTS OF RANDOM MATRICES

In this section, we are going to recall some of the properties of products of random
matrices.

To do so, we fix some finite dimensional R—vector space V that we endow with an
euclidian norm.

Let o be a borelian probability measure on G := GL(V).

We set, for any g € G, N(g) = max(||g|[,[[¢g"!|]) and we say that u has a moment of
order 1 if

/ In N(g)du(g) < +oo
G

and that it has an exponential moment if there is some € € R* such that

/ N(g)*du(g) < +oo
G

Remark that there is some constant C' depending only on dim(V) such that for any
g € SLa(V), lg7 || < CJlg||¥"™V and so, if u is a measure on SL(V), it is enough to ask
that for some € € R,

/G lglFdug) < +oo

We would like to study the product g, ...g1 where (g;) is an iid sequence of law .
The first result in this direction is Oseledec’s theorem :

Theorem A.1. Let yu be a borelian probability measure on G := GL(V) having a moment
of order 1.

Then, there are my,...,m, € N* with ). m; = dimV, there is Ay > --- > A, € R and
some measurable function from GY into the space of flags V:=V; D --- DV, := {0}
of V such that dimV,; = Z;ZZ m; and such that for p®N—a.e. w = (g,) € GV,

o g1VY = Vf‘” where ¥ is the shift on GV,



ON THE AFFINE RANDOM WALK ON THE TORUS 31
o For any x € V¥ \ V¥, |,
o1
lim—1In g, ...q1z] = A
non

We call Lyapunov exponents the paramaters Aq,..., A, and we note
M= =Amy =AM, Agg1 = = dngems = Ao, ete.

However, if z € V, this theorem doesn’t say anything on the behavior of ||g,, ... giz| for
some generic (g,) € GY because we have no information on the sequences (g,,) such that

T € VZ(-g"). To avoid this problem, we usually assume that the subgroup of G spanned
by the support of p acts irreducibly on V (it doesn’t fix any non-trivial subspace of V).
And in this case, Furstenberg proved the

Theorem A.2 ([BL85]). Let u be a borelian probability measure on G having a momen
tof order 1 and whose support generates a group acting irreducibly on V.
Then, for any x € V \ {0},

1
Eln lgn - 1zl = A1 a.e

This irreducibility assumption is not good enough for us since we will identify SLg(R)x
R? with the subgroup
SLy(R) R?
0 1
of SLg;1(R) whose action on R is not irreducible.

A first important case of reducible actions on V is when the support of p generates a

o

where I'; < SL(V;) with V; & Vo = V and I'; acts irreducibly on V;. Indeed, in this
case, we can study the action on V; and on Vs to get the one on V. This motivates the
following

Definition A.3. Let p be a borelian probability measure on GL(V).
We say that some subspace W of V is adapted to p if it is proper, invariant by the
subgroup of GL(V) spanned by the support of 4 and if there are Ay > Ay € R such that

e For any z € V/W\ {0},
%lann...gle — Aj a.e.
e For any z € W\ {0},
limsup%lann g1zl < Ag ace.

This definition is only useful since there is always an adapted subspace.

Theorem A.4 ([FK83] or [Hen84]). Let v be a borelian probability measure on GL(V)
having a moment of order 1.
Then there is some subspace W of V that is adapted to p.
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This theorem proves that we can always block-triangularize the group G, spanned
by the support of . Indeed, we can find by induction Ay > --- > A; € R and a flag
V=W; D - D Wy :=0 adapted to p : W; is G, —invariant and for any 7 and any
z € W;/Wiiq\ {0},

1
(A.1) Elann...gle — A; ae.

The flag that we obtain in this way is included in the flag given by Oseledec’s theorem (it
means that {W,} C {V,} and that {A;} C {A;} with A; = A;) but it has the advantage
of being invariant and the convergence in equation (A.1l) gives us Furstenberg’s law of
large numbers without any irreducibility assumption.

We are going to precise the convergence in equation (A.1) through a non-concentration
inequality that we state in next

Theorem A.5. Let p be a borelian probability measure on GL(V) having an exponential
moment.
Then, for any € € R, there are C,t € R’ such that for any n € N,

1
w ({g € GL(V)H—lanH — A > 5}) < Qe
n
Moreover, if W is adapted to p then, for any x € V and any n € N,
o ({g € GL(V)|eM=9ng(2, W) < |lgz < e<A1+€>"||x\|}) >1- Cetn

where we noted

d(w. W) = inf |lo =y

To prove this theorem, we first prove the following

Lemma A.6. Let p1 be a borelian probability measure on GL(V) having an exponential
moment.

Let Ay > - >As€R and V:=W; D - D Wy := {0} be the flag adapted to p
and given by induction by theorem A.4.

Then for any € € RY, there are C,t € RY. such that for any n € N and any x € V\{0},

p" ({g € GL(V)

Proof. The proof of this lemma is an adaptation of the proof of proposition 3.2 in [BQ16]
where Benoist and Quint only have polynomial moments.
First, for g € G and X = Rz € P(RY), we set

o(g,X) = ln%, P(X) =/ o(g, X)du(g) et o'(g,X) = o(g,X) — o(X)
G

Then, for any X = Rz € P(R?) and any sequence (g,) € GL(V)Y, noting X; =
gr. - - - 91X, we have that

1
A;—e< —1In lg=| <Ay +€}> >1—Ce ™
n |z

n—1 n n—1

tn 1997 N g ) = 3 o (g X+ 3 ()

k=0 k=1 k=0
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Now, let My, = 3325 0" (ghy1, Xi).
We can compute

E[Mu+1 — My|Xo,..., X, =E [0'(gn+1,Xn)‘Xo, e ,Xn] = / o' (g, Xn)du(g) =0
G
This proves that M,, is a martingale. Moreover, for any ¢ € R,

E [ee|Mn+rMn|

Xo,---,Xn] :/ esl7 (9 Xl dp(g)
G

And the inequality

lg|
||

—Infg ' <o(g,X)=In <In|g|
shows that

E |:65|Mn+l_Mn|

X, X g/ 2= mma(loll I~ 1) g )
G

And so, as p has an exponential moment, there is ¢ € R* and some constant Cy such
that for any X € P(V) and any n € N,

Ey |:65|Mn+1—Mn|

Xo,. .. ,Xn] < C(] a.c.

Thus, according to the non-concentration inequality for martingales (see theorem 1.1
in [LW09]), for any e € R, there is C,t € R such that for any X € P(V) and any
n €N,

Px(|M,| = en) < Ce ™

(it is important to remark that the constants C,t¢ don’t depend on X but only on € and
Co).

To conclude, we only need to study ZZ;& ©(Xk). To do so, we just proved (using
Borel-Cantelli-s theorem) that

1
— M, — 0 a.e.
n

Moreover, by definition of Aq,...,As and Wy,..., W, we have that for any X € P(V),

-1 n—1
15 1
Ay < liminf — E 0(gk+1, Xg) < limsup — g o(gr+1, Xi) < A ae.
S n S0

This proves that

o 1 n—1 . 1 n—1
As < hmnmf - kz;)go(Xk) < hmnsup - kzocp(Xk) <Ajae.

And so, for any stationary probability measure v on P(V),

n—1
1
Ay < dv =1 E,.— X )d <A
/<P v lyflﬂ/ ”g:o(p( k)dv(z) 1
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Finally, using proposition 3.1 of [BQ16], we get that for any e € R* , there are C,t € R,
such that for any n € N and any X € P(R?),

1
Py [ Ay — ) p(Xp) <A < Cetn
X< <25 o 1+5> e

And this finishes the proof of the lemma. O

End of the proof of theorem A.5. We refer to the proof of proposition 4.1 in [BQ16].
First, remark that for any basis (v1,...,v4) of V there is a constant C' such that for
any g € GL(V),

1
—|lgv C max ||gv
Sllaoal < gl < € mas flgu]

And so, the non-concentration inequality for In W for any v € V'\ {0} implies the one

for In ||g]|.
Then, remark that according to lemma A.6, for any € € R%, there are C,t € RY such
that for any x € V and any n € N,

" ({9 € GL)[llgz] > e o) }) < e
We endow V/W with the norm
= inf —
Izl /w = mf lle =yl
Then, we have that for any z € V,

2]l = d(z, W) = ||lwlly,w

where 7 is the projection onto V/W and, by definition, since W is adapted to p, for any
z € V/WA {0},

- In|lgn ... g1xllv/w — A1 ae.

This proves that {0} is adapted to the image of p in GL(V/W). And so, according
to lemma A.6, for any ¢ € R, there are C,t € R such that for any n € N and any

x € V/WA\ {0},
w <{ 1| = e}) < Ce

And this proves that for any n € N and any x € V,

w ({g]lgall < e, }) < cemtn
And this finishes the proof of the theorem. O

1o leel

el

We end this section with the study, for a borelian probability measure p on SLgi(R) x
R?, of the translation part b of the ;*"—generic elements g = (a,b). The aim is to
prove that if we make some assumptions on p, for any n, with large p*”—probability, an
element g = (a,b) € SLg(R) x R? is such that ||b| ~ e?1™.

To do so, we wirst compare the Lyapunov exponents of p and of it’s projection on
SL4(R) in next
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Lemma A.7. Let pi be a borelian probability measure on SLg(R) x R? having an expo-
nential moment and let g be the projection of u onto SLg(R).

See p as a probability measure on SLgi1(R) and define Ai(p) this way.

Then,

Ay () = Ar(po)
Proof. First for any n € N* and any € € RY,

n ({5 g gl —Al(u)' >eb) = ({\%mugn...glu —Al(u)‘ ><})

So, according to lemma A.5,

®N

1
—Inflgan - - gl = Au(p) 17 — ace.

We can write, for any g € SLg(R) x RY,

- (3 1)

and if g has law pu, then a has law pg.
Thus,

n 2n
o Aoy ... A1 A2y ... Qpt1 Zkzl an...ak+1bk+zk:n+1 aop -« - Gpy1bg
92n --- g1 = 0 1

And so,,
lgn - g1l = llan . . a1]]
This proves that Aj(p) = Aq(uo)-
Let now © € GY be such that p®N(Q2) = 1 and for any (g,) € ©,

1 o1
lim—1In|g,...q1]| =lim—1In|lgon ... gnt1]] = A1 (p)
n n n n
and
.1 .1
lim —In||ay, ...a1| =lim —1In||lag, . .. ani1]] = A1 (po)
n n n n
This way, for any € € R* | there is N such that for any n € N with n > N,

M1 (p)—e)n A1 (p)+e)n

<|lgn---gill g2n - - - g || < €
and,

lan ... a1, lagn - - . ang1|| < erlro)tem

Thus, we have that for any e € R and any large enough n,

M= g g1 < max <e2(A1(uo)+€)n, A1 (1) +As (o) +22)n e(Al(u)+€)n)

This proves that for any € € R,
2(A1(p) — ) < max(2A1(po) + &, A1 (p) + Ar(po) + 2¢)
And so, we get that

2M1 (p) < max(2A1 (po), Ax(p) + A1 (po))
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Finally, as we already proved that Aj(ug) < Ai(p), the previous inequality actually is
an equality and we get the expected result. O

Until now, we didn’t say anything on the positivity of Aj.

If 1 is a measure on SL(V), then, as for p—a.e. g € G, det(g) = 1, we have that
A1+ + Adim(v) = 0 and so, Ay = 0 if and only if for any i, A; = 0.

To get conditions that ensure that A\; > 0, we will say that a subgroup H of SLy(R)
is strongly irreducible if it doesn’t fix any non trivial finite union of subspaces of R

We remind the following result

Theorem A.8 (see [BL85] or [Gui8l]). Let p be a borelian probability measure on SL(V)
having a moment of order 1 and such that the subgroup spanned by the support of u is
strongly irreducible and non-compact.

| wlgldu(e) < +oc
SL4(R)

Then, Ay > 0.

Corollary A.9. Let u be a borelian probability measure on SLg(R) x R? having an
exponetial moment and that is not concentrated on SL4(R) x {0}. Assume that the
projection onto SLy(R) of the subgroup spanned by the support of v is strongly irreducible
and non-compact.

Then, for any € € R, there are C,t € R’ such that for any n € N and any x € RY,

1 1
" ({g € SLy(R) x R? —lnm > a}) < Cetn

n 14|z
Proof. We see 1 as a probability measure on SLg,1(R) and we are going to prove that
the subspace W adapted to p and given by theorem A.4 is {0}.

First, since the projection of supp u on SLg(R) spans a group G, that acts strongly
irreducibly and non-compactly on R¢, the only subspaces of R%*! that can be invariant
by supp p are R Vect(ey, ... eq), Vect(egy1) and {0}. But, assuming that supp p is
not a subset of SLy(R) x {0} implies that Vect(egy1) is not invariant by the group spans
by the support of y. Moreover, according to theorem A.8, there is A; € R’ such that
for any = € Vect(ey,...,eq) \ {0},

_Al

1
- In|lgn...q1z]| = Aj a.e.
Then, for any = € R4\ Vect(ey, ..., eqy1), we have, according to lemma A.7 that
. 1
limsup—In||g, ... 1| < Ay
n n

So we also have that W # Vect(ey,...,eq) and, as W is proper, we have that W = {0}.
Thus, according to lemma A.5, for any ¢ € R, there are C,t € R* such that for any
r € RH1\ {0},

w ({g € SLy(R) x R?

And in particular, with = = z¢ + eqy1 for g € Vect(eq,...,eq) we get the expected
result. O

1
1 Nzl _Al‘ > E}) < Cen

no =
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