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Abstract

We investigate contextual online learning with nonparametric (Lipschitz) comparison classes un-
der different assumptions on losses and feedback information. For full information feedback and
Lipschitz losses, we characterize the minimax regret up to log factors by proving an upper bound
matching a previously known lower bound. In a partial feedback model motivated by second-price
auctions, we prove upper bounds for Lipschitz and semi-Lipschitz losses that improve on the known
bounds for standard bandit feedback. Our analysis combines novel results for contextual second-
price auctions with a novel algorithmic approach based on chaining. When the context space is
Euclidean, our chaining approach is efficient and delivers an even better regret bound.

Keywords: online learning, nonparametric, chaining, bandits.

1. Introduction

In online learning (Cesa-Bianchi and Lugosi, 2006; Shalev-Shwartz, 2011; Hazan, 2015) an agent
(or learner) interacts with an unknown and arbitrary environment in a sequence of rounds. At each
round, the learner chooses an action from a given action space and incurs the loss associated with the
chosen action. The loss functions, which are different in each round, are fixed by the environment
at the beginning of the interaction. After choosing an action, the learner observes some feedback,
which can be used to reduce his loss in subsequent rounds. A variety of different feedback models
are discussed in the literature. The most common feedback model is full information, also known as
prediction with expert advice, where the learner gets access to the entire loss function at the end of
each round. Another common feedback model is bandit information, where the learner just observes
the loss assigned to the action chosen in the current round. Feedback models in between full and
bandit information are also possible, and can be used to describe many interesting online learning
applications —see e.g., (Alon et al., 2014, 2015). The performance of an online learner is measured
using a notion of regret, which is typically defined as the amount by which the learner’s cumulative
loss exceeds the cumulative loss of the best fixed action in hindsight.

Online contextual learning is a generalization of online learning where the loss functions gen-
erated by the environment are paired with contexts from a given context space. On each round,
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before choosing an action, the learner observes the current context. In the presence of contextual
information, the learner’s regret is no longer defined against the best action in hindsight, but rather
against the best policy (i.e., mapping from the context space to the action space) in a given refer-
ence class of policies. In agreement with the online learning framework, online contextual learning
is nonstochastic. Namely, regret bounds must hold for arbitrary sequences of contexts and losses.

In order to capture complex environments, the reference class of policies should be as large as
possible. In this work, we focus on nonparametric classes of policies, such as classes containing
policies that are Lipschitz with respect to metrics defined on the context and action spaces. The
best possible (minimax) growth rate of the regret, as a function of the number 7' of rounds, is
then determined by the interplay among the richness of the policy class, the constraints on the loss
functions (e.g., Lipschitz, convex, etc.), and the type of feedback information (full, bandit, or in
between). Whereas most of the previous works study online nonparametric learning with convex
losses, in this paper we investigate nonparametric regret rates for general Lipschitz losses (in fact,
some of our results apply to an even larger class of loss functions).

In the full information setting, a very general yet simple algorithmic approach to online non-
parametric learning with convex losses was introduced by Hazan and Megiddo (2007). For any
reference class of Lipschitz policies, they proved a O (T (d+1)/ (d+2)) upper bound' on the regret for

any context space of metric dimension d, where the O notation hides logarithmic factors in 7". In
the same work, they also proved a (’)(T(dfl)/ d) lower bound, leaving open the problem of closing
the gap between upper and lower bound. As noted elsewhere —see, e.g., (Slivkins, 2014)— the ap-
proach of Hazan and Megiddo (2007) can be adapted to prove a O (T(¢P+1)/(@+p+2)) ypper bound
on the regret against any class of Lipschitz policies in the bandit information setting with Lipschitz
losses, where p is the metric dimension of the action space.

Our contributions. We essentially close the gap in the full information model, by showing that
the minimax regret rate for Lipschitz policies and Lipschitz losses is indeed T(d-1)/d (excluding
logarithmic factors in 7" and polynomial factors in the metric dimension of the action space). More-
over, motivated by a problem in online advertising where the action space is the [0, 1] interval, we
study a “one-sided” full information model in which the loss of each action greater than or equal
to the chosen action is available to the learner after each round. For this feedback model, which
lies between full and bandit information, we prove a regret bound for Lipschitz policies and Lips-
chitz losses of order O (Td/ (d+1)), which is larger than the minimax regret for full information but
smaller than the upper bound for bandit information when p = 1. For the special case when the
context space is [0, 1]%, we use a specialized approach offering the double advantage of an improved
(5(T (d=1/3)/(d+2/ 3)) regret bound attained by an efficient algorithm. We then study a concrete ap-
plication for minimizing the seller’s regret in contextual second-price auctions with reserve price, a
setting where the loss function is not Lipschitz but only semi-Lipschitz. When the feedback after
each auction is the seller’s revenue together with the highest bid for the current auction, we prove
a O(T (d+1)/ (d+2)) regret bound against Lipschitz policies (in this setting, a policy maps contexts
to reserve prices for the seller). As a by-product, we show the first @V(\/T) regret bound on the
seller’s revenue in context-free second-price auctions under the same feedback model as above.
Table 1 summarizes our results.

1. This bound has a polynomial dependence on the metric dimension of the action space, which is absorbed by the
asymptotic notation.
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Feedback model Loss functions Upper bound
. . d+2
Bandit Lipschitz T ji (Theorem 1)
Convex Ta+z (Corollary 2)
One-sided full information  >-iPsehitz 7% - (Theorem 3)
Lipschitz T4+2/3  (Theorem 6)
Full information Lipschitz T (Theorem 7)

Table 1: Some regret bounds obtained in this paper. The rates are up to logarithmic factors for
Lipschitz policies f : [0, 1] — [0, 1] with d > 2. The only matching lower bound is the
one for full information feedback due to Hazan and Megiddo (2007).

In order to prove our results, we approximate the action space using a finite covering (finite
coverability is a necessary condition for our results to hold). This allows us to use the many existing
algorithms for experts (full information feedback) and bandits when the action space is finite, such
as Hedge (Freund and Schapire, 1997) and Exp3/Exp4 (Auer et al., 2002). The simplest of our
algorithms, adapted from Hazan and Megiddo (2007), incrementally covers the context space with
balls of fixed radius. Each ball hosts an instance of an online learning algorithm which predicts in
all rounds when the context falls into the ball. New balls are adaptively created when new contexts
are observed which fall outside the existing balls (see Algorithm 1 for an example). We use this
simple construction to prove the regret bound for contextual second-price auctions, a setting where
losses are not Lipschitz. In order to exploit the additional structure provided by Lipschitz losses,
we resort to more sophisticated constructions based on chaining (Dudley, 1967). In particular,
inspired by previous works in this area (especially the work of Gaillard and Gerchinovitz, 2015),
we apply chaining to a hierarchical covering of the policy space. Despite we are not the first ones to
use chaining in online learning, our idea of constructing a hierarchy of online learners where each
node uses its children as experts is novel in this context, as far as we know. Finally, the efficient
algorithm achieving the improved regret bound is derived from a different (and more involved)
chaining algorithm based on wavelet-like approximation techniques.

Setting and main definitions. We assume the context space X’ is a metric space (X, py) of finite
metric dimension d and the action space ) is a metric space (), py) of finite metric dimension p.
Hence, there exist Cx, Cy > 0 such that, for all 0 < ¢ < 1, X and ) can be covered, respectively,
with at most C’Xs_d and at most C'ye~? balls of radius €. For any 0 < ¢ < 1, we use ): to denote
any e-covering of ) of size K. < Cye~P. Finally, we assume that ) has diameter bounded by 1
with respect to metric py.

We consider the following online learning protocol with oblivious adversary and loss functions
¢, 'Y — [0,1]. Given an unknown sequence (z1, /1), (x2,¢3),... of contexts z; € X and loss
functions ¢, : Y — [0, 1], for every round ¢t = 1,2, ...

1. the environment reveals context x; € X;

2. the learner selects an action 7j; € ) and incurs loss ¢; @t);

3. the learner obtains feedback from the environment.
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Loss functions /; satisfy the 1-Lipschitz* condition |¢(y) — £:(y')| < py(y,y’) forall y,y' € V.
However, we occasionally consider losses satisfying a weaker semi-Lipschitz condition.

We study three different types of feedback: bandit feedback (the learner only observes the loss
0(y;) of the selected action ), full information feedback (the learner can compute ¢;(y) for any
y € )), and one-sided full information feedback () = [0, 1] and the learner can compute ¢;(y) if
and only if y > 7). Given a reference class F C Y% of policies, the learner’s goal is to minimize
the regret against the best policy in the class,

Reg,(F) = E

T T
zzt@o] a3 ().
t=1 t=1

where the expectation is with respect to the learner’s internal randomization. We derive regret
bounds for the competitor class F made up of all bounded functions f : X — ) that are 1-
Lipschitz (see Footnote 2) w.r.t. px and py. Namely, py (f(z), f(2')) < px(z,2’) forall f € F
and all z, 2’ € X'. We occasionally use the dot product notation p; - #; to indicate the expectation of
£ according to law p;. Finally, the set of all probability distributions over a finite set of K elements
is denoted by A(K).

2. Related work

Contextual online learning generalizes online convex optimization (Hazan, 2015) to nonconvex
losses. Besides the paper by Hazan and Megiddo (2007), which we already mentioned in the in-
troduction, works about nonparametric online learning in full information include (Vovk, 2007;
Gaillard and Gerchinovitz, 2015) for the square loss, and (Rakhlin and Sridharan, 2015) for gen-
eral convex losses. In the bandit feedback model, earlier work on context-free bandits on metric
spaces includes (Kleinberg, 2004; Kleinberg et al., 2008). The paper (Auer et al., 2002) introduces
the Exp4 algorithm for nonstochastic contextual bandits when both the action space and the policy
space are finite, and policies are maps from contexts to distributions over actions. Moreover, rather
than observing the current context, the learner sees the output of each policy for that context. In
the contextual bandit model of Maillard and Munos (2011), context space and action space are fi-
nite, and the learner observes the current context while competing against the best policy among all
functions mapping contexts to actions. Finally, a nonparametric bandit setting related to ours was
studied by Slivkins (2014). We refer the reader to the discussion after Theorem 1 for connections
with our results.

Chaining (Dudley, 1967) is a powerful technique to obtain tail bounds on the suprema of
stochastic processes. Cesa-Bianchi and Lugosi (1999) designed an algorithm based on chaining
to prove regret bounds in online learning with linear losses and full information. Other notable
examples of algorithmic chaining are the stochastic bandit algorithms of Contal et al. (2015) and
Contal and Vayatis (2016). The chaining technique developed in this work is inspired by the non-
parametric analysis of the full information setting of Gaillard and Gerchinovitz (2015). However,
their multi-variable EG algorithm heavily relies on convexity of losses and requires access to loss
gradients. In order to cope with nonconvex losses and lack of gradient information, we develop a

2. Assuming a unit Lipschitz constant is without loss of generality because our algorithms are oblivious to it. More
detailed regret bounds, which optimize the dependence on the unknown Lipschitz constant, are proven in (Bubeck
et al., 2011) in a stochastic and context-free bandit setting.
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novel chaining approach based on a tree of hierarchical coverings of the policy class, where each
internal tree node hosts a bandit algorithm. In our nonstochastic online setting, chaining yields im-
proved rates when the regret is decomposed into a sum of local regrets, each one scaling with the
range of the local losses. Deriving regret bounds that scale with the effective range of the losses is
however not always possible, as shown by Gerchinovitz and Lattimore (2016) in the nonstochastic
K-armed bandit setting. Indeed, chaining does not seem to help in online nonparametric learn-
ing when the feedback is bandit. However, as we show in this paper, chaining helps improving
the regret with one-sided full information feedback, while with full information feedback chaining
delivers regret bounds that match (up to log factors) the lower bound of Hazan and Megiddo (2007).

In a different but interesting research thread on contextual bandits, the learner is confronted with
the best within a finite (but large) class of policies over finitely many actions, and is assumed to have
access to this policy class through an optimization oracle for the offline full information problem.
Relevant references include (Agarwal et al., 2014; Rakhlin and Sridharan, 2016; Syrgkanis et al.,
2016). The main concern is to devise (oracle-based) algorithms with small regret and requiring as
few calls to the optimization oracle as possible.

3. Warmup: nonparametric bandits

As a simple warmup exercise, we prove a known result —see e.g., (Slivkins, 2014). Namely, a
regret bound for contextual bandits with Lipschitz policies and Lipschitz losses. ContextualExp3
(Algorithm 1) is a bandit version of the algorithm by Hazan and Megiddo (2007) and maintains
a set of balls of fixed radius ¢ in the context space, where each ball hosts an instance of the Exp3
algorithm of Auer et al. (2002).> Ateach round ¢, if a new incoming context 2; € X’ is not contained
in any existing ball, then a new ball centered at x; is created, and a fresh instance of Exp3 is allocated
to handle z;. Otherwise, the Exp3 instance associated with the closest context so far w.r.t. py is
used to handle x;. Each allocated Exp3 instance operates on the discretized action space ). whose
size K, is at most Cy e~P. For completeness, the proof of the following theorem is provided in

Algorithm 1: ContextualExp3 (for bandit feedback)

Input: Ball radius € > 0, e-covering V. of ) such that | .| < Cye™P.

fort=1,2,... do

1. Get context x; € X;

2. If x4 does not belong to any existing ball, then create a new ball of radius € centered on z¢,
and allocate a fresh instance of Exp3;

3. Let the active Exp3 instance be the instance allocated to the existing ball whose center z; is
closest to x¢;

4. Draw an action y; using the active Exp3 instance;

5. Get ¢;(7;) and use it to update the active Exp3 instance.

end

Appendix B.

3. Instead of Exp3 we could use INF (Audibert and Bubeck, 2010), which enjoys a minimax optimal regret bound up to
constant factors. This would avoid a polylog factor in 7" in the bound. Since we do not optimize for polylog factors
anyway, we opted for the better known algorithm.



CESA-BIANCHI GAILLARD GENTILE GERCHINOVITZ

Theorem 1 Fix any any sequence (x1,01),(x2,¢2),... of contexts vy € X and 1-Lipschitz loss
Sfunctions Uy : Y — [0, 1]. If ContextualExp3 is run in the bandit feedback model with parameter ¢ =
1

2
(In T)p¥a+2 T p¥d+2, then its regret Regy(F) with respect to the set F of 1-Lipschitz* functions

~ +d+1 ~
f X = Y satisfies Regp(F) = O(T£+d+2 ) where the O notation hides factors polynomial in
Cx and Cy, and In'T factors.

A lower bound matching up to log factors the upper bound of Theorem 1 is contained in (Slivkins,
2014) —see also (Lu et al., 2010) for earlier results in the same setting. However, our setting
and his are subtly different: the adversary of Slivkins (2014) uses more general Lipschitz losses
which, translated into our context, imply that the Lipschitz assumption is required to hold only for
the composite function ¢;(f(-)), rather than the two functions ¢; and f separately. Hence, being the
adversary less constrained (and the comparison class wider), the lower bound contained in (Slivkins,
2014) does not seem to apply to our setting. In fact, we are unaware of a lower bound matching the
upper bound in Theorem 1 when F is the class of (global) Lipschitz functions.

Note that the dependence on p in the bound of Theorem 1 can be greatly improved in the special
case of convex Lipschitz losses. Assume ) is a convex and compact subset of R”. Then we use
the same approach as in Theorem 1, where the Exp3 algorithm hosted at each ball is replaced by an
instance of the algorithm by Bubeck et al. (2016), run on the non-discretized action space ). The
regret of the algorithm that replaces Exp3 is bounded by poly(p, In T')v/T. This immediately gives
the following corollary.

Corollary 2 Fix any any sequence (x1,¢1), (z2,02), ... of contexts xy € X and convex loss func-
tions by : Y — [0, 1], where ) is a convex and compact subset of RP. Then there exists an algorithm
for the bandit feedback model whose regret with respect to the set F of 1-Lipschitz functions satisfies
Regp(F) < poly(p, InT)T@HD/(4+2) \where poly is a polynomial function of its arguments.

4. One-sided full information feedback

In this section we show that better nonparametric rates can be achieved in the one-sided full in-
formation setting, where the feedback is larger than the standard bandit feedback but smaller than
the full information feedback. More precisely, we consider the same setting as in Section 3 in the
special case when the action space ) is [0, 1]. We further assume that, after each play y; € ), the
learner can compute the loss ¢;(y) of any number of actions y > ;. This in contrast to observing
only /4 (g/jt) as in the standard bandit setting. We start with an important special case: maximiz-
ing the seller’s revenue in a sequence of repeated second-price auctions. In Section 4.2, we use
the chaining technique to design a general algorithm for arbitrary Lipschitz losses in the one-sided
full information model. An efficient variant of this algorithm is obtained using a more involved
construction in Section 4.3.

4.1. Nonparametric second-price auctions

In online advertising, publishers sell their online ad space to advertisers through second-price auc-
tions managed by ad exchanges. For each impression (ad display) created on the publisher’s web-
site, the ad exchange runs an auction on the fly. Empirical evidence (Ostrovsky and Schwarz, 2011)

4. Tt is not hard to see that the bound of Theorem 1 also holds when the functions in F satisfy a weaker piecewise
Lipschitz condition. In fact, this weaker Lipschitz condition also works for Theorem 3 in Section 4.1 (but not for the
results using chaining through hierarchical covering in subsequent sections).
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shows that an informed choice of the seller’s reserve price, disqualifying any bid below it, can in-
deed have a significant impact on the revenue of the seller. Regret minimization in second-price
auctions was studied by Cesa-Bianchi et al. (2015) in a non-contextual setting. They showed that,
when buyers draw their bids i.i.d. from the same unknown distribution on [0, 1], there exists an ef-
ficient strategy for setting reserve prices such that the seller’s regret is bounded by O(\/T) with
high probability with respect to the bid distribution. Here we extend those results to a nonstochastic
and nonparametric contextual setting with nonstochastic bids, and prove a regret bound of order
T(d+1)/(d+2) where d is the context space dimension. This improves on the bound 7'(¢+2)/(d+3) of
Theorem 1 when p = 1. As a byproduct, in Theorem 3 (Appendix C) we prove the first (5(\/T )
regret bound for the seller in nonstochastic and noncontextual second-price auctions. Unlike (Cesa-
Bianchi et al., 2015), where the feedback after each auction was “strictly bandit” (i.e., just the seller’s
revenue), here we assume the seller is also observing the highest bid together with the revenue. This
richer feedback, which is key to proving our results, is made available by some ad exchanges such
as AppNexus.

The seller’s revenue in a second-price auction is computed as follows: if the reserve price y
is not larger than the second-highest bid b(2), then the item is sold to the highest bidder and the
seller’s revenue is b(2). If i is between b(2) and the highest bid b(1), then the item is sold to the
highest bidder but the seller’s revenue is the reserve price. Finally, if 7 is bigger than b(1), then the
item is not sold and the seller’s revenue is zero. Formally, the seller’s revenue is g (7, b(1),b(2)) =
max {@, b(2) }Hggb(n- Note that the revenue only depends on the reserve price 3 and on the two
highest bids b(1) > b(2), which —by assumption— belong all to the unit interval [0, 1].

In the online contextual version of the problem, unknown sequences of contexts x1, x2,... €
X and bids are fixed beforehand (in the case of online advertising, the context could be public
information about the targeted customers). At the beginning of each auctiont = 1, 2, .. ., the seller
observes context z; and computes a reserve price y; € [0, 1]. Then, bids b;(1), b;(2) are collected
by the auctioneer, and the seller (which is not the same as the auctioneer) observes his revenue
9¢(Gt) = g(Ur, be (1), b¢(2)), together with the highest bid b;(1). Crucially, knowing g (7;) and by (1)
allows to compute g¢(y) for all y > ;. For technical reasons, we use losses ¢; (ﬂt) =1-—g (g’jt)
instead of revenues, see Figure 1 for a pictorial representation.

1,

0.8

0.6

1—b:(2)
0.4

¢ ———— -

0.2 |-

1—by(1)

0 | |
0 0.2 04

Figure 1: The loss function ¢;(y;) = 1—max{¥, b+(2) }Ig,<p,(1) when b;(1) = 0.7 and b;(2) = 0.5.
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Remarkably, the loss functions ¢; are not Lipschitz and not even continuous, and so this problem
falls outside the scope of standard results for contextual bandits. Instead, the losses only satisfy the
semi-Lipschitz property ¢;(y + §) > 4;(y) — d forall 0 < y < y + 0 < 1. We now prove a bound
on the regret Regp(F) with respect to any class F of Lipschitz functions f : X — [0,1]. The
algorithm that achieves this bound is ContextualRTB (where RTB stands for Real Time Bidding
—see Algorithm 3 in Appendix C), a variant of ContextualExp3 (Algorithm 1), where each ball
hosts an instance of Exp3-RTB, instead of Exp3. The proof is given in Appendix D.

Theorem 3 Fix any sequence of contexts x; € X and bid pairs 0 < by(2) < by(1) < 1fort > 1.
If ContextualRTB is run with parameter ¢ = T2 and Exp3-RTB is tuned with parameter
v = €, then the regret with respect to any class of 1-Lipschitz functions f : X — |0, 1] satisfies

Regp(F) = O <T%), where d is the dimension of X and the O notation hides constants and
InT factors.

ContextualRTB and ContextualExp3 of Section 3 can be modified so to avoid knowing the horizon
T and so that the dimension d of the context space is replaced in the bound by the (unknown,
and possibly much smaller) dimension of the set of contexts actually occurring in the sequence
chosen by the adversary. This modification involves using a time-varying radius € and a doubling
trick to check when the current guess for the dimension is violated by the current number of balls.
The omitted proof of this statement goes along the lines of the proof in (De Rosa et al., 2015,
Theorem 1).

4.2. Chaining the bandits

We now show that whenever the richer feedback structure —i.e., the learner can compute the loss
¢(y) of any number of actions y > y,— is combined with Lipschitz losses (rather than just semi-
Lipschitz), then an improved regret bound 7% (4+1) can be derived. The key technical idea enabling
this improvement is the application of the chaining technique to a hierarchical covering of the policy
space (as opposed to the flat covering of the context space used in both Section 3 and Section 4.1).
We start with a computationally inefficient algorithm that works for arbitrary policy classes F (not
only Lipschitz) and is easier to understand. In Section 4.3 we derive an efficient variant for J that
are Lipschitz. In this case we obtain even better regret bounds via a penalization trick.

A way of understanding the chaining approach is to view the hierarchical covering of the policy
class F as a tree whose nodes are functions in F, and where the nodes at each depth m define a
(27™)-covering of F. The tree represents any function f* € F (e.g., the function with the smallest
cumulative loss) by a unique path (or chain) fo — f1 — -+ — far — f*, where fj is the root and
far is the function best approximating f* in the cover at the largest available depth M. By relying
on this representation, we control the regret against any function in F by running an instance of an
online bandit algorithm A on each node of the tree. The instance Ay at node f uses the predictions
of the instances running on the nodes that are children of f as expert advice. The action drawn
by instance Ay running on the root node is the output of the tree. For any given sequence of pairs
(x4, ¢;) of contexts and losses, the regret against f* with path fo — fi — -+ — fy — f* can
then be written (ignoring some constants) as

T

> ((An) = b (Amia (@)

t=1

+o~Mp

ZT: <E [Et (AO(ﬂft))] - gt(f*(l't))) = Mz:lE

t=1
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where A,, is the instance running on node f,, form = 0,...,M — 1 and Ay; = fur. The last
term 2~ T accounts for the cost of approximating f* with the closest function fj; in a (27M)-
cover of F under suitable Lipschitz assumptions. The outer sum in the right-hand side of the above
display can be viewed as a sum of M regrets, where the m-th term in the sum is the regret of A,,
against the instances running on the children of the node hosting A,,. Since we face an expert
learning problem in a partial information setting, the Exp4 algorithm of Auer et al. (2002) is a
natural choice for the learner A. However, a first issue to consider is that we are using Ag to draw
actions in the bandit problem, and so the other Exp4 instances receive loss estimates that are based
on the distribution used by A rather than being based on their own distributions. A second issue
is that our regret decomposition crucially relies on the fact that each instance A,, only competes
(in the sense of regret) against functions f at the leaves of the subtree rooted at the node where
A, runs. By construction, these functions at the leaves are roughly (27)-close to each other
and —by Lipschitzness— so are their losses. As a consequence, the regret of A,, should scale
with the true loss range 27", Via an appropriate modification of the original Exp4 algorithm, we
manage to address both these issues. In particular, in order to make the regret dependent on the loss
range, we heavily rely on the one-sided full information model assumed in this section. Finally,
the hierarchical covering requires that losses be Lipschitz, rather than just semi-Lipschitz as in the
application of Subsection 4.1, which uses a simpler flat covering.
Fix a class F of functions f : X — [0, 1] and introduce the sup norm

If = glloo = sup | f(z) — g(2)] . (1)
rzeX

We denote by N (]—" , 5) the cardinality of the smallest e-cover of F w.r.t. the sup norm. We now
define a tree Tr of depth M, whose nodes are labeled by functions in the class F, so that functions
corresponding to nodes with a close common ancestor are close to one another according to the sup
norm (1). Forall m = 0,1,..., M, let F,,, be a (27"™)-covering of F in sup norm with minimal
cardinality N,, = Noo(F,27™). Since the diameter of (F, ||-| ) is bounded by 1, we have Ny = 1
and Fy = {fo} for some fy € F. Foreachm = 0,1,..., M and for every f, € F,, we have a
node v in T at depth m. The parent of a node w at depth m + 1 is some node v at depth m such
that
ve argmin ||fy — full,, (ties broken arbitrarily)
v’ :depth(v)=m

and we say that w is a child of v. Let £ be the set of all the leaves of 7x, £, be the set of all the
leaves under v € 7r (i.e., the leaves of the subtree rooted at v), and C, be the set of children of
v € Tr.

Our new bandit algorithm HierExp4 (Algorithm 2 below) is a hierarchical composition of
instances of Exp4 on the tree 7x constructed above (see Figure 2). Let K = 2M and K =
{y1,...,yx}, where y, = 27 M(k — 1) for k = 1,...,2M, be our discretization of the action
space Y = [0, 1]. At every round ¢, after observing context z; € X, each leaf v € £ recommends
the best approximation of f,(z;) in I, i¢(v) € argmin,_; g ‘yz — fu(w¢)|. Therefore, the leaves
v € L correspond to deterministic strategies ¢ — i;(v), and we will find it convenient to view a set
of leaves L as the set of actions played by those leaves at time ¢. Each internal node v € T \ £ runs
an instance of Exp4 using the children of v as experts. More precisely, we use a variant of Exp4
(see Algorithm 4 in Appendix E) which adapts to the effective range of the losses. Let Exp4,, be
the instance of the Exp4 variant run on node v. At each time ¢, this instance updates a distribution
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Level m ~» 27™ covering of F

Level m 4 1 ~» 2=(m+1 covering

" Exp4 - .- Exp4

@ e @ B @ e @ Level M (=leaves £) ~» 2~M covering

Leaves under v = L,

Figure 2: Hierarchical covering of the function space (used in Algorithm 2).

qt(v,-) € A(|Cy]|) over experts in C, and a distribution p;(v,-) € A(K) over actions in K defined
by pi(v, i) = Zwecv @ (v, w)pr(w, 7).

Let vy be the root of 7r. The prediction of HierExp4 at time ¢ is y; = y7, € K, where I; is
drawn according to a mixture of p;(v, -) and a unit mass on the minimal action y; € K.

For each v € Tx \ L, let Ki(v) = {i : (Jw € Cy) pe(w,i) > 0} and j¢(v) = maxKi(v).
Note that Kt(v i) in (2) has to be explicitly computed only for those actions ¢ such that ¢ > I; and
i € Ky(v). This is because ;(v, i) is needed for the computation of ¢, (v, w) only when p;(w, i) > 0.
Therefore, whenever #;(v, i) has to be computed for some i, then I; < i < max Ky(v) = ji(v), s
that ¢, (yjt(v)) is observed and ¢, (v, i) is well defined.

Next, we show that the regret of HierExp4 is at most of the order of 7% (4+1) which improves
on the rate 7(@+1)/(4+2) gbtained in Section 4.1 without using chaining. The required proofs are in
Appendix F.

Theorem 4 Fix any class F of functions f : X — |0, 1] and any sequence (x1,¢1), (z2,l2), ...
of contexts xy € X and 1-Lipschitz loss functions {; : [0,1] — [0, 1]. Assume the HierExp4 (Algo-
rithm 2) is run with one-sided full information feedback using tree Tr of depth M = |Ina(1/7)].
Moreover, the learning rate n;(v) used at each node v at depthm = 0, ..., M —1is given by (11) in
Appendix E, with £ = 2—mt3 N — V /.
to qs(v, ) up to time s =t — 1. Then for all T > 1 the regret satisfies

1/2

RegT(‘F) < 57T+27/ ( Zln-/\[oo(upﬂ":) + 1<h'1-/\/oo<]:‘,€) + 1)) de .
v Y Y

/2

") = ||z — 2'||c0» then the set F
< ¢7¢. Theorem 4 thus entails

In particular, if X = [0, 1]¢ is endowed with the sup norm pyx (z,
of all 1-Lipschitz functions from X to [0, 1] satisfies In Noo (F, €
the following corollary.

)

Corollary 5 Under the assumptions of Theorem 4, if F is the set of all 1-Lipschitz functions
f:[0,1]¢ — [0, 1], then the regret of HierExp4 satisfies

O(T%3) ifd=1
Regr(F) =4 O(T?3(InT)%3) ifd=2
O(Td/(dJrl)) ifd >3

where the last inequality is obtained by optimizing the choice of ~y for the different choices of d.

10
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Algorithm 2: HierExp4 (for one-sided full information feedback)

Input : Tree T with root vy and leaves L, exploration parameter v € (0, 1), learning rate
sequences 11 (v) = ma(v) = -+ > 0forv e Tr\ L.

Initialization: Set ¢ (v, -) to the uniform distribution in A(|C,|) for every v € Tx \ L.

fort=1,2,...do

Get context x; € X

Set pi(v,i) = lj—;,(v) foralli € K and for all v € L;

Set p(v,1) = ¢(v,-) - pe(+,7) forall i € K and forall v € Tx \ L;

Draw I; ~ p} and play y; = yy,, where p; (i) = (1 — v)pi(vo, i) + yI;i=; forall i € K;
Observe ¢;(y) for all y > yy,;

For every v € 77 \ £ and for every i € ICt(v) compute

B(o.1) = Kt(yi)— 0 (Yjo0)
’ > =1 Pi (k)

where i (v) = {i : (Jw € Cy) pi(w,7) > 0} and j¢(v) = max Ky (v).
7. Foreachv € Tr\ L and for each w € C,, compute the expert loss
(v, w) = pe(w, -) - £¢(v, ) and perform the update

eXp<—77t+1 (v) ZZ:I ZS(U’ w))
e, oxp(—nen(v) Xy Zo(v,w)

A

1:<i

qi+1(v,w) =

end

2)

3)

4.3. Efficient chaining

Though very general, HierExp4 (Algorithm 2) may be very inefficient. For example, when F is
the set of all 1-Lipschitz functions from [0, 1]¢ to [0, 1], a direct implementation of HierExp4 would
require exp (poly(T)) weight updates at every round. In this section we tackle the special case
when F is the class of all 1-Lipschitz functions f : [0,1]% — [0,1]. We construct an ad-hoc
hierarchical covering of F and define a variant of HierExp4 whose running time at every round
is polynomial in 7. We rely on a well-known wavelet-like approximation technique which was
used earlier —see, e.g., (Gaillard and Gerchinovitz, 2015)— for online nonparametric regression
with full information feedback. However, we replace their multi-variable Exponentiated Gradient
algorithm, which requires convex losses and gradient information, with a more involved chaining
algorithm that still enjoys a polynomial running time. The definitions of our covering tree 77 and
of our algorithm HierExp4*, as well as the proof of the following regret bound, can be found in
Appendix G. The exact value of ¢y (depending at most logarithmically on T') is also provided there.

Theorem 6 Let F be the set of all 1-Lipschitz functions f : [0,1]¢ — [0,1]. Consider T > 3
and any sequence (x1,¢1),...,(x7,l1) of contexts x; € [0,1]% and 1-Lipschitz loss functions
¢y 2 [0,1] — [0,1]. Assume HierExp4* (Algorithm 5) is run with one-sided full information feed-
back using tree TF of depth M = [logy(1/7)], exploration parameter v = T-Y2(InT) My—y +
(§+1)

1 1 .
~2T~1, and penalization oy, = S M 24=2ip;

T2/, learning rate n,, = cp2™ j=m+1

11
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form =0,..., M — 1. Then the regret satisfies
O(VTInT) ifd =1,

Regp(F) = { O(T%(lnT)g/Q) ifd> 2.

Moreover, the running time at every round is O (T*) with a = (1 + log, 3)/(d + 2/3).

The above result improves on Corollary 5 in two ways. First, as we said, the running time is now
polynomial in 7', contrary to what could be obtained via a direct implementation of HierExp4.
Second, when d > 2, the regret bound is of order 7(¢~1/3)/(d+2/3) ‘improving on the rate 7¢/(4+1)
from Corollary 5. Remarkably, Theorem 6 also yields a regret of O(\/T ) for nonparametric bandits
with one-sided full information feedback in dimension d = 1. The improvement on the rates
compared to HierExp4 is possible because we use a variant of Exp4 with penalized loss estimates.
This allows for a careful hierarchical control of the variance terms inspired by our analysis of Exp3-
RTB in Appendix C.

Note that the time complexity decreases as the dimension d increases. Indeed, when d increases
the regret gets worse but, at the same time, the size of the discretized action space and the number
of layers in our wavelet-like approximation can be both set to smaller values.

5. A tight bound for full information

In this section we apply the machinery developed in Section 4.2 to a full information setting, where
after each round ¢ the learner can compute the loss ¢(y) of any number of actions y € ). We
characterize, up to logarithmic factors, the minimax regret rate by proving a regret bound of order
O(T (d=1)/ d) for all classes of Lipschitz functions, where d is the dimension of the context space
and p is the dimension of the action space. This matches the lower bound of Hazan and Megiddo
(2007), while generalizing the approach of Gaillard and Gerchinovitz (2015) to nonconvex Lipschitz
losses. We consider a full information variant of HierExp4 (Algorithm 2, Section 4.2), where —
using the same notation as in Section 4.2— the Exp4 instances running on the nodes of the tree
Tr are replaced by instances of Hedge (e.g., Bubeck and Cesa-Bianchi (2012)). Note that, due to
the full information assumption, the new algorithm, called HierHedge, observes losses at all leaves
v € L. As a consequence, no exploration is needed and so we can set v = 0. For the same
reason, the estimated loss vectors defined in (2) can be replaced with the true loss vectors, ¢;. See
Algorithm 6 in Appendix H for a definition of HierHedge. The same appendix also contains a proof
of the next result.

Theorem 7 Fix any class F of functions f : X — Y and any sequence (x1,01), (x2,02),... of
contexts xy € X and 1-Lipschitz loss functions ¢, : X — [0,1]. Assume HierHedge is run with
full information feedback on the tree T of depth M = |Ina(1/¢)| with action set Y. for e > 0.
Moreover, the learning rate 1;(v) used at each node v at depthm = 0, ..., M —1is given by (11) in
Appendix E, with E = 2713, N = |C,|, and ‘7,5,1 being the cumulative variance of €5 according
to qs(v,-) up to time s =t — 1. Then for all T > 1 the regret satisfies

(2\/1m+1n/\/w(f,x)) de .

1/2

Regp(F) < beT + 27/
e/2

12
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In particular, if d > 3 and F is the set of Lipschitz functions f : [0,1]% — [0,1]7, where [0, 1]
is endowed with the norm ||z — 2'|| oo, the choice ¢ = (p/T)Y¢ yields Regy(F) = ( (d= 1)/d)
while for 1 < d < 2 the regret is of order \/pT, ignoring logarithmic factors.

The dimension p of the action space only appears as a multiplicative factor p'/¢ in the regret bound
for Lipschitz functions. Note also that an efficient version of HierHedge for Lipschitz functions can
be derived along the same lines as the construction in Section 4.3.
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Appendix A. A Useful Lemma

The following is a standard result in the analysis of Hedge with variable learning rate —see, e.g.,
the analysis of (Bubeck and Cesa-Bianchi, 2012, Theorem 3.2). Recall that, when run on a loss
sequence {1, {2, ... Hedge computes distributions p1, po, ... where p; is uniform and p; (%) is pro-
portional to exp ( — 7 Sl £,(i)) for all actions .

Lemma 8 The sequence p1,po, ... of probability distributions computed by Hedge when run on
K actions with learning rates 1 = 1y = --- > 0 and losses Et(k) > 0 satisfies

ZZpt(i)Kt ) — mln Zét %—Fl ntht (1)0:(3)

t=1 i=1

Appendix B. Proof of Theorem 1

Proof Let NV, be the number of balls created by the ContextualExp algorithm after ¢ rounds, B be
the s-th ball so created, being s its center (s is some past context), and Ts be the subsequence of
rounds ¢ such that z; is handled by the s-th ball. Notice that N; and T are deterministic quantities,
since the x4’s are generated obliviously. Since f is 1-Lipschitz and ¢; is also 1-Lipschitz, for all x;
handled by B;, we can write ’Et (f(ze) — b(f(zs)) ’ < e. Now fix any 1-Lipschitz policy f. For
each s = 1,..., Ny, there exists s € Ve such that py (¥s, f(Zs)) < e. Then we can write

T T
E [Z Et(?/jt)] - th(f(l‘t)) “)

< %j Z (E [6:(@e)] — (ys)) +2T¢. 5)

s=1t

We now apply to each s = 1, ..., Nr the standard regret bound of Exp3 with learning rate n (e.g.,
(Bubeck and Cesa-Bianchi, 2012)) w.r.t. the best action y,. This yields

Z (E[et(/y\t)] —gt(§5)> < In X,

teTs

+ 5| K.

15



CESA-BIANCHI GAILLARD GENTILE GERCHINOVITZ

implying

ZZ( [€(e) *ft(ﬂs)) <M+3TK5-

s=1teTy n

Combining with (5), setting n = 4/ % recalling that K. < Cy &P and observing that, by

the way balls are constructed, N7 can never exceed the size of the smallest £ /2-cover of X’ (that is,
Nr < Cyx (£/2)~%), we obtain

1
RegT(F)g\/2TNTKg IHKE+2T€:O< T&«—(d-i-p) 1n€+T5> .

~ ( p+d+1

_2
Setting ¢ = ((%) %nl};) 7Y gives Regp(F) = O Tp+d+2> as claimed. [ |

Appendix C. The Exp3-RTB algorithm for reserve-price optimization

Cesa-Bianchi et al. (2015) showed that a regret of order (5(\/T) can be achieved with high prob-
ability for the problem of regret minimization in second-price auctions with i.i.d. bids, when the
feedback received after each auction is the seller’s revenue. In this appendix, we show that the same
regret rate can be obtained even when the sequence of bids is nonstochastic, provided the feedback
also includes the highest bid. We use this result in order to upper bound the contextual regret in
Section 4.1.

We consider a setting slightly more general than second-price auctions. Fix any unknown se-

quence {1, la, ... of loss functions ¢; : [0, 1] — [0, 1] satisfying the semi-Lipschitz condition,
b(y+0) > l(y) — 6 foral0<y<y+4d< L (6)
In each auction instance ¢t = 1,2, ..., the learner selects a reserve price 5, € ) = [0, 1] and suffers

the loss ¢;(7;). The learner’s feedback is ¢;(y) for all y > ¥; (i.e., the one-sided full information
feedback). As explained in Section 4.1, this setting includes online revenue maximization in second-
price auctions as a special case when the learner’s feedback includes both revenue and highest bid.
The learner’s regret is defined by

T
Regr £ E [Z ft@t)] - g;f th
t=1 st

where the expectation is with respect to the randomness in the predictions 7;. We introduce the
Exp3-RTB algorithm (Algorithm 3 below), a variant of Exp3 (Auer et al., 2002) exploiting the
richer feedback {£;(y) : y > ¥ }. The algorithm uses a discretization of the action space [0, 1] in
K = [1/v]actions yi, := (k — 1)y fork=1,..., K.

Theorem 9 In the one-sided full information feedback, the Exp3-RTB algorithm tuned with v > 0

satisfies
1 2In[1
Regy < AT (2+ lne> + 2Infl/y] .
4y ¥

In particular, v = T~/ gives Regr = 6(\/T)
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Algorithm 3: Exp3-RTB (for one-sided full information feedback)

Input : Exploration parameter v > 0.
Initialization: Set learning rate 7 = /2 and uniform distribution p; over {1,..., K} where
K=[1/71;

fort=1,2,... do
1. compute distribution g;(k) = (1 — v)pi(k) + Ylg=1 fork =1,..., K;
2. draw I; ~ ¢ and choose 4, = y;, = (It — 1)7;

3. foreach k = 1,..., K, compute the estimated loss
~ % (yp
L) = ),
Zj:l qt(J)
4. foreach k = 1,..., K, compute the new probability assignment

exp (—n >t Ls(k)) '
S e (- Xl G(0))

pei1(k) =

end

Proof The proof follows the same lines as the regret analysis of Exp3 in (Auer et al., 2002). The
key change is a tighter control of the variance term allowed by the richer feedback.

Pick any reserve price y = (k — 1)7. We first control the regret associated with actions drawn
from p; (the regret associated with ¢, will be studied as a direct consequence). More precisely, since
the estimated losses Zt( Jj) are nonnegative, we can apply Lemma 8 to get

T T . T K K
D_pli= 3 k) <53 Y p)ha() L (7)
t=1 t=1 t=1 j=1

Writing [E;_1 [ - | for the expectation conditioned on I3, ..., I;_1, we note that
~ N ) (y5)? '
Et—l [Et(])jl — Et(yj) and ]Et—l [pt(])gt(])Q] — pt(]) t(y]) < Qt(]> ’

25:1 q:(7) (1-7) 5:1 ()

where we used the definition of ¢; and the fact that |¢;(y;)| < 1 by assumption. Therefore, taking
expectation on both sides of (7) entails, by the tower rule for expectations,

T

I r n K qt(4) InK
E Dt 'Et] — E li(yr) < 72(1 — E E E + .
t=1 t=1

E : |
7) t=1 j=1 Zizl Qt(l) n
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Setting s;(j) £ ?;1 qt(i), we can upper bound the sum with an integral,
K

K . K . ) ‘
_al) sif) —sG—1) s dg
D RS VTR D M M

j=1 22:1 q¢(7) j=2/st(G=1) St

Sz j 1
<1+Z/ / <l-Ing(1)<1l+n—,
j=2/st(i— 1) x qe( g
where we used ¢;(1) > . Therefore, substituting into the previous bound, we get
d nT In(e/v) InK
E z)%wi }:@ sio) T (8)
t=1

We now control the regret of the predictions ; = yy,, where I; is drawn from ¢, = (1 —7)py + v01.
By the tower rule,

T T T T
E th@t)] — > bily) =E [Z((l — Ve b+ 'y&(yﬁ)] — > lilwr)
t=1 t=1 t=1 t=1

T T
E Zpt-&—zft(yk) +9T
t=1 =1
T1 In K

2 n

where the last inequality is by (8).

To conclude the proof, we upper bound the regret against any fixed y € [0,1]. Since there
exists k € {1,..., K} such that y € [y, yr + 7|, and since each ¢, satisfies the semi-Lipschitz
condition (6), we have ¢,(y) > ¢;(yx) — . This gives

mln [Z& yk] < rnln Zﬁt )+~T.

,,,,, 0<y<1
Replacing the last inequality into (9), and recalling that K’ = [1/~] and n = 3, finally yields

’yTl e 2ln(1/ﬂ

R
egr < 4

+ 27T

Choosing v ~ T~ 1/2 concludes the proof. [ |

Appendix D. Proof of Theorem 3

Proof The proof is very similar to that of Theorem 1. We only highlight the main differences.
Let f € F be any 1-Lipschitz function from X to [0,1]. For all s = 1,..., Np, we define the
constant approximation of f in the s-th ball by y™" = minger, f(2¢). Since f is 1-Lipschitz and
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f(xe) = flav)

G(f () > b(y™™) — 2¢ . (10)

the balls have radius ¢, we have max; ycr,
semi-Lipschitz property (6),

< 2e. Hence, for all t € T, by the

Therefore,

T
> E[6(5)]
t=1

l MH
||

Z ( [0 (vr) —Et(f(iﬂt)))
(E[ft@t)] — Uy mm ) + Z Z ( mm —ty (f(%t)))

s=1teTy

[]5 1 Me

V)
I
L
=
m
o3

R

1 9Ny In[1
S’yT(Z—I—lne)—FM—i-QET.
4y Y

Each term R is the regret suffered by the s-th instance of Exp3-RTB against the constant value i
and so we bound it using Theorem 9 in Appendix C and then sum over s recalling that ) T = T .
The other double sum is bounded by 27 using (10). We bound Nt as in Theorem 1 obtaining

mln

1y 7 1
Regp(F) SAT (14+In— )+ —1In—+€T.
Y v Y

d+2)

Finally, choosing e = v = T < 1 gives

Regr(F) = O (T#7)

concluding the proof. |

Appendix E. Exp4 regret bound scaling with the range of the losses

In this section we revisit the Exp4 algorithm (Bubeck and Cesa-Bianchi, 2012, Figure 4.1) and prove
a regret bound for the one-sided full information model that scales with the range of the losses. In
view of the application to chaining, we formulate this result in a setting similar to (Maillard and
Munos, 2011). Namely, when the action I; played at time ¢ is not necessarily drawn from the
distribution prescribed by Exp4.

Exp4 (see Algorithm 4) operates in a bandit setting with K actions and [V experts. We assume
a total order 1 < --- < K on the action set £ = {1,..., K}. Ateach timestept = 1,2,... the
advice &(7j,-) of expert j is a probability distribution over the K actions. The learner combines
the expert advice using convex coefficients ¢, € A(N). These coefficients are computed by Hedge
based on the expert losses E(j) = &(4,-) - 7, for j=1,...,N, where 7, is a vector of suitably
defined loss estimates. The distribution prescribed by Exp4 is p; = Z;V: 14(9)&(7, ) € A(K),
but the learner’s play at time ¢ is I; ~ p; for some other distribution p; € A(K). The feedback at
time ¢ is the vector of losses ¢;(7) for all ¢ > I;.
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Algorithm 4: Exp4 with unspecified sampling distributions p; (for one-sided full info feedback)

Input : Learning rate sequence 1 = 12 = --- > 0.
Initialization: Set ¢; to the uniform distribution over {1,..., N};
fort=1,2,... do

get expert advice &(1,-),...,&(N, ) € A(K);

compute distribution p} over {1,..., K};

draw I; ~ pf and observe ¢;(7) for all i > Iy;

compute loss estimatesjt(i) fori=1,...,K;

compute expert losses ¢;(j) = &(j,-) -4 forj=1,...,N;
compute the new probability assignment

exp (—m+1 Zi:l Zs(ﬂ))
Z;CV:I exp (—TIt+1 Zi:l Zs(k'))

AN

q+1(j) = foreachj =1,...,N.

end

In this setting, the goal is to minimize the regret with respect to the performance of the best
expert,

T T
Zpt by — Zﬁt(j, ) 'ft]
=1 =1

in expectation with respect to the random draw of Iy, ..., I, where &(j, -) - ¢¢ is the expected loss
of expert j at time ¢. In view of our chaining application, we defined the quantities & (7, 7) as random
variables because the expert advice at time ¢ might depend on the past realizations of I,..., ;1.
For all k € IC let

max [E
Jj=1,...,N

k
P (k)= pi(0).
i=1

Also, let Ky = {k € K : (37) &(4, k) > 0} (in chaining, K; is typically small compared to K).
The next result shows that, when Exp4 is applied to arbitrary real-valued losses, there is a way of
choosing the learning rate sequence so that the regret scales with a quantity smaller than the largest
loss value. More specifically, the regret scales with a known bound E on the size of the effective

range of the losses

(k) — (BN < E.
(max | max |6 (k) — (k)|

The rich feedback structure (¢;(k),k > Ip) is crucial to get our result, since it enables us to use
4y ( max ICt) in the definition of the loss estimates ¢;(k) below. Indeed, as explained in Section 4.2,

Zt(/-c) has to be explicitly computed only for those actions k such that I; < k and & (j, k) > 0 for
some j, i.e., k € K;. In this case, I; < k < max K; so that Et(max ICt) is observed.

Theorem 10 Let 1 < --- < K be a total order on the action set K = {1,...,K}. Suppose
Exp4 (Algorithm 4) is run with one-sided full information feedback on an arbitrary loss sequence
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b1, 0o, ... with loss estimates
-~ gt(k?) - Et(max ICt)
U(k) = I k=1,....K
¢(k) 0 L<k  Jfor N
and adaptive learning rate
2(v2—-1)(In N
re = min 4 —=, (V2 - 1)(In ) fort =2 1)
2F (e —2)V;q

for some parameter E > 0 and where V;_| = STl ;-V:l qs(J) (ZS (J)—as 275)2 is the cumulative
variance of Hedge up to time t — 1. If p{ (1) > -y and

Jnax | max ‘Kt —4L(K)| <E
almost surely for all t > 1, then, forall T > 1,

1,....T k.k'e
T T
) TlnN E
Yopebi— Y &) 6| <AE, —(4InN+1).
t=1 t=1 v ’Y

Note that the above regret bound does not depend on the number K of actions, but instead on a
lower bound -y on the probability of observing the smallest action.
Proof From the definition of IC; and because P;*(k) > pf (1) > 7,

‘max [E

oy ‘ft — 0(5)] ZZ.JIHSX’N\&(L').E—gt(j, ) -
< Jmax |6 (k) — G(K)]

2F 2F
S—F57- S — -
mingex Py (k) vy
Since E = (2E)/~ is an upper bound on the size of the range of the losses /;(j), we can use the

bound of (Cesa-Bianchi et al., 2007, Theorem 5), which applies to Hedge run on arbitrary real-
valued losses with the learning rate (11). This gives us

T

- E
E qr Uy < ‘mln E Kt lnN)VT+2E1nN+* (12)
t=1

Note that ¢; - EA: Dt - Zt Moreover, K; = max K; is measurable with respect to (I1,...,I;_1),
implying E;_1 [¢¢ (k)] = €;(k)—£;(K;). Therefore, taking the expectation on both sides of (12) with
respect to the random draw of Iy, . . ., I, and using Jensen together with Vp < 371, Zj\f: 1 () -
0 (j)°. we get

T T
j_HllaXNE ZPt by — th(ja ) gt]
o t=1 t=1

<4 |(nN) ZIE th (5”, et)2 —|—4flnN+S. (13)
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The variance term inside the square root can be upper bounded as follows. Using Jensen again,

Z(h <‘St ]7 A) < th ]7 gt
K
P 0 (" k)P (gm)) i

I 3 B e

Mz

1

<.
Il

I
Mz

<.
Il
—

Q‘%

where the last inequality is because ’Et(k) — 0(Ky)| < E when &(j, k) > 0 and because P} (k) >
pf(1) = ~. Therefore, recalling P;*(k) = Py—1(I; < k),

E2 K : 2
ZQt ft], Zt)2 < ')’Z Z ]Ptl <k‘):E—.

J= k=1

Substituting the last bound in (13) concludes the proof. |

Next we extend the previous result to penalized loss estimates, which is useful in Section 4.3 to
control the variance terms all along the covering tree.

Theorem 11 Let 1 < --- < K be a total order on the action set K = {1,...,K}. Let E, F > 0.
Consider any penalty pen, € RX measurable with respect to (I1,...,I;_1) at time t. Suppose
Exp4 (Algorithm 4) is run with one-sided full information feedback on an arbitrary loss sequence
¢, € RE t > 1, with loss estimates

Zt(k) _ (k) — ft](D;r(lZ))( /Ct) +FE

Iy,<x +penyk)+F  fork=1,....K

and constant learning rate n > 0. If we have, for all t > 1, almost surely,

/
m:aufT krﬁzg}a (k) — 6(K)| < E and . I??%Ti%?g{ | peny (k)| < F,

then, forall T > 1,

max E Zpt Et + pent th (4,°) ft + Pent)]

i=1..
J =1
K

(K
Zg()

k=1

In N L
< —— +4TF? + 4nE*) E
N t=1

Proof From the definition of KC; and because F and F’ are upper bounds on the losses and penalties
associated with actions in /C;,

in /;(j) = mi i) -0, > min G(k) > 0.
jin +(7) j:r{{}{{th(J, ) -t min t(k)
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We can thus use the regret bound for Hedge with weight vectors ¢, constant learning rate 7, and
nonnegative losses /;(k) (see Lemma 8 in Appendix A):

T _ T _ lnN T N "
Doa b < min 3 G()+ Z > a()G)?. (14)
t=1 T =1 t=1 j=1

Note that ¢; - Zt = pt - Zt MAoreover, K; = maxK; and pen, are measurable with respect to
(I1,...,I;—1), implying B¢y [£¢(k)] = €i(k) — €:(K;) + E + pen, (k) + F. Therefore, taking the
expectation on both sides of (14) with respect to the random draw of Iy, ..., I, we get

max E
Jj=1,..,N

Zpt (6 + peny) th (G,) - (b + Pent)]

n N nT ~\ 2
<= +3 0 E th (&)%) | - (1)

The variance term can be upper bounded as follows. Using Jensen’s inequality,

K
th )(a6.) B th )" &G k) au(k)?
k=1

2
=SS el (Ot et pen i) + )
k=1 j=1

K

<8F2+8E2) k)

S Pt*(k')2 1<k »
k=1

where the last inequality is because ’&(k) - Et(Kt)| < E and !pent(k:ﬂ < F when &(j,k) > 0
and because (a + b+ c+d)? < 4(a® + b* + ¢* + d?). Therefore, recalling P} (k) = Py_1(I; < k),

K
~ k
Etq g qt(5) (&, k ft)z < 8F? 4 8E? E ]I;i((k))
k=1t

Substituting the last bound in (15) concludes the proof. |

Note that when pen, = 0 and p; (1) >  almost surely for all ¢ > 1, Theorem 11 above used with

~1\/yIn(N)/T yields a regret bound of 4E+/T In(N)/~, similarly to Theorem 10.

We use yet another corollary in Section 4.3. It follows directly from the choice of pen,(k) =
—a/P} (k) and F' = o/~ in Theorem 11.

Corollary 12 Let1 < --- < K be a total order on the action set K = {1,...,K}. Let E, o,y > 0
be three parameters. Suppose Exp4 (Algorithm 4) is run on an arbitrary loss sequence {; € RX,
t > 1, with loss estimates

-~ (k) — 6 (max Ky) + E o o
b(k) = Iry<h — =~ + — k=1,...,K

By (k)
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and constant learning rate 11 > 0. If we have, for all t > 1, almost surely,

m7a)§T kr]?ax (k) — (K| < E and  pi(1) =7,

then, forall T > 1,

max EZZ COHIENY S S () - 0
7= t=1 k= 1pt Py (k) t=1 k=1 o ' Py (k)
InN  4nTa?
<—+
n 72

Appendix F. Missing Proofs from Section 4.2

We prove Theorem 4 and Corollary 5. As we said in the main text, the key contribution of chaining
is that it allows us to sum up local regret bounds scaling as the range of the local losses. This is
possible because of the richer feedback structure induced by the total order on the actions. We first
state a lemma indicating that the losses associated with neighboring nodes are indeed close to one
another. Recall that M is the depth of Tx.

Lemma 13 Let v € T be any node at level m € {0, 1, ..
satisfy wa —

Proof Consider a path v = v, — V1 — -+ - — vy = w joining v to leaf w in the tree. For each
k=m,...,M—1,since Fj is a (27*)-covering of F in sup norm, we have || f,, — fu, 1 [[oc < 27
Therefore,

., M — 1}. Then all leaves w,w' € L,
< 272 Therefore, [(Yiyw)) — G (Yiywr))| <277 forall t > 1.

M-1

M-1 M-1
Z (ka - ka+1> < Z Hf'vk - ka+1”00 < Z 2_k < 2—m+1 :
k=m ) k=m k=m

Therefore, since w’ € L, as well, || fu, — furlloo = |fo = fuwlloo + [[fo = fulloo < 27™F2, which
proves the first inequality. Now, since /; is 1-Lipschitz,
(Wi ) = Wi )| < Wiy Yinony] < 7Y 411 = furlloo)

1fo = fulleo =

where the second inequality uses the definition of i;(v) in Section 4.2 and the fact that /C is a (27)-

covering of [0, 1]. This concludes the proof. [

We are now ready to prove Theorem 4 from the main text.

Proof (of Theorem 4) Each node v at level m = 0,..., M — 1 is running an instance of the
variant of Exp4 described in Algorithm 4 (Appendix E) over expert set C,, where the advice of
w € Cyis&(w,-) = pr(w, -), and effective action set Ky = {i : (Fw € Cy) pr(w, i) > 0} = Ke(v).
Note that, for any w € Cv, the distribution p;(w, -) is a mixture of actions in £,, C L,, so that
Ki(v) C {ir(w’) : w" € £,}. By Lemma 13, the losses of these actions belong to a range of size
E = 27™%3, Since p;(1) > ~ by definition, we are in position to apply Theorem 10 in Appendix E
with N = |C,| < Nyp,41, and obtain the bound

TIn N, 2—m+3
gleaXE Zpt )by — Zpt ] < 2_m+5’/ 7m+1 + 5 (4In Nyppgq + 1)
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(for simplicity, we use ¢; to denote the vector of elements ¢;(y;) fori = 1,..., K). Now consider
the path vy — v1 — -+ — vpy = w* from the root vy to the leaf vy; = w* minimizing £1(y;, () +
“ + L1 (Yip(w)) over w € L. Recalling that p;(w, ) = T, () for any leaf w, we get

T T
E|> pi(vo, ) b —migzet(ymw))
=1 weE
M—

T
Zpt Ums ) e = pe(Vm1 ) - ft]
=1

M-1
<2 Z 2 (,/Tmi\””“ + (10 N + 1)) . as)
m=0

Now, recalling that I; ~ p; and p; ()€ (y;) = (1 — v)pe(vo, ) le(yi) + v Li=1 we get

E ipf-ﬁt] < {ZT: ¢ (Yiy (w) +72(£t y1) — e (yit(w)))}

t=1 t=1

M-1
[T 1In Ny, 1
+25 Z 2—m ( % + §(lnNm+1 +1)> .
m=0

Now clearly ‘Et(yl) — U (Yiy(w)) ‘ < 1. Moreover, because £ is a (2~)-covering of F and K is a
(2=M)_covering of [0, 1], for any f € F there exists w € L such that ’Zt (yit(w)) — (f(:nt))’ <
|yit(w) - f(l“t” < 1‘yit(w) = fuw(zt) + fuwlze) — f(ﬂﬁt)| < 2'7M by definition of 4;(w). Hence,

T T
E [;pz‘ . Et] — }2‘;;& (f(i(]t)

M-—1
TIn N, 1
<E@M4NT+25 Y 27" (y/“v’"“ 200 N + 1)) . an
m=0

We now use Ny, 11 = Noo(F, 9~ (m+1) ), and follow the standard chaining approach approximating
the sums by integrals,

M-1 M-1
3 2 I Ny =4 Z (27 — 2=(m¥2)) VN (F, 27 0n4D)
m=0

9—(m+1)

1/2
<4 Z / VIN N (F,e)de < 4 VInN(F,e)de  (18)

where the second inequality is by monotonicity of € — In NV (F, ) and the last inequality follows
from v < 27 due to M = |logy(1/7)]. Similarly,

M—-1 1/2
27" In Nypiq < 4/ In N (F, €)de . (19)
v
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We conclude the proof by substituting (18) and (19) into (17), and using 2-M < 27. |

Proof (of Corollary 5) The metric entropy satisfies In Noo (F, e) = O(a_d). Therefore, substitut-
ing into the regret bound of Theorem 4 and computing the integrals, the regret satisfies

O(y/T+1m?l) ifd =1
Regy(F) < 5T + (’)(ﬁln%%—’y”) ifd =2
O(VTH1=D/2 4 y=d) ifd > 3.

Optimizing ~ for the different choices of d concludes the proof. |

Appendix G. Algorithm HierExp4* and proof of Theorem 6
G.1. Algorithm HierExp4*

We first construct the HierExp4™ algorithm used in Theorem 6. It is a variant of HierExp4 based
on a special hierarchical covering of F that we first define below. Recall that F is the set of all
1-Lipschitz functions from [0, 1] to [0, 1].

In the sequel, we use a dyadic discretization of the input space [0, 1]%. For each depth m =
0,1,...we define a partition of [0, 1]% with 27 equal cubes of width 2~ Each cube X, (c1.,)
[0,1]% at depth m is indexed by o1, = (071, ...,0m) € {1,...,29}™. Note that the partitions at
different depths are nested. We can thus represent them via a tree P whose root () is labeled by
[0,1]¢ and whose each node 1., at depth m is labeled with the cube X,,,(c1.,,). The children of
node .y, are the nodes at depth m + 1 of the form (o1, . .., O, Omi1) With o yq € {1,...,2}.
They correspond to sub-cubes of X, (071:,)-

Wavelet-like approximation of 7. Using the above dyadic discretization P, we approximate any
f € F with piecewise-constant functions fy : [0, 1]¢ — [~1/2, 3/2] of the form

M
1
fM(J;):§+2 Z 27" (01m) Lye i (o10)  WheTE Ci(01:m) € {—1,0,1}. (20)

m=1 Ul:m€{17~~~’2d}7n

As shown in the next lemma, the functions fj; form a (2_M )—covering of F in the sup norm
9|l = SUP,¢o,1]d ‘ g(x)’ We use the following important property: for any given = € |0, 1]d,

there exists a unique o1.37 € {1,...,29}M such that x € X, (01.,,) forallm = 1,..., M, so that
;M

fu(@) =3+ Zl 27 e (01m) - 1)
m=

Lemma 14 Ler f € F and M > 1. There exist coefficients ¢y, (01.m) € {—1, 0, 1} such that [y
defined in (20) satisfies || far — flloo < 27M.
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Proof We denote the center of each cube X, (01.1,) by 1, (01.,, ) and prove by inductionon M > 1
that there exist coefficients ¢, (01.n,), m = 0, ..., M, such that

[ Far (@ar(onan) = f(@ar(onan) | < 27000, (22)

This directly yields the conclusion, since every z € Xps(o1.p7) is 2~ (M+1)_close to the center

xpr(o1:a7) in sup norm and f is 1-Lipschitz, which by (22) and fy/(z) = far (xM (ale)) implies

|far(z) = f(2)| < |fu(alonm)) = Flam(onm))| + | f(zmlonm)) — f(2)]

< 9~ (M+1) o= (M+1) _ oM

We now carry out the induction. For M = 1and o € {1,...,29}, we set

c1(o1) € argmin 14— g — f(z1(o1))] »
ce{-1,0,1}
which corresponds to projecting the value of f at the center x(c7) onto the coarse grid {0,1/2,1}.
Therefore [1/2 + ¢1(01)/2 — f(z1(01))| < 1/4, which implies (22) by (21).
Now, let M > 2 and assume that there exist coefficients ¢, (01.m), m = 0,..., M — 1, such
that (22) holds true at level M — 1. We complete these coefficients at level M as follows: for all
o € {1,...,293M we set

cy(o1:) € arg min ’fM_l(a:M(Ul;M)) + QLM - f(:UM(ULM))‘ )
ce{-1,0,1}

Note that by (21) and zps(01:11) € Xnr(01:m) C Xnr—1(01:(a1-1))> We have

Cm\O1: M
fu(znr (o)) = fu—1(@ar(o1ar)) + (2]\;) : (23)
Therefore, the definition of cjs(01.p7) above corresponds to making fys (;v M (o1 M)) as close to
f(a:M(al;M)) as possible. Now, note that fy;—1 is constant over Xps—1(07y:(a7—1)), so that the

difference Aps—1 £ far—1 (xM(o*l;M)) - f(:z:M(leM)) satisfies
|Ani—1| = | fy—1 (21 (o1.u-1))) — f(@m(o1:0))|

< ’fM—l(-TM—l(Ulz(M—l))) - f(fUM—1(01;(M—1)))‘ + ‘f($M—1(U1;(M—1))) - f(fl»‘M(GLM))’
Loy |zar—1 (o ar—1)) — zar(onn) ||
_ 9 M 4 o=(M+1)

where the last inequality is by (22) at level M — 1, and where the last equality is by comparison of
two cube centers at subsequent depths.

To conclude the proof, we note that the bound ‘A M—1 ‘ < 2~M 4 9—(M+1) implies the existence
of epr(o1.0r) € {—1,0,1} such that !fM(xM(crl:M)) — f(a:M(al:M))‘ < 27 (MH1) | qg required
to finish the induction. We can indeed consider three possible cases. If |A M—l‘ < 27 (M+D) | then
setting cpr(o1.07) = 0 concludes the proof (by (23)). If Ay > 2= (M+1) then Aps_q lies in
the interval [2_(M+1), 2—M 4 2_(M+1)] , so that setting cps(01.17) = —1 also concludes the proof

(using (23) again). Similarly we set cpr(01.07) = 1 when Ay < —o~(M+1), |

We are now ready to define our hierarchical covering of F.
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Construction of 77. We build a tree 77 such that the value of any function fj; at any point
x € [0,1]¢ —as given by (21)— can be computed by following a path from the root to a leaf of
T£. Unlike Section 4.2, this tree is not labeled by functions but instead by either values in R or
cubes X, (o1.m) C [0, 1]d, as illustrated in Figure 3. More precisely, our tree 77 is composed of
two types of nodes:

e Nodes at depths m. The root vy = () (at depth m = 0) is labeled by 1/2. Each node at depth
m = 1,2,...is indexed by a tuple (c1,c1,02,Ca,. .., Om,Cm) With o, € {1,...,29} and
cr € {—1,0,1}; the node is labeled by 1/2 + S"}*, 2 %¢j,, which corresponds to (21).

e Nodes at depths m + 1/2. Each node at depth m + 1/2, m > 0, is indexed by a tuple
(01,¢1,09,C2, .., Omy Cmy Omt1) With o € {1,...,2%} and ¢, € {—1,0,1}; the node is
labeled by the cube X, (01.m+1)-

We connect nodes in the following natural way. Nodes v = (01, ¢1,09,¢2,. .., 0m, Cn) at depth m
are connected to all nodes at depth m + 1/2 of the form (v,0p41), With o1 € {1,...,29}.
Nodes w = (01, ¢1,02,¢2, ..., 0m, Cm, Om+1) at depth m + 1/2 are connected to all nodes at depth
m + 1 of the form (w, ¢;,41), With ¢,41 € {—1,0,1}.

We stop the tree at depth M > 1. As previously, we denote by L the set of all the leaves of 7%,
by L, the set of all the leaves under v € T#, and by C, the set of children of v € 7.

depth 0

binning

Figure 3: The structure of the efficient chaining tree in dimension d = 1.

Algorithm HierExp4*. Our new bandit algorithm HierExp4™* (Algorithm 5) is an efficient mod-
ification of HierExp4 based on the tree 77 defined above. HierExp4™ alternates between “binning
nodes" at depths m and “Exp4 nodes" at depths m + 1/2 (see Figure 3). We discretize the action
space Y = [0,1] with K = {k2™M : k = 1,...,2M} of cardinality K = 2". Note that, af-
ter projecting onto [2_M , 1] , the set of labels of all the leaves v € L exactly corresponds to this
discretization, i.e.,

. —m . L — M\ _
{m1n<max<2+m§12 Crms 2M),1>.cmG{—l,O,l}}—{ZM.k—l,...,2 }_IC.

At every round ¢, after observing context 2; € [0,1]%, the algorithm activates the root vy and all
nodes (01, Cly s O, cm)) such that xy € A, (01.n); the other nodes are asleep during that
round. In particular, there are 3M activated leaves v = (o1,¢1,...,00M,cpr) € L. Each such leaf
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recommends the action i;(v) € {1,..., K} matching its label after projection onto [Q*M , 1], ie.,

such that u
7¢(v . 1 _ 1
;(M) — m1n<max<2 +m212 U 2M> , 1) . (24)

Each node v € 77 maintains a probability distribution p; (v, -) € A(K) over actions in K, which is
only used and updated when v is activated. The activated leaves v € L correspond to unit masses
pt(v,1) = L;—;,(»)- As mentioned earlier, the internal nodes v € T \ L are of two types:

e Each internal node v = (01, ¢1,09,¢2,...,0m,Cn) atdepthm = 0,..., M — 1 is a “binning
node". When activated, it identifies its only child w = (v, y,+1) handling z; (i.e., such that
7y € Xipt1(01:(m+1))) and outputs pe(v, -) = py(w, ). We denote by Toin C T£ \ £ the set
of “binning nodes".

e Each internal node v = (01,¢1,09,¢2,...,0m, Cm,0m+1) at depth m + 1/2 is an “Exp4
node". It runs an instance of Exp4 using the children of v as experts. The variant of Exp4
we use is Algorithm 4 (see Appendix E) applied to penalized loss estimates (cf. (2)), which
adapts to the range of the losses and allows for a careful control of the variance terms along
the tree. Let Exp4, be the instance of the Exp4 variant run at node v. On all the rounds ¢
when v is activated, this instance updates a distribution ¢ (v, -) € A(|C,|) over experts in C,
and outputs pt(v,i) = >, e, @ (v, w)pt(w, i) for all actions i = 1,..., K. We denote by
Texps C T7 \ L the set of “Exp4 nodes".

Note that the root v of 7£ is activated at all rounds ¢. The prediction of HierExp4* at time ¢ is
U= I,2=M ¢ K, where I; is drawn according to a mixture of p;(vg,-) and a unit mass on the
minimal action ¢ = 1. A pseudo-code for HierExp4™ can be found in Algorithm 5.

G.2. Proof of Theorem 6

As for the proof of Theorem 4, we start by stating a lemma indicating that the losses associated with
neighboring leaves are close to one another.

Lemma 15 Let v € Tgypy, withdepthm+1/2, m € {0,..., M —1}. Then, all leaves w,w' € L,
in the subtree rooted at v satisfy

() o[ e

at all rounds t > 1 when w and w' are both activated.

Proof Denote w = (o1,c1,...,0m,cn) and w' = (01, ¢), ..., 0%, c),). First, we remark that
since w and w’ have the common ancestor v at level m, we have o; = o} and ¢; = ¢ for all i < m,
as well as 0,41 = 0, (recall that v € Tgxp4). Thus,

M M M M
)DEROED RN SESTIRTIID SiE e )
j=1 j=1 j=m+1 j=m+1
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Algorithm 5: HierExp4* (for the one-sided full information feedback)

Input : Tree 7 with root vy and leaves £, exploration parameter v € (0, 1), penalization
parameters «p, . .., ap—1 > 0, learning rates ng, ..., np—1 > 0.

Initialization: Set ¢; (v, -) to the uniform distribution in A(|C,|) for every v € Trxp4-

fort=1,2,...do

Get context x; € X

Activate vy and all nodes v = (01, Clyeeey Oml, cm)) € T# such that x; € X, (01:m);

Set pi(v,i) = [;—;,(v) for all i € K and all activated leaves v € L;

Set py(v,i) = qi(v,-) - pe(-, i) for all ¢ € K and all activated nodes v € Tgxp4;

Set pi(v, +) = py(w, -) for all activated nodes v € Tyiy, Where w € C, is the unique activated
child of v;

Draw I; ~ p} and play 3, = I;2~M, where p} (i) = (1 — v)p¢(vo,4) + =1 foralli € K;
Observe 44 (y) for all y > y;

8. Forallm = 0,..., M — 1 and all activated nodes v € Tgxps at level m + 1/2, with

v =(01,¢1,02,C2,...,0m,Cm,Tm+1), compute the loss estimate for each i € Ky(v),

SIS

N

B,y = LD GG+ 2T e am g
’ S i (k) TOSapik)

where K;(v) = {i : (Jw € C}) pi(w,7) > 0} and j;(v) = max Ky(v).

Then, for each w € C,, compute the expert loss £;(v, w) = ps(w, ) - £x(v, -) and perform the

update
p -
exp <_77m Z 65 (U7 w)Hxs€X7rL+1(0—1:(m+1))>

s=1

: .
Z €xXp <_77m Z s (v, w/)st€X7n+l(Ul:(m+l))>

w’€Cy s=1

qr+1(v, w) = (26)

end

Therefore, by definition (24) of i;(w) and é;(w’), and since projecting two real numbers onto
[2_M , 1] can only reduce their distance, we get, when w and w’ are both activated,

it (’LU) _ ’it (’U)/)

2M oM

1 X 1 X
S|+ 27 -5 - 27 <2,
j=1 j=1

which implies the result since ¢; is 1-Lipschitz. |

We are now ready to prove Theorem 6 from the main text.
Proof (of Theorem 6) Let f € F. By Lemma 14, we can fix fy; : [0,1]¢ — [-1/2,3/2] of the
form (20), with coefficients ¢, (01.m) € {—1, 0, 1}, and such that || fa; — flloo < 27M.

In the proof of Theorem 4, we rewrite the regret with respect to fj; as the sum of M regrets
along the path joining the root of 7 to the leaf corresponding to f3;. Next, we proceed similarly
except that now fs corresponds to a (2%)-ary subtree of T# indexed by o.a7 € {1,.. ., 244 M  The
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2%M Jeaves (01, c1(01), 02, c2(01:2), - .., oar, car(01:a1)) are labeled with the values of fy (before
projecting onto [2_M, 1]) over the cubes X7 (o1:07).

We control the regret of HierExp4* with respect to fj; by starting from the root vy of 7 and
by progressively moving down the tree. We write P,_; and E;_ for conditioning on Iy, ..., I;_1,
and set Py (k) = Zle pi(i) = Py_1(I; < k). In the sequel, we repeatedly use Corollary 12 with
parameters F,,, & 2=™_ q,,, and  to control the regret on each “Exp4 node". This corollary applies
to loss estimates penalized with pen, (k) = —au,, /P (k) for “Exp4 nodes" at depth m + 1/2, with
m=0,....M —1.

Since the root v is a “binning node", we have p;(vo, k) = pi(o1, k) at all rounds ¢ such that
z; € X1(o1). Therefore, writing ¢, (k) instead of ¢, (k/2),

23 oo + 4ng B2
Zzpt(vo, k) <€t(k) - OPt*(k(;O>

K N )
= > E X Zpt<al,k><gt<k>_w>

o1€{1,...,2¢} t:x:€X(01) k=1

K
< > <cle{niifo,1}E S D ni((on, ), k) <€t(k>_Pt*(0k)>

o1€{1,...,2¢} t:xe€X1(01) k=1

2
ML 7477°T(;71) %) 27)
Mo gl
K
oY 291In3  4ngTal
<Y E| Y ([0, c1(01)], k) <€t(k) S— > + 2% 28y
1 t: = P (k) Mo
g .CCtEXl(Ul) k=1

where (27) follows from Corollary 12 with parameters Fy = 2, ag and -y, and where T'(01) is
the number of rounds ¢ such that x; € X;(01). Indeed, the probability distributions p; ( (01,c1), )
are mixtures of actions i,(w) associated with activated leaves w € L,,, whose losses are at most
at distance 2 by Lemma 15 with m = 0. The last inequality (28) above is obtained by choosing
Cc1 = Cl(U 1).

So far we have showed how to move from depth m = 0 to depth 1. Repeating the same
argument at all subsequent depths m = 1,..., M — 1, and noting that au,;,_1 = oy, + 41,2272 =
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Qm + 40 B2, we get

T K N ,
E|>. > pi(vo.k) <€t(k)—();;z§Eo>

t=1 k=1
K s
<Y El Y Salonalen....omenlon)l k) (mk)— P:(i:l))
oM t:x €X1 (01.0) k=1
M—-1
2mADd1n 3 dp, Tao?
+ + m
mz::o ( Nm '72

M- (m+1)d
<y 3 ns (2 +1)d 1y 3 . 4nm72’04,2n> | 29,

o1:M t:xteXl(ale) m=0 v

where in the last inequality v denotes the leaf (01, c1(o1),...,on, cen(or, M)), whose probability
distribution p; (v, -) is the unit mass on its action i;(v).

We define fy/(z) £ min(max(fas(),27), 1) to be the projection of fys(x) onto [27 1],
and, similarly, f(z) £ min (max(f(z),27*),1). Since projection can only reduce the distance
between two points, | fas(z) — ]?(:c)‘ < |fm@) = f(@)| < |Ifa = flloo < 27, But, noting that
Tl is 2 M-close o f(x) € [0, 1], this yields | fur (@)~ £(2)] < |Far (&) — (&) +|F@)— £ ()] <
21=M  Therefore, since ¢, is 1-Lipschitz, and using both (21) and the definition (24) of i;(v), we
get that, when the leaf v = (01, c1(o1), ... o, cM(al;M)) is activated,

6 (ie(v)) = ft(fM(%t)) <O (f () + ’fM(fUt) — fl@)] < O(f(ze)) + 2!=M

We plug the last bound into (29) and multiply the resulting inequality by 1 — ~. Then, using
E; 1 [Et (gjt)} = (1 —7)pt(vo, -) - b + v (1), together with £;(y) € [0, 1], we obtain

M-1
2m+)dn 3 4ny,, Ta? oo + 4o E3
Regp(F) < + =" pe(vo, k)=
P 12}y ()
+~T + 2 M, (30)

Now, we use that by definition p; (k) = (1 — v)p¢(vo, k) + vIk=1 = (1 — 7v)ps(vo, k). Therefore,
similarly to the analysis of Exp3-RTB, we can control the variance term

K K K .
B pe(vo, k) pi(k) Pr(k)—Pr(k—1) Prk) g
(1—7) =1+ =0 1+kZ:2/P;(k_l) s

K Pr(k) 1 1
<1+Z/t d:U:H/ L mp @ <iemt =S,
F(1) T v v

where we used P;(1) = pf(1) > . Hence, substituting into the previous bound (30) and recalling
that £y = 2, we get

M—-1
2(m+1)d1 3 4 mT 2
Regp(F) < Z( v =24 ”720"” + (cm+16no)Tln(7)Jr'vT+21 MT. 31

m=0
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Optimization of the parameters. In the sequel, we show that the prescribed choices of M, ~,
(am), and () lead to the stated regret bound. Before that, we explain these particular choices
by approximately optimizing (31), which will lead to (32) and (33). For the sake of readability, we
will sometimes write f < g instead of f = O(g). First, recall that oy, 1 = ayp + 49 B2, =
Qi + 2472, We thus make the approximation a;,, ~ 2472™1,,, and start by optimizing in 7,,,
the terms inside the sum appearing in (31). To do so, we equalize the terms to get the equality

2(m+1)d |y 3 _ AT,
T 72

which we approximate, using the previous remark, by

2md B 7ﬂ2—4m,,721
Im 72
where ¢ > 0 will be optimized by the analysis. Now, from these values of 7,,, we can compute

by choosing apy = 0 and using the recursion au,—1 = auy, + 24_2m77m. This yields

hence our choice 7, = ch(%H)’y%T T , (32)

M M
Uy, = Z 2472]'77]- = 624’Y%T7i Z 2](%71) . (33)
j=m+1 Jj=m+1

We now upper bound (31) by distinguishing between the two cases 1 < d < 4and d > 4.
o If d < 4, then the terms inside the sum in (33) are non-increasing, so that
m < 24 My T 12m (51 (34)

where My = M if2 < d < 4and My = 2 > 1/(2!%* — 1) if d = 1. The sum in the
right-hand side of (31) then becomes, by substituting the definition of 7, (see (32)) and the
above upper bound on o,

le <2<m+1)d1n3 . 4ana$n> - N <2m(id—1>+dTi 3 210C3M122m<‘°f—1>Ti>

Im 72 cfy% v32

m=0 m=0

d
— (2 I3, 210M12c3>Ti7—% gm(3d-1)

() -1y N s

< 2TMPTay72 ) 2mid=l)

_ QU TIN5 ifd=1

S 2TMETiNT32MEdY) fo < d < 4
where inequality (x) is by using d < 4 and choosing ¢ = 2%/ 4Mf 1/ 2, while the last in-
equality is because Y -, 2-m/4 < 93 for d = 1. Plugging this inequality into (31), upper
bounding «y using (34) and 7 using (32), and recalling that M = [log,(1/7)], we get

— case d = 1: choosing v = T~'/2/In(T),
Regy(F) = O(VTInT). (35)
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— case 2 < d < 4: choosing vy = T~ 1/(d+2/3),
Regr(F) S (1/7)2T 372y G40 4 In(1/7)*72T5 44T
3 d—1/3 3d/4 d—1/3 3 d—1/3
S (]nT)gTd+2/3 4 (ln T)ZTd+2/3 + Ta+2/3 S (hl T)§Td+2/3 , (36)
where the last inequality is because 3d/4 < d — 1/3 ford > 2.
e If d > 5, then the terms inside the sum in (33) are exponentially increasing, so that

g 211 24
1 1) <

d AN
2111 1-27V

47%T_i2M(%_1) < 0277%T_i2M(%_1) .
(37

Then, following the lines of the case d < 4, by substituting 7,,, (see (32)) and v, in the sum
in the right-hand side of (31)

" (2miDd g 4y, Ta2,
> + ="
Im v

m=0

M1 fom(Gd-D+dping  916:39m(§+D)+M(§-2);
<Y T + .
m=0 cy? E
1 M—1 M-1
Ti (29In3
_ 7: < n Z om(3d=1) | 916 39M(§-2) Z 2m(Z+1)>
2 ¢ m=0 m=0
1 /94+d
< T714 (2 oM($d—1) +216632M(34d—1)>
72\ €
L o944d
_ 1: <2 n 21603> oM(3d-1)
fy?
< T%fy’% M(3d-1)+8+3d

where in the last inequality we used ¢ = 9d/4=3 Plugging into the regret bound (31), upper
bounding «y using (37) and 7y using (32), and recalling that M = [log,(1/7)]|, we get

3

Regy(F) S Tiy2 14 442 4T3 In(1/7) + 4T

d—1/3 d—1/3 d—1/3

< TT5 4 T2 W(T) + TT25 < Ta5 | (38)
where the second inequality is by setting v = 7~ 1(¢+2/3),
Putting together the three cases (35), (36), and (38) concludes the proof of the regret bound.

Running time of HierExp4*. We only address the case d > 2. First note that the total number of
“Exp4 nodes” in TF is

M-1
’EXp4’ = Z ‘{U = (017617027627' "aamacm70m+1) SN NS {17 "a2d}ack‘ € {717071}}‘
m=0
M-1 dyM+1 d
_ 3m2d(m+1):1(3.2) d —-3.2 <(3.2d)M.
— 3 (3-29) -1

34



ONLINE NONPARAMETRIC LEARNING, CHAINING,AND THE ROLE OF PARTIAL FEEDBACK

Similarly, |71’3m‘ < (3 2d and ‘L! (3 . 2d)M. Summing the three upper bounds, we get
!T]f-’ <3(3- 2d)M. Therefore, using M = [logy(1/v)] and y = T—1/(4+2/3) "we obtain

10g2T d+logg 3
M<1 that N =0 (T 25 ) .
Ry R [7#] < )

1
The number of actions in K is 22/ = O(T'@#2/3). The running time at every round ¢, which is at
most proportional to the total number of tuples (v, w, i) for (v,7) € T# x K and w € C,, is at most

of the order of ‘T}‘ X ‘IC‘ X max{2d, 3}. Therefore, the running time is at most of the order of
d+14logo 3

T av27s < T8 forall d > 2
d+1+logg 3 .

A tighter analysis however yields a smaller time complexity than the rate 7' <+2/3  derived
above. This is because —from Algorithm 5— all elementary computations only need to be com-
puted on activated “Exp4 nodes” nodes, on their (finite number of) children, and on actions in K.
Fix around ¢t > 1. From a computation similar to the one above, but noting that all activated nodes
share the same coefficients o, for all depths m, we can see that the total number of activated “Exp4

nodes” at round ¢ is at most of
M-—1 M
g =t
m=0 2
1+4logo 3

so that the running time per round is at most of the order of 3//2M < T"a+2/3" which concludes the

proof for d > 2. Similarly, in the case d = 1, the choice of v = T~ /2 /(InT) entails a running time
1+logo 3

at most of the order of 3M2M = O(v/TInT)!+0823) = 0<T 1+2/3 ) so that the stated running
time also holds true for d = 1. n

Appendix H. Algorithm HierHedge and proof of Theorem 7

The proof goes along the same lines as the proof of Theorem 4. Let v be any internal node at depth
m = 0,...,M — 1. By construction of HierHedge, the distribution p;(v,-) € A(K) is computed
by Hedge and is supported on the set {i;(w) : w € L,}. By Lemma 13, the losses of any pair
of actions in this set differ by at most 2~*3. Hence, we may apply (Cesa-Bianchi et al., 2007,
Theorem 5) with N = |C,| < Nppy1, E = 27™F3, and V, < E? obtaining

max [E
QUECU

Zpt )l — Zpt : t] <27 (\/Tln Nipg1 +InNypyq + 1) .

As in the proof of Theorem 4, we sum the above along a path vg — v; — - -+ — vy = w for any
leaf w € £ and get

M-1
Zpt v, ) ] — gemz& it (w 7;) 2™ (\/TlnNmH +InNppy1 + 1) .

35



CESA-BIANCHI GAILLARD GENTILE GERCHINOVITZ

Algorithm 6: HierHedge (for the full information feedback)
Input : Tree Tr with root vy and leaves L, learning rate sequences
ne(v) = n3(v) = -+ >0forve Tr\ L.
Initialization: Set q;(v, -) to the uniform distribution in A(|C,|) for every v € Tx \ L.
fort=1,2,...do

1. Get context x; € X;
2. Set py(v,4) = I, () foralli = 1,..., K and for all v € L;
3. Set pi(v,i) = ¢(v,-) - pe(-,4) foralli = 1,..., K and forall v € T \ £;
4. Draw I; ~ py(vo,-);
5. Observe 44(i) foralli =1,..., K;
6. For each v € Tx \ £ and for each w € C, compute the expert loss Zg(v, w) = pr(w,-) - by
and perform the update
exp (=1 (v) Xy £ (v, w) )
Gr+1(v,w) = 39)

Y uree, oxp(—nen(v) Xy v, w)

end

Since £ is a (2=M)-covering of F, 2™ < 2¢, and K. is a e-covering of )V, we get

E

T T M-1
Z&(yh)] - }gfrz&(f(azt)) <5T+20 ) 27 (\/TlnNmH I Nyt + 1) .
t=1 t=1 m=0

Overapproximating the sums with integrals similarly to (18) and (19),

(ZWJF ln/\foo(]:,m)) dz .

1/2

Regp(F) < 5eT + 27/
€/2

If F is a set of Lipschitz functions f : [0,1] — [0, 1]?, where [0, 1]¢ is endowed with the norm
|2 — 2| oo, then In N (F, ) = O(pe~?) implying

O(VpT + pln(1/e)) ifd=1
Regy(F) < 5T+ O(vpTIn(1/e) +pet~?) ifd =2
C’)( pTel=d/2 —i—p&‘l*d) ifd > 3.

Optimizing in €, we obtain the stated result.
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