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Abstract

The subject matter of this paper concerns the finite Larmor radius regime of the

Vlasov-Poisson system for strongly magnetized plasmas. We appeal to gyro-average

methods, and determine the explicit expressions for the velocity and acceleration fields in

the limit Vlasov equation. We investigate the Hamiltonian structure of the limit model

(trajectories), analyse its properties (conservations of the mass, kinetic energy, electric

energy) and justify rigorously the asymptotic behavior, following the formal arguments

developed in 1.
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1 Introduction

One of the main application of the tokamak plasmas relies on the energy production through

the magnetic confinement. We study the dynamics of a population of charged particles under

the action of a strong magnetic field, whose role is to ensure the confinement around the

magnetic lines. An interesting model is the so called finite Larmor radius regime, that is, we

assume that the particle distribution fluctuates at the Larmor circle length scale l = 2πρL
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along the orthogonal directions, but at a much larger scale in the parallel direction with

respect to the magnetic field [10, 11, 13]. For simplicity we consider a strong uniform magnetic

field Bε = (0, 0, Bε), perpendicular to x1Ox2. We use the notations

x = (x1, x2), v = (v1, v2),
⊥v = (v2,−v1), (x1, x2), (v1, v2) ∈ R2.

The assumptions of our regime are

1. The reference time T is much larger than the cyclotronic period (strong magnetic field)

i.e.,

T
|qBε|
2πm

=
1

ε
, with 0 < ε << 1.

Notice that the above hypothesis writes also TV
2πρL

= 1
ε , where V is the reference velocity,

and ρL is the typical Larmor radius.

2. The kinetic energy is much larger than the potential energy

mV 2

qφ
=

1

ε

where m is the particle mass, q is the particle charge, and φ is the reference electric

potential.

3. The typical length of the electric phenomena coincides with the Larmor circle length

i.e.,
ε0φ

nq
= l2. (1)

Here ε0 is the electric permittivity of the vacuum and n is the average charge concen-

tration.

Notice that the scaling in (1) is not so relevant for tokamak plasmas. Indeed, a much inter-

esting assumption would be to consider that the Debye length is much smaller with respect

to the Larmor radius, leading to quasi-neutral regimes. We expect that the method employed

here will apply to other (more complex) regimes, including quasi-neutrality. This will be the

topic of future works.

The presence density f ε = f ε(t, x, v) and the electric potential φε satisfy the following

Vlasov-Poisson system, up to a multiplicative constant ωc, of order one

∂tf
ε+

1

ε
(v·∇xf ε+ωc ⊥v·∇vf ε)+v3∂x3f ε−∇xφε·∇vf ε−ε∂x3φε∂v3f ε = 0, (t, x, v) ∈ R+×R3×R3

(2)

−∆xφ
ε − ε2∂2x3φ

ε = ρε :=

∫
R3

f ε(t, x, v) dv, (t, x) ∈ R+ × R3 (3)
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f ε(0, x, v) = f in(x, v), (x, v) ∈ R3 × R3. (4)

We introduce the notations Tc = 2π/ωc, ω
ε
c = ωc/ε, T

ε
c = 2π

ωεc
= ε2πωc = εTc.

We investigate the asymptotic behavior of (f ε, φε)ε>0 when ε becomes small. Clearly we

are faced to a two time scale problem : some quantities change every cyclotronic period, some

other are left invariant during a cyclotronic period. For example, the Larmor center x+
⊥v
ωc

is an invariant of the fast cyclotronic motion. Indeed, the characteristic system of the Vlasov

equation (2) writes

dX
ε

dt
=
V
ε
(t)

ε
,

dV
ε

dt
= ωc

⊥V
ε
(t)

ε
−∇xφε(t,Xε(t))

dXε
3

dt
= V ε

3 (t),
dV ε

3

dt
= −ε∂x3φε(t,Xε(t))

Xε(0;x, v) = x, V ε(0;x, v) = v

and therefore, the time derivative of the Larmor center is given by

d

dt

(
X
ε

+
⊥V

ε

ωc

)
=
V
ε

ε
+

1

ωc
⊥
(ωc
ε
⊥V

ε
(t)−∇xφε(t,Xε(t))

)
= −

⊥∇xφε(t,Xε(t))

ωc
. (5)

The variation of the Larmor center over one cyclotronic period T εc = εTc is of order ε, and thus

negligible. The Larmor center is left invariant with respect to the fast dynamics. Similarly

we obtain

d

dt

{
R (ωct/ε)V

ε
(t)
}

= −ωc
ε
R (ωct/ε)

⊥V
ε
(t) +R (ωct/ε)

[ωc
ε
⊥V

ε
(t)−∇xφε(t,Xε(t))

]
= −R (ωct/ε)∇xφε(t,Xε(t)) (6)

saying thatR (ωct/ε)V
ε
(t) remains almost unchanged over a cyclotronic period, together with

Xε
3(t) and V ε

3 (t). Here R stands for the rotation of angle θ ∈ R. Motivated by the previous

computations, at any time t ∈ R+, we introduce the change of coordinates (x, v) → (x̃, ṽ)

given by

x̃ = x+
⊥v

ωc
, x̃3 = x3, ṽ = R (ωct/ε) v, ṽ3 = v3. (7)

Notice that the Jacobian determinant of this transformation equals 1, and thus the Lebesgue

measure is preserved dṽdx̃ = dvdx. The idea is to get stability by filtering out the fast

oscillations with respect to the cyclotronic motion [5, 6, 7]. Let us denote by f̃ ε(t, ·, ·) the

presence density in the coordinates (x̃, ṽ), that is

f̃ ε(t, x̃, ṽ) = f ε(t, x, v), x = x̃− R (−ωct/ε)
ωc

⊥ṽ, x3 = x̃3, v = R (−ωct/ε) ṽ, v3 = ṽ3.
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Performing the above change of coordinates we deduce that the density f̃ ε satisfies the Vlasov

equation

∂tf̃
ε −

⊥∇xφε

ωc
· ∇x̃f̃

ε + ṽ3∂x̃3 f̃
ε −R (ωct/ε)∇xφε · ∇ṽf̃

ε − ε∂x3φε∂ṽ3 f̃
ε = 0 (8)

and the initial condition

f̃ ε(0, x̃, ṽ) = f in

(
x̃−

⊥ṽ

ωc
, x̃3, ṽ

)
.

Notice that, in the above Vlasov equation, the electric field (−∇xφε,−ε∂x3φε) is to be com-

puted at the point x = (x̃ − ω−1c R (−ωct/ε) ⊥ṽ, x̃3). Observe that in this coordinates, the

Vlasov equation contains no singular advection fields (the velocity and acceleration fields of

(8) are exactly the time derivatives in (5), (6) and thus of order 1, and not of order 1/ε).

Therefore we expect a stability result for the family (f̃ ε)ε, that is, there is a presence density

profile f̃ such that

f ε(t, x, v)− f̃
(
t, x+

⊥v

ωc
, x3,R (ωct/ε) v, v3

)
= o(1), ε↘ 0.

The well posedness of the Vlasov-Poisson system follows by standard arguments, based on

uniform mass and energy estimates, with respect to ε > 0, see [2, 4]. The asymptotic behavior

comes by performing a two scale analysis. The key point is to pick new coordinates which

are left invariant with respect to the fast dynamics. This leads naturally to average transport

operators whose study was detailed in previous works [5, 6, 7]. The novelty with respect to the

previous approaches [10, 11] consists in averaging directly the non linear equation, satisfied by

the presence density f ε, resulting when replacing the self-consistent electric potential through

the Poisson equation. In other words, instead of coupling two averaged equations (Vlasov and

Poisson), we average the fully non linear coupling between the Vlasov and Poisson equations.

This allows us to emphasize the Hamiltonian structure of the effective Vlasov-Poisson model,

and new conservations which characterize the finite Larmor radius regime. A very intuitive

analysis is presented in Section 2, where the effective trajectories are computed by averaging

formally with respect to the fast cyclotronic motion, leading to gyro-average effects. The

point is that the electric field is treated as self-consistent, and thus we also need to average

the fundamental solution of the Laplace operator. As the cyclotronic trajectories are circles,

for averaging the fundamental solution of the Laplace operator we can appeal to the mean

property of the harmonic functions.

We mention that the asymptotic regime considered in (2), (3), (4) is the same as that in

[13]. Nevertheless, the coordinate changes, leading to the new presence densities are different:
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in [13] a non linear change of frame is used, depending on the self-consistent electric field,

which is very different with respect to the linear change (7). Accordingly, the limit models

obtained in the new coordinates are different. More exactly, in the two dimensional setting

i.e., x = (x1, x2), v = (v1, v2),
⊥v = (v2,−v1), x̃ = x+

⊥v
ωc
, ṽ = R (ωct/ε) v, we prove cf. [8]

Theorem 1.1 Let f in = f in(x, v) be a non negative presence density satisfying

H1
∫
R2

∫
R2 f

in(x, v) dvdx < +∞

H2
∫
R2

∫
R2
|v|2
2 f in(x, v) dvdx < +∞

H3 there is a bounded, non increasing function F in = F in(r) ∈ L∞ ∩ L1(R+; rdr), such

that f in(x, v) ≤ F in(|v|), (x, v) ∈ R2 × R2.

We consider the family (f ε, φε)ε>0 of weak solutions for the Vlasov-Poisson system

∂tf
ε +

1

ε
(v · ∇xf ε + ωc

⊥v · ∇vf ε)−∇xφε · ∇vf ε = 0, (t, x, v) ∈ R+ × R2 × R2 (9)

−∆xφ
ε = ρε(t, x) :=

∫
R2

f ε(t, x, v) dv, (t, x) ∈ R+ × R2 (10)

f ε(0, x, v) = f in(x, v), (x, v) ∈ R2 × R2 (11)

and we denote by (f̃ ε)ε>0 the densities

f̃ ε(t, x̃, ṽ) = f ε
(
t, x̃− R (−ωct/ε)

ωc
⊥ṽ,R (−ωct/ε) ṽ

)
, (t, x̃, ṽ) ∈ R+ × R2 × R2, ε > 0.

Therefore there is a sequence (εk)k converging to 0 such that (f̃ εk)k converges strongly in

L2([0, T ];L2(R2 × R2)), for any T ∈ R+, toward a solution f̃ of the problem

∂tf̃ + V[f̃(t)](x̃, ṽ) · ∇x̃f̃ +A[f̃(t)](x̃, ṽ) · ∇ṽf̃ = 0, (t, x̃, ṽ) ∈ R+ × R2 × R2 (12)

with the initial condition

f̃(0, x̃, ṽ) = f in
(
x̃−

⊥ṽ

ωc
, ṽ

)
, (x̃, ṽ) ∈ R2 × R2 (13)

where the velocity and acceleration vector fields V,A are given by

V[f̃(t)](x̃, ṽ) = −ω−1c ⊥∇x̃φ̃[f̃(t)], A[f̃(t)](x̃, ṽ) = ωc
⊥∇ṽφ̃[f̃(t)] (14)

φ̃[f̃(t)] = − 1

2π

∫
R2

∫
R2

{
ln
|ṽ − w̃|
|ωc|

1{|x̃−ỹ|≤ |ṽ−w̃||ωc|
} + ln |x̃− ỹ| 1{|x̃−ỹ|> |ṽ−w̃||ωc|

}

}
f̃(t, ỹ, w̃) dw̃dỹ.

(15)

5



The asymptotic behavior of (9), (10), (11) has already been studied before. In [10, 11, 13]

the authors appeal to the two scale convergence method. Nevertheless, the fast time variable

persists in the limit model, and the computation of the velocity and acceleration vector fields

of the limit Vlasov equation requires the resolution of a Poisson equation for every couple

of slow/fast time variables, and some averaging procedure. In [5] the author obtained a

convergence result towards a simpler model, which is valid only for well-prepared initial data.

Our result applies to general initial data, and the limit model is a rather simple equation. It

is a fully explicit non linear transport equation, whose characteristic system is Hamiltonian

(with respect to the appropriate variables cf. Proposition 2.1) and which can be studied in a

much simpler way. Roughly speaking, the fast time variable appearing in the previous works

is averaged in a fully explicit way. Notice that the velocity and acceleration fields V,A are

divergence free. Therefore (12) writes into conservative form, which guarantees the mass

conservation. More generally we prove.

Proposition 1.1

1. Let f̃ = f̃(t, x̃, ṽ) be a solution of the problem (12), (14), (15) such that 1, x̃, ṽ, |x̃|2, |ṽ|2

are integrable functions with respect to f̃(0, x̃, ṽ)dṽdx̃ = f in(x̃ − ω−1c ⊥ṽ, ṽ)dṽdx̃. For

any t ∈ R+ we have∫
R2

∫
R2

{1, x̃, ṽ, |x̃|2, |ṽ|2}f̃(t, x̃, ṽ) dṽdx̃ =

∫
R2

∫
R2

{1, x̃, ṽ, |x̃|2, |ṽ|2}f in(x̃−ω−1c ⊥ṽ, ṽ) dṽdx̃.

2. Let f̃ = f̃(t, x̃, ṽ) be a solution of the problem (12), (14), (15) such that

1

2

∫
R2

∫
R2

φ̃[f̃(0)](x̃, ṽ)f̃(0, x̃, ṽ) dṽdx̃ < +∞.

The electric energy is preserved in time

d

dt

1

2

∫
R2

∫
R2

φ̃[f̃(t)](x̃, ṽ)f̃(t, x̃, ṽ) dṽdx̃ = 0, t ∈ R+.

The two dimensional analysis extends easily to the three dimensional setting, at least formally.

Following the same arguments one gets the result.

Theorem 1.2 Let f in = f in(x, v) be a non negative presence density with finite mass and

kinetic energy, and bounded charge density ρin(x) :=
∫
R3 f

in(x, v)dv. We consider the family

(f ε, φε)ε of weak solutions for the Vlasov-Poisson problems (2), (3), (4) and we denote by

(f̃ ε)ε>0 the densities

f̃ ε(t, x̃, ṽ) = f ε
(
t, x̃− R (−ωct/ε)

ωc
⊥ṽ, x̃3,R (−ωct/ε) ṽ, ṽ3

)
, (t, x̃, ṽ) ∈ R+×R3×R3, ε > 0.
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Therefore the limit density of the family (f̃ ε)ε solves the problem

∂tf̃ + V[f̃(t, x̃3)] · ∇x̃f̃ + ṽ3∂x̃3 f̃ +A[f̃(t, x̃3)] · ∇ṽf̃ = 0, (t, x̃, ṽ) ∈ R+ × R3 × R3

f̃(0, x̃, ṽ) = f in

(
x̃−

⊥ṽ

ωc
, x̃3, ṽ

)
, (x̃, ṽ) ∈ R3 × R3

where the velocity and acceleration fields are given by

V[f̃ ] = −ω−1c ⊥∇x̃φ̃[f̃ ], A[f̃ ] = ωc
⊥∇ṽφ̃[f̃ ]

φ̃[f̃(t, x̃3)](x̃, ṽ) = − 1

2π

∫
R2

∫
R3

{
ln
|ṽ − w̃|
|ωc|

1
{|x̃−ỹ|≤ |ṽ−w̃||ωc|

}
+ ln |x̃− ỹ| 1

{|x̃−ỹ|> |ṽ−w̃||ωc|
}

}
× f̃(t, ỹ, x̃3, w̃) dw̃dỹ.

The above considerations extend to more general situations. Periodic spatial domains can

be considered. In this case we need to average the fundamental solution of the Laplace

operator with periodic boundary conditions. Another generalization concerns the magnetic

field geometry. As long as the invariants of the cyclotronic motion are available (which play

a crucial role when defining the new coordinates), the arguments still apply and allow us to

justify the finite Larmor radius regime. It happens that for quite a large class of magnetic

fields, such invarianst are well defined and thus our method adapts in this cases. A complete

study of these aspects will be discussed soon.

Our paper is organized as follows. In Section 2 we investigate the two dimensional case.

We compute the effective trajectories and we establish the main properties of the limit Vlasov-

Poisson system. Section 3 is devoted to convergence results. We proceed by a two scale

analysis. The three dimensional setting is discussed in Section 4. Some technical arguments

are presented in Appendix A.

2 The two dimensional setting

In this section we focus on the bi-dimensional case. We use the notations x = (x1, x2), v =

(v1, v2),
⊥v = (v2,−v1), x̃ = x +

⊥v
ωc

, ṽ = R (ωct/ε) v. We investigate the asymptotic

behavior of the solutions (f ε, φε)ε>0 of the problems (9), (10), (11). We start our work by

formal computations at the characteristic equation level. Later on we complete our analysis

by rigorous arguments. The trajectories in the phase space (x, v) oscillate at the cyclotronic

frequency ωεc = ωc/ε

dXε

dt
=
V ε(t)

ε
,

dV ε

dt
=
ωc
ε
⊥V ε(t)−∇xφε(t,Xε(t))
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but the quantities X̃ε(t) = Xε(t) + ⊥V ε(t)/ωc, Ṽ
ε(t) = R (ωct/ε)V

ε(t) are left invariant

with respect to the cyclotronic dynamics

dX̃ε

dt
= −

⊥∇xφε(t,Xε(t))

ωc
,

dṼ ε

dt
= −R (ωct/ε)∇xφε(t,Xε(t)). (16)

We expect that the family of trajectories (X̃ε, Ṽ ε)ε>0 is stable as ε becomes small, and we

are looking for the limit trajectory (X̃, Ṽ ) = limε↘0(X̃
ε, Ṽ ε). Once we have determined the

limit characteristic equations, let us say

dX̃

dt
= V(t, X̃(t), Ṽ (t)),

dṼ

dt
= A(t, X̃(t), Ṽ (t))

for some velocity field V and acceleration field A, we solve for

∂tf̃ + V · ∇x̃f̃ +A · ∇ṽf̃ = 0, (t, x̃, ṽ) ∈ R+ × R2 × R2

f̃(0, x̃, ṽ) = f in
(
x̃−

⊥ṽ

ωc
, ṽ

)
, (x̃, ṽ) ∈ R2 × R2.

We introduce the presence densities in the phase space (x̃, ṽ) given by

f̃ ε(t, x̃, ṽ) = f ε(t, x, v), x̃ = x+
⊥v

ωc
, ṽ = R (ωct/ε) v

which satisfy the Vlasov equations see (8)

∂tf̃
ε −

⊥∇xφε

ωc
· ∇x̃f̃ ε −R (ωct/ε)∇xφε · ∇ṽf̃ ε = 0, (t, x̃, ṽ) ∈ R+ × R2 × R2

and the initial condition

f̃ ε(0, x̃, ṽ) = f in
(
x̃−

⊥ṽ

ωc
, ṽ

)
, (x̃, ṽ) ∈ R2 × R2.

We expect that the family (f̃ ε)ε>0 is stable when ε becomes small and we denote by f̃0 the

expected limit density, as ε↘ 0. We claim that f̃ = f̃0, which will imply that

f ε(t, x, v) = f̃ ε
(
t, x+

⊥v

ωc
,R (ωct/ε) v

)
≈ f̃

(
t, x+

⊥v

ωc
,R (ωct/ε) v

)
.

Indeed, we have for any ε > 0

f̃ ε(t, X̃ε(t), Ṽ ε(t)) = f ε(t,Xε(t), V ε(t)) = f(0, x, v) = f in
(
x̃−

⊥ṽ

ωc
, ṽ

)
, (x̃, ṽ) ∈ R2 × R2.

By passing to the limit when ε↘ 0, we obtain

f̃0(t, X̃(t), Ṽ (t)) = f in
(
x̃−

⊥ṽ

ωc
, ṽ

)
= f̃(0, x̃, ṽ) = f̃(t, X̃(t), Ṽ (t)), (t, x̃, ṽ) ∈ R+ × R2 × R2

saying that limε↘0 f̃
ε = f̃0 = f̃ . By the previous considerations, in order to determine the

asymptotic behavior of the Vlasov-Poisson problem (9), (10), (11), we need to analyze the

stability of the trajectories (X̃ε, Ṽ ε)ε>0, when ε↘ 0.
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2.1 The effective trajectories

We compute the velocity and acceleration fields V,A corresponding to the limit trajectories

(X̃, Ṽ ). Part of the arguments developed in this section are formal. Nevertheless, a rigorous

proof is presented in Section 3. Let us introduce the fundamental solution of the Laplace

operator in R2

e(z) = − 1

2π
ln |z|, z ∈ R2 \ {0} (17)

that is −∆e = δ0 in D′(R2). The solution of the Poisson equation (10) writes

φε(t, x) =

∫
R2

e(x− y)ρε(t, y) dy =

∫
R2

∫
R2

e(x− y)f ε(t, y, w) dwdy, (t, x) ∈ R+ × R2.

Replacing the expression of the electric potential in (16) leads to

dX̃ε

dt
= − 1

ωc

∫
R2

∫
R2

⊥∇e (Xε(t)− y) f ε(t, y, w) dwdy (18)

= − 1

ωc

∫
R2

∫
R2

⊥∇e
(
X̃ε(t)− ỹ − 1

ωc
R (−ωct/ε)⊥(Ṽ ε(t)− w̃)

)
f̃ ε(t, ỹ, w̃) dw̃dỹ

and

dṼ ε

dt
= −R (ωct/ε)

∫
R2

∫
R2

∇e (Xε(t)− y) f ε(t, y, w) dwdy (19)

= −R (ωct/ε)

∫
R2

∫
R2

∇e
(
X̃ε(t)− ỹ − 1

ωc
R (−ωct/ε)⊥(Ṽ ε(t)− w̃)

)
f̃ ε(t, ỹ, w̃) dw̃dỹ.

We intend to average (18), (19) over one cyclotronic period [t, t + T εc ], with T εc = ε2πωc .

Integrating for τ ∈ [t, t+ T εc ], and introducing the fast variable s = (τ − t)/ε ∈ [0, Tc], yield

X̃ε(t+ T εc )− X̃ε(t)

T εc
= − 1

ωcT εc

∫ t+T εc

t

∫
R2

∫
R2

⊥∇e

(
X̃ε(τ)− ỹ −R

(
−ωcτ

ε

) ⊥(Ṽ ε(τ)− w̃)

ωc

)
× f̃ ε(τ, ỹ, w̃) dw̃dỹdτ

= − 1

ωcTc

∫ Tc

0

∫
R2

∫
R2

⊥∇e

(
X̃ε(t+ εs)− ỹ −R

(
−ωct

ε
− ωcs

) ⊥(Ṽ ε(t+ εs)− w̃)

ωc

)
× f̃ ε(t+ εs, ỹ, w̃) dw̃dỹds

= − 1

ωcTc

∫ Tc

0

∫
R2

∫
R2

⊥∇e

(
X̃(t)− ỹ −R

(
−ωct

ε
− ωcs

) ⊥(Ṽ (t)− w̃)

ωc

)
× f̃(t, ỹ, w̃) dw̃dỹds+ o(1)

= − 1

ωc

∫
R2

∫
R2

1

2π

∫ 2π

0

⊥∇e

(
X̃(t)− ỹ −R(θ)

⊥(Ṽ (t)− w̃)

ωc

)
dθf̃(t, ỹ, w̃) dw̃dỹ + o(1)

= −
⊥∇ξ
ωc

∫
R2

∫
R2

E(X̃(t)− ỹ, Ṽ (t)− w̃)f̃(t, ỹ, w̃) dw̃dỹ + o(1), when ε↘ 0
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with

E(ξ, η) =
1

2π

∫ 2π

0
e
(
ξ − ω−1c R(θ)⊥η

)
dθ, (ξ, η) ∈ (R2 × R2) \ {(0, 0)}. (20)

Passing to the limit, when ε goes to 0, and assuming that X̃ε(t+T εc )−X̃ε(t)
T εc

= X̃(t+T εc )−X̃(t)
T εc

+o(1)

as ε↘ 0, lead to
dX̃

dt
= V[f̃(t)](X̃(t), Ṽ (t))

where the velocity field V[f̃(t)] is given by

V[f̃(t)](x̃, ṽ) = −
⊥∇ξ
ωc

∫
R2

∫
R2

E(x̃− ỹ, ṽ − w̃)f̃(t, ỹ, w̃) dw̃dỹ, (x̃, ṽ) ∈ R2 × R2.

A similar computation allows us to determine the acceleration field.

Ṽ ε(t+ T εc )− Ṽ ε(t)

T εc
= − 1

T εc

∫ t+T εc

t

∫
R2

∫
R2

R
(ωcτ
ε

)
∇e

(
X̃ε(τ)− ỹ −R

(
−ωcτ

ε

) ⊥(Ṽ ε(τ)− w̃)

ωc

)
× f̃ ε(τ, ỹ, w̃) dw̃dỹdτ

=− 1

Tc

∫ Tc

0

∫
R2

∫
R2

R
(
ωct

ε
+ ωcs

)
∇e

(
X̃ε(t+ εs)− ỹ −R

(
−ωct

ε
− ωcs

) ⊥(Ṽ ε(t+ εs)− w̃)

ωc

)
× f̃ ε(t+ εs, ỹ, w̃) dw̃dỹds

=− 1

Tc

∫ Tc

0

∫
R2

∫
R2

R
(
ωct

ε
+ ωcs

)
∇e

(
X̃(t)− ỹ −R

(
−ωct

ε
− ωcs

) ⊥(Ṽ (t)− w̃)

ωc

)
× f̃(t, ỹ, w̃) dw̃dỹds+ o(1)

= −
∫
R2

∫
R2

1

2π

∫ 2π

0
R(−θ)∇e

(
X̃(t)− ỹ −R(θ)

⊥(Ṽ (t)− w̃)

ωc

)
dθ f̃(t, ỹ, w̃) dw̃dỹ + o(1)

= ωc
⊥∇η

∫
R2

∫
R2

E(X̃(t)− ỹ, Ṽ (t)− w̃)f̃(t, ỹ, w̃) dw̃dỹ + o(1), when ε↘ 0.

As before, the assumption Ṽ ε(t+T εc )−Ṽ ε(t)
T εc

= Ṽ (t+T εc )−Ṽ (t)
T εc

+ o(1) as ε↘ 0, implies

dṼ

dt
= A[f̃(t)](X̃(t), Ṽ (t))

where the acceleration field A[f̃(t)] is given by

A[f̃(t)](x̃, ṽ) = ωc
⊥∇η

∫
R2

∫
R2

E(x̃− ỹ, ṽ − w̃)f̃(t, ỹ, w̃) dw̃dỹ, (x̃, ṽ) ∈ R2 × R2.

Therefore the effective trajectories satisfy the system

dX̃

dt
= V[f̃(t)](X̃(t), Ṽ (t)),

dṼ

dt
= A[f̃(t)](X̃(t), Ṽ (t)), (X̃, Ṽ )(0; x̃, ṽ) = (x̃, ṽ) (21)

with

V[f̃(t)](x̃, ṽ) = −ω−1c ⊥∇x̃φ̃[f̃(t)], A[f̃(t)](x̃, ṽ) = ωc
⊥∇ṽφ̃[f̃(t)], (x̃, ṽ) ∈ R2 × R2
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φ̃[f̃(t)](x̃, ṽ) =

∫
R2

∫
R2

E(x̃− ỹ, ṽ − w̃)f̃(t, ỹ, w̃) dw̃dỹ, (x̃, ṽ) ∈ R2 × R2

and the conclusion of Theorem 1.1 follows formally, once that we justify (15). Before doing

that, let us pay attention to the form of the characteristic system (21).

Proposition 2.1 The characteristic system (21) is Hamiltonian, with respect to the conju-

gate variables (x̃2, ω
−1
c ṽ1) and (ωcx̃1, ṽ2) and the Hamiltonian function φ̃[f̃ ].

Proof. It is enough to observe that the equations in (21) write

dX̃2

dt
=
∂φ̃[f̃(t)]

∂(ωcx̃1)
(X̃(t), Ṽ (t)),

d(ω−1c Ṽ1)

dt
=
∂φ̃[f̃(t)]

∂ṽ2
(X̃(t), Ṽ (t))

d(ωcX̃1)

dt
= −∂φ̃[f̃(t)]

∂x̃2
(X̃(t), Ṽ (t)),

dṼ2
dt

= − ∂φ̃[f̃(t)]

∂(ω−1c ṽ1)
(X̃(t), Ṽ (t))

saying that
d

dt
t(X̃2, ω

−1
c Ṽ1) = ∇ωcx̃1,ṽ2 φ̃[f̃(t)](X̃(t), Ṽ (t))

and
d

dt
t(ωcX̃1, Ṽ2) = −∇x̃2,ω−1

c ṽ1
φ̃[f̃(t)](X̃(t), Ṽ (t)).

Let us come back to the computation of the function E(ξ, η). By the definition in (20), the

function E(ξ, η) is the average of the fundamental solution e(·) over the circle of center ξ and

radius |η|/|ωc| and therefore we appeal to the mean property of the harmonic functions. At

least in the case |ξ| > |η|/|ωc|, the function z → e(z) is harmonic in the open set R2 \ {0},

which contains the disc {z ∈ R2 : |z − ξ| ≤ |η|/|ωc|} and thus, the mean property applied to

the function e(·) and the circle of center ξ and radius |η|/|ωc| yields

E(ξ, η) =
1

2π

∫ 2π

0
e

(
ξ − R(θ)

ωc
⊥η

)
dθ = e(ξ) = − 1

2π
ln |ξ|, |ξ| > |η|

|ωc|
.

More generally we prove the following proposition, see Appendix A for details.

Proposition 2.2 Let E : R2 × R2 \ {(0, 0)} be the function defined by

E(ξ, η) =
1

2π

∫ 2π

0
e

(
ξ − R(θ)

ωc
⊥η

)
dθ, (ξ, η) ∈ R2 × R2 \ {(0, 0)}

where e(z) = − 1
2π ln |z|, z ∈ R2 \ {0}.

1. For any (ξ, η) ∈ R2 × R2 \ {(0, 0)} we have

E(ξ, η) = e

(
η

ωc

)
1{|ξ|≤|η|/|ωc|} + e(ξ)1{|ξ|>|η|/|ωc|}.

In particular, E is locally integrable on R2 × R2.
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2. The first order partial derivatives of E write

∇ξE(ξ, η) = ∇e(ξ)1{|ξ|>|η|/|ωc|}, ∇ηE(ξ, η) = ω−1c ∇e
(
η

ωc

)
1{|ξ|≤|η|/|ωc|} in D′(R2×R2).

3. The second order partial derivatives of E write

∂2ξE = −
(
I2 − 2

ξ ⊗ ξ
|ξ|2

)
1{|ξ|>|η|/|ωc|}d(ξ, η)

2π|ξ|2
− ξ ⊗ ξ
|ξ|2

1{|ξ|=|η|/|ωc|}dσ(ξ, η)

2π|ξ|
√

1 + ω−2c

(∇ξ ⊗∇η)E = t(∇η ⊗∇ξ)E =
ξ ⊗ η
|ξ| |η|

1{|ξ|=|η|/|ωc|}dσ(ξ, η)

2πωc|η|
√

1 + ω−2c

∂2ηE = −
(
I2 − 2

η ⊗ η
|η|2

)
1{|ξ|≤|η|/|ωc|}d(ξ, η)

2π|η|2
− η ⊗ η
|η|2

1{|ξ|=|η|/|ωc|}dσ(ξ, η)

2π|η|
√

1 + ω2
c

.

In particular we have

∆ξE = −
1{|ξ|=|η|/|ωc|}dσ(ξ, η)

2π|ξ|
√

1 + ω−2c
, ∆ηE = −

1{|ξ|=|η|/|ωc|}dσ(ξ, η)

2π|η|
√

1 + ω2
c

.

Remark 2.1 The function E has also the symmetry property E(ω−1c η, ωcξ) = E(ξ, η) for any

(ξ, η) ∈ (R2 × R2) \ {(0, 0)}. Indeed, we have by the first statement of Proposition 2.2

E
(
η

ωc
, ωcξ

)
= e(ξ)1{ |η||ωc|≤|ξ|}

+ e

(
η

ωc

)
1{ |η||ωc|>|ξ|}

= E(ξ, η).

2.2 The properties of the effective Vlasov-Poisson system

We investigate the main properties of the limit Vlasov-Poisson problem (12), (13). For

simplicity we work with smooth densities f̃ , compactly supported in the phase space R2 ×

R2. Thanks to Proposition 2.2, we obtain the following expressions for the velocity and

acceleration fields V[f̃ ],A[f̃ ].

Proposition 2.3 The velocity and acceleration fields associated to any density f̃ = f̃(x̃, ṽ)

write

V[f̃ ](x̃, ṽ) =
1

2πωc

∫
R2

∫
R2

⊥(x̃− ỹ)

|x̃− ỹ|2
f̃(ỹ, w̃)1{|x̃−ỹ|> |ṽ−w̃||ωc|

} dw̃dỹ (22)

A[f̃ ](x̃, ṽ) = −ωc
2π

∫
R2

∫
R2

⊥(ṽ − w̃)

|ṽ − w̃|2
f̃(ỹ, w̃)1{|x̃−ỹ|≤ |ṽ−w̃||ωc|

} dw̃dỹ. (23)

The Hamiltonian φ̃[f̃ ] verifies

−∆x̃φ̃[f̃ ] =
|ωc|
2π

∫
R2

1

|ṽ − w̃|

(∫
|x̃−ỹ|= |ṽ−w̃||ωc|

f̃(ỹ, w̃) dσ(ỹ)

)
dw̃ (24)

−∆ṽφ̃[f̃ ] =
1

2π|ωc|

∫
R2

1

|ṽ − w̃|

(∫
|x̃−ỹ|= |ṽ−w̃||ωc|

f̃(ỹ, w̃) dσ(ỹ)

)
dw̃. (25)
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Proof. By the second statement of Proposition 2.2 we obtain

∇x̃φ̃[f̃ ] =

∫
R2

∫
R2

∇ξE(x̃− ỹ, ṽ − w̃)f̃(ỹ, w̃) dw̃dỹ

=

∫
R2

∫
R2

∇e(x̃− ỹ)1{|x̃−ỹ|> |ṽ−w̃||ωc|
}f̃(ỹ, w̃) dw̃dỹ

and

∇ṽφ̃[f̃ ] =

∫
R2

∫
R2

∇ηE(x̃− ỹ, ṽ − w̃)f̃(ỹ, w̃) dw̃dỹ

=

∫
R2

∫
R2

1

ωc
∇e
(
ṽ − w̃
ωc

)
1{|x̃−ỹ|≤ |ṽ−w̃||ωc|

}f̃(ỹ, w̃) dw̃dỹ

which imply (22), (23). For the last two formulae we appeal to the last statement of Propo-

sition 2.2. For any test function ϕ ∈ C2
c (R2 × R2) we deduce∫

R2

∫
R2

∆x̃ϕ φ̃[f̃ ](x̃, ṽ) dṽdx̃ =

∫
R2

∫
R2

∆x̃ϕ

∫
R2

∫
R2

E(x̃− ỹ, ṽ − w̃)f̃(ỹ, w̃) dw̃dỹ dṽdx̃

=

∫
R2

∫
R2

f̃(ỹ, w̃)

∫
R2×R2

∆x̃ϕ(ỹ + ξ, w̃ + η)E(ξ, η) d(ξ, η) dw̃dỹ

= −
∫
R2

∫
R2

f̃(ỹ, w̃)

∫
|ξ|= |η||ωc|

ϕ(ỹ + ξ, w̃ + η)

2π|ξ|
√

1 + ω−2c
dσ(ξ, η) dw̃dỹ

= −
∫
R2

∫
R2

f̃(ỹ, w̃)

∫
|x̃−ỹ|= |ṽ−w̃||ωc|

ϕ(x̃, ṽ)

2π|x̃− ỹ|
√

1 + ω−2c
dσ(x̃, ṽ) dw̃dỹ

= −
∫
R2

∫
R2

ϕ(x̃, ṽ)

∫
|x̃−ỹ|= |ṽ−w̃||ωc|

f̃(ỹ, w̃)

2π|x̃− ỹ|
√

1 + ω−2c
dσ(ỹ, w̃) dṽdx̃

and therefore φ̃[f̃ ] satisfies

−∆x̃φ̃[f̃ ] =

∫
|x̃−ỹ|= |ṽ−w̃||ωc|

f̃(ỹ, w̃)

2π|x̃− ỹ|
√

1 + ω−2c
dσ(ỹ, w̃)

=
|ωc|
2π

∫
R2

1

|ṽ − w̃|

(∫
|x̃−ỹ|= |ṽ−w̃||ωc|

f̃(ỹ, w̃) dσ(ỹ)

)
dw̃.

Following the same lines, we obtain∫
R2

∫
R2

∆ṽϕ φ̃[f̃ ](x̃, ṽ) dṽdx̃ =

∫
R2

∫
R2

∆ṽϕ

∫
R2

∫
R2

E(x̃− ỹ, ṽ − w̃)f̃(ỹ, w̃) dw̃dỹ dṽdx̃

=

∫
R2

∫
R2

f̃(ỹ, w̃)

∫
R2×R2

∆ṽϕ(ỹ + ξ, w̃ + η)E(ξ, η) d(ξ, η) dw̃dỹ

= −
∫
R2

∫
R2

f̃(ỹ, w̃)

∫
|ξ|= |η||ωc|

ϕ(ỹ + ξ, w̃ + η)

2π|η|
√

1 + ω2
c

dσ(ξ, η) dw̃dỹ

= −
∫
R2

∫
R2

f̃(ỹ, w̃)

∫
|x̃−ỹ|= |ṽ−w̃||ωc|

ϕ(x̃, ṽ)

2π|ṽ − w̃|
√

1 + ω2
c

dσ(x̃, ṽ) dw̃dỹ

= −
∫
R2

∫
R2

ϕ(x̃, ṽ)

∫
|x̃−ỹ|= |ṽ−w̃||ωc|

f̃(ỹ, w̃)

2π|ṽ − w̃|
√

1 + ω2
c

dσ(ỹ, w̃) dṽdx̃
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which says

−∆ṽφ̃[f̃ ] =
1

|ωc|

∫
|x̃−ỹ|= |ṽ−w̃||ωc|

f̃(ỹ, w̃)

2π|ṽ − w̃|
√

1 + ω−2c
dσ(ỹ, w̃)

=
1

2π|ωc|

∫
R2

1

|ṽ − w̃|

(∫
|x̃−ỹ|= |ṽ−w̃||ωc|

f̃(ỹ, w̃) dσ(ỹ)

)
dw̃.

Clearly the advection field (V[f̃ ],A[f̃ ]) is divergence free. Moreover, other divergence con-

straints hold true. They are direct consequences of Proposition 2.3 and are summarized

below.

Corollary 2.1 The velocity and acceleration fields associated to any density f̃ = f̃(x̃, ṽ)

satisfy

divx̃V[f̃ ] = 0, divṽA[f̃ ] = 0 (26)

divx̃
⊥V[f̃ ] + divṽ

⊥A[f̃ ] = 0 (27)

divx̃A[f̃ ]− ω2
cdivṽV[f̃ ] = 0 (28)

divx̃
⊥A[f̃ ] + ω2

cdivṽ
⊥V[f̃ ] = 0. (29)

Proof. The equalities in (26) come immediately by the relations

V[f̃ ] = −
⊥∇x̃φ̃[f̃ ]

ωc
, A[f̃ ] = ωc

⊥∇ṽφ̃[f̃ ].

The statement in (27) is a consequence of (24), (25)

divx̃
⊥V[f̃ ] + divṽ

⊥A[f̃ ] = divx̃
∇x̃φ̃[f̃ ]

ωc
− ωcdivṽ∇ṽφ̃[f̃ ] =

∆x̃φ̃[f̃ ]

ωc
− ωc∆ṽφ̃[f̃ ] = 0.

For the last two statements observe that

divx̃A[f̃ ] = ωc divx̃(⊥∇ṽφ̃[f̃ ]) = −ωc divṽ(
⊥∇x̃φ̃[f̃ ]) = ω2

c divṽV[f̃ ]

and

divx̃
⊥A[f̃ ] = −ωc divx̃(∇ṽφ̃[f̃ ]) = −ωc divṽ(∇x̃φ̃[f̃ ]) = −ω2

c divṽ(
⊥V[f̃ ]).

We inquire now about the conservations of the limit model (12), (13). The velocity and

acceleration fields being divergence free, the equation (12) writes also into conservative form

∂tf̃ + divx̃{f̃V[f̃ ]}+ divṽ{f̃A[f̃ ]} = 0, (t, x̃, ṽ) ∈ R+ × R2 × R2

which implies the mass conservation. We search for other moments of f̃ which are conserved

in time. We establish first the following lemma.
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Lemma 2.1 Let f̃ = f̃(t, x̃, ṽ) be a solution of (12), (14), (15) and ψ = ψ(x̃, ṽ) be a C1

function. For any t ∈ R+ we have

2
d

dt

∫
R2

∫
R2

ψ(x̃, ṽ)f̃(t, x̃, ṽ) dṽdx̃ =

∫
R2

∫
R2

∫
R2

∫
R2

f̃(t, ỹ, w̃)f̃(t, x̃, ṽ)

×
[

1

ωc

(
∇ỹψ(ỹ, w̃)−∇x̃ψ(x̃, ṽ)

)
· ⊥∇e(x̃− ỹ) 1{|x̃−ỹ|>|ṽ−w̃|/|ωc|}

+ (∇ṽψ(x̃, ṽ)−∇w̃ψ(ỹ, w̃)) · ⊥∇e
(
ṽ − w̃
ωc

)
1{|x̃−ỹ|<|ṽ−w̃|/|ωc|}

]
dw̃dỹdṽdx̃

where e(z) = − 1
2π ln |z|, z ∈ R2 \ {0} is the fundamental solution of the Laplace operator in

R2.

Proof. We combine (12) with the representation formulae (22), (23). We obtain

d

dt

∫
R2

∫
R2

ψ(x̃, ṽ)f̃(t, x̃, ṽ) dṽdx̃ =

∫
R2

∫
R2

[
∇x̃ψ · V[f̃(t)] +∇ṽψ · A[f̃(t)]

]
f̃(t, x̃, ṽ) dṽdx̃

= − 1

ωc

∫
R2

∫
R2

∫
R2

∫
R2

∇x̃ψ(x̃, ṽ) · ⊥∇e(x̃− ỹ) 1{|x̃−ỹ|>|ṽ−w̃|/|ωc|}f̃(t, ỹ, w̃)f̃(t, x̃, ṽ) dw̃dỹdṽdx̃

+

∫
R2

∫
R2

∫
R2

∫
R2

∇ṽψ(x̃, ṽ) · ⊥∇e
(
ṽ − w̃
ωc

)
1{|x̃−ỹ|<|ṽ−w̃|/|ωc|}f̃(t, ỹ, w̃)f̃(t, x̃, ṽ) dw̃dỹdṽdx̃.

(30)

The key point is to interchange (x̃, ṽ) against (ỹ, w̃) and to apply Fubini theorem

d

dt

∫
R2

∫
R2

ψ(x̃, ṽ)f̃(t, x̃, ṽ) dṽdx̃ =

∫
R2

∫
R2

∫
R2

∫
R2

f̃(t, x̃, ṽ)f̃(t, ỹ, w̃) dw̃dỹ dṽdx̃ (31)

×
[

1

ωc
∇ỹψ(ỹ, w̃) · ⊥∇e(x̃− ỹ)1{|x̃−ỹ|> |ṽ−w̃||ωc|

} −∇w̃ψ(ỹ, w̃) · ⊥∇e
(
ṽ − w̃
ωc

)
1{|x̃−ỹ|< |ṽ−w̃||ωc|

}

]
.

Our conclusion follows by taking the sum of (30), (31).

The conclusions in Proposition 1.1 come easily thanks to Lemma 2.1.

Proof. (of Proposition 1.1)

1. The conservations of the limit Vlasov-Poisson problem follow immediately, taking as test

function 1, x̃, ṽ, |x̃|2, |ṽ|2.

2. The electric energy writes

1

2

∫
R2

∫
R2

φ̃[f̃(t)](x̃, ṽ)f̃(t, x̃, ṽ) dṽdx̃ =
1

2

∫
R2

∫
R2

∫
R2

∫
R2

E(x̃−ỹ, ṽ−w̃)f̃(t, x̃, ṽ)f̃(t, ỹ, w̃) dw̃dỹ dṽdx̃.

This quantity is non negative, cf. Proposition 3.4. Taking into account that E is even with

respect to both variables (actually E(ξ, η) depends only on |ξ|, |η|), we obtain by Fubini

Theorem

d

dt

1

2

∫
R2

∫
R2

φ̃[f̃(t)](x̃, ṽ)f̃(t, x̃, ṽ) dṽdx̃ =

∫
R2

∫
R2

φ̃[f̃(t)](x̃, ṽ)∂tf̃ dṽdx̃

=

∫
R2

∫
R2

[
∇x̃φ̃[f̃(t)] · V[f̃(t)] +∇ṽφ̃[f̃(t)] · A[f̃(t)]

]
f̃ dṽdx̃ = 0

and therefore the electric energy is conserved.
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3 Convergence results

This section is devoted to the rigorous justification of the asymptotic behavior as ε ↘ 0 for

the family (f ε, φε)ε>0 formally derived in Section 2. We make the following hypotheses on

the initial density f in(x, v)

H1
∫
R2

∫
R2 f

in(x, v) dvdx < +∞

H2
∫
R2

∫
R2
|v|2
2 f in(x, v) dvdx < +∞

H3 there is a bounded, non increasing function F in = F in(r) ∈ L∞ ∩ L1(R+; rdr), such

that f in(x, v) ≤ F in(|v|), (x, v) ∈ R2 × R2.

Under the above assumptions, it is well known that for any ε > 0, there is a weak solution

for the Vlasov-Poisson problem (9), (10), (11) cf. [2, 14, 4]. Following the arguments in [4],

leads to a L∞ estimate for the electric field, and therefore, if the initial density f in is smooth,

with compact support, then so is the restriction of f ε on [0, T ] × R2 × R2 for any T ∈ R+,

see [12]. We recall briefly the a priori estimates for the solutions (f ε, φε)ε>0. The continuity

equation

∂tρ
ε +

1

ε
divxj

ε = 0, ρε =

∫
R2

f ε dv, jε =

∫
R2

vfε dv

implies the total mass conservation∫
R2

∫
R2

f ε(t, x, v) dvdx =

∫
R2

∫
R2

f in(x, v) dvdx, t ∈ R+.

By standard computations we obtain the conservation of the total energy

d

dt

(∫
R2

∫
R2

|v|2

2
f ε(t, x, v) dvdx+

ε

2

∫
R2

|∇xφε(t, x)|2 dx

)
= 0, t ∈ R+. (32)

Usual interpolation inequalities provide an estimate for the L2 norm of the charge densities

(ρε)ε>0

‖ρε(t)‖L2(R2) ≤ 2
√
π‖f ε‖1/2L∞

(∫
R2

∫
R2

|v|2f ε(x, v) dvdx

)1/2

.

In particular, thanks to H2, H3, we have

‖ρin‖L2(R2) ≤ 2
√
π‖f in‖1/2L∞

(∫
R2

∫
R2

|v|2f in(x, v) dvdx

)1/2

≤ 2
√
π‖F in‖L∞

(∫
R2

∫
R2

|v|2f in(x, v) dvdx

)1/2

< +∞
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implying that Eε(0) = −∇xφε(0) belongs to H1(R2). Therefore, by the energy conservation

(32) we deduce

sup
0<ε<1,t∈R+

(∫
R2

∫
R2

|v|2

2
f ε(t, x, v) dvdx+

∫
R2

(ρε(t, x))2 dx

)
< +∞

and

sup
0<ε<1,t∈R+

‖∇xφε(t)‖H1(R2) < +∞.

Moreover, uniform L∞ bounds are available for the charge densities ρε and the electric fields

Eε := −∇xφε. For any (t, x) ∈ R+ × R2 and R > 0 we write

|∇xφε(t, x)| =
∣∣∣∣∫

R2

∇e(x− y)ρε(t, y) dy

∣∣∣∣ ≤ 1

2π

∫
|x−y|<R

ρε(t, y)

|x− y|
dy +

1

2π

∫
|x−y|≥R

ρε(t, y)

|x− y|
dy

≤ R‖ρε(t)‖L∞(R2) +
1

2πR
‖ρε(t)‖L1(R2).

Therefore, minimizing with respect to R > 0, we obtain the inequality

‖∇xφε(t)‖L∞(R2) ≤
√

2

π
‖ρε(t)‖1/2

L∞(R2)
‖f in‖1/2

L1(R2×R2)
. (33)

For estimating the charge density ρε, observe that f ε(t, x, v) = f in(Xε(0; t, x, v), V ε(0; t, x, v))

where (Xε, V ε) solve the characteristic system

dXε

dt
=
V ε(t)

ε
,

dV ε

dt
= Eε(t,Xε(t)) +

ωc
ε
⊥V ε(t)

with the condition (Xε, V ε)(t; t, x, v) = (x, v). It is easily seen that∣∣∣∣ d

dt
|V ε(t)|

∣∣∣∣ ≤ |Eε(t,Xε(t))| ≤ ‖Eε(t)‖L∞(R2)

implying that

|V ε(0; τ, x, v)| ≥ |v| −Rε(t), τ ∈ [0, t], Rε(t) =

∫ t

0
‖Eε(τ)‖L∞ dτ.

The hypothesis H3 yields for any t ∈ R+

f ε(t, x, v) = f in(Xε(0; t, x, v), V ε(0; t, x, v)) ≤ F in(|V ε(0; t, x, v)|)

and therefore

ρε(t, x) ≤
∫
R2

F in(|V ε(0; t, x, v)|) dv ≤
∫
|v|<2Rε(t)

F in(0) dv +

∫
|v|≥2Rε(t)

F in(|v| −Rε(t)) dv

≤ 4π(Rε(t))2‖F in‖L∞ + 4π‖F in‖L1(R+;rdr). (34)
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Combining (33) and (34) leads to

‖Eε(t)‖L∞ ≤
√

2

π
‖f in‖1/2

L1(R2×R2)
2
√
π
(
(Rε(t))2‖F in‖L∞ + ‖F in‖L1(R+;rdr)

)1/2
≤ 2
√

2‖f in‖1/2
L1(R2×R2)

(
‖F in‖1/2

L1(R+;rdr)
+ ‖F in‖1/2L∞

∫ t

0
‖Eε(τ)‖dτ

)
and by Gronwall lemma we deduce that

sup
ε>0
‖Eε‖L∞([0,t]×R2) + sup

ε>0
‖ρε‖L∞([0,t]×R2) < +∞, t ∈ R+. (35)

These conclusions are summarized up in the following proposition.

Proposition 3.1 Assume that f in satisfies the hypotheses H1, H2, H3. Let (f ε, φε)ε>0 be

the solutions for the Vlasov-Poisson problems (9), (10), (11). Then the densities f ε are non

negative and we have∫
R2

∫
R2

f ε(t) dvdx =

∫
R2

∫
R2

f in dvdx,

∫
R2

∫
R2

(f ε(t))2 dvdx =

∫
R2

∫
R2

(f in)2 dvdx, t ∈ R+

sup
0<ε<1,t∈R+

{∫
R2

∫
R2

|v|2

2
f ε(t, x, v) dvdx+

∫
R2

|∇xφε(t, x)|2

2
dx

}
< +∞

sup
ε>0
‖ρε‖L∞([0,t]×R2) < +∞, sup

0<ε<1
‖∇xφε‖L∞([0,t];W 1,p(R2)) < +∞, t ∈ R+, 1 ≤ p < +∞.

Remark 3.1 We consider the function F : R+ × R+ → R defined for any (a, r) ∈ R+ × R+

by

F (a, r) =

 F in(0), 0 ≤ r < a

F in(r − a), r ≥ a.

The function F belongs to C(R+;L1(R+; rdr)), is non increasing with respect to r, and non

decreasing with respect to a. Thanks to the inequality

|V ε(0; t, x, v)| ≥ |v| −
∫ t

0
‖Eε(τ)‖L∞(R2) dτ

it is easily seen that for any 0 < ε < 1 and (t, x, v) ∈ R+ × R2 × R2 we have

f ε(t, x, v) = f in(Xε(0; t, x, v), V ε(0; t, x, v)) ≤ F in(|V ε(0; t, x, v)|)

≤ F
(∫ t

0
‖Eε(τ)‖L∞(R2) dτ, |v|

)
≤ F

(
t sup
0<ε′<1

‖Eε′‖L∞([0,t]×R2), |v|
)
.

In order to get stability, when ε ↘ 0, we need to filter out the fast time oscillations, due to

the magnetic acceleration ωc
ε
⊥v. At any time t ∈ R+ we introduce the densities f̃ ε(t) in the

new coordinates

x̃ = x+
⊥v

ωc
, ṽ = R (ωct/ε) v
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that is

f ε(t, x, v) = f̃ ε
(
t, x+

⊥v

ωc
,R (ωct/ε) v

)
, (t, x, v) ∈ R+ × R2 × R2, ε > 0.

A straightforward application of the chain rule and standard manipulations with smooth test

functions allow us to transform the problem (9), (10), (11) into the problem

∂tf̃
ε−
⊥∇xφε

ωc
(t, x)·∇x̃f̃ ε−R (ωct/ε)∇xφε(t, x)·∇ṽf̃ ε = 0, x = x̃−ω−1c R (−ωct/ε) ⊥ṽ (36)

−∆xφ
ε =

∫
R2

f̃ ε
(
t, x+

⊥v

ωc
,R (ωct/ε) v

)
dv, (t, x) ∈ R+ × R2 (37)

f̃ ε(0, x̃, ṽ) = f in
(
x̃−

⊥ṽ

ωc
, ṽ

)
, (x̃, ṽ) ∈ R2 × R2. (38)

Observe that for any s ∈ R, the transformation (x, v) →
(
x̃ = x+

⊥v
ωc
, ṽ = R(ωcs)v

)
has

Jacobian determinant equal to 1 and thus it preserves the Lebesgue measure dx̃dṽ = dxdv.

Therefore the Lp norms of the new densities f̃ ε(t) are still conserved in time, for example∫
R2

∫
R2

f̃ ε(t, x̃, ṽ) dṽdx̃ =

∫
R2

∫
R2

f ε(t, x, v) dvdx =

∫
R2

∫
R2

f in(x, v) dvdx, t ∈ R+∫
R2

∫
R2

(f̃ ε(t, x̃, ṽ))2 dṽdx̃ =

∫
R2

∫
R2

(f ε(t, x, v))2 dvdx =

∫
R2

∫
R2

(f in(x, v))2 dvdx, t ∈ R+.

It is easily seen that f̃ ε(t), fε(t) have the same kinetic energy and satisfy the same L∞ bound∫
R2

∫
R2

f̃ ε(t, x̃, ṽ)
|ṽ|2

2
dṽdx̃ =

∫
R2

∫
R2

f ε(t, x, v)
|v|2

2
dvdx, t ∈ R+

‖f̃ ε‖L∞(R+×R2×R2) = ‖f ε‖L∞(R+×R2×R2) ≤ ‖F in‖L∞(R+).

Remark 3.2 With the notations of Remark 3.1, we have for any 0 < ε < 1

f̃ ε(t, x̃, ṽ) = f ε
(
t, x̃− ω−1c R (−ωct/ε) ⊥ṽ,R (−ωct/ε) ṽ

)
≤ F (t sup

0<ε′<1
‖Eε′‖L∞([0,t]×R2), |ṽ|), (t, x̃, ṽ) ∈ R+ × R2 × R2

and thus any weak ? limit density f in L∞ will satisfy

f̃(t, x̃, ṽ) ≤ F (T sup
0<ε′<1

‖Eε′‖L∞([0,T ]×R2), |ṽ|), (t, x̃, ṽ) ∈ [0, T ]× R2 × R2.

Actually the equation (36) may be written in conservative form. Indeed, let us consider the

functions

φ̃ε(t, x̃, ṽ) = φε
(
t, x̃− ω−1c R (−ωct/ε) ⊥ṽ

)
and notice that

⊥∇x̃φ̃ε(t, x̃, ṽ)

ωc
=
⊥∇xφε(t, x)

ωc
, ωc

⊥∇ṽφ̃ε = −R (ωct/ε)∇xφε(t, x).
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Therefore the equation (36) writes

∂tf̃
ε −

⊥∇x̃φ̃ε

ωc
· ∇x̃f̃ ε + ωc

⊥∇ṽφ̃ε · ∇ṽf̃ ε = 0, (t, x̃, ṽ) ∈ R+ × R2 × R2

or equivalently

∂tf̃
ε − divx̃

(
f̃ εω−1c

⊥∇x̃φ̃ε
)

+ divṽ

(
f̃ εωc

⊥∇ṽφ̃ε
)

= 0, (t, x̃, ṽ) ∈ R+ × R2 × R2.

Remark 3.3 The solutions (f̃ ε)0<ε<1 propagate with finite speed on any interval [0, T ], uni-

formly with respect to the parameter ε ∈]0, 1[. This is a consequence of the L∞ bound (35)

for the electric fields. For any T ∈ R+, t ∈ [0, T ], 0 < ε < 1 we prove that∫
R2

∫
R2

f̃ ε(t, x̃, ṽ)1{
√
|x̃|2+|ṽ|2>R} dṽdx̃ ≤

∫
R2

∫
R2

f in
(
x̃−

⊥ṽ

ωc
, ṽ

)
1{
√
|x̃|2+|ṽ|2>R−tET }

dṽdx̃

and∫
R2

∫
R2

(f̃ ε(t, x̃, ṽ))21{
√
|x̃|2+|ṽ|2>R} dṽdx̃ ≤

∫
R2

∫
R2

(
f in
(
x̃−

⊥ṽ

ωc
, ṽ

))2

1{
√
|x̃|2+|ṽ|2>R−tET }

dṽdx̃

with

ET =

√
1 + ω−2c sup

0<ε<1
‖Eε‖L∞([0,T ]×R2) < +∞.

As the density (x̃, ṽ)→ f in
(
x̃− ⊥ṽ

ωc
, ṽ
)

belongs to L1(R2×R2)∩L2(R2×R2), we deduce that

lim
R→+∞

sup
0<ε<1,t∈[0,T ]

{‖f̃ ε(t)‖L1({BR) + ‖f̃ ε(t)‖L2({BR)} = 0, T ∈ R+

where {BR = {(x̃, ṽ) : |x̃|2 + |ṽ|2 ≥ R2}.

Remark 3.4 Notice that if the initial density f in = f in(x, v) is compactly supported in

R2×R2, then the density (x̃, ṽ)→ f in(x̃− ⊥ṽ/ωc, ṽ) remains compactly supported in R2×R2.

By the finite speed propagation property (cf. Remark 3.3), we deduce that for any T ∈ R+, the

densities f̃ ε|[0,T ]×R2×R2, and therefore f ε|[0,T ]×R2×R2, remain compactly supported, uniformly

with respect to ε ∈]0, 1[. In particular the charge densities ρε|[0,T ]×R2 remain compactly sup-

ported, uniformly with respect to ε ∈]0, 1[, and therefore the electric potentials φε(t) = e?ρε(t)

remain locally bounded on [0, T ]× R2, uniformly with respect to ε ∈]0, 1[.

For any test function ψ ∈ C1
c (]0, T [×R2 ×R2), we can write thanks to the uniform estimates

of (f̃ ε)ε>0 in L∞(R+;L2(R2 × R2)) and of (Eε)ε>0 in L∞([0, T ]× R2)∫ T

0

∫
R2

∫
R2

f̃ ε∂tψ dṽdx̃dt =

∫ T

0

∫
R2

∫
R2

f̃ ε
[⊥∇xφε

ωc
(t, x) · ∇x̃ψ +R (ωct/ε)∇xφε(t, x) · ∇ṽψ

]
dṽdx̃dt

≤
∫ T

0
‖f̃ ε(t)‖L2(R2×R2)

[
‖∇xφε(t)‖L∞

|ωc|
‖∇x̃ψ(t)‖L2 + ‖∇xφε(t)‖L∞‖∇ṽψ(t)‖L2

]
dt

≤ CT ‖ψ‖L1([0,T ];H1(R2×R2)).
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We deduce that {∂tf̃ ε : 0 < ε < 1} is bounded in L∞([0, T ];H−1(BR)) for any ball BR =

{(x̃, ṽ) : |x̃|2 + |ṽ|2 < R2}. As the set {f̃ ε, 0 < ε < 1} is bounded in L∞([0, T ];L2(BR)), we

obtain by standard compactness results [3, 16] that {f̃ ε, 0 < ε < 1} is relatively compact

in L∞([0, T ];H−1(BR)) for any ball BR ⊂ R2 × R2 and any T ∈ R+. Based on the above

compactness property of the family (f̃ ε)0<ε<1 we can pass to the limit, when ε ↘ 0, in

the problems (36), (37), (38). Let (εk)k∈N ⊂]0, 1[ be a sequence converging to 0 and f̃ ∈

L∞(R+;L2(R2×R2)) such that (f̃ εk)k converges to f̃ weakly ? in L∞(R+;L2(R2×R2)) and

L∞(R+ × R2 × R2), and (f̃ εk)k converges to f̃ strongly in L∞([0, T ];H−1(BR)) for any ball

BR ⊂ R2 × R2 and any T ∈ R+. By weak ? convergence we obtain immediately that f̃ ≥ 0

and

‖f̃‖L∞ ≤ lim inf
k→+∞

‖f̃ εk‖L∞ = lim inf
k→+∞

‖f εk‖L∞ ≤ ‖F in‖L∞

‖f̃‖L∞(R+;L1(R2×R2)) ≤ ‖f in‖L1(R2×R2), ‖f̃‖L∞(R+;L2(R2×R2)) ≤ ‖f in‖L2(R2×R2)

∥∥∥∥∫
R2

∫
R2

f̃(·, x̃, ṽ)
|ṽ|2

2
dṽdx̃

∥∥∥∥
L∞(R+)

≤ lim inf
k→+∞

∥∥∥∥∫
R2

∫
R2

f̃ εk(·, x̃, ṽ)
|ṽ|2

2
dṽdx̃

∥∥∥∥
L∞(R+)

= lim inf
k→+∞

∥∥∥∥∫
R2

∫
R2

f εk(·, x, v)
|v|2

2
dvdx

∥∥∥∥
L∞(R+)

< +∞.

Moreover, thanks to the finite speed propagation property, we check that∫
R2

∫
R2

f̃(t, x̃, ṽ) dṽdx̃ =

∫
R2

∫
R2

f in(x, v) dvdx, t ∈ R+.

The weak formulation of (36), (37) written for smooth test functions ψ ∈ C2
c (R+ ×R2 ×R2)

yields

−
∫
R+

∫
R2

∫
R2

f̃ εk∂tψ dṽdx̃dt−
∫
R2

∫
R2

f̃(0, x̃, ṽ)ψ(0, x̃, ṽ) dṽdx̃+

∫
R+

∫
R2

∫
R2

f̃ εk(t, x̃, ṽ) (39)

×
[⊥∇xφεk

ωc
(t, x) · ∇x̃ψ +R (ωct/εk)∇xφεk(t, x) · ∇ṽψ

]
dṽdx̃dt = 0.

Clearly, the weak ? convergence of (f̃ εk)k in L∞(R+;L2(R2 × R2)) implies

lim
k→+∞

∫
R+

∫
R2

∫
R2

f̃ εk∂tψ dṽdx̃dt =

∫
R+

∫
R2

∫
R2

f̃∂tψ dṽdx̃dt.

We are done if we handle the bilinear terms entering the last integral in (39). We claim that

(⊥∇xφεk(t, x) · ∇x̃ψ)k and (R (ωct/εk)∇xφεk(t, x) · ∇ṽψ)k are bounded in L1(R+;H1(R2 ×

R2)). Indeed, taking T,R > 0 such that supp ψ ⊂ [0, T [×BR, we obtain, thanks to the
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uniform estimates in Proposition 3.1

sup
k
‖⊥∇xφεk · ∇x̃ψ‖L1(R+;L2(R2×R2))

= sup
k

∫
R+

(∫
R2

∫
R2

(
⊥∇xφεk(t, x̃− ω−1c R (−ωct/εk) ⊥ṽ) · ∇x̃ψ

)2
dṽdx̃

)1/2

dt

≤ sup
k

∫ T

0
‖∇x̃ψ‖L∞

(∫
BR

|∇xφεk(t, x̃− ω−1c R (−ωct/εk) ⊥ṽ)|2dṽdx̃

)1/2

dt

≤ ‖∇x̃ψ‖L∞ sup
k

∫ T

0

(∫
|ṽ|≤R

∫
|x̃|≤R

|∇xφεk(t, x̃− ω−1c R (−ωct/εk) ⊥ṽ)|2dx̃dṽ

)1/2

dt

≤ T‖∇x̃ψ‖L∞
√
πR2 sup

t∈R+,k
‖∇xφεk(t)‖L2(R2) < +∞.

Similarly one gets

sup
k
‖R (ωct/εk)∇xφεk · ∇ṽψ‖L1(R+;L2(R2×R2)) ≤ T‖∇ṽψ‖L∞

√
πR2 sup

t∈R+,k
‖∇xφεk(t)‖L2(R2)

saying that the sequence (ξk)k given by

ξk(t, x̃, ṽ) =
⊥∇xφεk
ωc

·∇x̃ψ+R (ωct/εk)∇xφεk ·∇ṽψ = (
⊥∇x̃φ̃εk
ωc

,−ωc ⊥∇ṽφ̃εk)·∇x̃,ṽψ, k ∈ N

remains in a bounded set of L1(R+;L2(R2 ×R2)). We claim that (∇x̃,ṽ ξk)k is also bounded

in L1(R+;L2(R2 ×R2)). For that it is enough to check that all second derivatives of φεk are

uniformly bounded in L∞([0, T ];L2(BR))

sup
t∈R+,k

‖∂x̃,ṽ∇x̃,ṽφ̃εk(t)‖L2(BR) < +∞.

It is easily seen that

∂x̃∇x̃φ̃εk = ∂x∇xφεk , ∂ṽ∇ṽφ̃εk = ω−2c R(ωct/εk + π/2)∂x∇xφεkR(−ωct/εk − π/2)

∂ṽ∇x̃φ̃εk = −ω−1c ∂x∇xφεkR (−ωct/εk − π/2) , ∂x̃∇ṽφ̃εk = −ω−1c R(ωct/εk + π/2)∂x∇xφεk

and therefore, by Proposition 3.1, we obtain as before

sup
t∈R+,k

‖∂x∇xφεk(t, x̃− ω−1c R (−ωct/εk) ⊥ṽ)‖L2(BR) ≤ sup
t∈R+,k

√
πR2‖∂x∇xφεk(t)‖L2(R2).

We split the last integral of (39) in two terms∫
R+

∫
R2

∫
R2

f̃ εkξk dṽdx̃dt =

∫
R+

∫
R2

∫
R2

(f̃ εk − f̃)ξk dṽdx̃dt+

∫
R+

∫
R2

∫
R2

f̃ ξk dṽdx̃dt = T 1
k + T 2

k .

The compactness of (f̃ εk)k in L∞([0, T ];H−1(BR)) and the uniform bound of the sequence

(ξk)k in L1(R+;H1(R2 × R2)) allow us to get rid of T 1
k , as k → +∞

|T 1
k | =

∣∣∣∣∫ T

0
〈f̃ εk(t)− f̃(t), ξk(t)〉H−1(BR),H

1
0 (BR)

∣∣∣∣dt
≤ ‖f̃ εk − f̃‖L∞([0,T ];H−1(BR))‖ξk‖L1([0,T ];H1

0 (BR))
→ 0, as k → +∞.
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We investigate now the convergence of the sequence (T 2
k )k. Using the fundamental solution

(17) of the Laplace operator, we represent the sequence (ξk)k as

ξk(t, x̃, ṽ) = ∇x̃
∫
R2

∫
R2

e(x̃− ω−1c R (−ωct/εk) ⊥ṽ − y)f εk(t, y, w) dwdy

·
(
−ω−1c ⊥∇x̃ψ +R (−ωct/εk)∇ṽψ

)
=

∫
R2

∫
R2

∇e(x̃− ỹ − ω−1c R (−ωct/εk) ⊥(ṽ − w̃))f̃ εk(t, ỹ, w̃) dw̃dỹ

·
(
−ω−1c ⊥∇x̃ψ +R (−ωct/εk)∇ṽψ

)
.

Plugging the above formula for ξk in the expression of T 2
k , yields

T 2
k =

∫
R+

∫
R2

∫
R2

f̃ εk(t, ỹ, w̃)χk(t, ỹ, w̃) dw̃dỹdt

with

χk(t, ỹ, w̃) =

∫
R2

∫
R2

∇e(x̃− ỹ − ω−1c R (−ωct/εk) ⊥(ṽ − w̃)) ·
(
−ω−1c ⊥∇x̃ψ +R (−ωct/εk)∇ṽψ

)
× f̃(t, x̃, ṽ) dṽdx̃.

Having in mind the compactness of (f̃ εk)k in L∞([0, T ];H−1(BR)) we write

T 2
k =

∫
R+

∫
R2

∫
R2

(f̃ εk − f̃)χk dw̃dỹdt+

∫
R+

∫
R2

∫
R2

f̃χk dw̃dỹdt = T 3
k + T 4

k .

In order to pass to the limit, when k → +∞, in T 3
k , we need to estimate (χk)k uniformly in

L1([0, T ];H1
0 (BR)). Taking into account that ∇e(−z) = −∇e(z), we obtain

χk(t, ỹ, w̃) =

∫
R2

∫
R2

∇e(ỹ − x̃− ω−1c R (−ωct/εk) ⊥(w̃ − ṽ)) ·
(
ω−1c

⊥∇x̃ψ −R (−ωct/εk)∇ṽψ
)

× f̃(t, x̃, ṽ) dṽdx̃

= (divyπk)(t, ỹ − ω−1c R (−ωct/εk) ⊥w̃)

where

πk(t, y) =

∫
R2

e(y − x)rk(t, x) dx, rk(t, x) =

∫
R2

gk(t, x, v) dv (40)

gk(t, x, v) = f̃

(
t, x+

⊥v

ωc
,R (ωct/εk) v

)
×
(
ω−1c

⊥∇x̃ψ(t)−R (−ωct/εk)∇ṽψ(t)
)(

x+
⊥v

ωc
,R (ωct/εk) v

)
.

Clearly, the functions

αk(t, x, v) =
(
ω−1c

⊥∇x̃ψ(t)−R (−ωct/εk)∇ṽψ(t)
)(

x+
⊥v

ωc
,R (ωct/εk) v

)
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are uniformly bounded and supported in t ∈ [0, T [, |v| ≤ R, |x| ≤ (1+ |ωc|−1)R. The densities

F k(t, x, v) := f̃
(
t, x+

⊥v
ωc
,R (ωct/εk) v

)
satisfy

‖F k‖L∞ = ‖f̃‖L∞ ,
∫
R2

∫
R2

F k(t, x, v) dvdx =

∫
R2

∫
R2

f̃(t, x̃, ṽ) dṽdx̃ =

∫
R2

∫
R2

f in(x, v) dvdx.

The sequence (rk)k remains in a bounded set of L∞(R+ × R2) and L∞(R+;L1(R2)), and

therefore in a bounded set of L∞(R+;Lp(R2)) for any 1 < p < +∞. Thanks to (40), we

deduce that

sup
k∈N,t∈R+

‖divyπk(t)‖W 1,p(R2) < +∞, 1 < p < +∞.

In particular the sequence (divyπk)k is bounded in L∞(R+×R2) and in L∞(R+;H1(R2)). We

claim that limk→+∞ T
3
k = 0. Appealing to the finite speed propagation property for (f̃ εk)k

and to the uniform L∞ bound for (χk)k, it is enough to prove that

lim
k→+∞

∫
R+

∫
R2

∫
R2

(f̃ εk − f̃)(t, ỹ, w̃)θ(ỹ, w̃)χk(t, ỹ, w̃) dw̃dỹdt = 0

for any θ ∈ C1
c (R2×R2). Let us consider a C1 function θ, such that supp θ ⊂ BS , 0 ≤ θ ≤ 1.

We are done if we check that the sequence (θχk)k is bounded in L1([0, T ];H1
0 (BS)). This

comes immediately by the estimate of (divyπk)k in L∞(R+;H1(R2))

sup
k∈N,t∈R+

‖θχk(t)‖L2(R2×R2) ≤ sup
k∈N,t∈R+

‖χk(t)‖L2(BS) ≤ sup
k∈N,t∈R+

√
πS2‖divyπk(t)‖L2(R2) < +∞

and similarly

sup
k∈N,t∈R+

‖∇ỹ,w̃(θχk(t))‖L2(R2×R2)≤ sup
k∈N,t∈R+

{
‖∇ỹ,w̃θ‖L∞‖χk(t)‖L2(BS) + ‖θ‖L∞‖∇ỹ,w̃χk(t)‖L2(BS)

}
≤ C(θ)

√
πS2 sup

k∈N,t∈R+

{
‖divyπk(t)‖L2(R2) + ‖∇ydivyπk(t)‖L2(R2)

}
< +∞.

It remains to determine the limit of the sequence (T 4
k )k, given by

T 4
k =

∫
R+

∫
R2

∫
R2

f̃χk dw̃dỹdt =

∫
R+

∫
R2

∫
R2

∫
R2

∫
R2

Ψ(x̃, ṽ, ỹ, w̃, t, t/εk) dṽdx̃ dw̃dỹdt

where

Ψ(x̃, ṽ, ỹ, w̃, t, s) = f̃(t, x̃, ṽ)f̃(t, ỹ, w̃)∇e(x̃− ỹ − ω−1c R(−ωcs) ⊥(ṽ − w̃))

×
(
−ω−1c ⊥∇x̃ψ +R(−ωcs)∇ṽψ

)
.

Clearly, the function Ψ varies at two time scales. It depends on a slow time variable t ∈ R

and also on a fast time variable s = t/ε ∈ Rs. In order to handle the convergence of the

sequence (T 4
k )k, we appeal to a standard result in homogenization theory.
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Proposition 3.2 Let U = U(z, t, s) : O×R+×Rs → R be a function in L1(O×R+;C#(Rs)),

where O is an open set of RN and C#(Rs) stands for the set of continuous periodic functions

of (fixed) period L > 0. Then we have the convergence

lim
ε↘0

∫
O

∫
R+

|U(z, t, t/ε)| dtdz =
1

L

∫
O

∫
R+

∫ L

0
|U(z, t, s)| dsdtdz.

Proof. We know that the function (z, t) → ‖U(z, t, ·)‖C#(Rs) belongs to L1(O × R+) and

thus, for almost all z ∈ O the function t → ‖U(z, t, ·)‖C#(Rs) belongs to L1(R+). Therefore,

for almost all z ∈ O we have U(z, ·, ·) ∈ L1(R+;C#(Rs)), and by a classical result (see [1, 15])

we have

lim
ε↘0

∫
R+

|U(z, t, t/ε)| dt =
1

L

∫
R+

∫ L

0
|U(z, t, s)| dsdt, for a.a. z ∈ O.

Observe that the family
(∫

R+
|U(·, t, t/ε)|dt

)
ε

is dominated by a L1(O) function, that is∫
R+

|U(z, t, t/ε)| dt ≤
∫
R+

‖U(z, t, ·)‖C#(Rs)dt, for a.a. z ∈ O.

Therefore, by the dominated convergence theorem, we deduce that

lim
ε↘0

∫
O

∫
R+

|U(z, t, t/ε)| dtdz =
1

L

∫
O

∫
R+

∫ L

0
|U(z, t, s)| dsdtdz.

We intend to apply Proposition 3.2 with the function Ψ = Ψ(z, t, s) where z = (x̃, ṽ, ỹ, w̃) ∈

O = R8. Notice that Ψ is Tc-periodic with respect to the fast time variable s, where Tc =

2π/ωc is the rescaled cyclotronic period. Since the fundamental solution of the Laplace

operator has a singularity at z = 0, we proceed by approximation. Let us consider

eδ(z) = − 1

2π
ln
√
|z|2 + δ2, z ∈ R2 \ {0}, δ > 0

and

Ψδ(x̃, ṽ, ỹ, w̃, t, s) = f̃(t, x̃, ṽ)f̃(t, ỹ, w̃)∇eδ(x̃− ỹ − ω−1c R(−ωcs) ⊥(ṽ − w̃))

·
(
−ω−1c ⊥∇x̃ψ +R(−ωcs)∇ṽψ

)
.

Proposition 3.3 For any function ψ ∈ C1
c (R+ × R2 × R2) and any δ > 0 we have

lim
k→+∞

∫
R+

∫
R2

∫
R2

∫
R2

∫
R2

Ψδ(x̃, ṽ, ỹ, w̃, t, t/εk) dṽdx̃ dw̃dỹdt (41)

=
1

Tc

∫
R+

∫
R2

∫
R2

∫
R2

∫
R2

∫ Tc

0
Ψδ(x̃, ṽ, ỹ, w̃, t, s) ds dṽdx̃ dw̃dỹdt.
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Proof. Apply Proposition 3.2 with the function Ψδ(z, t, s), where z = (x̃, ṽ, ỹ, w̃) ∈ O = R8.

For any (z, t) ∈ O×R+, the function s→ Ψδ(z, t, s) belongs to C#(Rs) and if T is such that

supp ψ ⊂ [0, T [×R2 × R2, one gets∫
O

∫
R+

‖Ψδ(z, t)‖C#(Rs) dtdz ≤ 1

4πδ
‖∇x̃,ṽψ‖L∞

√
1 + ω−2c

∫ T

0

∫
O
f̃(t, x̃, ṽ)f̃(t, ỹ, w̃) dzdt

≤ T

4πδ
‖∇x̃,ṽψ‖L∞

√
1 + ω−2c ‖f in‖2L1(R2×R2) < +∞.

The conclusion follows by Proposition 3.2.

We need to pass to the limit, when δ ↘ 0, in (41). We introduce the notations

T 4
k,δ =

∫
O

∫
R+

Ψδ(z, t, t/εk) dtdz, T 4
δ =

1

Tc

∫
O

∫
R+

∫ Tc

0
Ψδ(z, t, s) dsdtdz

and

T 4 =
1

Tc

∫
O

∫
R+

∫ Tc

0
Ψ(z, t, s) dsdtdz.

We already know that

lim
k→+∞

T 4
k,δ = T 4

δ , for any δ > 0

and we claim that

lim
k→+∞

T 4
k = T 4. (42)

We are done if we prove that limδ↘0 T
4
δ = T 4 and

lim
δ↘0

sup
k∈N
|T 4
k,δ − T 4

k | = 0. (43)

Observe that |Ψδ(z, t, s)| ≤ |Ψ(z, t, s)| and limδ↘0 Ψδ(z, t, s) = Ψ(z, t, s), (z, t, s) ∈ O × R+ ×

Rs, δ > 0. Therefore the convergence of (T 4
δ )δ toward T 4 comes by the dominated convergence

theorem, provided that Ψ ∈ L1(O × R+ × [0, Tc]). Indeed, after change of variable one gets

1

Tc

∫
O

∫
R+

∫ Tc

0
|Ψ(z, t, s)| dsdtdz ≤ 1

Tc

∫ Tc

0

∫ T

0

∫
O
f̃

(
t, x+

⊥v

ωc
,R(ωcs)v

)
f̃

(
t, y +

⊥w

ωc
,R(ωcs)w

)
× ‖∇ψ‖L

∞

2π|x− y|

√
1 + ω−2c dzdtds.

We are done if we show that the application

(x, v, t, s)→
∫
R2

∫
R2

1

|x− y|
f̃

(
t, y +

⊥w

ωc
,R(ωcs)w

)
dwdy

is bounded on R2 × R2 × [0, T ] × [0, Tc]. By Remark 3.2 we know that for any (y, w, t, s) ∈

R2 × R2 × [0, T ]× [0, Tc] we have

f̃

(
t, y +

⊥w

ωc
,R(ωcs)w

)
≤ F (CT , |w|), CT = T sup

k
‖Eεk‖L∞([0,T ]×R2)
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and therefore∫
R2

∫
R2

1

|x− y|
f̃

(
t, y +

⊥w

ωc
,R(ωcs)w

)
dwdy ≤

∫
|x−y|≤1

1

|x− y|

∫
R2

F (CT , |w|) dwdy

+

∫
|x−y|>1

1

|x− y|

∫
R2

f̃

(
t, y +

⊥w

ωc
,R(ωcs)w

)
dwdy

≤ 4π2
∫ +∞

0
F (CT , r)r dr +

∫
R2

∫
R2

f in(y, w) dwdy < +∞.

We concentrate now to the uniform convergence (43). Assume that suppψ ⊂ [0, T [×BR.

Observe that

|∇eδ −∇e| =
δ2

2π|z|(|z|2 + δ2)
≤ 1

2π|z|
, z ∈ R2 \ {0}, δ > 0

which implies (here R′ = R(1 + 1/|ωc|) )

|T 4
k,δ − T 4

k | ≤
∫ T

0

∫
|x|≤R′

∫
|v|≤R

∫
R2

∫
R2

f̃

(
t, x+

⊥v

ωc
,R (ωct/εk) v

)
f̃

(
t, y +

⊥w

ωc
,R (ωct/εk)w

)
× ‖∇ψ‖L

∞

2π|x− y|
δ2

|x− y|2 + δ2

√
1 + ω−2c dwdydvdxdt

≤
∫ T

0

∫
|x|≤R′

∫
|v|≤R

∫
R2

∫
R2

F (CT , |v|)F (CT , |w|)

× ‖∇ψ‖L
∞

2π|x− y|
δ2

|x− y|2 + δ2

√
1 + ω−2c dwdydvdxdt.

It is enough to check that Iδ :=
∫
|x|≤R′

∫
R2

1
2π|x−y|

δ2

|x−y|2+δ2 dydx → 0 as δ ↘ 0. Indeed we

have

Iδ =

∫
|x|≤R′

∫
R2

1

2π|z|
δ2

|z|2 + δ2
dzdx =

π2

2
(R ′)2δ → 0, as δ ↘ 0
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and thus the convergence in (42) holds true. Finally we determined the limit of the non linear

term in the weak formulation (39)

lim
k→+∞

∫
R+

∫
R2

∫
R2

f̃ εk(t, x̃, ṽ)
[
ω−1c

⊥∇xφεk(t, x) · ∇x̃ψ +R (ωct/εk)∇xφεk(t, x) · ∇ṽψ
]

dṽdx̃dt

= lim
k→+∞

(T 1
k + T 2

k ) = lim
k→+∞

(T 1
k + T 3

k + T 4
k ) = T 4

=

∫
R+

∫
R2

∫
R2

f̃(t, x̃, ṽ)ω−1c ∇x̃ψ · ⊥∇x̃
∫
R2

∫
R2

f̃(t, ỹ, w̃)

× 1

Tc

∫ Tc

0
e(x̃− ỹ − ω−1c R(−ωcs) ⊥(ṽ − w̃)) ds dw̃dỹ dṽdx̃dt

−
∫
R+

∫
R2

∫
R2

f̃(t, x̃, ṽ)ωc∇ṽψ · ⊥∇ṽ
∫
R2

∫
R2

f̃(t, ỹ, w̃)

× 1

Tc

∫ Tc

0
e(x̃− ỹ − ω−1c R(−ωcs) ⊥(ṽ − w̃)) ds dw̃dỹ dṽdx̃dt

=

∫
R+

∫
R2

∫
R2

f̃(t, x̃, ṽ)ω−1c ∇x̃ψ · ⊥∇x̃
∫
R2

∫
R2

f̃(t, ỹ, w̃)E(x̃− ỹ, ṽ − w̃) dw̃dỹ dṽdx̃dt

−
∫
R+

∫
R2

∫
R2

f̃(t, x̃, ṽ)ωc∇ṽψ · ⊥∇ṽ
∫
R2

∫
R2

f̃(t, ỹ, w̃)E(x̃− ỹ, ṽ − w̃) dw̃dỹ dṽdx̃dt

= −
∫
R+

∫
R2

∫
R2

f̃(t, x̃, ṽ)
[
V[f̃(t)](x̃, ṽ) · ∇x̃ψ +A[f̃(t)](x̃, ṽ) · ∇ṽψ

]
dṽdx̃dt.

The limit formulation (39), as k → +∞, becomes

−
∫
R+

∫
R2

∫
R2

f̃∂tψ dṽdx̃dt−
∫
R2

∫
R2

f in
(
x̃−

⊥ṽ

ωc
, ṽ

)
ψ(0, x̃, ṽ) dṽdx̃

=

∫
R+

∫
R2

∫
R2

f̃
[
V[f̃(t)](x̃, ṽ) · ∇x̃ψ +A[f̃(t)](x̃, ṽ) · ∇ṽψ

]
dṽdx̃dt, ψ ∈ C2

c (R+ × R2 × R2).

Actually, the velocity and acceleration fields V[f̃ ],A[f̃ ] belong to L∞([0, T ] × R2 × R2), for

any T ∈ R+ (cf. (46), (47)) and we deduce, by density arguments, that the above formulation

holds true for any ψ ∈ C1
c (R+ × R2 × R2), saying that the density f̃ is a weak solution for

the problem

∂tf̃ + V[f̃(t)] · ∇x̃f̃ +A[f̃(t)] · ∇ṽf̃ = 0, (t, x̃, ṽ) ∈ R+ × R2 × R2 (44)

f̃(0, x̃, ṽ) = f in
(
x̃−

⊥ṽ

ωc
, ṽ

)
, (x̃, ṽ) ∈ R2 × R2

where

V[f̃(t)] = −ω−1c ⊥∇x̃φ̃[f̃(t)], A[f̃(t)] = ωc
⊥∇ṽφ̃[f̃(t)]

and

φ̃[f̃(t)](x̃, ṽ) =

∫
R2

∫
R2

E(x̃− ỹ, ṽ − w̃)f̃(t, ỹ, w̃) dw̃dỹ.

It remains to establish the strong convergence of (f̃ εk)k in L2([0, T ];L2(R2 × R2)) for any

T ∈ R+. We already know that (f̃ εk)k converges weakly ? in L∞(R+;L2(R2×R2)) toward f̃
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and therefore (f̃ εk |[0,T ])k converges weakly in L2([0, T ];L2(R2 × R2)) toward f̃ |[0,T ]. We are

done if we prove that∫
R2

∫
R2

(f̃(t, x̃, ṽ))2 dṽdx̃ =

∫
R2

∫
R2

(f̃(0, x̃, ṽ))2 dṽdx̃, t ∈ [0, T ]

since in that case we have∫ T

0

∫
R2

∫
R2

(f̃)2 dṽdx̃dt = T

∫
R2

∫
R2

(
f in
(
x̃−

⊥ṽ

ωc
, ṽ

))2

dṽdx̃ =

∫ T

0

∫
R2

∫
R2

(f̃ εk)2 dṽdx̃dt

saying that the weak convergence in L2([0, T ];L2(R2×R2)) becomes strong. The conservation

of the L2 norm of (f̃(t))t∈R+ is a consequence of the equality

∂t
(f̃)2

2
+ V[f̃(t)] · ∇x̃

(f̃)2

2
+A[f̃(t)] · ∇ṽ

(f̃)2

2
= 0 in D′(R+ × R2 × R2) (45)

which holds true provided that V[f̃ ],A[f̃ ] are smooth, for example if V[f̃ ],A[f̃ ] belongs to

L∞([0, T ];H1(BR)), T,R ∈ R+ cf. [9]. Indeed, we have by Proposition 2.2

∇x̃φ̃[f̃(t)](x̃, ṽ) =∇x̃(E ? f̃(t)) =∇ξE ? f̃(t) =−
∫
R2

∫
R2

x̃− ỹ
2π|x̃− ỹ|2

f̃(t, ỹ, w̃)1{|x̃−ỹ|> |ṽ−w̃||ωc|
} dw̃dỹ

and

∇ṽφ̃[f̃(t)](x̃, ṽ) =∇ṽ(E ? f̃(t)) =∇ηE ? f̃(t) =−
∫
R2

∫
R2

ṽ − w̃
2π|ṽ − w̃|2

f̃(t, ỹ, w̃)1{|x̃−ỹ|≤ |ṽ−w̃||ωc|
} dw̃dỹ.

Thanks to the inequality f̃(t, ỹ, w̃) ≤ F (CT , |w̃|), (t, ỹ, w̃) ∈ [0, T ]× R2 × R2, we obtain

|ωcV([f̃(t)])| = |∇x̃φ̃[f̃(t)]| ≤
∫
R2

∫
R2

f̃(t, ỹ, w̃)

2π|x̃− ỹ|
dw̃dỹ (46)

≤
∫
R2

∫
R2

1{|x̃−ỹ|≤1}

2π|x̃− ỹ|
f̃(t, ỹ, w̃) dw̃dỹ +

∫
R2

∫
R2

1{|x̃−ỹ|>1}

2π|x̃− ỹ|
f̃(t, ỹ, w̃) dw̃dỹ

≤
∫
R2

∫
R2

1{|x̃−ỹ|≤1}

2π|x̃− ỹ|
F (CT , |w̃|) dw̃dỹ +

∫
R2

∫
R2

f̃(t, ỹ, w̃)

2π
dw̃dỹ

= ‖F (CT , | · |)‖L1(R2) +
1

2π
‖f in‖L1(R2×R2) < +∞, (t, x̃, ṽ) ∈ [0, T ]× R2 × R2

and similarly

|ω−1c A([f̃(t)])| = |∇ṽφ̃[f̃(t)]| ≤
∫
R2

∫
R2

1{|x̃−ỹ|≤|ṽ−w̃|/|ωc|}

2π|ṽ − w̃|
f̃(t, ỹ, w̃) dw̃dỹ (47)

=

∫
|ṽ−w̃|≤1

1

2π|ṽ − w̃|

∫
|x̃−ỹ|≤ |ṽ−w̃||ωc|

f̃(t, ỹ, w̃) dỹdw̃

+

∫
|ṽ−w̃|>1

1

2π|ṽ − w̃|

∫
|x̃−ỹ|≤ |ṽ−w̃||ωc|

f̃(t, ỹ, w̃) dỹdw̃

≤
∫
|ṽ−w̃|≤1

1

2π|ṽ − w̃|
π‖F in‖L∞

|ṽ − w̃|2

ω2
c

dw̃ +
1

2π
‖f in‖L1(R2×R2)

=
π‖F in‖L∞

3ω2
c

+
1

2π
‖f in‖L1(R2×R2) < +∞, (t, x̃, ṽ) ∈ [0, T ]× R2 × R2.
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The previous computations say that the velocity and acceleration fields V[f̃ ],A[f̃ ] in (45)

belong to L∞([0, T ] × R2 × R2), for any T ∈ R+, and thus (f̃)2

2 will propagate with finite

speed (once that we have established (45)). Let us estimate now the velocity and acceleration

fields in L∞([0, T ];H1(BR)). Clearly V[f̃ ],A[f̃ ] ∈ L∞([0, T ];L2(BR)) and we need to estimate

the second derivatives of φ̃[f̃ ] in L∞([0, T ];L2(BR)). Thanks to Proposition 2.2 we obtain

∂2x̃φ̃[f̃(t)] = ∂2x̃(E ? f̃(t)) = ∂2ξE ? f̃(t)

= −
∫
R2

∫
R2

(
I2 − 2

(x̃− ỹ)⊗ (x̃− ỹ)

|x̃− ỹ|2

)
f̃(t, ỹ, w̃)1{|x̃−ỹ|>|ṽ−w̃|/|ωc|}

2π|x̃− ỹ|2
dw̃dỹ

−
∫
|x̃−ỹ|= |ṽ−w̃||ωc|

(x̃− ỹ)⊗ (x̃− ỹ)

|x̃− ỹ|2
f̃(t, ỹ, w̃)

2π|x̃− ỹ|
√

1 + ω−2c
dσ(ỹ, w̃).

We are done if we show that

I1(t, x̃, ṽ) :=

∫
R2

∫
|x̃−ỹ|> |ṽ−w̃||ωc|

f̃(t, ỹ, w̃)

2π|x̃− ỹ|2
dỹdw̃

and

I2(t, x̃, ṽ) :=

∫
R2

∫
|x̃−ỹ|= |ṽ−w̃||ωc|

f̃(t, ỹ, w̃)

2π|x̃− ỹ|
dσ(ỹ)dw̃

belong to L∞([0, T ];L2(BR)). For the first integral I1 we write

I1(t, x̃, ṽ) =

∫
R2

∫
|x̃−ỹ|>max

{
|ṽ−w̃|
|ωc|

,1
} f̃(t, ỹ, w̃)

2π|x̃− ỹ|2
dỹdw̃ +

∫
R2

∫
1≥|x̃−ỹ|> |ṽ−w̃||ωc|

f̃(t, ỹ, w̃)

2π|x̃− ỹ|2
dỹdw̃

≤ 1

2π
‖f in‖L1(R2×R2) +

∫
|ṽ−w̃|<|ωc|

F (CT , |w̃|)
∫
1≥|x̃−ỹ|> |ṽ−w̃||ωc|

1

2π|x̃− ỹ|2
dỹdw̃

=
1

2π
‖f in‖L1(R2×R2) +

∫
|ṽ−w̃|<|ωc|

F (CT , |w̃|) ln
|ωc|
|ṽ − w̃|

dw̃ = I ′1 + I ′2

and we observe that∫
BR

(I ′2)
2 dṽdx̃ ≤

∫
|x̃|≤R

∫
|ṽ|≤R

(∫
|ṽ−w̃|<|ωc|

F (CT , |w̃|) ln
|ωc|
|ṽ − w̃|

dw̃

)2

dṽdx̃

≤ πR2

∫
|ṽ|≤R

(∫
|ṽ−w̃|<|ωc|

F (CT , |w̃|) dw̃

)(∫
|ṽ−w̃|<|ωc|

F (CT , |w̃|) ln2 |ωc|
|ṽ − w̃|

dw̃

)
dṽ

≤ πR2‖F (CT , | · |)‖L1(R2)

∫
R2

F (CT , |w̃|)
∫
|ṽ−w̃|<|ωc|

ln2 |ωc|
|ṽ − w̃|

dṽdw̃

= πR2‖F (CT , | · |)‖2L1(R2)ω
2
c

∫
|z|≤1

ln2 |z| dz < +∞.

The second integral I2 belongs to L∞([0, T ]× R2 × R2), and thus to L∞([0, T ];L2(BR))

I2(t, x̃, ṽ) ≤
∫
R2

F (CT , |w̃|)
∫
|x̃−ỹ|= |ṽ−w̃||ωc|

dσ(ỹ)

2π|x̃− ỹ|
dw̃ =

∫
R2

F (CT , |w̃|) dw̃ < +∞.
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Similarly, the second derivatives with respect to ṽ are given by

∂2ṽ φ̃[f̃(t)] = ∂2ṽ(E ? f̃(t)) = ∂2ηE ? f̃(t)

= −
∫
R2

∫
R2

(
I2 − 2

(ṽ − w̃)⊗ (ṽ − w̃)

|ṽ − w̃|2

)
f̃(t, ỹ, w̃)1{|x̃−ỹ|≤|ṽ−w̃|/|ωc|}

2π|ṽ − w̃|2
dw̃dỹ

−
∫
|x̃−ỹ|= |ṽ−w̃||ωc|

(ṽ − w̃)⊗ (ṽ − w̃)

|ṽ − w̃|2
f̃(t, ỹ, w̃)

2π|ṽ − w̃|
√

1 + ω2
c

dσ(ỹ, w̃)

and we observe that

I3(t, x̃, ṽ) :=

∫
R2

∫
|x̃−ỹ|≤ |ṽ−w̃||ωc|

f̃(t, ỹ, w̃)

2π|ṽ − w̃|2
dỹdw̃

≤ 1

2ω2
c

∫
R2

F (CT , |w̃|) dw̃ < +∞, (t, x̃, ṽ) ∈ [0, T ]× R2 × R2

and

I4(t, x̃, ṽ) :=

∫
R2

∫
|x̃−ỹ|= |ṽ−w̃||ωc|

f̃(t, ỹ, w̃)

2π|ṽ − w̃|
dσ(ỹ)dw̃

≤ 1

|ωc|

∫
R2

F (CT , |w̃|) dw̃ < +∞, (t, x̃, ṽ) ∈ [0, T ]× R2 × R2.

Finally the second derivatives (∇x̃ ⊗∇ṽ)φ̃[f̃ ] are bounded as well. Indeed we have

(∇x̃ ⊗∇ṽ)φ̃[f̃(t)] = (∇x̃ ⊗∇ṽ)(E ? f̃(t)) = (∇ξ ⊗∇ηE) ? f̃(t)

=

∫
|x̃−ỹ|= |ṽ−w̃||ωc|

(x̃− ỹ)⊗ (ṽ − w̃)

|x̃− ỹ| |ṽ − w̃|
f̃(t, ỹ, w̃)

2πωc|ṽ − w̃|
dσ(ỹ, w̃)√

1 + ω−2c

and

I5(t, x̃, ṽ) :=

∫
R2

∫
|x̃−ỹ|= |ṽ−w̃||ωc|

f̃(t, ỹ, w̃)

2π|ṽ − w̃|
dσ(ỹ)dw̃

≤ 1

|ωc|

∫
R2

F (CT , |w̃|) dw̃ < +∞, (t, x̃, ṽ) ∈ [0, T ]× R2 × R2.

The previous computations show that V[f̃ ],A[f̃ ] ∈ L∞([0, T ]×R2×R2)∩L∞([0, T ];H1(BR))

for any T,R ∈ R+. Therefore (45) holds true and the finite speed propagation property

allows us to establish the conservation of the L2 norm of (f̃(t))t∈R+ . We deduce that (f̃ εk)k

converges strongly in L2([0, T ];L2(R2 × R2)) toward f̃ , for any T ∈ R+.

Remark 3.5 Since V[f̃ ],A[f̃ ] belong to L∞([0, T ]× R2 × R2) for any T ∈ R+, the equation

(44) propagates all moments in (x̃, ṽ). Indeed, thanks to the inequalities

d

dt

∫
R2

∫
R2

f̃(t, x̃, ṽ)|x̃|m dṽdx̃ ≤ m
∫
R2

∫
R2

|V[f̃(t)]|f̃(t, x̃, ṽ)|x̃|m−1 dṽdx̃, m ∈ N?

d

dt

∫
R2

∫
R2

f̃(t, x̃, ṽ)|ṽ|n dṽdx̃ ≤ n
∫
R2

∫
R2

|A[f̃(t)]|f̃(t, x̃, ṽ)|ṽ|n−1 dṽdx̃, n ∈ N?
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it is easily seen, by recurrence, that∫
R2

∫
R2

f̃(·, x̃, ṽ)|x̃|m dṽdx̃ ∈ L∞([0, T ]),

∫
R2

∫
R2

f̃(·, x̃, ṽ)|ṽ|n dṽdx̃ ∈ L∞([0, T ])

provided that∫
R2

∫
R2

f in
(
x̃−

⊥ṽ

ωc
, ṽ

)
|x̃|m dṽdx̃ < +∞,

∫
R2

∫
R2

f in
(
x̃−

⊥ṽ

ωc
, ṽ

)
|ṽ|n dṽdx̃ < +∞.

Remark 3.6 For any s ∈ R we consider the function ρs : R+ × R2 × R2 → R+ given by

ρ̃s(t, x̃, ṽ) =

∫
R2

f̃(t, x̃− ω−1c R(−ωcs) ⊥(ṽ − w̃), w̃) dw̃, (t, x̃, ṽ) ∈ R+ × R2 × R2.

Observe that for any (t, x̃, ṽ) ∈ [0, T ]× R2 × R2 we have

0 ≤ ρ̃s(t, x̃, ṽ) ≤
∫
R2

F (CT , |w̃|) dw̃ < +∞

saying that ρ̃s ∈ L∞([0, T ]× R2 × R2), uniformly with respect to s ∈ R. Notice also that for

any (t, ṽ) ∈ R+ × R2 we have∫
R2

ρ̃s(t, x̃, ṽ) dx̃ =

∫
R2

∫
R2

f̃(t, x̃− ω−1c R(−ωcs) ⊥(ṽ − w̃), w̃) dx̃dw̃ = ‖f in‖L1(R2×R2).

Therefore the family (ρ̃s)s remains into a bounded set of L∞([0, T ] × R2
ṽ;L

1 ∩ L∞(R2
x̃)), for

any T ∈ R+. We introduce the average charge density

ρ̃(t, x̃, ṽ) =
1

Tc

∫ Tc

0
ρ̃s(t, x̃, ṽ) ds, (t, x̃, ṽ) ∈ R+ × R2 × R2

which verifies

0 ≤ ρ̃(t, x̃, ṽ) ≤ ‖F (CT , | · |)‖L1(R2), (t, x̃, ṽ) ∈ [0, T ]× R2 × R2 (48)

and ∫
R2

ρ̃(t, x̃, ṽ) dx̃ = ‖f in‖L1(R2×R2), (t, ṽ) ∈ R+ × R2.

The definition of the function E allows us to write for any (t, x̃, ṽ) ∈ R+ × R2 × R2

φ̃[f̃(t)](x̃, ṽ) =

∫
R2

∫
R2

E(x̃− ỹ, ṽ − w̃)f̃(t, ỹ, w̃) dw̃dỹ

=
1

Tc

∫ Tc

0

∫
R2

∫
R2

e(x̃− ỹ − ω−1c R(−ωcs) ⊥(ṽ − w̃))f̃(t, ỹ, w̃) dw̃dỹds

=
1

Tc

∫ Tc

0

∫
R2

∫
R2

e(x̃− z̃)f̃(t, z̃ − ω−1c R(−ωcs) ⊥(ṽ − w̃), w̃)dw̃dz̃ds

=
1

Tc

∫ Tc

0

∫
R2

e(x̃− z̃)ρ̃s(t, z̃, ṽ) dz̃ds

=

∫
R2

e(x̃− z̃)ρ̃(t, z̃, ṽ) dz̃

= (e ? ρ̃(t, ·, ṽ))(x̃).
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Therefore the function φ̃[f̃(t)] satisfies the Poisson equation (see also (24))

−∆x̃φ̃[f̃(t)] = ρ̃(t, x̃, ṽ) =

∫
R2

1

Tc

∫ Tc

0
f̃(t, x̃− ω−1c R(−ωcs) ⊥(ṽ − w̃), w̃) ds dw̃.

If the initial density f in = f in(x, v) is compactly supported in R2×R2, we know by Remark 3.4

that for any T ∈ R+, the densities f̃ εk |[0,T ]×R2×R2 remain compactly supported, uniformly

with respect to k ∈ N. By weak ? convergence we obtain that f̃ |[0,T ]×R2×R2 is compactly

supported and therefore x̃→ ρ̃s(t, x̃, ṽ) remain compactly supported, uniformly with respect

to s ∈ R and (t, ṽ) ∈ [0, T ]×{ṽ ′, |ṽ ′| ≤ R}. We deduce that x̃→ ρ̃(t, x̃, ṽ) remains compactly

supported, uniformly with respect to (t, ṽ) ∈ [0, T ] × {ṽ ′, |ṽ ′| ≤ R}. As ρ̃ is bounded on

[0, T ] × R2 × R2 (cf. (48)) we establish that φ̃[f̃(t)](x̃, ṽ) =
∫
R2 e(x̃ − z̃)ρ̃(t, z̃, ṽ)dz̃ is locally

bounded on [0, T ]× R2 × R2.

We inquire now about the stability of the electric potentials

φ̃εk(t, x̃, ṽ) = φεk(t, x̃− ω−1c R (−ωct/εk)⊥ ṽ).

Proposition 3.4 Assume that the hypotheses of Theorem 1.1 hold true. Moreover suppose

that the initial density f in has compact support in R2 × R2. Then we have the following

convergences, as k → +∞, for any ψ ∈ C0
c (R+ × R2 × R2)

lim
k→+∞

∫
R+

∫
R2

∫
R2

φ̃εkψ dṽdx̃dt =

∫
R+

∫
R2

∫
R2

φ̃ψ dṽdx̃dt

lim
k→+∞

−
∫
R+

∫
R2

∫
R2

ω−1c
⊥∇x̃φ̃εkψ dṽdx̃dt =

∫
R+

∫
R2

∫
R2

V[f̃(t)](x̃, ṽ)ψ dṽdx̃dt

lim
k→+∞

∫
R+

∫
R2

∫
R2

ωc
⊥∇ṽφ̃εkψ dṽdx̃dt =

∫
R+

∫
R2

∫
R2

A[f̃(t)](x̃, ṽ)ψ dṽdx̃dt.

Moreover, we have for any η ∈ C0
c (R+)

lim
k→+∞

∫
R+

η(t)

∫
R2

|∇xφεk(t, x)|2 dxdt =

∫
R+

η(t)

∫
R2

∫
R2

f̃(t, x̃, ṽ)φ̃[f̃(t)](x̃, ṽ) dṽdx̃dt.

Proof. As (φ̃εk)k, φ̃ are uniformly locally bounded on [0, T ] × R2 × R2 cf. Remarks 3.4,

3.6, we may assume, without loss of generality, that ψ ∈ C1
c (R+ × R2 × R2). Pick a C1 test

function ψ with support contained in [0, T ]×BR and observe that∫
R+

∫
R2

∫
R2

φεkψ dṽdx̃dt =

∫
R+

∫
R2

∫
R2

φεk(t, x̃− ω−1c R (−ωct/εk) ⊥ṽ)ψ dṽdx̃dt

=

∫
R+

∫
R2

∫
R2

f̃ εk(t, ỹ, w̃)βk(t, ỹ, w̃) dw̃dỹdt
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where for any (t, ỹ, w̃) ∈ R+ × R2 × R2

βk(t, ỹ, w̃) =

∫
R2

∫
R2

ψ(t, x̃, ṽ)e(x̃− ỹ − ω−1c R (−ωct/εk) ⊥(ṽ − w̃)) dṽdx̃

=

∫
R2

e(z̃)

∫
R2

ψ(t, ỹ + z̃ + ω−1c R (−ωct/εk) ⊥(ṽ − w̃), ṽ) dṽdz̃.

Since e = e(z) is locally integrable on R2, it is easily seen that (βk)k remains into a bounded

set of L∞([0, T ];H1
0 (BR)), for any T,R ∈ R+, and thus thanks to the strong convergence

of (f̃ εk)k in L∞([0, T ];H−1(BR)), combined to Proposition 3.2, we obtain as in the proof of

Theorem 1.1

lim
k→+∞

∫
R+

∫
R2

∫
R2

φεkψ dṽdx̃dt =

∫
R+

∫
R2

∫
R2

f̃(t, ỹ, w̃)

∫
R2

∫
R2

ψ(t, x̃, ṽ)

× 1

Tc

∫ Tc

0
e(x̃− ỹ − ω−1c R(−ωcs) ⊥(ṽ − w̃)) ds dṽdx̃ dw̃dỹdt

=

∫
R+

∫
R2

∫
R2

φ̃[f̃(t)](x̃, ṽ)ψ(t, x̃, ṽ) dṽdx̃dt.

We have to check that the function

I6(z̃, ṽ, ỹ, w̃, t, s) := f̃(t, ỹ, w̃) e(z̃) ψ(t, ỹ + z̃ + ω−1c R(−ωcs) ⊥(ṽ − w̃), ṽ)

belongs to L1(R8 × R+;C#(Rs)). For doing that, observe that

|ψ(t, ỹ + z̃ + ω−1c R(−ωcs) ⊥(ṽ − w̃), ṽ)| ≤ ‖ψ‖L∞1{0≤t≤T}1{|ṽ|≤R}1{|ỹ+z̃+ω−1
c R(−ωcs) ⊥(ṽ−w̃)|≤R}

≤ ‖ψ‖L∞1{0≤t≤T}1{|ṽ|≤R}1{|z̃|≤R(1+|ωc|−1)+|ỹ|+|ωc|−1|w̃|}

and therefore we can write∫
R8

∫
R+

sup
s
|I6(z̃, ṽ, ỹ, w̃, t, s)| dz̃dṽdỹdw̃dt ≤

∫ T

0

∫
R2

∫
R2

f̃(t, ỹ, w̃)‖ψ‖L∞

×
∫
|ṽ|≤R

∫
R2

|e(z̃)|1{|z̃|≤R(1+|ωc|−1)+|ỹ|+|ωc|−1|w̃|} dz̃dṽ dw̃dỹdt

≤ C‖ψ‖L∞
∫ T

0

∫
R2

∫
R2

f̃(t, ỹ, w̃)(1 + |ỹ|3 + |w̃|3) dw̃dỹdt < +∞.

The second and third convergences are consequences of the first one (establish them for test

functions ψ ∈ C2
c (R+ ×R2 ×R2) and then proceed by density arguments, using the uniform

bounds (46), (47), (35)).

For the last convergence, we combine one more time the strong convergence of (f̃ εk)k in

34



L∞([0, T ];H−1(BR)), for any T,R ∈ R+ and Proposition 3.2. For any η ∈ C0
c (R+) we obtain∫

R+

η(t)

∫
R2

|∇xφεk(t, x)|2 dxdt =

∫
R+

η(t)

∫
R2

∫
R2

f εk(t, x, v)φεk(t, x) dvdxdt

=

∫
R+

η(t)

∫
R2

∫
R2

f εk(t, x, v)

∫
R2

∫
R2

f εk(t, y, w)e(x− y) dwdy dvdxdt

=

∫
R+

∫
R2

∫
R2

∫
R2

∫
R2

η(t)f̃ εk(t, x̃, ṽ)f̃ εk(t, ỹ, w̃)

× e(x̃− ỹ − ω−1c R (−ωct/εk) ⊥(ṽ − w̃)) dw̃dỹ dṽdx̃dt

−→
k→+∞

∫
R+

∫
R2

∫
R2

∫
R2

∫
R2

η(t)f̃(t, x̃, ṽ)f̃(t, ỹ, w̃)

× 1

Tc

∫ Tc

0
e(x̃− ỹ − ω−1c R(−ωcs) ⊥(ṽ − w̃)) dw̃dỹ dṽdx̃dt

=

∫
R+

∫
R2

∫
R2

η(t)f̃(t, x̃, ṽ)φ̃[f̃(t)](x̃, ṽ) dṽdx̃dt.

In particular we deduce that t→
∫
R2

∫
R2 f̃(t, x̃, ṽ)φ̃[f̃(t)](x̃, ṽ) dṽdx̃ is non negative on R+.

Remark 3.7 Clearly, the hypothesis on the support compactness for the initial density f in

can be relaxed. For example, the first convergence in Proposition 3.4 holds true provided that

the initial density has finite moments of order three, that is∫
R2

∫
R2

f in(x, v)(|x|3 + |v|3) dṽdx̃ < +∞.

4 The three dimensional setting

We concentrate now on the three dimensional finite Larmor radius regime (2), (3), (4). We

perform a formal analysis, by indicating the expected results. The fast dynamics appears

only in the orthogonal directions, and we will see that the homogenization procedure can be

reduced essentially to that of the two dimensional case. Filtering out the fast cyclotronic

motion leads to the new densities f̃ ε(t, x̃, ṽ) = f ε(t, x, v) where

x̃ =

(
x+

⊥v

ωc
, x3

)
, ṽ = (R (ωct/ε) v, v3) .

Written in the new phase space coordinates, the Vlasov problem becomes

∂tf̃
ε − ω−1c ⊥∇xφε(t, x) · ∇x̃f̃

ε + ṽ3∂x̃3 f̃
ε −R (ωct/ε)∇xφε(t, x) · ∇ṽf̃

ε − ε∂x3φε∂ṽ3 f̃
ε = 0

with x =
(
x̃− ω−1c R (−ωct/ε) ⊥ṽ, x3

)
, together with the initial condition

f̃ ε(0, x̃, ṽ) = f in

(
x̃−

⊥ṽ

ωc
, x̃3, ṽ

)
.
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Solving the Poisson equation (3), one gets

φε(t, x) =
1

4πε

∫
R3

ρε(t, y)√
|x− y|2 + ε−2(x3 − y3)2

dy =
1

4π

∫
R3

ρε(t, y, x3 + εu)√
|x− y|2 + u2

dydu

implying that

∇xφε(t, x) = − 1

4π

∫
R3

ρε(t, y, x3 + εu)

(|x− y|2 + u2)3/2
(x− y) dydu.

Neglecting the variations of the charge density ρε along the x3 axis, we obtain when ε becomes

small

∇xφε(t, x) = − 1

4π

∫
R2

ρε(t, y, x3)(x− y)

∫
R

du

(|x− y|2 + u2)3/2
dy + o(1)

= − 1

2π

∫
R2

ρε(t, y, x3)
x− y
|x− y|2

dy + o(1)

=

∫
R2

∇e(x− y)ρε(t, y, x3) dy + o(1)

since, by direct computation we check that
∫
R

du
(a2+u2)3/2

= 2
a2
, a > 0. Notice that, at least

formally, we have

εφε(t, x) =
ε

4π

∫
R3

ρε(t, y)
∂

∂y3
ln

[
y3 − x3

ε
+
√
|x− y|2 + ε−2(x3 − y3)2

]
dy

= − ε

4π

∫
R3

∫
R3

∂y3f
ε(t, y, w) ln

[
y3 − x3

ε
+
√
|x− y|2 + ε−2(x3 − y3)2

]
dwdy

= − ε

4π

∫
R3

∫
R3

∂ỹ3 f̃
ε(t, ỹ, w̃)

× ln

[
ỹ3 − x̃3

ε
+

√
|x̃− ỹ − ω−1c R (−ωct/ε) ⊥(ṽ − w̃)|2 + ε−2(x̃3 − ỹ3)2

]
dw̃dỹ

−→
ε↘0

0

as suggested by the pointwise convergence

lim
ε↘0

ε ln

[
ỹ3 − x̃3

ε
+

√
|x̃− ỹ − ω−1c R (−ωct/ε) ⊥(ṽ − w̃)|2 + ε−2(x̃3 − ỹ3)2

]
= 0

at any point such that |x̃ − ỹ| 6= |ṽ − w̃|/|ωc|. Neglecting also the parallel electric field we

obtain the problem

∂tf̃
ε − ω−1c ⊥∇xφε(t, x) · ∇x̃f̃

ε + ṽ3∂x̃3 f̃
ε −R (ωct/ε)∇xφε(t, x) · ∇ṽf̃

ε = o(1)

with

∇xφε(t, x) =

∫
R2

∇e(x− y)ρε(t, y, x3) dy

= ∇x̃

∫
R2

∫
R3

e(x̃− ỹ − ω−1c R (−ωct/ε) ⊥(ṽ − w̃))f̃ ε(t, ỹ, x3, w̃) dw̃dỹ.

Based on the two dimensional analysis, we expect that the limit density f̃ = limε↘0 f̃
ε solves

the problem announced in Theorem 1.2.
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A Average fundamental solution of the Laplace operator

Proof. (of Proposition 2.2)

1. If ξ = 0 and η 6= 0 we are done since we have

E(0, η) =
1

2π

∫ 2π

0
e

(
−R(θ)

ωc
η

)
dθ =

1

2π

∫ 2π

0
e

(
η

ωc

)
dθ = e

(
η

ωc

)
.

Assume now that ξ 6= 0 and let us observe that E(ξ, η) = F (ξ, |η|/|ωc|), where

F(ξ, r) =

 1
2πr

∫
|z−ξ|=r e(z) dσ(z), if r > 0

e(ξ), if r = 0.

For any r ∈]0, |ξ|[ we have

d

dr
F(ξ, r) =

d

dr

1

2π

∫
|y|=1

e(ξ + ry) dσ(y)

=
1

2π

∫
|y|=1

∇e(ξ + ry) · y dσ(y)

=
1

2πr

∫
|z−ξ|=r

∇e(z) · z − ξ
r

dσ(z)

=
1

2πr

∫
|z−ξ|<r

∆e(z) dz = 0.

Therefore the function r → F(ξ, r) is constant on ]0, |ξ|[

F (ξ, r) = lim
r′↘0

F (ξ, r′) = e(ξ) = F (ξ, 0), 0 < r < |ξ|. (49)

The value of F(ξ, |ξ|) follows by direct computation

F (ξ, |ξ|) =
1

2π

∫ π

−π
e(|ξ|(1− cos θ,− sin θ)) dθ

=
1

π

∫ π

0

(
− 1

2π

)
ln

(
|ξ|2 sin

θ

2

)
dθ

= e(ξ)− 1

2π2

∫ π

0
ln

(
2 sin

θ

2

)
dθ = e(ξ)

where we have used the Euler integral
∫ π/2
0 ln sinx dx = −π

2 ln 2. Therefore the function

r → F(ξ, r) is constant on [0, |ξ|]. If r > |ξ|, the function e(·) has a singularity inside the disk

of center ξ and radius r and therefore, we have for any δ small enough

d

dr
F(ξ, r) =

1

2πr

∫
|z−ξ|=r

∇e(z) · z − ξ
r

dσ(z)

=
1

2πr

∫
|z|=δ

∇e(z) · z
δ

dσ(z) = − 1

2πr
.
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Therefore, for any r ≥ |ξ| we obtain

F(ξ, r) = F (ξ, |ξ|)−
∫ r

|ξ|

du

2πu
= − 1

2π
ln r. (50)

Combining (49), (50) yields

F(ξ, r) = − 1

2π
ln r 1{|ξ|≤r} + e(ξ)1{|ξ|>r}

saying that

E(ξ, η) = F
(
ξ,
|η|
|ωc|

)
= e

(
η

ωc

)
1{|ξ|≤|η|/|ωc|} + e(ξ)1{|ξ|>|η|/|ωc|}.

2. Notice that the functions E(ξ, η),∇e(ξ)1{|ξ|>|η|/|ωc|}, ω−1c ∇e
(
η
ωc

)
1{|ξ|≤|η|/|ωc|} are locally

integrable on R2×R2, and therefore our statement makes sense. Pick a function ϕ ∈ C1
c (R2×

R2) and observe that

−
∫
R2×R2

E(ξ, η)∇ξϕ d(ξ, η) = −
∫
|ξ|≤ |η||ωc|

e

(
η

ωc

)
∇ξϕ d(ξ, η)−

∫
|ξ|> |η||ωc|

e(ξ)∇ξϕ d(ξ, η)

= −
∫
R2

e

(
η

ωc

)∫
|ξ|≤ |η||ωc|

∇ξϕ dξdη −
∫
R2

∫
|ξ|> |η||ωc|

e(ξ)∇ξϕ dξdη

= −
∫
R2

e

(
η

ωc

)∫
|ξ|= |η||ωc|

ϕ
ξ

|ξ|
dσ(ξ)dη +

∫
R2

∫
|ξ|= |η||ωc|

e(ξ)ϕ
ξ

|ξ|
dσ(ξ)dη

+

∫
R2

∫
|ξ|> |η||ωc|

∇e(ξ)ϕ(ξ, η) dξdη

=

∫
R2×R2

∇e(ξ)1{|ξ|> |η||ωc|}
ϕ(ξ, η) d(ξ, η).

Therefore we have ∇ξE(ξ, η) = ∇e(ξ)1{|ξ|> |η|ωc }
in D′(R2 × R2). Similarly we obtain

−
∫
R2×R2

E(ξ, η)∇ηϕ d(ξ, η) = −
∫
|ξ|≤ |η||ωc|

e

(
η

ωc

)
∇ηϕ d(ξ, η)−

∫
|ξ|> |η||ωc|

e(ξ)∇ηϕ d(ξ, η)

= −
∫
R2

∫
|ξ|≤ |η||ωc|

e

(
η

ωc

)
∇ηϕ dηdξ −

∫
R2

e(ξ)

∫
|ξ|> |η||ωc|

∇ηϕ dηdξ

=

∫
R2×R2

1

ωc
∇e
(
η

ωc

)
1{|ξ|≤ |η||ωc|}

ϕ(ξ, η) d(ξ, η)

saying that ∇ηE(ξ, η) = ω−1c ∇e
(
η
ωc

)
1{|ξ|≤ |η|ωc }

in D′(R2 × R2).

3. Pick a function ϕ ∈ C2
c (R2 × R2) and observe that for any i, j ∈ {1, 2} we have

〈∂2ξiξjE , ϕ〉D′,D = −〈∂ξjE , ∂ξiϕ〉D′,D

= −
∫
R2

∫
|ξ|> |η||ωc|

∂je(ξ)∂ξiϕ dξdη

=

∫
R2

∫
|ξ|> |η||ωc|

∂2ije(ξ)ϕ dξdη +

∫
R2

∫
|ξ|= |η||ωc|

∂je(ξ)
ξi
|ξ|
ϕ(ξ, η) dσ(ξ)dη.
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Therefore we obtain

∂2ξE = −
(
I2 − 2

ξ ⊗ ξ
|ξ|2

)
1{|ξ|>|η|/|ωc|}d(ξ, η)

2π|ξ|2
− ξ ⊗ ξ
|ξ|2

1{|ξ|=|η|/|ωc|}dσ(ξ, η)

2π|ξ|
√

1 + ω−2c

and in particular

∆ξE = −
1{|ξ|=|η|/|ωc|}dσ(ξ, η)

2π|ξ|
√

1 + ω−2c
.

Similarly we have

〈∂2ξiηjE , ϕ〉D′,D = −〈∂ηjE , ∂ξiϕ〉D′,D

= − 1

ωc

∫
R2

∂je

(
η

ωc

)∫
|ξ|≤ |η||ωc|

∂ξiϕ dξdη

= − 1

ωc

∫
R2

∂je

(
η

ωc

)∫
|ξ|= |η||ωc|

ϕ(ξ, η)
ξi
|ξ|

dσ(ξ)dη

=
1

ωc

∫
|ξ|= |η||ωc|

ηjξiϕ(ξ, η)

2π|η|2 |ξ|
√

1 + ω−2c
dσ(ξ, η)

implying that

(∇ξ ⊗∇η)E = t(∇η ⊗∇ξ)E =
ξ ⊗ η
|ξ| |η|

1{|ξ|=|η|/|ωc|}

2πωc|η|
√

1 + ω−2c
dσ(ξ, η).

Finally we write

〈∂2ηiηjE , ϕ〉D′,D = −〈∂ηjE , ∂ηiϕ〉D′,D

= − 1

ωc

∫
R2

∫
|ξ|≤ |η||ωc|

∂je

(
η

ωc

)
∂ηiϕ dηdξ

=

∫
R2

∫
|ξ|≤ |η||ωc|

∂2ije(η)ϕ(ξ, η) dηdξ +

∫
R2

∫
|ξ|= |η||ωc|

∂je(η)
ηi
|η|
ϕ dσ(η)dξ

and thus

∂2ηE = −
(
I2 − 2

η ⊗ η
|η|2

)
1{|ξ|≤|η|/|ωc|}d(ξ, η)

2π|η|2
− η ⊗ η
|η|2

1{|ξ|=|η|/|ωc|}dσ(ξ, η)

2π|η|
√

1 + ω2
c

.

In particular we obtain

∆ηE = −
1{|ξ|=|η|/|ωc|}dσ(ξ, η)

2π|η|
√

1 + ω2
c

.
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[10] E. Frénod, E. Sonnendrücker, Homogenization of the Vlasov equation and of the Vlasov-

Poisson system with strong external magnetic field, Asymptotic Anal. 18(1998) 193-213.
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