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INTRODUCTION

This document is a technical attachment to [1] for explicit
computations of the nominal states and the inputs of a Pro-
tocentric Aerial Manipulator (PAM) in 2D, using differential
flatness property. In [1] these values are used to control a
PAM in 3D. Furthermore, considering the aerial manipulator
design used for the experiments in that paper, here we inves-
tigate the case when the system is non-protocentric; i.e., the
manipulating arm is not exactly attached to the CoM of the
flying robot, Py. We show the effect of the distance between
this attachment point and P, on the performance tracking a
composite trajectory. Finally some additional plots related to
the experimental results are provided.

A. Aerial physical interaction

For the reader interested in aerial vehicles physically inter-
acting with the external environment, a rapidly expanding and
broad topic, we also suggest the reading of [2], where a force
nonlinear observer for aerial vehicles is proposed, of [3], where
an IDA-PBC controller is used for modulating the physical
interaction of aerial robots, of [4], [5] where fully actuated
platforms for full wrench exertion are presented, of [6]-[8]
where the capabilities of exerting forces with a tool are studied,
and finally of [9]-[11] where aerial manipulators with elastic-
joint arms are modeled and their controllability properties
discovered. The reader interested in the analysis and control of
tethered aerial vehicles (another form of physical interaction)
is also referred to [12], where flatness, controllability and
observability is studied, to [13] where the case of a moving
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base is thoroughly analyzed, to [14] where real experiments for
tethered landing on sloped surfaces is shown, and to [15], [16]
where the case of multiple tethered vehicles is investigated.

I. EXPLICIT COMPUTATION OF THE NOMINAL STATES AND
THE INPUTS

In Sec. IV of [1] we describe how the nominal states and
the inputs of a PAM can be computed as sole functions of the
flat outputs and their derivatives up to the fourth order. These
flat outputs are given in the Fact. 1 of [1]asy = [p{ _ql]” €
R(™+2) where the generalized coordinates of the PAM in 2D is
chosen as q2 = [p§,_ 0o g7 ]7 € R*™™ and the control inputs
of the system are uy = [u; u, 77|7 € R2". This means
that while the CoM positions of the VTOL and the absolute
orientations of the links are direct functions of the flat outputs,
y, the computations of 6, 6o (flying base pitch and its time
implicit.

Let us start with the computations of 6, 0o, and u,. As it
is given in (10) of the paper, these values are functions of the
CoM position of the overall system, p. and its derivative P,
(actually we also need to compute P, because by depends
on it, and 6, is needed for computing the torque w,.). Let us
then compute the derivatives of p.. Taking the time derivatives
of (11) of the paper (from second up to the fourth order), we
have;

m 7Lj
Pc = ms<mopomz +Z(Z(mﬁ Pii + Mm; Pm ))>

j=1 i=1

.= ni<mo'p'0“+z(2(mﬁ Bis + Mm, B ))) (1)

j=1 i=1
1 m nd

pc = m<m0 .f)'Omz +Z (Z(mﬂ pz] + mmij'f)'nbij ))) .
S j=1 i=1

Now, for P., P, D, to be functions of the flat outputs only
we must show that P;i, Pm_;» Piss 'ﬁm“_, Piis 'f)'m“_ can be
computed using only the flat outputs and their derivatives.
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Flat outputs

From Fact 1 of [1], y = [p%;z ql1T € R?+™. Since 3fe : po,., = fe(pe;z qr), it is also ye = [pZH ql|T e RZH7,

Nominal States

The variables po,,,, Po,,, d- and g, are direct functions of y and y. This leaves 6y and 6o to be computed.
From (10) of [1], 6o = 6o(Bc). Hence from (1): Pe = Be(Po,. s Pmypus Prr)s Pmyu = Pm,u (¥, ¥, ),
f)l/“ = I‘jl/“ (y7y7y) — ﬁc = pC(y7yay) Then 90 - 00(y7yay)

.I.).UM = 'ISVN (y7Y7ya y) - pc = pc(yay7y7y) Then éo = éO(y,y,y, y)

Nominal Inputs | Considering (10) of [1] and P, from the above; first uy = ut(Pe) = ue = we(y,y,y)-

Then, from [11, 3f+ : 7or = Tor41 + fr(Po,.,qr, Ar, Qr) = Ton = Toe(y,y,¥) where Tpry1 = 0 for v# = nt.

From (15) of [1], ur = Jofo + 23”:1 715 — da, ut. Above it is show that uy = ui(y,y,¥). Tie = 110 (Y, ¥, ¥)s

TABLE I: A summarizing table of the differential flatness of PAMs in 2D. Different outputs of the system are given on the top. The nominal
states and inputs as implicit functions of the flat outputs and their derivatives up to the fourth order are provided. Note that for the v*-th
element of the system; p,» and p, , are the (time varying) individual link and motor CoM positions represented in Fy, respectively.

Fig. 1: A physical model of a PAM done in Sim Mechanics of
Simulink—Matlab. The flying base is modeled as a cylindric disk
having the same mass and inertial parameters of our real VTOL
system. Similar is done to the manipulating arm, consisting of two
rigid bars. The actuation of the VTOL is done by applying —u:zo
and u, at and around Py in 3D, respectively. Manipulating arms are
actuated via velocity controlled motors.

For the v-th motor of the p-th manipulator (v*-th motor of
the system) it is:

I.jmyu (ya Ya Y) = f)ozz +7 (qr’ﬁ QT“ ’ ("]T“)
—_———

=0, f vr=1
‘ﬁm,,u (yv Y7 ya y) = .F').o“ + Y2 (un ’ qr“ ) élr“u qw) (2)
=0, if vi=1
'f).myu (y7 Ya yv y7 y) = 'ij'012+73(qr”7 qr“ ) Elr“v qrua 'C.l'ru%
=0, if vi=1
where
vh—1
Y1 = Z (Row aiuéow - R()il—baw égiu)
iH=1
vH—1
Yo = Z (Roi# aiub.()iu — 3Roin aiuéow é()iu — R()iu HW 0SW)
H=1
vH—1
Y3 = Z (Roiuraw .éoow — 4Ro,‘/L(_1iu éow .éow—

=1

— 3R0iu aiu Ggw — GROiu aiu éol'u 1981# + ROiM aiu Ggm )

with d. = d, + d, as defined in [1] and R, = 2B=_ This

gives the linear accelerations of the v*-th motor CoM in the
xw — zw plane, and its first and second derivatives w.r.t. time
as sole functions of the flat outputs. For the v*-th link it is:

Puv = Pmyu + Rovudyubopn — Ropudyubf,,.

Bou = Do, + Ropedyn Oopn— 3)
— 3Royudyubounbopn — Ropud, b3,

Pou= 'ﬁ'mw + RO]/!‘dV"’.é.OIJ“ - 4R0uuduuéow .éow—

—3Rg udyu ég,,u 6Ro,ud,u éOu“ éguu + Ropudyn ééu“'

Using (2) in (3) we compute the linear acceleration of
the v#-th link CoM in the xw — zw plane, and its first
and second time derivatives as sole functions of the flat
outputs. Substituting both (2) and (3) in (1) we do the same
for the overall system CoM accelerations and its derivatives.
Finally applying what derived so far to (10) in [1] and taking
into account (9) in [1], we compute the nominal values of

90 (ya Y7 Y), é(](yv Y7 5’7 Y)s and Ut (y7 y$ Y) as sole functions
of the flat outputs and their finite number of derivatives.

The computation of u,,7,», and hence T are explained
in [1]. Any further computation necessary to create the explicit
mapping from the flat outputs to these inputs are already given
in [10] and in [17]. A summary of these results is given in
Table I.

II. EXTENSIVE SIMULATIONS

In [1], the experimental validation of the proposed controller
using differential flatness is presented. The experimental setup
consists of a Quadrotor VTOL and a two DoF manipulating
arm (see Fig. 3 of the paper). The arm is attached to the
quadrotor, with a 6[cm] of offset along the z-axis of Fy
between the position of CoM of the VTOL (Py) and the first
joint. Despite this not being conform with the protocentric
assumption of the design, performance degradation effects on
the controller were not particularly noticeable.

This leads us to the question; what is the effect of the non-
protocentricity, i.e., what if in the real system there is a generic
offset between the CoM of the VTOL and the first joint of
which the controller is not aware? An attempt to answer this



question is done in a simulation environment, using a physics-
based model of our experimental setup built in Sim-Mechanics
of Matlab—Simulink (see Fig. 1 for details).

Define dy = [dy, do.]7 € R? as the relative position
between the attachment point of the first motor of the manipu-
lating arm and P espressed in Fy. We run a set of simulations
testing the tracking of composite trajectories in the flat output
space using the proposed controller, while varying the value
dy between the ranges

min max

o™ =0 [m], dyg'** = 0.4 [m],
dg'™ = —0.4 [m], di'** = 0.4 [m]

z

with a discrete sampling of 15 points. Thrust and torque limits
of the quadrotor VTOL are also imposed (VTOL torque limits
are chosen as +/ — 4.55 Nm; the minimum thrust is set to
1 [N] while maximum thrust is set to 21 [N]). The results are
given in Fig. 2.

The initial condition is set far from the start of the desired
trajectory in order to test the transient behavior. However
from Fig. 2 it is clear that all the tracked outputs converge
to their desired ones quickly. It is clearly shown that for the
protocentric design, dg = 0, the controller lets the system
track the desired outputs almost perfectly. When the system
is not protocentric (dg # 0), then the outputs of the system
start to diverge from the desired ones, which in turn forces
the system actuators towards their limits. This is due to the
dynamic effect of the non-protocentric design which is not
considered in the controller, as well as the actuation limits that
do not allow the feedback term of the controller to steer the
system quickly to the desired values (see the last row of Fig. 1
for the control inputs). Nonetheless, the feedback term is still
able to keep the real behavior close enough to the desired one,
showing a good robustness, as explained in Sec. III of [1].

In the future, we plan to investigate the non-protocentric
aerial manipulators and their control more in detail.

IIT. DETAILED EXPERIMENTAL RESULTS

In this section, and in particular in Figs 3, 4 and 5, we
integrate the plots related to the experimental results presented
in [1] with some additional informations, i.e., , the full state
of the VTOL (position and orientation) and its thrust. The
considerations and comments of the figures are the same of
the ones in the paper.
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Fig. 3: Experimental results for trajectory (a).
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Fig. 2: Simulations for an aerial manipulator which is not protocentric. The controller assumes the protocentric design as presented in [1].
The coordinates in the plane of interest (xw X zw ) are shown in the first two columns, and all the other coordinates are gathered in the last
row of the second column. The control inputs of the VTOL are given in the last row. The desired trajectories are depicted with black dashed
curves. The blue solid curve used for the coordinates of the PAM when the model is protocentric (do = 0). The red color is used to depict
the evolution of the system with different non-protocentric designs (dg # 0): the maximum and the minimum values of all coordinates out
of 15 simulations are plotted, and the space between them is filled in pink. A similar color code is used also for the control inputs. In the
last sub-figures of the second and third rows, a different color code is used, but the same way of plotting is applied (notice that all values
are almost zero). Notice the transient phase at the beginning of the simulations.
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Fig. 5: Experimental results for trajectory (c).
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