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AREA-PRESERVING DIFFEOMORPHISMS OF THE HYPERBOLIC
PLANE AND K-SURFACES IN ANTI-DE SITTER SPACE

FRANCESCO BONSANTE AND ANDREA SEPPI

ABSTRACT. We prove that any weakly acausal curve I' in the boundary of Anti-de Sitter
(2+1)-space is the asymptotic boundary of two spacelike K-surfaces, one of which is
past-convex and the other future-convex, for every K € (—oo,—1). The curve I is the
graph of a quasisymmetric homeomorphism of the circle if and only if the K-surfaces
have bounded principal curvatures. Moreover in this case a uniqueness result holds.

The proofs rely on a well-known correspondence between spacelike surfaces in Anti-
de Sitter space and area-preserving diffeomorphisms of the hyperbolic plane. In fact, an
important ingredient is a representation formula, which reconstructs a spacelike surface
from the associated area-preserving diffeomorphism.

Using this correspondence we then deduce that, for any fixed 6 € (0,7), every qua-
sisymmetric homeomorphism of the circle admits a unique extension which is a #-landslide
of the hyperbolic plane. These extensions are quasiconformal.

1. INTRODUCTION

Since the groundbreaking work of Mess [Mes07], the interest in the study of Anti-de Sitter
manifolds has grown, often motivated by the similarities with hyperbolic three-dimensional
geometry, and with special emphasis on its relations with Teichmiiller theory of hyperbolic
surfaces. See for instance [ABB*07, BBZ07, BBZ11, BKS11, BS12, KS07, BST17]. In fact,
as outlined in [AAWO00, BS10, Sepl7b, Sepl6], several constructions can be generalized in
the context of universal Teichmiiller space. For instance, given a smooth spacelike convex
surface S in Anti-de Sitter space, or a maximal surface, one can define two projections from
S to the hyperbolic plane H?, and their composition provides a diffeomorphism ® between
domains of H?. In the context of non-smooth surfaces, an example of this phenomenon was
already introduced by Mess, who observed that a pleated surface provides an earthquake map
of H2. If S is a smooth mazimal surface (namely, a surface of zero mean curvature), then the
associated map is a minimal Lagrangian map. A generalization of minimal Lagragian maps
are the so-called -landslides, which are one of the main objects of this paper. A #-landslide
can be defined as a composition ® = f5 o (f;)~!, where f; and fo are harmonic maps from
a fixed Riemann surface, with Hopf differentials satisfying the relation

Hopf(f1) = eszOpf(fz) .

The #-landslides are precisely the maps associated to K-surfaces, i.e. surfaces of constant
Gaussian curvature.

In this paper, we will frequently jump from one approach to the other: on the one hand,
the study of convex surfaces in Anti-de Sitter space, with special interest in K-surfaces;
on the other hand, the corresponding diffeomorphisms of (subsets of) H?, in particular 6-
landslides.

The authors were partially supported by FIRB 2010 project “Low dimensional geometry and topology”
(RBFR10GHHHO003). The first author was partially supported by PRIN 2012 project “Moduli strutture
algebriche e loro applicazioni”. The authors are members of the national research group GNSAGA.
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A representation formula for convex surfaces. Let us briefly review the definition of
the diffeomorphism ® associated to a convex spacelike surface in Anti-de Sitter space, and
survey the previous literature. Anti-de Sitter space AdS® can be identified to Isom(H?),
endowed with the Lorentzian metric of constant curvature —1 which comes from the Killing
form. The group of orientation-preserving, time-preserving isometries of AdS? is identified
to Isom(H?) x Isom(H?), acting by composition on the left and on the right.

The essential point of the construction is the fact that the space of timelike geodesics
of AdS? is naturally identified to H? x H?, where a point (x,y) parameterizes the geodesic
Ly, = {v € Isom(H?) : v(y) = z}, as proved in [Bar08aJ. This fact has been used in
several directions, see for instance [Kas09, DGK16, GK17, Guél5, Bar08a, Bar08b, BBS11].
When S is spacelike surface, for every point v € S the orthogonal line is timelike and thus it
determines two points (z,y) of H2. Thus one can define the left projection m () = x and the
right projection m,.(v) =y, and therefore construct the associated map ® = 7, o 7rl_1. This
fact was first observed in [Mes07] when S is a pleated surface, thus producing earthquake
maps. For smooth convex surfaces, as observed in [KS07], it turns out that ® = m, o, ! is
a diffeomorphism of (subsets of) H? which preserves the area. In [AAW00, BS10, Sep17b]
the case in which S is a maximal surface, and correspondingly ® is a minimal Lagrangian
diffeomorphism, has been extensively studied. A similar construction has also been applied
to surfaces with certain singularities in [KS07, Toul6]. More recently, progresses have been
made on the problem of characterising the area-preserving maps ® obtained by means of
this construction, satisfying certain equivariance properties, see [Barl6, BS17a, Sep17a].

The first problem addressed in this paper is to what extent the surface S can be recon-
structed from the datum of the area-preserving diffeomorphism ®. By construction, the
surface S has to be orthogonal to the family of timelike geodesics {L, ¢(2)}. Another basic
observation is that, given a surface .S, for every smooth surface obtained from S by follow-
ing the normal evolution of S, the associated map is still the same map ®. In fact, the
orthogonal geodesics of the parallel surfaces of S are the same as those of S. Up to this am-
biguity, we are able to provide an explicit construction for the inverse of the left projection
71, only in terms of ®. Actually we will give a 1-parameter family of maps into AdS?, thus
reconstructing all the parallel surfaces which have associated map ®.

Of course there are conditions on the map ®. In fact, if ® is a map which is associated
to a surface S, then it is not difficult to prove that there exists a smooth (1, 1)-tensor b such
that, if gg= denotes the hyperbolic metric,

g2 = gu2(b-,b-) . (1)
and b satisfies the conditions:
d¥b=0, (2)
detb=1, (3)
trb e (—2,2), (4)

where V is the Levi-Civita connection of H?. We prove the following converse statement:

Theorem 1.1. Let ® : Q — Q' be a diffeomorphism between two open domains of H2. Sup-
pose that there exists a smooth (1,1)-tensor b satisfying Equations (1),(2),(3),(4). Consider
the map ooy @ Q — AdS? defined by the condition that og () is the unique isometry o
satisfying
o(®(x)) = x; (5)
dO’q,(w) o dq)x = —bx. (6)

Then o is an embedding of @ C H? onto a convexr surface in AdS3. If m is the left
projection of the image of oo p, then m o0ep =id, and m. 0 opp = P.
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In fact, given a tensor b satisfying Equations (1),(2) and (3), one can still define o4 by
means of Equations (5) and (6), and the image of the differential of o4 is orthogonal to
the family of timelike lines {L, ¢(s)}, but in general dog ; will not be injective. Actually,
given b which satisfies Equations (1),(2) and (3), for every angle p, also the (1,1)-tensor
R, ob satisfies Equations (1),(2), where R, denotes the counterclockwise rotation of angle p.
Changing b by post-composition with R, corresponds to changing the surface S to a parallel
surface, moving along the timelike geodesics {L; ¢(5)}. The condition trb € (—2,2) (which
in general is only satisfied for some choices of b) ensures that o is an embedding.

We now restrict our attention to K-surfaces and @-landslides. A 6-landslide is a diffeo-
morphism & for which there exists b satisfying the conditions of Equations (1),(2) and (3)
and moreover its trace is constant. More precisely,

trb = 2cosf and trJb <0 (7)

for 8 € (0, 7). It turns out that f-landslides are precisely the maps associated to past-convex
K-surfaces, for K = —1/cos?(/2). On the other hand, by means of the map defined in
Equations (5) and (6), one associates a K-surface to a ¢-landslide. Changing b by —b in the
defining Equations (5) and (6) enables to pass from the K-surface to its dual surface, which
is still a surface of constant curvature K* = —K /(K + 1). Hence a #-landslide is also the
map associated with a future-convex K™*-surface.

A special case of #-landslides are minimal Lagrangian maps, for § = 7/2. In this case,
we get two (—2)-surfaces, dual to one another. It is well-known (see [BS10]) that a minimal
Lagrangian map is associated to a maximal surface Sy in AdS?, and that the two (—2)-
surfaces are obtained as parallel surfaces at distance 7/4 from Sp. Since in this case trb = 0,
changing b by Jb, one has that Jb is self-adjoint for the hyperbolic metric, and the map
0, Tecovers the maximal surface with associated minimal Lagrangian map ®.

Foliations by K-surfaces of domains of dependence. We then focus on the case of K-
surfaces. The first result we prove in this setting concerns the existence of convex K-surfaces
with prescribed boundary at infinity. The boundary of AdS? is identified to OH? x OH?,
where JH? is the visual boundary of hyperbolic space, and thus AdS? is a torus. It is
naturally endowed with a natural conformal Lorentzian structure, for which the null curves
have either the first or the second component constant. A weakly acausal curve has the
property that in a neighborhood of every point £, the curve is contained in the complement
of the region connected to £ by timelike segments.

The basic example of a weakly acausal curve is the graph of an orientation-preserving
homeomorphism of JH?. In fact, in this paper we prove an existence theorem for K-surfaces
with boundary at infinity the graph of any orientation-preserving homeomorphism of OH?:

Theorem 1.2. Given any orientation-preserving homeomorphism ¢ : 0H? — OH?, the two
connected components of the complement of the convex hull of T' = graph(¢) in the domain
of dependence of T' are both foliated by K -surfaces Sk, as K € (—oo0,—1), in such a way
that if K1 < Ko, then Sk, is in the convex side of Sk, .

Analogously to the case of hyperbolic space H? (as proved in [RS94]), there exists two
K-surfaces with asymptotic boundary I', one of which is past-convex and the other future-
convex. Theorem 1.2, in the case of ¢ a quasisymmetric homeomorphism, gives positive
answer to the existence part of Question 8.3 in [BBD112]. As expressed in [BBD'12],
Question 8.3 also conjectured uniqueness and boundedness of principal curvatures. These
are proved in Theorem 1.4 below.

In general, a weakly acausal curve I" can contain null segments. In particular, if I" contains
a sawtooth, that is, the union of adjacent “horizontal” and “vertical” segments in OH? x
OH?, then the convex hull of the sawtooth is a lightlike totally geodesic triangle, which is
contained both in the boundary of the convex hull of I' and in the boundary of the domain
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of dependence of I'. Hence any (future or past) convex surface with boundary I' must
necessarily contain such lightlike triangle.

An example is a 1-step curve, which is the union of a “horizontal” and a “vertical” segment
in OH? x OHZ?. A 2-step curve is the union of four segments, two horizontal and two vertical
in an alternate way. It is not possible to have a convex surface in AdS? with boundary a
1-step or a 2-step curve.

The proof of Theorem 1.2 actually extends to the case of a general weakly acausal curve
T', except the two degenerate cases above.

Theorem 1.3. Given any weakly acausal curve I in OAdS? which is not a 1-step or a 2-step
curve, for every K € (—oo, —1) there exists a past-convex (resp. future-convex) surface S}'}
(resp. Sy ) with dSE =T, such that:

o [ts lightlike part is union of lightlike triangles associated to sawteeth;
e [ts spacelike part is a smooth K -surface.

Moreover, the two connected components of the complement of the convex hull of ' in
the domain of dependence of T' are both foliated by the spacelike part of surfaces Slio as
K € (—o00,—1), in such a way that if K1 < Ks, then Sfi(2 is in the convez side of Sli(l.

In [BBZ11], the existence (and uniqueness) of a foliation by K-surfaces was proved in the
complement of the convex core of any maximal globally hyperbolic Anti-de Sitter spacetime
containing a compact Cauchy surface. Using results of [Mes07], this means that the state-
ment of Theorem 1.3 holds for curves I' which are the graph of an orientation-preserving
homeomorphism which conjugates two Fuchsian representations of the fundamental group
of a closed surface in Isom(H?). Moreover, the K-surfaces are invariant for the represen-
tation in Isom(AdS®) = Isom(H?) x Isom(H?) given by the product of the two Fuchsian
representations.

The proof of Theorem 1.2, and more generally Theorem 1.3, relies on an approximation
from the case of [BBZ11]. Some technical tools are needed. First, we need to show that
it is possible to approximate any weakly spacelike curve I' by curves invariant by a pair of
Fuchsian representations. For this purpose, we adapt a technical lemma proved in [BS17b].

Second, we use a theorem of Schlenker ([Sch96]) which, in this particular case, essentially
ensures that a sequence S,, of K-surfaces in AdS? converges C'° to a spacelike surface So. (up
to subsequences) unless they converge to a totally geodesic lightlike plane (whose boundary
at infinity is a l-step curve) or to the union of two totally geodesic lightlike half-planes,
meeting along a spacelike geodesic (in this case the boundary is a 2-step curve).

To apply the theorem of Schlenker, and deduce that the limiting surface S, is a K-surface
with 0So, = I' (thus proving Theorem 1.2), one has to prove that S, does not intersect the
boundary of the domain of dependence of I'. More in general, for the proof of Theorem 1.3,
one must show that the spacelike part of So, does not intersect the boundary of the domain
of dependence of I'. This is generally the most difficult step in this type of problems, and
frequently requires the use of barriers. Here this issue is indeed overcome by applying the
representation formula of Theorem 1.1 in order to construct suitable barriers.

In fact, it is possible to compute a family of #-landslides from a half-plane in H? to itself,
which commutes with the hyperbolic 1-parameter family of isometries of H? preserving the
half-plane. By using this invariance, the equation which rules the condition of a map ® being
a f-landslide is reduced to an ODE. By a qualitative study it is possible to show that there
exists a 1-parameter family of smooth, spacelike K-surfaces whose boundary coincides with
the boundary of a totally geodesic spacelike half-plane in AdS®. In other words, Theorem
1.3 is proved by a hands-on approach when the curve I' is the union of two null segments
and the boundary of a totally geodesic half-plane, in the boundary at infinity of AdS®. Such
K-surfaces are then fruitfully used as barriers to conclude the proof of Theorem 1.2 - and
the proof actually works under the more general hypothesis of Theorem 1.3.
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In the case I is the graph of a quasisymmetric homeomorphism, we then prove that the
K-surfaces with boundary I' are unique. Moreover, it is not difficult to prove that if S
is a convex surface in AdS® with S = I' and with bounded principal curvatures, then I'
is the graph of a quasisymmetric homeomorphism. We give a converse statement for K-
surfaces, namely, a K-surface with boundary I' = gr(¢), for ¢ quasisymmetric, necessarily
has bounded principal curvatures.

Theorem 1.4. Given any quasisymmetric homeomorphism ¢ : OH? — OH?, for every
K € (—o0,—1) there exists a unique future-convex K -surface SI"; and a unique past-conver
K -surface S in AdS?® with &S’?é = gr(¢). Moreover, the principal curvatures of S; are
bounded.

To prove uniqueness, the standard arguments for these problems are applications of the
mazimum principle, by using the existence of a foliation {Sk} by K-surfaces and showing
that any other K-surface S% must coincide with a leaf of the given foliation. However, in
this case, due to non-compactness of the surfaces, one would need a form of the maximum
principle at infinity. This is achieved more easily in this case by applying isometries of AdS?
so as to bring a maximizing (or minimizing) sequence on S} to a compact region of AdS?.
Then one applies two main tools: the first is again the convergence theorem of Schlenker,
and the second is a compactness result for quasisymmetric homeomorphisms with uniformly
bounded cross-ratio norm. Up to subsequences, both the isometric images of S% and the
isometric images of the leaves {Sk} of the foliation converge to an analogous configuration
in AdS3. But now it is possible to apply the classical maximum principle to conclude the
argument.

Extensions of quasisymmetric homeomorphisms by 6-landslides. By interpreting
Theorems 1.3 and 1.4 in the language of diffeomorphism of H? we can draw a direct conse-
quence.

Corollary 1.5. Given any quasisymmetric homeomorphism ¢ : OH? — OH? and any 0 €
(0,7), there exist a unique 0-landslide ®y : H?> — H? which extends ¢. Moreover, ®q is
quasiconformal.

Again, uniqueness follows from the uniqueness part Theorem 1.4 and from the construc-
tion of Theorem 1.1, while quasiconformality is a consequence of boundedness of principal
curvatures.

For 6 = /2, we obtain a new proof of the following result of [BS10]:

Corollary 1.6. Given any quasisymmetric homeomorphism ¢ : OH? — OH? there exists a
unique minimal Lagrangian extension ® : H2 — H? of ¢. Moreover, ® is quasiconformal.

In fact, in [BS10] the extension by minimal Lagrangian maps was proved again by means of
Anti-de Sitter geometry, by proving existence and uniqueness (and boundedness of principal
curvatures, which implies quasiconformality) of a maximal surface with boundary the graph
of ¢. Here we instead proved the existence of two (—2)-surfaces, which coincide with the
parallel surfaces at distance w/4 from the maximal surface - the minimal Lagrangian map
® associated to these three surfaces in the same.

Organization of the paper. In Section 2 we give an introduction of Anti-de Sitter space as
the group Isom(H?), from a Lie-theoretical approach. Section 3 discusses some properties of
the causal geometry of Anti-de Sitter space, including the definition of domain of dependence.
In Section 4 we introduce the left and right projection from a convex surface, and thus the
associated diffeomorphism of H2, and their relation with the differential geometry of smooth
surfaces. In Section 5 we construct the “representation” for the inverse of the left projection
of a convex (or maximal) surface, and we prove Theorem 1.1. Section 6 studies -landslides
which commute with a 1-parameter hyperbolic group, constructs the “barriers” which are
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necessary to prove Theorem 1.3 and their relevant properties. In Section 7 the existence
part of Theorem 1.3 is proved, while Section 8 proves that the K-surfaces give a foliation of
the complement of the convex hull in the domain of dependence. Finally, Section 9 proves
Theorem 1.4 and discusses Corollaries 1.6 and 1.5.

Acknowledgements. We are grateful to an anonymous referee for carefully reading the
paper and for several useful comments which improved the exposition. We would also like
to thank Thierry Barbot for pointing out several relevant references on the topic.

2. ANTI-DE SITTER SPACE AND ISOMETRIES OF H?

Let H? denote the hyperbolic plane, which is the unique complete, simply connected
Riemannian surface without boundary of constant curvature -1. We denote by OH? its
visual boundary, and by Isom(H?) the Lie group of orientation-preserving isometries of H2.
Recall that the Killing form & on the Lie algebra of isom(H?), namely

k(v,w) = tr(ad(v) o ad(w)) ,

is Ad-invariant. Thus it defines a bi-invariant pseudo-Riemannian metric on Isom(H?), still
denoted by x, which has signature (2,1). We will normalize x to impose that its sectional
curvature is —1. As this normalization will be relevant in this paper, we will briefly outline
the computation of the sectional curvature of k.

Lemma 2.1. The Killing form k has constant sectional curvature —1/8.

Proof. Let us fix v, w € isom(H?). By results in [Mil76] the sectional curvature of the plane
IT generated by v, w is given by

K 1 K([v, w], [v,w])

! kv, v)r(w, w) — kv, w)x(v,w)

Now suppose that x(v,v) = 1, k(w,w) = 1,k(v,w) = 0. Then [v,w] # 0 as v and w are
linearly independent. Denote u = [v,w]. Notice that by the properties of the Killing form
k(u,v) = k(u,w) = 0, so u is timelike. As [v,u] is orthogonal to both v and w, it turns out
that [v,u] = Aw and analogously [w,u] = pv. Imposing that tr (ad(v)?) = tr (ad(w)?) = 1

we deduce that A\ = 1/2 and p = —1/2. So a simple computation shows that k(u,u) =
tr (ad(u)?) = —1/2, so that Ky = —1/8. By an analogous computation, picking v and w
with x(v,v) = 1, k(w,w) = —1,k(v,w) = 0, the sectional curvature of a timelike plane is
also —1/8. O

Definition 2.2. Anti-de Sitter space of dimension 3 is the Lie group Isom(H?) endowed
with the bi-invariant metric gyqsz = %K, and will be denoted by AdS3.

It turns out that AdS® has the topology of a solid torus, is orientable and time-orientable,
and the induced pseudo-Riemannian metric has constant sectional curvature —1.

We will choose the time orientation of AdS® in such a way that the timelike vectors which
are tangent to the differentiable curve

te[0,e) — Ryo7,

where R; is a rotation of positive angle ¢ around any point 2 € H? with respect to the
orientation of H?, are future-directed. Moreover, we fix an orientation of AdS® so that if
v, w are linearly independent spacelike elements of isom(H?), then {v,w, [v,w]} is a positive
basis of isom(H?).

By construction, the group of orientation-preserving, time-preserving isometries of AdS3
is:

Isom(AdS?) = Isom(H?) x Isom(H?),

where the left action on Isom(H?) is given by:

(,8) -y =aoyoft.
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The boundary at infinity of Anti-de Sitter space is defined as
OAdS® = OH? x OH?

where a sequence 7,, € Isom(H?) converges to a pair (p,q) € OH? x OH? if there exists a
point = € H? such that

(@) =p @) =g, ®)
and in this case the condition is true for any point = of H?. The isometric action of Isom (H?) x
Isom(H?) on AdS? continuously extends to the product action on 9H? x OH?: if p, q € OH?,
then

(., 8) - (p,q) = (a(p), B(q)) -

The boundary at infinity OAdS? is endowed with a conformal Lorentzian structure, in such
a way that Isom(AdS?) acts on the boundary by conformal transformations. The null lines
of OAdS? are precisely OH? x {x} and {x} x OHZ.

Since the exponential map at the identity for the Levi-Civita connection of the bi-invariant
metric coincides with the Lie group exponential map, the geodesics through the identity are
precisely the 1-parameter subgroups. In particular elliptic subgroups correspond to timelike
geodesics through the identity. Using the action of the isometry group, it follows that
timelike geodesics (i.e. those of negative squared length) have the form:

Ly = {7y € Isom(H?) : y(2') = 2} .

They are closed and have length m. Observe that with this definition the isometry group
acts on timelike geodesics in such a way that

(@,8) - Luw = L) p(a) )
For a similar argument as above, spacelike geodesics (i.e. those on which the metric is
positive) are of the form

Ly = {7y € Isom(H?) : y(¢') = ¢},

where ¢ and ¢ are oriented geodesics of H?. The geodesic L has infinite length and
its endpoints in JAdS? are (p1,q1) and (p2,q2), where p; and p, are the final and initial
endpoints of ¢ in OH?, while ¢; and ¢» are the final and initial endpoints of ¢'.

The involutional rotations of angle 7 around a point # € H?, which we denote by Z,, are
the antipodal points to the identity in the geodesics L ,, and form a totally geodesic plane

Rr={T, : x € H?}.

See also Figure 1.
By using the definition in Equation (8), it is easy to check that its boundary at infinity
OR is the diagonal in OH? x OH?2:

OR. = {(p,p) : p € OH?} C OH? x OH?.

More generally, given any point v of AdS?, the points which are connected to v by a timelike
segment of length 7/2 (actually, two timelike segments whose union form a closed timelike
geodesic) form a totally geodesic plane, called the dual plane «*. From this definition,
Ry = (id)*. If (o, B) is an isometry of AdS® which sends id to v, then v* = (a, 8) - Rr. In
particular, v* = (v,1) - Rx = (1,77 ') - R;. The boundary at infinity of a totally geodesic
spacelike plane is thus the graph of the trace on OH? of an isometry of H?2.

An isometry of AdS? fixes a point if and only if it preserves its dual plane. In particular,
the subgroup which fixes the identity (and therefore preserves R, = id*) is given by the
diagonal:

Stab(id) = Stab(R,) = {(v,7) : v € Isom(H?)}.
We can give an explicit isometric identification of H? to the totally geodesic plane R, by
means of the following map:
e’ 7T, eR,.
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FIGURE 1. A (topological) picture of AdS®. The totally geodesic plane
R is given by the midpoints of timelike geodesics from the identity. Its
boundary at infinity is the tangency locus of the lightcone from the identity
with the boundary of the solid torus.

The identification is a natural isometry, in the sense that the action of Isom(H?) on H?
corresponds to the action of Stab(R,) on R, since

1Ly = Ty

2.1. Two useful models. In this subsection we discuss two models of AdS3, arising from
the choice of two different models of H?, which will be both useful for different reasons in
some computations necessary for this paper.

For the first model, let us consider H? as a sheet of the two-sheeted hyperboloid in
Minkowski space, namely:

H? = {z € R*' : (z,2)p21 = —1, 23 > 0},
where the Minkowski product of R%! is:
(z,T)g21 = 23 + 25 — 3.
In this model, the orientation-preserving isometries of H? are identified to the connected
component of the identity in SO(2, 1), namely:
Tsom(H?) 2 SO((2,1).

Hence, the identification of H? with R, C Isom(H?) is given by the map which associates
to x € H? the linear map of R?>! sending = to 2 and acting by multiplication by —1 on the
orthogonal complement z+ = T,H?. Moreover, the tangent space at id is identified to the
Lie algebra of SO(2,1):
TiqAdS? = 50(2,1) .

There is a natural Minkowski cross product, defined by xXy = *(xAy), where * : A2(R?1) —
R?! is the Hodge operator associated to the Minkowski product. Observe that, by means
of this cross product, one can write the almost-complex structure of H2. For v € T,H?,

Je(v) =xRw. (10)
Like the classical case of Euclidean space, one can define an isomorphism
A R* = s50(2,1),
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which is defined by:
Az)=zX ().
See also Figure 2. This isomorphism has several remarkable properties:
e It is equivariant for the action of SO(2,1) on R*! by isometries, and the adjoint action on
50(2,1), which is the natural action of Stab(id) = Isom(H?) on T}qAdS?: if v € SO(2, 1),
then

Aly-2)(v) = (v 2)Ro=7(e (v 'v)) = yoAx) oy ' (v). (11)
e It pulls back the Lie bracket of s0(2,1) to the Minkowski cross product:
[A(z), A(y)] = A(z W y). (12)

e It is an isometry between the Killing form of s0(2,1) and the Minkowski metric on R*!,
up to a factor:

(910 )a (M), Aly)) = § (g (13)

Let us check the factor in Equation (13). By (12) for any x,y € R*! we have
ad(A(z))(A(y)) = A(A(z)y)
that is
At oad(A(z)) o A = A(x) .
It follows that for any z,y € R?!

(g0 ) (M), Aly) = r (A@A())

Using that
eW(yNz) = ((2,y)r21)z — (2, 2)r21 )y
we have that tr (A(z)A(y)) = 2(x, y)re.1, hence obtaining Equation (13).

FIGURE 2. In the identification of TiqAdS? with R?!, timelike vectors of
Minkowski space (in the interior of the cone) are the generators of elliptic
1-parameter subgroups; lightlike vectors generate parabolic subgroups and
spacelike vectors generate hyperbolic subgroups.

The second model we consider comes from the choice of the upper half-plane model of
H?, namely
H? = {z € C:Im(z) >0},
endowed with the Riemannian metric |dz|?/Im(z)? which makes every biholomorphism of the
upper-half plane an isometry. In this model Isom(H?) is naturally identified to PSL(2,R)
and the visual boundary OH? is identified with the extended line RP!. The Lie algebra
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5[(2,R) is thus the vector space of traceless 2 by 2 matrices, and in this model the Anti de
Sitter metric at the identity is given by:

(gaas? )id(m,m') = %tr (mm'). (14)

Consider the quadratic form g(M) = — det M on the space of 2-by-2 matrices. Its polar-
ization, say b, has signature (2,2). We notice that the restriction of b to SL(2,R) is exactly
the double cover of gaqss. Indeed left and right multiplication by elements in SL(2, R) pre-
serve ¢, so that the restriction of b to SL(2,R) is a bi-invariant metric. Moreover at the
identity Equation (14) shows that it coincides with gyqss.

Hence this model of AdS?, namely

PSL(2,R) = {A : q(A) = —1}/{=1}

endowed with the pseudo-Riemannian metric which descends from b, is remarkably a pro-
jective model. In fact, PSL(2,R) is a subset of RP?, geodesics for the pseudo-Riemannian
metric of PSL(2,R) are the intersections of PSL(2,R) with a projective line, and totally ge-
odesic planes are the intersections with projective planes. Thus in an affine chart, geodesics
are straight lines and totally geodesic planes are affine planes.

FIGURE 3. In an affine chart, AdS? is the interior of a one-sheeted hyper-
boloid. The null lines of 9AdS? coincide with the rulings of the hyperboloid.
The intersection with the horizontal plane z = 0 is a totally geodesic hy-
perbolic plane, in the Klein model.

3. CAUSAL GEOMETRY OF AdS?

Given a continuous curve I' in OAdS?, we say that a I' is weakly acausal if for every point
p of ', there exists a neighborhood U of p in JAdS? such that U N T is contained in the
complement of the regions of U which are connected to p by timelike curves.

There are two important objects we associate to a weakly spacelike curve.

Definition 3.1. Given a weakly acausal curve I, the convex hull C(T') is the smallest closed
convex subset which contains T'.

It turns out that C(T') is contained in AdS® U 9AdS? and that C(I') N OAdS® = T (see
[BS10, Lemma 4.8]).

Definition 3.2. Given a weakly acausal curve T', the domain of dependence D(T') is the
union of points p of AdS? such that p* is disjoint from T.
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It turns out that the domain of dependence D(T) is always an open subset of AdS?
containing the interior part of C(I'). Moreover, D(T') is contained in an affine chart for
AdS3, and admits no timelike support planes. As for the convex hull, D(I') N AdS® = T.
Let us denote by D4 (T") the connected components of D(I") \ C(T'), so that

D)\ C(T) = D (T) UD_(T).

We choose the notation in such a way that there exists a future-directed timelike arc in D(T")
going from D_(T") to D4 (') and intersecting C(T").

Definition 3.3. Let K be any convex subset of AdS® contained in some affine chart. A
locally convex spacelike (resp. nowhere timelike) surface S is a connected region of 9K such
that the support planes of K at points of S are all spacelike (resp. non timelike).

Lemma 3.4. Let S be a locally convex nowhere timelike surface contained in an affine chart
U. Then S is contained either in all future half-spaces bounded by support planes at points
in S or in all past half-spaces.

In the former case we say that S is future-convez, in the latter past-convez.

Proof. For any point x € S and any support plane P at x, S is contained either in the future
or in the past half-space bounded by P. It is immediate to verify that the set of (x, P) such
that S is contained in the future half-space of P is open and closed in the set of pairs (x, P)
with z € S and P support plane at x. As we are assuming that .S is connected, we conclude
that this set is either the whole set or the empty set. O

For instance, the boundary of C(T") is composed of two pleated nowhere timelike surfaces,
which we denote by 0+C(T"), so that 0;C(I") is past-convex and J_C(I") is future-convex.
They are distinct unless I" is the boundary of a totally geodesic plane. More precisely, the
subset of 0LC(T") which admits spacelike support planes is a pleated hyperbolic surface.
That is, there exists an isometric map fi : Hy — 0+C(T"), where Hy are complete simply
connected hyperbolic surfaces with geodesic boundary (also called straight convex sets in
[BB09]), such that every point € Hy is in the interior of a geodesic arc which is mapped
isometrically to a spacelike geodesic of AdS?.

Given two spacelike planes Q1,Q2 in AdS?, we can define their hyperbolic angle o > 0
by:

cosha = [(Ny, No)|,

where Ny and Ny are the unit normal vectors. Using this notion, one can define (similarly
to [EMO6] in the case of hyperbolic geometry) a bending lamination, which is a measured
geodesic lamination on the straight convex set Hi in the sense of [BB09, Section 3.4].
In particular, the transverse measure satisfies the usual requirements in the definition of
measured geodesic laminations (see also Subsection 7.1 for more details), with the additional
property that the measure on a transverse arc I is infinite if and only if I has nonempty
intersection with OHy. The data of a straight convex set H and the measured geodesic
lamination on H determines the pleated surface up to global isometries of AdS3.

It is not difficult to show that 9+ C(T") intersects the boundary of the domain of dependence
D(T') in AdS? if and only if the weakly acausal curve I' contains a past-directed sawtooth,
that is, if it contains two segments of OAdS?, one which is part of a line of the left ruling
and the other in a line of the right ruling, having a common past endpoint. In this case,
0+C(T") contains a totally geodesic lightlike triangle, bounded by the two above segments in
OAdS? and by a spacelike complete geodesic of AdS®. The bending lamination of 9, C(T") has
therefore infinite weight on such spacelike geodesic. Of course one can give the analogous
definition and characterization for future-directed sawteeth, which can possibly be contained
in 0_C(T"). See also Figure 4.

In this paper, we are interested in convex nowhere timelike surfaces having as a boundary
at infinity a weakly acausal curve I' C 9AdS®. Given a future-convex (resp. past-convex)
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FIGURE 4. A past-directed and a future-directed sawtooth bounding a
lightlike triangle.

\

surface S with 05 =T, S must necessarily be contained in D_(T") (resp. D4 (T)), and in the
closure of the complement of C(T").

If 0S = T, the lightlike part of a future-convex surface S (i.e. the subsurface of S
admitting lightlike support planes) necessarily contains 0_C(I") N 9D(T"), that is, it contains
all future-directed sawteeth. Analogously, the lightlike part of a past-convex surface S
contains 04C(T") N oD(T).

The convex surface 0_C has the property that its lightlike part coincides precisely with
the union of all future-directed sawteeth. The same of course holds for 9,C. We define I'_
as the boundary of the spacelike part of 0_C.

The curve I'_ coincides with I' in the complement of future-directed sawteeth. If T’
contains future-directed sawteeth, then I'_ contains the spacelike lines whose endpoints
coincide with the endpoints of each sawtooth. The same description, switching future with
past sawteeth, can be given for past-convex nowhere timelike surfaces. In particular we
define '} as the boundary of the spacelike part of I'y. See also Figure 5. The K-surfaces
which, in Theorem 1.3, form a foliation of the future (resp. past) connected component of
D(T) \ C(T") will have as boundary the curve I'y (resp. I'_).

Example 3.5. An example of the above constructions, which will be crucial in Section 6 and
7, is the following. Consider the curve I which is composed of the boundary of a totally
geodesic half-plane and of a past-directed sawtooth. See Figure 6. Then the upper boundary
of the convex hull is composed of the totally geodesic half-plane and of the lightlike triangle
bounded by the past sawtooth. On the other hand, the lower boundary of the convex hull
0_C(I") is pleated along a lamination which foliates the hyperbolic surface d_C(I").

It is not difficult to understand the domain of dependence D(IV). In fact, the lower
boundary of D(I’) consists of the surface obtained by two totally geodesic lightlike half-
planes which intersect along a spacelike half-geodesic (Lg - in Figure 6, left), glued to the
cone over the end-point of the half-geodesic. On the other hand, the component D, (T"), in
the affine chart of the right side of Figure 6, is a region of a vertical cylinder, bounded by
the horizontal plane containing I, , and by the lightlike plane containing the past-directed
sawtooth.

4. FROM DIFFERENTIABLE SURFACES IN AdS® TO LOCAL DIFFEOMORPHISMS OF H?

The purpose of this section is to explain the construction which associates to a differen-
tiable embedded spacelike surface in AdS® a map between subsets of H2. Most of the results
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FIGURE 5. If the curve I' contains a past-directed sawtooth, then I'; coin-
cides with I' in the complement of the sawtooth, whereas I'; contains the
spacelike line which is the third side of the lightlike triangle bounded by the

sawtooth.

FIGURE 6. The two boundaries of the domain of dependence D(T'), where
I is the curve of Example 3.5.

of this section have been already known and used before, see also the references mentioned
in the introduction.

4.1. Left and right projections. Given a differentiable spacelike surface S in AdS*, one
defines two projections m; : S — H? and 7, : S — H? in the following way. If the timelike
geodesic orthogonal to S at 7 is Ly 4/, then

() = () = a'.
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An equivalent construction of the projections is the following. Given a point v € S, let
us denote by P,.S the totally geodesic plane tangent to S at . Then, there exists a unique
isometry

IT) € {id} x Isom(H?)

which maps P, S to R,. In fact, if we denote G(y) = (P,S)*, then the isometry (id, G(v)) €
Isom(H?) x Isom(H?) maps G(v) to id, and therefore coincides with II). Analogously consider
the unique

1) € Isom(H?) x {id}
mapping P,S to R, which has the form (G(vy)™',id). We then have

I (7) =vG(Y) ™' =Tny(0) () =Gy 'y =Zr, () -

Indeed, the previous formula is true if v = Z,, and P,S = R, in which case the isometries
I} and II} are trivial and the normal geodesic is L, . The general case then follows by
observing that, from Equation (9), the projection to the point = of L, ., is invariant by
composition with a right isometry, and analogously z’ does not change when composing
with an isometry on the left.

Ezxample 4.1. The most basic example of left and right projections can be seen when S is a
totally geodesic plane. In this case, the P,S = S and thus m; (resp. 7,) is the restriction to
S of the unique left (resp. right) isometry of AdS® sending S to R, (up to the identification
of R with H?). More generally, if S is a pleated surface, the left and right projections
are well-defined for every point v € S which admits only one support plane. Moreover, the
isometries II} and II) are constant on each stratum of the bending lamination. The induced
metric on S is the hyperbolic metric of a straight convex set H, and it can be proved (see
[Mes07]) that the projections are earthquake maps from H to H?Z.

Using Example 4.1, one easily proves that if S is convex, then m; and 7, are injective.

Lemma 4.2. Let S be an embedded differentiable convex spacelike surface in AdS3. Then
m and T, are injective.

Proof. By Lemma 3.4 we may assume that S is future convex. Pick two points 7,7 € S.
By the hypothesis on S, the totally geodesic planes P,S and P,/ S are spacelike and S is
contained in the intersection, say K, of the future half-spaces bounded by P,S and P,/S,
in some affine chart. Let S; be the boundary of K;. It is either a totally geodesic plane or a
pleated surface with pleating locus made by a single geodesic. Notice that 57 is tangent to S
at v and 7' so that the corresponding projections 7} and 7} coincide with 7; and 7, at v and
7. As 7} and 7} are both injective, we conclude that m;(y) # m(v') and 7, (y) # m.(7/). O

It turns out that, if S is oriented by means of the ambient orientation of AdS? and the
choice of the future-directed normal vector field, then m; and 7, are orientation-preserving.

When S is an embedded differentiable convex spacelike surface, one can define a bijective
map from ; = m(S) to Q,. = 7,.(5), by

D0 — Q, ® =m0 (m) "

In [BS10] it was proved that if S is a convex surface with S a curve I' C JAdS? =
OH? x 0H? which is the graph of an orientation-preserving homeomorphism ¢ : 0H? — OH?,
then ; = Q, = H?, and ® extends to ¢ on OH2. This is essentially the content of the next
lemma.

Lemma 4.3 ([BS10, Lemma 3.18, Remark 3.19]). Let S be a convex spacelike surface in
AdS? with 0S = gr(¢), for ¢ an orientation-preserving homeomorphism of OH?. If v, € S
converges to (p,q) € OAdS?, then m(vn) converges to p and 7.(7y,) converges to q.
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In the case of pleated surfaces S, as already observed by Mess [Mes07], the associated
map @ is an earthquake map. Hence if ¢ : 90H? — OH? is an orientation-preserving homeo-
morphism, the boundaries of the convex hull of gr(¢) are pleated surfaces whose associated
maps provide a left and a right earthquake map which extends ¢, hence recovering a theorem
of Thurston [Thu86].

Remark 4.4. The map @ is constant under the normal evolution of a surface. More precisely,
suppose S is a differentiable surface such that the parallel surface S¢ is well-defined for a
short time e. Then the normal timelike geodesics of S¢ are the same as those of S. Hence by
the above equivalent definition, using the identification of S and S given by the normal flow,
the maps m; and 7, for S and S, are the same. In particular, the composition ® = .0 ()~ !
is invariant for the normal evolution.

Remark 4.5. For the same reason, the left and right projections are the “same” for a convex
differentiable surface and its dual surface. More precisely, if S is a spacelike convex differ-
entiable surface, then one can define the dual surface S* as the image of the map from S
to AdS® which associates to v € S the dual point (P,S)*. Recalling that (P,S)* is the
midpoint of all timelike geodesics orthogonal to P,.S, it turns out that S* is the 7/2-parallel
surface of S and the identification between S and S* is precisely the m/2-normal evolution.
Therefore the area-preserving diffeomorphisms ® associated with S and S* coincide.

4.2. Relation with the extrinsic geometry of surfaces. A smooth embedded surface
o : ¥ — AdS? is called spacelike if its tangent plane is a spacelike plane at every point, so
that the first fundamental form I(v,w) = (do(v),do(w)) is a Riemannian metric on . Let
N be a unit normal vector field to the embedded surface S = o(X). We denote by VA and
V! the ambient connection of AdS? and the Levi-Civita connection of the first fundamental
form of the surface X, respectively. If o is C2, the second fundamental form of ¥ is defined
by the equation

3 ~ ~

Vf}g(gv)da(w) =doViw 4 I(v,w)N

if w is a vector field extending w, and N is the future-directed unit normal vector field. The
shape operator is the (1,1)-tensor defined as

B(v) = (do) ' V4S8N .
It is a self-adjoint operator for I, such that

I(v,w)=I(B(v),w).
It satisfies the Codazzi equation dV'B = 0, where (for vector fields ¥ and @ on S extending
v and w):
dV'B(v,w) = Vi(B(@)) — Vi (B@)) - Blo, a].

Moreover, B satisfies the Gauss equation
Kr=-1—detB, (15)

where K is the curvature of the first fundamental form.
In [KS07], a formula for the pull-back on S of the hyperbolic metric of H? by the left and
right projections was given. We report this formula here:

Proposition 4.6. Let S be a smooth embedded spacelike surface in AAS®. Then:
ﬁ?gHQ(vaw):I((E+JIB)Ua (E+JIB)w)a (16)

and
gz (v,w) = I((E — JrB)v, (E — JiB)w) . (17)

Here E denotes the identity operator, and Jy is the almost-complex structure induced by I.
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Observe that, since B is self-adjoint for I, tr(J;B) = 0 and thus det(E+.J;B) = 1+det B.
Hence if det B # —1, then 7; and 7, are local diffeomorphisms. If moreover S is convex
(det B > 0), then by Lemma 4.2, 7,7, are diffeomorphisms onto their images. Since
det(E + JrB) = det(E — J;B), the composition ® = 7, o (m)~! is area-preserving. In
conclusion, we have:

Corollary 4.7. If S is a smooth convexr embedded spacelike surface in AdS®, then m and
7. are diffeomorphisms on their images. Therefore, ® = m,. o (m)~! : Q — Q,, where
Q = m(S) and Q, = 7,.(S), is an area-preserving diffeomorphism.

Moreover, using Lemma 4.3, one gets:

Corollary 4.8. If S is a smooth convexr embedded spacelike surface in AdS® with 0S =
gr(¢) C OAdS?, for ¢ an orientation-preserving diffeomorphism of OH?, then m and 7, are
diffeomorphisms onto H? and ® = 7, o (m)~! is an area-preserving diffeomorphism of H?
which extends to ¢ on OHZ.

Let us now discuss some properties of the associated map ® to a smooth convex embedded
surface S. In fact, we will prove the following proposition:

Proposition 4.9. Let S be a smooth strictly convexr embedded spacelike surface in AdS3,
and let ® = 7, o (71'1)_1 : Q — Q.. be the associated area-preserving map. Then there exists
a smooth tensor b € T'(End(T€Y;)) such that

(I)*gH2 = gu2 (b7 b) ) (18)
which satisfies:
(1) dVb=0;
(2) detb=1;

(3) trb e (—2,2).

Here V is the Levi-Civita connection of H?2.

Proof. Let us define
b= (E+J;B)""(E—J;B). (19)

Then from Equations (16) and (17), the condition in Equation (18) is satisfied. Let us check
the three properties of b:

(1) Observe that, since VI E and V£ J; vanish and B is Codazzi for I, then E — J; B satisfies
d¥'(E—J;B)=0.

Using a formula given in [Lab92] or [KS07, Proposition 3.12], the Levi-Civita connection
of the metric 7} gy is

Vow = (E+ J;B)"'VI(E + J;B)w,
for every v, w. Hence:
d¥b(v,w) = Vyb(w) — Vub(v) — blv, w]
= (E+J1B) " (Vy(E — JiB)(w) = Vi,(E = J; B)(v) — (E — J;B)[v,w))
= (E+ J;B)"(dV(E — J;B)(v,w)) = 0.

This concludes the first point.
(2) Since B is self-adjoint for I, then tr J; B = 0, and thus

det(E + JrB) =det(E — J;B) =1+ detB.
Therefore det b = 1.
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(3) Observe that
1

-1
(E+Ji1B)"" = . +detB(E J1B). (20)
In fact, (E + J;B)(E — JiB) = E — (J;B)? and, since tr (J;B) = 0, by the Cayley-
Hamilton Theorem (J;B)? = — det(J;B)E = —(det B)E. Moreover by a direct compu-
tation, tr(E — JyB)? = tr E + tr (JB)? = 2(1 — det B) and thus:

1 1—detB
trb=tr(E+JB) " "(E—JB)= ———tr(E-J;B?=2——]. 21
g H(E+JB) JiB) 1+ detB r JiB) <1+detB> (21)
Since det B > 0 by hypothesis, tr b is always contained in (—2,2) for a strictly convex
surface. O

Remark 4.10. Using Equation (19) and J = (E + J;B)~YJ;(E + J;B), we get
Jo=J(E+JB)"YE~J;B)=(E+JB)"'J/(E—JB).
By applying again Equation (20), one obtains that
w(J(E—J;B)?) _ 2tB
1+detB 1+detB’

Since we have chosen the future-directed normal vector field to the surface S, this shows
that S is future-convex if tr(Jb) > 0, and past-convex if tr(.JJb) < 0.

tr(Jb) =

4.3. From K-surfaces to #-landslides. Recall that a smooth spacelike surface in AdS? is
a K-surface if its Gaussian curvature is constantly equal to K. In this paper we are interested
in strictly convex surfaces, hence we will consider K-surfaces with K € (—oo, —1), so that
by the Gauss equation
K;=-1—detB,

we will have det B > 0.

In [BMS13] it is proved that, given a K-surface in AdS?, for K € (—o0, —1), the associated
map P is a O-landslide. In [BMS13] the definition of -landslides is the following:

Definition 4.11. Let ® : Q C H? — H? be an orientation-preserving diffeomorphism onto
its image and let 6 € [0, 7]. We say that ® is a f-landslide if there exists a bundle morphism
m € T'(End(TQ)) such that

O* gz = gz ((cos OF + sin0Jm)-, (cos OF + sinfJm)-) ,
and
e dVm=0;
e detm =1,

e m is positive self-adjoint for gye .

Let us observe that a #-landslide with # = 0, 7 is an isometry. In [BMS13] it was proved
that a 6-landslide can be decomposed as ® = fy o (f1)~!, where f; and fy are harmonic
maps from a fixed Riemann surface, with Hopf differentials satisfying the relation

Hopf(f1) = eszOpf(fz) .

We will restrict to the case of § € (0,7). In this case, we will mostly use an equivalent
characterization of landslides:

Lemma 4.12. Let ® : Q C H? — H? be an orientation-preserving diffeomorphism onto its
image. Then ® is a 0-landslide if and only if there exists a bundle morphism b € T'(End(TQ))
such that
" gz = gu2 (b, -,
and
e dVb=0;
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o detb=1;
e trb=2cosf;
e trJb<O.

Proof. Let us first suppose that ® is a #-landslide and prove the existence of b. Let b =
cosOF + sinfJm, for m as in Definition 4.11. Then trb = 2cos@ since m is self-adjoint
for ggz, and thus Jm is traceless. On the other hand, tr(Jb) = —sinftrm < 0 since m is
positive definite. Moreover, det b = cos? 0 + sin®# = 1 since det E = det.J = detm = 1 and
again tr(Jm) = 0. Finally, dVb = 0 since VE = V.J = 0.

Conversely, let b satisfy the conditions in the statement. Then b — cos F is traceless and
thus is of the form aJm, with m positive self-adjoint for ggz, detm = 1, and a € R. Since
dVb = 0, one has d¥Vm = 0. Finally, 1 = detb = cos? § + a®(det m) = cos? § + a? implies
that |a| = |sinf|. Imposing that tr Jb < 0, we conclude that a = sin 6. O

Hence we are now able to reprove the following fact, which is known from [BMS13]:

Proposition 4.13. Let S be a past-conver K-surface in AdS?® with K € (—oo,—1). Then
the associated map ® : Q; — Q,. is a O-landslide, with
_ 1
B _COSQ(g) '
Proof. The proof follows, using the characterization of Lemma 4.12, from the choice
b= (E+JB)""(E - J;B)

in Proposition 4.9. In fact, the first two points are satisfied, and from Equation (21) one

obtains:
1—detB
tro=2—— ) =2 0 22

: <1+detB> oRT (22)

for some 0 € (0,7). As observed in Remark 4.10, tr (Jb) < 0 since S is past-convex by
hypothesis. Finally, from Equation (22) one obtains:

1—cosf
det B= ————— = tan®(0/2
¢ 1+ cosé an”(6/2)
and thus )
K=-1—-detB=——5——
¢ cos2(0/2)’
thus concluding the claim. O

Remark 4.14. There clearly is an analogous statement of Proposition 4.13 for future-convex
surfaces. In fact, if S is future-convex K-surface, consider first the tensor b = (F +
JiB)™Y(E — J;B) as in the proof of Proposition 4.13. In this case tr(Jb') > 0, as ob-
served in Remark 4.10.

Hence it is the choice b = —(E +J;B)~(E — J; B) which makes the conditions in Lemma
4.12 satisfied. This shows that the associated map ® is a 6-landslide where 6 € (0,7) is
chosen so that 2cos = —tr ((E + J;B)"'(E — J;B)). The same computation as above
shows that the curvature of S is:

1

T osin®(6/2)
Let us remark that the result of this computation is consistent with the fact that the dual

surface of the K-surface S is a past-convex surface S*, gives the same associated map P,

and has constant curvature
1

cos2(0/2)
In light of this remark, we will always restrict ourselves to consider past-convex K-surfaces.

K* =
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A special case is obtained for § = 7/2. Applying Lemma 4.12, a 7/2-landslide is a
diffeomorphism @ : Q C H? — ®(Q) C H? such that ®*gy> = gu=(b-, b-), where:

e dVb=0;

e detb=1;

e trb=0;

e trJb<O0.

Hence, by taking by = —Jb, we have tr(Jby) = 0, and thus by has the property that
(I)*gHQ = gH2 (bO', bO) Wlth

o dVby=0;

e det bo = 1,

e by is positive self-adjoint for gye .

This is known to be equivalent to ® being a minimal Lagrangian map, namely ® is area-
preserving and its graph is a minimal surface in H? x H?2.

Remark 4.15. In [BS10], the existence of maximal surface in AdS® (namely, such that
tr B = 0 where B is the shape operator) was used to prove that every quasisymmetric
homeomorphism of OH? admits a unique minimal Lagrangian extension to H?. We remark
that, given a smooth maximal surface in AdS?® with principal curvatures in (—1,1), the two
7 /4-parallel surfaces are (—2)-surfaces (see [BS10] or [KS07]). As already discussed in Re-
marks 4.4 and 4.5, the map associated to the two parallel surfaces (which are dual to one
another) is the same as the map associated to the original maximal surface.

5. A REPRESENTATION FORMULA FOR CONVEX SURFACES

The purpose of this section is to provide a representation formula for convex surfaces in
AdS? in terms of the associated diffeomorphism @ : Q C H? — ®(Q) C H?, for Q a domain
in H2. A basic observation to start with is the fact that, if S is a smooth strictly convex
embedded surface, with associated map ® = 7.0 (m;) 71, and if v € S is such that m,(y) = z,
then v belongs to the timelike geodesic

Lya@) = {n € lsom(H?) : (@ (w)) = 3} .

In fact, from Subsection 4.1, we know L, (,) is precisely the timelike geodesic orthogonal
to S at 7.

Motivated by this observation, we will now define a 1-parameter family of parallel surfaces
So p, all orthogonal to the lines L, ¢(,), which depend on the diffeomorphism ® and on the
choice of b € T(End(T)) satisfying the necessary conditions provided by Proposition 4.9.
The surface S, will be parameterized by the inverse map of the left projection m; : S — H2.

Definition 5.1. Let Q be a domain in H? and ® : Q C H? — ®(Q2) C H? be an orientation-
preserving diffeomorphism such that

q)*gHQ = Jm2 (ba b) )

where b € I'(End(T2)) is a smooth bundle morphism such that d¥b = 0 and det b = 1. Then
define the map og 5 : H? — Isom(H?), where o4 ;(2) is the unique isometry o such that

o 0(D(x)) =u;

L] dJ@(x) o dq)m = —bx .

Example 5.2. If ® is the identity of H? and cosf = 1, then clearly the identity operator
b = E satisfies the conditions d¥b = 0 and detb = 1. Hence by applying the definition,
oiq,e(z) is the unique isometry which fixes z and has differential —E. In conclusion, oiq g :
H? — Isom(H?) is our usual identification which maps = € H? to Z,.
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Remark 5.3. Clearly the smooth tensor b € I'(End(7TQ2)) is not uniquely determined. In
fact, if &’ is another tensor satisfying

(I)*gH2 = gH2 (b/'v bl) 3
with detd’ = 1, then b, = Ri(x)bz, where p is a function and Rj is the rotation of p around

the basepoint z € H2. Then we claim that dV¥ = R,(dp A Jb+ dVb). Indeed, using that
VR, =dp® JR, we get

d¥ (R,b)(v,w) = Vo (Ryb)(w) — Ve (R,b)(v)
= (VuR,) ob(w) + R, 0 (Vyb)(w) — (VwR,) 0 b(v) — R, 0 (Vb)) (v)
= dp(v)JR,b(w) — dp(w)JR,b(v) + R,((Vyb)(w) — (Vub)(v))
= R,(dp(v)Jb(w) — dp(w)Jb(v) + d¥ b(v,w)),

(23)

Therefore, from the condition d¥b = 0, if b’ is another tensor as in the hypothesis of
Definition 5.1, then (up to replacing p with 2p), b’ = R5 b, where p is a constant.
In this case, one gets that o := og () satisfies the condition dog(,) = —by o (dPy) ",
while 0/ := 0y (x) satisfies
dol, = =b' o (d®,)~" = —R5,0bo (dP,) ".

xT

In other words, the map o4 1 is obtained by displacing the map o4, along the timelike lines
L, 3z of a constant length p.

The next lemma discuss the naturality of the construction of the map g 4.
Lemma 5.4. Let b € I'(End(T€2)) be a smooth bundle morphism such that
(I)*g]}p = gpH2 (b7 b) y
with d¥b = 0 and detb = 1. Let o, 8 be isometries of H2. Then:
e The smooth tensor b’ on B() defined by by, = dB; o by o (dB,)~" is such that
(a®B~ gz = g2 (b'-,b'-), dV0' = 0 and det b’ = 1;
® Taomop-11 (B(x)) = Booap(r)oa™t = (B,a) gau(z).
Proof. For the first point, since S is an isometry, one has:
(@®B™1)" grz2 (v, w) = gz (d(a®B™)(v), d(a®B ™) (w))
= g2 (A(®F7) (v), d(2B™)(w)) = gz (V' (v), V' (w)) .-
Moreover,
AV =V, (dBbdB™ (w)) — Vi (dBbdB ™ (v)) — dBbdB ™ v, w]
= dﬁ (vdﬂfl(v)(bdﬂ_l(w)) - dﬁvdﬁfl(w)(bdﬁ_lov)) - b[dﬁ_1<’l)), dﬁ_l(w)])
— dBd b(dB " (v),dB " (w)) = 0.
For the second point, we must check that & = 30 0 (x) o ™! satisfies the two properties
defining o0p0p-1,p (B(x)), namely (a®B~1(B(x))) = B(x) and db s (z) © d(a@ﬁ_l)g(z) =

=y 5.
B(z)
For the first defining property, we have that for every x € Q:

(Booap(x)oa ) (aodo ) (B(x) = Bloss(x)(x)) = B(z).
For the second property,
d(Boa(z)a™ ) aaw) 0 d(aPB™) sz = dBy 0 d(06(2)) () © APy © dﬁg(lw)
= —dfy 0 by 0 (dBz) ™" = =y, -
This concludes the proof. O
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Let us now compute the pull-back of the induced metric on the surface So, = 0,,(2)
by means of oo .

Proposition 5.5. Let Q be a domain in H? and ® : Q C H? — &(Q) C H? be an orientation-
preserving diffeomorphism such that

q)*gHQ = gm2 (ba b) ;
where b € T(End(TQ)) is a smooth bundle morphism such that d¥b =0 and detb = 1. Then

(02,5)" gaass = igIHP((E +0), (E+b)). (24)

Proof. In this proof, we will consider H? in the hyperboloid model (recall Subsection 2.1),
so that Isom(HH?) is identified to the connected component of the identity in SO(2,1).
Let us fix a point # € H2. By post-composing ® with an isometry a (where actually
a = 0g,(2)), we can assume that ®(z) = x and that d®, = —b. Indeed, by Lemma 5.4, 0g
is modified by right multiplication with a~! and thus the embedding data are unchanged.
Therefore by Definition 5.1, 04 () = id since o¢ () fixes z and its differential at x is the
identity.
Consider a smooth path z(t) with z(0) = z and £(0) = v. Hence, regarding the isometries
of H? as SO(2, 1)-matrices and points of H? as vectors in R?!, by differentiating at ¢t = 0
the relation
oap(x(t)) - P(x(t)) = z(t),
we get
dos p(v) -z —b(v) = v,
and therefore
dos ,(v) -z =(E+bv. (25)
On the other hand, choose a vector w € T,H? and extend w to a parallel vector field w(t)
along x(t). We start from the following relation (recall that we consider Isom(H?) in the
SO(2,1) model, hence the differential of an isometry o is o itself):
0 ,p(2(t)) - dPq () (w(t)) = —ba(r)(w(t)) -
By differentiating this identity in R%!, we obtain
dons0) - (bew) + T (@ (1) = — L] (b)) (26)
t=0 t=0

Now observe that, if V is the Levi-Civita connection of H? and (-, )gz.1 is the Minkowski
product of R%!, then

i _ (o) = Volbuyo®) + (o, b(w))za )z

For the other term, we obtain in a similar fashion that

@l (dPyy(w(t))) = Vaa, (v) (dPypyw(t)) + ((b(v), b(w))r21 ),

In the second term, we have used that d®, = —b. Since ® is an isometry between ggz and
D* gz = gy (b, b), we have

Vi, (o) (AP yw(t)) = d®,V, (w(t)) = —b,V, (w(t))

where V is the Levi-Civita connection of ®*gg2. Using again the formula given in [Lab92]
or [KS07, Proposition 3.12], it turns out that for any two vector fields X,Y

VxY =b 'V (B(Y)). (27)
Therefore, from Equation (26) we obtain
—dog p(v)-(bew) =V (bymyw(t)) +((bev, bpw)r2.1)x = =V (bppyw(t)) = ((v, byw)rz1 )z (28)
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Therefore, replacing b,w with an arbitrary vector w, we obtain the relation
dog p(v) - w = ((w, (E+ b)v)gz.1)z. (29)

It is straightforward to check, using Equations (25) and (29), that dog ,(v) corresponds to
the linear map

dog p(v)(w) = J(E+bjvKw = A(J(E 4+ b)(v))(w), (30)
where J is the almost-complex structure of H?. Recalling from Equation (13) that the
identification of s0(2,1) with R*! sends the AdS metric of Isom(H?) to 1/4 the Minkowski
product, the first fundamental form is:

1
gAdS3 (dO’q;.’b(’Ul), dU@ﬁb(Ug)) = Z<J(E + b)vl, J(E + b)7)2>R2.1

1
= Z<(E + b)Ul, (E =+ b)v2>R2,1 s
as in our claim. O

Remark 5.6. From the proof of Proposition 5.5, it turns out that, under the usual identi-
fication, the differential of o is given by J(E + b). Hence the map o4 is an immersion
provided

detdogpp =24+trb#0,

or equivalently trb # —2.

Corollary 5.7. In the hypothesis of Proposition 5.5, the image of dosy, at a point x € §) is
orthogonal to the line Ly ¢y at the point og y(x). In particular, if x is not a critical point,
then the family of lines L. g(.y foliates a neighborhood of o p(x) and the map ogp gives a
local parameterization of an integral surface of the orthogonal distribution.

Moreover, if 0g is an immersion, then m 0 o is the identity, and 7, o o p = P.

Proof. As in the proof of Proposition 5.5, we can assume that ®(z) = z and that d®, = —b,
which implies that og p(x) = id. From Equation (30), it follows that the image of dog ; at
x is orthogonal to the direction given by A(z).

On the other hand, in this assumption L, ¢(;) = Lz . is the 1-parameter subgroup gen-
erated by A(x) itself. O

Remark 5.8. From the proof Proposition 5.5 we have actually shown that, under the as-
sumption ®(x) = z and that d®, = —b, if dog, is non-singular at z, then under the
identification TiqIsom(H?) 2 s0(2,1) =2 R?1, the future unit normal vector at og () = id
is N(z) = 2A(z). In fact, N(z) = 2A(z) is orthogonal to the surface at og (x) by the
above observation, and is unit, since the AdS metric at id is identified to 1/4 the Minkowski
product, see Equation (13).

Proposition 5.9. Let Q be a domain in H? and ® : Q C H? — () C H2 be an orientation-
preserving diffeomorphism such that

q)*gﬂz = gH2 (ba b) y
where b € T(End(TQ)) is a smooth bundle morphism such that d¥b = 0 and detb = 1. Then
the shape operator of the immersion ooy 1S:

B=—Ji(E+b Y (E-b), (31)

where Jr denotes the almost-complex structure associated to the induced metric I.
Proof. To compute the covariant derivative of the normal vector field N along a tangent
vector dog(v), we use the following formula (see [Mil76]):

1

3 r L
yAdS N = szaq),b(v)N + 2[d0'q>7b(’U>7N} = IV —

dog b (v doa b ( 5[650'@71](’1})7]\7} )



AREA-PRESERVING DIFFEOMORPHISMS OF H? AND K-SURFACES IN AdS® 23

where V! (resp. V") is the left-invariant (resp. right-invariant) flat connection which
makes the left-invariant (resp. right-invariant) vector fields parallel, and [-, -] denotes the
bi-invariant extension of Lie bracket on isom(H?). Assuming that o¢ ,(z) = id as before, we
can compute Vg, N as the differential at the identity of the vector field Nog ,(x) 1.
Observe that in the argument of Proposition 5.5 and Remark 5.8, while doing the assump-
tion that ®(x) = = and that d®, = —b (so that o (x) = id), one is actually compos-
ing with an isometry of AdS?® of the form (id, ), where @ = 04 (z). Thus the formula
N(z)ogp(z)~! = 2A(x) is still true for every point z. Recall that, under the identification
of the Lie algebra so(2,1) with R%! the Lie bracket [v,w] is identified to the Minkowski

product v K w (see Equation (12)). Therefore we get, using Equation (30),

daqu,(

yAds? N =A (27} — %J(E +o)v X 21‘) =AQ2v—v—->b(w)=A((E-0bw),
where we have used Equation (10). Therefore, using Equation (30), that is, dog p(v) =
A(J(E + b)v), one concludes that
B=—(E+b)'J(E-b).
Using that, from Equation (24) for the metric, J; = (E + b)~'J(E + b), one concludes the
proof. O

Observe that, if ® is a 6-landslide, then by Lemma 4.12 we can choose b as in the hy-
pothesis, with moreover trb = 2cosf. Hence by Equation (31), the curvature of og ;(€2)

is
2—trb 1—cos@ 0
det B = = = tan® ( =
¢ 2+trb  1+cos® (2) ’

and thus og p is a K-surface for K = —1/ cos®(0/2).
More generally, we can now prove:

Theorem 5.10. Let S be a smooth strictly convex embedded spacelike surface in AdS?, and
let ® =m0 (m)~t: Q — Q, be the associated map. By identifying gu= with the metric
I((E+ JiB)-, (E + J;B)-) by means of the left projection m;, and choosing

b= (E+JB)""(E - JB),
then the map oo p : Q — AdS? defined by o4 ,(z) = o, with:
o 0(P(x))==x;
® dog(y) 0dP, = —b, .

is an embedding whose image is the original surface S.

Proof. Recall from Proposition 4.9 that b satisfies the hypothesis dVb = 0 and detb = 1.
Moreover, since S is strictly convex, then trb € (—2,2) and thus o4 is an immersion by
Remark 5.6. We will check that the embedding data of og j o m; coincide with those of S,
and thus in principle o4 5 o 7, extends to a global isometry (v;,7,) of AdS?. By Corollary
5.7, if m(y) = x, then the point og ,(z) belongs to the geodesic L, ¢(,) which is orthogonal
to S at v, and is also orthogonal to the image of o¢ . So we deduce that (7;,,) preserves
every geodesic of the form L, ¢(,). Hence ~; fixes every point x € (), and analogously 7,
fixes every point ®(z). Therefore 7, = 7, = id and this will conclude the proof.
To check the claim of the embedding data, using Equation (24),

T 0% 5 (gadss) = iﬁz*gw((E +b), (E+0)) = il((E +JiB)(E+b), (E+ JiB)(E +b)).
On the other hand,
(E+JB)E+b)=(E+JB)E+(E+JB)YE—-JB))

=(E+JiB)(E+JB)"(E+JB+E—J;B)=2E.
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In a similar way, according to Equation (31), the shape operator of oo o m is:
~J(E+b) Y E—-b)=J(E+(E+J;B) " (E—-JB) Y(E—~(E+J;B)" (FE - JB))
=Ji2(E+ JB)" Y)Y Y—2(E+ JB)"'J;B) = -JiB,

and thus it coincides with B, the shape operator of the original surface S. This concludes
the proof. O

As already observed, the condition that trb is a constant in (—2,2) coincides with the
condition that S has constant curvature in (—oo, —1). Hence we obtain the following corol-
lary:

Corollary 5.11. Let Q be a domain in H? and ® : Q C H? — H? be a -landslide with
0 € (0,m). If b € T(End(T?)) satisfies

q)*gﬂz = gmu2 (ba b) 3
with dVb =0, detb=1, trb = 2cos8 and tr Jb < 0, then the map oo defined by:
e 0(P(z)) =x;
L] dJ@(x) o d(I)I = —bz .

is the embedding of the past-convex K -surface in AdS® (for K = —1/cos*(0/2)) such that
mooayy =id and T 00 = D.

Remark 5.12. Applying Remark 5.3, the map o¢,_p, which is defined by:

o 0(®(x)) =ux;

® dog(zy0d®, =b,.
corresponds to the dual embedding, which is a K*-surface, with K* = —K /(K + 1), whose
associated landslide map @ is the same.

Although this is not the main point of this paper, we observe that this representation
formula holds also for maximal surfaces. In fact, if ® is a minimal Lagrangian map (which
is the same as a (w/2)-landslide, as already observed), then there exists a smooth by €
T'(End(T)) such that ®*gy2 = gyz(bo-, bo+) with

L] dvbo = O,

e det bo =1 5

e b is self-adjoint for gy .
Moreover, one can assume by is positive definite (up to replacing by with —bg). The condition
that b is positive definite ensures that tr by # —2, and thus o 3, is an immersion. Moreover,
by a direct computation (see [BS10, §3]), B is traceless, that is, og 3, (€2) is a maximal surface.
In fact, in [BS10] the existence of maximal surfaces was proved in order to obtain results
on the existence of minimal Lagrangian extensions. Our next corollary goes in the opposite
direction.

Corollary 5.13. Let Q be a open domain in H? and ® : Q C H? — H? be a minimal
Lagrangian map such that
" grrz = gpz(bo-, bo-)

so0 that by is positive definite, gy -self-adjoint, d¥'by = 0 and det by = 1. Then the map O .bo
defined by:

. o(O(@) =2

[ ] dGQ(z) o d(I)x = —(bo)z .
is the embedding of the mazimal surface in AdS® such that 00, =id and T 000, = P.

In fact, as it is to be expected, considering b = +.Jby one recovers the K-surfaces which
are (m/4)-parallel surfaces to the maximal surface.
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6. THE EXPLICIT CONSTRUCTION OF A BARRIER

In this section we will construct an explicit example of #-landslides between hyperbolic
surfaces, which commute with a 1-parameter hyperbolic group of isometries.

We will use the upper half-plane model of H?, and will denote by z = z + iy the standard
coordinates of the upper half-plane. Let us introduce a new coordinate w = s + it, with
w € R x (—7/2,7/2), defined by

z =1dexp(w).
(See also [Hub06, Chapter 2].) Clearly w is a conformal coordinate, and the hyperbolic
metric takes the form
B |dz|? B |dw]|?
oy2 cos?(t)’
In this coordinates, the line [ = {t = 0} is a geodesic with endpoints 0,00 € RP!. The
isometries preserving the geodesic [ have the form ~,(s,t) = (s + a,t). Moreover, the lines
{s = sp} are geodesics orthogonal to I. See Figure 7.

ho

(32)

{t =t}

{s=s0}

FIGURE 7. In the w = s + it on the upper half-plane, the curves {t = ¢o}
are equidistant curves from the geodesic {t = 0}. The curves {s = so} are
geodesics orthogonal to {¢t = 0}.

We will look for a #-landslide ®y invariant for the 1-parameter group -,. More precisely,
we require that ®g oy, = v, o Py. Hence ®y will necessarily have the form

Dy (s, 1) = (5 — (1), P(1)) -

We want to impose that ®y is an orientation-preserving diffeomorphism, hence we will
assume 1) increasing. Thus we will always consider v’ > 0.
We will make use of the following remark:

Remark 6.1. Given an orientation-preserving local diffeomorphism ® :  C H? — H?2, there
exists a unique bundle morphism by € I'(End(TH?)) with

" g2 = gz (bo*, bo-) »
such that by is positive definite and self-adjoint for ggz (which is equivalent to trJby = 0).
Indeed, by is the square root of (gy2) " 1®*gyz. In general, ®*gy: is equal to gyz(b-,b-), for a
(smooth) bundle morphism b, if and only if b is of the form R,by for some smooth function
p.

Hence, let us begin by computing
1
O he — — O (1)dE)? 102 dt2

ds? — 2¢' (t)dsdt + (' () + ' (t)?)dt?
cos?((t)) '
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Therefore we have ®5hg = ho(bo-, bo-) = ho(-,b2), where by is self-adjoint for hg, positive
definite, and in the (s, t)-coordinates

gy oS (1 AU
by = hy ' ®pho = os2(9() (—(p/(t) ¢'(t)? + 1//(t)2> '

Let us observe that

cos*(t)
detbf = —————1'(t)?.
= s
Since we are imposing that ®y is area-preserving, we must require detb = 1, which is
equivalent to det by = det b3 = 1. We obtain (assuming v/ (¢) > 0):
Y'(t) 1

cos2(1p(t))  cos2(t)’
which leads to the condition tan(¢(t)) = tant + C (after a choice of the sign).
In the following, we choose C' = 0, thus ¥(t) = t and we look for a map of the form

D(s,t) = (s — p(t),t).

Observe that, for the Cayley-Hamilton theorem, b3 — (tr bg)bg + (det bg) E = 0. Hence we
have b3 + E = (trbg)by and, taking the trace, (trbg)? = 2 + tr (b2). In our case, tr (b2) =
2+ ¢/(t)? and therefore we obtain the following positive definite root of b3:

_ 1 2 _ 1 2 —¢'(t)
%\M+¢@J%+m,M+¢m2ﬁw%)2+¢®0'

From Remark 6.1, it remains to impose that b = R,bg satisfies trb = 2cosf, tr Jb < 0
and the Codazzi condition for gys.

Remark 6.2. The condition trb = 2cos @ is equivalent to tr (R,by) = 2cosf. Observe that
R by = (cos pE + sin pJ)by = (cos p)by + (sin p)Jbg .
Since bg is self-adjoint, we have tr (Jbg) = 0, hence the following formula holds:
tr(Rybo) = cosptrby .
Using this formula, the condition tr (R,by) = 2cos 8 can be rewritten as

2cosf
tI‘bo '

Note that trby > 2, since det by = 1 and by is positive definite. Thus there are precisely two
possible continuous choices of the angle p, namely

2cosf
p = £ arccos <tr(b0)) . (34)

Since cos 6 # 1, neither of these two functions can vanish at any point.

In the case being considered, tr (bg) = /4 + ¢’(t)2. Hence, by imposing that tr (Jb) < 0,

we get sin p > 0 and thus
2cosf
p=arccos | —— | .
44 ¢'(t)?

It thus remains to impose the Codazzi condition to b = R,by to determine the function ¢(t).
Using Equation (23), it suffices to impose

dp(4)Jbo(dy) — dp(8;)Tbo(ds) + d¥ bo(Ds, 8;) =0,

cosp = (33)

and since dp(9;) = 0 and [0s, 0¢] = 0, we must impose

Vo, bo(8) — Va,bo(8s) — dp(84)Jbo(dy) = 0. (35)
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For this purpose, let us compute

1
Va.bo(0;) = Vo, | ———(—¢'(£)0, + (2 + ¢'(£)?)0.
0.b0(0¢) aé< 4JFSD,(t)Q( @' ()05 + ( LP())t))
1 / / 2
=— (= ()V5. 05 + (2+ ¢ (t)*) V5.0
o POV (24 0)70.0)
Observing that Vg, 05 = — tan(t)d; and Vg, 0; = tan(t)ds, we obtain
tan(t) 1102 /
Vo.bo(0;) = ———=— ((2+ ©'(t)?)0s + ©'(t)0;) .
bo0) = e (-4 090+ (00)

On the other hand,

Va,bo(9s) = Va, (W@& _ Mt)c%))
_ PO s v S, —
= G ST (20, =& (0) + —= = (2V5,05 — "' ()0 — &' (t)V 5,01

Using moreover Vg, 0, = tan(t)0;,

Vo, bo(ds) = (_ 2¢'(1)¢" (t) 2 tan(t) )63

(4+¢/(t)2)3/2 4+ @/ (t)?

Pl (1) ") + ¢ (B tan() | o
(4 + L)0/(15)2)3/2 4+ (p/(t)g t -

We also compute:
1 2 cos 6

4cos26 (4 + ()2
T, 0

_ 2cos b ' (t)" (t) .
(44 ¢/ ()2)y/4sin® 0 + ¢/ (¢)?

dp = 572# (¢ (t)

Finally Jbo(0s) = (¢'(t)0s +20;)/+/4 + ¢ (t)?. Therefore the Codazzi condition in Equa-
tion (35) gives, for the ds components,

tan(t)e' (1) 2¢0'(0e"(H) 2cos0¢' ()" (t)

LEgp ARWRYE oy 22 [asin? 6 4 0/ (1)2

)

and thus
2 1 cos 6
—tan(t) = 5 — o (t). (36)
4+ ¢'(t) (‘P/(t) 4Sin29+<p’(t)2)
On the other hand, equating the d;-components in (35) gives
%" (1) () + 20 (t) tan(t) 4cosf ' (t)¢" (1)

(44 ¢! (t)2)3/2 44 ¢'(t)? (4+ ¢/ (£)2)3/24/4sin? 0 + ¢/ (t)2

and thus
7z )2 — 4 — ()2 2 cos / "
20 (1) tan(t) = £ (t)(<p4(t) o 7 cos 0 ' ()" (t) ’
(4+¢'(®)?) (44 ¢/ (£)2)1/4sin® 0 + @/ (£)2

hence leading again to Equation (36).
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Remark 6.3. Observe that, for the first term in the RHS of Equation (36),
290”(t) 1 / 1 / 2
————dt=-1lo t)) — =lo t)* +4) + cost.
| St et = 5 o8 0) ~ 1oa(e (0 +4)
Hence if cos 6 = 0, by straightforward algebra one obtains
/ t 2
/(p (t) _ o4C COS4(t) 7
©'(t)? +4

for some constant C. In conclusion,
1
'O =4 ———~ -1
Y 1 —e~4C cost(t) ’

e~2C cos(t)

V1 —e2Ccosi(t)

Observe that, if C' > 0, then ¢'(t) is defined for all ¢t € [—n/2,7/2], and therefore
we obtain minimal Lagrangian maps from H? to H?. Up to composing with a hyperbolic
translation still of the form ~,(s,t) = (s + a,t), we can assume ¢ is a primitive of the
RHS of Equation (37) such that ¢(—m/2) = 0, so that the points in H? with coordinates
w = (s, —m/2) (namely, those points in the boundary on one side of the geodesic connecting
0 and oo) are fixed. It is also easy to check that the map obtained by choosing the opposite
sign in Equation (37) provides the inverse map. See Figure 8. However, in this paper we
are interested in the solutions of Equation (36) which are not defined on the whole interval

T
S

F1GURE 8. The dynamics of the map ® when the constant C' is positive, in
the w = s + it coordinate. This is a conformal model of H?Z.

or equivalently

(37)

¢ (t) =2

6.1. Landslides of the hyperbolic half-plane. Let us now study the ODE in Equation
(36). Let us define

B du

F(r) = —2cos€/ .
0 (4+u2)y/4sin? 0 + u?

F:[0,4+00) = R
Clearly F'(0) = 0 and
|F(+00)| := lim |F(r)] < +oo.
r—4o0

By integrating both sides of Equation (36), one obtains

1 1
3 log(¢'(t)) — 1 log('(t)? +4) + F(¢'(t)) = log(cos(t)) + C'. (38)
Observe that the the function

1 1
rl—>§logr—zlog(r2+4)+F(r),
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which corresponds to the LHS of Equation (38) with ¢'(¢) = r, is an increasing function of
r, since by construction its derivative is the expression

2 1 cos @
= - —
A4\ \/4sin?0 + r2
which is positive (even if cosf > 0). (Compare Equation (36).) An equivalent form of
Equation (38) is:
W,(t)l/Q F(o'(t c
We (") =€ COS(t) . (39)
Let us put C' = F(+00). With this choice, the real function
7,1/2 F(r)—C
G(T) = — arccos (We (r) )
is strictly increasing and sends [0, +00) to [—7/2,0). Hence Equation (39) defines ¢'(t) =
G~Y(t), and in particular

lim ¢'(t) =400  and lim ¢'(t)=0. (40)

t—0— t——m/2

We will need a more precise analysis of the behavior of ¢(¢) close to 0.

Lemma 6.4. Any solution ¢ of Equation (39), with C = F(+00), satisfies

lim #p'(t) = —/2(1 — cosf). (41)
t—0—
Therefore, lim;_,o ¢(t) = 400 and
lim te?®/2 =0, (42)
t—0-
Proof. Recalling that ¢’ is defined by ¢/(t) = G71(t), to prove (41) we need to show that
lim tG7*(t) = —/2(1 — cosf).
t—0-

Being G~ a diffeomorphism between [—7/2,0) and [0, 4+00), observe that

lim tG7(t) = lim vG(v) = lim M

t—0— v—+00 u—0 u

A simple computation shows that

F(1/u)-C —20059/ dr —20059/ sds
1u  (4+72)y/4sin? 0 + r2 (452 +1)\/4s2sin? 0 + 1
so F(1/u) — C = cos u? + o(u?). Thus
6F(1/u)—C
cosG(1/u) = (E=TEEL = (1—u?+o0(u?))(1+cosbu® +o(u?)) = 1 — (1 —cos O)u? + o(u?)
S0

G*(1/u)/2 = (1 — cos O)u? + o(u?)

and we conclude that G(1/u) = —1/2(1 — cos 0)u + o(u), which implies (41).

For (42), notice that 1/2(1 — cosf) < 1, and choose a number a € (1/2(1 — cosf),1).
Now fixing tg < 0 so that ¢'(t) < a/|t| for t € [to,0) (this exists by (41)). So for t > ¢y we
have

(1) — plto) = / o/ (r)dr < aln(to/t)

o0 0 ()" —n

and this proves (42). O
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The associated map
®p : H — HZ,
where H2 = {z € H? |R(z) > 0} = {t < 0} is a half-plane in H?, of the form
Dy(s,t) = (s = (1), 1),

is a f-landslide of H.. Here ¢ is a primitive of ¢’ chosen in such a way that p(—m/2) = 0, so
that ®(s, —m/2) = (s, —m/2) for every s € R. Since from Lemma 6.4 we know ¢(t) diverges
as t — 0, the map does not extend to the geodesic boundary of Hi, which is the geodesic
invariant for the 1-parameter hyperbolic group.

We additionally observe that ®y maps the curve gy, : (0,7/2) — H?2, parameterized by

o0 = (s0°+ 00001 |

to the curve ps, with parameterization

Pl = (0= 300)t)

which is the image of g5, by means of the reflection (s,t) — (259 — s,¢). See Figure 9.

(T N

50 S0

FIGURE 9. A sketch of the dynamics of the map ®y, in the w = s + it
coordinate.

Let us remark that, since ®9 commutes with the 1-parameter hyperbolic group ~,, then
the images of the constant curvature embeddings o, r,b, are invariant for the group of
isometries of the form (v,,7,), which preserve the plane R,. We want to prove that the
image of 0g, Rr b, is the spacelike part of a past-convex K-surface Sk (with as usual K =
—1/cos?*(0/2)) whose boundary in JAdS? is the union of the boundary at infinity of an
invariant half-plane in R, and a sawtooth, i.e. two null segments in OAdS®. Moreover,
the lightlike part of Sy is precisely the lightlike triangle bounded by the two null segments.
This last condition will be the key property we will need to use Sk as a barrier in the next
sections.

Defining o(t) = 0a,,Rr,b, (s, (t)), by applying the definition, the isometry o(t) maps the
point pg, (t) to gs, (). From Equation (32), the distance of a point from the geodesic {t = 0}
only depends on the ¢-coordinate, and thus ps, and ¢s, have the same distance from the
geodesic {t = 0}. Hence o(t) can be an elliptic isometry with fixed point on the geodesic
{s = so}, a parabolic isometry fixing an endpoint of {s = sg}, or a hyperbolic isometry
whose axis is orthogonal to the geodesic {s = so}.

The goal of this part is to prove that for ¢ — 0 the family of isometries oa,,r,b,(¢s, ()
actually converges to Z(y, o), that is, to the elliptic isometry of order two fixing the point of
intersection of {s = so} and {t = 0}. In this way we will get that the surface associated to
®y contains the spacelike line in the totally geodesic plane R, invariant by (v4,7a)-
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Lemma 6.5. If in the w = s + it coordinate we denote p(t) = ps,(t) = (so — (1/2)p(t), 1),
q(t) = qso (t) = (s0 + (1/2)¢(t), t) and o(t) = 0wy, Rr,b(qs0 (1)), then

3] 3] 3]
d(o(t)) < ) = cos{(t) ( ) +siné(t) ( )
Os p(t) Os q(t) ot q(t) (43)
0 . 0 0
d(o(t)) (8t p(ﬂ) = —siné(t) (88 q(t)> + cos&(t) (675 q(ﬂ) .
where £ is a function of t € (—n/2,0) with
lim ¢’ (t)sin&(t) = 2(1 — cosh), (44)
%i_r}(l) cos&(t) = —1. (45)

In particular, £(t) = 7 mod 27 ast — 0

Proof. First observe that {cost |, cost 2|, } and {cost|,), cost2:|, } are orthonor-
mal basis respectively at p(t) and ¢(¢), for the form (32) of the metric. Thus d(o(t)) at p(¢)
must have the form of Equation (43) for some angle £(t).

Let us now compute £(t). Observe that, with respect to the (95, 9;)-frame,

(d0) (5. = ((1) ﬂpp) .

Recall that,

AP Y (1 I —— (COSp(t) Sinp(t)) ( 2 —¢/(t) ) ’

I+ /(02 \sinp(t) cosp(t) ) \—¢'(t) 2+¢'(t)?
and thus
e 1 fesp(t) —simp®) [ 2 &0
do = —bo (d®o) VA+¢'(t)? <Sinp(t) cos p(t) ) (—cp'(t) 2 ) ’
It follows that
1

sin{(t) = _\/W (2sinp(t) — ¢'(t) cos p(t))

By Equation (40), ¢'(t) — 400 as t — 0, so tr(by) = /4 + ¢'(¢)? tends to infinity as
well. By Equation (33),
2cosf
@' (t)cosp(t) = w’(t)% — 2cosf.
On the other hand, as p = arccos(2 cos8/tr(bg)), sinp(t) — 1 as t — 0. Therefore, as t — 0:
'(t)
44 ¢'(t)?
Finally an explicit computation shows that
1
cosé(t) = ———=(2cos p(t) + ¢'(t) sin p(t)) .
£(t) 4—|—<p’(t)2( p(t) + @' (t) sin p(t))

Hence lim cos£(t) = — limsin p(t) = —1. O

¢’ (t)siné(t) = — (2sinp(t) — ¢’ (t) cos p(t)) — —2(1 — cosB) .

Proposition 6.6. Denoting p(t) = (so — (1/2)¢(t),t), and o(t) = 0a,,Rr,b,(q(t)) (in the
w = s+ it coordinate, as in Lemma 6.5), then as t — 0 the family of isometries {o(t)}
converges to L, the elliptic rotation of angle m around the point m = (sq,0).
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Proof. The isometry o(t) is defined by the properties that it sends p(t) to ¢(t) and its
differential sends the vector %\p(t) to a vector forming the positive angle () with %\q(t),
by Equation (43).

Recall that in the z = x + iy coordinate of the upper half-plane model, z = iexpw =
exp(s +i(m/2 + 1)), so

p(t) = exp(so — @(t)/2 +i(m/2+1))  q(t) = exp(so + ¢(t)/2 +i(m/2 +1)).

The transformation §(¢) : z = ez sends p(t) to q(t) and -], to &|y)- So o(t) is
obtained as the rotation of angle £(¢) around p(t) post-composed with §(¢).

An explicit computation shows that the rotation around a point p = |ple” of angle ¢ is
represented by the SL(2,R) matrix

sin(n+£/2)  _ sin(¢/2)|p|
sin sin
sin(€/2)  sin(n-g/2) | -

|p|sinn sinn

(Notice that changing £ by £ + 27 the matrix changes by sign.)
Applying this formula to p(t), n = n(t) = 7/2 + t and |p| = e*0~*®)/2 and multiplying
the rotation matrix by §(t) = diag(e?(/2,e=#(1)/2) we get that

— S0 Sln(f(t)/Q)
(0(t)21 = —e —a
— p S0 Sin({(t)/Q)
(0(t)i2=e W
(0(t))2e = e #M/2 sin(m/2 i‘otst— £(t)/2) .

As &(t) = m (mod27), we obtain lim(o(t))2; = £e % and lim(o(t))12 = Fe®, whereas
(O'(t))gg — 0.
On the other hand, the first entry of o(¢) is
(g(t))ll _ e@(t)/Q Sln(ﬂ'/Q +14+ 6(t)/2) e@(t)/Q COS(t + g(t)/2) .

cost cost

Now,
cos(t + &£(t)/2) = costcos(£(t)/2) — sintsin(£(t)/2)

cosé(t)+1
2
_costsing(t) . .
= —2(1 s £0)) sintsin(£(¢)/2) .
By Equations (44) and (41) it follows that the ratio
cos(t +£(t)/2)
t

is bounded. Thus using Equation (42) we deduce that lim; ¢ 011 () = 0.
In conclusion

= cost —sintsin(£(¢)/2)

0 e~ %0
O'(t) — |:—630 0 :| :Im )

which proves the claim. O

Corollary 6.7. The constant curvature embedding og, r,b, : H% — Isom(H?) defined by

® (00y,R,by(2))(Po(2)) = 2;
* (dowy,R,b(2))z © (dPg). = —R,bo ;
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with respect to the map ®¢ and the bundle morphism b = R,by constructed above, has image
a constant curvature surface in AdS® whose boundary coincides with the boundary of the
half-plane Hi

Proof. From Proposition 6.6, for every so we found a family of points ps, (t) whose images for
the embedding g, r,b, converges to (so,0). That is, all points on the geodesic boundary
of Hi (identified to a half-plane of the totally geodesic plane R,) are in the frontier of
T4, b0 (HZ).

To conclude the proof, it remains to show that, when t — —m/2, Oa4 R,b, tends to
the boundary at infinity of the half-plane Hi of R;. Denoting again by o(t) the image
of the point ps,(t) by the embedding g, r,b,, We claim that both sequences o(t)(m) and
a(t)~t(m), where m is the point ie*°, converge to e, which is in the boundary of the upper
half-plane model. Since sq is chosen arbitrarily, and recalling the definition of Equation (8),
this will conclude the proof.

Here the computation is similar, though much simpler. Indeed, recalling that ¢’(t) — 0 as
t — —7/2, we have that tr(by) = \/4 + ¢/ (t)? — 2 as t — —m /2. Therefore, from the choice
of Equation (34), we get p — 6. Moreover, recall that we have chosen ¢ as the primitive
of ¢’ such that ¢(—7/2) = 0. Using the above, a straigthforward computation shows that
a(t)(ie®0) — e*0. Analogously, o(t)~!(ie%°) — e®o. O

7. EXISTENCE OF CONSTANT-CURVATURE SURFACES

The idea of the proof of the existence of K-surfaces with prescribed boundary is to obtain
a K-surface by approximation from surfaces which are invariant by a cocompact action. In
that case, the existence of constant curvature surfaces is guaranteed by the following theorem:

Theorem 7.1 ([BBZ11]). Let ¢ : OH? — OH? be an orientation-preserving homeomorphism
which is equivariant for a pair of Fuchsian surface group representation
Pl Pr * T1 (Eg) - Isom(HQ) ’

where 34 is a closed surface. Let T’ the curve in OAdS® which is the graph of ¢. Then there
exists a foliation of Dy (T') and D_(T) by surfaces of constant curvature K € (—oo,—1),
which are invariant for the representations

(p1, pr) = 1 (2,) — Isom(AdS?) = Tsom(H?) x Isom(H?).

The foliations are such that, if |K1| < |Ka|, then the K;-surface is in the convex side of the
Ks-surface.

For this purpose, we will use three main technical tools. The first is the following lemma,
which we prove in Subsection 7.1 below.

Lemma 7.2. Given any weakly acausal curve T' in OAdS3, there exists a sequence of curves
Iy, invariant for pairs of Fuchsian representations of the fundamental group of closed surfaces

((p1)ns (pr)n)  T1(2y,) — Isom(AdS?) = Isom(H?) x Isom(H?)
such that T';, converges to I' in the Hausdorff convergence.

The second is the following theorem of Schlenker on the smooth convergence of surfaces,
specialized to the case of the ambient manifold (M, g) = AdS?:

Theorem 7.3 ([Sch96]). Let o, : D — M be a sequence of uniformly elliptic spacelike
immersions (i.e. with uniformly positive determinant of the shape operator) in a Lorentzian
manifold (M,g). Assume o}g converges C*® to a metric goo. If x, € D is a sequence
converging to a point T, such that the 1-jet jlo, () is converging, but o,, does not converge
C™ in a neighborhood of x., then there exists a mazimal geodesic v of (D, goo) containing
the point o, such that o, restricted to vy, converges to an isometry onto a geodesic ' of
M.
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Moreover, in the conditions of Theorem 7.3, the degeneration of the immersions o, is
well-understood in [Sch96]: if o, does not converge C* in a neighborhood of ., then the
surfaces o, (D) converge to a surface which contains all the (future-directed or past-directed)
light rays starting from points on the geodesic v’ of M.

The third tool is the use of the barrier we constructed in Section 6, in particular Corollary
6.7.

7.1. Approximation of measured geodesic laminations. We recall here the definition
of measured geodesic lamination on H2. Let G be the set of (unoriented) geodesics of H?2.
The space G is identified to ((9H? x 9H?)\ A)/ ~ where A is the diagonal and the equivalence
relation is defined by (p,q) ~ (¢,p). Note that G has the topology of an open Mobius strip.

Definition 7.4. A geodesic lamination on H2 is a closed subset of G such that its elements
are pairwise disjoint geodesics of H?. A measured geodesic lamination is a locally finite
Borel measure on G such that its support is a geodesic lamination.

For the approximation procedure, we will use the following Lemma 7.6 on the approxi-
mation of measured geodesic laminations, which is proved in [BS17b, Lemma 3.4]. We first
need to recall some definitions.

Definition 7.5. A sequence {p,}, of measured geodesics laminations converges in the
weak™ topology to a measured geodesic lamination, pu, — pu, if

lim [ fdpu, = / fdu
g g

n—oo

for every f € CJ(G).

Lemma 7.6. Given a measured geodesic lamination u on H?2, there exists a sequence of
measured geodesic laminations i, such that p, is invariant under a torsion-free cocompact
Fuchsian group G,, < Isom(H?) and i, — p.

The second technical lemma ensures that the weak*-convergence of the bending lamina-
tions implies the convergence of the curves in the boundary of AdS?, which is basically the
same as the uniform convergence of the corresponding left earthquake maps.

Lemma 7.7. Let p,,u be measured geodesic laminations on H? such that p, — [ in
the weak* topology. Assume i, and p induce earthquakes of H? and py is a point of H?
which is not on any weighted leaf of u. Then the homeomorphism ¢, of OH? obtained
by earthquake along p,, normalized in such a way that the stratum containing py is fized,
converges uniformly to the homeomorphism ¢ obtained by earthquake along p, normalized in
the analogous way.

Proof. Let C,, = gr(¢,) be the 1-dimensional submanifold of OH? x OH? which is the graph
of ¢, : OH? — OH?. Up to a subsequence, C,, converges to a subset C' of OH? x OH? in the
Hausdorff convergence. As C), are acausal curves, it turns out that C' is a weakly acausal
curve. Hence, in order to prove that C' = gr(¢), it suffices to show that gr(¢) C C. In fact
we will prove that for every point € OH? there exists a sequence xj converging to z such
that (zx, ¢(xk)) € C.

Let p € H? which is not on any weighted leaf of . Denote by F,(p) the stratum of u,
which contains p, and analogously F(p) is the stratum of p contaning p. We claim that for
any sequence y,, € OH? in the boundary of F},(p) and any yo in the boundary of F(p), if y,, —
Yo, then ¢, (yn) — &(yo). This follows by [EMO06, Theorem 3.11.5], where in the language
of cocycles, E,, (po,p) — Eu(po,p) in Isom(H?), and therefore ¢,,(y,) = E,, (po,p)(yn)
converges to ¢(yo) = E,(po,p)(yo). In this case, one then has (yo, ¢(10)) € C.

Next, we claim that for every z € OH? there exists a sequence of points x; such that
xp — x and (zg, ¢(xx)) € C. This will conclude the proof, by the above observations. Let
pi be a sequence of points in H? converging to x, such that every py is not on any weighted
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leaf of yu. For every fixed k, consider the stratum F,,(py) and let y,(px) be the point of OH?Z,
in the boundary of F,(py), closest to z (in the round metric of OH? ~ S!, in the Poincaré
disc model, for instance). If z itself is in the boundary of F;,(py), then obviously y, (pr) = .

Observe that the distance of y,(px) from z is bounded in terms of the distance of py
from z (in the Euclidean metric on the disc model, for instance). Let zj = lim, y,(pk),
up to a subsequence. By our first claim, (zx, #(zx)) € C. Moreover, d(y,(pr),z) — 0 as
k — +oo uniformly in n (as it is estimated by d(pg,x) — 0). Therefore also d(z,x) tends
to zero as k — +o0o. This implies that every x € OH? is approximated by points zj such
that (zg, ¢(xk)) € C. O

‘C‘A\V L5

X

FIGURE 10. Possible positions of the points y,(pr), as the position of pg
changes. The Euclidean distance d(y, (px), «) is uniformly bounded in terms
of d(pk, ), and it goes to zero as d(pg,x) — 0.

One might consider the definition of measured geodesic lamination on a straight convex set
of H2, in the sense of [BB09], and prove more general statements of Lemma 7.6 and Lemma
7.7. However, to avoid technicalities, we will circumvent this issue by approximating in two
steps.

Proof of Lemma 7.2. Let T be a weakly acausal curve in JAdS?. It is possible to find a
sequence ¢,, of orientation-preserving homeomorphisms of OH? such that the graphs I',, =
gr(¢n) converge to I' in the Hausdorff convergence. Moreover, by Lemma 7.6 for every n
there exists a sequence I'y, ; of graphs invariant for some pairs ((p;)n i, (0r)nk) of torsion-
free cocompact Fuchsian representations. By Lemma 7.7, the I';, , converge to I';, in the
Hausdorff convergence. By a standard diagonal argument, one finds a sequence I';, (,,) which
converges to I'. (I

7.2. Proof of the existence part. The purpose of this section is to prove the existence
part of K-surfaces of Theorem 8.7.

A 1-step curve is the boundary of a totally geodesic lightlike plane, while a 2-step curve
is the union of four null segments in JAdS®. Those are the two cases in which the convex
hull of the curve I' coincides with the domain of dependence D(T"). See Figure 11.

Theorem 7.8. Given any weakly acausal curve I' in OAdS® which is not a 1-step or a 2-
step curve, for every K € (—oo,—1) there exist two convex surfaces S?}, Sy in AdS? with
dSE =T, such that:

o The lightlike part of Sli( is DL(T)NC(T), that is, the union of all lightlike triangles
bounded by past-directed (resp. future-directed) sawteeth of T';
e The spacelike part of S]i( is a smooth K -surface.

Remark 7.9. The first property of the surface S?E in Theorem 7.8 means that its lightlike
part is the smallest possible, under the condition that the boundary is the curve I'. In
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FIGURE 11. A 1-step curve (left) bounds a lightlike plane. On the right, a
2-step curve, which is the boundary of the surface obtained as the union of
two lightlike half-planes which intersect along a spacelike geodesic.

particular, if it is possible to construct a past-convex spacelike surface with boundary T',
then the lightlike part of S;g is empty and therefore S} is a smooth spacelike K-surface
with boundary I". The same holds for future-convex surfaces. In general, the boundary of
the spacelike part of S?é coincides with the boundary of the spacelike part of C4 (T").

Proof of Theorem 7.8. For definiteness, we will provide the argument for the past-convex
surface S} contained in D4 (I'), the other argument being completely analogous. Let I',
be a sequence of curves in JAdS? invariant for a pair of torsion-free cocompact Fuchsian
representations ((p;)n, (pr)n), converging to I', as in Lemma 7.2. Fix K < —1. By Theorem
7.1, there exists a past-convex K-surface (Sk), in D4 (T',,), with (Sk)n = .

Step 1: There exists a C°-limit of the surfaces (Sk)n. Introducing the model of AdS?

given by (see [BS10)):
o o1 4dz? — (14 [2[*)dt®

(05t 2R ) 1)
we see that, since (Sx), is spacelike, (Sk), is the graph of a 4-Lipschitz function from D2
to S, with respect to the Euclidean metric of the disc. By an application of the Ascoli-
Arzeld Theorem, there exists a subsequence (which we still denote by (Sk),) whose closure
converges uniformly to the closure of a locally convex nowhere timelike surface (Sk)oo. As
a consequence O(Sk)eo =T

It remains to show the two properties in the statement.

Step 2: The lightlike part of the limit (Sk)co is the union of all mazximal lightlike triangles
bounded by past-directed sawteeth. We already know that, for any past-directed sawtooth
contained in T', the surface (Sk)oo contains entirely the totally geodesic lightlike triangle
corresponding to the sawtooth. We will need to show the other inclusion. Namely, we will
show that any point in the complement of the past-directed lightlike triangles is not in the
lightlike part of (Sk)eo. (Observe that the existence of a point z in the lightlike part of
(SK)oo lying in the complement of the lightlike triangles implies that T is not the boundary
of a lightlike plane or the boundary of two lightlike half-planes intersecting in a spacelike
geodesic. See Figure 11.)

For this purpose, suppose by contradiction that z € (Sk) is a point in the complement
of such lightlike triangles, but still in the lightlike part of (Sk)oo. This implies that (Sk)eo
has a lightlike support plane P which contains . Let us show that the dual point y of P is
necessarily on the curve T'. Indeed, let £ be the past-directed light-ray joining x to y (which
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is contained in P). On the one hand, by convexity of (Sk)co, £ does not intersect the open
convex region bounded by (Sk ) (in an affine chart containing I'). On the other hand, as
¢ is the limit of timelike rays though z, which are contained in this open convex region, it
turns out that ¢ is in (Sk)~. Hence the endpoint y of £ is in the curve at infinity I
Now, we can find a curve I, as in Example 3.5 (compare also Figure 12), with the
following properties:
e I is composed of a past-directed sawtooth contained inside the plane P and of the
boundary of a totally geodesic spacelike half-plane;
e IV does not intersect ' transversely;
e In an affine chart which entirely contains D(I"), the totally geodesic spacelike plane
which contains a portion of IV disconnects z from T'.

Indeed, if PNT is composed of a single point y, one can insert a small enough past-directed
sawtooth with vertex in y, such that the corresponding lightlike triangle is contained inside
P but does not contain x. Moreover IV can be arranged to intersect I' only at y. The
situation is similar if P NI contains a light-like segment, but not a past-directed sawtooth.
Similarly, if P N IT" contains a past-directed sawtooth, it suffices to choose a slightly larger
sawtooth, in such a way that I' N T coincides with the sawtooth P NT. See Figure 12. Of
course this is possible provided I is not the boundary of a totally geodesic lightlike plane.

FIGURE 12. The construction of the curve IV, when T is the graph of an
orientation-preserving homeomorphism (left) and when I' contains a past-
directed sawtooth (right).

Let us consider the surface S, which was constructed in Corollary 6.7, with the following
properties:
e The lightlike part of S% is the maximal lightlike triangle with boundary in I",
e The spacelike part of S is a smooth K-surface.

To conclude Step 2, it suffices to show that S} and (Sk)eo do not intersect transversely. In
fact, from Corollary 6.7 the surface S intersects P exactly in the maximal lightlike triangle
with boundary in I'. But by construction z is not in such maximal lightlike triangle. Hence
if we show that S7 and (Sk)e do not intersect transversely, it follows that (Sk)eo cannot
intersect P at x, thus giving a contradiction.

To show the claim, observe that since I',, converges to I' as n — oo, one can choose a
sequence of isometries Y, € Isom(AdS?) such that:

e xn(T'n) is disjoint from I”;
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o Y, — id as n — oo.

We claim that the surfaces S% and x,(Sk)» do not intersect transversely. Since their
boundaries I'V and x,,(I',) are disjoint, and S}, contains a lightlike triangle, the intersection
must be contained in a compact region of the spacelike part of S%. Observe that S} lies
outside of the convex hull of x,(T',). By Theorem 7.1, there is a function

KDy (Xn(Tn)) = (=00, =1)

such that the level sets {k = K} are K-surfaces. Observe that K — —oo as © — dD(T"). Let
Ky be the maximum of x on S% N D4 (xn(I'y). Then the Ky-surface x,(Sk,)n is tangent
to the spacelike part of S% at an interior point and x,(Sk,). is contained in the convex
side of S%. By an application of the maximum principle at the intersection point, Ky < K.
But again by Theorem 7.1, x5, (Sk)» is in the convex side of x,,(Sk,)n and so S cannot
intersect X (SK)n.

Since xn (Sk)n converges uniformly on compact sets to (Sk)oc, this shows that Sy and
(SK)oo do not intersect transversely. This concludes Step 2. In fact, we have proved that for
any point z € (Sk)e which is in the complement of the lightlike triangles corresponding to
sawteeth of I, x does not lie in the boundary of the domain of dependence D(I"). Therefore,
the lightlike part of (Sk)e coincides precisely with the union of all maximal past-directed
lightlike triangles.

In particular, the spacelike part of (Sk)e in nonempty unless I' is a 1-step or a 2-step
curve.

Step 3: The spacelike part of (Sk)eo s a smooth K-surface. Let x be any point of (Sk)oo,
in the complement of the union of all maximal lightlike triangles, and let x,, € (Sk), such
that z, — x. Regarding (Sk), as the graph of a Lipschitz function in the conformal model
of (46), we argue that there is a cylindrical neighborhood U of z such that the restriction of
the projection 7 : AdS® — D? is uniformly bi-Lipschitz on U N (Sk),. We deduce that there
exists € such that the metric ball B(g,, (, €) is compact in (Sk )n, contained in U, and thus
its projection is uniformly bounded in D?. Recall that the induced metric on (Sx), has
constant curvature K, and thus, up to rescaling the metric by a factor |K]|, it is isometric
to a subset of H2. Let o € H? and let

on =: Byz(0,€) = S,

be an isometric embedding (after rescaling the metric by |K|) with ¢,,(0) = x,,. Composing
with the projection m, it then turns out that w o o, are uniformly bounded and uniformly
bi-Lipschitz. Hence the maps o,, converge C° up to a subsequence. The limit map 0., has
image B(g,).. (z,€).

Observe that the 1-jet of o, at 0 is bounded. Indeed, if the 1-jet were not bounded, there
would be a subsequence n; such that the tangent planes T, Sp, converge to a lightlike
plane, which is a support plane for (Sk ) at . Hence x is a point in the boundary of the
domain of dependence D(I'), contradicting the previous claim.

We can thus extract a subsequence in such a way that j'o,(0) converges. Since o, are
isometric embeddings of Byz (o, €), (up to rescaling by the constant factor |K|), the pull-back
07 (gaass) of the Anti-de Sitter metric is constant, and we are in the right assumptions to
apply Theorem 7.3. It follows that o, converges C* in a neighborhood of 0. Indeed, if
this were not the case, by Theorem 7.3 the surfaces (Sk), would converge to the union of
two half-planes of lightlike type in AdS?, intersecting along a spacelike geodesic, and this
possibility is ruled out again by the fact that = is in the spacelike part of (Sk)co. This
concludes the proof that o, converges C*°, and therefore the spacelike part of (Sk)co is
smooth and has curvature K at every point x. O
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8. FOLIATIONS OF THE COMPLEMENT OF THE CONVEX HULL

The purpose of this section is to prove that the K-surfaces obtained in Theorem 7.8
provide foliations of Dy (T") and D_(T"), as K € (—oo, —1). We first compute the curvature
of a spacelike surface in AdS?, expressed as a graph over the horizontal plane in an affine
chart for the projective model of Subsection 2.1.

Proposition 8.1. Let V be an open subset of a smooth spacelike surface in AdS3. Suppose
that, in an affine chart of the projective model for which AdS? is the interior of the standard
one-sheeted hyperboloid, V is expressed as the graph of a function u : R> = R, namely:

V={(z,y,): (z,y) €t =u(z,y)},
where Q C R? is some domain. Then u satisfies the equation:
(1 = [Duf? + ((z,9) - Du —u)?)?

(1+u2— a2 —y2)2

det D*u = det B, (47)

where B is the shape operator of S.

Proof. Recall that in the projective description of AdS?® of Subsection 2.1, the double cover
SL(2,R) of PSL(2,R) is identified to the subset of R* where the quadratic form % + 2% —
73 — 7% takes the value —1. Hence we will denote by R?*? the ambient R* with the standard
bilinear form of signature (2,2), and we will suppose that the affine chart is given by x4 # 0.
We use the affine coordinates:
[‘Tl X2 13 564] — (:Cayvt) = (zla Qv 993) )
Ty Ty T4

so that the horizontal hyperplane Hy corresponds to x3 = 0.

Denote by H the hyperplane defined by x4 = 1, and by H~ the region of H where
the quadratic form is negative, that is the image of AdS® in the affine chart. We denote
by £ : H- — SL(2,R) the radial map &(x1,z2,23,1) = f(x1,22,23) - (v1,22,23,1) where
fxy, w0, 23) = (1 + 22 — 22 — 22)~ /2. The local parameterization of S in the affine chart
is of the form

oz, y) = (z,y,u(z,y),1),
while the parameterization of the lifting of the surface in SL(2,R) is 0 = {o0d = f(7) - 7.
We want to compute the determinant of the shape operator B of o. If I e Il denote the first
and second fundamental form matrices of ¢ in the {9;, 0, } frame, it turns out that

det B = (det I)/(detI) .

First let us compute det I. If X denotes the vector product on SL(2,R), then o, Ko, is a
tangent vector at ¢ normal to immersion. In particulat it is timelike and by standard facts

det] = —(o, Koy, 0, Roy) .

Considering SL(2,R) as a submanifold of R??2 we can orient R%? so that the positive normal
vector at 7 € SL(2,R) is N(n) = n. Now it is immediate to check that the following formula
holds for any v,w € T,,SL(2,R)

vR{w==*(nAvAw),
where * : A%(R*) — R* is the Hodge-operator on R?2. So a direct computation shows that
o, Koy, =*(fo NdE(G,) ANdE(G,)) = f2 % (G NGy AGy)
Now ¢ = dg + e4, where ey is the positive normal of the hyperplane H, and
ao(z,y) = (z,y,u(z,y),0).
Denoting with X also the vector product on H (that is intrinsically a copy of Minkowski

space),
x(ea Noy Noy) = (6, Xay) =v,
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where it turns out that v = (ug, uy, 1,0). Writing 69 = & — e4, one obtains:
*(Go NGy N Gy) = (00, V)eq = (0, V)eq.
We thus conclude that
oMo, = f2(v+(5,v)es) (48)

and thus det I = f%g where g(x,y) = (7,v)% — (v,v) =1 — |Du|? + ((2,y) - Du — u)%.
To compute I, notice that the normal vector of the immersion o is

Now II11 = (N, 0.,). Observe that 0., = fyr0 + 2f20: + fGure. Using that o, = f,.6 + [,
and that N is orthogonal to o, and to &, we get

f f
Vdet I Vdet I

where in the last equality we have used Equation (48) and the fact that (e4, 54.) = 0, since

Hll = f<Na6-a:a:> =

(02 WOy, 00q) =

(0x WGy, 00,

Gz = (0,0, uys,0). Hence, observing that (v, 5,,) = —Uz,., one finally has:
f4
I = ————=Uy
U VdetI

With analogous computations we get

e

I=—- \/mD u,
and therefore det II = d’ec : 7 det D?y. This concludes the proof that
det B = 7 det D*u = f~*g~2 det D*u .
(det I)?
which corresponds to Equation (47). O

Remark 8.2. From the proof of Proposition 8.1, the factor (1 — |Du|? + ((z,y) - Du — u)?)
does not vanish as long as S is a spacelike surface, whereas the factor (1 + u? — 22 — y?)
vanishes precisely when (z,y,u(x,y)) is in OAdS?.

We will now introduce a notion of locally pleated surface. Recall that the definition of
locally convex nowhere timelike surface was given in Definition 3.3.

Definition 8.3. A locally convex nowhere timelike surface S in AdS? is locally pleated if
for every v € S there exists a neighborhood U of v in AdS? such that S N U is contained in
the boundary of the convex hull of S NoU.

The condition that S is a locally pleated surface can be expressed by saying that no point
of S is a vertex (or extremal point) in the sense of convex geometry ([Roc70]). Using this
characterization, we prove the following lemma.

Lemma 8.4. Let S be a locally pleated surface in AdAS?, with 0S =T a weakly acausal curve
in OAdS®. Then S is a pleated surface, that is, S coincides with a boundary component of
the convex hull of T'.

Proof. Let K be the convex hull of S. By convexity, S lies in K. By Krein-Milman
Theorem ([KM40]), K is the convex hull of extreme points of S UdS. As S contains no
extreme points from the above definition, we conclude that K is the convex hull of 3S. O
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Recall that, given a convex function v : Q C R2 — R, the Monge-Ampére measure MA,
of u is defined in such a way that, if w C 2 is a Borel subset, then MA,, (w) is the Lebesgue
measure of the union of the subdifferentials of u over points in w. In particular, if u is C?,
then

MA,(w) = / (det D*u)dL .
w
We will use the following property of Monge-Ampeére measures:

Lemma 8.5 ([TW08, Lemma 2.2]). Given a sequence of convex functions w, which con-
verges uniformly on compact sets to u, the Monge-Ampeére measure MA,, converges weakly
to MA,,.

Moreover, the following is a characterization of functions with vanishing Monge-Ampere
measure:

Theorem 8.6 ([Gut01, Theorem 1.5.2]). Given a convex function u :  C R? - R, u e
C°(2), where Q is a convex bounded domain, if MA, = 0, then u is the convex envelope of
u|aQ.

We are now ready to prove that the K-surfaces with prescribed boundary a weakly space-
like curve I' C OAdS?, whose existence was proved in Theorem 7.8, provide a foliation of
D, (T') and D_(T).

Theorem 8.7. Given any weakly acausal curve I' in OAAS? which is not a 1-step or a 2-step
curve, Do (T') and D_(T) are foliated by K-surfaces Sz, as K € (—oo, —1), in such a way
that if K1 < Ko, then Sli(2 is in the convex side of Sli{l.

Proof. For definiteness, we give the proof for the region D, (T'), as the other case is com-
pletely analogous.

As in the proof of Theorem 7.8, let I',, be a sequence of curves in JAdS? invariant for a pair
((p1)n, (pr)n) of torsion-free cocompact Fuchsian representations of 71 (2,,) — Isom(H?) x
Isom(H?). Recall that in Theorem 7.8 we showed that for every K € (—o0, —1) there exists a
subsequence on which the K-surfaces (Sk ), invariant for ((p;)n, (pr)n) converge to a convex
nowhere timelike surface (Sk)oo With O(Sk)s = I', whose lightlike part is the union of
all maximal past-directed lightlike triangles bounded by I', and whose spacelike part is a
smooth K-surface.

By choosing a numeration of Q N (—oo, —1), by a classical diagonal argument we can
extract a subsequence ny, such that for every ¢ € Q, as k — 00, (S4)n, converges uniformly
on compact sets to a convex surface, whose spacelike part is a smooth g-surface, which we
denote (with a slight abuse of notation) by S,. Let us denote again by (S;),, the converging
subsequence, omitting the subindex k. We will prove that the family of surfaces {S;} extend
to a foliation of D4 (I") by K-surfaces.

Step 1: The spacelike parts of the surfaces S, are pairwise disjoint. Indeed, for every
¢1 < go, the surface (Sg, )y lies in the convex side of (Sy,)n. Therefore the same holds for
Sq, and Sy, , and in particular they do not intersect transversely. Moreover, it is not possible
that Sy, and S,, are tangent at one point in the spacelike part, since the determinant of the
shape operator of Sy, is strictly smaller than the determinant of the shape operator of Sy, .
Therefore if they were tangent, Sy, could not be in the convex side of S, , since this would
contradict the maximum principle.

Step 2: For every irrational K < —1 the sequences {Sy : ¢ > K} and {Sy : ¢’ < K}
both converge to the same surface. Let us denote

(Sk) = ql/i;rll( Sy and  (Sk)" = q/l/iLnK Sy
where the limit clearly exists as the sequences are monotone. Moreover, since every Sy
is in the convex side of every Sg,~, the limit (Sk)’ is in the convex side of (Sk)”, and in



42 FRANCESCO BONSANTE AND ANDREA SEPPI

particular they do not intersect transversely. Suppose by contradiction that there exists
an open set U which is contained in the region between (Sk )’ and (Sk)”. Now, since the
surfaces (Sk)n foliate Dy (I',,) by Theorem 7.1, for large n there is a surface (S, ), in
the approximating sequence, for ¢, € Q N (—oo, —1), which intersects U. By the uniform
convergence on compact sets, for n larger than some ng, ¢, < ¢’ for every ¢ > K. But for
the same argument, for some possibly larger ng, if n > ng then ¢, > ¢ for every ¢" < K.
This gives a contradiction.

Step 3: The spacelike part of the limit Sk = (Sk) = (Sk)" is a smooth K-surface. By
the usual application of Theorem 7.3, for every v € Sk, pick a sequence v, € Sy converging
to v and pick the homothetic embeddings

0q : By2(0,€) = Sy .

As in the proof of Theorem 7.8, the o4 converge C* and therefore Sk is a smooth K-surface.

So far we have proved that {Sk : K € (—o0,—1)} is a foliation by smooth K-surfaces of
a subset of D4 (I"). We finally need to prove that | J{Skx : K € (—o0,—1)} coincides with
D, (D).

Step 4: The surfaces Sk approach the spacelike part of 0+C(T') as K — —1. As Sk is a
monotone sequence in K, consider the C%-limit

Sfl = lim SK.
K—-1

We claim that S_; is locally pleated. As the lightlike part of S_; is the union of lightlike
triangles corresponding to sawteeth of I', we only have to prove the claim for the spacelike
part of S_;. Let v € S_; and let us choose an affine chart so that a support plane of S_;
at « is the horizontal plane as in Proposition 8.1.

Hence, in a neighborhood of v, the surfaces Sk are the graph of a convex function
ug : Qx — [0,400). Using Remark 8.2, as K — —1 then (1 +uk(z,y)? — 2% — ) remains
bounded for every (z,y) € Q_; (since the point (x,y,u_1(x,y)) is not in the boundary
of AdS?). Also (1 — |Duk(x,y)|* + ((z,y) - Duk(z,y) — uk(z,y))?) remains bounded for
(z,y) € Q_1, as otherwise the limiting surface would have a lightlike support plane over
(z,y), and this is not possible for the usual argument, as «y is in the spacelike part of S_;.
Hence, applying Lemma 8.5 to Equation (47), we get that u_; satisfies det D*>u_; = 0 on
Q_y. Since v was arbitrary, by Theorem 8.6, S_; is locally pleated. By Lemma 8.4, S_;
coincides with 9,C(T") as claimed.

Step 5: The surfaces Sk approach the boundary 0. D(T') as K — —oo. As before, we can
take the limit

S = Jim S
Suppose that S_., does not coincide with the boundary of D(T"). Since d_C(T') is the dual
surface to 9. D(T), the dual surfaces (Sk)* would converge to (S_o)*. But the shape
operator of (Sk)* is identified to the inverse of the shape operator of Sk, and thus the

(Sk)* are again surfaces of constant Gaussian curvature K* = —K/(K + 1). In particular
K* tends to —1 as K — —oo. Thus applying the same argument as in Step 4, one gets a
contradiction. g

9. UNIQUENESS AND BOUNDEDNESS OF PRINCIPAL CURVATURES

In this section we consider the problem of the uniqueness of the K-surfaces with fixed
boundary curve I" (which we will be able to prove under the assumption that I" is the graph
of a quasisymmetric homeomorphism) and the boundedness of principal curvatures. The two
problems are tackled with similar techniques, and the key tool is the following compactness
theorem for quasisymmetric homeomorphisms:
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Lemma 9.1 ([BZ06]). Let ¢, : OH? — OH? be a family of orientation-preserving quasisym-
metric homeomorphisms of OH?. Suppose there exists a constant M such that, for every
symmetric quadruple Q (i.e. such that the cross-ratio of Q is cr(Q) = —1) and for every n,

| log |erén(Q)]| < M . (49)

Then there exists a subsequence ¢, for which one of the following holds:

o The homeomorphisms ¢, converge uniformly to a quasisymmetric homeomorphism
¢ : OH? — OH?;

o The homeomorphisms ¢y, converge uniformly on the complement of any open neigh-
borhood of a point of OH? to a constant map c : OH? — OH?.

We start with a remark, which shows us that the condition that T' = gr(¢), with ¢
quasisymmetric, is not restrictive for the study of surfaces with bounded principal curvatures.
That is, if S is a surface with bounded principal curvatures and 0S = T', then I is necessarily
the graph of a quasisymmetric homeomorphism.

Remark 9.2. Suppose S is a convex spacelike surface in AdS? with 85 = T, such that
the principal curvatures of S are bounded. We claim that the associated map & is a bi-
Lipschitz diffeomorphism of H2. In particular ® is quasiconformal and I is the graph of the
quasisymmetric extension of ®.

By the same argument as in the proof of [BB09, Proposition 6.21], the bound on the
second fundamental form implies that S is geodesically complete. Let us show that the
projections m;, m, are bi-Lipschitz. Using the completeness of .S, this implies that they are
coverings, hence diffeomorphisms. Therefore ® is a bi-Lipschitz diffeomorphism of H?.

The minimal and maximal stretch of m; (resp. ) are the eigenvalues of E + JB (resp.
E — JB). Since B is bounded, the maximal stretch is bounded from above by some constant
M. To obtain the bound from below, it suffices to notice that det(E+JB) = 1+det B > 1.
Hence the minimal stretch is bounded from below by 1/M. This proves that m; and =, are
bi-Lipschitz.

Another basic observation is the fact that the condition I' = gr(¢), ¢ being quasisymmet-
ric, is equivalent to the condition that the measured geodesic lamination on the upper (or
on the lower) boundary of the convex hull of I" is bounded. Indeed, the latter condition is
equivalent to saying that the Thurston norm of the left (or right) earthquake lamination is
bounded, which is known to be equivalent to quasisymmetry of ¢, as proved independently
in [GHLO2] and [Sar06] (see also [Thu86, Sar08]). Boundedness of the measured geodesic
lamination can be seen as a condition of boundedness of curvatures for the non-smooth
surface 04.C(T").

Theorem 1.4 gives a similar statement for K-surfaces, that is, a K-surface S with 95 =T
has bounded principal curvatures if and only if ¢ is quasisymmetric - and moreover it is
unique. The proof of Theorem 1.4 is split in two propositions, which are proved with
similar techniques. Proposition 9.3 first proves the uniqueness part of Theorem 1.4, while
Proposition 9.4 proves boundedness of principal curvatures.

Proposition 9.3. Given any quasisymmetric homeomorphism ¢ : OH?> — OH?, for every
K € (—o0,—1) there exists a unique (spacelike, smooth) future-convex K-surface Sy and a
unique past-conver K-surface S} with 85; = gr(¢).

Proof. Let us give the proof for past-convex surfaces, for definiteness. Let T' = gr(¢). We
have already proved the existence of a foliation by K-surfaces S} of D4 (T"). Hence we have
a function k : Dy(I') — (—oo, —1), such that k(y) = ko if v € S;. Let S be another
K-surface, for fixed K. We must show that S coincides with S = x~1(K).

Let

Fmax = sup (7) and Fmin = 1nf x(7) .
yES yES



44 FRANCESCO BONSANTE AND ANDREA SEPPI

Let us show that K. < K. Then by an analogous argument, we will have ki, > K, and
thus Kmax = Kmin = K.

Suppose the supremum kpax is achieved at some point Ymax, such that Kmax = £(Vmax)-
First, it follows that kKpax > —00, for otherwise S would touch the boundary of the domain
of dependence. Then in this case, S and Sj,,,, are tangent at v, and Sy, ,, is on the convex
side of S. Hence by a standard application of the maximum principle, the determinant of
the shape operator of Sy, .. at 7 is larger than the determinant of the shape operator of S
(which equals —1 — K). Therefore K > Kmax-

On the other hand, suppose that kmax = lim, £(7,,), where 7, € S is a diverging sequence.
Let x», € Isom(H?) such that x,(7,) = Z, (for € H? a fixed point) and x,(P,,S) = R,
where P, S is the totally geodesic plane tangent to S at ,. Observe that, if I' = gr(¢) is
the curve in JAdS? of S, then x,,(T') = gr(¢y,), where ¢,, is obtained by pre-composing and
post-composing ¢ with isometries of H?. Hence the condition of Equation (49) in Lemma
9.1 is satisfied.

We claim that there can be no subsequence ¢,, which converges to a constant map.
In terms of Anti-de Sitter geometry, this means that the curve y,, (I') would converge (in
the Hausdorff convergence) to the boundary of a totally geodesic lightlike plane P. Let
¢ € OAdS? be the point which determines the lightlike plane, namely the self-intersection
point of P (see Figure 11, left). Since P, S is a support plane for S, 0P, S does not
intersect I" for every n. By applying X, this means that OR, does not intersect ., (I"), and
thus £ must necessarily be in R ,. See Figure 13. But in this case, (Z,)* does not contain
&, s0 (Z,)* meets x,(T) for n large, which contradicts the fact that Z, is in the domain of
dependence of x,,(T") for every n.

F1GURE 13. The position of the lightlike plane P of the claim in the proof
of Proposition 9.3.

Therefore, by Lemma 9.1, there exists a subsequence ¢,,, which converges to a quasisym-
metric homeomorphism ¢, of OH2. Let I'sc = gr(¢oo). By the same argument as the
proofs of Theorem 7.8 and Theorem 8.7, there exists a foliation of D4 (I's,) by K-surfaces
which are obtained as limits (up to taking subsequences) of the surfaces x, (S} ). Moreover,
taking a further subsequence, we can suppose X, (S) converges to a smooth K-surface Sy
contained in D4 (I's) (as in the proof of Theorem 7.8). Now we are again in the situation
of the beginning of the proof, where fmax = sup.cg_ Koo (7), and this supremum is achieved
at Z,. Thus applying again the above argument, the proof is concluded. O
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We will now apply a similar argument to show that, under the assumption that I" is the
graph of a quasisymmetric homeomorphism, the principal curvatures of the K-surfaces Sg
with Sk =T are uniformly bounded.

Proposition 9.4. Let S be a K-surface, for K € (—oo,—1), with S = gr(¢), where
¢ : OH? — OH? is a quasisymmetric homeomorphism. Then the principal curvatures of S
are bounded.

Proof. By contradiction, assume that there exists a sequence of points v, € S where one
principal curvature A1 (7,,) tends to infinity (and thus the other tends to zero). As in the proof
of Proposition 9.3, let y,, € Isom(H?) such that x,(7,) = Z, and x,,(7,, S) = R.. By the
same argument, the curves y,, (I') converge to the graph of a quasisymmetric homeomorphism
I'w = g7(deo), and as in Theorem 7.8, the surfaces x,(S) converge to a smooth K-surface
Soo With 0Ss = I'y. But then for the C°° convergence, the principal curvatures Aj(7v,),
which are equal to the largest principal curvature of x,,(S) at x»(vn) = Z;, converge to the
largest principal curvature of S, at Z,. Thus they cannot go to infinity and this gives a
contradiction. (|

We remark that the key points in the proofs of Proposition 9.3 and Proposition 9.4 are
the use of the compactness result for quasisymmetric homeomorphisms (Lemma 9.1), and
on the other hand, the convergence result of Theorem 7.3, which essentially can be fruitfully
applied (as for Theorem 7.8) provided the curve I' is not a 1-step or a 2-step curve.

Proposition 9.3 and Proposition 9.4 together give the statement of Theorem 1.4.

Recall that the map ® : 7, o (m)~! associated to a past-convex K-surface S is a 6-
landslide, for K = —1/cos?(0/2), and that if S = gr(¢) then ® extends to ¢ on OH?Z.
Then we conclude by a corollary about the extensions by #-landslides of quasisymmetric
homeomorphisms.

Corollary 9.5. Given any quasisymmetric homeomorphism ¢ : OH? — 0H? and any 6 €
(0,7), there exist a unique 0-landslides ®¢ : H? — H? which extend ¢. Moreover, ®y is
quasiconformal.

In fact, Theorem 7.8 and Proposition 9.3 prove existence and uniqueness of a past-convex
K-surface for every K € (—oo,—1). Therefore the associated map is a f-landslide. On the
other hand, given any 6-landslide @y, by the procedure described in Section 5, in particular
Corollary 5.11, ®p must necessarily come from one of the two K-surfaces with boundary

gr(¢).
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