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LOGARITHMIC STABILITY OF PARABOLIC CAUCHY PROBLEMS

MOURAD CHOULLI AND MASAHIRO YAMAMOTOfY

ABSTRACT. The uniqueness of parabolic Cauchy problems is nowadays a classical problem and since Hadamard
(6] these kind of problems are known to be ill-posed and even severely ill-posed. Until now there are only few
partial results concerning the quantification of the stability for parabolic Cauchy problems. In the present
article, we bring the complete answer to this issue, provided that the space domain has finite diameter with
respect to the geodesic distance and assuming that solutions are sufficiently smooth.

Mathematics subject classification : 35R25, 35K99, 58J35
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1. INTRODUCTION
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Throughout this article, (2 is a bounded domain of R™ with Lipschitz boundary I'. We denote the geodesic

distance on 2 associated to the round metric by d4. That is

1
dg(x,y) = inf {/ "L/J(f)‘ dt; 1 : [0,1] — Qis a piecewise C'* path joining = to y} .
0
We denote by dy the diameter of 2 with respect to the distance dg:
dy = sup{dy(z,y); =,y € Q}.

We consider the parabolic operator

Here A = (a¥) is a symmetric matrix whose coefficients belong to W°°(Q) and satisfy: there exist £ > 0

and K > 0 so that

(1.1) A@)¢- € > K¢, 2€Q, R,
and
(1.2) @ | () < K, 1<1i,5<n.

We recall that Q has the uniform exterior sphere property if there exists p > 0 so that, to any € T’

corresponds o = xo(7) € R™ \ Q for which

B(zo,p) N Q=0 and B(zo,p) NQ = {7}.

tThe second author is partially supported by Grant-in-Aid for Scientific Research (S) 15H05740 of Japan Society for the

Promotion of Science.
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Let tg < t1, Q = Q X (to,t1) and fix 0 < @ < 1. For sake of simplicity, we use in the sequel the following
notation:

27 = OV (@) N H ((to, 1), HA(Q)), § =1,2.

We endow 277 with its natural norm
lullors = Il ova 1 ) + Wl s oo, 2 (00

From now on we assume that t; — tg < Tp, for some fixed Ty > 0.

We are mainly concerned in the present work with the stability issue for the Cauchy problem associated
to the parabolic operator L. Precisely we are going to prove

Theorem 1.1. Assume that ) possesses the uniform exterior sphere property and dy < oco. Let I'g be a
nonempty open subset of I'. Then there exist two constant C' > 0 and v > 0 depending on 2, k, K, Ty, «
and Ty, so that, for any u € 2% satisfying Lu = 0 in Q, we have

Jull ]
Clullzz(nyaniay < lullrs 1o (gl 25 )| cumo)

where
C(u,To) = |lull m2((to,t1),22(r0)) + VUl 1 ((10.01).L2(T0)) -

The stability estimate in Theorem 1.1 is of logarithmic type. Similarly to the elliptic case one can not
reasonably expect Lipschitz or Holder stability.

We observe that Theorem 1.1 remains valid if L is substituted by L plus an operator of first order in space
variable whose coefficients are bounded.

The second author [10, Theorem 5.1, page 24| proved a Holder stability in a proper subdomain of @
depending on the part of the lateral boundary where the Cauchy data is given. In [9, Theorem 3.5.1, pages
45 and 46], Vessella establishes a local Holder stability corresponding to the continuation of Cauchy data
to an interior subdomain for solutions vanishing at the initial time. Recently, Bourgeois [1, Main theorem,
page 2| proved a result similar to the one in Theorem 1.1 in the case where L = A — 9y, @ = D\ O, D and
O are two domains of class C?, O € D, and I'y = 0D or I'g = 9O. His result is based on a global Carleman
estimate in which the weight function is built from the distance to the boundary of the space variable.

The present work constitute an extension of the earlier result by Bourgeois [1], but for more regular
solutions and some class of domains. The proof of the main result is inspired by that used in the elliptic case
by the first author in [2]. Note however that there is a great difference between the elliptic and parabolic
cases. The main difficulty in the parabolic case is that the initial time and the final time data are missing.
So the proofs are more technical. The idea to overcome the fact that the initial time and the final time data
are not known is to use a Hardy inequality with respect to time variable. This is explain why we need to
work with sufficiently smooth solutions. The assumption that the domain must have finite diameter with
respect to the geodesic distance is essential in our proof. We do not know whether this geometric assumption
is necessary.

Althrought we used classical tools to establish our main result, the result itself is completely know. This
is our modest contribution to stability issue for parabolic Cauchy problems.

A key tool in our analysis is a Carleman inequality (Theorem 2.2 below). We observe that Carleman
inequalities are very useful tool in control theory or for establishing a unique continuation property for
elliptic and parabolic partial differential equations. There is wide literature on the subject. We just quote
here the few reference [1, 3, 4, 8.

The rest of this article is organized as follows. Section 2 is devoted to a three-cylinder interpolation
inequality for the H!-LZ-norm. This inequality will be very useful for continuing the data on an interior
subdomain to the lateral boundary data, and to continue the data from one subdomain to another subdomain.
This is what we show in Section 3 and, as byproduct, we prove a logarithmic stability estimate corresponding
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to the unique continuation from an interior data. The proof of Theorem 1.1 is completed in Section 4 by
beforehand establishing a result which quantifies the stability from Cauchy data to an interior subdomain.

2. THREE-CYLINDER INTERPOLATION INEQUALITY

We prove in this section

Theorem 2.1. There exist C' > 0 and 0 < ¥ < 1 depending on k, K, Q and Ty, so that, for any 0 < € <
%, uw € H'((to, t1), H*(Q)) satisfying Lu =0 in Q, y €  and 0 < r < ry(e) = min (%dist(y,F), \/E), we
have

9 -9
(2.1) P ull L2 (ot —o, 1 (B2 < Cllull T2t 0,10 (B 18 L2 (o 1) 21 (By.30) -

The proof of Theorem (2.1) is based on a Carleman inequality for a family of parabolic operators. To this
end, let Z be an arbitrary set and consider the family of operators

L, =div(A,V-)— 8, s€eT,

where, for each s € Z, Ay = (a¥) is a symmetric matrix with W1°°(Q) entries so that the following
assumptions hold: there exist x > 0 and K > 0 so that

(2.2) Ag(z)E-€>RIEP, 2€Q, E€R and s €7,

and

(2.3) | | < K, 1<i,j<n, seL.

Pick ¢ € C?(Q) without critical points in Q and set ¥ =T" x (¢, t1). Let
1
[ e —
90 = T =D
and
oz, 1) = g(t) (euuwnm _ 6A<2nwnx+w<z>>) L x(@,t) = g(t)AYle+b@)),

Theorem 2.2. (Carleman inequality) There exist three positive constants C', Ao and 1o depending only on
Y, Q, k, K and Ty, so that

C’/ (M7 3u? + Nrx|Vaul?) e * P dadt

Q

(2.4) < / (Lsu)?e™?"?dxdt + / (X723 + Mrx | Vul? + (Arx) " Howl?)) e > P dodt,
Q )

for allu € H'((to,t1), H*(Q)), s€ L, A > \g and T > 0.

Proof. Since the dependance of the constants will be uniform with respect to s € Z, we drop for simplicity
the subscript s in Ly and its coefficients. On the other hand since C*°(Q) is dense in H*((to,t1), H*(Q2)) it

is enough to prove (2.4) when u € C*°(Q).

Let ® = ¢™ and u € C*(Q), and set w = ® 1y extended by continuity at ¢ = 0 and ¢ = T by setting
w(+,0) = w(-,T) = 0. Then straightforward computations give

Pw = [ LOjw = Piw + Pw + cw,
where

Piw = aw + div (AVw) — 70rpw,
Pow =B -Vw+ bw — dyw,
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with

a=a(z,t,\,7) = 722 | V|4,

B = B(x,t,\,7) = =2 ATxAVY,

b=0b(z,t,\,7) = —2X27x| V1|4,

c=c(x, t,\,7) = =Arxdiv (AVY) + AN27x| V|4,
Here

[Vila = VAV Vi = |4t vu).

We obtain by making integrations by parts

1
(2.5) / awB - Vwdzdt = —/ aB - Vw?dzdt
Q 2Jq
1 1
= ——/ div(aB)w?dzdt + —/ aB - vw?dodt

2 /o 2 /s
and
(2.6) / div (AVw)B - Vwdzdt = f/ AVw - V(B - Vw)dzdt + / B - VwAVw - vdodt

Q Q p)

= —/ B'Yw - AVwdxdt
Q

- / V2wB - AVwdzdt + / (B - Vw)(AVw - v)dodt.
Q b

Here B’ = (9;B;) is the Jacobian matrix of B and V?w = (97;w) is the Hessian matrix of w.
But

/Biafjwaikakwdxdt: —/ Biaikafkwajwdxdt
Q Q

f/ 0; [Biaik} 8kw8jwdzdt+/ Biyiajk(?kwﬁjwdodt.
Q b
Therefore

(2.7) /V2wB~Adezdt:f%/
Q

; ([div(B)A + Ai| Vw) - Vwdzdt

1
+—/ |Vw|4 B - vdodt,
2 s

with A = (@), a = B - Va',
It follows from (2.6) and (2.7)

1
(2.8) / div (AVw)B - Vwdzdt = —/
Q 2Jq

1
+/ (B-Vw) (AVw - v)dodt — 5/ |Vw|4 B - vdodt.
by by

(—QAB’ +div(B)A + Z) Vu - Vwdzdt

A new integration by parts yields

/ div (AVw)bwdzdt = —/ b|Vw|% dedt — / wVb - AVwdzdt —|—/ bwAVw - vdodt.
Q@ Q Q s

This and the following inequality

—/ wVb - AVwdzdt > f/(A2x)71|Vb|?4w2d:cdt—/ N x| Vw | dadt
Q Q Q
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imply

(2.9) / div (AVw)bwdzxdt > — / (b+ \2X)| V|4 dxdt — / (A x) Vb4 w? dadt
Q Q Q

+ / bwAVw - vdodt.
r

One more time, integrations by parts entail

1 1
(2.10) /aw@twdacdt: —/ a@thdxdt:——/ draw?dxdt,
Q 2 Jq 2Jq
1 1
(2.11) /6t<pw6twdxdt: —/ atgo@thdxdt:——/ af@dexdt,
Q 2 Jq 2 Jq
1
(2.12) / OrpwB - Vwdzdt = 5/ OvpB - Vw?dxdt
Q Q

1 1
= —/ div(drpB)w?dzdt + —/ B - vwidodt.
2 /o 2 /s

Also
(2.13) / div(AVw)oywdxdt = —/ AVw - Voywdxdt + / AVw - vOywdodt.
Q Q by
But
/ AVw - Voywdxdt = f/ AVOow - Vwdxdt = —/ Voyw - AVwdzdt.
Q Q Q
Whence

/ AVw - Voywdxdt = 0.

Q

This identity in (2.13) gives

(2.14) / div(AVw)oyw = / AVw - voywdodt.
Q

)
Now a combination of (2.5), (2.8), (2.9)-(2.12) and (2.14) gives

(2.15) / PywPywdxdt — / cwidrdt > / fw?dzdt + / FVw - Vwdzdt + / g(w)dodt,
Q Q Q Q >
where
Lo 2 \—liop2 _ 2, L Lo Lo
f= —§dlv(aB) +ab— (Nx)"|Vb|% —c + §6ta - §6t v — §dlv(6t<pB),
1 -
F=—AB'+3 (div(B)A + A) — (b+ A2y A,
1 1 1
g(w) = §aw2B ‘v — §|Vw|iB v+ B VwAVw - v+ bwAVw - v — 56,5(,03 cvw? — AVuw - voyw.

We use the inequality (o — 3)% > a?/2 — 3%, a > 0, B > 0, in order to derive
[Pwl3 > (I|[Prw + Prwl]z — [lewl|2)?

1
> 5 IPrw + Powl3 — [lewl3

Z/lePde:cf/CQdez.
Q Q
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Whence (2.15) implies

(2.16) ||Pw||§z/ wadxdt—i—/ FVw-dexdt—i—/g(w)dadt.
Q Q =

In light of the following inequalities, where ¢ is a constant depending only on Ty and ),
0ipl < ex? 107l [VOrp| < ex?
|AVw - vOw| < Ax|AVw - v|? + (A1x) " osw|?,

straightforward computations show that there exist four positive constants Cy, C1, Ag and 79, that can
depend only on ¥, Q, Ty, k and K, such that for all A > A\g and 7 > 79,

f = CoX'r?y?

FE-€> CoN*1x|€|?, for any € € R™,

lg(w)| < Cy (W72 xPw® + Arx|Vwl® + (Arx) "' ow]?) .
Hence

(2.17) C/(/\47'3)(311)2+>\27)(|Vw|2)d:cdtS/(Pw)dedt
Q Q

+ / N33 3w? + Arx | Vw|? + (M) 7Y 0ww|?)dodt.
2
As Vw = &1 (Vu + A\ruVp),
IVl = @72 (|Vul? + N 72|V + 2xruVu - Vi) |

Therefore, using an elementary inequality, we find

1
|Vw[? > 2 (|vu|2 + 2272 |V 2u? — 4N 7202 | V| — 5|Vu|2)

and then
(2.18) Vw2 > &2 (%|Vu|2 - 3)\272u2||vw||§0> .
(2.18) implies in a straightforward manner that
welivu > o (I gup - ez,
Consequently
(2.19) VY| 2N 7| Vw|? + AN riw? > @72 (” Vil |Vu |2+ Ly >
On the other hand, it is not hard to establish the inequality
(2.20) |0yw|? < @72 (|0pul® + cr?x*u?) .
The expected inequality follows by combining (2.17), (2.19) and (2.20). O

Proof of Theorem 2.1. Let u € H'((to,t1), H*(Q)) satisfying Lu = 0, set
Q(,LL) - B(OvlL) X (717 1)5 H> 0.
Fix (y,s) € Q x (to,t1) and
1
0 <7 <rys = min (gdist(y, ), Vs —to,Vt1 — s) < rog = ro(diam(2), Tp).

Let
w(z,t) = u(rz +y,r’t+s), (z,t) € Q(3),
Then Lyw = div(A,Vw) — dw = 0 in Q(3), where A,.(x) = (a¥ (rz + y)).
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Clearly, the family (A,) satisfies (2.2) and (2.3), uniformly with respect to r € (0,7, ).
Let x € C§°(U) satisfying 0 < x <1 and y =1 in K, with

1 5
U:{xER";§<|x|<3}, IC:{QUGR”;1§|$|§§}.
Theorem 2.2 applied to xw, when 2 is substituted by U, gives, for A > A\g and 7 > 79,

(2.21) C (M720%w? + N2 1| Vw|?) e P dxdt
QEN\Q(1)

< / (L, (xw))%e” 2% dxdt.
Q(3)

But
1 5
supp(, () < {5 <ol <1hu {3 <lol <3} x 1)
and
(Ly(xw))? < A(w? + |Vwl?),
where A = A(rp) is independent on r. Therefore, fixing A\ and changing 7y if necessary, (2.21) implies, for

TZTOa

(2.22) C/ (w? + |Vw]?) e *™?dadt < / (w? + |Vw|?) e *"dzdt
Q(2) Q)

+/ (w? + |Vw|*) e ?™dxdt.
QEBN\Q(5/2)
Let s’ € (—1,0) and choose (x) = —|z|? in (2.22) (without critical points in U). In that case

o, 1) = g(t) (€70 — A1)

We have, where s’ = —1 + ¢ for some 0 < ¢ < 1,

1
o(z,t) < g(s) (636,\ _614,\) <= (636,\ _614,\) _ E’ (z,t) € B(2) x (s',—s'),
1% 0

o(x,t) > g(tm) (636/\ _ 618/\) _ (636)\ _ 618)\) =B, (z,t) €Q(1)
A 20 (5 —8) = (¢ eB) =< 5)

As§<1<%,wecanﬁx9€(0,1) so that

1
1_pf8
0 «

Set a =2(1—6)(y—B) and b =20(y — ) and Q(2) = B(0,2) x (—1 +¢,1 —¢€). Then (2.22) yields
C/~ (w? + |Vw|?) dadt < e‘”/ (w? + |Vw[?) dadt + e_bT/ (w? + |Vw|?) dadt.
Q(2) Q1) Q(3)

As in the elliptic case (see [2, Theorem 2.17 and its proof, pages 19 to 21]), we derive from this inequality
the following one

+(1-0TL>1.
(0%

9 —9
Cllwllzz(-1+e1-0). 11 (@) < 0l L2110y, 80 ) 1@ T201,0),0 (B3
with ¥ = 245,
Making a change of variable we get, with 7 =1 — o,

(223)  rllullza(s—rr st B2 < Clullfeemr s m B I Ea(s—r2 o), 11 (B
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We fix 0 < e < % and let s = to+ € and s, = sp_1 + 2772. We consider ¢ the smallest integer so that
(t1 — €) — 8g—1 < 2772 or equivalently (t; — €) — s,—2 > 277r%. Whence

t1 — to — 2¢ 1) 3d1am(Q)2 TO . 2 1
2.24 3 = — +3d Q) —.
( ) ¢< 27712 tas 27712 r2 2T + 3diam(Q) r2

In light of (2.23) we get, for r < ry(e) = min (3dist(y,T'), /€),

9 -9
(2.25) rllull 2o e,ts—e, 1 (B2 < CallulLa(ug 1) 0 (B 1 2 (10 00,11 By 37)))-
Estimate (2.24) in (2.25) yields

9 —v
(2.26) C’7"3||U||LQ((to-i-enh—e),Hl(B(y,2r))) < HUHLz((to,tl),Hl(B(y,r)))||U||1L2((t0,t1)7H1(B(y73T)))7 r<ry(e).

The proof is then complete.

3. QUANTIFYING THE UNIQUENESS OF CONTINUATION FROM AN INTERIOR DATA

In the rest of this text, we will often use the following Hardy’s inequality for vector valued function.

1

Lemma 3.1. Let X be a Banach space and s € (0, 5). There exists a constant ¢ > 0 so that for any
U

u € H?((to, t1), X), we have
|5

Here 6 = 6(t) = min{|t — to|, |t — t1]}-

< . .
L2((to,t1),X) cllwll e ((to.02).3)

Proof. For simplicity, we use the same symbol || - || for the norm of X and its dual space dual X*. The
duality pairing between X and X* is denoted by (-,-). Let u € H*®((to,t1),X) and pick z* € X* with
[|[*]] = 1. From the usual Hardy’s inequality in one dimension (see for instance [5]), we have

B u(t))?
(3.1) / %dt < el @ w3 (1))
But

* : B ) — (o u(®)
e D e = 0" 0Oy + [ [ DO gy
0 0

ot ulr) = u@®)?
<l Z2((r,00),3) +/to /to Wdth: e ((t0,60), %)

Whence
u

i

2 B /t1 SUP|| =1 (2%, u(t))]?
t

2
L2((to,t1),X) - 523(0 dt < CHUHHS((to,h),X).

0

Next, we prove

Proposition 3.1. There exist w € 2 and four constants p > 0, ¢ > 0, C > 0 and 0 < o9 < 1, that can
depend on Q, k, K, Ty and o, so that, for any u € 2! satisfying Lu = 0 in Q and 0 < o < 09, we have

(3.2) lull L2(to,0), 22y + VUl L2((t0,00), 120y < C (0™ Jull g1 + €7 [[ull La(ro,t0), 12 (w))) -

Proof. Since 2 is Lipschitz, it has the uniform interior cone property (see for instance [7]). That is there
exist R > 0 and 6 € |0, %[ so that, to any & € I' corresponds ¢ = £(z) € S"~! for which

Cx)={xzeR" |t -2 <R, (x—2)-£> |z —T|cosO} C Q.

We fix Z € T and let £ = £(Z) be as in the definition above. Let zg = 20(Z) = 7 + £¢, do = |zo — Z| and
Po = (do/-?)) sin 6.
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Let 0 < € < €y, where ¢p < tlzt" is chosen in such a way that
(3.3) 0<(5=(5(6)=£<1,0<6<60.
4po

By induction on k, we construct a sequence of balls (B(xzy, 30py)) as follows

Tht1 = Tp — o€,

Prt1 = [Pk,
dk-‘rl = ,U/dk,
where
dy = |vy, — 2|, pr = cdy, ar = (1 — p)dy,
with
sin 6 3 —2sinf
c=—— =
3 0 1T 3 sing
This construction guaranties that, for each k, B(z, 3dpr) C C(Z) and
(3.4) B($k+1, 0pr+1) C B(l‘k, 26Pk)-

Let w € 2. In the sequel
M = M(u) = lul 1.

From (2.1) we have

(3.5) (0p0)2 (]l L2 ((totestr—), 11 (B(w0,26P0))) < CM P ||ull L2 ((t0,00), 1 (B(wo,6P0)))"-
Since B(xzg,26pg) D B(x1,dp1), (3.5) implies
(3.6) (6002 1ull L2((to+e,t1— ), 11 (Bav.o0))) < CMY ™ Nlull L2((to 1), 10 (B(w0,600))) -
Set
k—1
Iy = (to, t1), I = (to + eng,t1 — eny) with n, = Z; % k>1.
iz

With these notations (3.6) takes the form

(3.7) (600)> 1ull L2 (11, 11 (B(ar.501))) < OM " Null 210 111 (B(20.500)))-
By induction in k, we see that

(3.8) Gpr)* Null L2ty 1 (Borsrsprsn))) < OM Nl T2 (1, 1 (Bar.sp0))-
Let Ag = [|ull2(1,, 51 (B(4.601)))- Then (3.8) is rewritten as follows

(6pr)3Apir < CMIIAY.
Again, by induction in k, we obtain
Cl+19+...+19’“*1
(0pr—1)*(Opr—2) .- (0po)P0" 1
From the following inequality, where we used 0 < p < 1,
3(k—1) - o k—2 gk—1
(6pk—1)*(Bpr—2)*" ... (8p0)” " = (W** D (8p0)*) (**=2 (8p0)*)” ... (1®p3)” pf

1—vk

k—1
> (HS(kfl)((SpO)S)lJrﬁJr...ﬁ _ (HS(kfl)((SPO)S) =

A < (1—19)(1+19+...+19’€*1)A69’“_

it follows

1

o o 1—9k
T— o
() M] o

Applying Young’s inequality we obtain, for any ¢ > 0,

(3.9) Ay <
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C

™
JAp——
Fy) | M

A < (1 —9%)gi 7 (
< QT F ¢ Mo FA
1—9Fk —
(3.10) = (M3(k_1)(5/)0)3> e e

Set Kk = HUHLZ((to+26,t1726),H1(B(zk,5pk)))' As Ik OJ= (to — 26,t1 — 26) for any k > 1, (310) implies

C
p3 k=1 (3pg )

Changing C' if necessary, we can always assume that Cpy 3 > 1. In that case (3.11) gives

~ = .
(3.11) Ay < gl—lvk ( ) M + o 9% Ag.

~ 3 1 —3(k—1) a1
(3.12) Ap < C5 T (gl—ﬁk P M gwAO) .
On the other hand, since u is Holder continuous,
(@, t)] < [u]a|T — 2| + |u(z,?)], =€ Bz, dpy), t € J.
Here and henceforth,

|’LU(£C1,f1) B w(‘rQatQH

[wla = sup =, weCYE(Q).
(m1,t1),(z2,t2)€§ |:I;1 - 'T2|a + |t1 - t2| 2
(wy,t1)#(xg,t2)
Whence
(3.13) |S"71|5"p2/ lu(Z,t)|2dt < Q[U]i/ |T — x|**dxdt + 2/ |u(z,t)|*dzdt,
J B(xk,0pr)XJ B(xk,0pr)xJ

Similarly, where 1 <7 < n,

(3.14) |S”*1|5"p;;/ Osu(F, 1) 2dt < Q[Giu]i/ |9?—x|2“dxdt+2/ Osu(er, 1) Pdedt,
J B

(zk,0pk) X J B(zr,0pk)xJ
A simple computation shows that d = p*dy yielding
(3.15) 7 — x| < |T —ap| + |op — x| < dp +Spr = (1 + )y, = (1 + ¢)u™do.

Therefore, as a consequence of a combination of (3.13), (3.14) and (3.15),

/ 10su(F, ¢)[2dt + / Vu(@0)d < 05~ (M2 4 = R7)
J J

This and (3.12) imply, where » = max (n, %),

—6(k—1)

(3.16) / (@, £)[2dt + / VU@, Ot < C5— (M2t 4 [ = E2 2 4 = 43)).
J J

We choose ¢ > 0 so that
_2  —6(k-1)
91719’“ l’[’ 1—9

—nk _ M2ak.
That is to say o = pu®*), with
[(2a +n)(1 — )k + 6(k — 1)](1 — 9%)

k)= .
o(k) e
Consequently, we have from (3.17)
(3.17) / lu(Z, t)[2dt +/ \Vu(@, ) 2dt < C5~ (M%ﬁak + u“"(k)Aﬁ) :
J J

where (k) = nk + ¢(k)/9".
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Let t > 0 and k be the integer so that k <t < k + 1. Using that

(2a+n)+6] k (2a4n)+6] ra4imo) (2a+7) +6] sa4imo)
Wﬂ)g{TH 2(1 - 1) ]ﬂkS[TH 2(1-1) }e““ =" ) .

we find
(3.18) / lu(F, £)[2dt + / [Vu(@,0d < 05— (M2 + " 83)
J J
where k =n + % and ¢ =1+ |Ind|.
Thus, for 1 = e (> 1),

(3.19) / u(Z, t)[2dt + / \Vu(@, ) 2dt < C5~ (M%2v +65A3),
J J

with v = M and £ = |In p|".

Let w = Uzer B(wo(), po)) (independent on u) and N = |Jul|z2((0,7);m7 (). Then (3.19) entails
(3.20) / lu(Z,t)|?dt +/ |Vu(z, t)2dt < 05~ (MQU27 + e§N2) .

J J

Integrating over I', we obtain in a straightforward manner
(3.21) ||U||L2(J7L2(F)) + ||VUHL2(_]1L2(F)7L) < 053 (MO”Y + e%N) .

In light of (3.3), this inequality yields
(3.22) HUHLz(J,LZ(F)) + HVU”LQ(J,LQ(F)TL) < 067% (MO"Y —+ eiN) .
Applying Lemma 3.1 for some fixed s € (0, %), we obtain

ull 2(to.tor2er, o)y 1l zagt =26, L2y < 27 e [ull (o, .22(0)),
IVl L2((t0,t0+26),L2(0)m)s VUl L2((ty—2e,00),22(0)) < 2 ce® [Vl fa (t,61), L2(0)m) -
These estimates in (3.22) yields
C (llullz2(to.n) L2y + IVl 2oy L2ym ) <€ % (Mo +e7N)
+ € ([l s o). L2y + [Vull s (o.).22(rym) -
We take € = o> in order to get
C (lullz2(to.tny.22) + [IVullc2(to ), 22(rym) < Mo? + e N
sy
o= (lullms(o,e),22@) + 1IVUllmeto,00),220)0m) 5
provided that 0 < o0 < 09 = 50% (< 1). Letting 4 = min (%, %), we get
C (l[ull 2(to .22y + Vel L2qro. ). 220ym) < oM + €7 N,

which is the expected inequality. O

The a priori estimate in the following lemma is well adapted to our purpose. It does not involve either
the initial time data, nor the final time data.

Lemma 3.2. There exists a constant C' > 0, depending only on Q, k, K and Ty, so that, for any u €
H((to,t1), H*(Q)) satisfying Lu = 0 in Q, we have

(3.23) CllullL2(to,t), 12 @) < Nullz2(to,t),22m)) + IVUl L2((1,00),22(T)) -
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Proof. Let u € H'((to,t1), H*(2)) satisfying Lu = 0 in @Q and set v = e~*u. Then v solves the following
equation

(3.24) div(AVv) —v — 9w =0 in Q.
Choose x € C§°(to,t1) satisfying 0 < x < 1, x = 1 in (o + €,£1 — €) and, for some universal constant c,
IX'| < ce.

We multiply (3.24) by xv and integrate over (). We make then an integrate by parts in order to get

1
—/ XAVU~Vvd:cdt—/ xv2dzdt+/ quVu~l/dodt+—/ vixdxdt,
Q Q 5 2Jq

from which we deduce in a straightforward manner

1
(3.25) / XAVu - Vudadt —|—/ xuldzdt < 2thr—to) (C/ (u* + |Vul*)dodr + 5/ u2|x’|d$dt) .
Q Q Y Q

On the other hand, as supp(x’) C (to,t1) \ (to + €,t1 — €), we have

to—e t1
/62:/ w?|x'|dzdt < E/ /quxdt—i-/ /qu:z:dt.
Q € to Q t1—e Q
Therefore

(3.26) limsup 772 §/u2(z,t0)dz+/u2(z,t1)d:c.
Q Q

e—0

We rewrite (3.25) in the form
(3.27) CllullL2((toteti—e), () < ullL2((to,t),L2(r)) + IVUllL2((t0,0),L2(0)) + e
We apply Hardy’s inequality in lemma 3.1. We obtain

lwll 2t t0+e), 51 (2))> Nl L2((tr—et0), 1 () < € [[ull o (to,80), H1 (92)) -
This and (3.27) produce
Cllullz((to,tr), 1)) < Nl L2((to,01),220)) + 1VUllL2((t0,81),2(0)) + €[l s ((t0,00), 11 () + He-
Making e — 0, we get by using (3.26)
CllullL2((to.tr), 11 () < NullL2((to.00),22(r)) + VUl L2((t0,81),22(0)) + Il to) [ L2(0) + lul- t)[ L2 )
We complete the proof by using the following inequality
C (Iul-s to)ll 2y + lul )22 ) < Nullpzo.0).c2@) + VUl 2(to.60),L2(r)-

To prove this inequality, we proceed as in the proof of observability inequalities for parabolic equation.
First, if so = 3’5‘{%“ and s1 = %, we get as a straightforward consequence of the Carleman inequality in
Theorem 2.2

(3.28) Cllulle((so,s1)x0) < ullL2((t0,60),22(r)) + VUl L2((t0,00),22(T)) -

Next, pick ¢ € C*°([to,t1]) so that 0 < ¢ < 1, ¢ = 0 in [tg, so] and ¥ = 1 in [s1,t1]. Then v = ¢Yu is the
solution of the IBVP
div(AVv) — dpv = —p'u in Q,

v=1u in 3,
’U(', to) =0.
Hence
/ AV - Vudaxdt Jr/ vAVv - v — —/ Opv?dadt = / Y uvdxdt.
Q Q
But

/ o drdt = / 2(x,t1)dx.
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That is we have
1
/ AVv - Vudzdt +/ vAVv - v+ —/ v (2, t)dr. = —/ ' uvdxdt.
Q > 2 Jo Q
We derive from this identity

(3:29) € (WG t0) 130 + 190132) ) < Mty oy + IV R0y 22y + 18wl 2@ 10l 22y
Noting that

w— (/Q |Vw|?da +/Fw2($)da(:z:)) i

defines an equivalent norm on H'(Q), we get

loll32q) < ca (I90132(g) + I3zt 2 ) -
Applying Young’s inequality, we obtain

1 cOE cOE
[ ull 2@y vl L2 @) < 2—6||7//U||L2(Q) + THV'U”%?(Q) + 7||u||%2((t0,t1),L2(F))'

This inequality in (3.29), with e sufficiently small, yields
(3.30)  Cllu(t)llrz2@) = Cllv( t)ll2(0) < llullato,t),22)) + 1Vl L2((t0,02),22(0)) + 19" ull 22()-
Bearing in mind that supp(¢)’) C [so, 1], we derive from (3.28)
W' ullz2(q) < Cllullrz@x(so,s1)
< Nl zz(to,t0),20)) + 1Vl 2((to,00),22(0) -
This in (3.30) yields
Cllu(,t)llzz2) = Cllv(st)ll2) < lullLzto.m),c2m)) + [IVUllL2((t,00),22(r)) -
As the Carleman estimate in Theorem 2.2 still holds for the backward parabolic equation div(AVu)+d:u = 0,
we have similarly
Cllu(s to)llz2@) < lullz2(to,tr), L2y + VUl L2((t0,t0),22(T)) -
The proof is then complete. O

In light of Proposition 3.1 and Lemma 3.2, we get

Corollary 3.1. There ezist w € Q and four constants >0, ¢ >0, C' > 0 and 0 < 09 < 1, that can depend
on Q, k, K, Ty and «, so that, for any uw € 2" satisfying Lu =0 in Q and 0 < o < 0o, we have

(3.31) el 2oty 11 () < C (0]l 21 + €7 [|ullL2(to.0). 10 () -
We now establish a result quantifying the uniqueness of continuation from a subdomain to an another

subdomain. Precisely, we prove

Proposition 3.2. Let w € Q and @ € Q) and s € (0, %) There exist three constants v > 0, C' > 0 and

0 < eo < 1, depending only on Q, k, K, Ty, s w and @, so that, for any u € H((to,t1), H*(Q)) satisfying
Lu=01in Q and 0 < € < ¢y, we have

(3.32) Cllull L2 (to.er), 10 @) < € Nullr ((ro,) 1)) + €Nl L2 ((t0,00), 11 ()-

Proof. Set dy = dist(@UX,T"). Fix 0 < € < € := min (%3, 1) and let 0 < § < \/e. Let zp € w, = € @ and

¥ :[0,1] — Q be a C'-piecewise smooth path joining zg to x so that £(¢)) < d,(zo,x) + 1. Let 70 = 0 and
Tit1 = inf{7 € [m,1]; ¥(7) & B(¥(1),9)}, k > 0. We claim that there exists an integer N > 1 so that
¥(1) € B (¥(7n), ). If not, we would have (1) & B (¢(73,), 3) for any k > 0. As the sequence (73) is non
decreasing and bounded from above by 1, it converges to 7 < 1. In particular, there exists an integer kg > 1
so that ¢ (tx) € B (1/1(?), 9), k > ko. But this contradicts the fact that [¢(1p+1) — ¥ (1) = 8, k > 0.
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Let us check that N < Ny where Ny depends only on d, and §. Pick 1 < j < n so that
max (1 (Ter1) = ()| = (9 (Ter1) — 9570 -
Then
Th+1 | Th+1 | |
< nlvy(rn) ~ sl =n| [ iy <o [ o)
Tk Tk
Consequently, where 711 = 1,

N
(N+1)6<n
>/

Tk

Tk+1

b(r)| dr = ne(¥) < nldy +1).
Therefore

)

Let xp = ¢(tg), 0 < k < N. If |z — x41| < 0, then |z — x| < |z — Tpp1] + |2p+1 — 2| < 2. In other
words B(zx41,9) C B(zk, 29).

As above,

NgNoz[M]

k—1

Iy = (to, t1), I = (to + enr,t1 — eng) with n = Z

7=0

Let u € H((to,t1), H*(Q)) satisfying Lu = 0 in Q. In the rest of this proof

— k>
27

M = M(u) = [[ull#1((to,0), 1 (2)) -
From the three-cylinder inequality (2.1), we have
Null L2 (10, B (B2isr,6)) < 00573M1779||U||22(1k,H1(B(mk,5)))-

Setting A = |[ullL2(1,, 51 (B(zr,6)), 0 < kB < N and Ayyq = ||u||L2(1N+17H1(B(L%))), we can rewrite this
inequality in the form

(3.33) Apy1 < CoMI7AD.
Let B = 9V 1. We get in a straightforward manner from (3.33)

1—

N+2
Ans1 < (Cod™3) 777 MIPAL.

Since we can always assume, by changing Cy, that Cy6~2 > 1, the last inequality gives
Ani1 < CSTIM'PAL.

This and Young’s inequality lead, for o > 0,

Ang1 < C6T=7((1— B)oT=8 M + Bo Ag) < C1(a7=5 M + 0~ Ay).
That is

Ant1 < C5T9 (0T M + 07" Ag),
If § is sufficiently small B(zo,6) C w. On the other hand @ can be recovred by O(6~") balls of radius .
Whence, bearing in mind that Iyy1 D (to + 2€,t; — 2¢),
(3.34) el 2o 260 201,101 @) < 07777 (77 M + 07 ull (o) i) ) -
Reducing e if necessary, we can assume that § < 1. Then we take o in (3.34) in order that
5T e = 4,

In that case

ol<§F

)

Withm:%—i—n.



PARABOLIC CAUCHY PROBLEM 15

But

n|lnd|(dg+1
B = gN+L = o~ (NFDIInd| 5 9o —No|ln9| > Yo et

Hence
S T gl <ef.
This inequality in (3.34) yields
(3.35) Cllull L2((tos2e,t0—20), 11 @) < M + €5 [|[ull L2((t0,0). 11 (w))
One more time Hardy’s inequality in Lemma 3.1, for some fixed s € (0, %), yields
(3.36) llwll 2t to+26), 1 @)y Ul L2ty —2¢,80), 57 @) < 2°ce® M.

If 0 < € < ¢, for some sufficiently small €y, we can take § = %, then (3.35) and (3.36) entail

CllullLz((to,tr), 11 (@) < €M +eVe

ullL2((to,42). 11 ()
Substituting e by €2, we obtain
Cllull L2((to ), 111 @) < €M + €7 ull La(tg,t0), 1 ()

This is the expected inequality.
|

We are now ready to prove the result showing how one can quantify the uniqueness of continuation from
an interior data

Theorem 3.1. Let w € 2. There exist two constants C > 0 and v > 0, depending only on Q, k, K, w and
To, so that, for any v € X' satisfying Lu = 0 in Q, we have

" < lJull 21 >
1wl L2((to,1), B (w))

Proof. Let u € 2! satisfying Lu = 0 in Q. From Corollary 3.1, there exist @ € Q and four constants p > 0,
¢>0,C>0and 0 < op <1 so that, for any 0 < o < 0(, we have

-
+ llullL2((to,t1), 51 (w)) -

CllullL2((to,t2), 51 (2)) < [Jufl 21

Cllull La(to,tr), 11 @) < 0¥ l[ull o + €7 [[ull L2(ito,t), 12 @)) -

1

But according to Proposition 3.2, with fixed s € (0, 5), there exist three constants v > 0, C' > 0 and

0 < €y < 1 so that, for any 0 < € < €,
Cllul L2(to.t0). @) < € ull 2 + €% lull L2ty 1), ()
The last two inequalities yield

(337) C||u||Lz((t07t1)1H1(Q)) < (0’“ + 62565)”’[1,”% + egeiHUHLQ((O,T),Hl(w)); 0<o<op, 0<e<eg.

c L
Reducing oy if necessary, we assume that ofje” 70 < €2°. In that case we can take in (3.37) € so that

e**es = ot. We get, by using that ¢ > o?, with p = £,

CHUHLZ((tU,tl),Hl(Q)) < O’MH’U,H% + e e ||u||L2((t01t1)7H1(w)), 0<o<og.
Whence, where ¢ = max(1, p),
(338) CHUHLZ((tU,tl),Hl(Q)) < O’MH’U,H% + et ||u||L2((t01t1)7H1(w)), 0<o<og.

We end up getting the expected inequality by minimizing with respect to o. O
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4. STABILITY OF PARABOLIC CAUCHY PROBLEMS

In order to prove our stability estimate for the Cauchy problem, one additional step is necessary. It
consists in quantifying the uniqueness of continuation from the Cauchy data to an interior subdomain. To
do that we start with the following proposition.

Proposition 4.1. Let T'g be a nonempty open subset of I' and v € (0, %) There exist w € 0 and two
constants C > 0 and ¢ > 0, depending only on Q, k, K, Tg, s and Ty, so that, for anyu € H'((to,t1), H*())
satisfying Lu =0 in Q and 0 < € < tlgt" , we have

(41 Ollullzzxon < € lullmom.m@) + e (lulmomn.c2wo) + 1Vullzzeonm.2w) -
Proof. Pick 0 < e < b5 0 <n < eandlet s € [to+ €t —¢. Let T € Ty and z9 = x0(Z) and p be as in
the definition of the uniform exterior sphere property. Fix r > 0 in such a way that B(xg,p+7) NI C T'.
Let ¢ € C°(B(Z,p+71)), ¢ = 1 on B(Z,p+ &) and |0°¢| < cr~lol, |a| < 2, where ¢ is a constant

independent on r. Set, where 0 < § < 1 is to be determined in the sequel,

Qo = [B(zo,p+7)NQ X (s — 1,5+ 1),

Q1 = [B(zo,p+7/2) N Q] x (s — on, s + ),

Q2 = {[B(xo,p+ 1)\ B(zo, p+3r/4)| NQ} x (s —n, s +n),

Yo = [B(zo,p+7r)NT] x (s —n,s+n).

We apply Theorem 2.2, with Ly = L, A fixed and ¢ = (p + 7)? — |z — 20|, to ¢u so that u €
H((to,t1), H*()) satisfies Lu = 0 in @ in order to obtain

(4.2) c / u?e™ TP dxdt < / (L[pu])*e™*"¢dxdt + / (u? + |Vul* + (9yu)?)e ?"?dxdt.
1 0 3o

But
L{¢u] = Lou + 2AV ¢ - Vu.
Whence, supp(L[pu]) N Qo C Q2 together with (4.2) yield

(4.3) C/ u?e”*Tedxdt < / (u? + |Vu|*)e *"¢dxdt +/ (u? + |Vul* + (9pu)?)e ?"?dxdt.
1 2 o

Let
a=n2 {64A<p+r>2 _ 6A<2<p+r>27<p+r/z>2>} =n’a,
B=n" {64)‘(””)2 — 62’\(’3‘”)2} = 77_2&
N =2 {64)\(p+r)2 _ e,\(z(p+r)2—(p+3r/4)2)} T
Then it is straightforward to check that
(p(.’L',t) S 1 in Qla
p(z,t) > B in 20,
p(z,t) =7 in Q2.
Noting g <1< I, we can choose 0 < 6 < 1 so that
1 B v _ B gl
——=0—+(1-0)—=0=+(1-0)= > 1.
1-96 Q@ + )a a +( )a

With this choice of ¢, (4.3) yields

(4.4) c / wldpdt < ¢4 T / (u? + |Vu|?)dadt + e*on T / (u?® + |Vul?® + (Opu)?)dxdt.
1 2 3o
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Here a = %(1—9)(7—5) and b= %9(5—31)
Letn=15,s0=to+e€— 5,51 =80 +05...5, =50+ kis. Let N = N(e) so that

N
U [sk—ég,skjL(Sa D lto+et — €.
k=0

If Q% (resp. Xf) denotes Q; (resp. %), j = 1,2, when s is substituted by s, then it follows from (4.3)

N N N
> C/ wldpdt < e T Z/ (u? + |Vu|?)dadt + e b 7 Z/ (u? + |Vul® + (Opu)?)dadt.
Q k=0 @5 k=026

k
k=0 1

Note that the intervals [sk — 5,86+ %] can overlap, but their union can cover at most two times a subdomain
of (tg,t1). Whence

(4.5) CI<e™ "N+ eibEZTM, T > 70,
where we used the following temporary notation

I = |[ul L2([B(wo,p+r/2)00)] X (to+e,t1—€)) >

M = [[ull L2((to,t2), 11 (2)) 5

N = llull (o ta), L2 o)) + IVl L2((t0,01), £2(T0)-
In (4.5), substituting 7 by €27, we get

(4.6) CI<e M +e "N, 7> 2.
Set N
In X
T = S .
a+b

If 71 > e 279, then 7 = 71 in (4.6) yields
(4.7) CI<M’N'™",
: _ b
with ’l9 = a+b-
When 71 < € 27,

M < elothe o,
This inequality entails

(48) I S M — Mﬁle’ﬂ S Mﬁe(lfﬁ)(a+b)672‘ro]vlf’l9.
So in any case one of estimates (4.7) and (4.8) holds. In other words, we proved
e Flull 2o prr/2n9)1x (to+ et —e)

1-9
< Nl 2 gro,e0), 1 () (1l ((to,00), 2200y + 1Vl L2 (0,000, L200))) -
Fix w € B(zg, p+17/2) N Q). Then the last inequality implies

— <
e <

1—9
ull L2 (toteti—e)) < Nl T2 quo.ny.mr ) (1l a2 ((to,t0),22(00)) + IVl L2 (0000, 2200)) -

(49)  Cllull2xtoreti—ey < 7€M +07 e (|ullgr(tot0).L2m0)) + VUl L2((t0,00).22(0))) »
for o > 0, where v = %.

Once again from Hardy’s inequality in Lemma 3.1, where My = |[ull g1 ((zo,¢,), 51 (2))>

lwll L2(wx to.to+e))s Ul L2(wx (81 —et2)) < €€ M.
Combined with (4.9), this inequality yields

Ol 2ox ) < (0767 +€) My + 0743 ([l 00,2200 + [Vl 22(0000,22000)
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In this inequality we take o so that o7 = e, Noting that =1 < €7, we find
Cllull L2 to,y) < € Mi+ e ([[ullm ((uo,0),22r)) + IVUllL2((t0,00),12(r0)) ) -
The proof is then complete. O

Proposition 4.1 gives an estimate only in L?*(w x (to,t1)). But we can derive from it an estimate in
L?((to,t1), H'(w)) by using the following Caccioppoli type inequality for the parabolic equation Lu = 0.

Lemma 4.1. Let wg € wy € Q). There exist a constant C' > 0, depending only on 2, k, K, Ty, wy and w1,
so that, for 0 < e < % and u € H((to,t1), H*(Q)) satisfying Lu = 0 in Q, we have

(4.10) Cllulle((to,tr), 11 (o)) < Nl ((t0,61),L2(w1))-

Proof. Letu € HY((0,T), H*(Q)) satisfying Lu = 0 in Q. By Green’s formula, for any v € L?((to,t1), Hi (2)),
we have

t1 t1
(4.11) / / AVu - Vodzdt — / / Oruvdzdt = 0.
to JQ to JQ

Let ¢ € C§°(wq) satisfying 0 < ¢ <1 and ¢ =1 in wy.

Taking v = ¢?u in (4.11), we get in straightforward manner

/ #*AVu - Vudrdt = —2/ / (¢Vu) - (UAV @)dadt + / / ¢*Opuudzdt.
to w1 to Wi

to w1

t1 tl
/ /¢2AVU-Vvdxdt2ﬁ/ /¢2|Vu|2dxdt.
to w1 to w1

Therefore

(4.12) H/ttl/w #*|Vul*dedt < —2/tt1/w (qﬁVu)-(uAVqﬁ)dacdt—i—/tl/ #*Opuudzdt.

t() w1

But

An elementary convexity inequality yields

t1 t1 t1
/ / (qﬁVu)-(uAVqﬁ)dxdt' < g / / ®?|Vul*dzdt + C / u?dxdt.
to w1 w1

to w1 to

(4.13) 2

On the other hand, we have

t1 t1 (31
/ / ¢28tuudxdt’ < / / d*uldzdt + / *(Opu)*dadt
to w1 to Q to Q

We combine (4.12), (4.13) and (4.14) in order to get

(4.14)

ClIVullL2(to,t1),12(wo)) < el 2w x (to,t1)) + 19ettl L2(0or x (20,81)) -
Or equivalently

Cllull2((to,t1), H1 (o)) < Nl E((t0,81),L2 (1))
O

We observe that if u € H?((to,t1), H*(Q2)) satisfies Lu = 0, then dyu € H'((to,t1), H*(Q)) satisfies
Loyu = 0. Therefore, as an immediate consequence of Caccioppoli’s type inequatity (4.10) and Proposition
4.1 (applied both to u and dyu), we have

Corollary 4.1. Let 'y be a nonempty open subset of I' and v € (0, %) There ezist w € €2 and two constants

C > 0 and ¢ > 0, that can depend on Q, k, K, Ty, s and Ty so that, for any u € H?((to,t1), H*(Q))
satisfying Lu = 0 and o > 0, we have

(4.15)  CllullL2(to,tr) 12 @) < € Il mrz(to,n),mr @) + €2 (lullm2totr),22ro)) + IVl 2 (1o ,01),22(Po))) -
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We are now in position to complete the proof of Theorem 1.1. We recall that

CluTo) = [|ullm((to.t0).L2ro)) + IVUllEr ((20,00).L2(r0))
In light of inequality (3.38) in the end of the proof of Theorem 3.1 and inequality (4.15), we get

Cllull L2((to,00), 11 () < (0" + €77€”) M + 77 e C(u, I).
The rest of the proof in quite similar to that of the end of Theorem 3.1.
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