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BEREZIN-TOEPLITZ QUANTIZATION AND COMPLEX WEYL
QUANTIZATION OF THE TORUS TZ2.

OPHELIE ROUBY

ABsSTRACT. In this paper, we give a correspondence between the Berezin-
Toeplitz and the complex Weyl quantizations of the torus T2. To achieve this,
we use the correspondence between the Berezin-Toeplitz and the complex Weyl
quantizations of the complex plane and a relation between the Berezin-Toeplitz
quantization of a periodic symbol on the real phase space R? and the Berezin-
Toeplitz quantization of a symbol on the torus T2.

INTRODUCTION

The object of this paper is to construct a new semi-classical quantization of the
torus T? by adapting Sjostrand’s complex Weyl quantization of R? and to give
the correspondence between this quantization and the well-known Berezin-Toeplitz
quantization of T2. When the phase space is R?", the pseudo-differential Weyl
quantization allows us to relate a classical system to a quantum one through the
symbol map; thus pseudo-differential operators have become an important tool in
quantum mechanics. On the mathematical side, these operators have been intro-
duced in the mid-sixties by André Unterberger and Juliane Bokobza [UB64] and in
parallel by Joseph Kohn and Louis Nirenberg [KN65| and have been investigated by
Lars Hormander [Hor65, Hor66, Hor67]. They allow to study physical systems in
positions and momenta. On the other hand, Berezin-Toeplitz operators have been
introduced by Feliks Berezin [Ber75] and investigated by Louis Boutet de Mon-
vel and Victor Guillemin [BAMG81] as a generalization of Toeplitz matrices. The
study of these operators has been motivated by the fact that pseudo-differential
operators take into account only phases spaces that can be written as cotangent
spaces, whereas in mechanics, there are physical observables like spin that naturally
lives on other types of phases spaces, like compact Kdhler manifolds, which can be
quantized in the Berezin-Toeplitz way. In fact, it was realized recently that the
Berezin-Toeplitz quantization applies to even more general symplectic manifolds,
and thus has become a tool of choice for applications of symplectic geometry and
topology, see [CP16].

In this paper, we give a relation between the Berezin-Toeplitz quantization of the
torus, studied for instance by David Borthwick and Alejandro Uribe in [BU03] and
the complex Weyl quantization of the torus, which we introduce as a variation of
Sjéstrand’s quantization of R2. The complex Weyl quantization of R? has been
investigated by Johannes Sjostrand in [Sj602], then by Anders Melin and Johannes
Sjéstrand in [MS02, MSO03], also by Michael Hitrik and Johannes Sjostrand in [HS04]
and in their mini-courses [HS15] and by Michael Hitrik, Johannes Sjéstrand and San
1



2 OPHELIE ROUBY

Vit Ngoc in [HSNO7|. This quantization of the real plane R? allows to study pseudo-
differential operators with complex symbols, and therefore is particularly useful for
problems involving non self-adjoint operators or quantum resonances. It is defined
by a contour integral over an I R-manifold (I-Lagrangian and R-symplectic) which
plays the role of the phase space. Here, we define an analogue of this notion in the
torus case.

If we consider the complex plane as a phase space, there exists a correspondence
between the complex Weyl and the Berezin-Toeplitz quantizations (this correspon-
dence uses a variant of Bargmann’s transform and can be found, for instance, in
the book [Zwo12, chapter 13| of Maciej Zworski); using this result, we are able to
obtain Bohr-Sommerfeld quantization conditions for non-selfadjoint perturbations
of self-adjoint Berezin-Toeplitz operators of the complex plane C by first proving
the result in the case of pseudo-differential operators (see [Roul7]). Therefore, we
expect that this new complex quantization of T2, together with its relationship to
the Berezin-Toeplitz quantization, will be crucial in obtaining precise eigenvalue
asymptotics of non-selfadjoint Berezin-Toeplitz operators on the torus.

Structure of the paper:

e in Section 1, we state our result;

e in Section 2, we give the proof of our result which is divided into three
parts, the first one consists in recalling the Berezin-Toeplitz quantization
of the torus, the second one in introducing the complex Weyl quantization
of the torus and the last one in relating these two quantizations.

Acknowledgements. The author would like to thank both San Vu Ngoc and
Laurent Charles for their support and guidance. Funding was provided by the
Université de Rennes 1 and the Centre Henri Lebesgue.

1. RESULT

1.1. Context. In this section, we recall the definition of the Berezin-Toeplitz quan-
tization of a symbol on the torus T? (see for example [CM15]) and we give a defi-
nition of the complex Weyl quantization of a symbol on the torus. Let 0 < 7 <1
be the semi-classical parameter. By convention the Weyl quantization involves the
semi-classical parameter A, contrary to the Berezin-Toeplitz quantization which in-
volves the inverse of this parameter, denoted by k. In the whole paper, we will use
these two parameters.

Notation: let k£ be an integer greater than 1. Let v and v be complex numbers of
modulus 1.

e If 2 € C, we denote by z = (p,q) € R? or 2 = p + iq via the identification
of C with R2.

e T? denotes the torus (R/27Z) x (R/Z).

e Gy is the space of measurable functions g such that:

27 p1 5 bo?
/ lg(p, @)|" ™" dpdq < +o0,
0 0
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which are invariant under the action of the Heisenberg group (for more
details, see Subsection 2.1), i.e. for all (p,q) € R?, we have:

g(p+2m,q) =uFg(p,q) and g(p,q+1) = vFe PTDEFE 260, g).

e 7 is the space of holomorphic functions in Gy, i.e.:

Hy, = {9 € Hol(C); g(p+2m,q) = u"g(p,q), g(p,q+1) = vFe PHDETR240, q)} '

e II} is the orthogonal projection of the space G, (equipped with the weighted
L?-scalar product on [0, 27] x [0,1]) on the space Hy,.
Remark 1.1.1.

o The spaces Gy, and Hy depend on the complex numbers u and v.
e In |BUO3|, they consider the torus T? = R?/Z? and they choose an other
quantization which leads to an other space of holomorphic functions, also

called Hy,, defined as follows:
Hi = {g € Hol(C);  ¥(m,n) € Z2,g(z + m +in) = (—1)Fmehn(Glmmim+1/2m* et |

Definition 1.1.2 (Asymptotic expansion). Let fr € C*(R?). We say that fi ad-
mits an asymptotic expansion in powers of 1/k for the C*-topology of the following
form:

fk(xay) ~ Zkilfl(xay)a

1>0
i
(1) VLEN, f; € C=(R?);
(2) VL € N*, ¥(z,y) € R?, 3C > 0 such that:
L—1

fre(z,y) — Z E= fi(z,y)| < Ck~L for large enough k.
1=0

We denote by Ci°(R?) the space of such functions.
Definition 1.1.3 (Berezin-Toeplitz quantization of the torus). Let f € Ci°(R?)
be a function such that, for (x,y) € R?, we have:

fi(@+2m,y) = fr(z,y) = fe(z,y +1).

Define the Berezin-Toeplitz quantization of the function fi by the sequence of op-
erators Ty, := (Tk)k>1 where, for k > 1, the operator Ty, is given by:
T, = Hkaka s Hy — He,
where My, : G, — Gy, 1s the multiplication operator by the function fi.
We call fi the symbol of the Berezin-Toeplitz operator Ty, .

Now, we define the complex Weyl quantization of a symbol on the torus. We
will explain in details in Subsection 2.2 why we consider such a notion. First, we
introduce some notations.

Notation: let ®; be the strictly subharmonic quadratic form defined by the fol-
lowing formula for z € C:

1 (2) = %s(z)%
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e Ay, denotes the following set:
209
Ag, = { (z, Z%(zz)) 1z € (C} ={(z,-9(»)); 2 € C} ~C.

e L(dz) denotes the Lebesgue measure on C, i.e. L(dz) = %dz N dZ.

e L2(C,®,) := L?(C,e2"1(3)/h[(dz)) is the set of measurable functions f
such that:

[P @) < 4.
C

e Hp(C,®1) :=Hol(C)NLZ(C, ;) is the set of holomorphic functions in the
space L2 (C, ).
e C°(Ag,) denotes the set of smooth functions on Ag, admitting an asymp-

totic expansion in powers of & for the C°°-topology in the sense of Definition
1.1.2 (by replacing 1/k by A and R? by Ag, ).

Remark 1.1.4. There are several definitions of the Bargmann transform. Here we
chose the weight function ®1(z) = 53(2)2 instead of |z|? because it is well-adapted

to the analysis of the torus.

Definition 1.1.5 (Complex Weyl quantization of the torus T? (see Definitions
2.2.22 and 2.2.24)). Let by, € C;°(Aw,) be a function such that, for (z,w) € Ag,,
we have:

br(z + 2w, w) = bp(z,w) = bp(z + 4, w — 1).

Define the complex Weyl quantization of the function by, denoted by Opg, (bp), by
the following formula, for u € Hp(C, ®q):

w 1 7 z—w +
Opg, (byuz) = 55 /[ e, < 2w,<) w(w)dwd,
I'(z

" 27h

where the contour integral is the following:

I(2) = {(w,o eC*(= %% (z—;w) =—s('z;w)}.

We call by the symbol of the pseudo-differential operator Opg, (bs).

We will show that for by € Cp°(As,) satisfying the hypotheses of Definition
1.1.5, the complex Weyl quantization defines an operator Opg, (bn) which sends
the space of holomorphic functions Hy, on itself (see Proposition 2.2.25). Therefore,
the Berezin-Toeplitz and the complex Weyl quantizations give rise to operators
acting on the space of holomorphic functions Hj.

1.2. Main result.
Theorem A. Let f; € Ci°(R?) be a function such that, for (z,y) € R?, we have:

fe(w +2m,y) = fu(z,y) = fr(v,y +1).

Let Ty, = (Ti)i>1 be the Berezin-Toeplitz operator of symbol fr. Then, for k> 1,
we have:

Tk = ()pg;1 (bh) + O(kioo) on Hk,
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where by, € Cp°(Aw,) is given by the following formula, for z € Ag, ~ C:

1

in(z) = exp (0.0 ) (u(2)
This formula means that by is the solution at time 1 of the following ordinary
differential equation:

1

thh(t, Z) = E@@; (bh(f, Z)) s

bh(O,z) = fk(z)
Besides, by satisfies the following periodicity conditions, for (z,w) € A, :

br(z + 2w, w) = bp(z,w) = bp(z + 4, w — 1).

Remark 1.2.1. This result is analogous to Proposition 2.3.8 (see for example
[Zwo12, Chapter 13]) which relates the Berezin-Toeplitz and the complex Weyl quan-
tizations of the complex plane. The important difference here is that the phase space
is the torus.

Remark 1.2.2. As a corollary of this result, we can establish a connection between

the Berezin-Toeplitz and the classical Weyl quantizations of the torus (see Corollary
A.1).

2. PROOF

The structure of the proof is organized as follows:

e in Subsection 2.1, we recall the Berezin-Toeplitz quantization of the torus;

e in Subsection 2.2, we introduce the complex Weyl quantization of the torus;

e in Subsection 2.3, we relate the Berezin-Toeplitz quantization of the torus
to the complex Weyl quantization of the torus.

2.1. Berezin-Toeplitz quantization of the torus T2. In this paragraph, we
recall the geometric quantization of the torus (see for example the article [CM15]
of Laurent Charles and Julien Marché).

Consider the real plane R? endowed with the euclidean metric, its canonical
complex structure and with the symplectic form w = dp Adq. Let Lg> = R% x C be
the trivial complex line bundle endowed with the constant metric and the connection

1
V =d + —a where « is the 1-form given by:
)

1
a=g (pdq — qdp) .

The holomorphic sections of L2 are the sections f satisfying the following condi-
tion:

Vzf = %f—i—izfzo.

We are interested in the holomorphic sections of the torus T? = (R/27Z) x (R/Z).
Let z = 27r§, i.e. if we denote by t, the translation of vector z, it is defined by
the following formula:

ty : R? — R?

(p,q) — (p+2m,9q).
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0]
And let y = P which corresponds to the translation ¢, given by:
q

Ty : R? — R2
(,q) — (p,q+1).
Note that the w volume of the fundamental domain of the lattice is 27.
Let k > 1, the Heisenberg group at level k is R? x U(1) with the product:
<ik/2>w<z,y>)

3

(z,u) - (y,v) = (y + z, uve

for (z,u), (y,v) € R? x U(1) (where U(1) denotes the set of complex numbers of
modulus one). This formula defines an action of the Heisenberg group on the bundle
L%?Zk endowed with the product measure. We identify the space of square integrable
sections of L%?Zk which are invariant under the action of the Heisenberg group with
the space Gy, (defined in Subsection 1.1). In fact, if 1) denotes such a section, we
associate to it a function g € Gy using the following application:

L3(T%, LEf) — Gy,
Y — g(Z),

where & € R? and Z = x¢ + (n1,n2) with 9 € [0,27] x [0,1], (n1,n2) € Z? and
where:

(#,9(2)) = ((n1,m2),1) - (0, ¥(0)).
Similarly, we identify the space of holomorphic sections of Lf?zk with the following
Hilbert space:

Hy, = {9 € Hol(C); g(p+2m,q) = u"g(p,q), g(p,q+1) = vFe WHDETR240, q)} :

endowed with the L2-weighted scalar product on [0, 27] x [0, 1]. The complex num-
bers u and v are called Floquet indices. The Hilbert space Hj, admits an orthogonal
basis, given for [ € {0,...,k — 1}, by the functions e; which are defined, for z € C,
as follows:

(1) ez) = 4 F#/(2m) Z (v—ke—l—kj/2uik/(27r))j pill+ik)z
JEZ

2.2. Complex Weyl quantization of the torus T?. In this paragraph, we intro-
duce the notion of complex Weyl quantization of the torus which, to our knowledge,
is new. To do so, we follow these three steps:

1. we recall the definition of the classical Weyl quantization of the torus;

2. we recall the definition of the semi-classical Bargmann transform and we
look at some of its properties;

3. we introduce the complex Weyl quantization as the range of the classical
Weyl quantization by the Bargmann transform.

2.2.1. Classical Weyl quantization of the torus. The classical Weyl quantization of
a symbol on the torus has been studied, for example, by Monique Combescure and
Didier Robert in the book [CR12, Chapter 6]. We need to introduce the following
notation.

Notation:
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e S(R) denotes the Schwartz space, i.e.:
SR) = {qﬁ € C®(R); [|9lla.p := sup [z*0P p(x)| < 400, Ve, B € N} ;
z€R

o for ¢ € S(R), Fr¢ denotes the semi-classical Fourier transform of the func-
tion ¢ and it is defined by the following equality:

Fro(§) :/Re_(i/h)wfgb(:c)d:c

this transform is an isomorphism of the Schwartz space and its inverse is
given by:
1 .
Filo@) = g | eMo()de:

e S’(R) denotes the space of tempered distributions, it is the dual of the
Schwartz space S(R), i.e. it is the space of continuous linear functionals on
S(R);

e (-,-)s/.s denotes the duality bracket between S’(R) and S(R);

o for ¢ € §'(R), Fptp denotes the semi-classical Fourier transform of a tem-
pered distribution and it is defined by the following equality, for ¢ € S(R):

(Fr, d)ss = (¥, Frd)s' si
e for a € R, we denote by 7, the translation of vector a defined as follows:
T. : R— R
r— x+a,
recall that the translation of a tempered distribution ¢ € §'(R) is defined
as follows, for ¢ € S(R):
(Ta¥, 9)s'.5 = (Y, T—a®)—r/z6 5,5

the distribution ¢ is called a-periodic if 7,9 = 1, in this case, ¥ can be
written as a convergent Fourier series in D'(R) (see for example the book
of Jean-Michel Bony [Bonll]):

’lﬂ _ Z ’L/Jleilﬂw/a,
leZ
where the sequence (1);),ez is such that, there exists an integer N > 0 such
that:
il <CA+ DN viel

Recall now the definition of the subspace of tempered distributions that corre-
sponds to the natural space on which pseudo-differential operators of the torus act
(see [CR12, Chapter 6]). For k > 1 and for u,v € U(1), we consider the following
space:

Li={Y €S'R); mxtp=u"d, TFa(¥)=0v""Fn(¥))}.
Remark 2.2.1.

o The definition of the space Ly involves two complexr numbers u and v. We
will see that they correspond to the Floquet indices seen in the definition of
the space Hy.
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e In [CZ10], they consider the torus T? = R?/Z? and they choose u = v = 1.

This space admits a basis (see for example [CR12, Chapter 6]), given for I € {0,...,k—1},
by the distributions ¢; which are defined as follows:
(2) o = ukt/ (2 Z (vik)j pill+ik)t
jJEL
We consider the structure of Hilbert space such that the family (¢);ez is an or-
thonormal basis of the space Li. Recall now two different definitions of the Weyl

quantization of a symbol on the torus T2. In the whole paper S(R?) denotes the
following class of symbols on R?:

S(R?) = {a € C>°(R?); Va € N?, there exists a constant C, > 0 such that: [0%a| < C.} .

Remark 2.2.2. Let ap € C3°(R?) be a function such that, for all (z,y) € R?, we
have:

an(x +2m,y) = an(z,y) = an(z,y + 1).
Then the function ap, belongs to the class of symbols S(R?).

Definition 2.2.3 (First definition of the Weyl quantization of the torus). Let
an, € C°(R?) be a function such that, for all (z,y) € R?, we have:

an(z +2m,y) = an(r,y) = an(w,y + 1).

Define the Weyl quantization of the symbol ap, denoted by Op® (ap)(x, hD.), by the
following integral formula, for u € S(R

+y
D,) z—y)&/hg, z )
Op" (an) . D u(w) = 5 | / V¢ uly)dyde
We call ay, the symbol of the pseudo-differential operator Op"™ (an)(x, hDy).

Recall that if a; € S(R?), then (see for example the book of Maciej Zworski
[Zwo12, Chapter 3]):

1. Op®(an)(z. hD,) : S(R) — S(R):
2. Op”(an)(z, hD,) : 8'(R) — S'(R);
are continuous linear transformations and the action of Op“(ap) on S’ (R) is defined,
for ¢ € S'(R) and ¢ € S(R), by
(3) (Op“(an), ¢)s,s = (1, Op“(an)9)s,s,
where, for (z,y) € R?, ap(z,y) := an(z,—y) € S(R?). This property allows to
easily prove the following proposition (see [CZ10]).
Proposition 2.2.4. Let ap € C3°(R?) be a function such that, for all (z,y) € R,
we have:
an(x +2m,y) = an(z,y) = an(z,y + 1).

1
Then, if h = Z for k> 1, we have: Op”(ap)(x,AiDy) : L — L.

Since we consider a symbol ap € C;°(R?) which is periodic, we can rewrite it as
a Fourier series, for all (z,y) € R2:

(4) an(wy) = Y ap e en T

(m,n)e€z?
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Zvn)(m,n)EZz
classical parameter h. Recall an other definition of the Weyl quantization of a
symbol on the torus, linked to Equation (4), found in the book of Monique Cobes-
cure and Didier Robert [CR12, Chapter 6]. By convention, this definition uses the
parameter k, which is the inverse of the semi-classical parameter A. Throughout
this text, we will make the abuse of notation of using a; and ap for the same object
where i = 1/k.

where (a is a sequence of complex coefficients depending on the semi-

Definition 2.2.5 (Second definition of the Weyl quantization of the torus). Let
a € C°(R?) be a function such that, for all (z,y) € R?, we have:

ag(x +2m,y) = ax(z,y) = ar(z,y +1).
Define the Weyl quantization of the symbol ay, denoted by Opy, (ar), by the following

formula:
. (2mm n
Op? — k o
Pk (ak) Z am,nT( L’ k) )
(m,n)€Z?

']fnv")(m,n)EZ2 is defined by Equation (4) and where T(p,q)

is the Weyl-Heisenberg translation operator by a vector (p,q) € R? defined, for
¢ € S(R), by:

where the sequence (a

T(p, q)p(z) = e~ Pk/2eizak gy — p).

Proposition 2.2.6 ([CR12|). Let ai € C°(R?) be a function such that, for all
(z,y) € R?, we have:

ak(x + 27Tay) = ak('rvy) = ak(xvy + 1)
Then, we have: Opy, (ax) : L, — L.

Remark 2.2.7 (|CZ10]). Definition 2.2.3 and Definition 2.2.5 coincides in the
sense that, if ap = ar € C3°(R?) is a function such that, for all (z,y) € R?, we
have:

an(x +2m,y) = an(z,y) = an(z,y + 1).
Then, Op"(ar) = Opy. (axr) on the space Ly.

2.2.2. Bargmann transform. In this paragraph, we recall the definition of the semi-
classical Bargmann transform and we study some of its properties. The principal
difference with the transform introduced by Valentine Bargmann in the article
[Bar67] is the weight function that we choose. The semi-classical Bargmann trans-
form has been studied by Anders Melin, Michael Hitrik and Johannes Sjéstrand in
[MS02, MS03, HS04] and by the last two authors in the mini-course [HS15]. Here,
we investigate the action of the semi-classical Bargmann transform on the Schwartz
space, on the tempered distributions space and on the space L.

First, we recall the definition of the Bargmann transform and its first properties
(see for example the book of Maciej Zworski [Zwol2, Chapter 13]).

Definition 2.2.8 (Bargmann transform and its canonical transformation). Let ¢4
be the holomorphic quadratic function defined, for (z,x) € C x C, by:

o1(z,x) = %(z — )2,
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The Bargmann transform associated with the function ¢1 is the operator, denoted
by Ty, , defined on S(R) by:

Tpu(z) = c¢lh73/4/ e(WMoL=2) (1) do = c¢1ﬁ73/4/67(1/2h)(Z71)2u(x)dx,
R R

where:

1 |det 818Z¢1| 1

(5) Cor = 91/23/4 (det 335%)1/4 T 91/2,3/4°

Define the canonical transformation associated with Ty, by:

kg, :CxC — C xC,
(SC, 7(91@51(2’1')) = (1‘55) — (ZﬂaZ¢1(va)) = (SC - Zfa&)

We have the following properties on the Bargmann transform (see for example
[Zwo12, Chapter 13]).

Proposition 2.2.9.

(1) Ty, extends to a unitary transformation: L?(R) — Hp(C, ®1).
(2) IfT}, : Li(C, ®1) — L*(R) denotes the adjoint of Ty, : L*(R) — L3(C, 1),
then it is given by the following formula, for v € L3(C, ®4):

T; v(z) = c¢1h73/4/ 67(1/25)(2796)2672@1(Z)/E’U(Z>L(dz).
C

(3) Let ¢ be the unique holomorphic quadratic form on C x C such that, for
all z € C, we have:

’lbl(z,z) = <I>1(z)
Then the orthogonal projection Ilg, 1 : L%((C,fbl) — Hp(C,®y) is given
by the following formula:

. 2det a§7w1ﬂ1

e, pu(z) = — / 21 (D=1 (W) /Py () dwdm.
c

Moreover, g, j = T¢1T$1.

The following proposition gives a connection between the Weyl quantization of
R? and the complex Weyl quantization of R? (see for example the mini-course
[HS15]).

Proposition 2.2.10. Let ap € S(R?) be a function admitting an asymptotic ex-
pansion in powers of h. Let Opg, (br) := Ty, Op*(an)Ty;,. Then:

1. Opg, (br) : HR(C,®1) — Hx(C, ®1) is uniformly bounded with respect to

)

2. Opg, (br) is given by the following contour integral:

1 . z+w
w _ (i/R) (z—w)¢
Opg, (bn)u(z) 5T //F(Z) e by, < 5 ,C) u(w)dwd(,
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where T'(z) = {(w,g) eC? (= %% <Z;w> =-< (Z;w>}, where

the symbol by, is given by by, = ap o :‘i;ll and where the canonical transfor-
mation ke, 5 defined by:

Ky R? — Ag, = {(2,—S5(2)); 2 € C}
(z,8) — (z — 1§, §).
We study now the action of the Bargmann transform on the Schwartz space in
the spirit of the article of Valentine Bargmann [Bar67], except that in our case, we
introduce a semi-classical parameter and a different weight function. Therefore, for

the sake of completeness, we recall the theory. To do so, we introduce some new
notations.

Notation:
o for j e N:

$I(R) = {6 € IR ol = max (supl (1 + 240207 0(0)] ) <40
m=J \zeR

thus, the Schwartz space can be rewritten as follows:
SR) = [ S(R) = {¢ € C(R);Yj € N, [[¢]]; < +o0} ;
j=0
e for jeN:

&/(C) := {w € Hol(C); [¢|; := sup ((1 + |2:|2)j/2 e_¢1(z)/h|w(z)|) < —l—oo} ;
zeC

e we finally define:
&(C) := [ &(C) = {¢ € Hol(C); Vj € N, [¢]; < +00}.
7=0

Proposition 2.2.11.

(1) Let j € N, let ¢ € SI(R), then, for all z € C, we have the following
estimate:

—i/2 @z
(6) T, 6(2)] < af (14 ]217) 777 PN g5,

where a? 18 a constant depending on j and on the semi-classical parameter

h. As a result: Ty, S7(R) C &7(C).
(2) Ts,S(R) C G(C).

Proof. We give a sketch of the proof ; for more details, see the article of Valentine
Bargmann [Bar67] where the argument can be adapted to the new weight.

Step 1: we prove using simple integral estimates that for j = 0 and for ¢ € S°(R),
there exists a constant a such that, for all z € C, we have:

T, 6(2)] < age®™ @ /M|go.

Step 2: we prove that for j > 1 and for ¢ € S7(R), there exists a constant a? such
that, for all z € C, we have:

=32 _@,(z
T, 6(2)| < aff (1+[22) 77 e @/Mg] ;.
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This step can be divided into 7 steps.
e Step 2.1: it follows from the definition of ||¢||; that:
(a) 07 ¢(x)| < [[¢ll; for m < j;
(b) [o(2)| < [|6]l;(1 +a?)=972.
e Step 2.2: for z € C and for 7 € R, let: F(r) = (Ty,¢)(r2), thus:
F(1) = (T, ¢)(z) and we can use the function F' to decompose (T, ¢)(2)
into two functions:

F(1) = pj(2) +7j(2),

where:
=L p
P =3 l!(0>’
=0
ri(z) = 17(1_T)j_1 @) (r)dr
)= | SO

Then, we deduce the following estimates:
j—1
pi(2)] <> Iz['m(0),
1=0
1 i1
(1—71) -
n@l< [ Sl
0 !

(-1
where 7;(2) is a bound on 8 (T, ¢)(2).

e Step 2.3: we prove that the function 7; satisfies the following equality for
zeC:

m(z) = BeP @M for 1 < j,

where 3 = (mh)~'/4||¢||; using Lebesgue’s theorem, Step 2.1 (a) and inte-
gral estimates.

e Step 2.4: we deduce from Step 2.2 and Step 2.3 that, for z € C, we have
the following estimates:

j—1
pi(2)l < B2l
1=0
I (2)] < Bl (20) e/ ?M (1 + S(2)?) TP /T,
e Step 2.5: we prove using Step 2.4 that, for z € C, we have:
1Ty, 6(2)] < phlloll; (1412127721 + 3(2)2) e /P where pl, is a constant.
e Step 2.6: we prove using Step 2.1 (b) that, for z € C, we have:
Ty, 0(2)| < pil|oll;(1 4 R(2)2) /221 /h - where pff is an other constant.

e Step 2.7: we compare the estimates of Step 2.5 and Step 2.6 and we deduce
that, for z € C, we have:

I T5,6(2)] < prlllls(L + [=[*)77/2e™ @M where pp = max(2? o7, 2772 pf).



QUANTIZATIONS OF THE TORUS 13

Step 3: the fact that T, S/(R) C &7(C) is a corollary of Equation (6) and
Ty, S(R) C &(C) can be deduced from the first assertion of the proposition and the
definitions of the spaces S(R) and &(C). O

Remark 2.2.12. Since S(R) C L?(R), then according to Propositions 2.2.9 and
2.2.11, we have &(C) C Hy(C, ®,).

Conversely, we have the following proposition.

Proposition 2.2.13.
(1) Let u =147+ 7 with j € N and 7 € N*, then, for all ) € &*(C), we have
the following estimate:

(7) T3, 405 < a1,

where a?T 18 a constant depending on the semi-classical parameter h and

on the integers j and 7. As a result: T} &"(C) C S7(R).
(2) T; 6(C) C S(R).

Proof. We give a sketch of the proof, for more details see [Bar67].
Step 1: we give an estimate on 0T ¢ for m < j by following these steps.

e Step 1.1: we prove using Lebesgue’s theorem that, for x € R, we have:
02T, ()| < leon 57" [ Boz,)L(d2),
where for (z,2) € C x R:
Bp(z,2) = ‘8;” (67(1/2/&)(271)2) e 221y ()|
e Step 1.2: we prove that, for (z,2) € C x R and for m < j, we have:

. 1 m/2 R
B(ey2) < 52m (1 GoR) —2)?) e WO (1 oy 2,

where 5% is a constant depending on j and A. To do so, we use estimates on
Hermite polynomials for the term ‘8;” (e’(l/ 25)(2*“)2)} and the following
estimate, for z € C:
B < L+ ) 2Oy,
resulting from the fact that ¢ € &#(C).
e Step 1.3: according to Step 1.1 and Step 1.2, for z € R, we have:
05 (Tg, ()| < af (14 2?) D2y,
where a” _ is a constant depending on j, 7 and A.

3,7
Step 2: according to Step 1, for x € R and p =1+ j 4+ 7, we have:

(14 22)07™2107(T ()] < alf [
Thus:

sup ((1+2%)0~™/2002(T5, (@))]) < al 6]
zeR

Consequently, we have:

175,015 = s (sup (1422007210215, ) ) < o,
m=] \zeR
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Step 3: the fact that T} &#(C) C S/(R) is a corollary of Equation (7) and
T; 6(C) C S(R) can be deduced from the first assertion of the proposition and the
definitions of the spaces S(R) and &(C). O

We are interested now in the action of the Bargmann transform on the tempered
distributions space. Here again we can adapt the techniques of [Bar67].

Notation:
e G'(C) denotes the dual of the space G(C) (equipped with the topology of
the semi-norms |-|;) i.e. the space of continuous linear functionals on &(C);
e (-,-)&’ & denotes the duality bracket between &'(C) and &(C);
e for f,g € Hol(C), we denote by (g, f) the following product:

(0.0) = [ TEI e O az),
C
when this integral converges.

Remark 2.2.14.

e The bracket defined above coincides with the scalar product (g,f>L%(C,¢l)
when g, f € Hp(C, ®q).

e Ifg € 6°(C) and f € G°(C) with p+ o > 2, then the bracket (g, f) is
well-defined.

We use this bracket to describe the elements of the space &'(C) similarly to the
article of Valentine Bargmann [Bar67].

Proposition 2.2.15. Every continuous linear functional L on &(C) can be written,
for all f € 6(C), as follows:

L(f) = (9. f) = /@ 9D (2)e 2 ML (dz),

where g is a function in &~ (C) for 1 € N and is uniquely defined, for all a € C, by
g(a) = L(eq) (where for all z € C, eq(z) = e~ @27/ ),

Conversely, every functional of the form L(f) = (g, f) with g € &7Y(C) defines a
continuous linear functional on &(C).

Proof. We give a sketch of the proof, for more details see [Bar67].

Step 1: for all L € &'(C), there exists C > 0 and ! € N such that: |[L(f)| < C|f],
for all f € &(C).

Step 2: for a € C, let g be the function defined by g(a) = L(e,). We prove using
Step 1 that e, € &(C) and g € &7Y(C) (e, is a reproducing kernel for the space
Hp(C, @) and for &(C)).

Step 3: let L; be the continuous linear functional defined, for f € &(C), by
Li(f) = (9, f). We show that, for all @ € C, we have Li(e,) = L(e,) then we
deduce that L = L; using the density of the set of finite linear combinations of
elements of B = {e,,a € C} in &(C). O

As in the article of Valentine Bargmann [Bar67], we prove that the Bargmann
transform 7y, and its adjoint 77, act on the spaces §'(R) and &'(C) respectively.

Proposition 2.2.16.
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(1) Ty, extends to an operator: S'(R) — &'(C), which satisfies for v € S'(R)
and f € 6(C):
(Ts,0, flere = (0,15, f)s s
(2) T}, extends to an operator: &'(C) — S'(R), which satisfies for L € &'(C)
and ¢ € S(R):
(T3, L d)s'.s = (L, Ty, P)e e

Proof. We give a sketch of the proof, for more details see [Bar67].
Let v € 8'(R), let L(f) be the functional defined by:

L(f) = (v, 9)s'.s,

where f = Ty, ¢ € &(C), then L(f) is a continuous linear functional on &(C).
Conversely if L € &'(C) and if we define v by:

U(¢) = <Ua¢>3’,8 = L(f) where f = T¢1¢a

then v is a continuous linear functional on S(R). Then, according to Proposition
2.2.15, for I € N, there exists g € G_l((C) such that:

L(f) = (g, f)-
Thus, for all v € §'(R) and for all ¢ € S(R), we have:
(v,0)s1.5 = (9, T, 9)-
This equality gives a bijection between the spaces §'(R) and &'(C) with:
g:=Tsv and v=:Tyg.
(I

Remark 2.2.17. For ¢ € §'(R), we can rewrite Ty, as follows (see for example
[HS15] or [Zwol2]):

Ty h(2) = <¢, co, B3/ A= (/20 (=) >3/ .

We are now looking at the range by the Bargmann transform of the space Ly
and we prove that this range is the space Hj, where we recall that:

Li={YeSR); m=uv, TF)=v"F@)},
Hy, = {g € Hol(C); g(p+2m,q) = u"g(p,q), g(p,q+ 1) = vFe WHDETR240, Q>} :

To our knowledge, this result is new in the literature and it constitutes a funda-
mental step in our proof of Theorem A.

Proposition 2.2.18. Let k > 1. Then, we have:
(Z) Ty, : Ly — Hp;
(2) T:, My — L.
Proof. According to Proposition 2.2.16, Ty, : S'(R) — &'(C). Since £ C S'(R),

then T, is well-defined on this space. Let’s prove that the Bargmann transform 75,
sends the basis (€;);ez/kz of Lk (see Equation (2)) on the basis (e1)1ez/xz of Hy (see
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Equation (1)). Let ¢ be the real number such that u = e®. Let [ € {0,...,k — 1},
using Remark 2.2.17, we have:

Ty e(2) = <Gl,c¢1h—3/4e—(1/25)(z_,)z> ’

s,8
_ <uk./(2ﬂ') Z (U—k)j ei(l—i—jk).’C¢lh—3/4€—(1/2h)(z—_)2> ,
jEZ s,8
; o 2 1
— o, 134 —k J< k./(27) i(l+5k). o= (k/2)(z—.) > ' _ =
ce k Z (v ) U e , e s since k W
JEZ
_ 3/4,,kz/(2m) 71@ I il+ik)z < k./(2m) Ji(1+jk). 7(k/2)(.)2>
ce k Z e ,e s
JEZ
ck 2
= C¢, L34, kZ/(27f)Z *k J eill+ik)= /? <— (— +l+]k> )
JEZ

By a simple computation, we obtain:

1 [ck 2 1 [ck 2 32k jck
%(—‘i‘l-ﬁ-jk’) —%(%4—1) +T+ l+2—

Therefore, we have:

Td)lel( )— Con k3/4 kz/(Qﬂ')Z —k J z(l—i—gk)z
JEZL

_ Ciukz/(%r) Z (U—ke—jk/2—luik/(27r))j eilltik)z.

JEZ

%‘
o)
o]
o)
/_"\
)
?r|"
7/~
o
+
+
<
~
N~
[\v)
~

?

= crel(2),

where cfc is given by the following equality:

1 (ck )\’
céc:c¢1\/27rk:1/4exp( %(C —I—l) )

Conversely, we compute T; e First, since Hy C G&°(C) and since the function

2 —s e~ (1/2M (=) belongs to the space &(C), then for v € Hy,, we have (according
to Remark 2.2.14):

<c¢lh*3/4e*(1/2’i>('*f>2,v> :c¢1h73/4/671/(25)(571)267%}1(z)/hel(z)L(dZ)<+OO.
c
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Let I € {0,1,...,k — 1}, then we have:
T; ei(x)

:C¢lh73/4/671/(25)(571)267%}1(z)/hel(z)L(dz),
C

- N 1 1
= cp KP4 / e_(k/Q)(z_””Fe_k("Z)zel(z)L(dz) because ®1(z) = 5(8,2)2 and k = 7
o
= g, K5/ / o—(k/2)F—2)? ,—k(S2)? kz/(2m) Z (vfkeflfjk/Quik/(%r))] IR I (d2),
C

JEZ
= ¢y K3/ Z (U—ke—l—jk/Quik/(QTr))j / e—(k/2)(2)2e—k(%(z—i—z))zuk(z-i-m)/(%')ei(l-i—jk)(z—i—z)L(dz)7
JEL c
= ¢, KB/ Ayl 2m) Z (U—ke—l—jk/Quik/(QTr))j pill+ik)e / e—(k/z)(z)2e—k(sz)2eiz(l+jk+ck/(2w))L(dz)_
JEL c

We have to compute the following integral (after the change of variables z = p+1iq):
/ / e~ (/D p=i0)? o= ilp+ia) (L+5+eb/ (2m)) g
R JR
_ / / e=kD* 2—ha® /2 ikpa gip(Ijk-k/(2m)) g=al+ik+ek/(2m) g o
R JR

By a simple computation, we obtain:

2 2
—kp? /2 jikpa ip(+ikrek/(2m) gp — | 2T L [+ ik ok _kaT 1+ ik ck
/Re ee dp =\ 3o | —gp Ik o AL A

Thus, by an other simple computation, we obtain:

/ / e*kp2/267kq2/2€ikpqeip(l+jk+ck/(27r))efq(l+jk+ck/(27r))dpdq _ ﬁ%e(lJrijrck/(Qﬂ—))Z/(Qk).
R JR

Consequently, we obtain:
75, e(x)
= C¢, k3/4\/§gukz/(27r) Z (U—ke—l—jkmuik/@w))ﬂ ei(l-l-jk)ze(l+jk+ck/(2ﬂ.))2/(2k>’
JEZ
= ey, kYA 2mellt ek (2m)?/ (k) fr/ (2m) Z (v’k)j eil+ik)z
JEZ
= (@),

where & = ¢, k™ 1/4y/Dmell+er/@m)*/(2h) O

Since the Bargmann transform is a unitary transformation between the spaces
L?(R) and Hp(C,®;), we study this feature between the spaces L and Hy.

Proposition 2.2.19.
(1) T;1T¢l =id on [,k.
(2) Ty, T, =1id on Hy.
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Proof. Let ¢ be the real number such that u = e*. According to the proof of
Proposition 2.2.18, we have, for [ € {0,...,k — 1}:

Ty &1 = cher  with ¢l = ¢y, V i/ 4e(ck/ (2m) 1)/ (2k)

Let C = diag(c}, ..., cllz_l) be the matrix of the operator T, in the basis (e;)cz/kz-
According to the proof of Proposition 2.2.18, we also have, for [ € {0,...,k —1}:

Tj el = ce with & = c¢1/{:_1/4\/§7Te(l+0k/(2”))2/(2’“).

Let C* = diag(cy, ..., 6271) be the matrix of the operator T7; in the basis (€1)iez/kz-
We want to prove that: CC* =C*C =1I;. Let k > 1 and let I € {0,1,...,k— 1}, we
have:

il — oy IR Aem (R D (2K)  1/4, [ (Hhek/ (27)?/(28),

_ 2 5. 3/2
fc¢127r/,

1 2
= (m) 2m/2 according to Definition 2.2.8,
™

=1,
= 5202-

Therefore, we have: CC* = C*C = Ij. O

2.2.3. Complex Weyl quantization of the torus. In this paragraph, we define the
complex Weyl quantization of a symbol on the torus. As in the classical Weyl
quantization case, we have two definitions for the complex Weyl quantization. With
an Egorov theorem analogous to Proposition 2.2.10 in the R?-case, we exhibit the
notion of complex Weyl quantization of the torus. First, we introduce a new class
of symbols. Recall that Ag, denotes the following space:

Ao, = {(z %%(z)) - c} — {(2,-3(2)); 2 € C} .

And that the canonical transformation kg, is defined as follows:
Koy : R? — Ag,

(z,y) — (z,w) = (x — iy, y).

Notice that, if ay € C°(R?) is a function such that, for all (z,y) € R?, we have:
ak(x +2m,y) = ax(z,y) = ap(z,y + 1);

and if by is the function defined by the following relation, for (z,w) € Ag,:

br(z,w) :=ag o fi;ll(z,w).
Then by € C;°(As, ) is a function such that, for (z,w) € Ag,, we have:

bi(z + 2w, w) = br(z,w) = br(z + 4, w — 1).

Besides, thanks to the identification of Ag, with C, we can rewrite the symbol by,
as a convergent series, for z € C ~ Ag,:

(8) bi(z) = Z 1757177161'7z§1?(z)ezmmg(z)7
(m,n)€Z?
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where (bﬁln) (m.n)ez2 is defined by the following formula:
bfn,n = afmn where for (z,9) € R?, ap(z,y) = Z aﬁlﬁneime*%”my.

(m,n)€Z2
Remark 2.2.20. Since Ag, ~ C, then the class of symbols S(Ae,) can be identified
with S(C) ~ S(R?).
We can now deduce the following Egorov theorem.

Proposition 2.2.21.
Let ay, € Ci°(R?) be a function such that, for all (z,y) € R?, we have:

a’k(x + 27Tay) = ak(xvy) = ak(xvy =+ 1)
Then, we have:
Ty, Opj; (ar) = Opg, (ar 0 k5 )Ty,  on S(R),
where Opg, . is defined by the following formula, for u € &(C):
w - —immn —n? inz 2mm in
Opg, x(ax o n¢11)u(z) = ( Z)EZZ afnyne [ke=n"/2kginzy, (Z - + ?) ,

k
m,n) (m,n)€Z?

Proof. According to Definition 2.2.5, Op}(ax) : S(R) — S(R). Let ¢ € S(R),
then we have:

Ty, (Opy) (ar)9)(2)
% / —(1/20) =2 (Op (ay) ) () dr,

where (a is the sequence of coefficients defined in Equation (4).

’ ; ; 2
= C¢1 / (1/2h)(z—=) Z afn,nefwrmn/kewnqﬁ ((E . zm) dr,
(m,n)€z?
i P 2
= onh / e~ immn/keizn o —(1/2h)(z=x)* o —i(z=a)n <z - —2m> dz,
(m,n)€Z?
(m n)eZ2
= C¢1 3/4 / 7“"m”/keizne*(1/25)(Z*I+inﬁf27rmh)2efnzh/gd) (1') dz,
(m, n)eZ2

_ Z afn,nefiwmn/kefnzh/2eiznc¢lh73/4 / 67(1/2h)(zfm+inhf27rmh)2¢ (1,) dz,
(m,n)€Z? R
. . 2 ) 1
= Z ak, ne_”m"/ke_"2/2ke”"(T¢l(b) PR because h = —.
’ k k k
(m,n)€Z?
Therefore, for u € &(C), we define Opg, (ax o 5;11) as follows:
2rm  in

Opg, i (ak o /ﬁ;ll)u(z) = Z afn,ne_mm"/ke_"Q/%eiz”u (z - + ?) )
(m,n)€Z?
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The previous proposition leads us to define the notion of complex Weyl quanti-
zation of a symbol on the torus as follows.

Definition 2.2.22 (First definition of the complex Weyl quantization of the torus).
Let by, € C°(Aa,) be a function such that, for all (z,w) € Ag,, we have:
bi(z + 2m,w) = b(z,w) = bg(z + i, w — 1).

Define the complex Weyl quantization of the symbol by, denoted by Opg, ,(bx), by
the following formula, for u € &(C):

) 2 ) 2 )
Opg, 1 (br)u(z) = Z bfn,nf”m”/ke*" /2k ginzy, (z - —7Tkm + %) ;
(m,n)€Z?

where the sequence (b']rcn,n)(m n)ez? is given by Equation (8).

Let’s prove a basic property on this notion of quantization. The operator
Opg, (br) defined above acts on the space &(C). We are now going to show
that it also acts on the space Hy, (as expected since the Bargmann transform sends
the space Ly on the space Hy,).

Proposition 2.2.23. Let b, € C;°(Aa,) be a function such that, for all (z,w) € Ag,,
we have:

bi(z + 2w, w) = br(z,w) = br(z + 4, w — 1).

Then Opg, x(bx) can be extended into an operator which sends the space Hj on
itself.

Proof. According to Proposition 2.2.21, Opg, »(b) : 6(C) — &(C). Let u,v € &(C),
then we have:

(Opg, 1 (br)u, v)s &

- / Opg, 1 yulz)o(z)e 2" )/ L(dz),
C

3

- 2 o 2 )
_ / Z bfn, emrmn/kefn /lefznzu (Z __&mm + m)v(z)eQ%(z)/hL(dz),
C

(m,n)e€z? k k
:/ Z BF e—immn/kg=n?/2kg=inz, (| AW 2 2mm e~/
C(m,n)eZz 1 k k

. , 2
— / ’LL(Z) Z bfnﬁne—wrmn/ke—nQ/le—znz,u (Z+ mm ﬂ) 6_2q>1(z)/hL(dZ),

—_ . 2
— / w (Z) Z bﬁm1n61ﬂmn/k6_n2/2k€_znZ’U (Z _ ﬂ _ ﬂ) e—2‘i’1(2)/hL(dz) via m —s —m,

- oo 2 i
= / u(2) Z b’im,_nef”rm”/ke*" /2keinzy <z O ﬂ) e 221/ (dz)  vian — —n,
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where by, € Ci°(Ag, ) is defined, for (z,w) € Ag,, by:

Z blim 7nein(z+iw)e—2i7rmw’

(m,n)€Z?
Z bbn,ne_in(z+iw)e2iﬂmw via (m’ 7’L) — (_m, _n)’

(m,n)€eZ?
Z bfnyne_i"%(z)e_%”mg(z) because (z,w) € Ag,, thus w = —J(2),

(m,n)€Z?

= br(z, w).

Since v € &(C) and b, € C°(Ag,), then Opy, (bx)v € &(C) and the complex
Weyl quantization Opg, j(b) is well-defined on &'(C) by the following formula,
for u € &'(C) and for v € &(C):

(Opg, & (br)u, v)er s = (u,0pg, 4(br)v)er s

Afterwards, since Hy C &'(C), then for g € Hy, Opg, 1 (br)g € Hol(C). Moreover,
for g € Hy, using simple computations we prove that:

Opg, (br)g(z + 27) = u*Opg, 1 (br)g(2),
Oy, x(br)g(z + 1) = vFe ™ FR20pY | (br)g(2).
0

Let’s give a second definition of the complex Weyl quantization of the torus.
This notion is analogous to the already existing one in the R2-case (see for example
[HS15] or [Zwo12]). We believe that it is the first time that such a contour integral
is used in a context of the quantization of a compact phase space.

Definition 2.2.24 (Second definition of the complex Weyl quantization of the
torus). Let by, € Cp°(As,) be a function such that, for all (z,w) € As,, we have:

br(z + 2w, w) = bp(z,w) = bp(z + 4, w — 1).

Define the complex Weyl quantization of the symbol by, denoted by Opg, (br), by
the following formula, for u € &(C):

(2 Z—w z+w
Opg, (bn)u( =5 //F() (i/R)(z=w)Cp, ( ,C) w(w)dwdc,

where the contour integral is the following:

- g o= 28 () o ()}

This second definition expresses the fact that the complex Weyl quantization of
R? (seen in Proposition 2.2.10) can be extended to a symbol defined on the torus.
Similarly to Proposition 2.2.23, we have the following property.

Proposition 2.2.25. Let by € C3°(Aa,) be a function such that, for all (z,w) € Ag,,
we have:

br(z + 2m,w) = bp(z,w) = br(z + i, w — 1).

Then, Opg. (br) can be extended into an operator which sends Hy on itself.
Py
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Proof. Let ap := by o kg,, then ap € S(R?) and Op“(ap) : S(R) — S(R). Ac-
cording to Proposition 2.2.11, Ty, : S(R) — &(C) and according to Proposition
2.2.10, we have:

Opg, (bn) = Ty, Op*“(an)Ty, : 6(C) — &(C).
Afterwards, let u,v € &(C), then we have:
(Opg, (br)u,v)s,e

/ (OE, ) (2u(2)e 21 O/ (dz),

cCimGmwdy (2 A TES dwd —201(2)/h (g
Lo /] o (52 o) (@2),

(—i/h) (z—w) (=S (z+w/2)) FHw\\— 28, (2)/h
/2#5/ b, < ( 5 >)u(w)L(dw)v(z)e L(dz),

where we used the definition of the contour integral I'(z) and where C' > 0 is a
constant. Then, for z € C ~ A<1>1, we have:

bh(z, 7\3“ Z b zn§R 2i7rm$(z)'

(m,n)e€z?

Thus, for z € Ag,, we obtain:
bn(z,=S(2)) = Y bh, e MRS S (2 —G(2)).
(m,n)€Z2
Therefore, we can rewrite the integral as follows, for u,v € &(C):

<Op¢1 bh u, U 5,6

2 h// (i/h)(z— w\fz+w/2)l_)h (Z‘;w,% (ZZU}))—U(’LU)’U(Z)eQ(PI(Z)/EL(dw)L(dZ)
e

With a short computation, we prove the following equality:
i 2 i 2
()9 (Z ; “’) —20i(z) = (- w)S <Z ; “’) — 28, (w).

Consequently, for all u,v € &(C), we have:

<OP$1 (bh)ua U>6,6

:/—u(w)ﬁ/e(i/h)(w—z)(—%<z+w/2>>gh 2R o (20 o) L(de)e 2 @/ L (),
C 27Th C 2 2

-1 , -
= / w(w)=— // ei/M(w=2)Cp, (Z + w,C) v(z)L(dz)e 221/ L (dw),
C 2mh I'(w) 2

- / W) (0p, (Br)v) (w)e 2% /ML (dw),

= (u, Opy, (br)v)s,s,

z4+w

where I'(w) = {(Z,C) €C%(¢=-9 . Since, for v € &(C), Opy, (br)v € &(C),

then the operator Opg, (bs) is well-defined on &'(C) by the following equality, for
u € &'(C) and v € &(C):

(Opg, (bn)u, v)er,6 = (u, Opg, (br)v)s s
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As a result, the operator Opg, (bn) is well-defined on H; because it is a sub-
space of &'(C). Afterwards, since for g € Hy, Opg, (br)g € &'(C), then we have
Opg, (br)g € Hol(C). Besides using simple computations, for g € Hy, we prove

that:
Opy, (br)g(z + 2m) = uFOpg, (br)g(2),
Opi, (br)g(z + i) = v*e *=TH20pg (br)g(2).

To conclude this paragraph, we link Definition 2.2.22 and Definition 2.2.24.

Proposition 2.2.26. Let by, = by € C;°(As,) be a function such that, for all
(z,w) € Ag,, we have:

br(z + 2m,w) = br(z,w) = br(z + i, w — 1).
Then:
Opg, (br) = Opg, x(bk)  on Hy.
Proof. According to Equation (8), for (z,w) € Ag,, we can rewrite by as follows:
br(z, w) Z bh ein(ztiw) o=2immw,
(m,n)€z?

Consequently, we obtain, for u € &(C):

OP<1>1 (bn)u
_ (z/h)(z w)¢ h et ((z4w)/241¢) 72i7rm§
=57 // >, u(w)dwdC,
(m,n)€ez?
_ /M e—w)Cph  in((zw)/2+4i0) y—immn /Ky, (o) _ 2T dwdc
27TFL o k ’
(m n)EZ2
. X ; 2mm
_ (i/h)(z—w)¢ bh —immn/k —n2/2k ( + ﬂ _ _) d dC
e m.n€ e ul|w wd(,
27Th //1—‘( ) (m%&ZZ k k

= (/M) (z—w)¢
" 27k //F(z) (Opg, & (br)u)(w)dwd(,
= Op@l,k( )u(z)a

where we used the change of variables: I'(z) 3 (w, () — ( ,C ) eI'(2).
Therefore, for u € &'(C) and v € &(C), we have:
(Opg, (bn)u, v)er,6 = (u, Opg, (bn)v)e’ s
= (u, Opg, 1 (br)v)e s,
= (Opg, 1 (br)u, V)& -
In others words, we have:
Opg, (bn) = Opg, x(bk) on &'(C).

Finally, since Hj, C &’(C), then by restriction and according to Propositions 2.2.23
and 2.2.25, we obtain the result. (I
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2.3. Connections between the quantizations of the torus T2. In this para-
graph, we relate the different notions of quantization of the torus. To do so, we
follow these steps:

1. we recall the connection between a Berezin-Toeplitz operator and a complex
pseudo-differential operator of the complex plane;

2. within the Berezin-Toeplitz setting, we relate the quantization of the torus
to the quantization of the complex plane;

3. we establish a correspondence between the Berezin-Toeplitz and the com-
plex Weyl quantizations of the torus.

2.3.1. Berezin-Toeplitz and complex Weyl quantizations of the complex plane. First,
we recall the definition of the Berezin-Toeplitz quantization of a symbol on the
complex plane and then the definition of the complex Weyl quantization of a symbol
on Ag, (see for example [Zwol2]).

Definition 2.3.1 (Berezin-Toeplitz quantization of the complex plane). Let f € S(C)
be a function admitting an asymptotic expansion in powers of 1/k. Define the
Berezin-Toeplitz quantization of fi by the sequence of operators Ty, = (Tk)k>1,
where for k > 1, Ty is defined by:

Ty = o, 1 Mg 1o, &,
where My, : L3(C, ®1) — L3(C, ®1) is the multiplication operator by the function
fx and where we recall that g, i is the orthogonal projection of the space L2 (C, ®1)

on Hi(C,®q) defined in Proposition 2.2.9.
We call fi the symbol of the Berezin-Toeplitz operator Ty, .

Definition 2.3.2 (Complex Weyl quantization of the complex plane). Let by € S(As,)
be a function admitting an asymptotic expansion in powers of h. Define the com-
plex Weyl quantization of by, denoted by Opg, (bn), by the following formula, for
u e Hh((C, (I)l).'

(2 Z—w z+w
Opg, (br)u =5 //F() (i/R) (z=w)Cp, ( ,C) w(w)dwdc,

where the contour integral is the following:

- o= 28 (52) -0 ()}

Recall now the result relating these two quantizations (see for example [Zwol2,
Chapter 13]).

Proposition 2.3.3.

(1) Let fr, € S(C) be a function admitting an asymptotic expansion in powers
of 1/k. Let Ty, = (Tx)k>1 be the Berezin-Toeplitz operator of symbol fy.
Then, for k > 1, we have:

Tk = Opg1 (bh) on Hk((C, @1),

where by, € S(Ae,) is a function admitting an asymptotic expansion in
powers of h given by the following formula, for all z € Ag, ~ C:

b(2) = exp (%azag) (fr(2)).
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(2) Let by, € S(Aa,) be a function admitting an asymptotic expansion in powers
of h. Then, there exists fr, € S(C) a function admitting an asymptotic
expansion in powers of 1/k such that for k > 1:

Opg, (br) = T + O(k™>°)  on Hy(C,®y),

where (Tx)k>1 = Ty, is the Berezin-Toeplitz operator of symbol fi, and
where, for all N € N and for z € C, fi is given by:

J .
fule) = 3 5 (D-D=)’ (b)) + O )
§=0
2.3.2. Berezin-Toeplitz quantization of the torus and Berezin-Toeplitz quantization
of the complex plane. In this paragraph, we study a Berezin-Toeplitz operator of
the complex plane whose symbol is 27-periodic with respect to its first variable and
1-periodic with respect to its second variable. Previously, we looked at the action
of a Berezin-Toeplitz operator of the complex plane on the spaces &(C) and &'(C).

Proposition 2.3.4. Let fi € S(C) be a function admitting an asymptotic expan-
sion in powers of 1/k. Let Ty, = (Tk)r>1 be the Berezin-Toeplitz operator of symbol
fr. Then, for k > 1, we have:

(1) Ty can be defined as an operator which sends &(C) on itself by:
Typv =g, x(frv) forve &(C),

where g, 1 is seen as an operator which sends &(C) on itself.
(2) Ty can be extended into an operator which sends &'(C) on itself by:

(Thu,v)s s = (u, Tiv)s s for u € &'(C) and for v € &(C),
where (Tk)k21 =: T?k is the Berezin-Toeplitz operator of symbol f,.

Proof. Since Ty, = (Tx)r>1 is a Berezin-Toeplitz operator of the complex plane,
then according to Proposition 2.3.3, there exists by € S(As,) such that, for k > 1:
Ty = Opg, (br) on Hy(C,®y).

Besides, according to Proposition 2.2.10, we know that:
T; Opg, (br)Ts, = Op™ (bp o kg, ) : L*(R) — L*(R).
Since by, 0 kg, € S(R?), then we have:

Op”(by 0 kg, ) : S(R) — S(R) and Op"(bpoky,) : S'(R) — S'(R).
Moreover, according to Propositions 2.2.11, 2.2.13 and 2.2.16, the Bargmann trans-
form and its adjoint satisfy:

Ty, : S(R) — &(C) and Tj :6(C) — S(R),
{T¢1 :§'(R) — &'(C) and Tj :6'(C) — S'(R).
As a result, for k£ > 1, we obtain:
Ty : 6(C) — &(C) and Ty :6'(C) — &'(C).
Then, by definition g, , = T¢1T$1 and according to Proposition 2.2.11, the op-
erator Ilg, , can be extended into an operator which sends &(C) on itself. Since
S(C) C Hp(C,®1) (see Remark 2.2.12), then for v € &(C) and for f € S(C), we

have:
qukv =ov and H(bl,k(fkv) S G(C)
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Therefore, the Berezin-Toeplitz operator Ty, = (T)k>1 is defined as follows, for
k> 1 and for v € &(C):

Tyv = g, x My, g, v = s, x(frv),

where Ilg, ; is an operator which sends &(C) on itself. Finally, for v = T, ¢ € &'(C)
and for v = Ty, ¢ € 6(C), we have:

Tiv,u)e.c = (Opg, (br)v,u)s’ s according to Proposition 2.3.3,
; &, ;
= (v,0py, (bp)u)e,s according to Proposition 2.2.25,
= <’U, Tku>6/,6.

Then, according to Proposition 2.3.3, for z € Ag, ~ C, we have:

b(2) = exp (%azag) (fr(2)).

Consequently, for z € Ag, ~ C, we obtain:
- 1 R
i (2) = ex  0.0¢) (2D

In others words, the sequence of operators (Tk)kzl is a Berezin-Toeplitz operator
of symbol f,. (I

Remark 2.3.5. Let fi, € C°(R?) be a function such that, for (x,y) € R?, we have:

fk('r+2ﬂ-7y> = fk('rvy) = fk(zay+1)

Let Ty, = (Tk)rx>1 be the Berezin-Toeplitz operator of the complex plane of symbol
fi. Then, for k > 1, the operator Ty, is well-defined on Hy, according to Proposition
2.3.4 since Hy, C &'(C).

The following proposition gives a connection between the orthogonal projection
11, which appears in the definition of a Berezin-Toeplitz operator of the complex
plane (see Definition 2.3.1) and the orthogonal projection II; which appears in
the definition of a Berezin-Toeplitz operator of the torus (see Definition 1.1.3).
This proposition is fundamental for understanding the relation between these two
quantizations.

Proposition 2.3.6.
Let Ilg, i be the orthogonal projection of LE(C,®1) on Hy(C,®1). Then:

(1) Mg, 1 can be extended into an operator which sends Gy, on Hy, (defined in
Subsection 1.1);
(2) H<I>1,k =1id on Hk

Consequently, e,  coincides with II; on Gy.

Proof. First, let’s prove that Ilg, » is well-defined on Gi. The main difficulty to
prove this result comes from the fact that Gy is not included in &’(C). Recall the
formula defining Ilg, , for g € LZ(C, ®;) (see Proposition 2.2.9):

Hq>1,kg(2):/6’(1/4”(2’@29(10)6’2@1(”)/hL(dw)-
C
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Let g € G, by a simple computation, we notice that, for (m,n) € Z? and for z € C,
we have:

g(z+2mm) = (uk)m 9(2),
g(z + zn) _ (vke—izk-l-kn/g)ng(z).

Then, for g € Gj, we can write an estimate of the integral defining Ils, i as follows:

/ ‘6_(1/4h)(z—m)2g(w)6_2¢1(w)/h} L(dw),
C

a Z /[0,27r]+i]R

meEZ

N Z /[O,27r]+i]R

mEeZ

B Z /[0,27r]+i[0,1]

(m,n)ez?

N Z /[0,27r]+i[0,1]

(m,n)€ez?

e—(1/4h)(z—(m))zg(w + 27rm)e_2¢1(w+2ﬂm)/h’ L(dw),

e~ (1/40) (z=w—2mwm)? (uk)m g(w)e 2* (w)/h‘ L(dw),

e~ (/Am) (= (wkim)=2mm)® (kY™ 4y 4 ji)e =201 (wein)/ h’ L(dw),

67(1/45)(zfﬁ+in727rm)2 (’U,k)m (vkefiwk+kn/2)ng(w)

o201 (w)/hiy—n? [l —2nS(w)/ ﬁ‘ L(dw),

_ Z / ‘e—(1/4h)(z—ﬁ+in—27rm)2 (k)" (,Uk)ne—kn2/2e—inkﬁg(w)e—2¢1(w)/h‘ L(dw).
(momyeze 0.27]+i[0,1]

For all z € C, we have:

/[0,27r]+i[0,1]

_ / ‘67(1/45)(zfﬁ+in727rm)2efan/QefinkEg(w)efﬂbl(w)/h‘ L(dw)
[0,27]4+4[0,1]

o~ (1/4h) (z=+in—2mm)> (uk)m (vk)” efkn2/2efinkﬁg(w)ef2<l>1(w)/h’ L(dw)

< lglI2 / ’e—(1/4h)(z—ﬁ+in—27rm)2e—kn2/2e—inkﬁ‘2 =21 W)/R ()
= Gk
[0,27]+4[0,1]
using Cauchy-Schwartz in L2([0, 27] + [0, 1], e 2®1()/" [(d2)),
— ||g||ék / ‘67(1/45)(zfﬁ+in727rm)2efinkﬁ‘2 efkn2€f2<l>1(w)/hL(dw),
[0,27]+4[0,1]

< CllgHéke—k%(z2)/2€—2kw2m26_kn2/2 max (e2wmk%(z), 627r(m+1)k§R(z)) max (enkg(z),e(nﬁ-l)k%(z)) ’

where C' is a constant independent of k. We recognize the general term of a con-
vergent series in m and n, thus according to Fubini’s theorem, Ilg, 1 is well-defined
on Gy, by the following formula, for g € Gy:

My, 9(2) = / e~ (/MG g (1)~ 281 /R ()
C

/ e~ (V/AM Gwin=2mm)® ()™ (k)" o=hn® /2o =ik g () o =221 (@) /R [ (o)
(m,n)ez2 / [0:27]+4[0,1]

Now, since the range of Ilg, ; consists of holomorphic functions, then for g € Gy,
IIg, kg € Hol(C). Then, via the change of variables w — w + 27, we prove with
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simple integral equalities that, for g € Gi,, we have Ilg, rg(z + 27) = uFIle, 1g(2)
and using the change of variables w — w + ¢, we also obtain that, for g € Gy,
Mo, 1g(z 4+ 1) = vFe=#*+F/2[g, 1.9(2). Finally, we recall that Ilp, , = id on Hj,
comes from Proposition 2.2.19. (|

We can now define the action of a Berezin-Toeplitz operator of the complex plane
on the space Hy.

Proposition 2.3.7. Let fi € C;°(C) be a function such that, for z € C, we have:
fe(z+2m) = fu(2) = fr(z +1).

Let Ty, = (Tk)rx>1 be the Berezin-Toeplitz operator of the complex plane of symbol
fi. Then, for k > 1 and for v € Hy, we have:

Tk’U = H‘Iﬁ,k(fk”)a
where Ilg, i is seen as the operator which sends Gy on Hy, (see Proposition 2.5.6).

Proof. According to Proposition 2.3.4, for v € Hy, for u € &(C) and for k > 1, we
have:

(Thv,wyers = (v, Thu)er e,

= (g, Tru) with g € 7(C) for [ € N according to Proposition 2.2.15,
= (g, th,kM?kH@hku} by definition of 7} on &(C),
=

H¢17kM7kH‘P17kga u) since Iy, 5 = g, &
Thus, for v € Hy and for k > 1, we obtain, according to Proposition 2.3.6:
Tyv = e, kMg e, kv = He, k(frv).

O

We deduce from Proposition 2.3.7 and Proposition 2.3.6, a result which relates
a Berezin-Toeplitz operator of the complex plane and a Berezin-Toeplitz operator
of the torus. To our knowledge, this fact is new in the literature and it is also
fundamental to prove Theorem A.

Proposition 2.3.8. Let fi, € C;°(C) be a function such that, for z € C, we have:
fe(z+27m) = fi(z) = fu(z +9).

Let T}Ck = (T;S)kzl be the Berezin-Toeplitz operator of the complex plane of symbol

fr and let T}f = (ng)kzl be the Berezin-Toeplitz operator of the torus of symbol
fi. Then, for k > 1, we have:

¢ = T,;JT2 +O(k™°) on Hy.

Consequently, a Berezin-Toeplitz operator of the complex plane whose symbol is
periodic coincides with a Berezin-Toeplitz operator of the torus.
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2.3.3. Berezin-Toeplitz quantization and complex Weyl quantization of the torus.
Finally, we are able to establish and to prove the following proposition which cor-
responds to Theorem A.

Proposition 2.3.9 (Theorem A). Let fj € Ci°(R?) be a function such that, for
(z,y) € R?, we have:

fk('r+2ﬂ-7y> = fk('rvy) = fk(zay+1)

Let Ty, = (Ti)i>1 be the Berezin-Toeplitz operator of the torus of symbol fi,. Then,
for k > 1, we have:

Ty = Opg1 (bh) + O(kioo) on Hg,
where by, € C2°(Aw,) is defined by the following formula, for z € Ag, ~ C:

) in(2) = exp (0.0 ) (u(2)

Besides, by, satisfies the following periodicity conditions, for (z,w) € Ag, :
br(z + 2m,w) = br(z,w) = br(z + i, w — 1).
Proof. Since in particular f, € S(C), if we denote by Tﬁ = (TF)k>1 the Berezin-

Toeplitz operator of the complex plane of symbol fj, then according to Proposition
2.3.3, there exists by, € S(Ag,) such that, for k > 1, we have:

TF = Op§, (bs) on Hp(C,®y),

where by, is given by the following formula, for z € Ag, ~ C:

b(2) = exp (%azag) (fr(2)).

Since &(C) is included into Hp(C, ®4) (see Remark 2.2.12) then, by restriction, we
obtain:

TE = OpY, (br) on &(C).
By duality, we have:

Ty = Opy, (bp) on &'(C).
Since Hy C &'(C), we obtain:

T = Opy, (bn) on Hy.

Notice that the periodicity conditions on f; and Equation (9) give the periodicity
conditions on by, consequently, Opg, (br) is well-defined on Hj.

Finally, according to Proposition 2.3.8, if we denote by T}f = (T,;Ez) x>1 the Berezin-
Toeplitz operator of the torus of symbol fi, we have, for k > 1:

TE =TF + O(k™) on M.
This concludes the proof. ]
Thanks to Theorem A and Proposition 2.3.3, we deduce the following corollary.
Corollary A.1. Let f, € C°(R?) be a function such that, for (z,y) € R?, we have:

fk('r+2ﬂ-7y> = fk('rvy) = fk(zay+1)

Let Ty, = (T )i>1 be the Berezin-Toeplitz operator of the torus of symbol fi,. Then,
for k > 1, we have:

T; TiTs, = Op”(an) + O(h>) on L*(R),
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where ay, € C°(R?) is defined by the following formula:
ap = bp o Kg,,

where by, € C;°(As, ) is defined by Equation (9). Besides, an satisfies the following
periodicity conditions, for (z,y) € R?:

ap(x +27m,y) = ap(z,y) = an(z,y + 1).
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