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Univ Lyon, INSA-Lyon, LVA EA677

25 bis Avenue Jean Capelle, F-69621 Villeurbanne Cedex, France

Abstract

Statistical modal Energy distribution Analysis (SmEdA) approach was de-
veloped to enlarge the application �eld of Statistical Energy Analysis (SEA)
when equipartition of modal energies is not achieved. SmEdA gives more
precise results than standard SEA when compared to exact energy response
of a deterministic system in the case of low modal overlap, heterogeneous
systems or point excitation. The present paper was initiated by this ques-
tion : when considering a population of similar structures, each of them being
described by SmEdA, do the ensemble averaged energies of subsystem and
injected power tend to satisfy SEA equations ? In other terms, despite the
non-equipartition of energy observed on each element of the population of
structures does the ensemble averaging leads to SEA equation where equi-
partition of energy is assumed ?
The response to that question that rises from this paper is yes, if the terms
of the SEA equation are fuzzy numbers. It results that the energy response
given by the model can be interpreted using fuzzy numbers theory.

Keywords: Statistical Energy Analysis, Statistical modal Energy
distribution Analysis, fuzzy numbers, population of structures

1. Introduction

In many practical situations, the vibro-acoustic response of complex struc-
tures (i.e. automotive, aircraft, submarine, etc) can be sensitive to small va-
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riations introduced by the manufacturing process specially in the mid and
high frequency domains [1]. It is then of interest to develop vibro-acoustic
models for estimating statistical characteristics of responses of an ensemble of
similar structures de�ned by random parameters. These statistics can be the
mean value, the variance, and eventually higher order statistics like Skewness
or Kurtosis [2] and the ensemble of structures can be, for instance, the end-
products of a production line. The models for describing the uncertainties of
this ensemble are generally classi�ed in two categories [3] :
(a) The parametric models which consist in identifying some uncertain phy-
sical parameters (i.e. geometrical dimensions, Young modulus, thickness va-
riation, etc) and in de�ning models of uncertainty for these parameters. The
vibro-acoustic model then propagates the uncertainties through the dynamic
behaviour of the system to give the statistics of the response. A primary
approach can be the Monte Carlo technique which can however be time
consuming. Alternative approaches like the fuzzy or interval �nite element
procedures [4, 5] have also been developed.
(b) The non-parametric models do not introduce uncertainties in physical
parameters but use universal model, independently of the origin of the un-
certainties. They are more appropriate for the high frequencies where the
number of modes of the system can be signi�cant and their properties (i.e.
natural frequencies, mode shapes) can be described by these universal mo-
dels. In the past, the Poisson natural frequency statistics [6] were considered
but they are known now to be valid only for symmetric academic systems
like rectangular plates or parallelepiped cavities. The Gaussian Orthogonal
Ensemble (GOE) [7, 8, 9] resulting of the random matrix theory has given
more accurate results for more complex cases. The non-parametric models of
uncertainty are integrated in dedicated vibro-acoustic models. It is the case
for the Statistical Energy Analysis (SEA) [10, 11, 12] which is the subject
of the present paper. Basically, in SEA, the built-up structure is subdivided
into subsystems and the vibration response within each subsystem is charac-
terized by the subsystem energy. For a random broad band excitation in a
given frequency band, the energy transfers between the di�erent subsystems
are described by the SEA equations. The developments are based on a re-
lation established for two coupled oscillators pi, pj excited by uncorrelated
white noise forces :

πpipj = βpipj(epi − epj). (1)
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It indicates that the power �ow exchanged by the two oscillators πpipj is
proportional to the di�erence of their total energies, epi−epj . The proportio-
nality coe�cient βpipj is called the coupling coe�cient. The SEA equations
expressing the energy exchanged between multi-modal continuous subsys-
tems have been derived from this basic relation by using simplifying assump-
tions. In particular, it is assumed that the natural frequencies are uniformly
distributed in the frequency band of excitation that constitutes the model of
uncertainty in SEA. Although this assumption is strong and can be seen as
unrealistic from a practical point of view, it is very useful to justify that the
power �ow relation established for two coupled oscillators excited by uncor-
related white noise forces can be applied to evaluate the power �ow between
two coupled modes. The ensemble average of the energy sharing between two
modes of two di�erent subsystems are deduced with the supplementary as-
sumption that the di�erence of energies, epi−epj and the coupling coe�cient,
βpipj are statistically independent,

〈πpipj〉 = 〈βpipj(epi − epj)〉 ≈ 〈βpipj〉(〈epi〉 − 〈epj〉), (2)

where brackets indicate an ensemble average on the population of structures
considered in SEA.
This supplementary assumption has been clearly highlighted and discussed
by Mace in a recent paper [13]. In general, it is not respected because epi−epj
and βpipj are strongly correlated. As a consequence, Eq. (2) should be seen
as an approximation.
On another hand, SEA supposes that modal energies into a subsystem are
uniformly distributed that is not true in general. Studies (Yap and Wood-
house [14], Fredo [15], Finnveden [16], Mace et al. [17, 18], Ming and Pan
[19], Langley et al. [23] and Lafont et al. [20]) illustrate the in�uence of non-
uniformly distributed modal energies on SEA results. When this assumption
is not ful�lled, in particular for subsystems with low modal overlap, modern
SEA [23] claims to estimate the ensemble mean and variance energy responses
of a population of subsystems. Low modal overlap means that the predicted
variance becomes large, so that one would not expect the SEA mean to agree
very closely with an individual member of the ensemble. This was the key
point of our interest in developing SmEdA (Statistical modal Energy distri-
bution Analysis) [25, 26] by writing the coupling of subsytems with the Dual
Modal Formulation and suppressing the SEA assumption of equipartition of
energy. This approach is based on the knowledge of the modal bases of the

3



uncoupled subsystems. By this fact, it is obviously much more time consu-
ming than SEA. However, it proposes a framework to compute explicitly the
modal coupling loss factors taking into account geometrical or material com-
plexity of the model. SmEdA, already applied to various industrial structures
(car, truck cabin, oil rig, ship), has been developed to better predict energy
transmissions of an individual member of the ensemble, in particular in low
modal overlap cases that are most often encountered in mechanical struc-
tures. However, the consideration of one single deterministic system does not
match well with the early developments of SEA which suppose to represent
the behaviour of the ensemble average of a population of similar systems. This
paper is then initiated by the following question : if a nominal system is well
predicted by SmEdA and not by SEA, because equipartition of energy is not
achieved, does the e�ect of ensemble average over a population of structures
allows the use of SEA equation (i.e. Eq. (2)) to predict the ensemble average
energies of subsystems ? This study can be put in relation with previously
published works : Starting from the Energy In�uence Coe�cients [21, 22],
Langley and Cotoni [23] derived expressions of the variance of energy for a
population of structures. These expressions depend on terms of the standard
SEA parameters and additional parameters that describe the variances of the
power input and of the coupling between two subsystems. On another hand,
Ji and Mace [24] considered two sets of oscillators coupled by springs, they
observed that the variance of the excited subsystem depends mainly on the
variance of the input power whereas the variance of the receiving subsystem
depends on the variance of the intermodal coupling coe�cients. The beha-
viours observed in these two papers [23, 24] will be related in the present
developments to the modal energy �uctuations in regards of the mean modal
energies.
In the present paper, the Dual Modal Formulation and the SmEdA approach
are �rst reminded. Then the ensemble average of a population of structures is
studied to see under what conditions SEA equations can be used for ensemble
average subsystem energies prediction. It will be shown that SEA equation
can be used but Coupling Loss Factors (CLF) and Damping Loss Factors
(DLF) have to be de�ned with uncertainty bounds. Energy response of a po-
pulation of similar systems can then be estimated using the fuzzy numbers
as it will be illustrated on a cavity/plate system.
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2. Dual Modal Formulation

The dual modal formulation (DMF) described in [25, 26], is based on a
dual displacement-stress formulation of vibroacoustic problems. Two mecha-
nical systems rigidly coupled on a surface Scoupling are considered (see Fig.
1). Subsystem 1 is described by displacement vectorWk(M, t) and subsystem
2 by stress tensor σkl(M

′, t) where k, l ∈ {1, 2, 3}, t is time, and M (resp.
M ′) denotes point of subsystem 1 (resp. subsystem 2). According to the dual
modal formulation, subsystem 1 is described by modes of the uncoupled-
free subsystem (null stresses on Scoupling) and subsystem 2 by modes of the
uncoupled-blocked subsystem (null displacements on Scoupling), as shown in
Fig. 1. Expanding displacements of subsystem 1 and stresses of subsystem 2,
and assuming responses controlled by resonant modes, give :

Wk(M, t) =

N1∑
p1=1

ap1(t)W̃k,p1(M), (3)

σkl(M
′, t) =

N2∑
p2=1

bp2(t)σ̃kl,p2(M
′), (4)

where
� ap1(t), bp2(t) are modal amplitudes for subsystem 1 and subsystem 2,
� W̃k,p1(M) are displacement mode shapes of subsystem 1,
� σ̃kl,p2(M

′) are stress mode shapes of subsystem 2,
� N1,N2 are the number of resonant modes of subsystem 1 and subsystem
2 in the frequency band of interest.

With the change of modal variable,

bp2(t) = ċp2(t) (5)

modal equations of the coupled responses of subsystems write (see [25]) :

äp1(t) + ∆p1 ȧp1(t) + ω2
p1
ap1(t) +

1

Mp1

N2∑
m=1

ċm(t)Ψp1m, ∀p1 ∈ [1, ..., N1], (6)

and

c̈p2(t) + ∆p2 ċp2(t) +ω2
p2
cp2(t)−

1

Mp2ω
2
p2

N1∑
r=1

ȧr(t)Ψrp2 , ∀p2 ∈ [1, ..., N2], (7)
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where ∆pi , ωpi ,Mpi are modal damping bandwidth, natural angular frequency
and modal mass of mode pi of subsystem i.
The interaction modal work Ψp1p2 yielded for each couple of modes (p1, p2)
writes :

Ψp1p2 =

∫
Scoupling

W̃k,p1σ̃kl,p2n2,j dS (8)

and n2,j are the components of the outer normal of the volume occupied by
subsystem 2.
These equations describe modes interactions with gyroscopic couplings. It
is pointed out that a mode of one subsystem is coupled to the modes of
the other subsystem but is not directly coupled with the other modes of its
own subsystem. This con�guration of mode coupling is exactly the one that
supposes SEA.
To evaluate the power exchanged by mode p of subsystem 1 with mode q of
subsystem 2, one isolates these two modes in the modal equations of motion
6 and 7

äp1(t)+∆p1 ȧp1(t)+ω
2
p1
ap1(t)+

√
Mp2ω

2
p2

Mp1

γp1p2 ċp2(t) = L1p1p2(t), ∀p1 ∈ [1, ..., N1],

(9)
and

c̈p2(t)+∆p2 ċp2(t)+ω
2
p2
cp2(t)−

√
Mp1

Mp2ω
2
p2

γpqȧp1(t) = L2p1p2(t), ∀p2 ∈ [1, ..., N2],

(10)
where

L1p1p2(t) =
fp1(t)

Mp1

− 1

Mp1

N2∑
m=1,m 6=p2

ċm(t)Ψp1m, (11)

and

L2p1p2(t) =
fp2(t)

Mp2

− 1

Mp2ω
2
p2

N1∑
r=1,r 6=p1

ċr(t)Ψrp2 , (12)

and

γp1p2 =
Ψp1p2√

Mp1ω
2
p2
Mp2

. (13)

Supposing the interaction forces L1p1p2(t) and L2p1p2(t) are uncorrelated white
noise forces (as done in SEA), the basic SEA relation established by Sharton
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and Lyon [27] can be used :

πpipj = ωcηpipj(epi − epj), (14)

where ωc is the central angular frequency of the band of interest, and ηpq is
called the modal coupling loss factor (see [25])). This latter is a function of
natural angular frequencies ωpi , modal masses Mpi , modal bandwidths ∆pi

and interaction modal works Ψpipj ,

ηpipj =
Ψ2
pipj

ωcMpiω
2
pj
Mpj

 ∆piω
2
pj

+ ∆pjω
2
p(

ω2
pi
− ω2

pj

)2

+ (∆pi + ∆pj)(∆piω
2
pj

+ ∆pjω
2
pj

)

 .

(15)

3. SmEdA model

Let's consider modes p1 of subsystem 1 coupled to modes p2 of subsystem
2. In the following, these modes will be denoted as modes pi of subsystem
i (i = {1, 2}). The conservation of energy for stationary motion applied to
mode pi of subsystem i, gives

πinj
pi

= πdiss
pi

+

Nj∑
pj=1

πpipj , ∀pi ∈ [1, ..., Ni]; i, j ∈ {1, 2}; j 6= i, (16)

where,
� πinj

pi
is time-averaged power injected into mode pi of subsystem i by the

generalized force fpi ,
� πdiss

pi
is time-averaged dissipated power by internal damping of mode pi

of subsystem i
�
∑Nj

pj=1 πpipj is time-averaged power �ow exchanged by mode pi and
modes of subsystem j.

The power injected into mode pi by external excitation is, either dissipated
by internal damping of the mode or exchanged with modes of subsystem j.
The power injected in one oscillator excited by a white noise force [27] gives
an estimate of πinj

pi

πinj
pi

=
π

4Mpi

S̄Fpi
, (17)
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where S̄Fpi
is the power spectral density of the generalised force expressed

in N2/( rad/ s). The power dissipated by internal damping of an oscillator
(see [12]) can be related to its total energy by expression

πdiss
pi

= ωpiηpiepi , (18)

where epi is the time averaged energy of mode pi, and ηpi is the modal dam-
ping factor (∆pi = ηpiωpi). Making use of the previous equations, one obtains
power balance Eq. (19) for mode pi of subsystem i

πinj
pi

= ηpiωpiepi +

Nj∑
pj=1

ωcηpipj(epi − epj), ∀pi ∈ [1, ..., Ni]. (19)

Eq. (19) can be expressed into a linear system of equations
πinj
p1

...
πinj
p2

 =


(
ηp1ωp1 + ωc

∑N2

p2=1 ηp1p2

)
... −ωcηp1p2

... ... ...

−ωcηp1p2 ...
(
ηp2ωp2 + ωc

∑N1

p1=1 ηp1p2

)



ep1
...
ep2

 .

(20)
By solving this system of equations, the modal energies can be obtained and
then the total energy of each subsystem can be deduced by adding them

Ei =

Ni∑
pi=1

epi , i ∈ {1, 2}, (21)

where Ei is the time-averaged total energy of subsystem i. The model asso-
ciated to Eq. (20) was called SmEdA (Statistical modal Energy distribution
Analysis). It has been applied to complex structures by post-processing �nite
element method (FEM) [28, 29, 30].
Likewise, the time-averaged total power injected into subsystem i is given by

Πinj
pi

=

Ni∑
pi=1

πinj
pi
, i ∈ {1, 2}. (22)

4. Response of a population of similar systems

4.1. SmEdA model for each system of the population

Now let us consider a population of M vibroacoustic systems each of
them being constituted of two coupled subsystems. All the vibroacoustic
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systems of the population are similar in the sense that the �uctuations of their
characteristics are su�ciently small to permit the description of their energy
behaviour by the same type of SmEdA model. In the following a vibroacoustic
system of the population is denoted "element of the population" and will be
represented by the index k (∀k ∈ [1, ...,M ]). The SmEdA modal energy Eq.
(19), can be written for each element k of the population

πinj,k
pi

= ηkpiω
k
pi
ekpi +

Nj∑
pj=1

ωcη
k
pipj

(ekpi − e
k
pj

), ∀pi ∈ [1, ..., Ni]. (23)

4.2. Ensemble average energies of subsystems

The response of the population of the M elements can be described by
the ensemble average energies 〈Ei〉 of elements of the population as in SEA.
In SEA, the ensemble average energies are related to the ensemble average

power
〈

Πinj
i

〉
injected in subsystems, where ensemble average is denoted by

〈•〉 = 1
M

∑M
k=1 •k. These average quantities can be expressed, using Eqs. (21)

to (22), as a function of modal energies and modal injected powers of each
element of the population :

〈Ei〉 =
1

M

M∑
k=1

Ni∑
pi=1

ekpi , (24)

and 〈
Πinj
i

〉
=

1

M

M∑
k=1

Ni∑
pi=1

πinj,k
pi

, (25)

The energy of one mode of subsystem i of the element k of the population,
can be divided in two parts : the ensemble average of all the modal energies
of the population of subsystems 〈ei〉 = 〈Ei〉 /Ni plus a �uctuating term. One
can write for element k of the population

ekpi = 〈ei〉+ εkpi , (26)

It is possible to do the same splitting for the modal injected power

πkpi =
〈
πinj
i

〉
+ δkpi , (27)
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where
〈
πinj
i

〉
=

〈
Π
inj
i

〉
Ni

are the ensemble averages of all the modal injected

powers of the population of subsystems.
The �uctuating quantities εkpi and δ

k
pi
represent the variation of modal ener-

gies and injected powers around the ensemble average values. Of course the
ensemble average of the modal variations must be equal to 0, so that

1

M

M∑
k=1

Ni∑
pi=1

εkpi = 0, (28)

and
1

M

M∑
k=1

Ni∑
pi=1

δkpi = 0, (29)

Using the basic Eq. (23), making summation of modal equations for each
subsystem and introducing Eqs. (24) to (29) , result in two equations relating
power injected in subsystems to modal energies of subsystems

Πinj,k
i +

Ni∑
pi=1

δkpi = ωc(η̄
k
i +η̄kij)E

k
i −ωcη̄kjiEk

j +

Ni∑
pi=1

Nj∑
pj=1

(ωkpiη
k
pi
εkpi +ωcη

k
ij(ε

k
pi
−εkpj)),

(30)
with

η̄ki =
1

Ni

Ni∑
pi=1

ωkpi
ωc
ηkpi , (31)

and

η̄kij =
1

Ni

Ni∑
pi=1

Nj∑
pj=1

ηkij, (32)

The ensemble average of Eq. (30) over the elements of the population is〈
Πinj
i

〉
=ωc (〈η̄i〉+ 〈η̄ij〉) 〈Ei〉 − ωc 〈η̄ij〉 〈Ej〉+

+
M∑
k=1

Ni∑
pi=1

ωkpi η̄
k
pi
εkpi +

M∑
k=1

Ni∑
pi=1

Nj∑
pj=1

(
ωcη̄

k
ijε

k
pi
− ωcη̄kijpjk

)
, (33)

The coe�cients 〈η̄i〉 and 〈η̄ij〉 appear as Damping Loss Factors and Coupling
Loss Factors of SEA, resulting from ensemble average of SmEdA modal dam-
ping and coupling loss factors.
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The ensemble average eliminates the e�ect of variation of modal injected
powers. Thus, only ensemble average of modal power injected in subsystems
appears in the �rst member of Eq. (33). On the contrary, the variations of
modal energies still appear in these equations. As a consequence the standard
SEA equation assuming modal equipartition of energy that appears in the
�rst part of the second member is modi�ed by modal energy variations.
It is however possible to write Eq. (33) in a standard SEA form by including
modi�ed CLF and DLF through 〈β〉 correcting terms〈

Πinj
i

〉
= ωc

〈
η̄mod
i

〉
〈Ei〉+ ωc

(〈
η̄mod
ij

〉
〈Ei〉 −

〈
η̄mod
ji

〉
〈Ej〉

)
, (34)

with 〈
η̄mod
i

〉
=

1

M

M∑
k=1

(η̄ki + βki ) = 〈η̄i〉+ 〈βi〉 , (35)

〈
η̄mod
ij

〉
=

1

M

M∑
k=1

(η̄kij + βkij) = 〈η̄ij〉+ 〈βij〉 , (36)

where

〈βi〉 =
1

M

M∑
k=1

βki =
1

M

1

Ni

M∑
k=1

Ni∑
pi=1

ηkpi
ωkpi
ωc

εkpi
〈ei〉

, (37)

and

〈βij〉 =
1

M

M∑
k=1

βkij =
1

M

1

Ni

M∑
k=1

Ni∑
pi=1

Nj∑
pj=1

ηkpipj
εkpi
〈ei〉

. (38)

To summarize, the variation of modal injected power disappears due to the
ensemble average contrary to the variation of modal energies that has an
in�uence on the ensemble average energies of subsystems. The validity of
standard SEA can be expected if the correcting terms due to modal energies
variations remain small.
Two quantities are associated to modal energy variations, the correcting dam-
ping loss factors 〈βi〉 and the correcting coupling loss factors 〈βij〉. These cor-
recting terms are small if the relative modal energies variations

εkpi
〈ei〉 are small,

that is to say if equipartition is achieved. However, we know that in practical
situations this is not the case, in particular for coupled vibroacoustic problem
for which the spatial coincidences between the subsystems modes play a si-
gni�cant role. On another hand, correcting terms can also be small and not
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in�uencing the ensemble average energies of subsystems, even if equipartition
is not achieved, when both following conditions are satis�ed :

� ηkpi
ωk
pi

ωc
tends to be constant whatever the mode (this condition is derived

from Eqs. (37) considering Eq. (28)) and
� ηkpipj is not varying for the di�erent couples of subsystems modes (this
condition is derived from Eqs. (38) considering Eq. (28))

In general the previous conditions are not achieved and the correcting terms
associated to modal energies variations modify standard SEA equation. The
estimation of the 〈β〉 correcting terms needs the knowledge of the modal
energies variations. In next section, an estimation of bounds of variation for
〈β〉 is proposed.

5. Bounds of the correcting term 〈β〉

First we split the modes of each subsystem in two groups having positive
and negative variations of energy relatively to the ensemble average value.
Eq. (28) writes

1

M

 ∑
(pi,k)∈C+

i

εkpi −
∑

(pi,k)∈C−
i

|εkpi |

 = 0, (39)

where N{C+
i } (resp. N{C−i }) is the number of modes of subsystem i, for all

elements of the population, having positive (resp. negative) energy variation
compared to the ensemble average value.
Let us introduce the ensemble average of positive (resp. negative) modal
energy variations 〈

ε+i
〉

=
1

N{C+
i }

∑
(pi,k)∈C+

i

εkpi , (40)

and 〈
ε−i
〉

=
1

N{C−i }
∑

(pi,k)∈C−
i

εkpi , (41)

These two quantities must satisfy, accordingly to Eq. (39), the relation

〈
ε+i
〉

=
N{C−i }
N{C+

i }
〈
ε−i
〉

(42)
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It is then possible to express positive variations of modal energies by the
ensemble average of positive variations

〈
ε+i
〉
and a �uctuation term δ(εkpi).

The modal energies ekpi are thus spitted in 3 parts : the ensemble average
of modal energies 〈ei〉, the ensemble average of positive variations of modal
energies

〈
ε+i
〉
and the �uctuation term δ(εkpi)

ekpi = 〈ei〉+
〈
ε+i
〉

+ δ(εkpi) ∀pi ∈ C+
i (43)

In the same way, for negative variations of modal energies is

ekpi = 〈ei〉 −
〈
ε−i
〉

+ δ(εkpi) ∀pi ∈ C−i (44)

Fig. 2 illustrates these di�erent terms on a simple example. Using these ex-
pressions in Eqs. (37) and (38) and neglecting the �uctuation δ(εkpi) compared
to the mean value of modal energies variations, give an estimation of the cor-
recting coupling and damping loss factors

〈βi〉 ≈
1

M

1

Ni

 ∑
(k,pi)∈C+

i

ηkpi
ωkpi
ωc

〈
ε+i
〉

〈ei〉
−

∑
(k,pi)∈C−

i

ηkpi
ωkpi
ωc

〈
ε−i
〉

〈ei〉

 , (45)

and

〈βij〉 ≈
1

M

1

Ni

Nj∑
pj=1

 ∑
(k,pi)∈C+

i

ηkpipj

〈
ε+i
〉

〈ei〉
−

∑
(k,pi)∈C−

i

ηkpipj

〈
ε−i
〉

〈ei〉

 , (46)

It is now possible to calculate bounds for correcting terms. As an example
we consider 〈βij〉. By suppressing the negative terms in Eq. (46) it is clear
that Eq. (47) holds

〈βij〉 <=
1

M

1

Ni

〈
ε+i
〉

〈ei〉

Nj∑
pj=1

∑
(k,pi)∈C+

i

ηkpipj , (47)

The modal coupling loss factors are positive quantities, thus, we increase the
second member of Eq. (47) if all the modes are taken into account instead
of limiting the summation to modes of positive modal energy variation, and
this leads to

〈βij〉 <=
1

M

1

Ni

〈
ε+i
〉

〈ei〉

M∑
k=1

Ni∑
pi=1

Nj∑
pj=1

ηkpipj =

〈
ε+i
〉

〈ei〉
〈η̄ij〉 . (48)

13



Repeating the method for the minimum we ended with the result

〈βij〉 >= − 1

M

1

Ni

〈
ε−i
〉

〈ei〉

M∑
k=1

Ni∑
pi=1

Nj∑
pj=1

ηkpipj = −
〈
ε−i
〉

〈ei〉
〈η̄ij〉 . (49)

One can summarize the di�erent bounds that can be obtained with this
method

−
〈
ε−i
〉

〈ei〉
〈η̄i〉 ≤ 〈βi〉 ≤

〈
ε+i
〉

〈ei〉
〈η̄i〉 , (50)

and

−
〈
ε−i
〉

〈ei〉
〈η̄ij〉 ≤ 〈βij〉 ≤

〈
ε+i
〉

〈ei〉
〈η̄ij〉 . (51)

The interesting point is that the estimations of bounds are proportional to
standard SEA ensemble averaged coupling and damping loss factors. These
bounds rely on two simple physical parameters describing the modal energy
variations in the considered subsystem :

� the ratio of ensemble average of positive variations of modal energies
and ensemble average of modal energies,

� the ratio of ensemble average of negative variations of modal energies
and ensemble average of modal energies.

In the literature it has been shown that vibrations of coupled substructures
are characterized by particular modal coupling : the number of modes in sub-
system 1 strongly coupled to modes of subsystem 2 is generally low, meaning
that only few modes are controlling the power exchange. They constitute a
small group of modes of high energies while the majority of modes have low
energies. Thus, it can be deduced from Eq. (42), that in general〈

ε+i
〉

〈ei〉
>>

〈
ε−i
〉

〈ei〉
. (52)

6. SEA with fuzzy parameters

6.1. Basic SEA relation with fuzzy numbers

Eq. (34) establishes that the behaviour of a population of structures can
be described by SEA relations but uncertainties on the di�erent parameters
appear in the equation because equipartition of energy is not achieved for
each element of the population. This situation can be handled in the scheme
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of fuzzy numbers, considering all terms of the SEA equation as fuzzy numbers
to represent uncertain knowledge (see [31, 32]). The corresponding equation
is denoted in the following "fuzzy SEA equation" and writes〈

Πinj,fuzz
i

〉
= ωc

〈
ηfuzzi

〉 〈
Efuzz
i

〉
+ ωc

(〈
ηfuzzij

〉 〈
Efuzz
i

〉
−
〈
ηfuzzji

〉 〈
Efuzz
j

〉)
, (53)

These fuzzy damping and coupling loss factors correspond to the modi�ed one
expressed in Eq. (34) with 〈β〉 correcting terms varying in bounds de�ned
by Eqs. (50) to (51). To give an example of fuzzy numbers we are using,
let's consider

〈
ηfuzzji

〉
. It is de�ned by the membership function shown in Fig.

3, where, for sake of simplicity, we use triangle membership functions of

support A0 =

[(
1− 〈ε

−
i 〉
〈ei〉

)
〈ηji〉 ,

(
1 +
〈ε+i 〉
〈ei〉

)
〈ηji〉

]
. The wider the support

of the membership function, the higher the imprecision. For a population
of very imprecise elements - but however su�ciently similar to obey to the
same SmEdA model - the fuzzy number

〈
ηfuzzji

〉
stays in between uncertainty

bounds close to the entire support A0. If the population is made of elements
of less imprecision, the bounds on

〈
ηfuzzji

〉
can be reduced. This is done by

the α−cut technique, which reduces the support of the membership function
at a lower level of uncertainty. The new fuzzy number has a reduced support
Aα and its membership function contains all values from α to 1. The higher
the value of α, the better the con�dence in the parameter. If α = 0, the
disparity of the elements of the population is large, if α = 1 the population is
homogeneous, no uncertainties appear and the coupling loss factor coincides
with that of the nominal case,

〈
ηfuzzji

〉
=
〈
ηmod
ji

〉
. In the intermediate stages,

the homogeneity of the population increases with α and the fuzzy numbers
stay in a smaller interval, up to the nominal value when α = 1.

6.2. Physical interpretation of bounds of ensemble average of subsystems

energies

In the previous section, bounds for ensemble average of subsystem ener-
gies have been obtained. A physical interpretation of these bounds is now
discussed. The ensemble average of energy of subsystem i is obtained from
equation

〈Ei〉 =
1

M

M∑
k=1

Ek
i , (54)

where Ek
i is the total energy of subsystem i for the element k of the popu-

lation. Bounds of the ensemble average energy of subsystem i can be simply
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obtained considering maximum and minimum energy of subsystem i in the
population

Emax
i = max(Ek

i ) k ∈ [1, ...,M ], (55)

It is obvious from the de�nition of the ensemble average energy that it is
bounded by Emax

i and Emin
i , that is to say

Emax
i ≥ 〈Ei〉 ≥ Emin

i . (56)

This relation indicates that bounds of ensemble average of subsystem energy
are associated to extremum values of subsystem energies of the population.
When using fuzzy numbers in SEA equation, bounds of ensemble average of
subsystems energies can be obtained and SEA with fuzzy parameters not only
predict ensemble average energies of the subsystems but also the variation of
energies of subsystems in the population.

6.3. Example of SEA with fuzzy parameters

Let us consider a population of two coupled subsystems, one of them

being excited. With Eq. (53) and setting
〈

Πinj,fuzz
2

〉
= 0, we calculate the

ratio of ensemble averaged energies of subsystems〈
Efuzz

2

〉
〈Efuzz

1 〉
=

〈
ηfuzz12

〉
〈ηfuzz2 〉+ 〈ηfuzz21 〉

(57)

To use Eq. (57) some fuzzy arithmetic operations must be done (see [31, 32]
for more details on fuzzy arithmetic). One possibility is to use interval arith-
metic to carry out the analysis. The membership function is cut horizontally
at a �nite number of α-cut levels between 0 and 1. The di�erent parameters
of Eq. (57) have bounds corresponding to the α-cut interval and we can de-

termine maximum and minimum values of
〈Efuzz

2 〉
〈Efuzz

1 〉 at the considered α level.

This information is then used to build the membership function of
〈Efuzz

2 〉
〈Efuzz

1 〉
described at the di�erent α levels considered. It is assumed here, for sake
of simplicity, that all the parameters will be scaled simultaneously with the
same scale factor when considering di�erent values for α. This choice is not
mandatory and di�erent α-cut values can be set for each parameter.

To illustrate the result, we consider, as an example, the bounds
〈ε−1 〉
〈e1〉 = 0.1,

〈ε+1 〉
〈e1〉 = 0.2,

〈ε−2 〉
〈e2〉 = 0.3 and

〈ε+2 〉
〈e2〉 = 1.5, that is to say that subsystem 2 is
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supposed to have modal energies varying a lot resulting in a highly fuzzy en-
semble average behaviour. Subsystem 1 is supposed to have slightly varying
modal energies and in consequence has a lightly fuzzy ensemble average be-
haviour.
The energy transmission from subsystem 1 to subsystem 2 is characterized by

the ratio
〈Efuzz

2 〉
〈Efuzz

1 〉 that is the fuzzy number presented in Fig. 4. This calculation
is done (as explained previously) by classical interval arithmetic calculations
for di�erent α-cuts and grouped to get the membership function of the ratio
〈Efuzz

2 〉
〈Efuzz

1 〉 .
The result presented in Fig. 5 indicates clearly that for small α-cuts the
energy ratio of the nominal case is higher than the mean value of the bounds
of fuzzy energy ratio. Contrary, for large α-cuts both values tend to be equal.
One can say that when the fuzzier subsystem is receiving, the nominal case
overestimates the average energy transmission of the population.
For the same population of coupled subsystems, but when subsystem 2 is
excited and subsystem 1 is receiving, the ensemble average of subsystem
energies is a very di�erent fuzzy number than the previous one and shows
that the same population of subsystems behaves di�erently depending on the
excited subsystem.
Fig. 5 indicates that when the fuzziest subsystem is excited, the nominal case
tends to underestimate the average behaviour of the population especially at
large level of uncertainty.

7. Application to the plate/cavity case

7.1. Analysis of the population

To illustrate the behavior of a population of systems, we consider the
example of a rectangular simply supported plate coupled to a cavity and
excited by a random broad band point force as presented in Fig. 6. The cha-
racteristics of this system, called "nominal" in the following, are listed in
Tab. 1.
For this nominal system, viscous damping with constant modal damping
bandwidth is considered and the modal bases of the uncoupled subsystems
(plate and cavity) are computed between 1130 and 1414Hz (1250Hz third
octave band). Then, the SmEdA model is built and the modal injected po-
wers due to the point force are computed. Finally, using Eq. (20), the modal
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System Description Denomination Nominal value
Length (m) LXC 1.9
Width (m) LYC 1.7

Cavity Depth (m) LZC 1.3
Density (kg/m3) ρ0 1.29

Sound speed (m/s) c0 340
Damping ratio ηc 0.005 at 1250Hz

Half-power bandwitdh (rad/s) ∆ap2 39.27
Length (m) LXP 1.2
Width (m) LYP 0.9

Thickness (mm) hP 1
Density (kg/m3) ρP 7800

Plate Young's modulus (Pa) EP 2.1e11
Poisson's coe�cient νP 0.3

X shift (m) dX 0.32
Y shift (m) dY 0.43

Damping ratio ηP 0.005 at 1250Hz
Half-power bandwitdh (rad/s) ∆p1 39.27

Force X position (m) XF 0.321
Y position (m) Y F 0.365

Table 1: Parameters of the plate/cavity system under study.
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energies of the subsystems are obtained. In this frequency band, the plate
and the cavity have respectively 92 and 701 modes. The modal energies ep1
and ep2 of the plate and the cavity are shown in Fig. 7(a).
It is important to underline that for the nominal case, the equipartition of
modal energies is not achieved neither in the plate nor in the cavity. This is
a well-known result for a plate excited by a point force and Fig. 7(a) illus-
trates that it is also the case for the non-directly excited subsystem. In [20],
the assumption of equipartition of modal energies is reputated to be ful�lled
for the Rain-on-the-roof excitations combined with a damping with constant
bandwitdh ∆pi . In the present example, if the point force is replaced by
a Rain-of-the-roof excitation, the equipartition of modal energies is clearly
achieved for the plate - see Fig. 7 - but not in the cavity for which modal
energies still have a huge dispersion (of the same order as for the point force
case). As a consequence, unless all the subsystems are excited by Rain-of-
the-roof excitations, the assumption of equipartition of modal energy is not
achieved in the non-directly excited subsystems.
Let's consider now a population of M = 1000 similar plate-cavity systems
excited by the point force. All the parameters listed in Tab. 1 (mechanical
and geometrical parameters of the subsystems and the applied force) are
considered as random variables varying statistically with an uniform distri-
bution around the nominal value and with a percentage of variation +/-N%.
To evaluate the dispersion induced by the uncertainties on ensemble average
loss factors, we have performed 31 simulations with increasing percentage of
variation from N = 0 to N = 15 (step : 0.5). Fig. 8 compares the averaged
loss factors (〈η̄i〉 and 〈η̄ij〉) to the modi�ed ensemble averaged loss facors
(
〈
η̄mod
i

〉
and

〈
η̄mod
ij

〉
) obtained with Eqs. (35) and (36). The bounds of values

of the modi�ed loss factors for 98% of the members of the population are also
plotted. One can notice that, in Figs. 8(a) and 8(b), the ensemble average
damping loss factors are identical when taking or not into account the cor-
recting terms 〈β〉. The bounds of the damping loss factors are approximately
of triangular shape centered on the prescribed value mainly. The e�ect of the
correcting terms on the ensemble averaged coupling loss factors is important
on 〈η̄21〉 but remains weak on 〈η̄12〉. The bounds of the coupling loss factors
have again a triangular shape. Finally, the ratio of ensemble averaged energies
< E2 > / < E1 > is presented in Fig. 9(a) and compared to SEA prediction
using non corrected DLF and CLF, Eqs. (31) and (32). Both results are close
even if the e�ect of the correcting term is strong on the η21 CLF. The bounds
of the ratio for 98% of the population as well as curves representing +/− 2σ
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Ratios Exact Approximation Error (%)
〈ε−1 〉
〈e1〉 0.7528 0.7296 -3.18

〈ε+1 〉
〈e1〉 1.2461 1.3045 4.48

〈ε−2 〉
〈e2〉 0.6064 0.5364 -11.54

〈ε+2 〉
〈e2〉 1.3524 1.2627 -6.34

Table 2: Approximation of the real ratios using the nominal case only.

(where σ is the standard deviation of the ensemble) are also plotted. The
bounds of the ratio < E2 > / < E1 > are of stretched triangular shape (not
centered on the nominal case, N=0%) as con�rmed by the skewness of the
distribution shown in Fig. 9(b). Skewness is a measure of the asymmetry of
the probability distribution of a real-valued random variable about its mean.
A negative value (resp. positive value) of skew indicates that the tail on the
left (resp. right) side is longer than the right (resp. left) side of the distri-
bution. Modern SEA theory based on the GOE is able to predict variance
(equal to squared standard deviation) of the ensemble. However Fig. 9 shows
that the spread of the ensemble is slightly asymmetric. One of the aims of
the present article is to take also into account this particular spread of the
ensemble.

7.2. Derivation of the fuzzy SEA model in the case of the population of plates

coupled to cavities

To derive the fuzzy SEA model for describing the population behaviour,
the only needed informations are the ensemble averages of the CLF and DLF

and the ratios
〈ε−1 〉
〈e1〉 ,

〈ε+1 〉
〈e1〉 ,

〈ε−2 〉
〈e2〉 and

〈ε+2 〉
〈e2〉 . Of course these quantities are not

a priori known and we are going to estimate them from the nominal case.
The ensemble average of the CLF and DLF are approximated by the ones
of the nominal case and the ratios are estimated from the modal energies
distribution of the nominal case.
To verify if this approximation is realistic, the real (obtained on the whole
population) and the estimated (obtained on the nominal case only) ratios are
compared in Tab. 2 for N = 15%.
As can be seen in Tab. 2, even for a large percentage of variation (+/-15%)
on all the parameters of the plate/cavity system, the estimation of these
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ratios is highly reliable using the nominal case. As a consequence, only the
nominal calculation has to be done with SmEdA to get the population be-
haviour.
The ensemble average of the energy transmission from the plate to the ca-
vity can then be estimated as a fuzzy number using Eq. (57) and the proce-
dure illustrated in section 6.3. The membership function of this fuzzy energy
transmission is given in Fig. 10. In this �gure, the membership function is
calculated either with the nominal case or with the whole population. As
can be seen, there are only slight di�erences between both showing that the
nominal case can be representative of the population as previously supposed.
Two vertical lines in Fig. 10(a) represent the real bounds of variation of the
whole population for N = 15%. The corresponding α-cut is approximately
0.63 indicating that only a part of the membership function is representative
of such a percentage of variation. For a higher N , these bounds are expected
to be larger leading to a lower α-cut and conversely. The membership func-
tion gives an estimate of the variability of the energy transmission that is, as
expected, increasing with the variation in the population (decreasing α-cut),
but in a di�erent way for lower and higher values (the membership function
is not symmetric).

7.3. Evolution versus frequency

Finally, the same computation of the membership function
〈
Efuzz

2

〉
/
〈
Efuzz

1

〉
has been done on frequency bands with constant bandwidth ∆f = 200Hz cen-
tered on central frequencies fc from 300Hz to 2100Hz considering each time
several α-cuts between 0.63 and 1. These ratios obtained with α-cuts deter-
mined from the whole population or from the nominal case are presented in
Fig. 11. The exact bounds of ratios of the population are also plotted. Around
1400Hz, the correlation between α-cut at α = 0.63 compared to the bounds
of the whole population is good either using information on the whole popu-
lation (Fig. 11(a)) or the nominal case only (Fig. 11(b)). This con�guration
corresponds to the one presented in the previous section from which the α
value has been set. What is much more interesting is that the correlation is
also good for all the frequency bands except at really low frequency where
the α-cut overestimates the real observed variability. The choice of the α-cut
is thus not highly dependent of the frequency. Obviously, the choice for the
α value is dependent on the percentage of variation of the parameters of the
system.
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8. Conclusion

In this paper we have shown that a population of similar structures, each
of them satisfying SmEdA equations, have an ensemble average behaviour
that can be described by SEA equations. However coupling loss factors, dam-
ping loss factors as well as energies of subsystems and injected powers must be
fuzzy numbers in order to represent uncertain knowledge of these quantities.
This uncertain knowledge is linked to equipartition of energy in subsystems ;
the more equipartition is achieved for elements of the population the smaller
the uncertainty on SEA parameters. In order to estimate the uncertainty,
the nominal case can be used to characterize �uctuations of modal energies
in subsystems. Then making use of fuzzy numbers theory, one can estimate
the behaviour of the population through ensemble average energies of subsys-
tems but also from bounds of subsystem energies. These bounds of variations
depend �rst on the �uctuations of subsystems modal energies and, secondly,
on the heterogeneity of the population. The in�uence of the uncertainties on
the subsystems energies can be estimated with α-cut of fuzzy numbers. It
is assumed here, for sake of simplicity, that all the interval parameters are
scaled simultaneously with the same scale factor but di�erent α-cut values
can be set for each parameter. Illustration of the present approach has been
made by comparison with Monte Carlo simulation of a population of plates
coupled to cavities.
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Figure 1: Two coupled mechanical systems
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Figure 2: Modal energies for subsystem 1. Solid gray line : modal energies ; solid black
line : ensemble average of modal energies 〈e1〉 ; dashed line : ensemble average of positive
variations of modal energies 〈e1〉+

〈
ε+1
〉
; dash-dotted line : ensemble average of negative

variations of modal energies 〈e1〉 −
〈
ε−1
〉
.
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Figure 4: Membership function of the fuzzy number

〈
Efuzz2

〉
〈
Efuzz1

〉 , subsystem 1 is excited.
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Figure 5: Membership function of the fuzzy number

〈
Efuzz2

〉
〈
Efuzz1

〉 , subsystem 2 is excited.
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Figure 6: A vibrating rectangular plate excited by a point force radiates into a cavity
with rigid walls.
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Figure 7: Modal energies of the plate and the cavity for modes in 1250Hz third octave
band. Black triangles : modal energies ep of the plate ; gray circle : modal energies eq of
the cavity. (a) Point force excitation ; (b) Rain-on-the-roof excitation (equivalent injected
power).
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Figure 8: (a) DLF of the plate ;(b) DLF of the cavity ; (c) CLF between the plate and
the cavity ; (d) CLF between the cavity and the plate as a function of N. Black solid lines :
ensemble average of loss factors 〈η̄1〉 〈η̄2〉, 〈η̄12〉 and 〈η̄21〉 ; Red crosses : modi�ed loss
factors

〈
η̄mod
1

〉
,
〈
η̄mod
2

〉
,
〈
η̄mod
12

〉
and

〈
η̄mod
21

〉
; Dashed black lines : limits values for 98% of

the members of the population of modi�ed loss factors. 1250Hz third octave band.
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Figure 9: (a) Ratio between energy of the cavity and energy of the plate as a function
of N. Black solid lines : SEA prediction ; Red crosses : prediction obtained with modi�ed
loss factors ; Solid gray lines : limits values for 98% of the members of the population ;
Dashed green lines : +/- two times the standard deviation of the ensemble. (b) Skewness
of energy ratios of the ensemble. A symmetric distribution has a skewness equal to zero
(vertical gray line). 1250Hz third octave band.
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(b)

Figure 10: Membership function of
〈
Efuzz2

〉
/
〈
Efuzz1

〉
. Black solid line : estimated using

modal energies of the whole population of systems ; gray dashed line : estimated using only
the modal energies of the nominal case ; Vertical dotted lines : Limits of the energy ratios
observed in the population for N=15% ; Red solid line : RoR. (a) α ∈ [0; 1] ; (b) zoom for
α ∈ [0.63; 1]
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Figure 11: Evolution of the ratio 〈E2〉 / 〈E1〉 as a function of frequency. Gray areas :
fuzzy ratio with α-cuts form 0.63 to 1 obtained from (a) the whole population and (b) the
nominal case. Black crosses : ratio obtained with SmEdA modal CLF ; red circles : ratio
obtained with SEA CLF ; Dashed black lines : limits values for 98% of the members of the
population
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