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Abstract

We prove a triangulation theorem for semi-algebraic sets over a
p-adically closed field, quite similar to its real counterpart. We derive
from it several applications like the existence of flexible retractions and
splitting for semi-algebraic sets.

Contents

1 Introduction

Our knowledge of geometric objects in affine spaces over p-adic fields, that is the
field Q,, of p-adic numbers or a finite extension of it, has grown up intensively
in the past decades. Several remarkable analogies have emerged with real
geometry, in spite of the striking differences between the real and the p-adic
metrics. The present paper raises a new such analogy: we prove a triangula-
tion theorem over p-adically closed fields, quite similar to its real counterpart.
Let us first recall the classical results in p-adic geometry which will be used here.

Semi-algebraic sets over a field K are the finite unions of set defined by
finitely many conditions “f(z) = 0” or “f has a non-zero N-th root in K”,
where f(z) is a polynomial function with m variables. Of course we can restrict
to N = 2if K isreal closed (and to N = 1 if it is algebraically closed). Macintyre
has proved in [Mac76] that semi-algebraic sets over Q, are stable by boolean
combinations and projection (from Q" to Q;”_l, for every m). This is a p-adic
version of Tarski’s theorem for real closed fields (and of Chevalley’s theorem for
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algebraically closed fields). Prestel and Roquette (see [PR84]) have generalized
it to arbitrary p-adically closed fields (a p-adic version of real closed fields).

Denef has proved in [Den84] a cell decomposition theorem for p-adic semi-
algebraic sets very similar to its real counterpart, and derived from it the ra-
tionality of Poincarré series. Another important application of the cell decom-
position is that it provides a good dimension theory for semi-algebraic sets (see
[SvdDS88|). All this material has been later widely generalized, first to arbi-
trary p-adically closed fields and then to richer structures on these fields (see
[DvdD88] and [Clu04] for subanalytic sets, [HM97], [CKL16], [CKDLI5] and
[DH15] for definable sets in P-minimal and p-optimal structures).

By means of Denef’s cell decomposition, Cluckers has proved in [Clu01] that
for every two semi-algebraic sets A, B over a p-adically closed field, there is a
semi-algebraic bijection from A to B if and only if A, B have the same dimen-
sion and the same number of isolated points. This has been latter generalized to
subanalytic sets [Clu04] and p-optimal sets [DH15]. Note that it applies for ex-
ample to the valuation ring Z, and to Z, \ {0}. Since the former is compact and
the latter is not, they do not belong to the same class of homeomorphism. So the
question of classifying semi-algebraic sets up to semi-algebraic homeomorphism
is left open by Cluckers’ theorem.

In real algebraic geometry, this latter question can be addressed by triangu-
lation. We prove here that, in spite of the lack of Euler characteristic implied
by Clucker’s result, there exists a p-adic triangulation quite similar to the real
one. We build it for semi-algebraic sets and maps over an arbitrary p-adically
closed field K, which is fixed throughout all this paper.

Remark 1.1. Most of our proofs remain valid for subanalytic sets and maps,
and more generally for definable sets and maps in any p-optimal structure over
a p-adic field (see [DH15]). Unfortunately there is one exception: the argument
given in Theorem 0] to build a cell decomposition with largely continuous (see
below) centers and bounds, by means of small deformations, only works for
semi-algebraic sets. This is the single obstruction for a generalization to other
structures, and there is good hope that a work-around can be found in the
future.

Our triangulation theorem requires numerous non-trivial prerequisites, so
we state it here as a foretaste and refer the reader to Section [ for precise
definitions.

Theorem (Triangulation T,,). Given a finite family (0; : A; C K™ — K);er
of semi-algebraic functions and integers n, N > 1, for some integers e, M which
can be made arbitrarily larg, there exists a simplicial complex T of index M
and a semi-algebraic homeomorphism ¢ : T — U..; Ai such that for every i
i I:

1. {o(T): T €T and o(T) C A;} is a partition of A;.

el

2. VT € T such that o(T) C A;, 0; o @ is N-monomial mod Uey,.

We call the pair (T, ) given by T, a triangulation of the 6;’s with pa-
rameters (n, N,e, M). When a finite family (A;);c; of semi-algebraic sets is

IThe exact meaning of “e, M can be made arbitrarily large” is a bit special here: it says
that for any given integers e, > 1 and M, > 1, the integers e, M can be chosen so that e
divides e and M, < M.



given, the result of the application of T, to the indicator functions of the A;’s
is called a triangulation of (A;)c;.

Remark 1.2. The elements of the simplicial complex appearing in the con-
clusion of T, are not contained in K™ but in finitely many copies of K9 for
various g, usually much larger than m. This is the main, but harmless, structural
difference with the triangulation in the real case.

In section [3] we derive from T,, the next four applications.

Theorem (Lifting). For every semi-algebraic function f: X C K™ — K such
that | f| is continuous, there is a continuous semi-algebraic function h: X — K
such that | f| = |h|.

The real counterpart of the above result is quite obvious. At the contrary,
the two next results do not hold true in real geometry. In the same vein as
Clucker’s result on classification of semi-algebraic sets up to semi-algebraic
bijection [CIu01], they confirm the intuition that the lack of connectedness and
of “holes” (in the sense of algebraic topology, see below) makes semi-algebraic
sets over p-adically closed fields much more flexible than over real closed fields.

Recall that a retraction of a topological space X onto a subspace Y is a
continuous map o : X — Y such that o(y) = y for every y € Y. When such a
retraction exists on a Hausdorff space X, then necessarily Y is closed in X.

Over the reals, the main obstruction for the existence of retractions is the
existence of “holes” which are detected by homotopy. This does not work over
p-adic fields. Indeed, given a non-empty semi-algebraic set X C K™ and a point
a € X, the semi-algebraic function H : X x R — X defined by H(z,s) = x if
s € R* and H(x,s) = a if s € 7R is obviously continuous. In that sense, with
the unit ball R replacing in K the unit interval [0, 1] in the reals, the identity
function on X is homotopic to a constant function, that is X is “contractile”.
But it is another story to prove that retractions actually exist.

Theorem (Retraction). For every non-empty semi-algebraic sets Y C X C
K™, there is a semi-algebraic retraction of X ontoY if and only if Y is closed
i X.

It is worth mentioning that it is the next Splitting Theorem, already conjec-
tured in [Dar06], which has motivated all the present paper. Here X denotes
the topological frontier of X, see Section

Theorem (Splitting). Let X be a relatively open non-empty semi-algebraic sub-
set of K™ without isolated points, and Y1,---,Ys a collection of closed semi-
algebraic subsets of 0X such thald Y1 U-- -UY; = 0X. Then there is a partition
of X in non—emptﬂ semi-algebraic sets Xq,...,Xs such that 0X; = Y; for
1<1<s.

2Note that Y1, ...,Ys are not assumed to be disjoint. All of them can be equal to 8X, for
example.

3A partition of a set X is for us a family of two-by-two disjoint subsets of X covering
X. We do not assume that the pieces must be non-empty. So when it happens by exception,
like here, that this property is required and does not follow from the context, we explicitly
mention it.



The trivial remark that every ball B C K™ is disconnected can be seen
as a very special case of the above Splitting Property (applied to X = B
with Y7 = Y3 = (). This property is actually (in a sense which can be made
precise, see [Dar06]) the strongest possible form of disconnectedness that can
be observed in a topological space whose points are closed. It is a versatile
property which we encountered in different contexts with minor changes (see
[Dar(6], [DJ10]). In the present paper, it plays a key role in the induction step.

A limit value for a function f: X C K™ — K at a point z adherent to X,
is a value [ € K such that (z,!) is adherent to the graph of f. Of course f tends
to [ at x if and only if [ is the unique limit value of f at x. Let us say that f is
largely continuous on a subset A of X if the restriction of f to A has a unique
limit value at every point adherent to X, that is if f extends to a continuous
function on the topological closure of A. If A is not mentioned it simply means
that f is largely continuous on its domain X. Finally f is piecewise largely
continuous if there exists a finite partition of X in semi-algebraic pieces on
which f is largely continuous. Of course in that case f has finitely many limit
values at every point adherent to X.

Theorem (Largely Continuous Splitting). Let f : X C K™ — K be a semi-
algebraic bounded function with boundec@ domain. If f has finitely many limit
values at every point adherent to X then f is piecewise largely continuous.

The real counterpart of this result is easily seen to be true, by means of a
triangulation and the trivial remark that every real simplex is connected (see
Section B]). This last argument is no longer valid in the p-adic case but, as
we will see, the existence of retractions allows us to bypass this problem and
recover the full result in the p-adic context.

This paper is a continuation of [Darl6], where p-adic simplexes were intro-
duced and studied. However all the results of [Darl6] used here are recalled
in Section [2 as well as all the classical prerequisites needed. The above appli-
cations are then derived from T,, in Section [Bl In Section ] we derive from
Denef’s cell decomposition and T,,, a “largely continuous cell decomposition up
to a small deformation” for semi-algebraic functions in m + 1 variables (The-
orem [L6)). Sections Bl to [0 are then devoted to our main constructions, which
are summarized in Lemma [6.1] and Lemma [[.T0 In Section 8 we finally derive
T,,+1 from T, by means of these two technical lemmas. This finishes the proof
of our p-adic triangulation theorem for every m.

Acknowledgement. The idea of the proof of the Good Direction Lemma [£.4]
was given to me by my colleague Daniel Naie (Univ. Angers, France).
2 Prerequisites and notation

We let N denote the set of positive integers and N* = N\ {0}. For every
integers k,l we let [k,I] be the set of integers ¢ such that k <4 <[ (hence an

4These boundedness assumptions could easily be removed if we add to K a point at infinity
and require that f has finitely limit values in K = K U {oco} at every point of the closure of
X in K™, using the same construction as in the preparation of the proof of Lemma [3.3]



empty set if k > 1).

A Z-group is a linearly ordered group Z such that, with additive notation, Z
has a least strictly positive element 1 and Z/nZ has exactly n elements for every
integer n > 1. A p-adically closed field (see [PR&4]) is a Henselian valued
field of characteristic zero whose residue field is a finite field with characteristic
p and whose value group is a Z-group. The most prominent examples of such
fields, which are the p-adic counterpart of real closed fields, are obviously the
field Q, of p-adic numbers and all its finite extensions. But there are other
natural examples such as the algebraic closure of Q inside Q, (which is not
complete), the t-adic completion of the field |J, -, Q((t'/™)) of Puiseux series
over Q, (whose value group is not Z, but Z x Q lexicographically ordered),
and many others (every ultraproduct of p-adically closed fields is still p-adically
closed).

Throughout all this paper we consider a p-adically closed field K fixed once
for all. We let v denote its (unique) p-adic valuation, R its valuation ring, R*
the multiplicative group of invertible elements of R, and 7 a fixed generator of
the maximal ideal of R.

Remark 2.1. From now on the letter p will usually denote various integers
unrelated to the characteristic of the residue field of v. The only exception is
when it appears in expressions such as “the field Q,,”, “a p-adically closed field”
or “a p-adic simplex”, which refer to p-adic analogues of notions coming from
real algebraic geometry.

We let Z denote the value group of K, with additive notation. It is extended
by a largest element +oo for v(0) and we let T' = v(K) = Z U {4+00}. We let
Q denote the divisible hull of Z and Q@ = Q U {+o0}. As an ordered group,
Z identifies naturally to the smallest non-trivial convex subgroup of Z. We
consider Z and Q as embedded into Q wia this identification.

For every subset X of K we let X* = X\{0}. However, if X* is a subgroup of
the multiplicative group of K, we denote it X~ in order to remind this property
(so R* = R\ {0} # R* but K* = K\ {0} = K*). For every subgroup G of
K* we let 2G = {xg : g € G} for every z € K, and K/G = {zG : z € K}.
Abusing the notation, 0G = {0} will be denoted 0 whenever the context makes
it unambiguous.

We let |a| = aR* for every a € K, and |K| = K/R* = {]a] : a € K}. The
latter is naturally ordered by inclusion, and isomorphic to I" with the reverse
order : |a| < |b] if and only if v(a) > v(b). So |a| is just a multiplicative notation
for v(a): we have |ab| = |al.|b| and |a + b| < max(|al,|b]), and of course |a| = 0
if and only if a = 0.

In order to ease the notation, given a € K™, A C K™ and f: X — K™ we
will often write va for v(a), vA for the direct image v(A), vf for the composite
vo f, and similarly for |A| and |f].

At some rare places it will be convenient to add to K a new element oo
(and to I' and | K| new elements —oo and +oo respectively) with the natural
convention that 07! = oo, co™! = 0, v(c0) = —00, |oo| = +00, and a.00 = oo
for every a € K*. We also let 0.00 = 1 and 0 = 1 when needed.



2.a Topology and coordinate projections

When an m-tuple a is given, it is understood that (a1, ...,a,,) are its coordi-
nates, except if otherwise specified. For every a € K™ we let

va = (vai,...,vap) and |a| = (Jai],...,|am|).

This has not to be confused with ||a|| = max(|ai],...,|am|). For r € K* the
(clopen) ball of center a and radius r is defined as

B(a,r) = {ac eK™:||lx—al| < |r|}

The valuation induces a topology on K, which is inherited by |K| and T
The topology generated on Q by the open intervals and the intervals |a, +00]
for a € Q, extends the topology of I'. The direct products of these topological
spaces endow the product topology. For every subset X of any of these spaces,
X denotes the topological closure of X. In particular Z = T' and Q = €. Note
that T" is closed in 2. The specialisation preorder on the subsets of X is
defined by B < A iff B C A.

We let 9X = X \ X denote the frontier of X. We say that X is relatively
open if it is open in X, that is if 90X = X \ X.

When a function f is largely continuous (see Section [I)) we usually denote
f the continuous extension of f to the closure of its domain. At the contrary,
the restriction of f to some subset A of its domain is denoted f4.

The support of a € K™, denoted Supp a, is the set of indexes k such that
ax # 0. The support of an element of |K|™ or I'" is defined accordingly, so that

Supp |a| = Supp v(a) = Supp a.
For every subset S of K™ and every I C {1,...,m} we let
Fi(S)={a€ S:Suppa=1}.

When F(S) # 0 we call it the face of S with support I. Faces of subsets
of |K|™ or I'™ are defined accordingly. The coordinate projection of K™
(resp. |K|™, I'™) onto its face with support I will be denoted 7. So 7r(a) is
the unique point b with support I such that b; = a; for every i € I.

For every a € K™*! (resp. |K|™*! or I"™*1) we let @ denote the tuple of
the first m coordinates of a, so that a = (@, ay,41). If A is a set of (m+1)-tuples
we let A= {a:a € A}, and if A is a family of such sets we let

.Z:{A\:AGA}.

We call A (resp. A) the socle of A (resp. A).

Given two families H, A of subsets of K™*! we say that  is finer than A
if every H € H which meets a set A € A is contained in A. If moreover H is a
partition of | J.A we say that H refines A. We will often distinguish between
“horizontal refinements” for which H= .2, and “vertical refinement’ for which
H is the family of AN (X x K) where A ranges over A and X over a refinement
of the socle of A.



2.b Semi-algebraic sets and formulas

For every integer N > 1 let
PN:{GGK:3$EK, a:zN}.

P = Px \ {0} is a clopen subgroup of K* with finite index, and Py = K *.
Hence a subset K™ is a semi-algebraic set if it is a boolean combination of
finitely many sets S; defined by conditions

fi(z) € Py, (1)

where the f;’s are m-ary polynomial functions. A semi-algebraic map is a
function whose graph is semi-algebraic. Rational functions, root functions and
monomial functions (see below) are semi-algebraic, among many others.

Abusing a little bit the terminology, we also say that a subset S of K™ x |K|"
is semi-algebraic if {(x,t) € K™ : (z,|t|) € S} is semi-algebraic. Similarly a
function f : X C K™ — |K|" is semi-algebraic if its graph is. When a map ¢
is defined on the disjoint union of finitely many semi-algebraic sets A; living in
different copies of K™, we say that ¢ is semi-algebraic if its restriction to each
A; is semi-algebraic in the classical sense.

Remark 2.2. If N’ divides N then P} is a clopen subgroup of Py, with
finite index. For this reason, all the integers N;, appearing in () can be
replaced by any common multiple N. Note also that 0 € Py is an empty
condition, equivalent to 1 € Py, hence all the f; ;’s can be assumed to be
non-zero polynomials.

The so-called first order formulas in the language of rings with parameters
in K, formulas for short, are defined inductively as follows:

1. Every equation “f(xz) = 0” with f an n-ary polynomial with coefficients
in K is a formula with n free variables.

2. Every combination of formulas with n free variables using the logical con-
nectives “and”, “or”, “not” (denoted A, V, —) is a formula with n free
variables.

3. If p(z) is a formula with an n-tuple x of free variables x1,...,x,, then
Jz,p(x) and Vo, p(z) are formulas with n — 1 free variables.

In the last notation above it is understood that the quantified variable x,, only
concerns elements of K. Thus a formula ¢(z) with n free variables always states
a property of the elements of K™. When a tuple a € K™ has this property we
say that ¢(z) is satisfied by @ in K and denote it K |= ¢(a). A set S is
definable over K if there exists a formula ¢(x) with n free variables such that

S={aeK": K[ p(a)}.

A family (Cy)qca of semi-algebraic subsets of K™ is uniformly definable if
A C K™ is definable and there is a formula ¢(z,y) with m + n free variables
such that C, = {b€ K™ : K |= ¢(a,b)} for every a € A.



Given m-ary definable functions f, g, the set of points in K™ satisfying the
condition “|f(z)| < |g(z)|” is known to be definabldd. Thus we will consider
these expressions as formulas as well (more exactly as abbreviations of some first
order formulas in the language of rings stating the same property). Similarly, if
o(x,y) is a formula with m + n variables and S C K™ is definable by a formula
¥ (y) then we will consider Jy € S, ¢(x, y) as a formula since it is an abbreviation
for the genuine formula Jy, ¥ (y) A o(x,y). We refer the reader to [Hod97] for
more information on this topic.

Theorem 2.3 (Macintyre). The definable subsets of K™ are exactly the semi-
algebraic ones.

Remark 2.4.  This fundamental theorem says that, in this paper, “semi-
algebraic” and “definable” are synonymous. In particular a subset of K™ is
semi-algebraic whenever it can be defined by a formula. This is an extremely
convenient criterion for being semi-algebraic, which we will use everywhere with-
out more comments.

Another important consequence of Macintyre’s theorem is that every
p-adically closed field is elementarily equivalent to a finite extension of Q) (see
[PR84]). With other words, there is a finite extension L of Q, such that K and
L satisfy exactly the same formulas. The following semi-algebraic version of the
so-called “théoreme des fermés emboités” transfers from L to K by means of
this elementary equivalence.

Theorem 2.5. Let (Cy)acr be a uniformly definable family of non-empty,
closed and bounded subsets of K™, such that || < |a| implies that Cg C Cl.
Then ,ep+ Ca is non-empty.

The next classical properties can easily be derived from this theorem (or
transfered from L to K by elementary equivalence).

Theorem 2.6. For every continuous semi-algebraic function f : X C K™ —
K™ whose domain X is closed and bounded, f(X) is closed and bounded. As a
consequence:

1. ||f]] is bounded and attains its bounds.
2. If f is a injective then it is a homeomorphism from X to f(X).

Corollary 2.7. For every bounded semi-algebraic subset X of K™ which is
non-empty, there is an element x € X such that ||z|| is mazimal on X.

Another crucial property of p-adically closed fields is the existence of so
called “built-in Skolem functions” (see [vdD84], or the appendix of [DvdD88]
for a more constructive proof). Basically, it says that for every semi-algebraic
subset A of K™, the coordinate projection of A onto K™ has a semi-algebraic
section.

Theorem 2.8 (Skolem functions). Let X C K™ be semi-algebraic set and
o(z,t) a formula with m +n free variables. If, for every a € X there is b€ K™
such that K = ¢(a,b), then there exists a semi-algebraic function & : X — K™
(called a Skolem function) such that K = p(z,&(x)) for every x € X.

5This follows from the non-trivial fact that R is definable by means of the Kochen operator
(see [PR&4)).



For example, if a semi-algebraic function f : X — K takes values in Py,
then Theorem 2.8 applied the formula ¢(x,t) saying that “f(x) = tN” gives a
semi-algebraic function ¢ : X — K such that f = ¢V.

2.c Root functions and monomial functions

Following Lemma 1.3 in [CLI2] there is for each integer M > 0 a unique
group homomorphism @cy; from K* to (R/m™ R)* such that @cy(7) = 1 and
@cy (u) = u+7M R for every u € R*. The construction of @cys given in [CL12]
shows that for each integer N > 0 the set

QN,IV[ = {0} U {1' S PX, . (1 +7TMR) :ﬁM(x) = 1}

is semi-algebraic. Qx ,; = @, \ {0} is a clopen subgroup of K* with finite
index. When v(K*) = Z, it is worth mentioning that Qs can be given a
simpler description as follows:

Qn.m = {0} U U N (1 + 7 R).
keZ
If M > 2v(N), Hensel’s Lemma implies that 1 + 7 R C Py, hence Qn s is
contained in Py . The importance of Qn s comes from the following property,
which also follows from Hensel’s lemma (see for example lemma 1 and corollary 1
in [Clu01]).
Lemma 2.9. The function x — x¢ is a group endomorphism of Qf,’M. If

M > v(e) this endomorphism is injective and its image is QGXN w4 M

In particular z + 2° defines a continuous bijection from Qi )41 toO
Qe,20(e)+1- We let x — x'/¢ denote the reverse continuous bijection. In particu-
lar it is defined on Qs for every N, M such that e divides N and M > 2v(e).

For every positive integers e, n we let
U={zeK:2°=1} and U.,=U. - (1+7"R).

Analogously to Landau’s notation O(z™) of calculus, we let U, (z) denote any
semi-algebraic function in the multi-variable z with values in U, ,. Any such
function is the product of two semi-algebraic functions, with values in U, and
14 7™ R respectively. So, given a family of functions f;, g; on the same domain
X, we write that f; = U, ng; for every i, when there are semi-algebraic functions
w; : X = R and y; : X — U, such that for every x in X

fi(@) = xi(z) (1 + 7"w;(x)) gi(z).
U1 n(z) is simply denoted U, ().
Remark 2.10. If f(z) = U, (x) for some n > 2v(e) then f/¢ is well defined

and takes values in 14+7"~"(¢) R. Therefore we can write U, () = (Un—v(e) (T))°.

A function g is N-monomial on S C K1 if either it is constantly equal to
oo or there exists £ € K and f1,..., 8y € Z such that

q
Vo= (x1,...,24) €S, g(x) :gnxi\[ﬁz

i=1
In this definition we use when needed our convention that 0° = 1. A function f
is N-monomial mod U, ,, if f = U, ,g with g an N-monomial function.



2.d Cell decomposition and dimension theory

Given a clopen semi-algebraic subgroup G of K* with finite index, a presented
cell A mod G in K™*! is a tuple (ca,va,pa,Ga) with ca a semi-algebraic
function on a non-empty domain X C K™ with values in K (called the center
of A), v4 and py either semi-algebraic functions on X with values in K* or
constant functions on X with values 0 or oo (called the bounds of A), and G4
an element of K/G (called the coset of A), having the property that for every
z € X there is t € K such that:

lva(@)| < [t —ca(z)| < |pa(z)] and ¢ —ca(z) € Ga (2)

The set of tuples (z,t) € X x K satisfying ([2]) is the cellular set underlying
A. Abusing the notation we will also denote it A most often. The conditions
enumerated above (2)) ensure that the domain X of ca, pa, va is exactly the
socle A of A. When two presented cells A and B have the same underlying
cellular set we write it A ~ B.

A is of type 0 if G4 = {0}, of type 1 otherwise. We say that A is largely
continuous if its center and bounds are so. We say that it is well presented
if either vv4 — v 4 is unbounded or v4 = 4. R

We call A a fitting cell if it has fitting bounds that is, for every =z € A:

[na(x)] = sup{[t —ca(@)| : (2,t) € A}

|va(z)] =inf{|t — ca(x)| : (z,t) € A}

Cellular sets mod K * and Py have been first introduced in [Den84]. Cellular
sets mod Q », appear implicitly in [CIu01], and explicitly in further papers of
Cluckers. In this paper we will use the word “cell” mostly for presented cells
but also very often for the underlying cellular sets, the difference being clear
from the context. For instance we will freely talk of disjoint (presented) cells,
of bounded (presented) cells, of (presented) cells partitioning some set and so
on, meaning that the corresponding cellular sets have these properties.

For any Z C A we will write AN (Z x K) both for this (cellular) set and
for the presented cell (ca|z, vz, ajz,Ga). The latter will also be denoted
(ca,va,pa,Ga)|z. Similarly Grca both denotes the graph of c4 and the pre-
sented cell (c4,0,0,{0}).

Sometimes it will be convenient to write G4 = Ay G for some Ay € G4.
We will always do this uniformly, so that A4 = Ap whenever G4 = Gp. To
that end a set Ag of representatives of K/G is fixed once for all, and when
we consider a presented cell A mod G it is understood that A4 is the unique
element of G4 N Ag. In addition, we require from this set of representatives
that every A € Ag has the smallest possible positive valuation. In particular if
G = Py or Qn, i and A is a cell mod G of type 1 then 0 <vAy < N.

For every family A of presented cells in K™t we let CB(A) denote the
family of all the functions ca, pa, va for A € A. Given another family D of
presented cells in K™+ we say that:

1. D belongs to Vect A if for every D € D, cp,vp are linear combinations
(with coefficients in K) of the restrictions to D of the centers and bounds
of the cells A € A such that D C A, and either up is so or up = oo.
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2. D belongs to Alg, Aif D is finer than A and for every A € A, every D € D
contained in A and every (z,t) € D:

(a) either t — ca(z) = Un(x,t)(t — cp(x));

(b) or t — ca(z) = Uy (x,t)hp, a(x) where hp 4 : D — R is the product
of (finitely many) linear combinations of functions ¢p|p such that

BecAand D C B.

Theorem 2.11 (Denef). Given a semi-algebraic subgroup G of K> with finite
indez, let A be a finite family of presented cells mod G in K™ 1. Then for every
positive integer n there exists a finite family D of fitting cells mod G refining A
such that D is a partition and D belongs to Vect A and to Alg,, A.

This is essentially theorem 7.3 of [Den84]. Indeed, for any given integer NV,
if n is large enough then 1+ 7" R C Py NR*. Hence Uy, (z,t) in conditions (2al),
(D)) of the definition of Alg, A can be written u(z,t)" with u a semi-algebraic
function from A to R* (thanks to Theorem 2.8). This is how the above result
is stated in [Den84] with G = K*. Our slightly more precise form, as well
as the additional properties involving Vect A and Alg, A, appear only in the
proof of theorem 7.3 in [Den84] (still with G = K*). The generalization to
fitting cells mod an arbitrary clopen semi-algebraic group G with finite index
in K* is straightforward.

The cell decomposition leads to a good dimension theory for semi-algebraic
sets over p-adically closed fields, see [SvdD8§| and [vdD89]. We will use re-
peatedly its following properties, for every semi-algebraic sets A, B and semi-
algebraic map f defined on A. By convention dim ) = —oo.

1. dim A = 0 if and only if A is finite non-empty.
2. dim AU B = max(dim 4, dim B).

3. If A# 0, dimdA < dim A.

4. dim f(A) < dim A.

The local dimension of a semi-algebraic set A C K™ at a point a € A
is the minimum of dimU, for every semi-algebraic neighbourhood U of a in
A (with respect to the relative topology, induced by K™ on A). A is pure
dimensional if it has the same local dimension at every point. Note that if
a semi-algebraic set B is open in A and A is pure dimensional then B is so,
and that a cell is pure dimensional if and only if its socle is. This last point,
combined with Denef’s Cell Decomposition Theorem [ZTTand a straightforward
induction, shows that every semi-algebraic set A is the union of finitely many
pure dimensional ones.

2.e Discrete and p-adic simplexes

We say that f: .S C F;(I'"™) — Q is affine if either it is constantly equal to
400, or there are elements ag € Q and a; € Q for ¢ € I such that

Ve e S, f(z) =ap+ Zaixi.

el
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In [Darl6] we introduced discrete polytopes in I'? as “largely continuous
precells mod N7, for an arbitrary g-tuple N of positive integers. In this paper
N =(1,...,1) will not play any role so we can remove it in the next definition.

The only polytope in T'? is T'? itself (which is a one-point set). For every
I C[1,q+1], asubset A of F;(I'%+!) is a discrete polytope of I'"+! if A is a
discrete polytope of T'? and if there is a pair (u,v) of largely continuous affine
maps from A to ), called a presentation of A, such that 0 < u < v and

A= {a € Fy(T%) :a € A and u(@) < ag1 < u(a)}.

Example 2.12.

o A= {(x,y) € Z? : 0 < y < x/2} is a discrete simplex, with proper faces
Fio1(A) = {(+00,y) € {+o00} x Z: 0 < y} and Fy(A) = {(+00, +00)}.

e B={(z,y,2) €Z3: (v,y) € A and z = 2y — x} is a subset of Z> defined
by linear inequalities, whose proper faces F(3}(B) = {+<}? x N and
Fy(B) are linearly ordered by specialization. However it is not a polytope,
because the linear map ¢(z,y) = 2y — x is not largely continuous on A: it
has no limit when (z,y) tends to (+00,+00) in A.

All the references in the next proposition are taken from [Dar16].

Proposition 2.13. Let ¢ > 1 and A C F[(I'%) be a discrete polytope. Let
(u,v) be a largely continuous presentation of A, let J be a subset of I, and
J = J\{m}. Finally let Y = Fj(g) Then Fj(A) # 0 if and only if either
medJand i< +ooonY, orm¢ J and v = 400 on'Y (Proposition 3.11).
When this happens:

1. Fj(A) = 7m;(A) (Proposition 3.3).

-~

2. The socle of F;(A) is a face of A: F/]@ = I';(A) =Y (Proposition 3.7).

3. Fj(A) is a discrete polytope and (fijy,V)y) is a presentation of it (Propo-
sition 3.11):

~

Fy(A)={be F;(I"™):beY, and i(b) < b, <u(b)}.

We will also use the next result (Proposition 3.5 in [Darl]).

Proposition 2.14. Let A C T'? be a discrete polytope, f : A — Q be an
affine map and B = F;(A) = 7;(A) a face of A. Assume that [ extends to
a continuous map f*: AUB — Q. Then f* is affine and if f* # +oo then
f=Igomsa- In particular if f* # +oo then f(A) = f<(B).

A discrete simplex is a discrete polytope whose faces are linearly or-
dered by specialization. This is a “monohedral largely continuous precell mod
(1,...,1)” in [Darl6]. Of course every face of a simplex is a simplex (see Re-
mark 3.12 of [Darl6]).

For every M > 1 we let DM R? = (RNQ1,5)¢ and define p-adic simplexes
of index M as the inverse images of discrete simplexes by the restriction of
the valuation to D™ R4, The faces of a simplex S of index M are obviously the
pre-images in DM R? of the faces of vS. In particular they are linearly ordered
by specialization. S is closed if and only if vS is a singleton in I'?. If S is not
closed, its largest proper face T is called its facet and 9S = T.

12



Remark 2.15. With the notation of Proposition 214, if S = v=1(A) N DM R4
and T = v=Y(B) N DMRY then T = F;(9), and so by Proposition ZI4 T' =
m7(S). We will sometimes refer to the restriction of 7y to A (resp. S) as to
“the coordinate projection of A onto B (resp. of S onto T)”.

2.f Simplicial complexes

We will have to consider complexes of sets, of cells and of simplexes. All of them
are finite families of subsets of a topological space X, organised in a such a way
that one controls how the closures of these sets intersect.

Recall first that an ordered set A is a tree if for every A in A, the set of
elements in A smaller than A is linearly ordered. It is a rooted tree if it
has one smallest element. A lower subset of A is a subset B of A such that
whenever an element of A is smaller than an element of B, it belongs to B.

Now, given a finite family A of pairwise disjoint subsets of X, we call A
a closed complex if every A € A is relatively open and if it frontier A is
a union of elements of A. The specialization preorder is then an order on A.
If A, ordered by specialization, is a tree (resp. a rooted tree) we call it a
(resp. rooted) closed monoplex. A complex (resp. monoplex) is then an
arbitrary subfamily of a closed complex (resp. closed monoplex). Of course a
complex A is a closed complex if and only if [ J.A is closed.

Remark 2.16. Using that every semi-algebraic set is the disjoint union of
finitely many pure dimensional ones, and that dim0A < A for every semi-
algebraic set A, a straightforward induction shows that every finite family of
semi-algebraic subsets of K™ refines in a complex of pure dimensional semi-
algebraic sets.

A simplicial complex in DM R? (resp. in I'?) is a complex of simplexes in
DM R4 (vesp. in I'?). We say that S is well dispatched if for every S, 5’ € S,
S’ < S if and only if Supp S’ C Supp S.

Let S be a finite family of simplexes in D™ R? (or T'%). Then S is a simplicial
complex if and only if for every S,T € S, SN T is the union of the common
faces of S and T'. When this happens:

1. S is a monoplex;
2. every subset Sy of S in DM R? is again a simplicial complex;
3. Y Sp is closed in |4 S if and only if Sy is a lower subset of S.

Let S denote the family of all the faces of the elements of S. We call it the
closure of S, and say that S is closed if S = S. Note that S is a complex
(resp. a closed complex) if and only if S C S (resp. S = S) and the elements
of S are pairwise disjoint.

If S is a simplicial complex, we say 7 is a simplicial subcomplex of S of
if T is a simplicial complex such that T refines a decreasing subset of S, and
(JT is a closed subset of | JS.

The following results are respectively Theorem 6.3 and Proposition 6.4 of

[Dar16].
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Theorem 2.17 (Monotopic Division). Let S be a simplex in D R™ and T
a simplicial complex in DM R™ which is a partition of 0S. Let € : 0S — K*
be a definable function such that the restriction of || to every proper face of S
is continuous. Then there exists a finite partition U of S such that U UT is
a simplicial complex in DMR™, U contains for every T € T a unique cell U
with facet T', and moreover Hu - ﬁ](u)H < ’E(TFJ(U))’ for every uw € U, where
J = Supp(T).

Proposition 2.18. Let A C DM RY be a relatively open set. Assume that A is
the union of a simplicial complex A in D™RY. Then for every integer n > 1
there exists a finite partition of A in semi-algebraic sets Ay, ..., A, such that
0Ay, = 0A for every k.

Finally, a simplicial complex of index M is a collection S of finitely many
(possibly zero) rooted simplicial complexes S; in DM R4 for various integers
¢; (indexed by some finite set Z). Its closure is the collection of the closures
of the S;’s. It is well dispatched if each S; is. We say that T = (7;)iez is a
simplicial subcomplex of S if each 7; is a simplicial subcomplex of S;.

Given a semi-algebraic homeomorphism ¢ from [ S to a subset X of K™,
we will let

©(S) = {p(9) : S € S}.

If S is closed, ¢(S) is obviously a closed monoplex of pure dimensional semi-
algebraic sets partitioning X.

Remark 2.19. With ¢ as above, S is closed if and only if X is closed and
bounded. Indeed, each |JS; is clopen in |4 S, hence its homeomorphic image
X; by ¢ is clopen in X. In particular X is closed and bounded in K™ if and
only if each X; is so. Let ¢; be the semi-algebraic homeomorphism from (JS;
to X; induced by restriction of ¢. Note that JS; is bounded (it is contained
in R%). By Theorem [2.6] applied to ¢; and ¢; it follows that | JS; is closed in
K% that is S; is closed, if and only if X; is closed and bounded in K™.

3 Applications

The proof of our main result T, goes by induction on m. Some of the applica-
tions given in this section are actually needed in the induction step, hence it is
important to emphasize that all of them follow from T,, for a fixed (throughout
all this section) integer m.

Theorem 3.1. If f : X C K™ — K s semi-algebraic and |f| is continuous,
then there exists a function h : X — K semi-algebraic and continuous such that
£ = |hl on X.

Proof: T, gives a triangulation (T,¢) of f with parameters (1,1,e, M).
Onevery T € T, fogp = U1 with ¢ : T — K a l-monomial function.
Thus for some gp such that T is contained in DM R7 | there are Ay in K and
1,7, ..., 0y 1 in Z such that:

Ve eT, |fop(x)| = (3)

qT
o
i=1
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Let ag,r = vAr and &7 : vT' — T’ be defined by:

qr
Va € vT, &r(a) = ao,r + Z i, Ta;

i=1

By construction &r(ve) = vf(p(z)) for every x € T (in particular & only
depends on f oy, even if the coefficients o; r in () are not uniquely determined
by fop on T). By assumption vf is continuous on X hence so is vfop on |4 7.
In particular &p extends continuously to vS for every face S of T'in T, and the
restriction to S of such an extension & is precisely &s. By proposition 214 it
follows that if £ # +o0 (that is if fo # 0 on S) then {r = £g o mg where 7,5
denotes the coordinate projection of vT" to vS (see Remark 2.T5]).

Now, for every T in T let gr : T — K be defined (by induction on 7 ordered
by specialization) as follows:

1. If fop=0onT, gr =0.

2. If T is minimal (with respect to the specialisation preorder) among the
simplexes in 7 on which f o ¢ # 0 then for every x € T

qT
gr() = noor [[ g
i=1

3. Otherwise gr = gs o mg where g is the coordinate projection (see Re-
mark 2T5]) of T onto its larger proper face S in T on which f o ¢ # 0.

By construction vgr(x) = &p(vz) for every x € T hence |gr| = |f| on T.
Moreover for every S < T and y € S, gr(x) tends to gs(y) as x tends to y in T
(because gr(x) = gs(ms(x)) if gs # 0, and otherwise because |gr| = |f o ¢| on
T,lgs|=|fopl=00nS and |fop| =|f] o is continuous by assumption).
The function h : X — K defined by h = gr o ¢! on every o(T) with T in
T, is clearly semi-algebraic. By construction |f| = |h| on X, and by the above
argument h is continuous on X.
|

Theorem 3.2. For every non-empty semi-algebraic sets Y C X C K™, there
is a semi-algebraic retraction of X onto Y if and only if Y is closed in X.

Proof: One direction is general. For the converse we assume that Y is closed
in X. Let (S, ¢) be a triangulation of X, Y given by T,,, and T be the family
of simplexes T in S such that ¢(T) C Y. Tt suffices to construct a continuous
retraction of 4 S onto [ 7.

Let S = 7 and o be the identity map on |+ 7. Because Y is closed in X,
T is a lower subset of S. Let k be a positive integer and assume that there is a
lower subset Sg_1 of S containing 7, and a retraction oj_1 of HSk_1 to T. If
Sk—1 = S we are done. Otherwise let S be a minimal element (with respect to
the specialisation order) in S\ Sk—1, and led S, = S, U {S}. Tt only remains

6We are abusing the notation here: S is a finite collection of simplicial simplexes S; in
DM R4 for various q;, Sy is a collection of lower subsets Sk,; of S, there is an index ig
such that S belongs to S;;, and what we have denoted abusively S;_; U {S} is actually the
collection of all the Sy, ;’s for ¢ # ig and of S ;, U {S}.
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to build a retraction 7 of | Sk onto HSkp—1. Indeed oi—1 o 7 will then be a
continuous retraction of S; onto 7, and the result will follow by induction.

If S has no proper face in S then it is clopen in |4/ Si. So the map 7 which
is the identity map on [ Sy and which sends every point of S to an arbitrary
given point of |4 Sk_1 is continuous on S, and a retraction of | S, onto Si_1.

Otherwise let T" be the largest proper face of S in §. By minimality of S, T
belongs to Si—1. Let mp be the coordinate projection of S onto T'. The frontier
of S inside |4 Sy is the closure of T" in [ Sk, hence the function 7 which coincides
with the identity map on |4/ Sx—1 and with 77 on S is continuous. It is then a
retraction |4 S onto Si_1, which finishes the proof.

[

The Splitting Theorem B4 is a strengthening of the next lemma using re-
tractions.

Lemma 3.3. Let X C K™ be a relatively open semi-algebraic set without iso-
lated points and n > 1 an integer. Then there exists a partition of X in semi-
algebraic sets Xy, for 1 <k <n such that 0X = 0X for every k.

We are going to prove Lemma B3] by using a triangulation (U, ¢) of (X,0X)
and applying Proposition 218 to ¢ ~(X). In order to ensure that this set is
still relatively open, we reduce first to the case where X is bounded by means
of the following construction.

Let K = K U {oo} and for every I C {1,...,m} let K" = K7 N K™ where

Kr={zeK":a,eR < kel

Let R* = {z € R™ : Vk ¢ I, z;, # 0}, and for every z € R let ¢r(x) =
(Yk)1<k<m be defined by yr = . if k € I, and y, = 1/(7xy) otherwise. Clearly
1 is semi-algebraic homeomorphism from R}* to K}* which extends uniquely
to a homeomorphism 1/3[ from R™ to IA(}”

Proof:  Note first that if it is given a partition of X in finitely many semi-
algebraic pieces Uy, ..., U, which are clopen in X, then it suffices to prove the
result separately for each U;. Indeed, each U; will then be relatively open
with 9U; C 09X (because Uj is clopen in X), and (J;, 0U; = 9X (because
oU; =U,;\ X and Uj<r U;j = X). So, if a partition of each U; in semi-algebraic
pieces (Uj k)1<k<n is found such that oU; , = 0U; for every k, then the union X
of U;  for 1 < j < r defines a partition of X in semi-algebraic pieces and we have
90Xy = U<, OUjx (same argument as above) hence 0Xy = |J;, 0U; = 9X.

Now, as I ranges over the subsets of {1,...,m}, the sets X N K7* form a
partition of X in semi-algebraic sets clopen in X. By the argument above we
can deal separately with each of these sets, which reduces to the case where
X C K7 for some 1.

Let Y =47 }(X) and X be the closure of X in K7". Note that Ur(Y) = X.
The fact that X \ X is closed K™, hence in K7, implies that X \ X is closed in
K 7' It follows that its image by 7,/3[_1, which is precisely Y \ Y, is closed in R™,
hence in K™. Thus Y is relatively open. It then suffices to prove the result for
Y, that is we can assume that X =Y is bounded. Of course we can assume as
well that X is non-empty (otherwise X; = X and Xj, = 0 for 2 < k < n is
obviously a solution).
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T, gives a triangulation (U, ) of (X,0X). U is the disjoint union of finitely
many simplicial complexes U; in DM R% for 1 < j <r. Let U; = (UU;) N X
for every j, this defines a partition of X in semi-algebraic sets clopen in X. By
using again the initial remark in this proof, it suffices to check the result for
each U; separately. So we can assume that U/ itself is a simplicial complex in
DM R for some q.

By construction X is semi-algebraic, closed and bounded, and ¢! is semi-
algebraic and continuous, so o~ (Y) = ¢p=1(Y) for every semi-algebraidl v C
X. Let A= ¢ !(X), we have A = (X hence A\ A = p(X \ X) is closed, that
is A is relatively open. Proposition 218 then applies to A and gives a partition
of A in semi-algebraic sets A1,..., A, such that 0A; = 0A for every k.

For 1 <k < nlet X; = p(Ag). This semi-algebraic sets form a partition
of X, because Ai,..., A, form a partition of A. Moreover, since | JU is semi-
algebraic, closed and bounded, we have ¢(B) = ¢(B) for every semi-algebraic@
set B contained in [JU. Tt follows that for 1 < k < n we have 0X}, = p(0A;) =
©(0A) = 90X, which proves the result.

]

1

Theorem 3.4. Let X be a relatively open mon-empty semi-algebraic subset of
K™ without isolated points, and Y1,--- ,Ys a collection of closed semi-algebraic
subsets of 0X such that Y1 U---UYs; = 0X. Then there is a partition of X in
non-empty semi-algebraic sets Xy, ..., Xs such that 0X; =Y; for 1 <i<s.

Proof: X is non-empty and has no isolated point, hence is infinite. The result
is obvious for s = 0 (there is nothing to prove) and s = 1 (take X; = X). By
induction it suffices to prove it for s = 2. Indeed, if s > 3 and the result is
proved for s — 1, then the result for s = 2 applied to X with Z; = Y1 U---UY,_1
and Zy = B gives a partition in two pieces X{, X} such that 9X| = Z; for
I = 1,2, and the induction hypothesis applied to X| with Y7,...,Y; gives a
partition of X in pieces X1,...,Xs—1 such that 0X; =Y, for 1 <i < s. The
conclusion follows, by taking Xs = X). So from now on we assume that s = 2.

It suffices to prove the weaker result that a partition (X7, X3) exists with all
the required properties for (X1, X2) except possibly the condition that they are
non empty. Indeed, if such a partition is found and for example X} = () then
necessarily Y2 = 90X} = (. In that case pick any x € X, and choose a clopen
neighbourhood V' of & such that V' N9X is empty (this is possible because X is
relatively open). Then X; = X \ V and Xy, = X NV give the conclusion.

Let p: X — 90X be a continuous retraction of X onto X given by Theo-
rem Let V C 0X be any semi-algebraic set open in X, Z its closure and
A=p~1(Z)Nn X. We are claiming that 94 = Z. Note that A is closed in X by
continuity of p, because A is the inverse image of the closed set Z by p|x. So
it suffices to prove that AN 90X = Z, or equivalently that A N X contains V
and is contained in Z. For the first inclusion let y be any element of V', and W
any neighbourhood of . We have to prove that W N A # (). By continuity of
p at y = p(y) there is a neighbourhood U of y such that U N X is contained in

lFor every continuous map f : X C K9 — K" and every Y C X, if X is closed then
f(Y) C f(Y). The reverse inclusion holds true if X is compact, or if f, Y, X are semi-
algebraic and X is closed and bounded (see Theorem [26]).

8See footnote [T
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p YW NV). In particular
UNWnNXCUNXCptWnV)Cp (V)=A4

soUNWNA=UNWNX. On the other hand, UNW NX # () because U NW
is a neighbourhood of y and y € V.C X. A fortiori W N A is non-empty. This
proves that y € A, hence that V C AN 0X. Conversely, if v is any element
of 0X \ Z, there is a neighbourhood W’ of ' such that W’ N 9X is disjoint
from Z. By continuity of p, p~*(W) is then a neighbourhood of y in X. It is
disjoint from p~1(Z) = A hence ' ¢ A. So A is disjoint from 0X \ Z. That is
ANOX C Z, which proves our claim.

For k = 1,2 let Zj, be the closure of Y \Yo_y = 0X \Ya_j and Ay = p~1(Zy).
Let Zy be the closure of X \ (Z1 U Z3) and Ag = p~1(Zp). The above claim
gives that 0A = Zj for 0 < k < 2. Let By be the set of non-isolated points of
Ap. Clearly 0By = 0Ag = Zj since A\ By is finite. In particular By is relatively
open, and Lemma [B.3] gives two semi-algebraic sets By, By partitioning By such
that 0B1 = 0By = Zy. Soif weset X7 = A1UB; and Xo = Ay UByU (AO\BO)
we get the conclusion.

]

Theorem 3.5. Let f : X C K™ — K be a semi-algebraic function with bounded
graph (that is f is a bounded function on a bounded domain). If it has finitely
many limit values at every point of X then f is piecewise largely continuous.

Note that the counterpart of Theorem for real-closed fields holds true.
Indeed, by triangulation we are reduced to the case of a continuous function f
on a simplex S C K™. The assumption that f has finitely many limit values
at every point of S then implies directly that f is largely continuous. Indeed,
this follows easily from the fact that over real-closed fields the direct image by
a continuous semi-algebraic map of any semi-algebraically connected set (such
as SN B with B a ball centered at any point of S) is again semi-algebraically
connected.

At the contrary, p-adic simplexes are not at all semi-algebraically connected
and it can happen that a function satisfying all these assumptions on a p-adic
simplex is not largely continuous. For example on the simplex S = D'R* the
semi-algebraic function f defined by f(z) = 0 if v(z) € 2Z and f(x) = 1
otherwise is a continuous, bounded function having two distinct limit values at
0. Thus f is not largely continuous. It is obviously piecewise largely continuous,
though.

Proof: Every semi-algebraic function is piecewise continuous (see for example
[Mou09]). So, replacing f by its restriction to the pieces of an appropriate
partition of X is necessary, we can assume that f is continuous. Removing
X NOX if necessary (using a straightforward induction on dim X and the fact
that dim 90X < dim X) we can even assume that X is relatively open. The
proof then goes by induction on the lexicographically ordered tuples (e, e’) where
e =dim X and ¢’ = dim 0X. If 9X is empty, that is X is closed, then f is largely
continuous and the result is obvious. So let us assume that ¢’ > 0 (hence e > 1)
and the result is proved for smaller tuples (e, ¢e’).

Let D = (0X x K)N Gr f. The projection of D onto X has finite fibers
hence D is a union of cells of type 0. The number of these cells, say N, then
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bounds the cardinality of these fibers, that is the number of limit values of f
at every point of 0X. For every a € 0X let D, = {t € K : (a,t) € D}. We
first show that D = 0X, that is D, # () for every a € 8X. For every € € R*
let C. = (B(a,e) x K)N Grf. This is a uniformly semi-algebraic family of
closed and bounded semi-algebraic subsets of K™. Each of them is non-empty
because C; contains (z, f(z)) for any x in B(a,e)NX (which is non-empty since
a € 0X). Obviously C., C C., whenever |e1| < |e2], 50 [].cp~ Ce is non-empty
by Theorem The latter is equal to D,, which proves our claim.

For 1 < ¢ < N let W; be the set of a € X such that D, has exactly i
elements. These sets W,; form a partition of D in semi-algebraic pieces. By
Theorem (and a straightforward induction) there are semi-algebraic func-
tions f;; : W; — K such that D, = {f; ;(a)}1<;<; for every a € D,. Since
dim 90X < dimX, by induction hypothesis these functions f; ; are piecewise
largely continuous. This gives a partition of 0X in semi-algebraic pieces V4
for 1 < k < r, and a family of largely continuous semi-algebraic functions
gkt 2 Vg = K for 1 <[ < sj, such that Vj, € W,, and D is the union of the
graphs of all these functions gy ;.

Theorem [3.4] applied to X and the sets Vj, for 1 < k < r gives a partition of
X in semi-algebraic pieces X, such that 0X; = V. It suffices to prove that the
restrictions of f to each X}, is piecewise largely continuous. So we can assume
that » = 1 and X = X;. That is, we have a semi-algebraic set V' = V; dense
in 0X and largely continuous functions g = g1; : V = K for 1 <1 <5 =57
such that D, = {gi(a)}1<i<s has s elements for every a € D,. Replacing V' by
V' \ OV if necessary we can assume that V' is relatively open.

Let p : X — V be a continuous retraction given by Theorem For
1<l <slet

U= f{ze X kAL [£@) - ai(p@)]| < |£2) - gu(p@)]}-

Each U; is open in X by continuity of f, p and the gi’s. Their complement
X' =X\ U§¢:1 is closed in X, hence 0X’ C dX. Moreover, for every a € V,
the limit values gr(a) of f at a being distinct by construction, there exists
€ € R* such that every point of B(a,e) N X belongs to one of the U’s. With
other words B(a,e) N X’ = () hence a does not belong to the closure of X.
So 0X C 90X \V = 9V, in particular dim 90X’ < dimV = dimdX hence the
induction hypothesis applies to the restriction of f to X'.

It only remains to check that the restrictions of f to each Uj is piecewise
largely continuous. We are claiming that f has only one limit value at every
point a of U; \OV. Note that U, is the disjoint union of U;NX and U;NJX, and
that 9X = V UAV. Obviously, if a € U;N X then by continuity of f, f(x) tends
to f(a) as x tends to a in U;. Now if a € (U;\OV)\ X then a € V, p(a) = a
and gr(p(a)) = gr(a) for every k. Hence by definition of U;, f(z) is closer to
g1(a) than to every other gi(a), so gi(a) is the only possible limit value of f(x)
as x tends to a in U, which proves our claim. So the semi-algebraic function g
which coincides with f on U; N X and with ¢; on V is continuous. The frontier
of its domain is contained in U; N9X C X = V U IV and is disjoint from V,
hence is contained in dV. By induction hypothesis, g is then piecewise largely
continuous, hence so is fiy, since f and g coincide on Uj.

]
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4 Largely continuous cell decomposition

This section recalls the main theorem of [Den84] in order to emphasize some
details which appear only in its proof. These details are important for us
because they ensure that the center and bounds of the cells involved in the
conclusions inherit certain properties, defined below, from the center and
bounds of the cells in the assumptions. Using them we finally derive from
T,, a new preparation theorem for semi-algebraic functions “up to a small
deformation” (Theorem [£6]). The point is that after such a deformation, we
get a preparation theorem involving only largely continuous cells.

Given a basic function f, we say that a function h: X C K™ — K belongs
to coalg(f) if there exists a finite partition of X into definable pieces H, on
each of which the degree in ¢ of f(x,t) is constant, say ey, and such that the
following holds. If ey < 0 then h(x) is identically equal to 0 on H. Otherwise
there is a family (&1, .. .,&,, ) of K-linearly independent elements in an algebraic
closure of K and a family of definable functions b; ; : H — K for 1 <1 < ey
and 1 < j <rpg, and a., : H — K* such that for every x in H

fet) =0 I (T- X batos)

1<i<en 1<j<rm

W)= Y Y aighi)

1<i<ey 1<j<ry

and

with the a; ;’s in K. If F is any family of basic functions we let coalg(F) denote
the set of linear combinations of functions in coalg(f) for f in F.

Theorem 4.1 (Denef). Let F C K[X,T] be a finite family of polynomials, with
X an m-tuple of indeterminates and T one more indeterminate. Let N > 1 be an
integer and A a family of boolean combinations of subsets of the form f=*(Py)
with f € F. For every integer n > 1 there is a finite family of fitting cells mod
Py refining A, with center and bounds in coalg(F), and for every such cell H
a positive integer oy and a semi-algebraic function hy g : H — K such that
for every (z,t) € H:

f,t) = Un(z, Oy m (2)(t = cm ()0

Proof: W.lo.g. we can assume that every f in F is non constant and that n
is large enough so that 1 + 7" R C Py. Theorem 7.3 in [Den84] gives a finite
family of cells B mod K* partitioning K™, and for each of them a positive
integer oy p and semi-algebraic functions u¢p : B =+ R* and hyp : B = K
such that:

V(x,t) € B, f(x,t) = up.p(,t)Vhyp(x)(t - cp(x) (4)

Moreover it appears along the line of the proofs of lemma 7.2 and theorem 7.3
in [Den84] that these functions u}v p are precisely of the form 1 4 7wy p for
some semi-algebraic function w¢ g on B, and that the center and bounds of B
belong to coalg(F). Refining the socle of B if necessary we can ensure that
hyg(x)P} is constant as (z,t) ranges over B. On the other hand B splits into
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finitely many cells mod Py, with the same center and bounds as B, because

P} as finite index in K*. On each of these cells H, f(z,t)P} is constant by
). Hence H is either contained or disjoint from A, for every A € A. So the
family of all these cells H which are contained in (A gives the conclusion.

]

Using that every semi-algebraic function is piecewise continuous, the cells
mod P}, given by Theorem [£.] can easily be chosen with continuous center and
bounds. However it is not possible to ensure that they are largely continuous
(think to the case where A consists in a single semi-algebraic set which is itself
the graph of a semi-algebraic function which is not largely continuous). Our
aim, in the remaining of this section, is to find a work-around. We are going
to prove that it can be done, not exactly for 6 but for a function 6 o u, where
1n € K™ can be chosen arbitrarily small and u, is the linear automorphism of
K™*1 defined by:

V(z,t) € K™ x K, uy(z,t) = (z+1n,t). (5)

Remark 4.2. The smaller is 7, the closer is u, from the identity map since |||
is also the norm (in the usual sense for linear maps) of u, —Id. So the functions
0 o u, can be considered as “arbitrarily small deformations” of 6.

In [vdD98] a good direction for a subset S of K™ ! is defined as a non-zero
vector & = (21,...,Tm11) € K™+ guch that every line directed by z has finite
intersection with S. It is more convenient to identify collinear such vectors
hence we redefine good directions for S as the points © = [z1,...,Zymy1] in
the projective space P (K) such that every affine line in K™% directed by x
has finite intersection with S.

Analogously we call x € P™(K) a geometrically good direction for a
family F of polynomials in K[X,T] if for every algebraic extension F' of K and
every f € F, = is a good direction for the zero set of f in F™*1,

Remark 4.3. With the above notation, [n, 1] is a good direction for S if and
only if the projection of u, 1(S) onto K™ has finite fibers. Indeed for every
a € K™ and every t € K we have:

(S)

(a,0) +t(n,1) € S <= (a+1int) €S < (a,t) €u,

Therefore [, 1] is a geometrically good direction for F if and only if for every
algebraic extension F' of K and every f € F, the projection onto F'™ of the zero
set of f ou, in F™T! has finite fibers.

Lemma 4.4 (Good Direction). For every finite family F of non-zero polynomial
in K[X,T), the set of geometrically good directions for F contains a non empty
Zariski open subset of P™(K). In particular, for every non-zero € € R there is
17 € R™ such that ||n|| < |e| and [n,1] is a good direction for F.

Proof: Let pr be the product of the polynomials in F, and d its total degree.
Then pr writes pr = p% — qr with p% a non zero homogeneous polynomial of
degree d and gr a polynomial of total degree < d.

Let b € K™*! be non-zero and = be the corresponding point in P™(K).
It is not a geometrically good direction for F if and only if for some algebraic
extension F' of K and some a € F™ the line a 4+ F.b is contained in the zero
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set of pr in F™*TL that is pr(a + th) = 0 for every t € F or equivalently
pF(a + Th) = gr(a + Th). This implies that the degree in T of p%(a + Tb) is
< d. In particular the coefficient of T¢ in p%(a+ T'b) is zero. A straightforward
computation shows that this coefficient is just p%(b).

So every element in P (K) which is outside the zero set of p% is a geometri-
cally good direction for F. This proves the main point. Now if K™ is identified
to its image in P™(K) by the mapping a +— [a,1] then every ball in K™ is
Zariski dense in P™(K), so the last point.

]

Lemma 4.5. Assume T,,. Let n € K™ be such that [n,1] is a geometrically
good direction for F. Let u, be as in (@) and F,, = {fouw, : f € F}. Then every
function in coalg(F,) whose graph is bounded is piecewise largely continuous.

Proof: ~ The functions in coalg(F,) are linear combinations of functions in
coalg(f,) for f € F, hence it suffices to fix any f in F and prove the result
for coalg(fy). Let d be the degree in T of f, and F' a Galois extension of K in
which every polynomial in K[T] of degree < d splits in linear factor. Given a
basis B = (&1,...,&) of F over K, for each integer e < d let a, € K[X] be the
coefficient of 7 in f;), let A € K™ be the set of elements z € K™ such that
dyfy(z,T) = e, and choose a family of semi-algebraic functions b; ; : Ac = K
such that for every z € A,

folw. 1) = ac@) [T (T =D bis @) )- (6)

i<e J<r

Let Zp(f,) denote the zero set of f, in F, and o1,...,0, be the list of
K-automorphisms of F'. Fix an integer i < e, and for every z € A, let

Aiz) = Z bij()&;-

Jj<r

For every k < r we have

or(Xi(2)) = Z bij(x)ow(&;)-

Jj<r

Inverting the matrix (0% (§;))j<rk<r gives for every j < r the function b; ; as a
linear combination of o, o A; for k < r. By construction Gr oy o A; is contained
in Zp(fy). The later is closed, hence Gr oy, o \; is contained in Zr(f,) too.
The projection of Zr(f,) onto F™ has finite fibers since 7 is a good direction
for F (see Remark [3]). So the same holds true for the closure of the graph of
0k © A;. This means that each oy o \; has finitely many different limit values
at every point of A,. Obviously each b; ; inherit this property, hence so does
every h € coalg f,. If moreover the graph of h is bounded, it then follows from
Theorem (using T,,) that h is piecewise largely continuous.
]

Now we can turn to the “largely continuous cell decomposition up to small
deformation” which was the aim of this section. We obtain it by combining
the above construction based on good directions and the classical cell prepara-
tion theorem for semi-algebraic functions from Denef (Corollary 6.5 in [Den84])
revisited by Cluckers (Lemma 4 in [Clu01]).

22



Theorem 4.6. Assume T,,. Let (0; : A; C K™ K);es be a finite family of
semi-algebraic functions whose domains A; are bounded. Then for some integer
e > 1 and every integers n,N > 1 there exists a tuple n € K™, an integer
My > 2v(e), an integer Ny divisible by eN, and a finite family D of largely
continuous fitting cells mod Q]X\,07MO, such that D refines {u;l(Ai) c i e I}
and such that for every i € I, every D € D contained in u;l(Ai) and every
(z,t) € D

@§,D

0; 0 uy(2,t) = Uen(z, )i p(2) [A5' (t — ep(2))] °

where u,, is as in ({@), hip : D> Kisa semi-algebraic function and a; p € Z.

Moreover the set of n € K™ having this property is Zariski dense (in par-
ticular n can be chosen arbitrarily small), and the integers e, M can be chosen
arbitrarily large (in the sense of footnote[).

Remark 4.7. The above expression of 0; o u,, is well defined because e divides
No, Mo > 2v(e) and Ap' (t — ep(z)) belongs to Qn,,m, for every (z,t) € D (see
the definition of = — z* on Q Ny, M, after Lemmal[Z9). Of course if D is of type
0, then Ap = ¢t — ¢p(x) = 0 and we use our conventions that 0~! = © and
0.0 =1.

If we were only interested in the existence of such a preparation theorem
with largely continuous cells for 6; o u,,, the integer N would be of no use and
could be taken equal to 1. However it will be convenient to allow different values
of N when we will use Theorem in the proof the Triangulation Theorem.

Proof: Let e, M, > 1 be arbitrary integers. Corollary 6.5 in [Den84] applied to
each 0; gives an integer e; > 1 and a family A; of semi-algebraic sets partitioning
A; such that for every every A in A; and every (z,t) in A:

07" (z,¢) = Ui,A(wat)% (7)

where u; 4 is a semi-algebraic function from A to R* and f; a, ¢i 4 are polyno-
mial functions such that g; a(x,t) # 0 on A. Replacing if necessary each e; by
a common multiple e of them and of e,, we can assume that e; = e for every i
and e is divisible by e,. Let A be a refinement of | J;.; A;’s.

Fix any two integers n, N > 1 and any integer ng such that ng > n + v(e)
and ng > 2v(e). Since D™ R* is a subgroup of R* with finite index, every
A € A splits into finitely many semi-algebraic pieces on each of which wu; 4 is
constant modulo D™ R* (for every ¢ € I such that A C A;). Thus, refining A
if necessary, () can be replaced, for every A in A contained in A; and every
(x,t) in A, by

AT,
05 o) = Uy, 4 LA 0
with ﬁi,A € RX.

Macintyre’s Theorem 2.3 applied separately to each atom of the finite
boolean algebra generated by A in the power set of K™*! gives a finite fam-
ily B of semi-algebraic sets refining A, an integer Ny > 1 and a finite list F
of non-zero polynomials in m + 1 variables such that every element of B is a
boolean combinations of sets f~1(Py,) with f € F. By Remark[Z2 Ny can be
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chosen divisible by eN. Expanding F if necessary, we can assume that all the
polynomials f; 4 and g; 4 in (8) also belong to F (except of course those which
are null).

Lemma [£4 gives n € K™% such that [, 1] is a geometrically good direction
for F,, where F,, = {f ou, : f € F}. Note that every set in A, = {u;'(A) :
A € A} is a boolean combination of sets fn’l(PNo) with f, € F,. Denef’s
Theorem [T applied to F,, gives a finite family C of fitting cells mod P]X\,0 which
refines A, and whose center and bounds belong to coalg F;,, such that for every
f e F, every C € C and every (z,t) € C

Fa(@,) = Uny (@, R0 () (t = co(x))™C 9)

where hy o : C — K is a semi-algebraic function and o r,c s a positive integer.
We removed the zero polynomial from F, but obviously (@) holds true for f =0
as well, by taking hyc = 0 in that case. Each A; is bounded hence so is their
union [ J A as well as | A;,. So the center and bounds of every cell in C must be
bounded functions with bounded domain. By Lemma [£F] (assuming T,,) these
functions are piecewise largely continuous. Refining the socle of C if necessary,
and C accordingly, we are then reduced to the case where every cell in C is
largely continuous. Note that Uy, o u, = Up,, so by combining (§) and (@) we
get that for every i € I, every C' € C contained in u;l(Ai) and every (z,t) € C

Oin(z,1)° = Upn, (2, t)hic() (t — cc(:n))ai’c (10)

where 0;, = 0; o uy, h;c : C > Kisa semi-algebraic function and a; ¢ € Z.
For any integer My > 2v(e), Qy, », is & subgroup with finite index in Py
hence every such cell C mod Py splits into finitely many cells D mod QR
with the same center, bounds and type as C. The integer M, can be chosen
arbitrarily large, in particular greater than M,. Let D be the family of all these
cells D. From (I0) and Lemma [2.9] we derive that for every i € I, every D € D

contained in u; *(4;) and every (z,t) € D

“i,D

0 (1) = U (2, )i, p (@) (N5 (£ = ()] ) (11)

where ﬁin = hic and a;p = ;¢ with C the unique cell in C containing
D. The factor Uy, in () can be written U, _, ., by Remark 210 Thus (1)
implies that h; p takes values in P.. So by Theorem[2.§ there is a semi-algebraic
function h; p such that Bi, p = h{ p. As a consequence, from (I it follows that
there is a semi-algebraic function x; p with values in U, such that for every
(z,t) € D

@4, D

Oi.n(,t) = Xi,0 (2, )Uny—v(e) (z, 1) hi, D (2) [)\Bl (t - cD(x))] e (12)

By construction ng — v(e) > n hence the factor Uy, _,) can a fortiori be
replaced by U,. Then x; pl,, (which is just U, ,,) replaces X, pUp,—v(e) in (),
which proves the result.

]
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5 Cellular complexes

For this and the next section, let G be a fixed semi-algebraic clopen subgroup
of K* with finite index. Then vG is a subgroup of Z with finite index, hence
vG = Ny Z for some integer Ny > 1. Our aim in these two sections is to prove
that every finite family of bounded largely continuous fitting cells mod G, such
as the one given by Theorem .6 can be refined in a complex of cells mod G
satisfying certain restrictive assumptions defined below.

Notation. For every largely continuous fitting cell A mod G in K mH1 with
socle X, and every semi-algebraic set Y contained in X let:

o 0 A=(ca,0,0,{0})y if 74 =0o0nY, 8Y A = 0 otherwise;
] 811/14 = (EA, Z7A,,L_LA,GA)|Y if i 7é OonY, 811/14 = () otherwise.

Provided that on Y, 74 and fi4 either take values in K or are constant, 9% A
and 0y A are (if non-empty) largely continuous fitting cells mod G contained in
AN (Y x K). Intuitively, we can represent them (when v4 # 0 and 74 = 0 < fia
on Y) like this:

Remark 5.1. If X is a partition of Y_, the family of non-empty 9% A for
i €{0,1} and Y € X form a partition of A.

Given two cells A, B in K™% and an integer n > 1, we write B <" A if
B C A and if there exists @ € {0, 1} and a semi-algebraic function hp 4 : B — K
such that for every (z,t) in B:

t —ca(w) = Un(x,t)hp a(z)* (t — cp(x))

We call hp 4 a <"-transition for (B, A). If A, B are families of cells in Kmtl
we write B <™ A if B <™ A for every B € B and A € A such that B meets A.

A <"-system for (B,.A) is then the data of one <"-transition for each possible
(B,A) in B x A.

Remark 5.2. For any two finite families A, B of cells mod G, if B refines A
and belongs to Alg,, A then B <™ A.

A closed <™-complex of cells mod G is a finite family A of largely contin-
uous fitting cells mod G such that | J A is closed, the socle of A is a complex of
sets and for every A, B € A if B meets A then for some i € {0,1}, 0% A is a cell
and B<" 9% A, with Y = B. If moreover B = i, A we call A a closed cellular
complex mod G. As the terminology suggests, we are going to prove that
closed <1™- and cellular complexes are complexes of sets in the general sense of

9The condition 8*Y A is a cell means that on Y, fis and 04 either take values in K* or
are constant.
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Section 2] (see Proposition[5.3). Any subset of a closed <™-complex (resp. closed
cellular complex) is a <™-complex (resp. a cellular complex. As usually we
call them monoplexes if they form a tree with respect to the specialization
order. R

When A is a <™-complex of cells mod G, for every Y € A and every cells A,
B in A such that B meets A, there is an integer o € {0, 1} and a semi-algebraic
function hp 4 : B — K such that for every (z,t) in B:

t — ea(z) = Un(x,t)hp a(x)® (t — cp(x))

An inner <"-system for A is the data of one function hp 4 as above for every
possible A, B € A.

Proposition 5.3. Let A be a closed <"-complex of cells mod G. Then A is
a closed complex of sets. Moreover, for every A,B € A and every Z € A if B
meets 0% A then B = 0%,A = Greyz.

Proof: By assumption the socle of every cell A in A is relatively open and
pure dimensional. Thanks to the restrictions we made on the bounds in our
definition of presented cells, it follows that A is also relatively open and pure
dimensional.

In order to show that A is a partition, let A, B be two cells in A which are
not disjoint and let X = A. Both B and X belong to A and are not disjoint,
hence B = X. Since B meets A C A, by assumption B is contained in 0% A with
i = tp B. But then 0% A meets A, hence obviously is equal to A. So B C A,
and equality holds by symmetry. R

Now let A be any cell in A and X = A. Since |J A is closed, every point
of A belongs to a unique B € A. Since B meets A, by assumption B C 0% A
with Y = B and i = tp B. In particular B C A, which proves that A is a union
of cells in A (hence so is A since A is a partition and A is disjoint from A).
This proves that A is closed complex of sets.

The last point follows. Indeed, if B meets 0% A C A then it is contained in
i, A for some i € {0,1}, with ¥ = B. In particular %A meets 9% A. They are
two pieces of a partition of A (see Remark (1)) hence 9% A = 9% A. Therefore
Y =Zandi=0,s0 BCd%A. That is, B is of type 0 and cp = ¢4 on B = Z,
so B = Grégz = 0%A.

]

Proposition 5.4. Let A be a finite family of largely continuous fitting cells mod
G and n > 1 an integer. There exists a <""—complex D of cells mod G refining
A such that D <™ A.

In the next section we will prove that one can even require that D is a cellular
monoplex mod G.

Proof: The proof goes by induction on d = dim UJZ If a <™-complex D7 is
found which proves the result for a family A" of cells mod G containing A™
then obviously the family D of cells in Dt contained in | J.A proves the result
for A. Thus, enlarging A if necessary, we can assume that |J.4 and U.Z are
closed. By Denef’s Theorem 2.TT] and Remark there is a finite family B of
largely continuous fitting cells mod G refining A such that 5 <™ A. Replacing
A by this refinement if necessary we can also assume that A is a partition.
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If B is any vertical refinement of .A then obviously B<".A. Thus, by taking if
necessary a finite partition X refining A and replacing A by the corresponding
vertical refinement (that is the family of all cells AN (X x K) with A € A
and X € X contained in A) we can assume that 4 = X is a partition. By
the same argument we can assume as well that for every A € A and every
X € X contained in X, the restrictions of jis and 74 to X take values in K*
or are constant, hence 0% A (resp. 9% A) is a cell with socle X whenever it is
non-empty. By Remark we can even assume that it is a complex of pure
dimensional sets. Let A be the family of X € X with dimension d. Note that
every X € Xy is open in [J X because X is a complex and dimJ X = d.

For every X € Xy let Ax be the family of cells in A with socle X. For
every cell A € Ax of type 1 such that v4 = 0, Grea is contained in A hence
in |JAx since | J A is closed and A is a partition. It may happen that Grea
does not belong to A. With Proposition 5.3l in view we have to remedy this.
Every point (x,ca(z)) in Grea belongs to some cell B in Ayx. This cell must
be of type 0 otherwise the fiber B, = {t € K : (x,t) € B} would be open,
hence it would contain a neighbourhood V of ¢4 (z) and so {x} x V would be
contained in B and meet A, which implies that B C A since Ay is partition, in
contradiction with the fact B meets Grcy. So there is a finite partition V4 of
X in semi-algebraic pieces Y on each of which there is a unique cell B € Ax of
type 0 whose center coincides with c4 on Y. Repeating the same argument for
every A € Ax and every X € X, gives a finite partition ) of |J Xy finer then
every such V4. Let X’ be a complex of pure dimensional semi-algebraic sets
refining X U Y. Replacing if necessary A by the vertical refinement defined by
X', we can then assume from now on that for every X in X; and every A € A
with socle X, if vy = OAthen Grcy belongs to A.

Let Ay ={A € A: A€ X;} and B be the union of A\ A, and of the family
of non-empty 9% A for i € {0,1}, A€ Ay and Y € X'\ X;. Clearly dim{JB < d
so the induction hypothesis gives a <1"—complex C of cells mod G refining B
such that C <™ B. A fortiori C <™ (A \ Ag) because the latter is contained in
B. So if we let D = C U Aqg, then D refines A and D <" A. It only remains to
check that D is a <"-complex, and first that D is a complex of sets.

Note that A; = Xy hence D = CU Ag = CU X, is a partition, and every
set in D is pure dimensional and relatively open (by induction hypothesis for C
and by construction for X,;). For every X € 73, we have to prove that 0X is a
union of sets in CU Xyg. f X € C this is clear because C is a complex. Otherwise
X € X; hence 0X is a union of sets in X (because X is a complex). All these
sets have dimension < d = dim X hence belong to X' \ X;. But C refines B,
which contains A \ Ag, whose socle is X \ X, hence C refines X' \ Xy. Thus dX
is also the union of sets in C hence of D. N R

Now let D, E € D be such that F meets D, let X = D and Y = E. By
construction 9% D and 9% D are cells (if non-empty) and cover DN (Z x K). So
there is i € {0,1} such that 9% D is a cell which meets E. We have to prove
that £ <™ 9% D. Note that Y meets the socle of D, which is contained in X,
hence Y = X or Y C 9X because D is a complex. So, if dim X < d then also
dimY < d hence D, E € C. In that case E <" 8% D because C is a <"—complex.
Thus we can assume that dim X = d, that is D € A;. We know that Y = X
or Y C 90X. In the first case Y = X hence 8}'(D € Ag C D by construction,
so B = 9% D because D is a partition. In the second case Y € C hence E € C.
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Now Y is contained in some Z € X\ X; because C refines X \ Xy, and E meets
9%, D. By construction 8% D belongs to B. Since C <" B it follows that E <" 9% D
hence a fortiori E <™ 8}, D because E CY x K and 8}, D = 8,D N (Y x K).
[

Before entering in more complicated constructions, let us mention here two
elementary properties of fitting cells which will be of some use latter.

Proposition 5.5. Let A C K™ be a cell mod G of type 1. Then:

® L4 s a fitting bound if and only if ua = oo or U,uA(g) CovGy.

-~

e v, is a fitting bound if and only if va =0 or vva(A) CvG4).

Proof:  The case where ua = oo being trivial, we can omit it. If pa # oo
is a fitting bound then obviously vua(A) C vG 4 because v(t — ca(x)) € vGa
for every (z,t) € A. Conversely assume that vpa(A) C vG4. Let o be any
clement of A. We have to prove that |pa(z)| = max{|d| : d € D,} where D, =
{t—ca(z) : (x,t) € A}. D, is bounded since pq # oo, hence by Corollary [ZT]it
contains an element d of maximal norm. By construction |d| < |ua(z)|. Assume
for a contradiction that |d| < |pa(z)|, that is v(d/pa(x)) > 0. By construction
v(d) and vpa(z) belong to vGa4 = vAa + vG hence v(d/pa(z)) € vG = NoZ.
Thus v(d/pa(x)) > No, that is |d| < |7Nopa(z)|. Pick any g € G such that
v(g) = Ng and let t/ = ca(x) +d/g. We have t' —ca(x) =d/g € Ga, |va(x)] <
|d| < |d/g| and |d/g| < |pa(z)|, hence (z,t') € A. So t' — ca(x) € D, and
|d| < |t' — ca(z)|, a contradiction. The proof for v4 is similar and left to the
reader.

[

Proposition 5.6. For every fitting cell A mod Qn, m, in K™, if A C RmT!
then vua > —Mjy.

Since A C R™T!, one may naively expect that |ua| < 1, that is vua > 0.
The presented cell A = (—7~Mo g=Mo 7z=Mo /) is a counterexample in
K: it is contained in R (it is actually equal to R) and vpua = —My < 0.

Proof: Assume the contrary, that is vua(x) < —My for some x € A. Since A is
a fitting cell there is t € K such that (x,t) € A and v(t—ca(x)) = vua(x). Since
A C R™ ¢t € R hence v(t — ca(x)) < 0 = v(t) implies that vea(x) = v(t —
ca(z)) = vpa(r). So there are a € R and g € Qn s such that ca(z) = axMot!
and t — ca(x) = Aag. In particular v(Aag) = v(t — ca(x)) = vua(z) < —My
so ™Mo g ¢ R. Now let t' = t + 7Mo)X,g, then t' ¢ R since t € R and
7Mo)4g ¢ R. On the other hand 1+ 7™ € Qn, n, and

t' —ca(z) =t —calz) + 7 Nag = Aag + +7MoNg9 = Aa(1 + 7Mo)g.
So t' —ca(z) € AaQny.m, and v(t' — ca(z)) = v(Aa(l + 7M0)g) = v(Aag) =

vpa(z). Thus (z,t') € A, a contradiction since ¢’ ¢ R and A C R™*1L.
]
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6 Cellular monoplexes

We keep as in Section [l a semi-algebraic clopen subgroup G of K* with finite
index, and Ny > 1 an integer such that vG = Ny Z. Lemmal6.Il below (together
with Lemmal[7.T0) is the technical heart of this paper. All this section is devoted
to its proof.

Lemma 6.1. Assume T,,. Let A be a finite set of bounded, largely continuous,
fitting cells mod G in K™t Let Fy be a finite family of definable functions
with domains in A. Let n,N > 1 be a pair of integers. For some integers e,
M > 2v(e) which can be made arbitrarily large (in the sense of footnote [1]),
there is a tuple (V, p, D, Fp) such that:

e D is a cellular monoplex mod G refining A such that D <™ A.
o Fp is a <"-system for (D,.A).

e (V,p) is a triangulation ofld 7 U Fp U CB(D) with parameters
(n,N,e, M), such that D = p(V).

Note that, in order to obtain this result, it does not suffice to find a contin-
uous monoplex D of well presented cells mod G refining A such that D <™ A,
and then to select an arbitrary <"-system Fp for (D,.A) and to apply T,, to
FoUFpUCB(D). Indeed, this will give a triangulation (V, ) of FoUFpUCB(D).
But ¢(V) will then be a refinement of D, not D itself. It is then tempting to
refine vertically D, that is to replace D by the family & of cells DN (p(V) x K)
for D € D and V € V such that o(V) C D. This ensures that £ = (V) and &
is a cellular complex such that £ <™ A. But £ is no longer a monoplex.

In order to break this vicious circle we have to build V, D and Fp simul-
taneously. The remaining of this section is devoted to this construction. It is
divided in three parts: (Bla) preparation, ([@b) vertical refinement, ([Glc) hori-
zontal refinement.

6.a Preparation

Given a family & of subsets of K™, we let Fgx denote the family of all the
restrictions fix with f € Fo and X € X contained in the domain of f. By
the same argument as in the beginning of the proof of Proposition 5.4 we can
assume that | JA is closed. Finally, replacing if necessary A by a refinement
D given by Proposition 5.4 and Fy by Fojx with X = 73, we are reduced to
the case where A is a closed <1"—complex of bounded cells mod G. Enlarging
Fo if necessary, we can, and will, assume that it contains CB(A) and an inner
<"-system for A. For some integers e, M > 2v(e) which can be made arbitrarily
large, T, gives a triangulation (S, ¢) of Fy with parameters (n, N,e, M). For
every A € A we let S = o1 (A).

Since [ J A is bounded and closed in K™% its image | J A by the coordinate
projection is closed in K™ by Theorem Now ¢ is a homeomorphism from
WS to JA, hence S is closed by Remark ZT9

Let A’ be the family of cells AN (p(S) x K) for A € A and S € S such that

»(S) C A, and let Fo = Folp(s)- Since every cell in A" has the same center

10Recall that CB(D) denotes the family of center and bounds of the cells in D.
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and bounds as the unique cell in A which contains it, clearly A’ is still a closed
<"—complex, F{ contains CB(A") and an inner <™-system for A’ and (S, ¢) is
still a triangulation of F}. Thus, replacing (A, Fo) by (A’, F}) if necessary, we
can assume that ¢(S) = A, that is S4 € S for every A € A.

A preparation for (S, ¢, A, Fy) is a tuple (T, B, F) such that:

(P1) T is a simplicial subcomplex of S. We let S;7 ={S € S:5C YT}, and
Ajr be the family of cells A € A such that S4 € Sj7. Note that:

o T is closed because | T is closed in 4 S.

e By Remark 2.T9 it follows that the image by ¢ of |J T, that is the
socle of A7, is closed too.
e Hence A|7 is closed because | J. A7 is the inverse image of its socle

by the (continuous) coordinate projection of | J.4 onto | J A.

(P2) B is a cellular monoplex mod G refining A7 such that ¢(7) = B. For

every B € B we let Tg = ¢~ 1(B). Note that B is closed because |JB =
UAT-

(P3) B<™ Ajr and Fp is a <"-system for (B, Ajr).

(P4) T together with the restriction of ¢ to [ 7, which we will denote ¢|7, is
a triangulation of Fi U CB(B) with parameters (n, N, e, M). Note that,
since T refines Sj7 and (S, ¢) is a triangulation of Fo, (7, ¢|7) is also a
triangulation of Fo|x with & = (7).

Remark 6.2. Obviously (0,0,0) is preparation for (S, ¢, A, Fy). Given an
arbitrary preparation (7, B, Fg) for (S, ¢, A, Fo) such that T # S, and S
a minimal element in S\ §7, it suffices to build from it a preparation (U,C, F¢)
such that U = YT U S. Indeed, Sy contains one more element of S than
Sj7 thus, starting from (0, 0,0) and repeating the process inductively we will
finally get a preparation (V, D, Fp) such that |§V = S, hence A, = A. (P4)
then implies that (V, ¢) is a triangulation of Fy U Fz U CB(B) with parameters
(n,N,e, M). So the tuple (V, ¢, D, Fp) satisfies the conclusion of Lemma [6.T]
which finishes the proof.

So from now on, let (7, B, Fg) be a given preparation for (S, ¢, A, Fy) such
that (47 # B S. Let S be a minimal element in S\ Sj7 and Ag = {A € A:

A= ©(S)}. The minimality of S ensures that every proper face of S belongs to
Sj7, hence Y SU S and |J(Aj7 U As) are closed.

Claim 6.3. Let A be a cell of type 1 in As, T a simplex in T contained in S,
andY = (T). If 74 =0 onY then Greay = 8% A belongs to B. If moreover
fia # 0 onY then 0-A is covered by the cells in B that it meets, and among
them there is a unique cell B: whose closure meets 0% A. More precisely:

B%" = (EA\Ya 0, KBl GA)

and either |upy| = |pal on Y, or [upy| < |7Nofia|l on Y. In particular the
closure of B contains 9% A.
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Proof: Note first that for every i € {0,1}, 0% A is contained in A hence in |J.A
since it is closed by assumption. Every cell in A which meets 9% A is contained
in it since A is a <"-complex, and belongs to Ajr (otherwise its socle would
not meet Y since Y C (Jo(T)). Since B refines A7 it follows that 0% A is the
union of the cells B in B which it contains.

In particular, if 74 = 0 on A then 9% A # ) hence it contains a cell B € B.
Necessarily B is of type 0 since 8% A is so, and thus B = 9% A since they have
the same socle Y. This proves the first point.

For the second point, since 74 = 0 # fig on Y both %A and 93 A are
non-empty. Now 9% A is contained in the closure of 8- A, which is the union of
the closure of the cells in B contained in 8- A. Hence necessarily the closure of
at least one of them, say B, meets 0% A.

B meets Y and both of them belong to B so B =Y. Since BN (Y x K)
meets 9% A and B C 91 A is disjoint from 8% A, B must be of type 1 with vp = 0
because otherwise B would be closed in Y x K. Tt follows that BN (Y x B) is the
union of B and 8% B, and the latter meets 93 A. By the first point 9. A € B. By
Proposition 5.3 applied to B, 8% B € B. Thus 8{-B = 8- A, in particular they
have the same center so cp = €4|y. Pick any (z,t) € B, so that t —cp(x) € Gp.
B is contained in 9% A hence t — ¢4(z) € G4. Since cp(z) = ¢a(z) it follows
that Gg N G4 # () hence G4 = Gp.

This proves that B = (Ca|y, 0, #B, G ). The uniqueness of B follows. Indeed
if B’ is any cell in B contained in 93 A whose closure meets 9%-A, the same
argument shows that B’ = (C4}y,0, up’, Ga). This implies that for any ' € K
such that ¢ — ¢4(z) is small enough and belongs to G4, the point (z,t") will
belong both to B and B’, so B = B’.

If [up| = |fiay | we are done, so let us assume the contrary. Then |up(x)| #
|Za(x)| for some z € Y. B is a fitting cell so let t € K be such that (z,t) € B
and |t — cp(z)| = |up(z)|. We have |t — ca(x)| < |fa(z)| because (z,t) € 04,
so |up(x)| < |pa(z)|. We are going to show that |up| < jia| on Y. Since 93 A
is a fitting cell it follows that 94 A is not contained in B, so there is at least one
other cell C in B contained in 9. A. Now C is contained in Y and both of them
belong to B so B =Y. For each y in Y fix ty in K such that (y,t,) € C. Since
C is contained in 9y A we have:

0 < |ty —caly)| < |pa(y)| and t, —ca(y) € Ga

Necessarily |up(y)| < |ty — ¢a(y)| because otherwise (y,t,) would belong both
to C and B, a contradiction. Hence a fortiori |up(y)| < |fa(y)|. By Proposi-
tion [5.5] this implies that [up(y)| < [7N0fia(y)| because B and A are fitting cells
mod G, vG = NoZ and Gg = Ga. So |up| < |[7™°[i)y| in that case, which
proves our claim.

[

We can start now our construction of a preparation (U,C,F¢) for
(S, ¢, A, Fo) such that HU = |4 T US. We are going to refine Ag twice. First
“vertically”, according to the image by ¢ of a certain partition of S which,
together with 7, forms a simplicial subcomplex U of S refining Sj7 U {S}
(Claim [63). Then “horizontally” by enlarging the cells in B contained in the
closure of | Ag in such a way that the family of these new cells, together with 5,
forms a cellular monoplex C mod G refining Aj7-UAs = Ay, such that C <™ Ay,
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The point of the construction is to ensure that C comes with a <"-system F¢
for (C, Ap) such that (U,C, F¢) is a preparation for (S, ¢, A, Fo).

6.b Vertical refinement

Let Tg be the list of proper faces of S. We first deal with the case when S is
not closed, that is Tg # (). For every A in Ag let:

(v, 1h) = (caop,vaop,iac)s

For every T € Tg and every A € Ag let ®p 4(t,€) be the formula saying
that (¢,e) € T x R* and that one of the following conditions hold, with ny =
max(n, 1+ 20N):

(A1), .: 75(t) # 0 and for every s € S such that ||s — ¢]| < [|e]:
ca(s) = ca(B)] < [7™ P4 (D)

and [ (s)] = 75 (0] and |u% ()] = 725 (0)

(A2);: 75(t) =0, 5% (t) # 0 and for every s € S such that ||s — ¢]| < |e|:

[ca(s) = ea(®)] < |7 = opug(t)]
<

and [ (s)| < |u%(t)] < 2% (t)| = |pS(s)| where B is the cell B} given by

Claim 631

(A3).: 75(t) = 55 (t) = 0.

Let ®(t,e) be the conjunction of the (finitely many) ®r 4(t,e)’s as T' ranges
over Tg and A over Ag. Finally let ¥(t,¢) be the formula saying that that |e]| is
maximal among the elements ¢’ in R* such that K |= ®(t,&’). Obviously U(t,¢)
implies ®(t,¢).

By continuity of the center and bounds of A, for every ¢ € T there exists
eer,A4 € R* such that K |= &7 4(t,er,7,4). Hence for every t € 0S there is
¢ € R* such that K = ®(t,e) (every e € R* such that |e| < |e;,1 4| for every
(T, A) € Ts x Ag is a solution). For every t € 95, the set F; of elements e
of R* such that K | ®(¢,e) is semi-algebraic, bounded and non-empty. So
by Corollary [Z7 there is €, € E; such that |e;| is maximal in |Ey|, that is
K |= ¥(t,e). Theorem 2.8 then gives a semi-algebraic function € : 9S — R*
such that K |= U(t, e(t)) for every t € 35, hence a fortiori:

Vt €8S, K | ®(t,e(t)). (13)

Claim 6.4. Lete: 0S5 — R* be the semi-algebraic function defined above. Then
the restriction of |e| to every proper face T of S is continuous.

Proof: Note first that if K = ®p a(t,e’) for some ¢t € T and &’ € R* then
K |=®p a(t', ') for every t' € TN B where B = B(t,¢’) is the ball with center
t and radius €'.

Indeed, assume for example that 75 (¢) # 0, hence (Al); . holds true. It
asserts that for every s € SN B

a(s) = Ea(B)] < [7™" va(t)] (14)
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and |va(s)| = [P (t)] and |pa(s)] = |54 (t)]. Now T'N B C SN B hence, as s
tends in S N B to any given t’ € TN B we get

|4 (t) — A (@) < |7 va(t))| (15)

and |va(t)| = |75 (¢)] and |pa(t')| = |55 (¢)]. By combining ([I4) and (I3) with
the triangle inequality we obtain that for every s € SN B

i (s) = ea(t)] < [7"pa(t)] = |7 2a(t')]

and [p4(s)| = 2% (#)], that is (A1)

Assume now that 1% (t) = 0, hence 74 (t) = 0, that is (A3); holds true. Then
o(T) € A and fia(p(t)) = 0 imply that fis = 0 on (T because A is a closed
<q"—complex (see foonote[). So a5 = 74 =0 on T, and (A3)y follows.

The intermediate case (A2), . where 79 (t) = 0 and 1% (¢) # 0 is similar, and
left to the reader.

Now it follows that if K |= U(t,e’) and ||t' —t|| < |¢'|, then K = ¥(¢,e”) if
and only if |¢'| = [¢”]. So |e(t)| = |e(t')] for every ¢,¢ € T such that ||t — /| <
le(t)]. Thus |e]| is locally constant, hence continuous on 7.

[

Theorem 217 applies to S, Ts and the function . It gives a partition Ug of
S such that Ugs U Tg is a simplicial complex, for each T" € Tg there is a unique
U € Ug with facet T, and for every u € U:

[w = mo (w)|| < le(mo ()] (16)

where 7y is the coordinate projection of U onto T' (see Remark 2ZT5]). On ¢(U)
let oy = @ oy o 1. This is a continuous retraction of p(U) onto o(T).
For every U € Us and every A € Ag let

Ay = An (p(U) x K). (17)

Let Ty = 0 if U is closed, and Ty € Tg be the facet of U otherwise. Finally let
U=UsUTs.

Claim 6.5. With the notation above, U is a simplicial subcomplex of S refining

Sj7U{S} and containing T. For every U C S inU and every A € As, Ay s
a largely continuous fitting cell mod G. Moreover if U is not closed then:

1. If |[pa] # 0 on o(Ty), then for every x € Ay:
|eaz) = ea(ou ()] < |7 Palov ()] (18)
lva(x)| = [Palou ()] and |pa(z)| = |falov(z))] (19)
2. If [pa] = 0 < |fia| on o(Ty), then for every x € Ay :
lea() = ealou ()| < |7 N pp(ov ()] (20)

lva(z)| < |pp(ov(@))| < |palov(z))] = [pa(2)] (21)
where B is the cell BY. given by Claim [6.3
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Proof: By construction U is clearly a simplicial complex refining 7 U {S},
hence refining §j7- U {S} since T refines Sy For every U C S in U and every
A€ Ag, Ay is alargely continuous fitting cell mod G by (7)), because A is so.
If moreover U is not closed let T' = Ty € Tg be its facet, let x be any element
of Ay = ¢(U), s=¢ (z) €U and t = 7y (s) € T, where 7y is the coordinate
projection of U onto T' (see Remark ZTH). Note that oy (z) = ¢ oy (s) = ¢(t)
hence ¢4(oy(z)) = & (t), and similarly for 74 (oy(z)) and fa(ov(z)). By (@3)
we have K |= ®(t,e(1)).

If |7a| # 0 on ¢(T') then 75 (t) = va(ou(x)) # 0 hence ®(t,e(t)) says that
(Al ts(t holds for t. By (@Q), ||s —t|| < |e(t)] so (1) and ([II) follow from
(Al)¢ep). Similarly, if [7a] = 0 < [fza] on ¢(T') then 20) and (ZI) follow from

( 2)tet)-

This finishes the construction of the vertical refinement of Ag if S is not
closed. When S is closed we simply take # = S} U {S}. Claim [6.5] holds true
in this case too, for the trivial reason that there is no non-closed U C S in U.

Remark 6.6. For every U € Ug, if v4, = 0 then Grey, = By for some
B € As. Indeed vyj,w) = va, = 0 implies that v4 = 0 (thanks to our
definition of presented cells) hence Grey = 82( )4 belongs to A: it is contained

in A, hence in | J A since the latter is closed, in particular it meets at least one
cell B in A, and the last point of Proposition then gives that B = Grey.
Thus B = Grea € Ag, and clearly Grea,, = By.

6.c Horizontal refinement

For every A € Ag we are going to construct for each U € Ug a partition £4 ¢ of
Ay, and for each E in €4y a semi-algebraic function hg 4, : ¢(U) — K such
that:

(Pres) E = o(U) = Ay and E is a largely continuous fitting cell mod G.
(Fron) One of the following holds:

(01) OE=10.

(82) OE = Greg and Greg € Ecp for some C € Ag.

(83) E = B for some B € B, in which case U is not closed, B = ¢(Ty)
and:
(cB,vB, 1iB) = (CB, VE, IE)|p(Ty)-

(Out) E <™ Ay and hg a4, is a <"-transition for (E, Ay).
(Mon) cropu, peo@y, VEoww and hg a, o gy are N-monomial mod U ;.

This last construction will finish the proof of Lemma Indeed, assuming
that it is done, let C be the union of B and all the cells E in £4 ¢y for A € Ag
and U € Ug. Let F¢ be the union of the family of the corresponding functions
hg 4, and of Fg. By Claim [65 ¢/ is a simplicial subcomplex of S such that
WU =T US. The assumption (P2) for B, together with (Pres) and (Fron),
give that C is a cellular monoplex mod G refining A7 U As and that p(U) = C.
The assumption (P3) for B and Fp, together with (Out) above, give that
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C <™ Ay and Fe is a <"-system for (C, Ap). Finally the assumption (P4)
for (T,¢7) together with (Mon) ensure that (U,p),) is a triangulation of
Fe U CB(C) with parameters (n, N,e, M). So (U,C,Fc) is a preparation of
(S, ¢, A, Fo), and since U = |4 T U S we conclude by Remark 6.2

Solet A€ Ag and U € Ug be fixed once for all in the remaining.

Remark 6.7. Recall that (S,¢) is a triangulation of Fy, and Fy contains
CB(A). In particular ca o p|g is N-monomial mod U, hence a fortiori c4o @y
is so. By (1) ca, = cajpw) hence ca, o oy = cao . Thus ca, o
is. N-monomial mod U, and so are pa, o ¢y and va, o ¢y by the same
argument.

Let us first assume that U is closed. We distinguish two elementary cases.

Case 1.1: 4, =0o0r vy, #0.
Then Ay is closed. We let 4.y = {Av} and ha, 4, = 1. (Pres), (01), (Out)
and (Mon) are obvious (using Remark [6.7] for the latter).

Case 1.2: 0= |va,| < |payl|

We let Eav = {Au} and ha, 4, = 1. Again (Pres), (Out) and (Mon) are
obvious (same as Case 1.1). Moreover 0Ay = Grca, = Grea, which belongs
to As by Remark 6.6l If we let B = Greca, we have By = Grega,, and pug, =0
hence Ep v = {By} by the previous case. So Ay = Grea and Grey € Ep v,
which proves that (92) holds true.

These cases being solved, we assume in the remaining that U is not closed.
Recall that Ty is then the facet of U and belongs to 7. By construction do(U) =
©(0U) = p(Ty) = ¢(Ty). For the convenience of the reader, each of the
following cases is illustrated by a geometric representation of its conditions
(almost like if we were dealing with a cell A over a real closed field, except

that the vertical intervals representing the fibres of A over A can be clopen). In
this figures Ay is represented by a gray area in K2, its bounds by dotted lines,
its socle ¢(U) by the horizontal axe, dp(U) = ¢(Ty) by a dot on the left bound
of p(U), and AN (¢(Tyy)i x K) by a thick line or dot on the vertical axe above

o(Ty).

Case 2.1: |fia,| =0 on o(Ty).

or

We let E4v = {Av} and ha, 4, = 1. (Pres), (Out) and (Mon) are obvious
as in the previous cases.

o Sub-case 2.1.a: va, # 0 or pua, =va, = 0. Then 0Ay is the closure of
GrCay|p(1y) = GrCajp(1y)- The latter belongs to B by Claim [6.3] which
proves (03).
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o Sub-case 2.1.b: vy, =0 # pa,. Then 0Ay is the closure of Grey,,. By
Remark[6.6] there is a cell C' € Ag such that Cyy = Grega,,. Then pe, =0
(because Ay is a fitting cell) hence o,y = {Cy} by the previous sub-case.
So 0Ay = Grea, and Grey, € Ecu, which proves that (02) holds true.

Case 2.2: 0 < |7a] on ¢(Ty).

In this case, by Claim [6.3] aé(TU)A = AN (p(Ty) x K) is the union of the
cells B € B which it contains. For every such B, B = o(Ty) (because B = ¢(T)
and B C ¢(Ty)) and we let:

Ep = (cgooy,vpooy,upooy,Gg)

These Ep’s form a family £4.¢ of two by two disjoint largely continuous cells
because the various cells B involved are so and:

(x,t) e Ep < z € Ay and (ov(z),t) € B. (22)

Each Ep has socle p(U) = Ay and for every z € ©(U), oy(x) belongs to
o(Ty) = B. If B is of type 0, then so is Ep and pp(oy(z)) = 0 (because
B is a fitting cell of type 0) hence Ep is a fitting cell. If B is of type 1, then
up(ou(x)) € vGp by Proposition[5.5] (because B is a fitting cell of type 1). That
is upy(x) € Ggg, hence pg, is a fitting bound by Proposition Similarly
Vg, is a fitting bound, so Ep is a fitting cell. This proves (Pres), and one can
easily derive from ([22)) that 9Ep = B so that (93) holds true. Note also that
CEp © QU is N-monomial mod U, because cp o ¢y, is so and cg, o oy =
CBooy opy =cpoypomy = cpoyr,. The same reasoning applies to vg,
and ptg,. So the next claim finishes to prove that £4,¢ is a partition of Ay and
that (out), (Mon) hold true.

Claim 6.8. Ep <™ Ay and there is a semi-algebraic <" -transition hg, a, for
(EB, Av) such that hg, A, © @u is N-monomial mod Ue .

Proof: For every (z,t) in Ep, let us prove that (z,t) belongs to Ay. Since

z € Ay it suffices to prove that (x,t) € A. By construction (oy(x),t) belongs

1 .
to B hence to 8¢(TU)A So:

‘EA(UU(:E))| < |t—EA(JU(:E))| < ‘,L_LA(O'U(SC))‘ and t — ca(opy(x)) € Ga (23)
By @) [va(z)| = [7a(ou(x))] and |pa(z)| = |a(ov (x))|. Moreover by (I8):

‘(tch(SC))7(t75A(O'U(:L')))‘ = ‘CA(:L')féA(O'U(SC)‘
|7 Za(ou ()] (24)
|t —2a(ov(@))]

ANVAN
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Thus |t — ca(z)| = |t — ¢a(oy(z))| and by @3):
a(@))] < [t = ca(@)] < |pa(z)]
Moreover by (24):

t—ca(x)

_t—cal@) m _Palou(@))
t—calou(z))

t —calou(z) = |7r”1} (25)

1}< s

ny > 2uN hence 14+ 7" R C Py by Hensel’s lemma. Since t —¢a(oy(z)) € Ga
by @23) and G4 € K* /P, it follows that ¢t — ca(z) € Ga. So (z,t) € A which
proves that Eg C A.

It remains to check that Ep <" Ay, and to find a <™-transition for (Eg, Ay ).
For every (x,t) € Ep let:

wpz,t) = 7" (&(@)) - 1)

t—caloy(x

By [28) wp takes values in 7™~ ™R hence in R since n; > n, thus for every
(.’L‘,t) € Ep:

t —ca(®) =Up(z,t)(t — calou(2))) (26)
with U,, = 1 + n"wp in this case. We have B C ai(TU)A and by (P3) B<" Ajr.
Since A is a closed <"-complex this implies that for some A’ € A we have

Bam A qQ” 8;(TU)A. Let hg € Fo be a <™-transition function for (4’, 8;(TU)A),

and hy € Fp a <"-transition function for (B, A’). Then for some ag, oy € {0, 1}
and every (z/,t') in B we have

¢ — eala’) = Un(a 1R () (1 — car(2)) ™

and 1
t = car(a) = Un(a )RS (&) (' = ep(a’))

hence t' — ¢a(2') = U (2/ ¢ )h(2")*(t' — cp(2’))1™ with h = chl,_C"‘)nglﬂyo)o‘1
and o = ag + a1 — agay. So h is a <"-transition function for (B,@;(TU)A).
Moreover hg o ¢, and hy o @7, are N-monomial mod Ue,,, by (P4), hence so
is h o pp,. For every (z,t) in Ep, (ou(x),t) € B so

e’

t—ca(ov(x)) = Un(, t)h(aU(:E))a [t —ca(ov(x))]

Combining this with (26]) and the definition of c¢g, = cp o oy we get

t—ca(x) =Un(z, t)h(oU(:E))a [t — CEg (x)} e

So Ep <™ Ay and hooy is a <"-transition for (Ep, Ay). Moreover hooyopy =
h o ¢ oy by definition of ;. The coordinate projection 7y of U onto Ty is
obviously 1-monomial, and % o ¢, is N-monomial mod U, by construction.
So h ooy oy is also N-monomial mod U, ,, and we can take hg, 4, = hooy.
[
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Case 2.3: 0= |7a| < |fa| on ¢(Ty) and v4 # 0.

.. B3, B2 —---" HBLOOU = HE

B,

Bob—

Let By = B, and By = By, the two cells in B given by claim Let:
E = (ca,va,pup, o ou,Ga)pw)

If |up,| = |Ba| on ©(Ty) then |up, o ou| = |pal on p(U) by @I)). Thus E and
Ay have the same underlying set. In this case we let £4 v = {E'} and properties
(Pres), (Mon), (93) are trivially true. So is (out), using Remark B.7 for c4 oy,
va oy, and (P4) for up, o oy o gy = U, © V|1 -

Otherwise |up, | < |fa| on ¢(Ty) by Claim and we let:

D = (ca,m Noup, ooy, pa, Ga)pw)

i, < |TV0fi] on ¢(Tyr) by Claim B3 [fi4 o 0| = |ual on @(U) by @I, so
lvp| = |7 Noup, o oy| < |fia o ou| < |ual = |pup| on @(U). Moreover A is a
fitting cell hence for every x € ¢(U) there is t € K such that (x,t) € A and
|t —ca(z)| = |pa(z)|, so (z,t) € D. Thus D is indeed a cell, with socle o(U).
It is actually a largely continuous cell, and pup = p4 is a fitting bound. Let us
check that vp = 7~Nopup, ooy is a fitting bound too. By is a fitting cell of type 1
with socle ¢(Ty7) hence pp, (¢(Tv)) € vGp, by Proposition[5.3l But G, = Ga
by Claim[63] G4 = Gp and ¢(Ty) = ou(p(U)) by construction, and Ny € vG
so vp(p(U)) C vGp. Thus vp is indeed a fitting bound by Proposition .5

Clearly Ay is the disjoint union of £ and D. Moreover the cells in B con-
tained in D N (p(Ty) x K) are exactly those contained in A N (¢(Ty) x K)
except By and B;. Thus the construction that we have done for Ay in case 2.2
applies to D because vp = 7~ Noup, # 0 on ¢(Ty) and because the analogues
of conditions (I8) and ([I9) that we used for Ay in case 2.2 hold for D in the
present case. Indeed by (20) we have

|cay (@) = eay (ov(2))| < |7~ "fip, (ou(2)].

This is just condition () for D since c¢p = ca,, and vp = 7~ Noup,. Moreover
condition (I9) for D is:

lvp| = |7p ooy| and |up|=|fip o oy|

The first equality is true by definition of vp as 7~ No

is true because pup = pa and because of (21).

So the construction of Case 2.2 gives a partition £ of D and for each £’ € &’
a semi-algebraic function] A .4y ¢ e(U) — K satisfying conditions (Pres),
(03), (out) and (Mon). Since E also has these properties (with hg 4, = 1 since
cg =caon p(U)) we can take E4y = {E}UE’.

1B, o oy. The second one

! Case 2.2 applied to D actually gives for each E’ € £ a <"-transition hps p for (E', D).
But D C Ay and ¢p = ca, so hgs p is also a <"-transition for (E’, Ay) and we can set
hir Ay = her D
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Case 2.4: [ia #0on ¢(Ty) and v4 = 0.

...B2, B .- E

Bo//c_A//—A

Let again B; = B%U be the cell given by claim[6.3] We are going to split Ay
in two cells £ and D to which previous cases apply. In order to do so, choose
any i € Supp U \ SuppTy. For every u € U let & (u) = u;, the i-th coordinate
of u. Clearly &; is largely continuous and & = 0 on OU = Tyr. So the function:

p=(&o " )N.(up, oou)

is largely continuous on Ay = ©(U) and i = 0 on ¢(Tyr), hence also on ¢(Ty) =
dp(U). Note that po ¢y is N-monomial mod U . Let:

E= (CA, 07 ﬂ-NOMa GA)\(Q(U)

D = (ca, pt, pa, Ga) o)

E and D are largely continuous fitting cells mod G which define a partition of
Ay. (Here we use that A is a fitting cell: for every x € o(U) there is t € K
such that (z,t) € A and |t — ca(x)| = |pa(z)| so (z,t) € D, which proves that
D is really a cell. That D, E are fitting cells and Ay = EU D then follows from
Proposition [5.8l) In particular E satisfies condition (Pres). Since vg = 0 and
jip =7 =0 on dp(U), we have OF = Grcg. By Remark 6.6 Grea, = Cy
for some C € Ag, and by Sub-case 2.1.1 applied to Cy, Grea, € Ec,u. This
proves (02) for F since cg = ca,. Let hg 4, = 1, this is a <"-transition for
(E, Ay) since they have the same center, so E satisfies (out). It also satisfies
(Mon), thanks to Remark 6.7 for cg = ca,, and because pug o oy = aNoy o ol
is N-monomial mod Uk, .

Case 2.3 applies to D because vp = u # 0, |vp| = || = 0 on ¢(Ty) and
lip| = |fal # 0 on ¢(Ty), and because the analogues of conditions ([20) and
2I) that we used for Ay in case 2.3 hold for D in the present case. Indeed
([0) holds for D because it holds for Ay, and because D and Ay have the same
center. Condition (2I)) for D is:

lvp| < |ps, coul < |fip o ou| = |up]

The first inequality is true because |vp| = || < |upB, 0 ou| by construction, the
second one is true by claim and because up = p4, and the last equality is
true because it is true for Ay by I)) and because up = pa, = pajpv)-

So the construction of case 2.3 gives a partition £ of D and for each E' € &’
a semi-algebraic function'? heay + ¢(U) — K satisfying conditions (Pres),
(Fron), (out) and (Mon). Since E also has these properties we can take £4.y =
{E}Ué&'.

128ame remark as in footnote [II}
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7 Cartesian morphisms

Let A be a cellular monoplex mod G such that [ J A is a closed subset of R™+1,
Let (U, 1)) be a triangulation of CB(.A) with parameters (n, N, e, M) such that
for every A € A, 91 (A) € U (we will denote it U,). Note that this is essentially
the data given by the conclusion of Lemma The aim of this section is to
build a triangulation (S, ¢) of A with the same parameters (n, N, e, M), together
with a continuous projection @ : |§ S — U such that the following diagram is
commutative.

UA<"—S

Lol
~ Y
UA<—WU

In order to do so we will make the assumption that G = Qn v with M =
M 4+ v(N) and M > v(N). In addition we temporarily assume that A is a
rooted tree, and U a simplicial complex in DM R% for some q;. We keep these
data and assumptions until the end of this section, where we finally state our
result in a more precise and slightly more general form.

The construction is done below through a series of claims whose guiding lines
is the following. We first book some place Fiy(ay(DM R?4) for each A € A. So we
consider A and U as trees, ordered by specialization, and build a pair of trees of
finite subsets of N* ordered by inclusion, H = (H(A)) ac4 and P = (P(A4)) aca,
such that H is isomorphic to A and P is isomorphic to U (Claim Then we
allocate this place F(a) (DM R44) to a simplex S4 which we build in it, together
with a semi-algebraic isomorphism ¢4 and a semi-algebraic projection ®4 such
that the following diagram is commutative (Claim [7.7]).

It is then the shape of the trees H and P which controls how the various pieces
glue together, so that S = (S4)4ec.4 is a simplicial complex (Claim [Z.8) and the
resulting maps ¢, ® are continuous on 4 S (Claims and [Z.9).

Claim 7.1. The faces of Ua are exactly the sets Ug with B < A in A.

Proof: Let B< Ain A, Y = B and i = tpB. Then, with the notation of
Section Bl B = 9%, A because A is a cellular complex. Since A is bounded, the
socle of A is closed hence Y must be contained in it. Since ¢ ~}(Y) = Ug, it
follows that Up is a face of Ua. Conversely for every face V' of U4, the set B =
63}(‘/)14 (resp. B = 61}}(‘,)14) is non-empty if 74y = 0 (resp. fia)y # 0) hence
belongs to A. One of these two cases necessarily happens (because |74| < |4
on Y'), which gives B € A such that Ugp = V.

]

Claim 7.2. Given any two cells B < A in A, B < A if and only if either
Up < Uy ortpB < tpA. In particular if B is the predecessor of A in A then
either Up s the facet of Ua, or Ug = Uy, in which case tp B =0 and tp A =1
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Proof: Recall that B = 8{'//1 withY = B = ¥(Up) and j = tp B. In particular
A=0iAwith X =Aandi=tpA Thus B # A if and only if Up # Uy or
tp B # tp A. Since Up < U4 by the previous claim, and obviously tp B < tp A
(otherwise 95, A = @) this proves the equivalence. In particular if Up = U, then
tpB<tpAhencetpB=0and tpA=1.

If B is the predecessor of A in A and Up # Ua, then Up < Uy by Claim [
Let V be the facet of Uy. Then Ug < V < A hence B < (’%(V)A < A. On the

other hand B is the predecessor of A in A, hence B = 8i(V)A. So B = (V)
and finally Ugp = V.
|

Given a strictly increasing map o : I — J with I C [1,r] and J C [1, 5],
we let [0] : K* — K" be defined by [0](y) = u where u; = y,(;) if i € I, and
u; = 0 otherwise. We say that an application f: S C K" — K?° is a Cartesian
map if for every I C [1,r] the restriction of f to SN F;(K") is of that form,
that is if there is J C [1, s] and a strictly increasing map o : I — J such that
f(y) = [o](y) for every y € S with support I. If X is the disjoint union of finitely
many sets X C K" for various k, then a Cartesian map on X is simply the
data of a Cartesian map on each X;. A Cartesian morphism is a continuous
Cartesian map.

Claim 7.3. There exists a pair of applications H, P from A to P(IN*) such
that H is strictly increasing and for every B < A in A:

(CO) Iftp A =0 then H(A) = P(A).

(C1) IftpA =1 then H(A) = P(A) U {ra} for some r > max P(A).

(C2) Card P(A) = Card(Supp U).

(C3) P(B) = H(B)NP(A) (in particular P is increasing and P(B) C H(B)).

(C4) If o4 : SuppUas — P(A) denotes the increasing bijection given by (C2)
then o4 (SuppUg) = P(B).

Remark 7.4. Since 04 and op are strictly increasing, (C4) implies that 04 (7) =
op(i) for every i € Supp Up.

Proof: The construction goes by induction in Card.A. For the root A of A we
let P(A) = SuppUa, H(A) = P(A) if tp A =0, and H(A) = P(A) U {q + 1}
if tp A = 1 (recall that U is a simplicial complex in D™ R%). If A = {A} we
are done. Otherwise let A be a maximal element of A and apply the induction
hypothesis to A\ {A}. This defines P(A’), H(A’) for every A’ € A\ {A} so
that H is strictly increasing on A\ {A} and properties (CO) to (C4) hold true
for every B’ < A’ in A\ {A}.

Let B be the predecessor of A in A and k = Card(Supp Uy \ Supp Up) + 1.
For every A S A\ {A} let Pk(A/) = {ki}ieP(A’) and Hk(A/) = {ki}ieH(A’)-
Clearly P, and Hj inherit all the properties of P and H. Thus, replacing if
necessary P and H by Py and Hj we can assume that H(A') C kIN* for every
A e A\ {A}.

Let ¢’ be the maximum of the integers in all these sets H(A’). We have to
define P(A) and H(A) so that the resulting maps P, H satisfy (C0) to (C4)
for every B' < A’ in A, H(B') C H(A') and H(B') # H(A) if B' # A'.
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By induction hypothesis it suffices to check these properties when A’ = A and
B’ = B.

We are going to build o4 first, and then let P(A) = oa(SuppUa). Let
j1 < -+- < jr be an enumeration of Supp Ug. Let jo = 0 and j,41 = ¢’ + 1. For
every i € Supp Uy there is a unique [ € [0, r] such that j; < i < jj+1. We then
let 04(i) =op(j) +¢— g1 (if ji = jo = 0 we let op(j;) = 0 in this definition).
Note that j; + k < ji4+1 and op(ji+1) € P(B) C kN* hence

oali) <oali) <op(i)+ii+1— 5 <o) +k <op(jit1)-

It follows immediately that o4 is strictly increasing. Let P(A) = o4 (SuppUa),
by construction (C2) and (C4) hold true, P(A) N kN* = P(B) and P(B) is
strictly contained in P(A) except if Supp U4 = Supp Up. Note also that in any
case ¢ + k ¢ H(B) U P(A). In order to define H(A) we distinguish four cases,
given by by Claim

Case 1: tpA = 0, hence tp B = 0 and Up is the facet of A. In particular
Supp Up is strictly contained in Supp U4, hence so is P(B) in P(A). By induc-
tion hypothesis (C0), H(B) = P(B). Let H(A) = P(A), then H(B) C H(A),
H(B) # H(A) and (C0), (C3) are obvious.

Case 2: tpA =1,tpB = 0 and Up = Us. Then P(B) = P(A) by con-
struction, and P(B ) = H(B) by induction hypothesis (C0). Let H(A) =
H(B)U{¢ + k}, then H(B) C H(A), H(B) # H(A) and (Cl) are obvious
because ¢’ +k ¢ H(B), and H(B)NP(A) = P(B)NnP(A) = P(B) which proves
(C3).

Case 3: tpA =1, tpB = 0 and Up is the facet of Uy. We let H(A) =
P(A)U{q¢ +1}. By induction hypothesis (C0) H(B) = P(B). By construction
P(B) C P(A) C H(A). So H(B) C H(A), H(B) # H(A) and (C1) are obvious
because ¢ +k ¢ H(B)U P(A). Asin Case 2, H(B)N P(A) = P(B)NP(A) =
P(B) which proves (C3).

Case 4: tpA=tpB =1 and Up is the facet of Uy. By induction hypothesis
(C1), P(B) is strictly contained in P(A). Let H(A) = P(A) U H(B). Then

H(B) C H(A), H(B) # H(A) because H(A) \ H(B) = P(A) \ kN* = P(A) \
P(B) #0, H(A)( P(B) = (P(A) 1 P(B)) U (H(B) " P(B)) = P(B) U P(B) =
P(B) wh ch proves (C3), and (C1) follows because then H(A)\ P(A) = H(B)\
P(A) = H(B) \ P(B) is a singleton by induction hypothesis (C1).

[

With the notation of Claim[Z.3] let g2 be the maximal element of |J 4. 4 H(A)
and ST = {Fya)(DMR%2)}aca. For every A € A let &4 = [o4]
Fiay(DMR%2) — DMR%. Finally let ® : |JST — DMR% be the resulting
Cartesian map.

Claim 7.5. ® is continuous, hence a Cartesian morphism.

Proof: We have to show that for every T < S in ST and every z € T, ®(y)
tends to ®(z) as y tends to z in S. By construction there are A, B in A such
that H(A) = Supp S, H(B) = SuppT, (y) = [oal(y) and &(z) = [o5](2).
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Since [0 4] is obviously continuous, it tends to [o4](z) so we have to prove that
[04](2) = [0B](2). Let u = [04](2) and v’ = [05](2). Recall that u,u’ € DM R%
and for every i € [1,q1], ui = 25 ,(;) if i € Supp Ua, u; = 0 otherwise, uj = 2, ;)
if i € Supp Ug, and u} = 0 otherwise.

Since T < S we have SuppT < Supp S, that is H(B) < H(A), hence
B < A since H is strictly increasing. In particular Supp Ug C Supp U4 hence
for every i € [1,q1], we have u; = u; = 0 if ¢ ¢ Supp Uy, and by Remark [(4]
Zoa (1) = 20, (i) if i € Supp Up, that is u; = u} in this case too. The remaining
case occurs when i € SuppUya \ Supp Up, so that u; = 2z,,¢;) and uj = 0.
We have to prove that z,,;) = 0, that is 04(i) ¢ Suppz. By (C4) and the
assumption on i, o4 (i) € P(A)\ P(B). By (C3), P(A)\ P(B) = P(A) \ H(B).
So 04 (i) ¢ H(B), and we are done since Supp z = SuppT = H(B).
]

For every A € A, p14 0% is N-monomial mod U, ,, so there are ( € K and
some integers 3; 4 for ¢ € Supp U4 such that for every u € Uy

HA © w(u) = Uem(u) . C H uivﬁi,A-

i€Supp Ua

-~

If ua # 0 then vpa(A) = vGa = vig + NZ by Proposition B35 and by
the above displayed equation v(({) = v(Aa) [N]. So there is Sp.4 € Z such
that v(¢) = v(Aa) + NBoa. Let p% : vUs — Z be defined byl p4(a) =
M + Boa + EieSuPPUA Bi,aai. If pa = 0 then we let pa(a) = +oo for every
a € vU,. Define v} accordingly. By construction, for every u € U4 we have

vpa(Y(w)) = vAa+ Nph(ou) — NM' (27)
wwa(¥(u) = vAa+ Nvi(ou) — NM' (28)

In particular p% (resp. vY) is uniquely determined by g4 (resp. va), even if
the coefficients 3; 4 are not.

Remark 7.6. Since A is a fitting cell mod @y, y- contained in R, vus+M' > 0
by Proposition On the other hand 0 < vAy < N — 1 (see Section 2)). So,
for every u € Uy we have by 27)):

ph(vu) = vpa((u)) + NM' —viq
> —M'+NM'—(N-1)
(N-1)(M'—1) > 0

Let S4 € DM R% be defined as follows.

o If tpA =0, Sa is the set of y € Fya)(DMR?) = Fp(4)(DM R®) such
that ®(y) € Ua.

o IftpA =1, S5, is the set of y € Fya)(D™ R%) such that ®(y) € Us and
pa(ve(y)) < vyr, <vi(ve(y)).

In both cases, for every y € Sy let

paly) = (Vo ®y), calwo®(y)) +m VM Auyl)

13We remind the reader that A is a cell mod Qx 5 with M’ = M + v(N).
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where r4 = max H(A) (if H(A) = 0, which happens when A is a point, then 74
is not defined but in that case tp A = 0, hence Ay = 0 and we can let /\Ay,{\g =0
by convention).

Claim 7.7. ®(S4) = Ua and v4 is a bijection from Sa to A.

Proof: If tp A = 0 the result is trivial because in that case H(A) = P(A) hence
the restriction of ® to F(4) (DM R%) is a bijection onto Fsupp v, (DM RI). So
from now we assume that tp A = 1, hence H(A) = P(A)U{ra} and r4 ¢ P(A)
by (C1).

Let y,y’ € Sa be such that pa(y) = pa(y’). Then ¢(2(y)) = ¢(2(y')) and

ca(@o®(y)) + 7 VM A4y = ca(vp o B(y)) + 7 VM N4y

These two equations imply that y,{\; = y;fZ Since Y4, ¥, € DMR=QimNR
and M > v(N) it follows that y,., = y,, by Lemma On the other hand
Y(®(y)) = ¥(P(y')) implies ®(y) = P(y') (because ¢ is one-to-one), that is
yi = vy, for every i € P(A) (because ®(y) = [04](y) by construction). Thus
yi = vy, for every i € P(A)U{ra} = H(A), that is y = ¢y’ since Suppy =
Suppy’ = H(A). This proves that ¢4 is one-to-one.

Let us check now that A C ©a(Sa). Pick any (z,t) € A, let u = ¢~ 1(x)
and 0 =t — ca(x). Since § € AsQn,pr and alNM' ¢ QnN, M+ we have alVM's ¢
AaQn amr. Recall that M’ = M+v(N), by LemmaZ0lthere is a unique z € Q1
such that #VM'§ = AazN, hence t = ca(x) + 7= NVM'\ 2N On the other hand
we have vpa(P(u)) = vpa(z) < vé so by 7))

NM'§5/\ NM' — v\
vz = v(m N [A4) > +UMA](\;/)(U)) s = p (vu).

In particular vz > 0 by Remark [(.6] so z € QivNR= DMR. Similarly vz <
vY(vu) by @28). Let y € DM R be such that y; = Ug iy if i € P(A), yi = 2
if i = ra, y; = 0 otherwise. Then y € Fyy(a)(DMR%), ®(y) = [04](y) = u and
w4 (vu) < vy, < v4(vu) since y,, = z, so y belongs to S4. By construction
va(y) = (x,t) € A, which proves that A C p4(S4).

We turn now to ®(S4). For every u € Uga, ¥(u) € A so there is (z,t) € A
such that u = ¥ ~!(z). The above construction gives y € S4 such that p4(y) =
(x,t). In particular ¢ o ®(y) = z, so ®(y) = ¥~ !(z) = u, which proves that
D(S4) CU,. Since (S4) C Uy by definition of Sy we get that &(S4) = Ua.

It only remains to show that p4(S4) C A. Pick any y € Sa, let (z,t) =
va(y) and 6 =t —ca(z) = ﬂ'_NM/)\Ay,{\;. Since ®(y) € ®(S4) = Uy, we have
z = P(®(y)) € Yp(Ua) = A. Since y,, € DMR = Q. N R, by Lemma 23]
y,{\g € QN ,M4v(N) = QN nv. Hence § = W*NM/)\Ay,{\; belongs to AaQ N, p. We
have p% (v®(y)) < vy, by definition of S4, so by (21)

vuA(w(@(y))) =vla + Np(v®(y)) — NM' < vla + Nvy,., — NM'.
The left hand side is equal to vua(x). For the right hand side we have
vAa + Noy,, — NM' = U(ﬂ'_NM/)\AyTA;) = vd.
So vpa(x) < wvd, that is |§] < |pa(z)|. Similarly |va(z)| < |§] hence (z,t) € A.
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Claim 7.8. S4 is a simplex in DM R, whose faces are exactly the sets Sp
with B < A in A.

Proof: Let ¢ = Card P(A) and ¢’ = Card H(A). Let 74 (resp. 7)) be the
strictly increasing map from P(A) to [1,q] (resp. from H(A) to [1,¢']). By
construction and by Claim the following diagram is commutative (vertical
arrows are the natural coordinate projections).

[74]

DMRY —25 Fy oy (DMR2)

| | e

DM Ra ﬂ> Fp(a) (DM R2) [oa]=2

The horizontal arrows in this diagram are isomorphisms. All of them are ob-
tained simply by renumbering the coordinates, hence they preserve the faces
and the property of being a simplex. It will then be convenient here to identify
isomorphic spaces, hence to consider Uy C DMRY and Sy, € DM RY. Since
®(S4) = Uy by Claim [T7] after this identification Uy, is just the image of Sy
by the coordinate projection of DMRY to DMR4. Since H(A) = Supp S we
identify also H(A) with [1,¢'], and P(A) with [1, ¢].

If tp A = 0 then H(A) = P(A), ¢ = q and the vertical arrows are identity
maps. Thus S, identifies with Uy4. In particular S4 is a simplex. Every B < A
is also of type 0 and Sp identifies to Ug. The conclusion follows by Claim [7.11

From now on, let us assume that tp A = 1. Then ¢’ = ¢+ 1 hence Uy, is just
the socle of S4. Similarly, Ug is the socle of Sg for every B < A (if tp B =0
we have Sg = Ug x {0}). By construction S4 is the inverse image of vS4 by
the valuation (restricted to DM RI*1) and

vS4 = {a € 291 . G e vU, and ph (@) < ager < ij,(a)}.

Since 4 o ¢ and v4 o9 are largely continuous on Uy, ([21) and 28] imply
that pY is largely continuous on vU,4. They are affine maps by definition. Since
0 < Y by Remark [0 and % < vy because |va| < |ual, it follows that vSa
is a polytope in I'"t!, We are going to check that its faces are exactly the sets
vSp for B < A in A. This will finish the proof since S4 will then have the
expected faces, which implies that S4 is a simplex because these faces form a
chain by specialisation (because A is a tree).

Step 1. Let B < Ain A, then B = 8, A with Y = B and i = tpB. Let
J=H(B)CH(A) =[l,q+ 1] and J = P(A) = J\ {¢+ 1}. Since (ug,vg) =
(fia,7A)|y, if tp B = 1 we have by construction

vSp ={a € F;(T""):a € vUp and % (a) < ag41 < v4(a)}. (29)

This remains true also if tp B = 0 because in that case ¢+ 1 ¢ J and 7Y = +00
on vUp (because 74 = vp = 0 on Y) so the right hand side is just vUp x {+0o0},
that is vSp (because Sp = Up x {0} when tp B = 0). In both cases we also
have vUp = Fj(UA), because vUp is a face of U4 by Claim [l Iland Supp vUp =
P(B) = J. So the description of vSp given by (Z9) coincides with the description
of Fj(vS4) given by Proposition T3] which proves that vSp = Fj(vS4).
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Step 2. Conversely let F;(vS4) # 0 be a face of vS4, for some J C [1,q+1],
and let J = J\ {q+ 1}. By Proposition I3 the socle of F;(vS4) is F3(vUa)
(because vUy is the socle of vS4) and two cases can happen: ¢+ 1 € J and
iy < +ooon Fy(vUy), or ¢ +1¢ J and ) = +00 on F3(vUa). In both cases

Fj(vSa) ={a € F;(T7") :a@ € F3(vUy4) and 1%(a) < ags1 < v4(a)}.  (30)

Since F';(vUa) is a face of vUy, by Claim [Z1] there is C' < A in A such that
F3(vUa) = vUc. Let Y = C = ¢(Uc).

If ¢ +1 ¢ J then by Proposition 213} 7§ = 400 on F;(vU,s) = vUc. That
isva =0o0nY =(Ug), hence 0% A € A. Let B = 9 A and apply Step 1 to
B. Since J = J is the support of vUgc = vUp and of S (because tp B = 0), we
deduce from ([29) and 30) that vSp = Fj(Sa).

If ¢+ 1 € J then by Proposition 213, iy # +oo on F3(vUa) = vUc. That
is fia #0 on Y = ¢(Uc), hence 8- A € A. Let B = 03 A and apply Step 1 to
B. Since J is the support of vUs = vUp and J = JU {q+ 1} is the support of
Sp (because tp B = 1), we deduce from (29) and B0) that vSp = F;(Sa).
|

Finally let ¢ : [JS — [J A be defined by ¢4 = ¢4 on each Sx.
Claim 7.9. ¢ is a homeomorphism from |JS to |J A.

Proof: We already know by Claim [[7]that ¢ is a bijection from | JS to |JA. Tt
follows from Claim [Z.8 that | JS is closed, and it is obviously bounded. Thus by
Theorem [2.6] it suffices to show that ¢ is continuous. Since each @4 is obviously
continuous on S4, we only have to prove that for every z € 954 and y € Sy,
vA(y) tends to ¢(z) as y tends to S4. By Claim [(.§ there is B < A in A such
that z € Sp, hence p(z) = pp(z). By Claim [, 1 o ®(y) tends to ¢ o D(z).
By Claim [T1 ¢ o ®(y) € A and 1 o D(z) € B hence ca(y o ®(y)) tends to
¢a(t o ®(z)), which is equal to cp(i) o ®(2)) since ¢,z = cp. Thus it only
remains to check that A\ Ay,{\; tends to A Bz,{\;.

If tp A = 0 then also tp B = 0 hence and we are done, since )\Ay,{\; =0=
)\BzT]\g. If tp B = 1 then Ap = A4 (because A is a cellular complex) and r4 = rp
(because by (C1) and (C3), H(B) # P(B) = H(B)NP(A) implies that H(B) is
not contained in P(A), hence r4 € H(B) since H(B) C H(A) = P(A)U{ra}).
Hence obviously /\Ayﬁ\; tends to )\Az,{\g = AB zﬁ\; in that case. Finally if tp A =1
and tp B = 0 then r4 ¢ H(B) (because by (C0) and (C3), H(B) = P(B) C
P(A)), hence z,, = 0 since Suppz = Supp Sp = H(B). Thus Aay>, tends to
)\Ang = 0, which proves the result because )\BzTJ\; = 0 since tp B = 0.

]

We can recap now our construction and state the result which was the aim
of this section.

Lemma 7.10. Let A be a cellular monoplex mod Q;LMJFU(M) such that | J A is a
closed subset of R™*L. Let (U, 1)) be a triangulation of CB(A) with parameters
(n,N,e, M) such that M > v(N) and for every A € A, v~1(A) € U (let us
denote it Uy ). Then there exists a simplicial complex S of index M, a Cartesian
morphism @ : | S — WU and a semi-algebraic homeomorphism ¢ : 4§ S — |J A
such that for every A € A, ¢=Y(A) € S (let us denote it Sa) and for every
Yy €S )
o(y) = (Yo @(y).ca( o @(y)) + 7 ¥ Aayl)
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wherd 14 = max(Supp Sa).

Proof: Let (Ag)i1<k<, be the list of minimal elements in A, and for each k let
Ay be the family of elements in A greater than Ag. This is a rooted, cellular
monoplex mod QXLMJFU(N). For every A € Ay, A is the union of the cells B < A
in A since A is a cellular complex and A is closed. All these cells B belong to
Ay, hence | Ay, is closed. Since | .A\|J Ay, is the union of the finitely many other
Ay it is closed, hence | J Ay is clopen in [ JA. Let Uy = {¢y"}(A) : A € Ay}, this
is a lower subset of U with smallest element w_l(gk) hence a rooted simplicial
complex in DMt R%:k for some ¢1 ;. Finally let ¢ be the restriction of 1 to
UJUs.

Claims [7.1] to apply to (U, v, Ax) and give a simplicial complex Sk
in DMR%=F for some qg 1, a Cartesian morphism @ : |JS, — Uy and a
semi-algebraic homeomorphism ¢y, : S — |JAg satisfying all the required
properties. Since each | J Ay is clopen in | A, and each Uy is clopen in [HU,
the conclusion follows by taking for U the family {Ux}1<k<, and for ® (resp.
) the map obtained by glueing together the various ®j (resp. ¢x).
|

8 Triangulation

We have come up to the moment when we can show that T,,, = T,,+1. As Ty
is rather obvious, this will finish the proof of T,, for every m.

Theorem 8.1. Assume T,,. Let (0; : A; € K™ — K);c1 be a finite family of
semi-algebraic functions, and n, N > 1 be any integers. Then for some integers
e, M > 1 which can be chosen arbitrarily large (in the sense of footnotelll), there
exists a simplicial complex T of index M and a semi-algebraic homeomorphism
o :WT — U,er Ai such that for every i in I:

1. {o(T): T €T and o(T) C A;} is a partition of A;.
2. VT € T such that o(T) C A;, 0; 0 @7 18 N-monomial mod Ue,p, .

Proof: By using the same partition of K™ *! as in the proof of Lemmal[3.3] we are
reduced to the case where each A; is contained in R™*1. We can also extend
each 6; to R™*! by an arbitrary value, and add to this family the indicator
functions of each A; inside R™*!, hence assume that all these functions have
domain R™*!, which is closed and bounded. Let e, > 1 and M, > 1 be any
integers.

Theorem [L.8 applies to (0;);cr. It gives an integer ey > 1, a tuple n € R™,
a linear automorphism u,(z,t) = (z + tn,t) of K™*! (note that u,(R™"!) =
R™F! since n € R™*1), a pair of integers Ny > 1 and My > 2v(eq) such that
eoN divides Ny, and a finite family A of largely continuous cells mod QJ>\<]01 Mo
partitioning u, ' (R™*!) = R™*! such that for every i € I, every A € A and
every (z,t) € A

)

0; 0 1ty (2, 8) = Usp (@, D (@) N3 (E — ca(@)] 0 (31)

141f Supp S4 = 0 then r4 is not defined but in that case S4 is a point, hence so is A so
Aa = 0 and we can let )\Ayi\; = 0 by convention.
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where h; 4 : A Kisa semi-algebraic function and «a; 4 € Z.

Let n1 = max(142v(ep),n+v(ep)), Lemma 6T applied to A and the family
Fo={hia:i €I, Aec A} gives a pair of integers e; > 1 and M; > 2v(e1), a
cellular monoplex B mod Qn,,n, refining A such that B <™ A, a <™ -system
Fi for (B,.A), and a triangulation (U, ) of Fo U F; UCB(B) with parameters
(n1, No,e1, M1). Moreover e1, My can be chosen arbitrarily large, in the sense
of footnote [I, so we can require that e, divides e; and M; > M,, and that
My > My — ’U(No) and M; > ’U(No) > ’U(eo).

Q]X\,liJrv(No) is a subgroup of Q. ;. (because Mi+v(Nog) > Mo) with finite
index. Hence every cell in B is the disjoint union of finitely many cells C' mod
QEO,I\/Il*F’U(NO) with the same socle and bounds as B. Since UQ§07M1+U(NU) =

NoZ = UQ]>\<[0,]\/IO’ these cells C' are still fitting cells by Proposition One
easily sees that they form a cellular monoplex C refining A such that C <"t A
and F; is a <™-system for (C,.A). Moreover CB(C) = CB(B) and C = B
so (U,1) is a triangulation of B(C) with parameters (ny, No,e1, M7) such that
w_l(é) € U for every C € C.

Since My > v(Np), Lemma [[ IO applies to C and (U, ). Tt gives a simplicial
complex 7 of index Mj, a Cartesian morphism ® : {7 — HU and a semi-
algebraic homeomorphism ¢ : | 7 — | JC such that ¢! maps each C in C onto
some T in 7, and for every y in T

w(y) = (Yo B(y), co(v o B(y)) +n VM Acylo) (32)

wherd re = max(Supp T'). Let ¢, = u,0¢p, this is a semi-algebraic homeomor-
phism from [ 7 to R™*!. We are going to check that 6; o @y 18 N-monomial
mod Ugye, n for every i € I and every T" € 7. This will prove the result, with
e =-eper and M = M.

So pick any T € T, let C = ¢(T') and r¢ be as above. There is a unique
B € B containing C, a unique A € A containing B. For every (z,t) € C let
do(z,t) =t —co(x). Let 4 and dp be defined accordingly. Note that d¢ = dp
on C because C has the same center as B by construction. For every y € T, by

@) and (B2) we have

0: 0 () = Uey m (0()) hioa (4 0 D()) (N3 284 (0(1))] -

We have Ue, 1 (0(y)) € Uey.n C Ueges n 80 the factor U, »(¢(y)) can be replaced
by Ueye, n(y). Recalling that (V, ) is a triangulation of FoUF; with parameters
(n1, No, e1, M7), that ® is a Cartesian morphism and h; 4 € Fo, we get that the
second factor h; 4 (1o ®(y)) = hi a0 (P(y)) is No-monomial mod Ue, ,, hence
a fortiori N-monomial mod U, » since N divides Ny and nq > n. So it only
remains to prove that the last factor [)\215,4 o <p|T]0‘i’A/e“ is N-monomial mod
Ueoern- 1t suffices to prove it for [\;'d4 o ¢]'/€0,

We can assume that tp A = 1 otherwise )\;115 4 = 1 and the result is trivial
(see Remark 7). Recall that C <™ A and Fi is a <™-system for (C,.A). For
every (z,t) € C we then have

t —ca(x) = Un, (2, t)hc,a(x)? (t — co(x)) =r

158ee footnote [
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with hea € F1 and S € {0, 1} (depending on A, C). So by ([B2)) we have

54(p()) = Un, (1) he,a (o () (r VM Acyho) 7. (33)

(V, ) is a triangulation of F; with parameters (ny, No, e1, M7) hence ho (¢ o
®(y)) is No-monomial mod Ue, ,,. So (B3) implies that 64 0 is No-monomial
mod Ug, ., , hence so is )\;1(5,4 op. Let x : T'— U, and g: T — K be semi-
algebraic functions that for every y € T

Ax'0a00(y) = X(W)Un, (y)Co(y) and gy) = [ v&™

1<i<q

with¢ € K, a1,...,0q € Z. Let k = No/(eoN), by construction eg N divides Ny
hence k € N*. Since T C DM RY | each y; € DMR C Qi a1, C Q1,0(e0)+1 (be-
cause M1 > v(eg)) hence y;° € Qcy 20(e0)+1- A fortiori y@iNo = yeoNkai helongs
t0 Qeg,20(e0)+1 hence g takes values in Q¢ 24(ep)4+1 and g1/¢ is N-monomial:

(g(y))% ( H nyN’Wi>% - H y ko

1<i<q 1<i<q

But )\;16,4 also takes values in Qc, 20(eg)+1 because da(x,t) € AAQ Ny, for
every (z,t) € A, and Qng,mo € Qep,20(e0)+1 Since eg divides Ng and My >
2v(eg). Thus (A;'04 0 ©i1)/9 = Un, Cx takes values in Qe 20(eo)+1 as well. So
does the factor U, since ny > 2v(ep). Hence finally C&(y) € Qey,20(c0)+1 for
every y € T, so (¢x)'/ is well defined. Note that (¢t = (e ye = [(Cx)Y/e0]c0er
hence (' € P,,.,. Pick any n € K such that ¢°* = n®°!, and for every y € T
let x'(y) = (¢x(y))'/¢ /n. This is a semi-algebraic function taking values in
U, e, because

[(Q) ] = ¢or = poer.

By Remark 210, U}l{eo = Upn,—u(e,) because ni > 2v(eg), and by definition
X'Un, —v(eo) = Uegey,ni—v(eq)- Altogether this gives that

1 L - 11
Maldaopr]™ = Un? (Cx)70 g

= X/unlfv(eo)((CX)%/X/l)g%

1

ueoel ;N1 —v(eo)ng €0
Thus [A'64 0 @]/ is N-monomial mod Ueye, n, —u(eq) (because g% is so). It

is a fortiori N-monomial mod U, » since n; — v(eg) > n by construction.
[
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