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DOMAINS FOR DIRAC-COULOMB MIN-MAX LEVELS

MARIA J. ESTEBAN, MATHIEU LEWIN, AND ERIC SERE

ABSTRACT. We consider a Dirac operator in three space dimensions,
with an electrostatic (i.e. real-valued) potential V' (z), having a strong
Coulomb-type singularity at the origin. This operator is not always
essentially self-adjoint but admits a distinguished self-adjoint extension
Dy . In a first part we obtain new results on the domain of this extension,
complementing previous works of Esteban and Loss. Then we prove the
validity of min-max formulas for the eigenvalues in the spectral gap of
Dy, in a range of simple function spaces independent of V. Our results
include the critical case liminf, 0 |z|V () = —1, with units such that
h = mc? = 1, and they are the first ones in this situation. We also give
the corresponding results in two dimensions.
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Computing the eigenvalues in the gap of the essential spectrum of a self-
adjoint operator is notoriously more difficult than for those below or above
the essential spectrum. It is well-known that numerical artefacts can some-
times occur, a phenomenon called spectral pollution [35]. For this reason,
it is important to find robust methods.

In [23] 26], 16], 5], variational min-max formulas were provided for the
eigenvalues in gaps of self-adjoint operators. These formulas are based on a
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2 M.J. ESTEBAN, M. LEWIN, AND E. SERE

decomposition $ = AT$H G A~ $H given by two orthogonal projectors AT of
the ambient Hilbert space $), and take the general form

Ak — inf+ sup % (1)
di‘r/nv(%:k vEWSF™

Here, F* = A*F, with F' a dense subspace of $) such that the quadratic
form (¢, Ay) is well-defined on F'+ & F~ .

The equation () is similar to the usual Courant-Fischer (a.k.a. Rayleigh-
Ritz) formula for the eigenvalues below the essential spectrum. The main
difference is that the infimum is restricted to vectors in the “positive” sub-
space F'* and that the supremum is computed over the infinite-dimensional
space W @ F'~ containing the whole “negative” space F'~. Some additional
technical constraints on F' are needed, they are discussed in detail below.

From the spectral theorem one can see that formula (Il) provides all the
eigenvalues above a number a’ in the gap and below the next threshold of the
essential spectrum, in nondecreasing order and counted with multiplicity,
provided that we use for A~ the spectral projector 1(A < d') and, for
instance, ' = D(A). Intuitively, formula (Il) should remain correct if A~
is not too far from this spectral projector. The main discovery of [15] was
that the correct criterion for formula () to provide the eigenvalues, is the
inequality

A
2 > g = sup L
per— |2

In practical cases, such a condition can be fulfilled for projectors A~ which
are quite far from the exact spectral projector 1(A < a’). Exploiting this
freedom, one can choose A~ so that the evaluation of the supremum in ()
becomes very easy, leading to stable discretization techniques.

The main motivation for these min-max formulas was to study the spec-
trum of the free Dirac operator Dy in 3d perturbed by an electrostatic
potential V' with Coulomb-type singularity at the origin,

Dy = Dy + V(2).

The free Dirac operator Dy in 3d is a constant-coefficient, first-order differ-
ential operator acting in L?(R3,C*) with spectrum (—oo, —1] U [1,00). Its
precise definition and main properties are recalled below in Section [[LIl The
potential V is real-valued, bounded from above, and satisfies

liminf [z|V(z) > —1
z—0

in units such that A = mc? = 1. This class of operators is both important
from the physical point of view and particularly challenging mathematically,
due to the criticality of 1/|z| as compared with Dy. The first min-max for-
mulas of the form (II) were proposed by Talman [45] and Datta-Devaiah [11]
in the particular case of the operators Dy, using the projectors A* associ-
ated with the natural decomposition

U= (i) = <‘6’> + <2> e LAR3,CY, o, x € L2(R3,C?)
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into upper and lower spinors. This choice leads to a particularly simple
formula for the supremum in (Il). It provides efficient ways of computing
Dirac eigenvalues [19, [17], 32| 57 [§].

When dealing with unbounded quantum-mechanical operators, the ques-
tions of domain and self-adjointness are essential. These questions are deli-
cate in the case of Dy and have been the subject of an extensive literature:
see, e.g., [46, 6, 27] and the references therein. For 0 < v < v/3/2, if V is

real-valued and |V (x)| < v/|z| then the minimal operator
Dy := (Do +V) | CZ(R*\ {0},C*)

is essentially self-adjoint and the domain of its closure is H(R3,C*). The
minimal ezact Dirac-Coulomb operator D_, || is still essentially self—adjointﬁ

for v = 1/3/2, but it has infinitely many self-adjoint extensions for v/3/2 <
v < 1. However, for any value 0 < v < 1, if |V (z)| < v/|z| then the minimal
operator Dy admits a distinguished self-adjoint extension Dy with domain
D(Dy) characterized by the property D(Dy) ¢ H'Y/?(R3,C*), which is the
space on which the energy is well defined and continuous. The critical case
v = 1 is harder. It was considered for the first time by Esteban and Loss
in [2I] who constructed a distinguished self-adjoint extension Dy for real-
valued potentials under the assumption —1/|z| < V(z) < 0. The properties
of their extension will be discussed in detail in Section below.

As mentioned above, once the splitting § = H~ @ HT is chosen, one
also has to choose the subspace F. In [I5], an abstract min-max theorem
is proved, assuming that F is a core (a dense subspace of D(A) for the
graph norm) and that F* are subspaces of D(|A|'/?). In the application
to Talman’s principle when —v/|z| < V(z) < 0 and v < 1, a possible
choice satisfying these requirements is F = D(Dy) € H'/?(R3,C*). But the
domain D(Dy) of the distinguished extension is not always explicitly known,
so a natural question is whether the min-max can actually be performed on
simpler spaces I which do not depend on V. An attempt in this direction
was made in [I5] where it was claimed that Talman’s min-max formula holds
for FF = C°(R3,C*) as a consequence of the abstract theorem proved in the
same paper. This was obvious for 0 < v < \/§/ 2, indeed Dy is essentially
self-adjoint, so C°(R?,C?) is a core. But the case v/3/2 < v < 1 was not
properly justified in [I5]. An alternative approach was recently proposed by
Morozov and Miiller [37, 8], who proved a variant of the abstract min-max
formula allowing them to justify the choice F = H'/2(R3,C*) for any v < 1.

In this paper we justify the application to Dy of the abstract min-max
of [I5], for any subspace F' such that

C(R*\ {0},C*) € F c H'®®,CY),

independently of the value of 0 < v < 1. In the critical case v = 1 this
provides the first min-max characterization of the eigenvalues. Our findings
show that the min-max formula (II) of the eigenvalues is valid for a wide
range of spaces F', and is insensitive to the properties of the domain of the

176 our knowledge, essential self-adjointness is an open question for general real-valued
potentials such that |V (z)| < 22

e



4 M.J. ESTEBAN, M. LEWIN, AND E. SERE

distinguished operator Dy . This is a clear advantage of this characterization,
which fully justifies its use in practical computations.

In the first section we discuss domains of 3d Dirac-Coulomb operators
with an emphasis on the distinguished self-adjoint extension. Most of the
content of Sections is well known, and the results are presented here
for the convenience of the reader. To our knowledge, the only novelty there
is Proposition [[9, which is proved in Appendix [Al In Sections [[.4] and
we complement some results of Esteban-Loss [2I] on the characterization of
the distinguished self-adjoint extension, using a quadratic form gp related
to the min-max formula (). Describing the domain of this quadratic form
is important for knowing in which spaces the min-max can be formulated.
In [21] Esteban and Loss used the closure of C2° for the norm induced by
qe. We show here that this coincides with the maximal domain on which
the form ¢g is continuous. This is an important ingredient in our proof of
the validity of the min-max formula.

We also provide new results in the critical case v = 1. In particular
our proof that the resolvents converge in norm if the potential V is trun-
cated means that the Esteban-Loss extension is the only physically relevant
extension for v = 1.

In Section 2] we state our main result about the min-max formula that
was claimed in [I5] and extend it to the critical case. Sections [, [ Bl 6l and
Appendices [Al Bl are dedicated to the proof of our results. Our results are
stated and proved in detail in three space dimensions, but they can easily be
adapted to the two-dimensional setting. This is explained in Appendix

Acknowledgment. M.L. acknowledges financial supports from the Eu-
ropean Research Council (Grant Agreements MNIQS 258023 and MDFT
725528).

1. DoMAINS OF DIRAC-COULOMB OPERATORS IN 3D

In this section we discuss domains for Dirac-Coulomb operators in three
space dimensions, and provide some new properties of the distinguished self-
adjoint extension. Some of these properties will be useful in Section 2] where
we prove the min-max formula for the eigenvalues.

1.1. The free Dirac operator in 3d. In a system of units such that
h=m = ¢ =1, the free Dirac operator Dy in 3d is given by

3
Dy =—io-V+B=—i Y apdp+p, (2)
k=1
where aq, ao, ag and 8 are 4 x 4 Hermitian matrices satisfying the anticom-
mutation relations

agay + gy, = 20k Lea,
apf+ oy, = 0, (3)
g2 = lga.

The usual representation in 2 x 2 blocks is given by

(L 0 (0 o B
B_<O _1'2>7 ak_<0,k 0>7 k_172737
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with the Pauli matrices

0 1 0 —i 1 0
=) =) ()

The operator Dy is self-adjoint in L?(R3, C*) with domain H*(R3,C*) and

its spectrum is o(Dg) = (—o0, —1] U [1,00), see [46 20]. In addition, the

corresponding quadratic form (¥, DyW) is well-defined and continuous on the

Sobolev space H'/2(R3,C*), which is also the domain of |Do|'/? = (1-A)1/4.
The Rellich-Kato theorem and the Sobolev inequality imply that

Dy = Dy + V(x)

is also self-adjoint on H'(R3, C*) for any real-valued potential V € L3(R3, R)+-
L>(R3,R). The purpose of this article is to discuss the case of Coulomb-
type potentials which behave like —v|x|~! near to the origin, and which just
fail to be in L? at the origin. Using Hardy’s inequality
1

|z[?
we can use again the Rellich-Kato theorem and obtain that Dy is self-
adjoint on H 1(R3,(C4) for potentials in the form V = V; + V5 where V5 €
L3(R3,R) + L®(R3 R) and |V;(z)| < v|z|~! with |v| < 1/2. However, the
threshold 1/2 given by this argument is not optimal and the proper limit is,
rather, v/3 /2 (at least for scalar potentials, see Remark [ below for matrix
potentials). In order to understand the situation, it is enlightening to first
look at the well-known case of the exact Coulomb potential.

<4(=A) <4(Do)? = 4(~A + 1)

1.2. The exact Coulomb potential. Here we discuss the well-known ex-
act Coulomb case y
Ve(z) = ——.
||

Note that when V is a bounded perturbation of this potential, the self-
adjoint realizations of Dy have the same domains as for V.

For a radial potential such as V(, one can use that the Dirac operator
commutes with the total angular momentum J = L+S = (J1, J2, J3), as well
as with the spin-orbit operator K = (25 - L+ 1), see [46 Sec. 4.6]. Viewing
K, J3 and B as a complete set of commuting observables in the Hilbert
space L?(S%,C*), one finds an orthonormal basis of this space consisting of
trigonometric polynomials in the spherical coordinates (6, ¢), @,ﬁm, indexed
by k € Z\ {0} and m € {—|s| +1/2,—|x| +3/2,--- ,|k| — 1/2}. Using this
basis, for any ¥ € C(R3\{0}, C*) we get the L2-orthogonal decompositions

U(z) =Y (1) B (0, 0) + U (1) i (60, 0) (4)

and
D,,//,,\I/(x) = Z fn,m(r)fbi,m(@a p) + QmM(T)@;,m(ea ®), (5)

where r = |x|’ Kq)im — —qu):t J3(I)/:’i:,m = m(I)i ﬁ@f’m = :l:(I)/:-i:,m and

K,m K,m

fﬁ,m _ 1k [ Usm
(gn,m> N hV <Un,m> ’ (6)
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and where we have introduced the radial Coulomb Dirac-type operator
v d K
=45 A1) @
oty —1-%
As a consequence, the Dirac operator D_, . is unitarily equivalent to the
direct sum (with multiplicities 2|k| — 1) of the radial Dirac-type operators
h% acting in the Hilbert space L2((0,00),C?). Using ODE techniques, the
question of self-adjointness is then reduced to the discussion of the possible

boundary conditions at r = 0, see [43] O, [53] 24] 50, 27 [46].

Let us discuss this in more detail. In order to find the self-adjoint exten-
sions of the minimal operator

hiy = iy 1 €((0,00), C%),

we compute its deficiency subspaced] K4 = ker ((hl’j”)* F1i). Since K_ = K,
we only have to determine K. The corresponding eigenvalue equation is

{(1 —v/rju—v + Ev =iu,

u' + Eu— (1 +v/r)v = iv. (8)

Plugging in the first equation the relation
u' + Eu
v= ——F—
1+v/r+i

deduced from the second one (note that the denominator never vanishes),
we obtain an equation for u only:

d K 1 d K v
SeLmy 2 (2 1-Z Nu=o0. 9
(dr+r>1+l//r+i<dr+r>u+< r 2>u (9)

Using standard ODE techniques, one finds that the solution space of (@) is
spanned by two independent functions behaving as r*5(1 4+ O(r)) at r = 0,
with s := VK2 — v2. Another basis of this space consists of two independent
solutions behaving like

exp(£v2r)rF/V2(1 4 0(r7Y))

when r — oo [41], @, [47]. At v =1, for K = £1 we have s = 0 and there are
two solutions behaving like 1 and log(r), respectively, near r = 0.

We first assume |v| < 1. The solution u4 which behaves like r* at 0 must
diverge at infinity, hence is not in L?. Indeed, assuming by contradiction
that u, behaves as exp(—v/2r)r®/ V2 at infinity, we can multiply @) by ux
and integrate by parts (the boundary terms cancel due to the behavior at
the origin and at infinity), which gives

X )+ R ()T e
/0 1+ v/r+i dr_/o (i = 1+ w/r)ug(r)]” dr

The imaginary part is negative for the first term and positive for the second,
which is a contradiction.

2Here we follow von Neumann’s theory of self-adjoint extensions [49]. We refer to the
recent paper [25] for an alternative approach based on the Krein-Visik-Birman extension
scheme.
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The solution u_ which behaves like 7~% is not square-integrable at the

origin when |v| < \/k2 — 1/4. The smallest value of this threshold is v/3/2
which we have mentioned before, and it is obtained for kK = +1. We conclude
that the deficiency indices ny = dim K vanish for |v| < v/3/2 and that the
operator is essentially self-adjoint in this case. When lv| < V/3/2, the domain
of the closure of A% can be shown to be H{((0,00),C?), and that of D_ v/r
to be

D(D_,;) = H'(R®,CY),  for [v] < V3/2,

see [33, 34]. The situation is more complicated at |v| = v/3/2. Although
the operator is essentially self-adjoint, its domain is always larger than

H(R3,C%):
D(D—V/T) 2 Hl(RgaC4)’ for |V| = \/5/2

We explain all this in Proposition [9 of Appendix [Al
When v/3/2 < |v| < 1 the arguments of [33, B34] apply for |x| > 2 and
show that the operators h’,j are all essentially self-adjoint, with domain

(h"‘) H((0,00),C?), for || > 2 and V3/2 < || <

Only k = £1 pose some difficulties.

In the case v/3/2 < |v| < 1, the two functions r=V1=** are now square-
integrable at 0 and there is one linear combination of uy and u_, which we
call u,, which is square-integrable at infinity. From the previous argument,
this function must diverge like r=* at » = 0 and we can therefore always
assume that u, ~ 7% and v, ~ (k — s)r~°/v at 0. By von Neumann’s
theory of self-adjoint extensions (see, e.g., [42, p. 140]), we conclude that,
for k = +1, hﬁ admits a family of self-adjoint extensions parametrized by
a € [0,27), whose domains are given by

D (i) @ {(W) + el (?:) } C, for k= =+l.

In this formula, we have used that the solutions with eigenvalue +i and
—1 are related by complex conjugation, since the operator A is real. In
Proposition [0 in Appendix [Al we will prove that for all v/3/2 < [v| < 1,

D (ﬁ) = H((0,00),C?).

The functions (u%,v%) = (u, + €y, v, +€°Ty), k = £1, are more singular
at the origin. For a # 7, they have the strong singularity (1 + ¢)r—V 1-2

at r = 0. The associated 4-spinors
\112‘7 : |$| ! ( ( )<I)+ (9, 90) + vg("ﬂ)q);,m(a, Qp)) y M= i1/2,

will not have a finite Coulomb energy and will not be in H'/?(R3,C*) (the
natural space for which one can define the quadratic form of the free Dirac
operator). However, if we choose oo = 7, the function behaves like

ue — Ty = 23 {r VI (1 4+ 0(r) + eV (1 + O(r))}
S(a) m_i_o(rlfm)

= 21&(a)r
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as r — 0, since 1/2 > /1 —v?. Therefore the associated 4-spinor has a
finite Coulomb energy as well as a well-defined free Dirac energy. This
sounds more satisfactory from a physical point of view. Note however that
V1= i not in H' at the origin for v/3/2 < |v| < 1, hence the domain of
this self-adjoint realization is always bigger than H!.

The realization of the Dirac operator which has o = 7 in the four sec-
tors corresponding with the quantum numbers kK = £1 and m = +1/2 is
called the distinguished self-adjoint extension of the minimal Dirac-Coulomb
operator D_V/T.

For v = 41 the situation is slightly different since s = 0. The two
functions behave at the origin like 1 and log(r). Hence even for a = m, the
Coulomb energy is infinite since u1; does not tend to 0 at 0. However it
can be called a distinguished extension since it is the least singular. It can
also be shown that it is the one obtained when v — £17F, as we will discuss
for general potentials in Section [[L3 and the one for which the min-max
characterization holds in any reasonable space that one can think of.

If we now come back to the whole space and use [46, Sec. 4.6.4], the
corresponding domain of the distinguished extension reads

. Y0 . 0
([ wa(E) i )
D(D_,,) =D <D,,,/r> @ ) @ 1
Y, V2Y
Vo 1 Vo 1
# (L)) (R ()
PR vy iU \/§Y1_1
Vi -2y} EL -1
T @ ;
Y0 0
w () 4 (va)

where the functions Y;” are the spherical harmonics normalized as in [46],
Sec. 4.6.4] and Uy, = (u,, — ug) /7, Vi = (v — Ux)/r. Moreover, we prove in

Appendix [Al that
D (D_V/r) = H'®R3,CY),  for v3/2 <y <1. (11)

We conclude that, for v/3/2 < |v| < 1, the domain of the distinguished
self-adjoint extension is just the usual Sobolev space H'(R3,C*) to which
are added four functions having an explicit singularity at the origin, which
is so strong that these are always outside of H'(R3 C*). They belong to
H'Y2(R3,C*) when v/3/2 < |v| < 1, but just fail to do so when |v| = 1.

1.3. General potentials with subcritical Coulomb-like singularity.
It is natural to ask whether similar results hold for potentials which have a
singularity that can be controlled in absolute value by v|z|~! without being
a bounded perturbation of +v/|x|. In the seventies and eighties, many au-
thors [44), 541 55, H6] B9L B0L B3] B34 28], [46] have proved the existence of a
distinguished self-adjoint extension when || < 1 which has the same prop-
erties as in the exact Coulomb case. The following statement is a summary
of several of these results, some of which will be useful for us later.
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Theorem 1 (Distinguished extension of Dy [44] 54} 55, 56} 39, 30, 133, 34} 28,
46]). We assume that V = Vi +Vo+ V3 with Vo € L3(R3,R), V3 € L>®(R3,R)
and |Vi(z)| < v/|z|, with 0 <v < 1.

(1) The minimal operator Dy defined on C°(R? \ {0},C*) has a unique
self-adjoint extension Dy such that

HY(R®,CY c D(Dy) c HY2(R?,CY).

It is also the unique self-adjoint extension for which

I 2
/ @O 4y < 0o, v e D(DY).
RS

|z
(2) For any ¥, V" € D(Dy), we have
(U, Dy’ = (U, DyW') + / A (12)
R3
where the right-side is understood in the form sense in HY/?(R3,C*).
(8) If V3 — 0 at infinity, the essential spectrum is
Oess(Dy ) = (—00, —1] U [1, 00).

(4) For V. := min(max(V (z), —1/¢),1/e), the operator Dy, converges to the
distinguished self-adjoint extension in the norm resolvent sense when
e — 0.

(5) If in addition 0 < v < \/3/2, then the operator Dy is essentially self-
adjoint on C°(R3\ {0},C*) and its domain is D(Dy) = H'(R3,C*).

Remark 2. We have H'(R?,C*) = D(|Do|) € D(|Dy|). Since the square
root is operator monotone, we deduce that

D(|Do|"?) = H'*(R3,C*) c D(|Dv|/?).

This can be used to extend the formula (I2) on the whole of HY/?(R?,CY), if
we interpret the left side in the sense of quadratic forms, that is, (U, Dy V') :=
{|Dv|Y2W, Uy |Dy|Y28") where Uy = sgn(Dy).

Remark 3. The results are exactly the same for a Hermitian 4 X 4 matrix
potential V(x), with the exception of (5) in which \/3/2 has to be replaced
by 1/2. There are examples of matriz-valued potentials satisfying |V (z)| <
(1+¢)/(2|x|) for which Dy is not essentially self-adjoint [I].

In [39], Nenciu defines the distinguished self-adjoint extension through its
resolvent, using the formula
1 1 1 1 1
- - vz vz
Dy—2z Dy—z Dy—z 14+ SM(z) Dy —z
where S = sgn(V) and M(z) = |V|Y/2(Dy — 2)~!|V|'/2. From Kato’s in-
equality

(13)

1
— < SVEA< DD (14)
lz| ~ 2 2
and Sobolev’s inequality, one can prove that |V|'/2|Do|~1/2 and | Do|~1/2|V|1/2
are bounded under the assumptions of Theorem [ Then (Dg — z)~V|'/2
(appearing on the left of the last term in (I3])) has its range in H'/2(R3,C*).
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This shows that the range of (Dy — z)~! (that is, the domain of Dy/) is in-
cluded in H'/?(R3,C*), as required. In addition, since (Dy — 2)~V|V/2 is
compact under our assumptions on V by [IZ, Sec. 5.7], (Dy — 2)7! is a
compact perturbation of (Dg — z)~!, and the two operators have the same
essential spectrum [31].

The main condition necessary to give a meaning to ([I3]) is that 1+ SM(z)
is invertible on L2(R3 C*). Nenciu proves that Dy is uniquely defined
from (I3)) under the sole condition that ||M(zp)|| < 1 for one zy € C. Since
2+ (1 4+ 8SM(2))~! is meromorphic on C\ (—oo, —1] U [1,00), this is suffi-
cient to define the right side of (I3) for a large set of values of z, and then
to construct the operator Dy . In our case the bound on M(zg) follows from
the two equalities

(Mxrlﬁppo4-m)*wxrlﬂuzz1, Vs € R, (15)

and

mwmmwﬁwﬂmwﬂﬂ)mweﬁW) (16)
S§—00

The limit (@) follows from the Sobolev inequality. The equality (I5]) was
conjectured by Nenciu in [39] and later proved by Wiist [56] and Kato [28]. It
has recently been rediscovered in [3, Thm. 1.3]. The constraint that |v| < 1
comes from the norm in (I5]) being equal to 1.

1.4. A different characterization of the distinguished extension.
Now we turn to the description of a method which has been introduced
in [21], 22] (further developed in [2], 4], 5]), and is essential for our discussion

of min-max levels. We are going to make the stronger assumption

—’ﬂVU—‘<V(x)<1+\/1—V2 (17)

for some 0 < v < 1. Here v1 — 1?2 is the first eigenvalue of the Dirac
operator with the Coulomb potential Vo(z) = —v/|z|. The lower bound
in (I7) means that the attractive part of V is essentially Coulombic and it
will imply that the first “electronic” eigenvalue will be above V1 — 2. Here
“electronic” means that it is an eigenvalue which arises from the upper part
of the spectrum when V' is replaced by tV and t is turned on progressively.
The upper bound on V' in (7)) is here to ensure that the positronic eigenval-
ues (those arising from the lower part) do not go above v/1 — 2. The fact
that the electronic and positronic eigenvalues do not cross is an important
property for having a min-max formula of the eigenvalues (see [I8] for a
discussion).

In this section we introduce a quadratic form for the upper spinor, which
plays a central role in the definition of the distinguished self-adjoint exten-
sion and for the min-max formulation of the electronic eigenvalues.

Similarly as in Subsection[[.2] we consider the eigenvalue equation Dy ¥ =
AV with, this time, A € R, and which we write in terms of the upper and
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lower components o,y € L?(R3, C?) of the 4-spinor ¥ = <;€> We obtain

(1+V)p—io-Vyx = A, (18)
—ioc-Vo+ (-14+V)x = Ax.
We insert
_ —io-Vp
XTTovEa
in the first equation and get an equation for ¢ only:
) —i0 -V
—ioc-V—mm— 4+ (1 — = 0. 1
io vl—V+)\+( +V-XNp=0 (19)

This suggest to look at the quadratic form
|0 - Vo(z)|? / 2
= ——d 1+V(z)— A dz. 20
o) = [ 1T et [ 14VE@ - Nip@Pdn (20)

Note that the denominator in the first term is well defined for A > sup(V)—1.
Without A in the denominator of the first term, which comes from the lower
component Y, the quadratic form ¢, would be associated with a usual eigen-
value problem. With X in the denominator this is more involved. Never-
theless we have gained that the solution ¢ to (I9) can be constructed by
a minimization procedure, for any A > sup(V) — 1. In Section 2] we will
explain the link between the quadratic form ¢y and the true eigenvalues of
Dy but, for the moment, we discuss the properties of ¢\ for an arbitrary
A >sup(V) — 1.

In order to show that gy is bounded from below, we write

_ o+ V() o Vo)
a(p) =(1 —VQ)/RSmd“”Q/RS TV 2

+ [ V@le@Pdr+ -2 [ el d.

In [I5] 14] the following Hardy-type inequality was proved
. 2 1
/ Mczﬁ/ <a——> lp(z)2 dz > 0 (21)
r: @+ 1/[x] R3 ||

for all @ > 0. Using our assumption that V is bounded from below by the
Coulomb potential, we can estimate

[ T e [ Vet
———dz > ————d
v /Ral—V(m)—i—)\ r=v r3 L+ v/jz|+ A v

> [ (=12 et do

> —/ V() |p(x)|? dar — (1 + /\)/ |o(@)|? da.
R3 R3
(22)
Thus we have proved that

ag - 1132
QMw)+2A[;I¢@0Fdw>(1—¢9[£ﬁ%j%%%%%jd$- (23)
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Since the right side is positive, this shows that gy + 2A[|¢[|%. is positive as
well. In addition, we conclude from (22) that this defines a norm which is
independent of A and is equivalent to that given by the quadratic form

ag - X 2
lolly = [ 5V ok [ oo a (24)

The following result provides some new properties of this space which are

going to be useful for proving the min-max principle stated below in Sec-
tion

Theorem 4 (The quadratic form domain). Assume that

1
V(z) > —— and sup(V) <2

]

and let
V= {p e L*®?,C) N HL(R*\ {0},C?)
2-V) 2% . Vype LQ(R3,@2)}. (25)

Then C(R3\ {0},C?) is dense in V for the norm @4). In addition, we
have the continuous embedding

vV c HY2(R3,C?).

Given the definition (25]) of the space V, the proof of Theorem [l reduces to
the study of a Sobolev-type space with a weight vanishing at the origin. This
type of question has attracted a lot of attention and plays an important role
for degenerate elliptic problems. In our proof given in Section ] we follow
ideas of Zhikov [58], 59].

Loosely speaking, Theorem [l says that there is no ambiguity in the defini-
tion of the domain of the quadratic form ¢). It is the same to start with the
very small space C2°(R? \ {0}, C?) and close it for the norm ||-||;, (as done
in 21] for C°(R3,C?)), or to directly start with the maximal domain V on
which ¢, is naturally defined and continuous.

Remark 5. In [28), o-V is understood in the sense of distributions on R3.
Since o - Vo € HY(R3), it is the same to use distributional derivatives in
R3\ {0}. Moreover, since v/2—V € L2 (R3), we deduce from the Cauchy-

Schwarz inequality that o -V € L _ for all the functions p € V.

Now that we have discussed the properties of the space V, we can come
back to the problem of characterizing the distinguished self-adjoint extension
of Dy. The following is a reformulation of the main result of [21].

Theorem 6 (V and the distinguished extension [21I]). Assume that for some
0l

V(z) > _ and sup(V) <141 -2 (26)

Then the distinguished self-adjoint extension Dy of Theorem [ is also the
unique extension of the minimal operator Dy defined on C°(R3\ {0}, C*),
such that

D(Dy) C {\I/ = (i) e L2R3CYH : pe v}.
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More precisely, we have
D(Dy) = {\1; = (i) €L*RCY : peV, DU+ VU e LQ(R3,<C4)} :

where DoV and V'V are understood in the sense of distributions.

This theorem was proved in [2I] using a space denoted as H,1, defined
as the closure of C2°(R3,C?) for the norm | - ||y. From the density proved
in our Theorem [ we infer that H; =V, the maximal domain on which gy
is continuous, and therefore Theorem [G]is just a reformulation of the results
in [21].

Since only the upper component ¢ € )V appears in the statement, this
characterization seems to provide less information on the domain D(Dy).
However, the following simple result says that we have y € V as well. Since
@,x € V implies that ¢, x € H/?(R3 C?) by Theorem H, this means that
Theorem [0] actually provides more information on the domain of the distin-
guished self-adjoint extension than Theorem [I1

Corollary 7. Assume that o € V and x € L*(R3,C?) are such that the
distribution

Dy, <§> belongs to L*(R3,CY),

where V' satisfies 28). Then x € V as well. In particular, the distinguished
self-adjoint extension satisfies D(Dy) C V x V.

Proof. Since by assumption (1 + V) —io - Vx € L*(R3 C?) and ¢ €
L?(R3,C?), we also have

—(2=V)p —io-Vy € L*(R? C?).

The function V' is uniformly bounded outside of the origin, hence y €

HL (R3\ {0},C?). Also, since V € L2 (R3) we have Vi € LL (R3, C?).

Therefore o - Vx € Lj. . as well. Using that (2 — V)~'/2 is bounded, we
deduce that

—2-WV)Y2p—(2-V) VY20 . Vx € LA(R3,C?).

From ([22) we know that (2 — V)Y/2¢ € L?(R3,C?) hence conclude, as we
wanted, that (2 — V)20 - Vy € L*(R3,C?). 0

1.5. The critical case v = 1. We give in this section some new properties
of the distinguished self-adjoint extension in the critical case. Although
these will not all be needed for the min-max formulas in Section 2, we state
them because they complement [21] 22] in an interesting direction.

The Esteban-Loss method presented in the previous section is general and
it was applied to the critical case already in [2I]. The main difficulty here
is to understand the domain of gy, since the inequality (23] does not give
any useful information when v = 1. The terms in ¢, will not necessarily be
separately finite. Following ideas from [I4] [13], we first describe this domain
with more details.
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It is useful to start with the exact Coulomb case Vi (7) = —|=|~!, in which
case we use the notation

c || 2 1 2
$0 = [ {mle el + (122 o) P de
(27)
Our aim is to understand what is the mazimal domain on which qf is well-
defined and continuous. To this end, we start with A = 0 and follow [14].
We involve the operator £k =1+ o - L, where

1‘233 - 1‘332
L=—ix ANV = —i| 2301 — 1103
1‘132 — 1‘231

is the angular momentum. We recall that £k =1 4+ o - L has the eigenvalues
+1,42, ..., see [46]. The negative and positive spaces are unitarily equivalent
and mapped to one another using the unitary o - w, where w, = x/|z| is the
unit vector pointing in the same direction as x:

X
o —

(1+J-L)0-|§—|:—(1+J-L). (28)

In addition, we will use that the kernel of o- L is composed of radial functions
(it coincides with the kernel of L), hence the kernel of o - L + 2 is given by
0w, times radial functions. These are the two spaces for the upper spinor ¢
which correspond to k = +1 for the full Dirac operator. The sectors Kk = +1
determine the possible extensions, as we have recalled in Subsection
The following is inspired by [14] [13] and proved in Appendix [Bl below.

]

Theorem 8 (Writing ¢f as a sum of squares). For every ¢ € L*(R? C?)
we write
x
v =i (@) + o (2) + pollz]) + 0 Tl 1 ()
where ¢ = 1 oo)(0 - L)p, o = Lo _g(0 - L)p, po = Ligy(0 - L)y and
o1 =0 (x/|z[)1{_2y(c - L)p. Then

2
C |z o-x
= -V —(1 d
@) = [ 7| Vs + TH ) ele) da
|| o-x 2
Ve_(z) — —5(1 - d
[ i | Vee@ = T+ e ()| de

o-L —2—0-L
+ 2 P T P +2 P T ¢

< r
+47T/0 = b (r) + o) + rio(r)| dr

+ 47 /000 %H !rcp/l (r)+e1(r) — 7"4,01(7’)‘2 dr (29)
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for every p € HY(R3,C2). On L*(R3,C?), the quadratic form q§ is equiva-
lent to

lell72 + aS (@)

2 |z ) 2 || ) 2
uwur+/;1+kﬂb-V¢+@M(m+1éal+hﬂw V(@) dr

°° 2 °° 2
+A ‘ (,00 +(P0 )| d7”+/ —‘ (,01 +(P1 )| dr
1
2
~ |l —i—/ 70 Viz|p(z)|” dx. 30
” ”L2 RS ]w\(l—i—] ‘ ‘ ‘ ’ ‘ ( )
Finally, for all =1 < A < 1, we have
C C |z]?]o - V() ? / )2
ax (¥) = qp (¢ —)\/ - A dr (31
MO = a9 A A D+ @+ VD) B (3

which, in L?, is equivalent to the norm associated with ||¢[|%, + ¢5 ().

Note that all the terms in the formula (29]) for qOC are non-negative, which
enables us to identify its maximal domain. We see that the two functions ¢
and ¢_ have the exact same regularity as before, namely they must belong
to the space Vg, defined as in 5] with V(z) = Vo(x) = —|o| 7L

|z|
o-V dxr < oo.
[l vesr
In particular, from Theorem @] and the Hardy-type inequality (21]), ¢4 and
¢_ have a finite Coulomb energy and a finite H'/2 norm. Only the functions
o and o - wyp can be more singular at the origin. Those only satisfy the
property that

1 2
/Rs M‘U - Vlzleo(x)|” do < oo

which can be written in radial coordinates as

=
0 1+T

This is weaker than when |z| is pulled outside of the gradient as before. For
instance, the ground state of the Dirac-Coulomb operator at v =1 is given

by [46, Sec. 7.4.2]

2
dr < oo. (32)

7“806/1(7") + wo1(r)

e_‘x‘

]

v, veC?

wo(|z]) =

and it satisfies ¢§'(¢g) < oo but

o 2 =
/ o-V dx:47r/
R31+|$| 0 1+T

The condition ([B2)) is enough to distinguish a self-adjoint extension, as we
will see. The main message is that ¢y and ¢; are allowed to behave like
1/r at r = 0, but not like log(r)/r. This corresponds to taking a = 7 in
Subsection

2
dr = 4o0.

| e " +re "

r2

€

]
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Now we are able to define the spaces which will replace V in the critical
case. In the exact Coulomb case V(z) = —|z|~! we introduce

o 2/m3 ~2y . U'VWVP
Wo = {“" CLELC) - CiRa

Then we assume that V(z) > —|z|~! and that sup(V') < 1. The quadratic
form associated with V' can be written in terms of qg as follows:

= ! 2] . T T
() _/RS <1+)\—V(:c) - 1+(1+)\)|x|> o V(@) d

# [ (v + o )@ e + 5o

€ LQ(R?’,(CQ)}. (33)

]

for —1 4+ sup(V) < A < 1. The quadratic forms

1 |z]
/Rg (1 FA-V(@) 1+( H)IwI) o+ Veo(w)|? da

are all equivalent when A is varied in the interval (—1+sup(V'), 1) and since
the same holds for qg\j by Theorem B we can simply use A = 0 and define
the space W associated with V' by

1 |z| 1z 2/m3 2
= : — . LA(R
w {SDGWC <1_V(x) 1+\x!> o-Vp e L*(R*,C%),

1\ /2
(V(x) - ﬂ) o€ L2(R3,<C2)}. (34)
x
The following is the equivalent of Theorem [

Theorem 9 (Properties of W and W). We assume that
1
|z

Then the space C°(R3\{0}, C?) is dense in We and in W for their respective

norms. Also, we have the continuous embeddings

W C We € H*(R?,C?)

Vz) > and sup(V) < 1. (35)

for every 0 < s < 1/2.

The proof of Theorem [Q is provided below in Section [ and it is much
more involved than that of Theorem [@ This is due to the criticality of the
problem, which prevents from using rough regularization techniques.

Remark 10. If V(z) = —|z|~' + O (|z|~%) with a < 1, as x — 0, then we
simply have W = Wc. Indeed the two additional terms are controlled by the
Wg-norm. We have

1 \x! 2
/Rs <1 V@ 1+ |x|> o= Vela)l” dz
</ __BP ) da
S Jps e 22 7YY
‘2

1 2 \<p(x)
< ———— |0 - V|z|p(z dw—i—/ — 5 dz
L T e 0 V@) s TP+ 2]
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and, similarly,

f (et [ He

which are all finite for o € Wec. Hence in this case there is no difference
between W and We.

Contrary to the subcritical case where one can use the space H 12 we
cannot distinguish the extension from the sole property that it is included
in H® for s < 1/2. This would not make the difference between 1/r and
log(r)/r. We need the more precise norm associated with gg. The main
result on the distinguished self-adjoint extension is the following.

Theorem 11 () and the distinguished extension in the critical case). We
assume that

Viz) > and sup(V) < 1. (36)

el
(a) 211 The minimal operator Dy = (Do + V) | C2(R3\ {0},C*) has a

unique self-adjoint extension Dy such that
D(Dy) C {\If = <‘§) e L2(R*,CY : pe W}
and this extension has the domain
D(Dy) = {\p = (i) € L*R3CYH : peW, DyW + VU ¢ L2(R3,(C4)}

where DoW and V'V are understood in the sense of distributions.

(b) Let V.(x) := max(V(x),—1/¢e) or V. = (1 —€)V. Then, the self-adjoint
operator Dy, converges in the norm resolvent sense to the operator Dy de-
fined in the previous item.

Although the first part is just a reformulation of the results in [21] (relying
on the closure H 1 of C2°(R3, C?) for the norm induced by qo, which is equal
to W by Theorem []), the convergence of the resolvents is completely new.
In the same spirit as what was achieved for v < 1 in [54] [55] 56l 31, 28], it
means that the Esteban-Loss extension is the only physically relevant one in
the critical case. The proof of the resolvent convergence is given in Section
below.

2. DOMAINS FOR MIN-MAX FORMULAS OF EIGENVALUES

In this section we finally discuss min-max principles for Dirac eigenvalues.
In [15] an abstract variational characterization of the eigenvalues of operators
with gaps was shown. Let $) be a Hilbert space and A : D(A) C § — §
be a self-adjoint operator. Let ™, = be two orthogonal Hilbert subspaces
of $ such that § = HT ® H~. We denote by A* the two corresponding
orthogonal projectors. We assume the existence of a core F' (a subspace of
D(A) which is dense for the norm || - [[p(4)), such that

(i) Ft = ATF and F~ = A~ F are two subspaces of D(|A['/?),
(=, Ay™)

(i) a=  sup D < too.

v-er\foy -1
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We then consider the sequence of min-max levels

A
)\gf) = inf sup L}’ 1/2}>5 , k> 1 (37)
W subspace of £+ yewornoy ¥l

Our last assumption is

D) AD S,

Everywhere (¢, Ay) = <|A|1/21/),U|A|1/2¢> is always understood in the
form sense, which is possible since F* C D(|A|'/?). Let

b =inf (0ess(A) N (a,+0)) € [a, +]

be the bottom of the essential spectrum above a. The following gives a
characterization of the eigenvalues in the gap (a,b).

Theorem 12 (Min-max formula for the kth eigenvalue [I5]). With the above
notations, and under assumptions (i)—(iii), we have b > a. The number

Ag) is the kth eigenvalue of A in (a,b), counted with multiplicity, or is equal
to b if A has less than k eigenvalues in (a,b).

For the Dirac operator, it was suggested by Talman [45] and Datta-
Devaiah [I1] to use the decomposition into upper and lower spinors, that is,
to take for the two subspaces $%

o = {(5)  ver@wen). 5 ={(0)  vermwen)
(38

The first rigorous result for this decomposition was obtained by Griesemer
and Siedentop [26], who dealt with bounded potentials V. In [I5] the above
abstract result was applied to the case of Coulomb singularities. However,in
[T5] it was stated that it is possible to use the space F = CX(R3 C*).
From (4) in Theorem [ this is true when 0 < v < v/3/2, because in this
range the operator D, is essentially self-adjoint on C2°(R?\ {0}, C*). When
V3/2 < v < 1, the argument in [I5] was not complete.

Of course, Theorem [[2] can still be applied in the domain D(Dy/) of the
distinguished self-adjoint extension or in any core F' on which Dy is essen-
tially self-adjoint. Unfortunately, except for bounded perturbations of the
exact Coulomb potential, for which the domain is well understood as we
have seen in Subsection [[2] D(Dy) is not so easy to grasp for a general
potential V. From a numerical point of view, it is indeed important to be
able to use simple spaces F' in the min-max formula.

In [37 B8], Miiller and Morozov proved the validity of the min-max for-
mula for v/3/2 < v < 1in F = H'/?(R3,C?), using a variant of the abstract
min-max theorem in a setting adapted to form domains, inspired by Nen-
ciu [39].

Another min-max principle based on the free-energy projectors Aj =
1(Dy > 0) and Ay = 1(Dy < 0) was first introduced in [23]. Using an
inequality proved in [7] and [48], it was shown in [I5] that the eigenvalues
satisfy the min-max principle ([39) in the range 0 < v < 2 (g + 2)_1 ~0.9.

™

Recently, the free projections have also been covered in [37, B8] for v < 1.
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In this section we prove a result similar to [37) 3], by a completely differ-
ent method. We will show that the min-max is valid on any space between
C>®(R3\ {0},C*) and H'/?(R3,C*). Contrary to [37] we will not modify the
abstract theorem, but simply use density results in the spirit of Theorem [4l
We will also treat the critical case ¥ = 1 and obtain the first results in this
setting, to our knowledge.

In order to properly state our main result, we introduce the two projec-

tions N @ _ (g) LA (i) B (2)

corresponding to the Talman decomposition ([B8) and the spectral projec-
tions

A =1(Dy > 0), Ay =1(Dy <0)
of the free Dirac operator. For a space F C HY/ 2(R3,C*), we define the
min-max levels

v, DyU
A, = in sp  SLDVE) 0 30)
) W subspace of AJTr/OF \PEW@A;/OF ||\I’||L2
dim W=k W=£0

We remark that the four projections Agﬁ /0 stabilize H'/2(R3, C*), hence
(U, Dy W) is always well defined in the sense of quadratic forms. Indeed

(W, Dy T) = (¥, DyW) + / VIw?
R3

by Theorem [ (i) and Remark 2l The same property as in Remark 2] holds
in the critical case v = 1, since H'(R3,C*) C D(Dy) as well. We could
actually work in D(|Dy|'/?) but we refrain from doing it since our goal is
to state a result in simple spaces that do not depend on V.

Our main result is the following

Theorem 13 (Min-max formula for eigenvalues). Let 0 < v < 1. We
assume that
V(z) > —ﬁ and sup(V) <141 -2 (40)
T
Let
C=(R3\ {0},CY € F C HY2R3CH. (41)
Then, the number )\%% defined in ([B9), is independent of the subspace F' and
coincides with the kth eigenvalue of the distinguished self-adjoint extension
of Dy larger than or equal to /1 — v?, counted with multiplicity (or is equal

to b = inf (0ess(Dy) N (V1 — 12, 400)) if there are less than k eigenvalues
below b). In addition, we have

for all F as above and all k > 1.

That we can take any space F satisfying (4I]) shows how the min-max
characterization of the eigenvalues is insensitive to F', even for the distin-
guished self-adjoint extension which has a non trivial domain D(Dy ). The
space F' can be as small as C2°(R3\ {0}, C*) which is not dense in D(Dy)
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for v/3/2 < v < 1, or as large as H'/?(R3,C*) which does not even contain
the domain for v = 1.

Before turning to the proof of the theorem (given in Section []), we would
like to comment on the role of the quadratic form ¢y discussed in Sec-
tions [LAHLEH in the Talman case AfTE. One important argument in [I5]
was to solve the sup part of ([BY) using the method of Lagrange multipliers.
For any A > sup(V') — 1 we consider the maximization problem

o () 0w (2)) - MUz + =) }

g - x 2
- AT e [ v e = )

which is exactly the quadratic form which we have studied in Section [L4l
The unique maximizer is

_ —i0-Vyp
1=V N

This can be used to prove that supremum

(07 () "

2 2
()enr 1T+

X

appearing in the min-max formula ([39), is the unique number A such that
gx(p) = 0. For this reason, our proof of Theorem [I3] relies on the density of
C°(R3\ {0}, C?) in the quadratic form domains V, shown in Theorem @ In
the critical case, our proof does not rely on the density in W, stated before
in Theorem [ This is because we have assumed that F ¢ H'/?(R3,C*) and
WnNHY2(R3, C*) = V.

The rest of the paper is dedicated to the proofs of our results.

3. PROOF OF THEOREM ON THE MIN-MAX LEVELS

Admitting temporarily our other results, we start with the proof of The-
orem One possible route is to apply the abstract Theorem in the
domain Fjy = D(Dy ) and then to show that Fjy can be replaced by any other
I as in the statement. Another strategy is to truncate the potential into V%,
apply Theorem [I2] for V. and then pass to the limit ¢ — 0 in the min-max
formula for the eigenvalues. This argument uses the norm-convergence of
the resolvent in Theorems [I and [[I] which implies the convergence of the
eigenvalues.

The first method requires to know the domain Fy = D(Dy) quite pre-
cisely, whereas the second one does not involve the domain at all. It is more
robust and more appropriate in the critical case v = 1 for which we have
less information on D(Dy ). For this reason, we use the second method.
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3.1. Proof for the Talman projections AfTE. We split the proof into
several steps. To simplify our proof, with an abuse of notation we write

peFt = A"T'F instead of
(g) € ALF

and similarly we write x € F~. In the proof we approximate the (upper
bounded) potential V' by V. := max( ,—1/¢) € L>°(R3,R) and we start by
recalling some well-known facts for V.

Step 1. Upper bound. First we compute

)2 Q) st

a:= sup = su =sup(—1+7V)
XEF- I cer [IxI1?
x7#0 x#0

since F~ contains C2°(R?\ {0}, C?) by assumption. Thus a < v/1 — 12 since
sup(V) < 1+ +/1 — 2. The same property holds when V is replaced by V.

Following [I5, Lem. 2.2], we write the min-max levels for a potential V'
(truncated or not) in the form

)\%},(V): inf+ sup Sp-(V, ). (43)
am )=k P
where
S(V,p) =
2 2 2R (y, —io -V
sup Jas (ol = Ix?) + [ps V !w!z+\x\2)+ (x. —io - V) (44)
XEF~ Jrs lel? + x|
llell+IIx (1250

All the terms are well defined since F' ¢ H/2 (R3,C*). Indeed, by continuity
of the function appearing in the definition ([@4]) for the norm of H 172 the
value of S(V, ¢) does not depend on F'~ which can be replaced by any space
dense in H'Y/2. This is why our notation for S(V,¢) does not involve F~.
By monotonicity with respect to V' we have

k k
AL (V) = A7) (45)
for all € > 0. Using a continuation principle, it was proved in [I5] that

AVp(Ve) = V1-12>a (46)

for all € > 0 and all C2°(R3\ {0},C*) ¢ F ¢ HY?(R3,C*). So we can apply
Theorem and conclude that, under our assumptions on V, )\gfC %(Vg) is
independent of F' and coincides with the kth eigenvalue of Dy, . 7

In the limit € — 0, A%(VE) converges to the kth eigenvalue p*) (V) of
Dy, due to the convergen’ce in norm of the resolvents, shown in Theorem [I]
for the subcritical case 0 < v < 1 and in Theorem [l in the critical case
v = 1. So passing to the limit ¢ — 0 in ([43]) we obtain the upper bound

k
uB W) = AT (V).
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Step 2. Lower bound. Now we come back to (@3]). In order to prove the
reverse inequality we have to show that
sup S(V,) = p™(V)
peWwt
for every k-dimensional subspace W C FT. The next lemma follows from
the arguments in [I5, Lemma 2.2].

Lemma 14 (Computation of S(V,¢) [I5]). Let ¢ € H'Y/?(R3 C?). Then
S(V, ) is finite if and only if ¢ € V. In this case, E = S(V, ) is the unique
solution to the nonlinear equation qp(V,¢) = 0.

Note that even in the critical case v = 1 we conclude that ¢ must be in V.
This is because we have assumed that ¢ € HY/?(R3,C?) and WNHY/2 = V.
By Lemma [[4] and the monotonicity of gg with respect to E, it suffices
to show that
sup g, (1) (Vo) 20 (47)
peW+
for any k-dimensional space W+ C F+ N V. Since CX(R? \ {0},C?) is
dense in V by Theorem [4 it suffices to prove [T for a k-dimensional space
W+ c C*(R?\ {0},C?). For any such space, we have from the min-max
characterization for V,
sup g, (vy(Ves ) 2 sup g, (v,)(Ve, ) = 0.
pEW+ peEW+
So passing to the limit ¢ — 0 (in the fixed finite-dimensional space W C
C*(R3\ {0},C?)) we find
sup g, (1) (Vi) 20
peW+

as we wanted.

3.2. Proof for the free Dirac projections Ag. The proof follows along
the same lines as for the Talman projections, and we only outline it. In this
case we have as before

(_, Dyyp_) (=, (= VI-A+V)y_)

a:= sup —————— = sup
voensp  IIO-IP b eAyF 9|12
Y-#0 Y- #0

<sup(V) =1 < V1 — 02,

Following step by step the argument of the previous section, we have to
study the quadratic form

ols) i= (b VI=BG,) + [ (V= )i
+ <A5V¢+, (Aa(m +E - V)Ag) o A5V¢+> (48)

in place of gg which appeared in (20]). Let us remark that ¢p is continuous
on H'/? since, by the operator monotonicity of the inverse, we have

_ _\ ! Ay
(AO(\/l—AJrE—V)AO) < 1_A+E_01_ —
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Therefore by Kato’s inequality

(Mven (N WT=B+E-vng)  agves s [ VIIs? (9

and
@] S (v VT Ry ).

In addition the map E + §g(1p4) is C' on (0,00) with
2

o -
SplEW+) = / |9 [ —H c(WV1—A+E— V)A) 1A5V1,Z)+

L2
(50)
Using ([@9)) and the fact that

<Ag(m+E—V)A5)72<%(Aa(vl—AJrE—V)A&)

the right side of (50) is well-defined and continuous on H'/2.
In [I5] Sec. 4.2] it was proved that
qe(¥4) 2 0 (51)

for all sup(V) —1 < E < V1 — 12 and all ¢, € AJHY2(R3,C*). From ()
we can first deduce that the domain of the quadratic form ¢p is exactly
AFHV2,

-1

Lemma 15 (The domain of g is AJ H'/? for v < 1). We have
Gp(04) > (1= )2 (y, VT= By ) — 4BV o5, | (52)
for every ¢ € Af HY?(R3,C*) and every E > max(0,sup(V) — 1).

The bound (52)) can be improved for max(0,sup(V) — 1) < E < V1 — 12
but it is sufficient for our purposes. From the lemma we obtain that the
maximal domain of g is A H'/?(R3,C*), hence C°(R3\ {0}, C?) is dense
in this domain. The rest of the proof is then exactly the same as in the
Talman case. Note that in the equivalent of Lemma [I4] the corresponding

supremum S (V,p) is always finite since the quadratic form is this time
defined on H'/2.

It therefore remains to provide the

Proof of Lemma[Id Using (&) for V' = —v/|z| and passing to the limit
v — 1, we get the following Hardy-type inequality [I5]

(o T=mwy) -~ [ 1]

rs ||

1 -1 1
+ <A5m¢+7 (AJ(V 1-A+ \95,71)1\5) A5m¢+> >0 (53)

for all v, € AgH /2 Now we would like a similar inequality with an
additional F > max(0,sup(V) — 1) in the denominator of the second term.
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We start by writing
1 - R |
Aom¢+,<Ao(V1—A+E+’$\ )Ao) Aomim
_1 _ RPN Nt |
> <Ao m¢+a <Ao (V1I—A+ |z 1)Ao> Ag m¢+>

2

1 1
- B[ (AT B +1al0a5) Ay s

since (A+ E)~! > A7! — EA~2. Now we claim that the operator
1 1
Bp = (Ag(\/l—A+E+ \xy—l)Ag> Agm (54)

is bounded as follows:
|Bel < 2.
Using (B3)), this eventually implies

(6 VT= By )
1 -1 1
+ <Aom¢+, (AT(WVT=2+ B+ |e[7)47) Aom¢+>

> [0 E ampee. 6o
R3

]

Before providing the proof that Bg in (54]) is bounded, we first come back
to qr(1v+). We note that it is a monotone function of the potential V. This

is perhaps not so obvious from the formula [{8]), but it becomes clear if we
recall that

qe(¥y+) = sup {<¢+ + -, Do(Yy +1p-))

b_eNyFy

+ [ Vit e - Bl + |rw_|r2>}-
RS

So for a lower bound, we may replace V' by —v/|z| and we obtain, for every
E >0,

) > VT=Bu) - [ 1L [

|z

1 -1 1
+ V2<A5m¢+, <A5(V 1-A+E+ |$|71)A5) A5m¢+>

>(1- u2><w+,Mw+> —v(l— v)/ el 4,2 /R [0+4]?

rs ||

2(1-v) <1 +v - gV) <1/1+, m¢+> — 4BV /RB 412

In the second inequality we have used (B5) and in the last one we have used
Kato’s inequality (I4]). Using 7/2 < 2 yields the simpler inequality (52]).
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So it remains to prove that Bg in (54]) is bounded and since

Ag(WI—=A+Ja["HAg
Ay (VT —=A+E+|z|~1)A,
where the left side has a norm < 1 by the spectral theorem, it suffices to do
it for £ = 0. We compute

{Ag <M+ ﬁ) Ag}2 =Ay(1—A)+ (Ag%Ag)z

1 1
Ag [ =VI-A+VI-A—|A;.
] ]

Bg =

It was proved by Lieb in [36] that

ﬁ\/1 A+\/1—Aﬁ>0
X

and therefore we have the operator inequality

{5 (VITE ) }2>A°(1‘A)'

The inverse being operator monotone, we deduce that

(a7 (VimB 4 ) }_2<1A—EA

or, equivalently, that

(45 (Vi=B ) w5)

So we can write
By= (Ag(WVI—A+]al Ay ) AgVI-
which proves using Hardy’s inequality that
1 1
[ Bol| <

VI—A|z|

This ends the proof of Lemma O

1-A

1
\/1— J]

4. PROOF OF THEOREM [4] ON THE SUBCRITICAL DOMAIN YV

4.1. Proof that C°(R3\ {0},C?) is dense in V. We are going to adapt
[58, proof of Theorem 4.1]. Zhikov considers a scalar function ¢, with |V|?
instead of |0 - V|2, A crucial step in his proof is to approximate ¢ by a
function . bounded in a neighbourhood of 0. This is easily done in his
case, just by taking ¢. = ©1(|¢| < '), with ¢ small. In our case this
simple argument fails. Instead we change our unknown and remove the
Pauli matrices.

For every ¢ € L?(R3,C?), there is a unique u in the homogeneous Sobolev
space H'(R?,C?) such that ¢ = (0 - V)u. Then,

2 | U‘Q / 2
= YVul“.
ety = [ 5=+ [, 1V
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Note that the matrices oy have disappeared. Now, for 0 < & < 1 we let

¢- = (0 - V)u. where u. is the solution in H!(R3 C?) of the equation
Auc(z) = 1(|z| > ¢) Au(x).

Obviously e € V and

_ 2 _ |Auf? / _ 2
o=y = [ 52y + [ W)

where B. is the ball of radius . The first term converges to zero and the
second term can be written in the form

/RSW(u—um?:—/ (u - ue) B

Au(z) Au(z)Au(y)
// !m— dedy S || Aulles s,

by the Hardy—Littlewood—Sobolev inequality. Now

1/2
|Aull o5, < 112 = V)72 80| 5 12 = VI

which tends to zero.

We have proved that ¢. — ¢ strongly in V. The function ¢ is well
behaved close to the origin. Indeed, for each 0 < ¢ < 1, u. is harmonic
on B(0,¢), so there is M. > 0 such that [p.| < [Vue| < M. on B, s.
Then we can follow [58]. For 0 < § < £/2 we consider the cut-off function

05(z) := max (0, min(1, @ —1)) and let ©2(z) = O5(z)p- (). We write
iz~ [ 1@ = Os)ecf?
lee = el = |

RV RYVINE:

) 2 0+121p. |2
SQ/ |(J V)Q0€| +2/ |v 5| |90€| +/ |¢€|2
Bs 2—-V Bs 2-V Bs

476 2|(o - 2
< SMEQL _|_/ ‘(U v)‘ﬁs’ + |90€|2a
Bos 2—V

and for a fixed e > 0, this quantity tends to 0 as 6 — 0. To end the
proof, note that <pg vanishes on B(0,0/2), so we can regularize it using a
convolution product, which ends the proof that CS°(R3 \ {0}, C?) is dense
in V.

Remark 16. If we make the further assumption that V(z) < —n/|z| in a
neighborhood of the origin, we can use a much simpler argument. Namely
we replace ¢ by (1 — O5)¢ with the same 05 as before and estimate

/ |- V(0s5¢) <2/ 9§IJ-Vs0|2+2/ (05)%] 0
R 2=V T Jg 2-V w<s 2—V

The first term goes to 0 by the dominated convergence theorem and the second
can be bounded by

/ (65)*] </ |z[(05)° 0| </ lol?
w<s 2=V T g 1zl T Jigcs |2l

since |x|0f is uniformly bounded.
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4.2. Proof that V ¢ H'/2. Using again our assumption that V is bounded
from below by the Coulomb potential, we see that

X 2
ol > [ ZTEO as,
rs 2+ 1/|z

Hence ¢ is in H' outside of the origin, and |z|'/?V¢ is in L? in a neigh-
borhood of the origin. This turns out to imply that ¢ € H'/2, using the
following Hardy-type inequality for the part close to the origin.

Lemma 17 (Another Hardy-type inequality). We have

2 T
/RS ‘(—A)1/4(p(x)| dr < 5 /R3 |z| |o - V(p(x)‘Q dz, (56)

for every ¢ in C(R3\ {0},C?).

Proof. Using that (o - p)? = |p|? with p = —iV, we can write ¢ = |p|~%0 -
p(o - p)e. Calling n = o - Vi, it remains to show the inequality

2 T 9
<5 [ lelna) P do

which is just Kato’s inequality (I4) for 7. O

(n,Ipl ™ ) 0 = H|p|*3/20 -pn‘

5. PROOF OF THEOREM [Q ON THE CRITICAL DOMAINS Wc AND W

5.1. A pointwise estimate on ¢y and ;. We start by giving a useful
pointwise estimate on ¢y and ¢ at the origin.

Lemma 18 (Pointwise estimates on the spherical averages o and ¢1). Let
v € Wo and let o = Lo (0 - L)p and o1 = 0 - wyl_oy(0 - L)p. Then we
have the pointwise estimate

et e+l s YED (i) lele ) 60

Proof. Let v = ryy which belongs to L?(0,00) since ¢o(|z|) € L?(R3,C?).
Using Lebesgue’s differential theorem, we get, for 0 <r < 1/2 <1’/ < 1,

’ 1/2 / 1/2
lo(r) —v(r')| < /r 5 ' |2ds / /T 1+ ds /
S\J, 1+s - s

Slielwev/1 =1 +log(1/r)

which gives the result, after integrating over ' € (1/2,1). O

5.2. Proof that C2°(R3\ {0},C?) is dense in W¢. Let ¢ € W¢. For the
functions ¢4 and ¢_ we can apply Theorem @] (or even Remark [I@). Only
wo and ¢ need a new argument. Since the norms are the same for those
two, we only deal with (g and call it ¢ throughout the proof, for shortness.

First we approximate ¢ = g by a function supported outside of a neigh-
borhood of the origin. We use ¢, = 0, with 6,, a radial function equal to
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0 close to 0, equal to 1 on [e~!, 00) and which converges to 1 almost surely.

We have to estimate the norm of ¢ — ¢, = (1 — 6,,)¢, which is

| Ea-a00e v

1+7r
[e’e) r 9 OO?“3(9/(7“)2
<2 1—0,)%|r¢ d 2/ —n |y d
/O T (1= 0 lre’ + | dr +  TThr || dr

The term involving 1 — #,, goes to zero by the dominated convergence theo-
rem. For the second term we cannot use a simple 6,, such as #(nr) because
we are lacking estimates on ¢. Inserting the bound (B7) gives

e”l 3y 2 e !
[ s [T riogti/r

which is divergent if we take a function in the form 6(nr). Using the fact
that (rlog(1/7))~! is not integrable at r = 0, it is possible to construct a 6,
such that the right side goes to 0. Let

—an /2
% m — e) % for a, /2 < 7 < ap,
En(r) = % Wh/?") —e for oy, <7 < e L, (58)
0 for r € [0,y /2] U [e71, 00).

where o, = exp(—e”) — 0 is chosen such as to have
1

bﬁbﬂV%ﬂ*:/e ﬁé%ﬁ5:

Then we have
671 —1

| s0r 5 (mmay ) *a L,
—1+0(1/n)

and
—1

/Oe Tlog< >£n()
) f o () (-3

1

+ ! - 1 ! ! 2d
n? /o, o8 r rlog(1/r) ¢ "

=%+O(1/n2).
/"@
/ En(r dr

As a last step, since the function 6,,¢ is now supported outside of a neigh-
borhood of the origin, it can be approximated by functions in CS°(R3 \
{0}, C?) by usual convolution arguments.

Therefore we can take
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5.3. Proof that C°(R3\ {0},C?) is dense in W. The proof for an arbi-
trary potential V' is more complicated. Since p1 € V we can use Theorem @
for those functions and we only have to approximate g and . Writing
wo = Opg + (1 — 0)¢pp for a smooth radial function € of compact support,
which equals 1 in a neighborhood of 0, we know that (1 —6)py € H' C W.
So we can prove the result for ¢y supported in, say, the interval (0,e~!), an
assumption that we make for the rest of the proof. For simplicity of nota-
tion we just assume in the rest of the proof that ¢ = ¢(|z|) is radial and
supported on (0,e~!). In radial coordinates, our norm is then equivalent to

—1 —1 —1

/e g(r)r2|<p’(r)‘2dr+/e r‘rw’(r)—i—tp(r)fdr—i—/e r*(1+h(r)) |p(r)[*dr
0 0 0
(59)
where
1 dw T 1 1
g(r) = E/SQ T—Vew) 147 >0, h(r)= E/SQV(rw)dw+; > 0.

The difficulty is of course that we have little information on g and h, except
from the fact that g and rh are bounded close to 0.

As a first step we approximate ¢ by a function ¢g on which we have more
information. Let 0 < § < e~! and us be the unique solution of the elliptic
minimization problem

inf
u(8)=w(9)

5 5
{/ g(r)rz‘u’(r)fdr—i-/ r{ru’(r)—i—u(r)ﬁdr
0 0
5
2 2
+/0 (14 h(r))|u(r)] dr}. (60)

Multiplying ¢ by a phase we can assume that ¢(d) > 0 and then we conclude
that us = 0 on [0,0]. This is because the functional in the parenthesis
decreases when wu is replaced by |u]. We then let ¢s = @(r)L(r > §) +
u(r)1(r < §) which satisfies 5 € W with

le = il
3 9 § 9 6
S [ ol @) drs [ ol et et [ o (Lenm)leto dn
This tends to zero when § — 0.
Next we are going to work with ¢g, using the additional properties coming
from the fact that ¢5 = us solves the variational problem (G0) on [0, d]. To

shorten our notation, we simply write © = ug. The function u solves in a
weak sense the degenerate elliptic ordinary differential equation

!
= (P2g(r) + () = (1 =7 = rh(r))u(r) (61)
and satisfies the Neumann-type boundary condition that
lim 72(g(r) 4+ r)u'(r) + r2u(r) = lim 72 (g(r) + r)u/(r) = 0.
r—0 r—0
Indeed, note that

u(r)] < Cllelw

Tog(1/7) .
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by Lemma I8 since @5 € W, hence r2u(r) — 0 at the origin. Thus, inte-
grating (GI) we find that

—rz(g(r) +r)u(r) = /07’ 3(1 —5— sh(s))u(s) ds
S /07’ V1og(1/s)ds = r+/log(1/r) + o(r+/log(1/r)).

Multiplying by u(r) > 0 and using (62]) we find
—r*(g(r) +7)(u*)" S log(1/r)

and therefore

s ([ s o) s ([ RG) T @

for r < §/2. Note that the integral on the right diverges as r — 0 since g is
bounded and

/5 log(1/s)ds < 1 /5 log(1/s)ds 1 log(1/r)
e S2(s+g(s) T 6+ lgle= Jp  S? Ot gl

The estimate (63]) is better than (G2) if g(r) is much larger than r at the
origin. For instance when ¢ has a finite limit at » = 0, we get \/log(1/r)/\/r
instead of y/log(1/7)/r.

Now we follow the proof of the previous section in the Coulomb case. We
need to find a sequence 0,, which is equal to 0 close to 0, is equal to 1 on
[0/2,00), converges to 1 almost surely, and such that

6
lim [ (g(r) 4 r)r?u(r)®6,(r)* dr = 0.

Plugging our bound (G3)) on wu, it is sufficient to show that
é é
) log(1/s)ds > 9
1 +7)r? / -0 dr = 0.
noe o (gr) 7 ( R O)) ) dr

Following the construction (G8]) of #,, in the previous section, this is possible
when

/5 dr
0 (g(T)+T)T2 fé log(1/s) ds

r s2(s+g(s))
In order to check that this integral is infinite, we introduce for simplicity

o J log(1/s)ds
ro= [

= +o00.

and rewrite

/(5 dr B _/(5
0 (g(T’)—i—T‘)TQ fé log(1/s) ds 0

T s2(s+g(s))
log F'(9) S log F(r)
~ log(1/9) /0 rlog(1/r)
after integrating by parts. From (64) we obtain log F'(r) > log(1/r) +
o(log(l/r)) and therefore the integral on the right diverges, as we wanted.

(r) dr

FI
F(r) log(1/r)
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5.4. Proof that Wo C H*(R?,C?) for 0 < s < 1/2. We have shown in
Theorem @ that Vo ¢ H'Y/2(R3,C?), hence o1 € H'/?(R3,C?) and it suffices
to show the result for ¢ = @o(|z]) + 0 - wzpi(|z]). In addition, by density we
can assume that ¢p and ¢ € C2°(0,00). Again we can prove the result for
o supported in, say, the interval (0,e~!/2), an assumption that we make
for the rest of the proof.

Now it is actually easier to prove that the compactly-supported ¢g(|z|)
belongs to W% (R3) for every 1 < a < 3/2, which implies that it belongs to
H*(R3) for 0 < s < 1/2, by the classical Sobolev embeddings. So we have
to prove that

—1 -1

(& €
/0 7“2\<p’0(7")\ad7" = /0 TQ_O‘]rap{)(r)]“ dr < oo.

Note that by Lemma [I8

e ! e !
| rlemrdrs [0 og /) dr
0 0
is convergent under the assumption that o < 3/2. So it suffices to estimate

el
/0 P2t () + olr)| dr

2—«

' asa \ 7 [ 2 :
< / r2—a dr / rireh(r) + @o(r)|* dr ,
0 0

where the first integral is again finite when a < 3/2.
For o - w1 (|z|) we have

o1 (|| log(1/]x[)
\VU'wzwl(mﬂ < g (l))| + Tl < gy (|2 +CT
and the result is the same. This concludes the proof of Theorem [l O

6. PROOF OF THE RESOLVENT CONVERGENCE IN THEOREM [I1]

We assume for simplicity that V. = max(V,—1/e). The proof for the
other case V; = (1 —¢)V is very similar. Using the min-max formula for the
eigenvalues [15] and the fact that gov. > qo,v > q§ =0, it is known that

(sup(V) —1,V/1—=v2)no(Dy,) =0, V0o <e< 1.

The construction of the distinguished self-adjoint extension in [21] actually
provides the information that

(sup(V)—1,vV1—-v2)No(Dy) =0

as well. We therefore fix an energy E € (sup(V)—1,v1 — v?) and prove the
norm convergence of the resolvent (Dy, — E)~! towards (Dy — E)~!. By [29]
Chap. IV, Sec. 2.6] this implies the convergence in norm of (Dy, — z)~!
towards (Dy — z)~! for any z ¢ o(Dy).
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As a first step we provide a quantitative bound which follows arguments
from [2I] but is not explicitly written there. Let f,g € L?(R3,C?) be two
vectors and ., x. € H'(R3?,C?) be such that

=) - ()

that is,

(-1=E+V.)x: —io- V. =g.
Inserting

_ L v g

Xe = 1+E—V520 Pe I+ E—V.
we get the equation in H !
1 1
1-FE+V.)pe—0-V——"r—0-Vo.=f+i0-V (66)

T+ E—V. 1+ E-V.”
Integrating against ¢., we find that

Ve |? , oVt
1—E+V. 2 u:/ i / - T 7e 4
/Rg( Vo)l +/Rsl+E—V€ T TR

We can rewrite this in the form

- F 2_E |O- 5
- L@ﬂl—%xL+E_%)+%%ww

B . ) oVl
_/]RLSSOEJC Z/l%Sl—i_E—‘/’ag.

From this we conclude that there exists a constant C' (depending on F and
V' but otherwise independent of €) such that

I 2 |o - VSD5|2 <C 2 2
pellfe a0 ve) + [ g p oy < C (Il +lol)

Since (14 E —V.)~! is uniformly bounded, we also have that y. is bounded
in L2. Writing (63)) in the form

{(_1_E+Ve)@8_i‘7'vX8:f_QQOEa

. (67)
(1—-FE+V)xe —io - V. = g+ 2xe.

we get all the same information with . and y. interchanged. In other
words, we have shown that the embedding D(Dy.) C W x W is continuous
with a constant independent of e:

O"VQDg
||SD€||W + ||X6HW + H 1+E—V.

/ _ . Pe
<<7H<g> Lz_(juumé E)<Xf> L

Now we can pass to the weak limit ¢ — 0. Since W C H? for all 0 <
s < 1/2, we have W C LP for 2 < p < 3 with a locally compact embedding.
Hence we can find a subsequence ¢, — 0 such that ¢, := p., — ¢ € W and

1+FE -V,

H g VXE
.2

L2

’ vgp&‘ax{;‘ € HI(R37C2)' (68)
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Xn ‘= Xe, — X weakly in W, weakly in LP and strongly in Lfoc for every
2 < p < 3. Passing to the weak limit in (G5]), we find

{(1—E+V)cp—ia-VX:f,

69
(-1-E+V)x—ic-Vp=g. (69)

Since ¥ = (¢, ) is in L? and satisfies ¢ € W and Dy¥ € L? we have
U € D(Dy). We know from the selfadjointness of Dy and the fact that
E ¢ o(Dy) [21] that the equation (69]) has a unique solution. Hence the
weak limit is independent of the subsequence and we must have ¢, — ¢ and
Xe — X. This proves the weak convergence of the resolvents. In addition,
we have, after passing to the weak limit,

o-Vo
1+E-V

) H o-Vx

1+E—V
(@) -<lov-» )

This tells us that D(Dy ) is continuously embedded into the spaces corre-
sponding to the norms on the left. This is already present in the proof
of [21], but not explicitly written.

Now we prove the norm convergence of the resolvents. Let F. = (fe, g:)
be any sequence in L?(R3, C*) such that || F.|? = || f|I>+g:|? = 1, F: = F
weakly in L? and

|(Dv. = E)™' = (Dv = E)"!|| = [[((Dv. = B)™! = (Dv — B)™") E|.
Let then
Ve - fe ‘Plg _ - fe
(xs> = (Dv. =B <9) ’ <x2> = (Dv =B <9) ’
{(1 —E+V)(p: —¢l) —io- V(xe —xL) = (V = Vo),

which implies that
(=1 =E+V)(xe —xz) —i0 - V(pe — L) = (V = Vo) xe.

el + il + H

<C (70)

L2

(71)

From the previous uniform estimates we know that ¢, ¢, x. and x. are
uniformly bounded in the norms appearing on the left of (Z0]). Passing to
weak limits as previously, we find that ¢. — ¢, — @ and y. — x. — X weakly

with
(Dy — E) (g) —0

and ¢ € W, hence o = ¥ = 0. Our goal is to prove that the convergence
is strong in L?. Because of the locally compact embedding into L?, it only
remains to prove the compactness at infinity. Let then 6 be a smooth radial
function which is 0 in the ball of radius R and 1 outside of the ball of radius
2R, for any fixed R > 0. We multiply (7)) by 6 and get

(1= E+V)0(pe — o) —io - VO(x: — x2) = —i(xe — xt)o - Vb,
(=1 =E+V)0(xe —xz) —i0 - VO(p: — ¢L) = —i(p: — )0 - V0.
(72)
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since 0(V —V;) = 0 for € small enough (we use here that V' can only diverge
at the origin). This can be written in the form

AN Xe — Xt
(Dy —E)f <Xe - X!—:) =—i6'0 - w, (905 - @é) (73)
where the right side has a compact support, hence converges strongly to 0 in
L?. Since Dy — E is invertible we conclude as we wanted that (. — L) — 0
and O(x. — x.) — 0 strongly in L?. Together with the locally compact

embedding this proves the norm-convergence of the resolvents and ends the
proof of Theorem [IT1 O

APPENDIX A. DOMAINS OF CLOSURES IN THE EXACT COULOMB CASE

In this appendix we characterize the domains of the closures of the mini-
mal operators D_,, /r and h“ We prove the following

Proposition 19 (Closures of the minimal operators D_,, /r and hE). If

{|u| € 0.\ {v3/2}  forn=21,
lv] € [0,1] for |k| =2
then we have L
D(hg) = H ((0,00),C?). (74)
When |v| = v/3/2 and k = +1, we have
D(hE') 2 Hy ((0,00),C?).
In addition,

D(D_,) = H'(R®,CY)  for [v] €[0,1]\ {V3/2}, (75)
and .
D(D_,)r) 2 HY(R3,CY for [v] = V/3/2.
Proof. Note that by Hardy’s inequality, the operator norms of the Dirac-
Coulomb operators D_,, /r and h“ are controlled by the H! norms, so the

inclusions H'(R3,C*) D( _yr) and H(0,00) C D(h“) are obvious. The
only nontrivial conclusions in Proposition [[9 are the reverse inclusions.

In [33] 34] it is proved that h“ is self-adjoint with same domain as ho,
provided |v| < y/k? — 1/4. Using the identity

/0°° )P /OOO ()2 dr + (s 4 1)/000 wr)?

u'(r) + Al 2

for u € C2°((0,00),C?), this domain is just found to be Hg((0,00),C?). In
addition, using resolvent estimates, it was proved in [33] [34] that
D(D_, /) = D(Do) = H'(R?,CY),  for [v] <v/3/2.

When |v| = v/3/2, it is easy to see that H{(0,00) is a strict subspace

of D(h;—Ll) Indeed, since essential self-adjointness still holds, hif! coincides

with the adjoint operator (AE!)*. But D((hfl)*) contains a function behav-
1/2

ing like 7/ near 0, and the derivative of such a function cannot be square

integrable.
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Finally, we study the case of strong fields v/3/2 < |v| < 1. For |v| <

V15 /2 one can consider the restriction of D_, /|z| to the orthogonal space
B2 of the subspace ker(K? — 1) in L?(R? C*). Then the arguments and
estimates of [33, 34] immediately imply that this restriction is self-adjoint
with domain H'(R?,C*) N E|,>2. So

D(D_yjja) N Bz = H'(R?,CY) N Ejgp29

and we only have to characterize D(ﬁ) in the case v/3/2 < |v| < 1. To
our knowledge, this last point is the only novelty of the present Appendix.
Our claim is that

D(hE") € HY((0,00),C%),  VV3/2<|v|<1. (76)

Before proving ([76]), let us explain why this inclusion ends the proof of
Proposition [[91 Using formula (), together with the classical identity

IVO2 = 10,2 + 22 and the bound
LW (r, 7252y < 2190, 7252y, V¥ € ker(K* — 1),

we see that ||[VW|? T2(r3) 18 controlled on ker(K? — 1) by a finite sum of

integrals of the forms [ |jr(7“ Lu, v~ 1) [>r?dr and [;° |(u,v)[*r~2dr. Using
the one-dimensional Hardy inequahty, one then finds that such integrals are

dominated by [;* |dr u,v)|2dr on C°(0,00). So (Z6) implies that

D(D_,)u|) Nker(K? — 1) ¢ H'(R?,C*),

and finally proves that D( _V/|$|) C HY(R3,C*).

We now prove ([f@]). Without any loss in generality, we can assume that
k =1 and v/3/2 < v < 1. Indeed, one can change the sign of x by inter-
changing u and v, and the sign of v by replacing (u,v) by (u, —v). Let then
(un,vy,) be a sequence in C2°(0,00), of limit (ueo,Vso) for the norm of the
domain of ill,,,/r- Then (tn, vn) = (Uoo, Voo) i NesoH (g, 00) and

converges in L?(0,00) to

(Goos boo) =

r dr r’ r dr r

<_ Vs  AUso Voo  VVso +duoo uoo>

On the other hand, the homogeneous system

admits the solutions (v, 1 + s)r* with s = v/1 — 2 when v < 1, and the
solutions (1,1), (log(r),log(r) + 1) when v = 1. So, remembering that
(up,vy,) vanishes near 0, the method of variation of the constant gives the
formula

<Z:E::;> N (1 -VF 8> /0 <$)Sa"(p)dp+ (1 ’ S> /0 (%)Sﬁn(p)dp (77)
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in the case v < 1, with

1 1— 1+
(anaﬁn) - <_an - bn S7an + bn S>
2s v v

convergent in L?(0,00). In the case v = 1 the formula is

(ZZS:;) = /0 (f;i&) dp + /0 log(p/r) (ZZE% j; Zzgg;) dp. (78)

Our last step is to prove the convergence of (CZ‘—:, CZ’—;) to (dg—;jo, dzl)_:o) in

L?(0,1). Considering the derivatives in r of formulas (77) and (78), we see
that we just need to estimate integrals of the form

/0 1 (rsl /0 psF(p)dp>2d7“ and /0 ' (7"1 /OTF(P)dP>2dr

in terms of fol F2(r)dr for all F € L*(0,1).

For the first estimate we take p > 2 such that ps < 1 (this is possible
since we assume v/3/2 < v < 1). We denote q = ;27 € (1,2). By Hélder’s
inequality,

o [ rean< ([C(2) ) " (= [ oo l/q
r 1/q
= (1—ps) /7 <r—1/0 Fq(p)dp> :

Hence, applying the one-dimensional Hardy inequality

/OOO <7°_1 /OTG(p)dp> e dr < (2%(])2@ /OOO G2/ () dr

to G(r) = Fi(r)lo<,y<1, we find

/01 <r51 /0 psF(p)dp>2 dr < (1—ps)~2/p (%q)m /01 F2(r)dr .

This is the needed estimate in the case v/3/2 < v < 1. The second estimate
(needed for v = 1) is much easier. It follows directly from Hardy’s inequality

/OOO <7°_1 /0 G(p)dp>2dr < 4/000 G*(r)dr

applied to G(r) = F(r)lo<r<1. This concludes the proof of (7@), hence of
Proposition O

N\

APPENDIX B. PROOF OF THEOREM [§] ON ¢f IN THE CRITICAL CASE

In this section we compute the quadratic form ¢f for V(z) = —|z|7,
following the method introduced in [14].
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B.1. Computation of qg . First we note that the operator ¢ - L commutes
with (o - V) f(|z|)(o - V) for any radial function f. Indeed, we have
c-Lo-V+0-Vo-L=-20-V. (79)

Using that o - L commutes with scalar radial functions and inserting (79)),
we easily conclude that

1
Ve—r——=0-V,0-L| =0. 80
RS TR (80

Therefore, recalling that w, = x/|z|, we have
66 () = a5 (p+) + 45 (w0) + 45 (9-) + 45 (0 - woipr).
We compute these four terms separately. We use the formula
[0V, o h(la)z] = h(|z]) + ||k (J2]) + 2h(|2[) (1 + 0 - L)

which, in the particular case h(r) = 1/r, becomes

T 2
oc-V,o-— | =—(140-L). 81
[ il =) (81)
Denoting
r T
f(r)= 5y and g(r)=re",

which satisfy fg’ = g, we obtain

[, £fr-vion

2 / 2
‘ :/ %‘ga-Vu%—ug—a-x‘
R3 9 r

2 2
:/ f‘a-Vu‘ —i—/ M—<u,[a-v,a-i]u>
R3 rs f ||
_ || 2 / 1 2 o-L
_/R3 1+|x|‘a Vu‘ + - 1 2] |ul* —2( u, z] u

=5 (u) — 2<u, Hu> (82)

]

This gives what we wanted for u = ¢, and u = g, after computing

1+ |z
J'V(gs0+)=g<0-vso++ ‘x; ’a-wxw)

and

1+ |z
o-V(gpo) =go-w, <s06+ | ‘@0)-

|z
Similarly, we have
2 1|2 20 —1 g 2
/ fg ‘J-V(g_u)‘ :/ fg ‘g_a-Vu—u—za-x‘
R3 R3 rg

:/Rgf‘g.vu‘2+/RS$+(u,[a-v,a-wx]u>

=S (u) + 2<u, 240 Lu> (83)

]



38 M.J. ESTEBAN, M. LEWIN, AND E. SERE

which gives the result for ¢_, after inserting

_ _ 1+ |x
o-Vig e )=y 1<0-V<p—— ‘x; ’m%@-)-

For u = o - wyp1(|x|) we have to use in addition that

2 2
U-Va'wmsmZ[J-V,U'wm]soﬂrsﬁiZm(lJrU-L)solJrsD'l:msolﬂoi-

since ¢ is radial.

B.2. Simplification of the norm associated with qg. In this section

we prove that the norm induced by qOC on L? is equivalent to the ones given
in B0). Let ¢ € L*(R3,C?) be such that all the terms in (29) are finite.
First we remark that

/ ||
R3 1 + ’I"

which is controlled by the L? norm and by the term involving o - L. So we
conclude that

g-X

W(l + [2]) o+ ()

2
1+ |z
das=/ 7} ()2
R |7

|z| 2
. d .
/H§31+|:c|‘0 Vgoi(:c)‘ T < 00

Using (29) we have

2 : 1 [ et oL
v d > [ @ g oy, T
/]RS 1 + |£E| |O_ SDJF(:E)‘ T+ ||SD+||L2 R3 |1E| T+ Y+ |,I| (228
(84)

and a similar inequality for ¢_. Therefore there is no need to keep the term
involving o - L. For ¢y and ¢; we only use the L? norm to control the terms
involving g and 7.

Lastly, we see that the quadratic form

/Ram{a-vmwm)ﬁd:ﬂ (85)

is also the sum of the similar terms for ¢, ¢, @g and o - w1 (|z|), since
o - L commutes with the corresponding operator in the same way as in (80).
Therefore the norm associated with qg is equivalent in L? to that given
by (85). However, in practice it will often be more convenient to use the
more precise information contained in (B0) for ¢g, p1 and ¢4.

B.3. Estimate on qg\j for A\ £ 0. It is possible to provide a formula for
q?(cp) using the two functions

- — (1)
Ia(r) TF T and  gx(r) =re
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in (82) and (83)), and the arguments are exactly the same as before. We can
also use (BI]) and notice that, for A\ > 0,

22lo - Vs ()2
A/Ra @+ )@+ L+ Nz

o - V]lp(@)? .
<>\(1+77)/RS T A0+ 1)/RSW)|2dx

A1 +n) lo - V]x|p(z)|? . ,
14+ A /Rg Tt e e AL )/Rglw(@! dz

dz

~X

where the coefficient in front of the first integral is < 1 for i small enough.
This concludes the proof of Theorem O

APPENDIX C. THE TWO-DIMENSIONAL CASE

In two space dimensions, the free Dirac operator

. . 1 —2i0
dy = —1 0101 — 10909 + 03 = <—2132 _1Z> (86)
is self-adjoint in L?*(R?,C?) with domain H'(R? C?). Here z = x1 + ixa,
Z=1x1—1x9, 0, = %((91 —i0s), 0z = %(81 +1i02) . In this section, we consider
Dirac-Coulomb operators of the form

dy =do+V(z)

where V' (z) is a real-valued function satisfying V' (z) > —v/|z|, as in three
dimensions. The results are very similar to the three-dimensional case, the
algebra is simpler and the proofs do not involve any new idea. So we will only
state the theorems for completeness, pointing out the main differences. Note
that the two-dimensional case is relevant in solid state physics: although the
low-energy electronic excitations in graphene are modeled by a massless two-
dimensional Dirac equation [40], the study of strained graphene involves a
massive Dirac operator [51].

We would like to emphasize four main differences of the 2d case, as com-
pared with the 3d case:

e The differential operator —2id, is not formally self-adjoint (contrary
to —io - V in 3d). Its formal adjoint is —2i0;.

e When V = —v/|z|, the operator dy is unitarily equivalent to a direct
sum of the same radial Dirac operators h’, as in 3d, but now £ (which
replaces k) is an eigenvalue of the orbital momentum operator L,
taking all relative integer values including ¢ = 0.

e The minimal operator d_y/m = d_, g | C(R?\ {0},C?) is not
essentially self-adjoint for v # 0. In 3d, the operator D_V/m is

essentially self-adjoint when |v| < v/3/2. This difference is due to the
presence of the radial Dirac operator A2 in the direct sum mentioned
above.

e The condition for the existence of a unique distinguished self-adjoint
extension is |v| < 1/2 instead of |v| < 1.
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e For 0 < v < 1/2 the first eigenvalue of the distinguished exten-
sion d_, 1z is V1 — 412 (also eigenvalue of hY) instead of V1 — 12
(eigenvalue of A1) in 3d.

With this in mind, one can prove that Formulas (74) and (75) still hold in
2d for the domains of the closures d_,, /r and he (¢ € Z), provided |v| < 1/2.

Theorem [l stays true in 2d, with appropriate modifications and we do not
state it explicitly. In particular we need to ask that Vi € L?(R?) and there
is no equivalent of (5). These results have been mainly proved by Cuenin
and Siedentop [10] (see also [52]). In particular, they showed that

H|gc|*1/2(D0 n z's)*1|x|*1/2H —2,  VseR (87)

Here, the norm is 2 instead of 1, this is the reason why the critical coupling
parameter is v = 1/2 instead of v = 1.

The two-dimensional analogue of the Esteban-Loss method for self-adjoint
extensions [21], 22] was discussed in [37, 38, 52]. As in 3d, we make the

stronger assumptions

14

— < V(x) and sup(V) <1+ 1—4v2 (88)

]

for some 0 < v < 1/2. Here V1 — 412 is the first eigenvalue of the Dirac
operator with the Coulomb potential Vo(x) = —v/|z|. As in three space
dimensions, it is important to study the quadratic form

-o(2)]?
a(p) = 4/R2 % dx + /R2(1 +V(z) = N|o(x)]? dz. (89)

The two-dimensional analogue of the Hardy-type inequality (2I)) is

/RQ % dz + /R2 <a - ﬁ) o(2)|* dz >0 (90)

for all @ > 0. This inequality was proved recently by Miiller [38], using the
indirect method introduced by Dolbeault-Esteban-Séré [15] in their proof of
[I). But a more direct proof can be given by “completing the square” in
the spirit of [14] [13], as we will explain later.

Using (@0) and our assumption that V' is bounded from below by the
Coulomb potential, we can prove that g\ + 2A|[¢||2, > 0. In addition, as in
three dimensions, it defines a norm which is equivalent to the one given by
the quadratic form

2 |0z 0()? / 2
= ————d dr. 1
el = [ s do+ [ et o (o1)
The corresponding space is, therefore,
V= {p e L*(R?,C) N Hjp (R {0},C) :

2-V) V2.0 € LZ(RZ,C)}. (92)



DOMAINS FOR DIRAC-COULOMB MIN-MAX LEVELS 41

Later we will state a result saying that C2°(R?\ {0}, C) is dense in V for the
norm (@), but for shortness we immediately turn to the discussion of the
critical case.

Following ideas from [I4] 3] and Appendix [Bl we can provide a more
direct proof of ([@0). It is useful to start with the Coulomb case Vo(z) =
—[2z|71, in which case we use the notation

50 = | { sy 0ol + (1-3= 5 ) P a9

We use the orbital momentum operator L = —i(z102 — x20;). Note that
220, = (x-V)+ L, 2205 = (x- V) — L. We recall that the set of eigenvalues
of L is Z, and the eigenspace of eigenvalue [ consists of functions taking
the form e?p(r) in polar coordinates. The following is the analogue of
Theorem [§ and its very similar proof will be omitted.

Theorem 20 (Writing qg\j as a sum of squares in 2d). For every ¢ €
L?(R2%,C) we write
P =pi() + - (2) + po(r) + e pi(r)

where oy = 11 ooy (L)@, o— = Lo _9/(L), 0o = L1y (L) and e o1 (r) =
T_y(L)p. Then

2al Qlal + 1)z P
C
= 20> - d
)= | Tog s+ PR | s
2al Qe + 1)z P
20;p_ — ———"—0_| d
+ T e~ S g

L —1-1L
+2 <p+7mcp+ +2 w—,Tw—

2

e | wo(r)
4 - /
+ 77/0 TTor ‘rcpo(r) + 5 +rpo(r)| dr
+4 /OO ! ’()+—(P1(T)— ()2d (94)
T . 1tor roq(r 5 ro1(r r
for every ¢ € H'(R?,C). Moreover
2 C 2 7] 2
~ 62 _ d
el +a5(0) ~ el + || T loston + o) da
> 1 @o(r) 2 e1(r) 2
—i—/o s <{rcp6(r)+ 5 ‘ + {rcp’l(r)—i- 5 ‘ dr
2
2 |0 |22 ()|
~ + —— dx. 95

Finally, for all =1 < X <1, 2A+1)[l¢||2, + ¢S () is a positive quadratic

form equivalent to [|¢||2, + ¢5 ().

The critical spaces in the 2d case are defined similarly as in 3d. In the
Coulomb case V(z) = —|2z|~! we introduce
i

We = {gp € LQ(R2,C) : 7(1 ()

€ L2(R2,C)}. (96)
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Then we assume that V(z) > —|2z|~! and that sup(V') < 1. We define the
critical space W associated with V' by
1 _ 2|z]
1-V(z) 142z
1\ /2
(V(m) + m) @ € LQ(R3,<CQ)}. (97)
The following is the equivalent of Theorems [ and [I1] in 2d.

1/2
W = {cp eWe ( ) dzp € L*(R3,C?),

Theorem 21 (The quadratic form domains in 2d). We assume that
1

2|z|

Then the space C°(R?\ {0}, C) is dense in V, in W¢ and in W for their

respective norms. In addition we have the continuous embeddings V C
HY2(R2,C) and W C W¢ € H*(R?,C), for every 0 < s < 1/2.

V(z) > and sup(V) < 2. (98)

The proof of Theorem [21] is very similar to the proofs of Theorems [
and @ Note however that the pointwise estimate on spherical averages of ¢
is slightly different in 2d, compared to that in Lemma Instead of (B7),
we have

el e+ el £ B (i) +lelie ). 09

As in 3d, applying the Esteban-Loss method allows to distinguish and
define a unique self-adjoint extension from the property that

D(dy) C {xp = (S;) € L2(R%,C?) : g€ v}

in the case 0 < v < 1/2 and
D(dy) C {qf = <‘§> € L2(R%L,C?) : g€ W}

when v = 1/2. For shortness we do not state the equivalent of Theorems [I]
and [[Il As in Theorem [[I] we can prove the convergence of the resolvents
in norm in the 2d case, by following the proof given in Section [6 In the
subcritical case, as in Corollary [lone can infer some information on y under
the assumption that dy ¥ € L?(R?,C) and that ¢ € V. However, due to the
fact that the adjoint of i9, is i0z, the proper conclusion is that

D(dy) CV xV, for 0 <v < 1/2.

We conclude with the min-max characterization of eigenvalues in the spec-
tral gap. As in 3d, we denote A} (resp. Ap) the Talman projectors corre-
sponding to the Talman decomposition

v (?) = (ArY)
X AL
We also consider the spectral projections

A$ =1(dy > 0), Ay =1(dy <0).
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For a space F C H'/ 2(R3,C*), we consider the min-max levels given by the
same formula as ([B9]), but with dy instead of Dy. We get the same result
as in three dimensions, but with the critical value v = 1/2.

Theorem 22 (Min-max formula for eigenvalues in 2d). Let 0 < v < 1/2.
We assume that

V(z) > v and sup(V) < 1+ V1 — 402, (100)

-zl
Let
C=(R?\ {0},C?) C F C H'/*(R?,C?). (101)

Then, the number )\gpkip defined in ([B9), is independent of the subspace F' and
coincides with the kth eigenvalue of the distinguished self-adjoint extension
of dy larger than or equal to /1 — 4v2, counted with multiplicity (or is equal
to b = inf (0ess(dy) N (V1 — 402, 400)) if there are less than k eigenvalues

below b). In addition, we have

for all F as above and all k > 1.
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