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Local exponential stabilization for a class of Korteweg-de Vries
equations by means of time-varying feedback laws

Jean-Michel Coron? Ivonne Rivas! Shengquan Xiang?

Abstract

We study the exponential stabilization problem for a nonlinear Korteweg-de Vries equa-
tion on bounded interval in cases where the linearized control system is not controllable.
The system has Dirichlet boundary conditions at the end-points of the interval, a Neumann
nonhomogeneous boundary condition at the right end-point which is the control. We build
a class of time-varying feedback laws for which the solutions of the closed-loop systems with
small initial data decay exponentially to 0. We present also results on the well-posedness of
the closed-loop systems for general time-varying feedback laws.

Keywords. Korteweg-de Vries, time-varying feedback laws, stabilization, controllability.
AMS Subject Classification. 93D15, 93D20, 35Q53.

1 Introduction

Let L € (0,400). We consider the stabilization of the following controlled Korteweg-de Vries
(KdV) system

Yo+ Yoaw + Yo Yy =0 for (£,2) € (s,+00) X (0, L),
y(t,0) =y(t,L) =0 for t € (s,+00), (1.1)
Yz (t, L) = u(t) for ¢ € (s,+00),

where s € R and where, at time t € [s, +00), the state is y(¢,-) € L?(0, L) and the control is
u(t) € R.

Boussinesq in [3], and Korteweg and de Vries in [30] introduced the KdV equations for
describing the propagation of small amplitude long water waves. For better understanding of
KdV, one can see Whitham’s book [56], in which different mathematical models of water waves
are deduced. These equations have turned out to be good models not only for water waves but
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also to describe other physical phenomena. For mathematical studies on these equations, let
us mention the following [5, 17, 27, 53] and the references therein as well as the discovery of
solitons and the inverse scattering method [31, 11] to solve these equations. We also refer here
to [6, 7, 21, 44, 57] for well-posedness results of initial-boundary-value problems of our KdV
equation (1.1) or for other equations which are similar to (1.1). Finally, let us refer to [12, 48]
for reviews on recent progresses on the control of various KdV equations.

The controllability research on (1.1) began in 1997 when Lionel Rosier showed in [15] that
the linearized KAV control system (around 0 in L?(0, L))

Yt + Yzaz + Yz =0 in (07 T) X (07 L),
y(t,0) =y(t,L)=0 on (0,L), (1.2)
Yo (t, L) = u(t) on (0,7),

is controllable if and only if L ¢ N, where N is called the set of critical lengths and is defined

by
12 + 1k + k2
N = {27”/%; l,kEN*}. (1.3)

From this controllability result Lionel Rosier, in the same article, deduced that the nonlinear
KdV equations (1.1) are locally controllable (around 0 in L%(0,L)) if L ¢ N. His work also
shows that the L?(0, L) space can be decomposed as H @& M, where M is the “uncontrollable”
part for the linearized KdV control systems (1.2), and H is the “controllable” part. Moreover,
M is of finite dimension, a dimension which is strongly depending on some number theory
property of the length L. More precisely, the dimension of M is the number of different pairs
of positive integers (l;, k;) satisfying

12+ ik + k2
L= 27”/%- (1.4)

For each such pair of (I;, kj) with [; > k;, we can find two nonzero real valued functions 4,0{ and

gpg such that ¢/ := gp{ + igo% is a solution of
—iw(lj, k)T + ¢ + 7" =0,
¢’ (0) = ¢’ (L) =0, (1.5)

/

7' (0) = ¢7 (L) =0,
where ¢, go% € C*([0, L]) and w(l;, k;) is defined by

(20 + k) (lj — kj)(2k; + 1))

w(li ki) =
(- k5) 3VB(I2 + Lk; + k2)3/?

When [; > kj, the functions @{, gp% are linearly independent, but when [; = k; then w(l;,k;) =0
and @7, ¢} are linearly dependent. It is also proved in [15] that

Multiplying (1.2) by ¢/, integrating on (0, L), performing integrations by parts and combining
with (1.5), we get

% </OL y(t, x)@j(:v)d:r) = iw(l;, kj) /OL y(t, z)¢’ (v)da,
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which shows that M is included in the “uncontrollable” part of (1.2). Let us point out that
there exists at most one pair of (I, k;) such that I; = k;. Hence we can classify L € R in 5
different cases and therefore divide RT into five disjoint subsets of (0, +00), which are defined
as follows:

1. C:=R*\ N. Then M = {0}.

2. My := {L € N; there exists one and only one ordered pair (I;, k;) satisfying (1.4) and one
has [; = k:j}. Then the dimension of M is 1.

3. N := {L € N; there exists one and only one ordered pair (I}, k;) satisfying (1.4) and one
has [; > kj}. Then the dimension of M is 2.

4. N3 := {L € N; there exist n > 2 different ordered pairs (I;, k;) satisfying (1.4), and none
of them satisfies I; = k; }. Then the dimension of M is 2n.

5. Ny = {L € N; there exist n > 2 different ordered pairs (I}, k;) satisfying (1.4), and one
of them satisfies [; = k; } Then the dimension of M is 2n — 1.

The five sets C, {N;}{_, are pairwise disjoint and
R =CUN UN; UNg UN4, N =N UN, UNg UN;.

Additionally, Eduardo Cerpa proved that each of these five sets has infinite number of elements:
see [11, Lemma 2.5]; see also [20, Proposition 8.3| for the case of Nj.

Let us point out that L ¢ N is equivalent to M = {0}. Hence, Lionel Rosier solved the
(local) controllability problem of the nonlinear KdV equations for L € C. Later on Jean-
Michel Coron and Emmanuelle Crépeau proved in [21] the small-time local controllability of
nonlinear KdV equations for the second case L € Nj, by “power series expansion” method,
the nonlinear term yy, gives this controllability. Later on, in 2007, Eduardo Cerpa proved
the local controllability in large time for the third case L € Ny [11], still by using the “power
series expansion” method. In this case, an expansion to the order 2 is sufficient and the local
controllability in small time remains open. Finally Eduardo Cerpa and Emmanuelle Crépeau
in [11] concluded the study by proving the local controllability in large time of (1.1) for the
two remaining critical cases (for which dim M > 3). The proof of all these results rely on the
“power series expansion” method, a method introduced in [21]. This method has also been used
to prove controllability results for Schrodinger equations [2, 3, 4, 40] and for rapid asymptotic
stability of a Navier-Stokes control system in [29]. In this article we use it to get exponential
stabilization of (1.1). For studies on the controllability of other KdV control systems problems,
let us refer to [10, 30, 32, 33, 46, 57] and the references therein.

The asymptotic stability of 0 without control (control term equal to 0) has been studied for
years, see, in particular, [13, 33, 34, 39, 42,4347 19, 50]. Among which, for example, the local
exponential stability for our KAV equation if L ¢ N was proved in [43]. Let also point out here
that in [28], the authors give the existence of (large) stationary solutions which ensures that
the exponential stability result in [13] is only local.

Concerning the stabilization by means of feedback laws, the locally exponentially stabiliza-
tion with arbitrary decay rate (rapid stabilization) with some linear feedback law was obtained
by Eduardo Cerpa and Emmanuelle Crépeau in [15] for the linear KdV equation (1.2). For the
nonlinear case, the first rapid stabilization for Korteweg-de Vries equations was obtained in [35]
by Camille Laurent, Lionel Rosier and Bing-Yu Zhang in the case of localized distributed control



on a periodic domain. In that case the linearized control system, let us write it y = Ay + Bu, is
controllable. These authors used an approach due to Marshall Slemrod [51] to construct linear
feedback laws leading to the rapid stabilization of § = Ay + Bu and then proved that the same
feedback laws give the rapid stabilization of the nonlinear Korteweg de Vries equation. In the
case of distributed control the operator B is bounded. For boundary control the operator B
is unbounded. The Slemrod approach has been modified to handle this case by Vilmos Ko-
mornik in [35] and by Jose Urquiza in [55]; and [15] precisely uses the modification presented
in [55]. However, in contrast with the case of distributed control, it leads to unbounded lin-
ear feedback laws and one does not know for the moment if these linear feedback laws lead
to asymptotic stabilization for the nonlinear Korteweg de Vries equation. One does not even
know if the closed system is well posed for this nonlinear equation. The first rapid stabilization
result in the nonlinear case and with boundary controls was obtained by Eduardo Cerpa and
Jean-Michel Coron in [13]. Their approach relies on the backstepping method/transformation
(see [37] for an excellent starting point to get inside this method due to Miroslav Krstic and his
collaborators). When L € N, by using a more general transformation and the controllability of
(1.2) , Jean-Michel Coron and Qi Lii proved in [23] the rapid stabilization of our KdV control
system. Their method can be applied to many other equations, like Schrodinger equations [22]
and Kuramoto-Sivashinsky equations [24]. When L € N, as mentioned above, the linearized
control system (1.2) is not controllable, but the control system (1.1) is controllable. Let us
recall that for the finite dimensional case, the controllability doesn’t imply the existence of a
(continuous) stationary feedback law which stabilizes (asymptotically, exponentially etc.) the

control system, see [9, 18]. However the controllability in general implies the existence of (con-
tinuous) time-varying feedback laws which asymptotically (and even in finite time) stabilize the
control system; see [19]. Hence it is natural to look for time-varying feedback laws wu(t,y(t,-))

such that 0 is (locally) asymptotically stable for the closed-loop system

Yt + Yozw + Yo T YYz =0 for (t’x) € (s,+oo) X (O’ L)’

y(t,0) =y(t,L) =0 for t € (s, +00), (1.8)
yz(t, L) = u(t7y(t7 )) for ¢ € <3a +OO)
Let us also point out that in [38], as in [26] by Jean-Michel Coron and Lionel Rosier which was

dealing with finite dimensional control systems, time-varying feedback laws were used in order
to combine two different feedback laws to get rapid global asymptotic stability of the closed loop
system. Let us emphasize that u = 0 leads to (local) asymptotic stability when L € Nj [10]
and L € Ny [52]. However, in both cases, the convergence is not exponential. It is then natural
to ask if we can get exponential convergence to 0 with the help of some suitable time-varying
feedback laws u(t,y(t,-)). The aim of this paper is to prove that it is indeed possible in the
case where

L is in N3 or in Nj. (1.9)

Let us denote by Py : L?(0,L) — H and Py : L?(0, L) — M the orthogonal projection (for
the L%-scalar product) on H and M respectively. Our main result is the following one, where
the precise definition of a solution of (1.10) is given in Section 2.

Theorem 1. Assume that (1.9) holds. Then there exists a periodic time-varying feedback law
u, C >0, A >0 and r > 0 such that, for every s € R and for every ”?/OHL%< r, the Cauchy



problem

Yt + Yzze + Yo +YYz =0 for (t,:l?) € (Sa +OO) X (OaL)a

y(t, 0) = y(t’ L) =0 for te (S’+OO)’ (1.10)
Yo (t, L) = u(t,y(t,-)) for t € (s, +00),
y(S, ) =Y fOT’ T e (07L)7

has at least one solution in C°([s,+00); L2(0,L)) N L2 ([s,+00); HY(0, L)) and every solution

y of (1.10) is defined on [s,+00) and satisfies, for every t € [s, +00),

1Par )l 2z HIP O < Ce I (1Pu o)+ Parwo) 112). - (1.11)

In order to simplify the notations, in this paper we sometimes simply denote y(¢,-) by y(t),
if there is no misunderstanding, sometimes we also simply denote L?(0,L) (resp. L%*(0,T))
by L2L (resp. L%) Let us explain briefly an important ingredient of our proof of Theorem 1.
Taking into account the uncontrollability of the linearized system, it is natural to split the KdV
system into a coupled system for (P (y), Py (y)). Then the finite dimensional analogue of our
KdV control system is

i = Av+ Ri(a,y) + Bu, §=Ly+Q(z,x) + Ra(x,y), (1.12)

where A, B, and L are matrices, () is a quadratic map, Ry, Ro are polynomials and u is the
control. The state variable x plays the role of Py (y), while y plays the role of Py(y). The
two polynomials Ry and Rs are quadratic and Rg(x,y) vanishes for y = 0. For this ODE
system, in many cases the Brockett condition [9] and the Coron condition [20] for the existence
of continuous stationary stabilizing feedback laws do not hold. However, as shown in [25],
many physical systems of form (1.12) can be exponentially stabilized by means of time-varying
feedback laws. We follow the construction of these time-varying feedback laws given in this
article. However, due to the fact that H is of infinite dimension, many parts of the proof have
to be modified compared to those given in [25]. In particular we do not know how to use a
Lyapunov approach, in contrast to what is done in [25].

This article is organized as follows. In Section 2, we recall some classical results and defi-
nitions about (1.1) and (1.2). In Section 3, we study the existence and uniqueness of solutions
to the closed-loop system (1.10) with time-varying feedback laws u which are not smooth. In
Section 4, we construct our time-varying feedback laws. In Section 5, we prove two estimates
for solutions to the closed-loop system (1.10) (Propositions 4 and 5) which imply Theorem 1.
The article ends with three appendices where proofs of propositions used in the main parts of
the article are given.

2 Preliminaries

We first recall some results on KdV equations and give the definition of a solution to the Cauchy
problem (1.10). Let us start with the nonhomogeneous linear Cauchy problem

Yt + Yara + Yz =h  in (T1,T2) x (0,L),
y(t,0) =y, L)=0 on (T1,13),

Ya(t, L) = h(t) on (T1,T3),
y(T1,z) = yo(x) on (0,L),

(2.1)



for

—o0o < Ty < Ty < o0, (
yo € L*(0, L), (
h e LY(T1, Ty; L*(0, L)), (
he L3(Ty,Th). (

Let us now give the definition of a solution to (2.1).

Definition 1. A solution to the Cauchy problem (2.1) is a function y € L*(Ty,Ty; L?(0,L))
such that, for almost every T € [T1,Ts] the following holds: for every ¢ € C3([T1, 7] x [0, L])
such that

¢(t’ 0) = ¢(t7 L) = ¢x(ta O) =0, Vie [TlvT]’ (26)

one has

-/, /UL(@ 0+ eyt — [ nonenyn— [ f " Shdedt

Ty T

L L
+/0 y(T,az)qb(T,x)dw—/o yod(T1, z)dx = 0. (2.7)

For T} and T satisfying (2.2), let us define the linear space B, 1, by
Br, 1, = C°([T1, T»); L*(0, L)) N L*(Ty, To; H'(0, L)). (2.8)

This linear space Br, 1, is equipped with the following norm

T, 1/2
Il = @)t € 11730} + ([ ll3zae) (2.9
1

With this norm, Br, 1, is a Banach space.
Let A: D(A) C L*(0, L) — L*(0, L) be the linear operator defined by

D(A):={¢ € H*(0,L); $(0) = ¢(L) = ¢»(L) =0}, (2.10)
A(rb = _¢x - ¢x:r;ac7 VQZ) € D(-A) (211)

It is known that both A and A* are closed and dissipative (see e.g. [20, page 39]), and therefore
A generates a strongly continuous semigroup of contractions S(t), t € [0, +oc) on L?(0, L).

In [15], Lionel Rosier using the above properties of A together with multiplier techniques
proved the following existence and uniqueness result for the Cauchy problem (2.1).

Lemma 1. The Cauchy problem (2.1) has one and only one solution. This solution is in B, 1,
and there exists a constant Co > 0 depending only on Ty — 11 such that

19llB7, 7, < C2 (HZ/OHL%+HhHLQ(ThTQ)“—”hHLl(T1,T2;L2(O,L))> : (2.12)

In fact the notion of solution to the Cauchy problem (2.1) considered in [15] is a priori
stronger than the one we consider here (it is required to be in C°([T3, Ts]; L?(0, L)). However
the uniqueness of the solution in the sense of Definition 1 still follows from classical arguments;
see, for example, [20, Proof of Theorem 2.37, page 53].



Let us now turn to the nonlinear KdV equation

Yt + Yoz + Yo + YYo = H in (Tla TQ) X (07L)7

y(t,0) = y(t,L) = 0 on (T1,Ty), (2.13)
y(t, L) = H(t) on (Ty,T5),
y(Th,x) = yo(x) on (0,L).

Inspired by Lemma 1, we adopt the following definition.

Definition 2. A solution to (2.13) is a function y € By, 1, which is a solution of (2.1) for
hi=H —yy, € LNy, To; L2(0, L)) and h := H.

Throughout this article we will use similar definitions without giving them precisely. As an
example, it will be the case for system (3.15).

In [21], Jean-Michel Coron and Emmanuelle Crépeau proved the following lemma on the
well-posedness of the Cauchy problem (2.13) for small initial data.

Lemma 2. There exist n > 0 and C3 > 0 depending on L and Ty — Ty such that, for every
yo € L?(0,L), every H € L*(T1,Ty) and every H € L'(Ty, Ty; L?(0, L)) satisfying

Hyo||Li+HH||L2(T1,T2)+||m|L1(T1,T2;L2(0,L))< n, (2.14)
the Cauchy problem (2.13) has a unique solution and this solution satisfies

HZJ”BTI,T2 < 03(Hy0||L2L+HHHL2(T1,T2)+”ﬁHLl(Tl,TQ;LZ(O,L)))' (2-15)

3 Time-varying feedback laws and well-posedness of the asso-
ciated closed-loop system
Throughout this section u denotes a time-varying feedback law: it is a map from R x L?(0, L)

with values into R. We assume that this map is a Carathéodory map, i.e. it satisfies the three
following properties

VR > 0,3 Cp(R) > 0 such that (Hy||L2L < R = |u(t,y)| < Cp(R), Vte R) : (3.1)
Yy € L*(0, L), the function ¢ € R ~ u(t,y) € R is measurable, (3.2)
for almost every ¢t € R, the function y € L*(0, L) ~ u(t,y) € R is continuous. (3.3)

In this article we always assume that

Cp(R) >1, VR € [0,+00), (3.4)
R € [0,+0) — Cp(R) € R is a non-decreasing function. (3.5)

Let s € R and let yg € L?(0, L). We start by giving the definition of a solution to

Yt + Yzzz + Yz T YYz =0 fOI‘tER,HJE(O,L),
y(t,0) =y(t,L) =0 for t € R, (3.6)
yz(t’ L) = U(t,y(t, )) for t € R?



and to the Cauchy problem

Yt + Yzzz + Yz T YYz =0 for t>8,$€(0,L),

y(t,0) =y(t,L) =0 for ¢ > s, (3.7)
yw(tv L) = u(ta y(t, )) for t > s,
y(s,z) = yo(x) for x € (0, L),

where 1 is a given function in L?(0, L) and s is a given real number.

Definition 3. Let I be an interval of R with a nonempty interior. A function y is a solution of
(3.6) on I ify € C°(I; L?(0, L)) is such that, for every [Ty, Ty] C I with —oo < Ty < Ty < +00,
the restriction of y to [T, Ts] x (0,L) is a solution of (2.13) with H := 0, H(t) := u(t,y(t))
and yo = y(Th). A function y is a solution to the Cauchy problem (3.7) if there exists an
interval I with a nonempty interior satisfying I N (—oo, s] = {s} such that y € CO(I; L?(0, L))
is a solution of (3.6) on I and satisfies the initial condition y(s) = yo in L*(0,L). The interval
I is denoted by D(y). We say that a solution y to the Cauchy problem (3.7) is mazximal if, for
every solution z to the Cauchy problem (3.7) such that

D(y) € D(z), (3.8)
y(t) = z(t) for every t in D(y), (3.9)

one has
D(y) = D(z). (3.10)

Let us now state our theorems concerning the Cauchy problem (3.7).

Theorem 2. Assume that u is a Carathéodory function and that, for every R > 0, there exists
K(R) > 0 such that

(lyllzz < R and 213 < R) = (Ju(ty) = ult,2)| < K(R)lly - 23, VEER). (3.11)
Then, for every s € R and for every yo € L%(0,L), the Cauchy problem (3.7) has one and

only one mazimal solution y. If D(y) is not equal to [s,+00), there exists T € R such that
D(y) = [s,T) and one has

lim |ly(t)] 2 = +oo. (3.12)
t—7— L
Moreover, if Cp(R) satisfies .
o0 R
/0 W(ZR = +o00, (3.13)
then
D(y) = [s, +00). (3.14)

Theorem 3. Assume that u is a Carathéodory function which satisfies condition (3.13). Then,
for every s € R and for every yo € L?(0, L), the Cauchy problem (3.7) has at least one mazimal
solution y such that D(y) = [s, +00).

The proofs of Theorem 2 and Theorem 3 will be given in Appendix B.
We end up this section with the following proposition which gives the expected connection
between the evolution of Py/(y) and Py (y) and the fact that y is a solution to (3.6).



Proposition 1. Let u : R x L*(0, L) — R be a Carathéodory feedback law. Let —co < s < T <
+00, let y € Bsr and let yo € L?(0,L). Let us denote Py (y) (resp. Py(y)) by y1 (resp. y2).
Then y is a solution to the Cauchy problem (3.7) if and only if

Y1t + Y1e + Yieex + P (Y1 + y2) (01 + v2)2) =0,
y1(t, 0) =W (t7L) =0,

y12(t, L) = u(t, y1 + y2),

y1(0,+) = Pr(yo),

Yot + Y2z + Yowaw + Prr (1 + 42) (01 + 2)2) = 0,
yQ(tv 0) = yQ(t7L) =0,

yZ:L‘(ta L) = 0,

y2(0,-) = Pum(yo).

The proof of this proposition is given in Appendix A.

(3.15)

4 Construction of time-varying feedback laws

In this section, we construct feedback laws which will lead to the local exponential stability
stated in Theorem 1. Let us denote by M; the set of elements in M having a L?-norm equal
to 1:

My = {y € M; [lyll 2 = 1}. (4.1)

Let M/ be the linear space generated by 30{ and go% for every j € {1,2,...,n}:
M7 := Span{g], &} (4.2)
The construction of our feedback laws relies on the following proposition.

Proposition 2. There exist T > 0 and v € LOO([O,T] X Ml;R) such that the following three
properties hold.

(P1) There exists p1 € (0,1) such that
HS(T)?J0||%2(0,L)< P1||90||2L2(0,L)a for every yo € H.

(P2) For every yo € M,
IS(T)yollZ20,.2)= w0l 20,1
(P3) There exists Co > 0 such that
| v(t,y) —v(t,2) I< Colly — 2llz20,), V€ [0,T], Vy, 2 € M. (4.3)
Moreover, there exists 6 > 0 such that, for every z € My, the solution (y1,y2) to the
following equation
Y1t + Y1z + Yizzz = 0,
yi(t,0) =41 (¢, L) =0,
Y12(t, L) = v(t, 2),
y1(0,2) =0,
Yot + Yoo + Yozae + Prr(y1912) =0,
Y2(t,0) = y2(t, L) = 0,
Y2a(t, L) =0,
y2(0,z) =0,

(4.4)




satisfy

yi(T) =0 and (y2(T),S(T)z) < —24. (4.5)

£2(0,1)
Proof of Proposition 2. Property (P2) is given in [15], one can also see (4.14) and (4.44). Prop-
erty (P1) follows from the dissipativity of A and the controllability of (1.2) in H (see also [43]).
Indeed, integrations by parts (and simple density arguments) show that, in the distribution
sense in (0, 4+00),

d 2 2

7 15 @)wollzz = —4a(t, 0). (4.6)
Moreover, as Lionel Rosier proved in [15], for every T' > 0, there exists ¢ > 1 such that, for
every yo € H,

lo0l122 < ellye (0122 0.7 (4.7)
Integration of identity (4.6) on (0,7) and the use of (4.7) give

2 c—1 2
1S(T)yollzs < ——lIvollzs - (4.8)

Hence py := (¢ —1)/c € (0,1) satisfies the required properties.
Our concern now is to deal with (P3). Let us first recall a result on the controllability of
the linear control system

Yt + Yoz + Yz =0 in (0,7) x (0,L),
y(t,0)=y(t,L)=0 on (0,L), (4.9)
Yo (t, L) = u(t) on (0,7),

where, at time ¢ € [0, T the state is y(t,-) € L?(0, L). Our goal is to investigate the cases where
L € N3 UNj3, but in order to explain more clearly our construction of v, we first deal with the

case where
124+1x2+422
L= 27r\/+3><+ - 2W\/Z, (4.10)

which corresponds to I =1 and & = 2 in (1.3). In that case the uncontrollable subspace M is
a two dimensional vector subspace of L?(0, L) generated by

or(z) = C <cos <\/52,1x> ~ 3cos (\/1279;> +2cos (\;“2,137» ,
oo(z) = C (- sin (\/%x> _ 3sin (\/12793) + 2sin (J%x)) ,

where C'is a positive constant such that [|¢1([z2 = [[2]| 2 = 1. They satisfy

() + o = —2;%027
©1(0) = p1(L) =0, (4.11)
¢1(0) = @1 (L) =0,

and
Py + gy = 2;901,
22(0) = pa(L) =0, (4.12)
(¥5(0) = ¢5(L) =0,



with (see [11])

4417
= 4.13
b 10v/21 ( )
For every t > 0, one has
27t
S(t)M C M and S(t) restricted to M is the rotation of angle i, (4.14)
b

if the orientation on M is chosen so that (@1, p2) is a direct basis, a choice which is done from
now on. Moreover the control u has no action on M for the linear control system (1.2): for every
initial data yo € M, whatever is u € L?(0,T), the solution y of (1.2) with y(0) = yo satisfies
Pu(y(t)) = S(t)yo, for every t € [0,+00). Let us denote by H the orthogonal in L?(0, L) of
M for the L?-scalar product H := M. This linear space is left invariant by the linear control
system (1.2): for every initial data yo € H, whatever is u € L%(0,T), the solution y of (1.2)
satisfying y(0) = yp is such that y(t) € H, for every t € [0,+00). Moreover, as it is proved by
Lionel Rosier in [15], the linear control system (1.2) is controllable in H in small-time. More
precisely, he proved the following lemma.

Lemma 3. LetT > 0. There exists C > 0 depending only on T such that, for every yo, y1 € H,
there exists a control u € L?(0,T) satisfying

el 2, < Cllollz +lwllz2 ). (4.15)

such that the solution y of the Cauchy problem

Yt + Yzax + Y= =0 dn (0,T) x (0, L),
y(t,0) =y(t,L)=0 on (0,7),
Yo(t, L) = u(t) on (0,7,
y(0,2) = yo(z) on (0,L),

satisfies y(T,-) = y1.
A key ingredient of our construction of v is the following proposition.
Proposition 3. Let T > 0. For every L € No U N3, for every j € {1,2,...,n}, there exists
uw) € HY(0,T) such that
OZ(T, ) =0 and PMj (B(Tv )) # 07
where o« and B are the solution of

"
o+ Qg+ ggr = 0,

a(t,0) = a(t,L) =0,
ag(t, L) =l (t),

a(0,z) =0,

Bi + Bz + Bowa + @y =0,
B(t,0) = B(t, L) =0,
B:c(tv L) =0,

B(0,x) = 0.

(4.16)
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Proposition 3 is due to Eduardo Cerpa and Emmanuelle Crépeau if one requires only u to
be in L?(0,T) instead of being in H*(0,T): see [1 1, Proposition 3.1] and [14, Proposition 3.1].
We explain in Appendix C how to modify the proof of [11, Proposition 3.1] (as well as [14,
Proposition 3.1]) in order to get Proposition 3.

We decompose (8 by 8 = 1 + 32, where 31 := Py (3) and (B2 := Py(3). Hence, similarly to
Proposition 1, we get

Bat + Bog + Bozza + Prr(aay) =0,
Ba2(t,0) = Ba(t, L) =0,

Bax(t, L) = 0,

B2(0,z) =0,

where B2(T,-) = Py (B(T,-)) # 0. In particular, Py (52(T,-)) = Py (B(T,-)) # 0.

(4.17)

Combining (4.16) and (4.17), we get:

Corollary 1. For every L € No UN3, for every Ty > 0, for every j € {1,2,...,n}, there exists
ul € L*°(0,To) such that the solution (y1,y2) to equation (4.4) with v(t,z) := u)(t) satisfies

y1(To) =0 and Pyi(y2(To)) # 0. (4.18)
Now we come back to the case when (4.10) holds. Let us fix T > 0 such that

p

Ty <. (4.19)
Let »
==, 4.2
q:=7 (4.20)
Let ug be as in Corollary 1. We denote by
Yi(t) :==y1(t), Ya(t) :=ya(t), for t € [0, Tp), (4.21)
and
Y1 :=Ya(Tp) € M\ {0}. (4.22)
Let
Y2 =S(q)¢1 € M, 3 ==S02q)yr € M, 4= S3q)r € M, (4.23)
T :=3q+Tp, (4.24)
K = [3¢,3q + To], (4.25)
Ky :=[2q,2q + Tp) , (4.26)
K3 :=[q,q+ Tp], (4.27)
K4 = [O,To] . (428)
Note that (4.19) implies that
K1, Ky, K3 and K4 are pairwise disjoint. (4.29)

12



Let us define four functions [0,7] — R: wy, ug, us and ug by requiring that, for every i €
{]—7 27 37 4})

_Jo0 on [0,7]\ K;,
U; ‘= { U(](' _ Ti) on Ki, (430)
with

T = 3q, T2 = ZQ7 T3 =4(q,T4 = 0. (431)
One can easily verify that, for every i € {1,2,3,4}, the solution of (4.4) for v = w; is given
explicitly by

4 /0 on [0,7]\ K;,
yz,l(t) — { Yl( . Ti) on Ki, (432)
and
0 on [0, 7],
Yia(t) = ¢ Ya(- —7) on K, (4.33)

S(-—1—To)r  on [r;+ Tp, T1.

For z € My, let a1, ag, a3 and ay in [0, +00) be such that

—8(T)z = arhr + aoyhs + agths + cua, (4.34)
103 = 0, a0y = 0. (435)
Let us define
v(t, z) = aquy(t) + aous(t) + agus(t) + aquy(t). (4.36)
We notice that
(af + 03 + a3+ af)[valj2 =1, (4.37)

which, together with (4.36), implies that
v e L®(]0,T] x My;R). (4.38)

Moreover, using the above construction (and in particular (4.29)), one easily checks that the
solution of (4.4) satisfies

y1(t) = a1y11(t) + aoy2,1(t) + agys,1(t) + auya 1(t), for t € [0,T7, (4.39)
ya(t) = afyra(t) + a3ya2(t) + azys2(t) + ajyaa(t), for t € [0,T). (4.40)
In particular
y1(T) =0, (4.41)
y2(T) = afiby + a3tbs + azibs + afiy. (4.42)

From (4.34), (4.37) and (4.42), we can find that (4.5) holds if § > 0 is small enough. It is easy
to check that the Lipschitz condition (4.3) is also satisfied. This completes the construction of
v(t, z) such that (P3) holds and also the proof of Proposition 2 if (4.10) holds.

For other values of L € N5, only the values of 1, @9 and p have to be modified. For L € N3,
as mentioned in the introduction, M is now of dimension 2n where n is the number of ordered
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pairs. It is proved in [14] that (compare with (4.11)—(4.14)), by a good choice of order on {7}
one can assume
0<pt<p’<..<p", (4.43)

where p/ := 27 /w’. For every t > 0, one has
) . . 27t
S(t)M? C M’ and S(t) restricted to M’ is the rotation of angle % (4.44)
From (4.43), (4.44) and Corollary 1, one can get the following corollary (see also [14, Propo-

sition 3.3]):

Corollary 2. For every L € N3, there exists T, > 0 such that, for every j € {1,2,...,n},
there exists ul) € L>(0,T1) such that the solution (y1,y2) to equation (4.4) with v(t, z) := w}(t)
satisfies '

yi(T) =0 and y2(T1L) = . (4.45)

Let us define
W=l )= S@)el, v = S2a)el, ¢ =SB, (4.46)

where ¢/ := p’ /4. .
Compare with (4.22)~(4.33), we can find T > T, and closed interval sets {K7}, where
i€{1,2,3,4} and j € {1,2,...,n}, such that

K 0,17, (4.47)
{K f } are pairwise disjoint. (4.48)

We can also find functions {uf } € L>([0,T];R), with

uz (t) supports on Kz-j, (4.49)
such that when we define the control as uf , we get the solution of (4.4) satisfies
yil(t) supports on Kij, (4.50)
v, (T) =0, (4.51)
ylo(T) = ¥]. (4.52)

Then for z € Mj, let ozg in [0, 400) be such that (where ¢ € {1,2,3,4} and j € {1,2,...,n})

—S(T)z = alyl, (4.53)
0,3
a{aé =0, agai =0, Z(aff =1 (4.54)
1,J
Let us define o
v(t, z) == Zaiuf (t). (4.55)
4,3

14



Then the solution of (4.4) with control defined as v(t, z) satisfies

y1(T) =0, (4.56)
Yo (T) = zmz )24 (4.57)

One can easily verify that condition (4.5) holds when § > 0 is small enough, and that Lip-
schitz condition (4.3) also holds. This completes the construction of v(¢,z) and the proof of
Proposition 2. ]

We are now able to define the periodic time-varying feedback laws u. : R x L2(0, L) — R,
which will lead to the exponential stabilization of (1.1). For € > 0, we define u. by

0 if |y =0,
M SCOU™Y i 0 < [lyM e < 1
€ v(t, TR — S
Uel g gyps (B9) =V \ys( !L)%M( ™11,z 13 (4.58)
_t .
5U(ta ||yM||'122L) if ||yM||Li> 1,
with y™ := Py (y), and
t
us(t,y) := “E‘M)xLi (t=[FIT.y), VteR, Vye L*(0,L). (4.59)

5 Proof of Theorem 1

Let us first point out that Theorem 1 is a consequence of the following two propositions.

Proposition 4. There exist €1 > 0, r1 > 0 and Cy such that, for every Carathéodory feedback
law u satisfying

lu(t, 2)| < exmin{1, ,/ ||PM(z)HL2L}, Vt € R, Vz € L*(0, L), (5.1)

for every s € R and for every mazimal solution y of (3.6) defined at time s and satisfying
ly(s)llpz <71, y is well-defined on [s, s + T] and one has

1P W), ., r P @5, i < C1llPa ()72 +IPar (y())12)- (5-2)

Proposition 5. For p; as in Proposition 2, let po > p1. There ezists g € (0,1) such that, for
every € € (0,eq), there exists r. > 0 such that, for every solution y to (3.6) on [0,T], for the
feedback law u := u. defined in (4.58) and (4.59), and satisfying Hy(O)HL%< re, one has

1P (y(T)1 72+l Par (y(T) 22 < p2l| Prr (y(0)) 72 +e (1 = 8¢%) [ Par (y(0)) | 2 - (5:3)

Indeed, it suffices to choose ps € (p1,1), € € (0,20) and u := u, defined in (4.58) and (4.59).
Then, using the T-periodicity of w with respect to time, Proposition 4 and Proposition 5,
one checks that inequality (1.11) holds with A := min {—(In(p2))/(2T), —(In(1 — 6¢2))/(2T)}
provided that C' is large enough and that r is small enough. We now prove Proposition 4 and
Proposition 5 successively.
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Proof of Proposition /. Performing a time-translation if necessary, we may assume without loss
of generality that s = 0. The fact that the maximal solution y is at least defined on [0, T'] follows
from Theorem 3 and (5.1). We choose €1 and r; small enough so that

1
ri+eTz <, (5.4)
where 1 > 0 is as in Lemma 2. From (5.1) and (5.4), we have
1y (O)ll 2 +llu(t, y(E)ll L2 < n, (5:5)

which allows to apply Lemma 2 with H(t) := u(t,y(t)), H := 0. Then, using (5.1) once more,
we get

lwlls < Ca(lyollog +lu(t.y(0) 1 23)
< Ca(r + ey TIPu()lcors )

1
<C 2TCy + —
3(r1 +e1TCs + 1C; lylls),

which implies that
lyll5< 2Cs(r1 4 €1TCs). (5.6)

In the above inequalities and until the end of the proof of Proposition 5, B := By r.
We have the following lemma, see the proof of [15, Proposition 4.1 and (4.14)] or [13, page
121].

Lemma 4. Ify € L*(0,T; H'(0, L)), then yy, € L'(0,T; L?>(0,L)). Moreover, there exists c4 >
0, which is independent of T, such that, for every T > 0 and for everyy,z € L*>(0,T; H(0, L)),
we have

lyye = 220l 13,23 < eaT5 (Iylls+112]15) ly — =I5 (5.7)

Let us define Cy := C4TZ. To simplify the notations, until the end of this section, we
write y; and y2 for Py (y) and Pps(y) respectively. From (5.1), (5.6), Lemma 1, Lemma 4 and
Proposition 1, we get

lyills < Co(llyo' 22 +Hllult, y1 +y2)ll 2 +1Pa (1 +y2) (1 +y2)2) 123 12 )

< ol +eullylvellza oz +1n + y2) (91 + w2)all s r2)

1
< Collyg' g +eallvall 7y p2 +Callyr + w2l 7z 1) (5.8)
and
ly2ll5 < Ca(llyg" |2+l Par (w1 + y2) (w1 + y2)a) 2312 )
< Collyo Ml z2 +lI (w1 + v2) (w1 + y2)all 1 12)
< Ca(Ily0"ll 2 +Callyr + w2l 72 11 )

<202 (|lyy" | 22 +Callyn [I5+Cally2IB) - (5.9)
Since M is a finite dimensional subspace of H'(0, L), there exists C5 > 0 such that

[l 0,)< Csll fllpz,  for every f e M. (5.10)
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Hence

ly2lls = lly2ll oo 22 +llv2ll L2 1
< ||y2||L%°L2L+05\/T”?/QHL%°L2L' (5.11)

Since y»(t) is the L2-orthogonal projection on M of y(t), we have
el o2 < Il 22 < lylls,
which, together with (5.6) and (5.11), implies that
ly2ll5< (1 + CsVT) lylls< 2(1 + C5VT)C(r1 + £1TCs). (5.12)

Decreasing if necessary r1 and €1, we may assume that

1
ACHC4(1 + CsVT)Cs(r1 + £3TC3) < 5 (5.13)
From estimation (5.9) and condition (5.13), we get that
ly2l5< 4C2 (o Il 2 +Callya13)- (5.14)

From (5.6), (5.8), (5.12) and (5.14), we deduce that

lyallE < 363 (w72 +eilly2llzs e +Cillyr +v2l72 )
< 3C3 (Il 172 +eiTllyall oo 2 +2CE IyllE Ny 5+ 192113))
< 3C3 |y’ ||L2L+302 (1T +16C3 (1 + C5VT)C3 (ry + e1TCs) Nlyzlls
+24C3CEC3 (r1 + 5T C3)? ||y |3
< 30%”95”%%"‘1205(51T +16CE (1 + CsVT)C3(r1 +€1TC3)%) [lyg" 2

+ (120304 (1T + 16C3 (1 + C5sVT)C3 (r1 + £1TC3)) + 24C5CC5 (r1 + 1T C) ) 115

(5.15)
Again, decreasing if necessary r1 and 1, we may assume that
12C3C (63T + 16CF(1 + C5VT)C3 (11 + €5TC3)?) + 24C5CFC3 (11 + €3TCs)? % (5.16)
From (5.15) and (5.16), we get
1115 < 6C3lyg" HL2 +24C3 (1T + 16CF (1 + C5VT) G5 (r1 + £1TC3) )Hy(j)MHL%
< 6C3lyo' 172 +Ci Nl e
which, combined with (5.14), gives the existence of C; > 0 independent of y such that
lyallE+ly2lls< Co(llyd' 72+l l122)- (5.17)
This completes the proof of Proposition 4. ]
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Proof of Proposition 5. To simplify the notations, from now on we denote by C various con-
stants which vary from place to place but do not depend on ¢ and 7.

By Lemma 1 applied with y := y;(t) —S(t)yé{, h(t) := u.(t,y(t)) and h = (y1+y2)(y1+y2)a
and by Proposition 4, we have

lyn(®) = Sl < C el g2 +1Par (91 + 92) (91 + 920l s 22)
< Celmlfy o Hlvn + wal3)
< Cellyall B+ I3+ 1wsl13)
< Ole + V) (I 12+ 12) .

where r := ||y0HL2L< re < 1. On re, we impose that

N[
—
ot
—_
co
~—

re < e'?. (5.19)

From (5.18) and (5.19), we have

ol
—
o
[\
(=)
S~—

ly1(2) = SO 15 < Ce(lly 172 +lwo Nl 22 ) >
Notice that, by Lemma 1, we have
1S®) " I < Cllyg N2 5 (5.21)
1S®)ys' 5 < Cllyg' I3 - (5.22)
Proceeding as in the proof of (5.20), we have
ly2(t) = S()yo" Nl < CllPM((yr +y2) (w1 + y2)a) 1y 12
Cllyr + 213
C (Il lls+1S®)wdt s+ (It 125+l 1) *)?
< O((r+ ) (Nl 172 +lwo" 12 ) + N1y 1172 )
C(*[lyp" ”L2+Hyo HLQ) (5.23)

Let us now study successively the two following cases

H 2
lyo' 12 = €3 /ll9d" I 2 (5.24)
2
w8 122 < 3/l e - (5.25)

We start with the case where (5.24) holds. From (P;), (P2), (5.20), (5.23) and (5.24), we
get the existence of €5 € (0,£1) such that, for every € € (0,e2),

lya (D172 +elly2(T)l 2
2
< (Ce(lvg' 172 +lwo" HLz) +1S(Tyo'llz2)” +e(C(2lyd" 1z +lwd 172 ) + 1S(T)yo" Il .2 )

< (le) lyd! HL2 +Ce? (Hyo HL2 +(lyd" ”L2) + Cellyg HL2 +(e+ C¥)||yy" HL2
< pollyd! HL%+€(1 — el Il - (5.26)

<
<

N

N
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Let us now study the case where (5.25) holds. Let us define
b=y (5.27)

Then, from (5.20), (5.22), (5.23) and (5.25), we get

N |=

lyr @)l < 11S@ys' 5+Ce(lyd 172 +lwo N2 )
< Cey/Ibllz + Cllvd'll 2
< C<5\ Jlbllz (5.28)
and
M 4
ly2(t) = S()yo" lIs< €3]bll 2, (5.29)

which shows that ys(-) is close to S(-)yd!. Let z : [0,7] — L?(0,L) be the solution to the
Cauchy problem

21t + Zlgge + 212 =0 in (0,7) x (0,L),
21(t,0) = z1(¢, L) =0 on (0,7),

b
21a(t, L) = o(t, ——) on (0,T), (5-30)
bl
21(0,2) =0 on (0,L).
From (Ps3), we know that z;(7") = 0. Moreover, Lemma 1 tells us that
b
lz1(8)]lB< Cllo(t, W)HL?T< C. (5.31)
57
Let us define wy by
1
wy =y — S(t)yt — 6Hb||z2Lzl. (5.32)
Then wy is the solution to the Cauchy problem
Wit + Wigge + Wiz + PH((yl + y2)(y1 + y?)x) = O’
wl(t70) = wl(ta L) = 07
1 S(—t)y2(t) 1 b (5.33)
wiz(t, L) =€ | [y 2 v(t, T—~—) — [0l 72 0t o) |
R PGP A 17 P
w1(0,2) = 0.
By Lemma 1, we get
lwi [ls<CN Prr ((y1 + y2) (y1 + y2)z) I 1 12
3o Sy 3 b
+ eCll(y2(O)l L2 vt =) — bl 72 v(ts 7o) [l 22 - (5.34)
(Ol ot e )~ el v ) s
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Note that (5.29) insures that the right hand side of (5.34) is of order 2. Indeed, for the first
term of the right-hand side of inequality (5.34), we have, using (5.19), (5.28) and (5.29),

Cll P ((y1 + y2)(y1 + y2)2) 112 < Cllyr + w2l
4
< Ces bl 2 +C[bll 2
1 1
< C|b]|%, ||b)|?
clolz Mol
1
< CEGHsz%. (5.35)

For the second term of the right hand side of inequality (5.34), by (4.14), the Lipschitz condition
(4.3) on v and (5.29), we get, for every t € [0, T,
b S(=t)ya(t)
Tl Tl )
LL y2 LL
b S(=t)ya(t)
Bl Tl

_1
< CIBI 2 Nyt 23 (e 10 = S(=0)9(0) L3 +1S ()2 (D)l 2 192D 2~ 23 )

1
2
161135 (ot

1
< bl I )iz

1
< Ces bl (5.36)
L
and
3 3 S(—t)ya(t) a1
t)]|2, —||b]| 2 t, )| < b2, . .
Combining (5.35), (5.36) and (5.37), we obtain the following estimate on w;
1
lwnlls< CEoll - (5.38)
We fix
p3 € (p1,p2). (5.39)
Then, by (5.32), (P1) as well as the fact that z;(T) = 0, we get
2 (T)I23 < pollul! 125 +Ce bl 3 (5.40)

We then come to the estimate of y2. Let 71(¢) := S(¢)yd’ and let 7 : [0, 7] — L?(0, L) and
25 : [0, T] — L*(0, L) be the solutions to the Cauchy problems

Tot + Togza + Tox + PM(lelx + leyl) - PM(TlTlx) =0,
T2(t,0) = 12(t, L) = 0,

(5.41)
Tox(t, L) =0,
7’2(0, :E) = 0,
and
2ot + Z2zze + 220 + Pr(21212) = 0,
Zg(t, O) = Zg(t, L) = 0, (5 42)
200(t, L) =0, '
22(0,2) = 0.
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Lemma 1, Lemma 4, (5.25) and (5.28) show us that

1Py (11912 + T2yt — 11710 |21 22

<C
< CHTIHB(HZJI”B"‘HTIHB)
< Ce

2
3||b||L2 Iy Il 2 (5.43)
and
l22ll5< 21llB< C. (5.44)
From (P3), (5.30) and (5.42), we get
(22(T), S b>(L2 12) < —25][][ 3 - (5.45)

Hence

N

IS(T)b + 211bll 2 22(T) 2 = ((S(T)b+ bl 3 22(T), STIb + bl 2 22(T)) 1 12 )

N

< (IBI2; +2 025 € — 48=2j0]12; )
< [bllge (1= 20e% + Cet). (5.46)
Let us define ws : [0,T] — L?(0, L) by
Wy =Yg — Ty — 52||b||L2L22 — S(t)b. (5.47)
Then, from (3.15), (5.41) and (5.42), we get that
War = Yor — Tot — €2||bHL%Z2t — (S(t)b):
= —W2g — W2gzx — PM((yl +y2) (1 + yQ)x) + Py (lelax + Tl:vyl)
— Py (nimiz) + €2HbHL2LPM (z1210)
= —W2yp — Wozgx — EHbH%%PM (w1210 + wiz21) — Py (wiwis)
— Prr(y120 + you1e + y2y2z).-
Hence, ws is the solution to the Cauchy problem
Wat + Wozge + Wy + €||b||%%PM (w1215 + wig21) + Py (wiwiy)

+ Punt (Y1920 + Y2y10 + Y2320) =0,

wy(t,0) = wo(t, L) =0, (5.48)
ng(t, L) = 0,
wz(0,x) = 0.

From Lemma 1, Lemma 4, Proposition 4, (5.19), (5.25) and (5.38), we get

walls < C5HbHLz |1 Par (w1215 + wiz21) || 2 g2 +C| Par (wiwiz) [l s g2
+ C||Prs (Y1920 + Y2y1e + Y2120 IL1z2

3

2

CEHbIILzs2llbIIL2 +Ce(|b]| 12 +C(Jlyg! ||L2+Hy Izz)
< O<|Jbl| 2 - (5.49)
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We can now estimate y2(7") from (5.43), (5.46), (5.47) and (5.49):
ly2(T)ll 2 = llwa(T) + 72(T) + 2 [[bll 12 22(T) + S(T)bll .2
1
< Il (C<® +1 = 26¢ + <) + Ces bl g 13- (5.50)

Combining(5.27), (5.39), (5.40) and (5.50), we get existence of €3 > 0 such that, for every
e € (0,e3], we have

1 (T 2 +elly2(T)ll 2
L

9 1
< p3||yé{||%%+084||b\|L%+6 <||b||L% (C'53 +1—20e% + 054) + Ces ||b||z%||y(€{”Li>
< pallul 125 +2(1 — 629 3.
(5.51)
This concludes the proof of Proposition 5. O

Acknowledgments. We thank Jixun Chu, Ludovick Gagnon, Peipei Shang and Shuxia
Tang for useful comments on a preliminary version of this article.

A Appendix: Proof of Proposition 1

Proof of Proposition 1. It is clear that, if (y1,y2) is a solution to (3.15), then y is solution to
(3.7). Let us assume that y is a solution to the Cauchy problem (3.7). Then, by Definition 2,
for every 7 € [s,T] and for every ¢ € C3([s, 7] x [0, L]) satisfying

d(t,0) = ¢(t, L) = ¢,(t,0) =0, Vt e s, 1], (A.1)

we have

- /ST /OL(¢t + G + Praa)ydrdt — /ST ult, y(t,))du(t, L)dt + /ST /OL byypdadt

L L
+ /0 y(T, $)¢(T, q;)dgj — /0 yo(ﬁ(s, .’L‘)dl’ =0. (AQ)

Let us denote by ¢; and ¢2 the projection of ¢ on H and M respectively: ¢1 := Py (¢),
¢2 := Ppr(¢). Because M is spanned by ¢] and ¢3, j € {1,...,n}, which are of class C*° and
satisfy

£1(0) = @1 (L) = ¢1,(0) = ¢, (L) = 0,
©3(0) = @h(L) = ¢},(0) = ¢}, (L) =0,
the functions ¢1, 2 € C3([s, 7] x [0, L]) and satisfy
¢1 (t,O) = d)l (t7 L) = ¢1x(t7 0) = 07\V/t € [87 T]v (AB)
¢2(t,0) = ¢2(t, L) = (ZJQz(t, O) = (f)gz(t, L) = O,Vt S [S, 7']. (A4)

Using (A.2) for ¢ = ¢ in (A.2) together with (A.4), we get

T L T L
- / / (d)Qt + (Z)Z:v + ¢2x:px)ydl'dt + / / ¢2yymdxdt
s 0 s 0

L L
—i—/o y(T,$)¢2(T,$)d$—/(] Yoda2(s, z)dx =0, (A.5)
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which, combined with the fact that ¢o; + oy + Porrr € M, gives

T rL T rL
- / / (¢2t + ¢2x + ¢2zzx)y2d$dt + / / (bzPM(yyx)diL’dt
S 0 s 0
L L
+ / yo (T, ) pa (T, x)dx — / Prr(yo)p2(s, x)dx = 0. (A.6)
0 0

Simple integrations by parts show that ¢1, + P1400 € M+ = H. Since, ¢1 and ¢4 are also in
H, we get from (A.6) that

- /ST /OL(¢t + ¢y + Grwe)yodrdt + /ST /OL & Pas (yys)ddt

L L
+ /0 y2(7_7 :L')¢(7‘, .I')d[E - /0 PM(y0>¢(57 a:)dac - 07 (A7)

which is exactly the definition of a solution of the second part of the linear KAV system (3.15).
We then combine (A.2) and (A.7) to get

T L T T L
- / /0 (61 + o + due)yrddt — / w(t, y(t, ) ba(t, L)dt + / /0 6 Pyt (yye)dadt

L L
n /0 v (7, 2)6(7, 7)dx — /0 Por(0) (0, 2)dz = 0, (A.8)

and we get the definition of a solution to the first part of the linear KdV system (3.15). This
concludes the proof of Proposition 1. O

B Proofs of Theorem 2 and Theorem 3

Our strategy to prove Theorem 2 is to prove first the existence of a solution for small times
and then to use some a priori estimates to control the L%-norm of the solution with which we
can extend the solution to a longer time, and to continue until the solution blows up. We start
by proving the following lemma.

Lemma 5. Let Cy > 0 be as in Lemma 1 for To —T7 = 1. Assume that u is a Carathéodory
function and that, for every R > 0, there exists K(R) > 0 such that

(lllzz < R and 1213 < R) = (Ju(ty) - ult,2)] < K(R)lly - 22, WER). (BI)

Then, for every R € (0,+00), there exists a time T(R) > 0 such that, for every s € R and for
every yo € L?(0, L) with Hy0||L2L< R, the Cauchy problem (3.7) has one and only one solution

y on [s,s + T(R)]. Moreover, this solution satisfies
1YllB, oirm < Cr = 3C2R. (B.2)

Proof of Lemma 5. Let us first point out that it follows from our choice of C5 and Lemma 1
that, for every —oo < 11 < Tb < 400 such that T5 — T < 1, for every solution y of problem
(2.1), estimation (2.12) holds.
Let yo € L?(0, L) be such that
lvollzz < . (B.3)
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Let us define By by
By := {y € B, si1(R): Y118, «ir(my < Cr}.
The set By is a closed subset of By, 1(g). For every y € Bi, we define ¥(y) as the solution
of (2.1) with h := —yy,, h(t) == u(t,y(t,-)) and yo := yo. Let us prove that, for T(R) small
enough, the smallness being independent of yy provided that it satisfies (B.3), we have
\I’(Bl) C B;. (B.4)
Indeed for y € By, by Lemma 1 and Lemma 4, we have, if T(R) < 1,

1) lls < Ca(llyollzz +Bll 2 +l1All L 015200,
< Co(llyoll 2 +Hlult, vt Dz +H=yyel s srr(rysL20,0))
< Co(R+ Cp(Cr)T(R)? + caT(R) [yll3). (B.5)
In (B.5) and until the end of the proof of Lemma 5, for ease of notation, we simply write |-||5

for ||| 5. From (B.5), we get that, if

s,s+T(R)"
R 2 1 4

1 B.6
CB(CR)) ’(904022]%) ’ }’ (B.6)

then (B.4) holds. From now on, we assume that (B.6) holds.

Note that every y € B; such that U(y) = y is a solution of (3.7). In order to use the
Banach fixed point theorem, it remains to estimate ||¥(y) — ¥(z)|g. We know that ¥(y)—VU(z)
is the solution of equation (2.1) with Ty := s, Tp = s + T(R), h = —yys + 22z, h(t) :=
u(t,y(t,-)) —u(t, 2(t,-)) and yo := 0. Hence, from Lemma 1, Lemma 4 and (B.1), we get that

1% (y) — ¥(2)lls < Ca(llyoll 2 2l 2+ 1Pl 22 0,522 00,1))

1 1
Co(0+ T(R)EK (Cr)lly — 2|l s+eaT(R)T|ly — 2|5(lylls+]2]5))
Cslly — 2||(T(R)2 K (CR) + 2¢4T(R)1Ch),

T(R) < min{(

<
<

which shows that, if

1 4 1 2
e Gmeen) ) (8.7)

T(R) < min {(

then,
3
1 (y) = C()ls< L lly — 2[5

Hence, by the Banach fixed point theorem, there exists y € B such that ¥(y) = y, which
is the solution that we are looking for. We define T'(R) as

. R 2 1 4 1 9
T(R) := , , ,1 5. B.8
(R) mm{(CB(3CgR)) (1204022R) (4021((3021%)) } (B-8)
It only remains to prove the uniqueness of the solution to the Cauchy problem (3.7) (the
above proof gives only the uniqueness in the set B;). Clearly it suffices to prove that two
solutions to (3.6) which are equal at a time 7 are equal in a neighborhood of 7 in [r, +00). This

property follows from the above proof and from the fact that, for every solution y : [7,71] —
L?(0,L) of (3.7), then, if T > 0 is small enough (the smallness depending on ),

19115, - r < 3C2lly(T)l| 13 - (B.9)
O
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Proceeding similarly as in the above proof of Lemma 5, one can get the following lemma
concerning the Cauchy problem (2.13).

Lemma 6. Let Cy > 0 be as in Lemma 1 for To — Ty = 1. Given R, M > 0, there exists
T(R, M) > 0 such that, for every s € R, for every yo € L?(0, L) with ||y0||L%< R, and for every
measurable H : (s,s +T(R,M)) — R such that |H(t)| < M for everyt € (s,s +T(R,M)), the
Cauchy problem

Yt + Yeaz + Yz F Yy =0 in (s, + T(R,M)) x (0, L),

y(t,0) =y(t,L) =0 on (s,s+T(R,M)), (B.10)
yo(t, L) = H(t) on (s,s+T(R, M), |
y(s,:v) :yO(x) on (OvL)a
has one and only one solution y on [s,s + T(R, M)]. Moreover, this solution satisfies
Hy”BS,S+T(RJ\/j)< 3C2R (Bll)

We are now in position to prove Theorem 2.

Proof of Theorem 2. The uniqueness follows from the proof of the uniqueness part of Lemma 5.
Let us give the proof of the existence. Let yo € L?(0,L), let s € R and let Tp := T(||y0HL%) .
By Lemma 5, there exists a solution y € B; i1, to the Cauchy problem (3.7). Hence, together
with the uniqueness of the solution, we can find a maximal solution y : D(y) — L?(0,L)
with [s,s + Tp] € D(y). By the maximality of the solution y and Lemma 5, there exists
T € [s + Tp,+o0) such that D(y) = [s,7). Let us assume that 7 < +oo and that (3.12)
does not hold. Then there exists an increasing sequence (t,)nen of real numbers in (s, 7) and
R € (0,+00) such that

lim i, =7, (B.12)
n—-+00
ly(tn)llz < R, ¥neN. (B.13)

By (B.12), there exists ng € N such that
tny > 17 —T(R)/2. (B.14)

From Lemma 5, there is a solution z : [t,,, tn, + T(R)] — L?(0, L) of (3.7) for the initial time
s := tp, and the initial data z(t,,) := y(tn,). Let us then define § : [s,t,, + T(R)] — L*(0, L)
by

<

(t) = y(t), VtE [s,tn), (B.15)
2(t), VEE [tng, tng + T(R))]. (B.16)

y(t) -

Then 7 is also a solution to the Cauchy problem (3.7). By the uniqueness of this solution, we
have y = ¢ on D(y) N D(§). However, from (B.14), we have that D(y) & D(%), in contradiction
with the maximality of y.

Finally, we prove that, if C'(R) satisfies (3.13), then, for the maximal solution y to (3.7),
we have D(y) = [s,+00). We argue by contradiction and therefore assume that the maximal

25



solution y is such that D(y) = [s,7) with 7 < +00. Then (3.12) holds. Let us estimate ||y(t)HL%
when ¢ tends to 77. We define the energy E : [s,7) — [0, +00) by

L
E(t) ::/0 ly(t, z)|2dz. (B.17)

Then E € C%[s, 7)) and, in the distribution sense, it satisfies

dE

—p Slulty(t, ) < CR(VE). (B.18)

(We get such estimate first in the classical sense for regular initial data and regular boundary
conditions y,(t,L) = ¢(t) with the related compatibility conditions; the general case then
follows from this special case by smoothing the initial data and the boundary conditions, by
passing to the limit, and by using the uniqueness of the solution.) From (3.12) and (B.18), we
get that

- ——dFE < +00. B.19
2Jo  CR(VE)
However the left hand side of (B.19) is equal to the left hand side of (3.13). Hence (3.13) and
(B.19) are in contradiction. This completes the proof of Theorem 2. O

The proof of Theorem 3 is more difficult. For this proof, we adapt a strategy introduced
by Carathéodory to solve ordinary differential equations § = f(¢,y) when f is not smooth.
Roughly speaking it consists in solving ¢ = f(¢,y(t — h)) where h is a positive time-delay and
then let h tend to 0. Here we do not put the time-delay on y (it does not seem to be possible)
but only on the feedback law: wu(t,y(t)) is replaced by u(t, y(t — h)).

Proof of Theorem 3. Let us define H : [0, +00) — [0, +00) by

a 1 va R
H(a) /O WdEQ/O Wd}%. (B.20)

From (3.13), we know that H is a bijection from [0, +0c0) into [0, +00). We denote by H~! :
[0,4+00) — [0,400) the inverse of this map.

For given yo € L?(0,L) and s € R, let us prove that there exists a solution y defined on
[s,+00) to the Cauchy problem (3.7), which also satisfies

()20, < H™ (H (Iy(9)3 ) + (¢ = 5)) < +o00, V€ [s,+00).  (B21)
Let n € N*. Let us consider the following Cauchy system on [s, s + 1/n)]

Yt + Yoz + Yo T YYz =0 in (873+(1/n>) X (07L)7

y(t,0) =y(t,L) =0 on (s,s+ (1/n)), (B.22)
y:):(tv L) = U(t,yo) on (57 s+ (1/71)),
y(s,x) = yo(x) on (0,L).

By Theorem 2 applied with the feedback law (¢,y) — wu(t,yo) (a measurable bounded feedback
law which now does not depend on y and therefore satisfies (3.11)), the Cauchy problem (B.22)
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has one and only one solution y. Let us now consider the following Cauchy problem on [s +
(1/n),s + (2/n)]
Yo+ Yeaw + Yo +yya =0 in (s+(1/n), s+ (2/n)) x (0, L),
y(t,0) =y(t,L) =0 on (s+(1/n),s+ (2/n)),
Yo(t, L) = u(t,y(t — (1/n))) on (s+(1/n),s+(2/n)),
y(s,z) = yo(x) on (0,L).

y (B.23)

=

As for (B.22), this Cauchy problem has one and only one solution, that we still denote by y.
We keep going and, by induction on the integer i, define y € C%([s, +00); L%(0, L)) so that, on
[s+ (i/n),s+ ((i +1)/n)], i € N\ {0}, y is the solution to the Cauchy problem

Yt + Yazz + Yo + YYz =0 in (s+(i/n),s+ ((i+1)/n)) x (0, L),
y(t,0) =y(t,L) =0 on (s+(i/n),s+ ((i +1)/n)),

Yo(t, L) = u(t,y(t — (1/n))) on (s+ (i/n),s+ ((i +1)/n)),

y(s+ (i/n)) =y(s+ (i/n) = 0) on (0, L),

(B.24)

where, in the last equation, we mean that the initial value, i.e. the value at time (s + (i/n)), is
the value at time (s + (i/n)) of the y defined previously on [(s + ((¢ — 1)/n)),s + (i/n)].
Again, we let, for ¢ € [s, +00),

L
E(t) ::/0 ly(t, z)|*dz. (B.25)

Then E € C%[s,+oc)) and, in the distribution sense, it satisfies (compare with (B.18))

U < lult, ) < CHVEG), £ € 5,5+ (1/m), (B.26)
U < ult ot — ()P < CH(VET— (1/m), £ € (s -+ (ifm),s + (i +1)/n)),i > 0.
(B.27)
Let ¢ : [0, +00) — [0, +00) be the solution of

92 = 03 (Vo) els) = Bls). (B.28)

Using (B.26), (B.27), (B.28) and simple comparaison arguments, one gets that
E(t) < ¢(t), Vte [s,+0), (B.29)
- E(t) < H (H(E(s) + (t—5)), Vt € [s,400). (B.30)

We now want to let n — +00. In order to show the dependance on n, we write y” instead
of y. In particular (B.30) becomes

19" Ol320,0< H™ (H(llgo(s)I23) + (¢ = 5)) , ¥t € [s,+0). (B.31)

From Lemma 6, (B.31) and the construction of y™, we get that, for every T" > s, there exists
M(T) > 0 such that
1y |8, < M(T), ¥neN. (B.32)
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Hence, upon extracting a subsequence of (y™), that we still denote by (y™),, there exists

y € L ([s,+00); L*(0, L)) N L2 ([s, +00); H'(0, L)), (B.33)

loc

such that, for every T > s,

y" — yin L®(s, T; L*(0, L)) weak * as n — 400, (B.34)
y" —yin L*(s,T; H'(0, L)) weak as n — +oc. (B.35)

Let us define 2" : [s,s + 00) x (0,L) — R and 4™ : [s, +00) — R by

2"(t) :==yo, Vtels, s+ (1/n)], (B.36)
2"(t) =yt — (1/n)), Vte (s+ (1/n),+00), (B.37)
Y (t) = u(t, 2"), VtE [s,+00). (B.38)

Note that y" is the solution to the Cauchy problem
Yi' + Yree T ¥ +y"yr =0 in (s,400) x (0, L),
yn(ta 0) - yn(ta L) =0 on (57 +OO)7
Yz (8, L) = ~"(t) on (s,+00),
y"(s,x) = yo(x) on (0,L).

From (B.32) and the first line of (B.39), we get that

(B.39)

d
VT >0, <dty”> is bounded in L%(s,s + T; H 2(0,L)). (B.40)
neN

From (B.34), (B.35), (B.40) and the Aubin-Lions Lemma [!], we get that
y" —y in L*(s,T;L*(0,L)) as n — 400, VT > s. (B.41)

From (B.41) we know that, upon extracting a subsequence if necessary, a subsequence still
denoted by (y")n,

lim [ly"(t) — y(t)]|z2= 0, for almost every ¢ € (s, +00). (B.42)

n—-+o0o

Letting n — 400 in inequality (B.30) for y™ and using (B.42), we get that
||y(t)||%2(07L)< H! (H(HyOH%%) +(t— s)) , for almost every ¢ € (0, +00). (B.43)
Note that, for every T > s,

2" — yHLZ((s,T);L%) < (1/ﬁ)‘|y0||L%+“yn(‘ —(1/n)) —y(- - (1/77’))HL2(3+(1/n),T;L2(O,L))
Hy(- = (1/n) =yl L2(s-(1/n), 102 (0,0)) FNY I L2 (5,54 (1 /n):22(0,1)
(1/\/ﬁ)||y0||L2L+||yn = Yllr2s, 102 (0,1)

Hy(- = (1/n) =yl 22 (541 /n), 102 00,00) TNV 2205541 /m);220,1)) -
(B.44)

IN

From (B.36), (B.37), (B.41) and (B.44), we get that

2" — vy in L*(s,T;L*(0,L)) as n — +oo, VT > s. (B.45)
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Extracting, if necessary, from the sequence (z"),, a subsequence, a subsequence still denoted
(2™)n, and using (B.45), we have

lim [|z"(t) — y(¢)]|z2 =0, for almost every ¢ € (s, +00). (B.46)

n——+oo

From (3.1), (3.2), (3.3), (B.32), (B.36), (B.37) and (B.46), extracting a subsequence from the
sequence ("), if necessary, a subsequence still denoted (7"),,, we may assume that

" = y(t) ;== u(t,y(t)) in L>®(s,T) weak * asn — +oo, VI > s. (B.47)
Let us now check that
y is a solution to the Cauchy problem (3.7). (B.48)
Let 7 € [s,+00) and let ¢ € C3([s, 7] x [0, L]) be such that
o(t,0) = ¢(t, L) = ¢5(t,0) =0, Vt e [T1,7]. (B.49)

From (B.39), one has, for every n € N,

T L T T L
- / / (¢t + (Z)z + ¢mrm)ynd$dt - / Vn(bx(t: L)dt + / / d)yny;dxdt
Tl 0 T1 0

T
L L
+ / y(7,2)o(1, z)dx — / yoP(s, z)dr = 0. (B.50)
0 0
Let 7 be such that
lim_ [ (7) — y(r) = 0. (B.51)

Let us recall that, by (B.42), (B.51) holds for almost every 7 € [s, +00). Using (B.35), (B.41),
(B.47), (B.51) and letting n — +o0 in (B.50), we get

- /T /0 (61 + G+ basededt — / " ult, y(6)dult, D)t + / ' /0 " pyyadadt

Tl T1
L L
+/ y(ﬂiﬁ)dﬁ(ﬂw)d&“—/ Yog(s, x)dz = 0. (B.52)
0 0
This shows that y is a solution to (2.1), with T} := s, T arbitrary in (s, +00), h := —yy, €

LY([s,T»]; L*(0, L)) and h = u(-,y(-)) € L?(s,Ty). Let us emphasize that, by Lemma 1, it
also implies that y € Bsp for every T' € (s,4+00). This concludes the proof of (B.48) and of
Theorem 3. O

C Proof of Proposition 3

Let us first recall that Proposition 3 is due to Eduardo Cerpa if one requires only u to be in
L?(0,T) instead of being in H'(0,T) : see [11, Proposition 3.1] and [14, Proposition 3.1]. In his
proof, Eduardo Cerpa uses Lemma 3, the controllability in H with controls v € L?. Actually,
the only place in Eduardo Cerpa’s proof where the controllability in H is used is in page 887 of
[11] for the construction of oy, where, with the notations of [1 1] R(yx), S(yx) € H. We notice
that R(yy), S(ya) share more regularity and better boundary conditions. Indeed, one has

Ayx +yy +yy =0,
yx(0) = ya(L) =0,

29



which implies that
R(yx), S(yr) € H?,

where

H? .= HN{w € H*(0,L);w(0) = w(L) = 0}. (C.1)

In order to adapt Eduardo Cerpa’s proof in the framework of u € H'(0,T), it is sufficient to
prove the following controllability result in H? with control u € H(0,T).

Proposition 6. For every yo, 11 € H> and for every T > 0, there exists a control u € H*(0,T)
such that the solution y € B to the Cauchy problem

Yt + Yoz + Yz = 0,
y(t,0) = y(t, L) =0,
Yo(t, L) = u(?),
y(0,+) = yo,

satisfies y(T,-) = y1.

The proof of Proposition 3 is the same as the one of [I1, Proposition 3.1], with the only
difference that one uses Proposition 6 instead of Lemma 3.

Proof of Proposition 6. Let us first point out that 0 is not an eigenvalue of the operator A.
Indeed this follows from Property (P2), (1.5) and (1.6). Using Lemma 3 and [54, Proposition
10.3.4] with g = 0, it suffices to check that

for every f € H, there exists y € H? such that —y,ee — Yz = f- (C.2)
Let f € H. We know that there exists y € H>(0, L) such that

—Yzxzx — Yz = f7 (03)
y(0) = y(L) = yx(L) = 0. (C4)

Simple integrations by parts, together with (4.11), (4.12), (C.3) and (C.4), show that, with
@ 1= Q1+ 12,
L L L on (L
0= /O fodr = /0 (—Yzaw — Yo )pda = /0 Y(Pazz + pa)dr = Zp/o ypda, (C.5)

which, together with (C.4), implies that y € H3. This concludes the proof of (C.2) as well as
the proof of Proposition 6 and of Proposition 3.

O
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