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Herein, a Mach-sensitive fractional step approach is proposed for Euler-like systems. The
key idea is to introduce a time-dependent splitting which dynamically decouples convection
from acoustic phenomenon following the fluctuations of the flow Mach number. By doing
S0, one seeks to maintain the accuracy of the computed solution for all Mach number
regimes. Indeed, when the Mach number takes high values, a time-explicit resolution of
the overall Euler-like system is entirely performed in one of the present splitting step.
On the contrary, in the low-Mach number case, convection is totally separated from the
acoustic waves production. Then, by performing an appropriate correction on the acoustic
step of the splitting, the numerical diffusion can be significantly reduced. A study made
on both convective and acoustic subsystems of the present approach has revealed some key
properties as hyperbolicity and positivity of the density and internal energy in the case
of an ideal gas thermodynamics. The one-dimensional results made on a wide range of
Mach numbers using an ideal and a stiffened gas thermodynamics show that the present
approach is as accurate and CPU-consuming as a state of the art Lagrange-Projection-type
method.

Introduction

Condensation Induced Water Hammer (CIWH) is a very specific two-phase fast transient phenomenon.
It starts by the smooth deformation of a slow material interface between hot vapor and cooler liquid
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water. Then, as time goes on, shear instabilities and steep temperature gradients entail the trapping
and then the sudden condensation of vapor pockets leading to the production of strong shock waves
in the liquid phase.

In the above description, two time-scales can be identified: a material scale linked to the slow
interface deformation and a fast acoustic scale related to the propagation of the shock front. As the
Euler compressible system produces similar multi-scale waves, it constitutes the framework of the
present paper. Indeed, the Mach number of the flow M = |u| /¢, with u the velocity field and ¢
the fluid speed of sound, measures the gap between the material and the acoustic time-scales. The
particularity of a CIWH results from the fact that, initially, since the deformation of the slow material
wave is the leading process, the fluid behaves as a low Mach number compressible flow: 0 < M < 1.
Then, because of the stiffness of the liquid water thermodynamics, strong shock waves are triggered
even if 0 < M < 1. In order to enforce this fact, one can find in [39] a water-hammer experiment in
liquid water for which |u| ~ 0.2m.s™1, Cliquid ~ 1.5 X 103 m.s~! leading to pressure jumps of several
bars. Besides, the analytical solution of a symmetric double shock Riemann problem obtained with
the Euler compressible system endowed with a stiffened gas thermodynamics is derived later on in
this work. It allows to better understand this peculiar aspect.

Thus, the long-term objective of the present work is to set out a method involving compressible
Godunov-like solvers in order to fulfill a two-fold aim:

(I) Accurately follow the slow material waves when 0 < M < 1
in the absence of fast transient phenomena.

(IT) Then, accurately follow the fast and strong acoustic waves even when 0 < M < 1.

In the sequel, the different issues inherent to point (I)and point (II)are described. However, the
present study is entirely dedicated to point (II) and we leave point (I) for future works.

Godunov-like schemes perform poorly in the context of point (I). A first issue is related to the first
order time-discretization of such methods when 0 < M < 1. Indeed, let us introduce Az the cell size
of a 1D mesh, At the time-step built using a time-explicit Godunov-like scheme, \yi. (respectively
Au) the non-dimensional acoustic eigenvalue (respectively the slow convective eigenvalue). Besides,
define 6,1 = ﬁ% (respectively Clu| = %) the acoustic Courant number (respectively the
convective Courant number). The stability of the fast acoustic dynamics requires %}, ;.. = 1~ and then
Clu| & M €lyjyc = M < 1. Hence, the slow material wave dynamics are largely depreciated because
©u|, associated with a first order time-discretization, is too small to compensate the numerical diffusion
induced by the first-order space-discretization. In [31], the evolution of the stiffness of the profile of an
isolated slow contact-discontinuity as function of %, . supports this point. A solution, described in
[17, 29] for the Euler isentropic system and in [34], 21] for the whole Euler compressible system endowed
with an ideal gas thermodynamics, consists in applying a time-implicit discretization on the stiff
pressure gradient. By doing so, one can replace the constraining time-explicit acoustic CFL condition
Cluj+c = 17 by a convective CFL one: ¢}, = 17, the latter being adapted to accurately follow slow
material waves. What is more, in the above references, additional time-implicit discretizations hold on
the density convection term [17, 29] or on the total energy convection term [2I]. The resulting implicit-
explicit schemes are thus consistent, when M — 0 and At, Az fixed, with a discrete incompressible
solver. Schemes that are stable under the CFL condition ¢}, = 17 and have the above consistent
behavior are said to be Asymptotic Preserving (AP) towards the Euler incompressible system.



A second issue, in the framework of point (I)is related to the spatial discretization of Godunov-like
schemes. Indeed, in [28], 27] the authors show, using a 2D discrete asymptotic decomposition w.r.t
M on a cartesian mesh, that Godunov-like schemes are not able to maintain an initial incompressible
solution in the incompressible phase-space from one time-step to an other. In [I8 20, [19], the authors
transpose the Schochet theory [36, 37] at the discrete level and highlight the same difficulty. Moreover,
they point out that this issue only concerns 2D (respectively 3D) non-triangular (respectively non-
tetrahedral) meshes for which the non-dimensional mesh size is bigger than M. Then, they concentrate
on means to control the computed solution proximity towards the incompressible well-prepared space
(see [19] for a definition) for non-dimensional time-scales lower than M. Without going into details,
the key idea is that the discrete acoustic operator of Godunov-like schemes contains a non-centered
diffusive part scaling as O(Axz /M) notably in the discrete momentum equation. When applied to an
initial well-prepared solution, the latter produces new acoustic pressure waves scaling as O(M ) instead
of O(M?). In [22, 35] a low Mach number correction rescaling the momentum diffusive part as O(Azx)
is proposed. It has since been re-used in [19, 1T} 10].

The background of point (II)is more simple since we "only” want to be accurate on fast acous-
tic waves neglecting the slow material wave diffusion induced by the time-discretization as well as
the proximity towards the incompressible phase space. However, as mentioned in the above para-
graph, Godunov-like schemes suffer from a numerical diffusion of order O(Axz /M) due to the spatial
discretization which can be observed even in 1D under the CFL condition %, 4. = (1/2)".

In the light of the time-scale difficulties encountered in point (I), it seems relevant to introduce
a fractional step method allowing to solve the slow convection process and the fast acoustic waves
production separately. It is based on a Weighted Splitting Approach (WSA). The ” Weighted” notion
stems from the fact that the proposed splitting relies on a decomposition of the pressure balanced by
a time-dependent splitting parameter. Inspired from [I 8], a first part of the pressure decomposition,
seen as a ’small” pressure fluctuation if 0 < M < 1, is sent to a convective subsystem C. The remaining
part goes into an acoustic subsystem 4. In the context of point (I), a time-implicit resolution of .4
combined with a time-explicit resolution of C moves the proposed approach towards the convective
CFL condition €,, = 17. The stability proof of the implicit-explicit version of the present method
is examined a more recent companion paper [31]. As already mentioned, this paper focuses on the
point (II). Thus, a time-explicit Godunov-like scheme is applied for both subsystems C and A. The
spatial discretization comes from the relaxation schemes theory [33], 12}, 4], 2 14] and notably from
the Suliciu-like relaxation solvers [42], 4]. It provides a simple approximate Riemann solver whose
writing is independent of the equation of state. Besides, in order to reduce the numerical diffusion
when 0 < M < 1, an anti-diffusive term, directly taken from [35] 19] [I1], but simply seen as a tool
here, is added to the present acoustic pressure flux. In the sequel, the anti-diffusive term is referred
to as @-correction.

Let us end the present WSA description by saying that, in the more common case where the
production of shock waves is associated with a local rise of the Mach number M = 1, the present
splitting is canceled and the overall Euler system is retrieved in the C subsystem. Thus fast acoustic
waves are accurately captured.

The paper is structured as follows: in section one, the dynamic splitting is firstly described at the
continuous level. A study of each resulting conservative subsystem is done through hyperbolicity and
positivity analyses involving ideal and stiffened gas equations of state. Section two deals with the



approximate Riemann solvers derived for the subsystems spatial discretization. Discrete positivity
properties in the case of ideal gas thermodynamics are also derived under a non-restrictive condi-
tion. Following the steps of [11], section three is devoted to different truncation error analyses. The
dependence in terms of Mach number as well as the impact of the #-correction on the numerical
diffusive operator of the overall scheme is shown. Eventually, section four presents one-dimensional
time-explicit results obtained for ideal and stiffened gas thermodynamics and for a wide panel of Mach
numbers. It turns out that the presented method is as accurate and efficient as a Lagrange-Projection
method presented in [IT]. However in the case of a stiffened gas thermodynamics with 0 < M < 1,
the proposed method, although L stable, produces more oscillations than the Lagrange-Projection
approach.

1 Convective and Acoustic Effects in Euler-like Systems

1.1 Homogeneous Equilibrium Model Equations

When the non-equilibrium effects are small, one way to model two-phase flows is to assume that the
two phases have the same velocity, pressure, temperature and chemical potential. The conservation
laws are then similar to the Euler compressible system. Define U = [p, pu, pe]T the conservative
variables vector with p the fluid density, u its velocity vector and e its total specific energy. The mass,
momentum and energy conservation then read:

Op+V-(pu) =0, (1a)

O (pu)+V-(pu@u+pl) =0, (1b)

O (pe)+V-((pe+p)u) =0, (1c)
2

e—u2|+6, EZEEOS(p,p). (1d)

Equality in is the equation of state for a single phase fluid. It relates e the specific internal energy
with density and pressure. Its strong level of nonlinearity is known to produce rarefaction or shock
waves inside the flow. Recall that the Euler system is strictly hyperbolic, its eigenvalues being in
one-dimension: A =u—c< M\ =u < )\3E = u + ¢; with ¢ the sound speed which strongly depends
on the equation of state and can be defined as:

pe = (0pep) <]; -0, 5|]o> : (2)

What is more A and AY are related to genuinely non-linear fields whereas A is associated with a
linearly degenerate one.

Eventually, let us write the second law of thermodynamics principle, introducing the specific entropy
variable s = s#99 (p, ¢) related with p and € by the differential equation:

d€=TdS—pd(1),
P (3)
with: T = TEOS(p, s) = 0s€|p, P :pEOS(p, s) = p? Opels-



Using equation , it can be easily verified that, for smooth EOS, s is also solution of the PDE:
Op S|p + ? 9, s), = 0. (4)

Such a physical entropy is used to characterise admissible weak solutions of Euler system . Indeed,
as proved in [26], the mapping (p, pu, pe) — —ps is a strictly convex function and (—ps, —pus)
constitutes a mathematical entropy pair. Thus, any admissible weak solution of the Euler system
should verify the inequality:

O (ps)+V-(psu) >0. (5)

Beyond conservativity and maximum principle, inequality is a key theoretical property that one
would like to obtain, at the discrete level, in a numerical scheme.

Let us end this subsection by defining the one-dimensional Riemann problem associated to system
. Let U and Ug be two constant states of the one-dimensional Euler system . It reads:

U e <0 pu 6
UGt =0) =4 07" withs F(U) = | pu? 4 | v
Ug, if z >0, (pe+p)u

As proved in [40], in the case of ideal gas or in [26] under more general thermodynamical hypothesis,
Riemann problem @ admits a unique entropic solution made of contact waves, rarefaction waves and
shock waves as long as Uy, and Up are close enough.

1.2 A Weighted Splitting Approach

As mentioned in the introduction in the context of point (I), two different physics are at stake inside
Euler-like systems. In 1D, the first convects conservative variables using velocity u, the second contains
pressure effects responsible for shock and rarefaction waves propagating at speed v =+ ¢. Thus, in the
case of low-Mach compressible flows, |u| < ¢ and the acoustic physics goes much faster than the
convective one. Therefore, time-explicit schemes restricted by the acoustic CFL condition tend to
diffuse material waves as time goes on.

Looking at the Euler compressible system , a first step to elaborate a cure consists in decoupling
the convective from the acoustic physics and proceed to their resolution separately and successively.
This can be done by splitting the conservation laws system into two new continuous subsystems:

dp+V-(pu)=0, O p=0,
C:Q d(pu)+ V- (pudu+&t)pl)=0, (7) A:{ 9 (pu)+V-((1-&()pI)=0, (8)
d(pe)+V-((pe)+ &) p)u) =0, d(pe)+ V- ((1-6&5(t)pu) =0.

Here, &y(.) is a time-dependent weighting factor belonging to interval |0, 1] and proportional to the
maximal Mach number of the flow:

&p(t) o< max (i, min (Minaz(t), 1)),

Mz (t) = gscfgg (M(q;,t) = W’t)’) 7 (9)



Q being the computational domain. It has to be mentioned that in [I], Baraille and co-authors
introduce the same kind of splitting for the Euler barotropic system with &, equal to zero. Since their
resulting C-subsystem is not hyperbolic, they re-introduce a similar pressure perturbation, with &y
seen as a fixed parameter. They solve the Riemann problem associated with the perturbed subsystem
and make &y tend towards zero in the obtained solution in order to derive their numerical scheme.

In the present splitting, &y(t) is strictly positive because of the lower bound &, defined such that
0 < &y < 1. By doing so, the above loss of hyperbolicity on the jacobian of C is avoided. Besides,
here &p(t) has a physical interest since it measures the gap between the convective and the acoustic
time-scales.

Indeed, assume that at instant ¢ the flow is such that M,,q.(t) is close or superior to 1. Then,
&o(t) will be close to 1, the subsystem C formally converges towards the full Euler system while A is
a degenerated stationary subsystem. Hence, if C is solved using a time-explicit Godunov-like scheme,
Euler shocks related to a temporal rise of the Mach number would be correctly captured. On the
contrary, In the case of a globally low-Mach number flow, M. (t) &~ &y(t) < 1, and pressure terms
completely disappear from C which turns out to be a pure ”convective” subsystem. Pressure terms are
treated afterwards in A which becomes an ”acoustic” subsystem. Particularly, a time-implicit scheme
([15, 21]) applied on it would remove the most constraining part of the CFL condition. Let us end the
splitting description by saying that both subsystems C and A are conservative, and that their formal
summation allows to recover the original Euler system .

In the sequel, C is referred as the convective subsystem and .4 the acoustic one. Before going
further into the numerical resolution of C and 4, one has to study their basic mathematical properties:
hyperbolicity and maximum principle. This is done in the next section.

1.2.1 Hyperbolicity of C and A

Above all, the hyperbolicity of the two subsystems C and A is investigated. This ensures that solutions
of C and A do not suffer from definition issues by producing waves with celerities evolving in the C
space. This is the object of the following proposition written in one space dimension but easily
extendable to the multi-dimensional case:

Proposition 1 (Hyperbolicity of convective and acoustic subsystems). Let us introduce cc (p, p) and
ca (p, p) two modified sound speeds such that:

(10)

In the case of a stiffened gas thermodynamics, c(% > 0. Besides, if pressure remains positive, 034 > 0.

Under this condition, the subsystems C and A are hyperbolic. Their eigenvalues are:
)\fzu—éaocc <A =u< X =u+&ece, (1)
M=—(1-6)ca <M =0<N'=01-6&)) ca,

the 1-wave and 3-wave of both subsystems are associated to genuinely non-linear fields whereas the
2-wave field are linearly degenerate. What is more, cc, ca and c are related by:

(cc)® + (1 —&2) (ca)® = & (12)



The proof of this proposition is written in [Appendix B| Beside, using relation , it can be observed
that, when & is close to one, C is approximately equivalent to the Euler system, and that is why:

Vk, éiml)\ = )\E Moreover, when & tends towards zero, ézm /\ )\f = u, because of the pressure
50— 0—0

terms disappearance. C then degenerates into a pure convective subsystem already exhibited in [T}, [§].
However, thanks to equality , we have Vk € {1, 3} : |/\;€4| < ¢ even when & goes to zero. Thus,
the weighted splitting approach always tends to underestimate acoustic wave speeds whatever the
thermodynamics is. In Section [2| the transcription, at the discrete level, of these non physical wave
speeds will be seen. A numerical way to bridge the gap between c4 and ¢ so that to follow the real
physics will also be proposed. In order to make them less abstract, the expressions of ¢¢ and ¢4 are
provided below, in the case of ideal gas:

<c V& = éao =1 4+1<n,

ﬁ’y (13)

In the following, positivity of the relevant quantities got from the thermodynamical phase-space is
analyzed in both continuous subsystems C and A.

%

1.2.2 Positivity of Density and Internal Energy

Positivity requirements reflect the invariance of a given solution towards its thermodynamical phase
space. In this study, one focuses on the ideal (IG) and the stiffened gas (SG) thermodynamics defined
by the following sets:

p
peE= , 14a
(v—1) (142)
juf?
Dpa = U,s.t.e:7+e,p>0, pe>0p, (14b)
juf?
= U,s.t.e:7+5,p>0,p>0 ) (14c)
P+7Px
pe=———, P, >0, 15a
juf?
g = U,s.t.e:7+5,p>0, pe— Py >0, (15b)
juf?
= U,s.t.e:7+€,p>0,p+Poo>0 . (15c¢)



For both thermodynamics, the construction of the above phase-spaces allows to guarantee that the
Euler speed of sound c is real and strictly positive since:

(®)1c: C:\/v? _ v(v—pl)(pa)’

@)sc: C:\/ﬂpwoo) :\/vwl)(pspoo)
. - : |

(16)

Thus, in the case of an ideal gas thermodynamics (respectively in the case of a stiffened gas thermo-
dynamics), the positivity of p and pe (respectively the positivity of p and pe — Py) is studied. First
of all, assume that V¢ € {p, pe, pe — Py} a positive inlet boundary condition as well as an admissible
initial condition hold, namely:

oo = 0ifu-npg <0,

¢('7t = O) >0,

with € the spatial domain of boundary 0f2 and n the outward local normal vector of 0f2.

Then, as recalled in [24] for sufficiently smooth solutions, positivity of density p is naturally obtained
from mass equation in subsystem C for both thermodynamics. Density is also stationary in subsystem
A. So, after having successively solved C and A, density remains positive.

In the case of an ideal gas thermodynamics, since p remains positive, the positivity of p e is equivalent
to the positivity of . For smooth solutions, the specific internal energy in subsystems C and A verifies:

(17)

detu-Vetr &2 LV-u=0, (€
o (18)
dhe+ (1—&(1) ;V-u:(). (A)

By making the same kind of regularity hypothesis than in [24], one can prove that, in the case of an
ideal gas thermodynamics, € remains positive on 2 throughout time. See[Appendix C]|for more details.
In the case of a stiffened gas thermodynamics, let us introduce P = pe — Py, = 1?“3 > which is the

7-1)
variable concerned by the positivity requirement. In C and A, it verifies the PDEs:

{8tP+V~(Pu)+é"O2(t) (v=1)PV-(u)+(1—&E}t)PeV-u=0, (C) (19)

HP+(1—-&E)(y—1)PV-(u)— (1 —-E2t)PuxV-u=0. (A)

Let us first notice that P% =(y— l)pfjgoo is not a priori bounded since the stiffened gas phase-space
allows p to tend towards —Ps,. Then, as shown in equation ((103)) of [Appendix C| this prevents from
controlling the operator (1 — &F(t)) Px V - u, and the positivity of P cannot a priori be ensured
unless P,, = 0 which is the ideal gas case or &y = 1 which corresponds to the resolution of Euler
system with no splitting. More details are given in Thus, in the case of a stiffened gas
thermodynamics, computations involving the discrete resolution of subsystems C and A in which the
discrete pressure field is close to — Py, could potentially produce complex numbers for c. Nevertheless,
in most cases, pressure remains positive and this difficulty can be avoided.

The next section is dedicated to the design of a time-explicit scheme to solve the above Mach-
sensitive fractional step.




2 Relaxation Scheme Applied to the Weighted Splitting Approach

For the sake of simplicity and with no loss of generality, the scheme description is done in one dimen-
sion. Literature dealing with relaxation schemes is vast. Without being exhaustive, we refer to [33] for
the derivation of relaxation schemes applied to abstract hyperbolic systems in which the whole flux is
relaxed. In [12], the authors question the existence of solutions for the relaxation systems as well as
their convergence towards a local equilibrium. A detailed study of the entropy-satisfying relaxation
method applied to the isentropic gas dynamics system and extended to the fully compressible Euler
system is given in [6]. It uses a Suliciu-like relaxation technique [42] which is also applied in [2] on a
Drift-Flux model. Besides, the acoustic part of the Lagrange-Projection splitting derived in [25] [11]
is solved the same way too. Eventually in [14], an extension of the Suliciu approach to general fluid
systems is done. Following the same approach, we proceed to a Suliciu-like relaxation method on both
subsystems C and A.

Let us recall that the Suliciu relaxation method applied on Euler-like systems consists in introducing
a new pressure variable II endowed with a ” quasi-linear” dynamics converging towards the real pressure
variable p. This convergence is ensured thanks to a source term whose timescale © < 1. The new
system is still hyperbolic and has only linearly degenerate fields which makes the derivation of an
exact Godunov solver easier. What is more, the high level of nonlinearity brought by the pressure
variable via the equation of state is encapsulated in one single constant. As a consequence, the
derivation of the numerical scheme can be done independently of the thermodynamics law. The cost
to be paid is the increase of the system dimension through an additional equation for II. What is
more, one has to decide how to treat the equilibrium between II and p numerically.

2.1 Suliciu Relaxation for the Weighted Splitting Approach

As previously mentioned, the Suliciu-like relaxation technique leans on a linearization of the pressure
dynamics. Let us first derive the PDEs associated with p for both subsystems C and A. Using the
mass equations, internal energy equations (18)), and the fact that VD € {9;, 9, }, Dp = (9, P)e Dp+
(0ep))p De, it yields:

C: hp+udep+p(ce)®pu=0, (200 A: hp+(1—EDplca)?deu=0. (21)

Then, replace pressure p(p, €) by a new relaxation pressure variable IT which no longer depends
of density and internal energy. One also expects Il to mimic the above physical pressure dynamics
but with an additional linearization effect on the thermodynamics. This is done by introducing two
constants a¢ > 0 and a4 > 0 such that II verifies:

ag (p —1II) A: an+(1—52)ﬁau:(p_m
C: 8tH+u8xH+?COIu:7’ (22) - Ut 0 P T .

q "o
Here, ac (respectively ay4) is homogeneous to a density times a velocity and encapsulates the non-
linear effects brought by pcc(p, €) (respectively pca(p, €)). Besides, by using the mass equation and
because a¢ and a4 are constant, it is possible to rewrite equations and in a conservative way
namely:



pp =11 p (p—T0)

2
C: 8t(p]-—-[)+8l‘ ((pH+aC)u): 7 5 A - ('“)t(pH)—&—ax ((1_502)684“): .
24
One can observe that, when gy — 0 in a(und) , the relaxation pressure II tends formally
towards p at zeroth order in p. Hence (p — II) /u can be formally interpreted as a correction term of
time scale p forcing the relaxation pressure to converge towards the physical pressure instantaneously
if 1 tends to zero.
Finally, the relaxation convective and acoustic systems read:

Orp+ 0z (pu) =0, O p=0,
O (pu) + 0, (pu? + &) I) =0, O (pu)+ 05 (1 — (1)) =0,
iYoo) +0: ((pe+ GOMu) =0, A" 9 (pe) + 0, (1 & (1) TTu) =0,
0o + 0, ((pT+ad)uw) = 2210 gm0, (1 620 atu) = 22D,
(26) AE27)
Remark 1. It is worth noting that, the relaxation schemes framework can be formulated differently.
Indeed, one can rewrite the subsystems C* and A" without the relaxation term @. Hence, the

relaxation pressure 11 is free to move away from the real pressure p. However in that case, the resolution
of the homogeneous relaxation subsystems is completed by a projection sub-step on the equilibrium
manifold:

2
{(,0, pu, pe, pII ) such that, I1 = p(p, €), with e = e — p;t} ) (28)
As it will be seen in the sequel (see equation dealing with the overall algorithm of the fractional
p(p—1I)

step), in practice both subsystems C* and A* are solved without - Then, at the end of each
subsystem resolution, the updated relaxation state is projected instantaneously on the equilibrium man-
ifold.

One way to calibrate the constant relaxation coefficient a¢ (respectively a 4) is to perform a Chapman-
Enskog expansion by rewriting all the variables ¢ € {p, u, e, II} in power of pu:

b= o+ por+ p o+ ..,
H():p.

By doing so, one can exhibit a subcharacteristic-like condition, also called Whitham-like condition [44].
It allows to prevent C# (respectively A*) from triggering instabilities when p — 0. What is more,
it can be used as a sufficient condition to build an entropy pair and an extended entropy inequality

for the relaxation system (see [12, 5] 6]). As detailed in [Appendix F| the subcharacteristic conditions
obtained are:

CH: ac > pce, (29a)
A' a0 > pea. (29b)

10

(25)



Remark 2. By proceeding in the same manner, one could have obtained a Suliciu-like relaxation Euler
system. The relaxation pressure PDE would have been:
aj (p—1I)

O+ ud, I+ £ 09, u= , (30)
p %

with ag the constant relaxation coefficient constrained by the Fuler subcharacteristic condition:
ag > pc. (31)

Recall that éimlcc = ¢, and then (29a) becomes in that case. More generally, the shape of such a
50—

Suliciu-like relaxation Fuler system can be obtained by formally making & tend towards one in CH.

Remark 3. In [153], [0], [9], [15] and [1])], in order to solve the Euler system using relaxation tech-
niques, the authors perform an inversion between the role played by total energy and entropy. The idea
s to turn the total energy equation into a mathematical entropy constraint while injecting the pure
transport entropy equation:

Ors+udys=0. (32)

By doing so, one can lean on good properties brought by relaxation methods applied on the barotropic
Euler system and enforce the entropy inequality in the numerical resolution of the full Euler sys-
tem. More details can be found in the above references. In our splitting approach, such a strategy is
avoided. Indeed, let us consider U (respectively UA) the conservative state solution of the subsystem
C (respectively A). It can be shown that the physical entropy function s (UC) (respectively s (UA))
defined in equation does no longer verify equation . For both subsystems, an additional non-
conservative term appears and prevents from applying directly the barotropic-relaxation system results.
That is why, in our case, a simple Suliciu-relaxation method is performed on the conservative sys-
tem including total energy. Note that a similar relazation treatment is done in [11)] for the acoustic
subsystem.

Remark 4. As previously noted in Subsection the lower bound in the acoustic subcharacter-
istic condition uses ¢4 an artificial celerity naturally provided by subsystem A. In the case of
an ideal or a stiffened gas thermodynamics, c4 < ¢, so that one can provide, at the discrete level, a
constant a4 fulfilling a discrete version of inequality while violating the natural acoustic subchar-
acteristic condition based on the real sound speed which is found in [9], [15] and [25]. According
to a formal Chapman-Enskog expansion, the subcharacteristic condition provides a sufficient
condition guaranteeing the stability of the time-explicit scheme for the resolution of A*. However, no
theoretical result has been found to prove that it was also a sufficient condition to obtain the stability
of the overall weighted splitting approach. In particular, in the case of low Mach number compressible
flows with cq < ¢, we think that it is relevant to numerically compare the effect of considering the
more demanding condition rather than (29b)). This will be done in Subsection .

2.2 Derivation of the Relaxation Scheme

Let us define Az (respectively At) the space step (respectively the time step) of the scheme. For
i € [1,.., Neeuts| let us set x; = i Az, the coordinate of the cell center i and x;,,/o = z; + Az/2, the
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coordinate of face i+ 1/2. Let us consider W = [p, pu, pe, p H]T the extended relaxation conservative
vector. Following Remark 1, the Riemann problem related to the homogeneous versions of or

writes:

W, if ¢ < xg,
8 W + 9, F* (W) =0, W(t:O,.):{ L 0 (33)

Wk if z > x,

pu 0
2 2
th FH u _ | pw ST 7 (1 _ g2 I ~ n
with F# € { F, (W) (pe+ &2 u | F (W)= (1-¢&) Mu . Let us introduce U7 the
(P11 + (ac)?) u (a4)?u

discrete approximation of - fffjll//; L(W) (z, t") dz, W verifying 0; W+0, F* (W) =0V(z, t), and

L:W = [wy, wy, ws, w4]T € R* — [wy, wa, w3]. Therefore U7 represents the discrete approximation
of the solution of the relaxation system without the component pII. Then, the Godunov solver can
be derived easily and reads:

At

U?H =Uj - Azx (H?+1/2 - H?—1/2) )

(34)
with: Hiy, p = L (F“ <WGOd(0; Wi, anrl))) =H}\ 1 (U7, Ul),

and (z,t) — W& (W%l/z, W7, WZ"_H) the self similar solution of the Riemann problem (33))

located at zo = @;11 5.

The study of C* and A* leading to the time-explicit expression of the Godunov flux has been done
using the non-conservative variable Z7 = [p, u, II, €]*. In the following, the structure of the fields,
the eigenvalues and the Riemann invariants are described.

2.2.1 Convective Part

The relaxation system C* is strictly hyperbolic, its eigenvalues being: )\(1:’“ = u— &yacr, )\g’“ =

/\g’“ = u, /\i’“ = u+ &y acT with 7 = 1/p. Furthermore, each field is linearly degenerate and admits
simple Riemann invariants:

EXN
[

&
o {u—éaoacT, H+a§7’, e+0Hu},
a

0,

C
Tot 5= {u, I}, (35)
&
IS@(;“4: {u—l—é"oacT, I+ a3, e—OHu}.
I ac

Let us notice that, for smooth solutions, mass equation in subsystem C* can be rewritten 0; 7 +
w0, T — 7 0y u = 0. By multiplying this equation by ag and summing it with the II equation in ,
one obtains:

O (I + a?ﬂ') +ud, (M+ a(QjT) =0. (36)

Thus, II 4 CL(Q:T remains constant along the characteristic curves of speed u. Besides, it is a 2,3-strong
Riemann invariant meaning that it is invariant through the 1-wave and the 4-wave. Eventually one
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can notice that this quantity is solution of the following equation:

By () + (;) Onr (1), = 0. (37)

which can be related to the entropy equation . The pressure term linearization induced by the
relaxation method has logically implied a linearization of the equation originally verified by entropy
and IT + a%T seems to play the same role.

Besides, the knowledge of the Riemann invariants allow to easily solve the one-dimensional Riemann
problem at a given face f, with Z;, and Zg taken as initial conditions. Figure|[l| describes the different
states and waves produced.

t Uc ) t
ug — pacty —(1-&5) aam
0
Zj ¢ Zj 4 , (1-&2) aarr
Z** *k
f.c ug + & acTr 1A
ZL ZL
Zr Zg
€T X
xf Ty
Figure 1: Subsystem C*: waves and Figure 2: Subsystem A*: waves and
states states
) t
0
y 2
f,0 - (1—6&8) aatr
f7 0
7y
Zgr
x

xf
Figure 3: Approximate Riemann Solver
of Subsystem A*: waves and

states

The two intermediate states Z} ¢ and Z}*C are:
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( UR + Uy, &

uc =" 5 ac (pr — L),
&
. . éaO2HZ:£02pR+pL_ 0ac (UR—UL),
PL.C PR.C 2 2 .
7% Ué w u(*j (38) with: pz c= 1/7_]: c T];k c =Tk + (_1) k (uz B Uk)’
f7 c Hz ’ f7 c Hé ’ ) ;U0 ) é(’o ac
€} el . —1)
L,C R,C ek,czek+£)0(a)(ﬂcuc—l7kuk)a
ke{L, R}, ip =1, i=2
(39)
Define W:ﬁ /o (respectively Wﬁl%) using Z7, Ja.c (respectively Z77, /2, ) and introduce U;‘ﬁ o =
L (W::r"l /2), U;‘:{;Q =L (W:’;lnﬁ) The convective numerical flux then reads:
(L (Fé) (U7) if ui' — &' (ag)ipr1/27]" > 0,
LD (Unh,) il — 68 (@il <0< W)
n = *x . %
cit1/2 = | L (F¢) (Ui#ﬁz) if (ue)i1 2 <0 <wuiyy + 65 (ad)ip1/27iv (40)
L (F¢) (Uiyy) if iy + &0 (ag)ir1/27ih1 <0,

(ag)it1/2 = K maz (p} (co)i, piya (co)fvy), K > 1.

Furthermore, using the exact Godunov structure and the fact that all the fields are linearly degenerate,
one can rewrite the relaxation flux in a more compact way (see [2, [3]) as:

1
5 (L (F¢) (U7) + L(F¢) (Ufq))
1 %
—3 |uf — &' (a@)iz1/2 77| (Uiﬁ/g -Uy)
Hc?+1/2 = 1 s “n (41)
*\N k] ’
) ‘(UC)H—I/Q‘ (U¢+1/2 - Ui+1/2)
1 Kk
[ 73 |U§L+1 + &6 (ag)it1/2 7ﬁ1| (Ul — Ui+’f}2)-
2.2.2 Acoustic Part
The acoustic system A* is also hyperbolic and its eigenvalues are: )\“14’“ =—-(1- 6002) AAT, )54’“ =

)\?’“ =0, )\f’“ =(1- é"OQ) a47. Once again the Riemann invariants can be easily found and read:

A, 11 ITu
Ié"o,l{ = {P, u_’_av e+}a

aA
A7
Io”’o,g,?) = {u, II}, (42)
II II
Ig"i:{p, U — —, e—u}.
0, aA G/A
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It can be noticed that:

I Il
0, <u+> + A0, <u+> =0,
aa aa

(43)
II II
o, (u— ) + A, <u— ) =0.
aAq asp
Thus, wj = u+ % (respectively w, = u — %) remains constant along the characteristic curves

of speed Af’“ (respectively )\“14’“ ). Besides, w:X is a 4-strong Riemann invariant whereas w is a
1-strong Riemann invariant. Following the steps of [15] and [25], equations associated with the
strong Riemann invariants natural properties provides a simple way to derive a time-implicit relaxation
scheme for the acoustic subsystem. More details are given in [32, [3T].

The one-dimensional Riemann problem can be solved exactly without difficulty. The solution is
described on Figure

* UR + uy, 1 ( )
Uy = — —
A 2 2@_,4 PR pL),
PL PR H*:pR+PL_aA(u —ur)
* * 1 A 2 2 R L)
« | Uy w | Uy with:
Zf,A - 1T* ) il A— IT* ; (44) (_]_)74@
A A €p A =€k + (1T w’y — pr uk)
% * k, A k AUA— PEUE)
€r, A €R, A
\ke {L, R}, ZL::l, ZR:2.

45
One can notice that the weighting parameter &y does not appear in the different in(terl)mediate
quantities. Besides, the intermediate velocity, pressure and energy formulas are similar to those
obtained using the Lagrange-Projection method [25], [IT]. The only difference is that, in the present
approach, a4 is bounded by the modified acoustic subcharacteristic condition whereas in [25] [T1]
it is (31)). The related numerical flux writes:

0
HaC?+1/2 = (1 - (50n>2) (Hf‘l)?+1/2 )
(H.tl)?—i—l/Q (“fét)?+1/2

((ﬁ)iﬂm = K max (P? (ca)is P?H (CA)?H) , K> 1.

2.2.3 General Remarks on the Splitting Operator Algorithm:

The overall algorithm updating the discrete solution from ¢" to t" + At is the following: starting from
a given state U, a given relaxation pressure IT" = pFO% (U") and a given splitting parameter &, the
homogeneous versions of subsystems C* and A* are successively solved using the relaxation scheme
fluxes presented in and (46). At the end of each resolution, the new discrete states VVZ»‘+ (after the
convective sub-step) and W;-H (after the acoustic sub-step) are projected on the equilibrium manifold
(28). Such a projection procedure presented in [6] can be seen as an additional sub-step resolving
9 W = SH(W) with S#(W) = [0, 0, 0, (p — II)/p]" and p — 0. It allows to provide the appropriate
physical pressure for the flux construction between two sub-steps. Afterwards, the weighting factor &y
is updated. One can notice that the overall operator splitting procedure is conservative since C and A
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are conservative subsystems and the resolution of C* and A* is performed using an exact conservative
Godunov scheme. The global relaxation scheme including both steps writes:

Uyt =up - &t <Hcl~+1/2 (U7, Ulky) = He,y 0 (UL, U?)> ’
I+ = pP0s (Urt)

(47)
U?H = UzT'LJr - % (Ha0i+1/2 (Un+ UZZH) Haci71/2 (U;z_+17 U;'H)) )
17t — pEOS (Un—f—l)
(2 (2 :
Written in one single conservative step, the scheme reads:
n+1l _ yn At n n n
Ui =U-x (Hw+1/z (U7, Ulhy) = He;y 0 (Ui, Uj )) 8)
At
— 5 (Hacisro (U7, UZ) = Hae,y o (U, UTY)).
Following the continuous definition @ of the parameter &y, one can introduce &;' as:
&' = max (& p, min (M, ., 1)),
ith M” . = .
it M= e ('

Here, ' = c(p, p!') where c(.,.) is the sound speed function defined in equation (2). As already
mentioned in Subsection 0 < &y < 1is only a lower bound preventing &' from being exactly
equal to zero if velocity is initially null everywhere.

2.3 CFL Condition Choice

Definition 1 (CFL condition based on the Euler system). In order to adapt timesteps to the real
waves produced by the Euler system, let us define the discrete time step at iteration n as:

A o Az
* 7 2 mag (s (W1+ o ] + ) (50)
0<o<1.

CFL condition is adapted to the resolution of the overall Euler system. However, because of the
weighted splitting approach, one can exhibit two additional CFL conditions which would be sufficient
to guarantee stability of both C and A subsystems if they were solved independently. These CFL
conditions write:

A =2 Ax
cC— 5 ?
m?/xQ <ma:c ( u; — éao (CLC)H_l/Q T | Wi T éao (ac)i+1/2 Ti_HD)
At = % A 7 (51)
(1—(65)%) maz ((aA)lH/2 maz (17", ;}H))
0<o <.
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One should keep in mind that it is absolutely not sufficient, in a fractional-step method, to constrain
the time-step by only sub-steps CFL condition in order to guarantee the stability of the overall
algorithm. A very simple hand-made but rather convincing example described in [16] shows that the
CFL condition of the unsplit system has to be taken into account too. Hence, the final CFL condition
reads:

At" = min (Aty, Ate, At). (52)

We now study the discrete properties of our weighted splitting approach. Special attention will be
paid to the positivity of both density and internal energy.

2.4 Discrete Properties of the Overall Scheme

2.4.1 Discrete Density Positivity

Let us first notice that the acoustic resolution step of A* does not modify density. Then, one has just
to check that discrete density remains positive after the convective step. This is classically done in [2]
by rewriting the convective relaxation scheme , as:

Ut (W, Wi ) + U (Wi, WY)

Un-‘rl — i+1
K 2 bl
- + 2AL (28 God
with: U (W, Wg) = -0 L (w )(5, Wi, Wg)d¢, (53)
A.’E 0
U (W W)—Mt/o L(WG°d>(§W W) d¢
L» R) — Al‘ 7% 3 L» R .

Hence, positivity of the discrete density ,0?“ is maintained if all the intermediate densities appearing
in the Riemann problem described on Figure (1| and equalities are positive. This can be done by
adding an additional lower bound for constant ac into the subcharacteristic condition (29al):

Lemma 1 (Positivity of intermediate density). Consider a given mesh face and the related local
Riemann problem related to subsystem C, producing waves described on Figure|ll with Uy, and Ug as
initial data. Assume that the global CFL condition holds so that waves produced by local Riemann
problems do not interact. Consider the intermediate densities ch and pg ¢ defined in ; then:

pL (UR — UL PL \PR — PL
{p26>0, fL(aC):ag—i_ (250 )ac_ ( 2 )207
T & (54)
* — J—
P >0, fR(ac):a%WaﬁWZO.
0

Define af (respectively a%) the highest positive root related to the second order polynomial function
fr(ac) (respectively fr(ac)). Thus, under the modified subcharacteristic condition:

cH ac Z max (PL (CC)In PR (CC)R7 agﬂ a%) 5 (55)

nequalities hold. Furthermore, if U, and Ug are such that aﬁ (respectively a%) 1s complex or
negative, pj o > 0 (respectively pk o > 0) is automatically fulfilled and af (respectively afy,) can be
removed from . Eventually, it is equivalent to guarantee the intermediate density positivity and
the ordering of the waves speeds: uy, — &y ac 7, < up < ug + &y ac TR.-
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The proof of this lemma, including the expressions of a’i and a’}’%, is written in |Appendix D| The
same kind of results can be found in [2] in order to enforce the mass fraction positivity. One has

to mention that the non-dimensional expressions of af and af, are of order O(1 4+ M/&). Therefore
considering the discrete splitting parameter &;' defined in , the non-dimensional roots af and a%,
are of order one w.r.t the Mach number. Thus, their impact on the overall fractional step and notably
on the numerical diffusion associated with the convective flux is controlled in the sense that the
modified subcharacteristic condition does not imply that ]\l/[igoac = +o00.

2.4.2 Discrete Internal Energy Positivity for ldeal Gas Thermodynamics

As already presented in Subsection in the case of an ideal gas thermodynamics, specific internal
energy € remains positive throughout space and time. Although € is not a conservative variable, we
can still consider equation seen as a continuous convex combination of conservative states and
notice that ®pg defined in is a convex set in the conservative phase-space (see [6] for a proof).
Thus, similarly to density, a sufficient condition to guarantee the positivity of €"*! is to make sure
that for k € {L, R}, €} o = €} ¢ — (uf)?/2 as well as EhA = €ha— (u*)?/2 are positive. Such a
sufficient condition is presented in the next lemma:

Lemma 2 (Positivity of the intermediate internal energy). Consider a given mesh face and the related
local Riemann problem associated with subsystem C (respectively A), producing waves described on
FigUTe (respectively Figure@) with Ur, and Ug as initial data. Assume that the global CFL condition
holds so that waves produced by local Riemann problems do not interact. For k € {L, R},
consider the intermediate densities EZ,C (respectively 5Z,A) defined with quantities introduced in

(respectively );

for the acoustic subsystem.:

UR — U —
fA,L(ac)Zai—PeL(RQL)aAJrPi@RQpL)ZQ {a}AZO, (56)
= ’ 56
— _ *
fA,R(aA):ai\_p%(UR2UL)CLA_pi(pRQPL)20 SR,AZQ
with p§, = 5—:.
for the convective subsystem:
UR — U —
feulac) = a2 — 63 U o g3 g PRI 5 {5; 20
= ’ o7
— —_ * >
fe.nlac) = ok — & o (up —ur) ac — E2 ol (pr — pL) >0 €rc >0,

2

Define (af47 L 92, 1) (respectively (ai"R, aaR)) the highest positive roots related to the couple of second
order polynomial functions (fa, r(aa), fe,r(ac)) (respectively (fa, r(aa), fc, r(ac))). Then one can
show that:

€ €
ac.r, = éoay 1,

o A (58)
a’C,R = 50“,4,127
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so that under the modified subcharacteristic condition:

C*: ac > max (pr (cc)r, pr(cc)r, @34 1, A4 R) »

(59)
AM L ap Z max (PL (CA)La PR (C.A)R7 af47L7 ail, R) )

inequalities and hold. FEventually, if U, and Ug are such that a1 (respectively a3, R) is
complex or negative, the positivity of (€7, ¢, €7, 4) (respectively (g ¢y €R. 4) ) is automatically fulfilled
and ail,L (respectively aih r) can be removed from .

The proof of this lemma and the formulas for the polynomial roots are provided in
Once again, it can be shown that the non-dimensional expressions of a% ; and a5 p are of order one
w.r.t the Mach number.

In the following section, a truncation error analysis performed on smooth solutions is derived in
order to assess the effect of the splitting parameter & in terms of numerical diffusion in the case of
one-dimensional low Mach number compressible flows.

3 A Truncation Error Analysis

In [25] 1] a fractional step approach based on a Lagrange-Projection splitting [I5] is proposed. The
authors use a relaxation scheme, very similar to these introduced in , , , to discretize their
corresponding acoustic flux. By performing a 1D non-dimensional truncation error analysis, they show
that the dissipative part of the discrete acoustic momentum flux scales as O(Ax/M). This prohibitive
dissipation does not vanish through their transport sub-step and the resulting diffusive operator for
the overall scheme is of the same order.

A detailed study in [I8, 20} [19] points out that this pathology actually holds for all Godunov-like
schemes and hides far more intricate spatial discretization issues if one is interested in maintaining
the solution of compressible Riemann solvers close to its incompressible initial part.

As explained in the introduction, the present work evolves within the point (II) framework. Then,
we are simply interested in reducing the numerical diffusion which could occur on acoustic wave fronts
in the case where 0 < M < 1. Hence, we only consider 1D non-dimensional truncation error analysis
as a simple (although incomplete) tool to have a rough idea of the numerical diffusion produced by
the spatial discretization of the present compressible solver when the Mach number is small compared
with one. We notably want to measure the effect of the splitting parameter &;' on the amplitude of
the overall scheme numerical diffusion. For that purpose, we start by performing a truncation error
analysis for each subsystem as if they were solved independently. Then, the additional numerical
diffusion due to the composition between the discrete convective state update and the acoustic flux is
analyzed.

3.1 Truncation Error of the Weighted Splitting Subsystems

Each truncation error analysis is made on non-dimensional systems. Let us introduce t;, Iy, py, Uy, Pr
the reference time-scale, space-scale, density, material velocity and pressure. Besides, define a reference
acoustic celerity ¢, such that p, c? = py. Finally, consider the Mach number M = u, /¢, and the Strouhal
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number St, = [,/ (t; uy). Then, the overall non-dimensional Euler compressible system reads:

Sty Oy p+ 0y (pu) =0,
E:Q Sty (pu) + 0y (qu—I—L) =0, (60)
St 0y (pe) + 0z ((pe+p)u) =0,

with e = € (p, €) + M? “72 Note that in the context of point (II), the reference time-scale is based on
the fast acoustic waves: ¢, = l;/¢;. Thus, St, = 1/M. In the sequel, the Mach number is fized to a
given low value: 0 < M < 1. Then, by making the non-dimensional space-step Az tend towards zero
for smooth solutions, one seeks to find the amplitude of the diffusive operator induced by the spatial
discretization of the overall fractional step. We notably want to identify the diffusion sources of order
O(Ax/M).

Here is the truncation error analysis performed on the convective subsystem C:

Proposition 2 (Truncation error analysis of the convective subsystem). Consider the convective
numerical scheme defined by equations , and . Under the CFL condition , This
scheme s consistent with the non-dimensional convective subsystem:

( M
Sty O p+ 0 (pu) = O(St, At) + O <(1 + & + )Ax) ,
M &

2
crene L S0, (pu) + 0, <pu2+50(2t) ) = O(St, At) + O <(1+f§+g)m>, (61)
0

St 9 (pe) + 9 ((pe+ &) p)u) = O(St, At) + O ((1 + % + ;@m) .

\

The proof is given in Let us start by mentioning that the first order time-discretization
of the present approach produces a diffusion of order O(St, At) = O(At/M) which can be important
when 0 < M <« 1. This difficulty is not treated in the present paper which focuses exclusively on
simple means to reduce the numerical diffusion induced by the spatial discretization of Godunov-like
schemes. In order to better understand the above orders of magnitude, consider the diffusive part of
the convective flux written in . Then one can rewrite the difference of states as:

P;c — Pi 0
tr12 — U= [(p]c = pi) Wi)ivrje | + | pi ((uG)itrye — wi) | (62)
(Pic—ri)eiec pi(ejc—ei)
Piy1,c — Pi+l 0
:11/2 - Ui = (P;k+1,c — Pit1) (U*C)i+1/2 + | Pit1 ((UE)¢+1/2 —uit1) |, (63)
(Piy1,c — pit1) €1 c pi+1 (€41, c — €it1)

where the expressions of (p] ¢, €] o) respectively (pj,; ¢, €;, ¢) are provided in with L = 1,
R = i+ 1. The diffusion of order O (%Aaj) has been produced by the density differences PZC — pi

and pj ;¢ — piy1. It stems from the volume contraction operator pd, u which, contrary to [11], is
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present in our convective subsystem to provide a conservative mass flux when associated with the

transport operator u d, p. The diffusion of order O (%Ax) has been produced by the acoustic part
of the non-dimensional relaxation eigenvalues u; — % (ac)ig1/2 T and uip1 + 57 % (ac)ig1/2 Tit1; as well
as the non-centered part of the intermediate velocity (u);y1/2 = “Z%Jr"’ (é”o /M) (”[;571") In both
cases, the splitting parameter acts as a compensator of the strong diffusive effect of order O(1/M).
Therefore the numerical diffusion produced by the convective subsystem C is of order O(Az) in
every Mach regime. If the convective part of the present weighted splitting approach structurally
avoids the numerical diffusion when 0 < M < 1, the acoustic one continues to suffer from it. Indeed:

Proposition 3 (Truncation error analysis of the acoustic subsystem). Consider the acoustic numerical

scheme defined by equations and . Under the CFL condition , This scheme is consistent

with the non-dimensional acoustic subsystem:
St 0 p = O(St, At),

e ) st 40, (L2 ) — ogstean + 0 (A A,

M?2 M (64)
1
St, 9 (pe) + 9 (1 — &5 (1)) pu) = O(St, At) + O ((1 — EH(M + M)Ax) .
Here, the term of order O <( )A:U> in the momentum equation truncation error is directly
produced by the dissipative part of the intermediate acoustic pressure:
1T ) i+1 + Di aA)i
Wiy _ oy Pt 200y 02y (65)

M? 2 2

Besides, in the energy flux, the product between the centered part of (IT%);44 /2 and the non- centered

2 + 2 . . .
one of (u%)iy1/2 = S (1/M) m (Pi+1 — ps) provides the contribution —(1/M) ; m (le pf)
also responsible for the O (% A:E) dissipative term. One can notice that the splitting parameter

& does not allow to damp the above diffusive terms since it solely acts as a (1 — &2) factor.

What is more, the flux construction in the acoustic sub-step is fed by a modified conservative
state U™ which is solution of the discrete convective scheme , and . Such a modified
state can hold perturbations which, once injected in the non-dimensional acoustic pressure flux ,

can potentially bring additional numerical diffusion of order O (% Aaz). This is studied in the
following paragraph.
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3.2 Effect of the Convective and Acoustic Operators Composition on the Truncation
Error

Let us consider a smooth initial state x; — U(x;)"" solution of the non-dimensional discrete convective
scheme. According to , under the CFL condition , U;” is such that:

S M
Uy+:U?+B?+O<M(1+°+)Ax2),

M &
: n Atn M n n M n
with: B} = ~ 5 Ox L(Fc) (U?) = =At" M 0, L(Fc) (uy),
" n n_n n ny\2 n 2 n n.n n\2 ., n n T
L (Fg) (U}) = [piui’pi (up)” + (&' /M)y, (pief + (&5") Pz)“z} ) (66)
n\2
pret = pret + w2 L
2
— A
and At" = A" Az = 2 ‘ , 0<o<1.
2 72% (M Jul| + ey M |ulry |+ ¢y y)
3

Neglecting the second order term O (M (1+ % + @@M)Aazz), we want to study the influence of the
0

perturbation B} in terms of additional numerical diffusion when injected inside the non-dimensional
pressure flux of the acoustic momentum equation . According to , B! is of order O (M Ax)
since, according to formula , &p is proportional to the Mach number. Thus, it is only its con-
tribution to the centered part of (IT%);44 /2 /M? that can potentially create an additional numerical
diffusion scaling as a O (Az/M) term. Let us first rewrite p (U}") as:

p(U?) — A"MAz [Vyp (U?) - 0, L (FL) (UN)] + O ((MAz)?),
with p(UF) = p(al, e~ w25
prer (67)
Oy pipe (P, o 1) + MU0, py (o7, p7 el
and Vop{U7) = = M0, i (ol 1 <7)

7
Ope D107 7' €F)

Then, the zeroth order terms w.r.t M of the product Vyp (U?) -9, L (F‘c‘) (U7}) are only:
05 P1oe (P, 7' €1)] O (P71 ui?) + [Dpe 11, (07 P €7)] D (el ). (68)
In the case of a stiffened gas thermodynamics :

n

8pp|pe(pzn’ pzn &; ) =0,

(69)
[0pe 1, (07 P7 €7)] Oz (pi'ei ') = Oa (pf'wi!) = 'O P + i O uy

Thus, if no supplementary hypothesis are made on the shape of p!' and u!', the combination of both
convective and acoustic sub-steps entails a spurious numerical diffusion because of the equation of state
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relating the pressure with the internal energy pe. Such a difficulty can be circumvented if one assumes
that at time ¢" the discrete solution U7 lies into the discrete well-prepared space (see [38, 18], [19]):

Py =po+ O (M?), (70)

with: wug, pg constants of order one,

since in that case 0, (p}'u') becomes of order O(M). Recall that the present work concentrates on the
point (II) described in the introduction. Hence, in the case where the stiffness of the thermodynamics
allows to generate high amplitude pressure jumps even if 0 < M < 1, the well-prepared conditions
do not hold. However we can still consider the above analysis as a basic way to identify the
main sources of numerical diffusion, try to remove them when it is possible and observe the impact
of the corrections on the numerical results. In the sequel, we restrict our truncation error analysis to
stiffened gas thermodynamics and initial well-prepared conditions.

- ;2 . .
In any case, a last special treatment has to be implemented to remove the O (%) diffusive

terms brought by the acoustic non-centered part in the momentum flux.

3.3 Correction of the Acoustic Splitting Step

In [I8] 25], facing at similar difficulties regarding the amplitude of the numerical diffusion brought by
their acoustic sub-step, the authors apply a discrete correction to the non-centered part of the acoustic
pressure. Such a correction, originally introduced in [22], has been also studied in [35, [19] as a way
to control the accuracy of the computational solution towards its initial incompressible part when the
Mach number is close to zero. Here, however, we only consider the correction as a tool which could
potentially reduce the one-dimensional diffusion of our compressible solver and then provide a better
accuracy towards the compressible solution of Riemann problems when the Mach number is small
compared with one.

The correction consists in adding artificially a term of order O(M) in front of the non-centered part
in the acoustic pressure. This new term can be built using the local velocity and sound speed. The
modified acoustic flux reads:

0
Hac?+1/2 = (1 - (‘5)071)2) (Hil,@)?—i-lﬂ )
(IT% uf4>?+1/2

) . PP +pp (@ab)l ) 71
with: (I )71/ = —Hg = ——3 2y —ul), (71)
}(UZ)?H/Q’

and gn = mm _—
e maz (cfy, )’

As noticed in [25], the introduction of this correction does not alter the consistency of the numerical
scheme because it solely impacts the non-centered part in the momentum flux which is only responsible
for the numerical diffusion. Furthermore, it is possible to build an approximate Riemann solver in the
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sense of Harten, Lax and Van Leer [30] with the same eigenvalues than those produced by the exact
Riemann problem associated with the acoustic relaxation system A*. Details on this approximate
Riemann solver are given in Figure |3, and equations , . The insensitivity of the eigenvalues
to the correction allows to maintain the same kind of CFL condition for the modified acoustic
scheme.

uf g = uly + (—1)% (1 — Q)M

PL PR 2 ’
u; u} ith: : (ur —ug) u’
Z* = 5’9 ) Z** = f,@ ) 72 Wi ' e* == 6* + —1 R 1-— 0 —A7
1,0 H.A,G 1,0 HA,G (72) k,0 k, A (=1)" ( ) 9
€L.0 €R,0 ke{L, R}, ir=1, ip=2.
(73)

Thanks to this correction term, numerical diffusion of the subsystem A is modified, namely:

Proposition 4 (Truncation error analysis of the acoustic subsystem with correction). Consider the
acoustic numerical scheme defined by equations with the corrected flux . Suppose that pressure
follows the well-prepared initial condition written in . Then, under the CFL condition , This
scheme is consistent with the non-dimensional acoustic subsystem:

St 0 p = O(St, At),
1—&3(t
Afrune . 8 St 0y (pu) + Oy <(]\4(2)()) p) = O(St, At)+ O ( Ax) (74)
St 0 (pe) +0x (1 — &F(t))pu) = O(St, At) + O ((1 - @@0 )(1+60)MAz) .
Assume that there exists a smooth function (z,t) — 6(zx, t) such that n), 0(xip1/2, ") =

v(i,
or —44) HAZC) is actually of

i+1/2°
order O ((1 — éF)Ax). Moreover, the global truncation error analysis writes:

Then the numerical diffusion contained in the term of order O (

Proposition 5 (Truncation error analysis of the overall scheme with correction). Assume a fluid
endowed with a stiffened gas thermodynamics . Consider the global relaxation scheme defined by
equations endowed with the corrected acoustic flux . Suppose that initial state U} follows the
well-prepared initial conditions written in . Then, under the CFL condition , this scheme is
consistent with the non-dimensional system:

Sty O p+ Oy (pu) = O(St, At) + O <(1 + % + Z )Ax) )

St 0 (pu) + Oy (pu + M2> Mg

girne ; +0 ((1 _ &)1+ AZ)M) , (75)

St 0 (pe) + 0, ((pe+p)u) = O(St, At) + O ((1 + % + Z)Am)

{ +0 (1 - &)1+ 0)MAz).

O(St,.At) + O (( + % + — )Ax)
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i+1/2
as well as the splitting parameter &;' are by construction of order M, the numerical diffusion for the

overall fractional step becomes of order O (Ax) even when the Mach number is small compared with
one. In the sequel, the anti-diffusion introduced by the coefficient 6 is refered as to ”6-correction”.

In the next section, one-dimensional numerical results of the present weighted splitting approach
are presented. They are only made of 1D compressible test cases including ideal and stiffened gas
thermodynamics. The main objective here is to assess the accuracy w.r.t the compressible analytical
solution of the present approach as well as its efficiency for a wide panel of Mach numbers. In order
to do so, we systematically compare the present work with the Lagrange-Projection method described
in [111 25].

The proofs of the above propositions are written in §ppendix Hl Since the local correction 67

4 Numerical Results

4.1 ldeal Gas Thermodynamics

Let us first consider a one-dimensional configurable shock-tube test-case. The fluid has been firstly
endowed with an ideal gas thermodynamics with the heat capacity ratio v = 7/5. The simulation
has been conducted on a domain of length 1m, the initial discontinuity of the Riemann problem being
located at * = 0.5m. The initial inputs of the Riemann problem are summed up on Table
Recall that the analytical solution is made of a left-going 1-rarefaction wave, a 2-contact discontinuity

Left state Right state

p (kg.m=3) po,r = 1. po,r = 0.125
u (m.s™1) uo, 1, = 0. uo, r = 0.
p (bar) | po,r=po,r (1 +A) | po,r=01

Table 1: Ideal gas shock tube initial conditions

propagating to the right and a right-going 3-shock wave. The maximal Mach number is reached at
the tail of the 1-rarefaction wave and can be controlled by increasing or diminishing the parameter A.
When A =9, the classical Sod shock-tube described in [41] is retrieved, and the maximal Mach number
M paz is about 0.92. We will refer to it as a Mach one case. When A =2 x 107!, M,p0e =~ 9.5 x 1072.
This will be considered as an intermediate regime. Finally, when A = 8 x 1073, M40 ~ 4.2 x 1073
and we call it low-Mach case. Let us mention that in the above three test cases, the Mach number
across the left-going 3-rarefaction wave evolves from 0 to M,4,. Then, low Mach number regions are
present in every test case. However, the definition of the splitting parameter &y(t), based on M4, (t),
will provide a completely different behavior according to A. Indeed, in the first case, after several
time-steps, &p(t) ~ 1 and the contribution of the acoustic subsystem A is almost negligible. This
test case allows to assess the quality of the present approach in the classical configuration where large
pressure variations are related to a sudden rise of the Mach number. In the third case 0 < &y(t) < 1
and the Euler system is fully split. Besides, one can notice that, in this case, the amplitude of the
1-rarefaction and the 3-shock waves is small due to the ideal gas thermodynamics. Indeed, initial
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conditions are such that:
|p0,R pO,L‘ _ O(Mmaz) (76)
Po,R

For every test case, the computation ends when the right-going 3-shock wave reaches the position = =
0.75m. The corresponding final times are Tpnq = 4.51 x 1074 s for Myez = 0.92, Tong = 7.31 x 1074 5
for Myaz = 9.5 x 1072 and Tynq = 7.43 x 107%s for My, = 4.2 x 1073. Besides, transmissive
boundary conditions have been considered. Finally, the CFL condition of our time-explicit scheme is
the one written in with 0 = 0.9. In the sequel, M4, is rewritten M for the sake of simplicity.

As previously announced, three criteria have been involved in order to measure the quality of the
present approach: mesh convergence in L' norm, profiles of the different computed solutions and
efficiency.

4.1.1 Convergence Curves

Convergence curves have been built using a wide range of cells number:

Neenis € {102, 103, 104, 3 x 10%,5 x 10%,7 x 10%,9 x 104}. Convergence rates have been calculated
using the error of the cases: Neeys = 7 X 10* and N5 = 9 x 10%. For each variable of interest, three
convergence curves are plotted according to the three different maximal Mach numbers defined above.
Besides, five different schemes have been tested: "no-Sp” corresponds to the case where &' = 1
is imposed along the simulation. Thus, the weighted splitting is not triggered. ” Sp—(\/ﬂ )” is the
weighted splitting approach with &j' = max (,/éomf, min (\/M;}mx, 1)) while ”Sp-(M)” involves &;
defined in formula . Although the asymptotic behavior w.r.t the Mach number is the same for
both above definitions of &', the convective flux of the second should provide a lower numerical
diffusion in smooth areas according to Proposition [2| and Proposition Eventually, "LP” is the
Lagrange-Projection splitting method, fully described in [I1] and taken as a benchmark. The mention
”-corr” means that the correction defined in is triggered. Figure {4 corresponds to the velocity
convergence curve while Figure [f] is associated with the pressure variable. Density convergence curve
has intentionally not been plotted because results were extremely close.

Every numerical scheme converges towards the analytical compressible solution as the mesh is
refined. In the Mach one regime, convergence curves overlap quasi perfectly. It is coherent with the
fact that, in such a regime, subsystem C is almost similar to the full Euler system. By construction,
the numerical contribution of the acoustic subsystem A is negligible. Still, the proximity between the
Lagrange-Projection scheme with correction and the weighted splitting schemes is less straightforward.

Furthermore, as M, ., decreases one can observe that the schemes with the #-correction Sp—(\/ﬂ )-
corr and Sp-LP-corr are clearly more accurate than the other ones. For example on Figure [4] for
M = 9.5 x 1072, Sp-(v/M)-corr reaches the precision level of 2 x 1073 with a 3 x 103 cells mesh
whereas it requires more than 7 x 10® for No-Sp. This is in agreement with the acoustic truncation
error result of Proposition [4 derived for a smooth and initially well-prepared solution. In 1D, the
f-correction has an anti-diffusion effect which improves the global accuracy of the proposed approach
in smooth regions of the computational solution. Although this was already observed in [19] for a
Godunov scheme (without splitting), it is satisfying to notice that the present splitting does not alter
this anti-diffusion effect. Moreover, as it can be seen on Figure [5, for M = 4.2 x 1073, switching the
weighting parameter &3 from /M2 . to M) . has only a very slight positive effect on the scheme

max
accuracy. This is due to the fact that, in case of low-Mach number compressible flow, most of the
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Figure 4: Velocity Convergence Curves

numerical diffusion is generated by the acoustic part of the weighted splitting approach. To complete
this comparison, one could have wished to see the case Sp-(M)-corr which, according to Proposition
is supposed to reduce the convective and acoustic numerical diffusion for a smooth solution initially
in the well-prepared space. Unfortunately this case suffers from strong non-physical oscillations located
in the left rarefaction wave area. Plots of these oscillations for different cells numbers can be seen on

Append
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O no-Sp + Sp-(VM) x Sp-(M) ¢ Sp-(vVM)-corr A Sp-LP-corr

Figure 5: Pressure Convergence Curves
They have already been observed for low-Mach corrected numerical schemes written in Eulerian
coordinates (see [25], chapter 3, section 3.G). However, these spurious perturbations are damped in
the sense of the L™ and L' norms as the mesh is refined. So far finding the optimal choice for the
couple (&, ) in order to prevent the acoustic momentum flux from being completely centered and
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thus triggering such oscillations is still an open issue.

Let us do a last remark about the convergence rates of the different curves as the Mach number
tends towards zero. In [23], the authors show that, for Riemann problems whose maximal Mach
number M., is close to 1, the rate of convergence of variables varying through genuinely non-linear
waves is around 1. However, for variables jumping through a contact wave, typically the density p,
the rate is around 0.5. This numerical observation holds independently of the approximate Riemann
solver at stake and is also mentioned in [19]. Thus, since u and p do not jump through the right-going
2-contact discontinuity of the above shock tubes, the expected rate of convergence should be 1.

M=092[M=95x102M=42x10"
No-Sp 0.870 0.803 0.530
Sp-(vV'M) 0.868 0.814 0.531
Sp-M 0.860 0.829 0.597
Sp-(vV/M)-corr | 0.868 0.833 0.580
Sp-LP-corr 0.882 0.806 0.572
HLLC 0.879 0.802 0.528

Table 2: Pressure Convergence Rate (L! norm)

Table [2] presents these orders of convergence for pressure. One can see that for every schemes, the
order of convergence is depreciated as the maximal Mach number decreases. Indeed for pressure, it
passes from 0.87 at M = 0.92 (the expected order already obtained in [23]) to 0.82 at M = 9.5 x 1072
and 0.56 in the low-Mach number case. Seeking to confirm this behavior, the same test case has
been computed using an HLLC-type scheme [43]; once again, at M = 4.2 x 1073 the convergence
rate is 0.528. This unusual behavior can be summed up as: the lowest the maximal Mach number
is, the slowest Godunov-like schemes are to reach the analytical compressible solution as the mesh is
refined. The same convergence rate order can be found in [21] (page 20, Table 6.2) for a 1D double
rarefaction wave problem performed on the Euler barotropic system with M ~ 3.1 x 1072. The
implicit-explicit AP scheme used to obtain this order is based on a Rusanov spatial discretization.
Further investigations have to be undertaken in order to understand this numerical phenomenon.

Beyond convergence curves and rates, one must also have a look on the solution profile obtained
with the different numerical schemes at a fixed mesh size. This is done in the next subsection.

4.1.2 Solution Profiles

Figure [0] and Figure [7] show the velocity and pressure final profiles calculated with the different
numerical solutions in the low-Mach regime. We only plot the left-going 1-rarefaction and the right-
going 3-shock waves through which u and p change. Mesh is made of N = 103 cells. Let us
point out that the stiffness of the rarefaction wave exact profile is only due to the fact that the width
of the fan at a given instant ¢ writes: |(uo, 1 —co, 1) — (u* —c})| t = |} — co, L — u*| t; with u* the
intermediate analytical velocity and c} the intermediate sound speed located at the left of the 2-contact
discontinuity. Since the maximal Mach number is very low compared to one |u*| < min (co, 1, }),
and since co, 1, & ¢}, the width of the fan is approximately equal to |u*| t. Thus, it is very small when
acoustic time-scales such as 0 < t < 1073 s are considered.
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One can notice that No-Sp is always the most diffusive scheme. Besides, the positive effect of the
& = max (&, p, min (M}, 1)) choice compared to &' = max (&, 7, min (y/M%,,, 1)) is exclusively
located in the left rarefaction wave fan where the solution is continuous. In addition, No-Sp, Sp-(v/M)
and Sp-(M) profiles overlap in the shock front region.

Left Rarefaction Wave Right Shock

— Exact —_— Exact
o no-Sp o no-Sp
0al | Sp(VM) 0.4 — Sp-(VM)
— Sp-(M) ——  Sp-(M)
7 —— Sp-(VM)-corr Lf —— Sp-(VM)-corr
g —&—  Sp-LP-corr ré —&—  Sp-LP-corr
T 02 1T oa2f
0 n 0
1 1 1 | 1 | |
0.38 0.39 0.4 0.41 0.42 0.43 0.44 0.45 0.71 0.72 0.73 0.74 0.75 0.76 0.77 0.78 0.79

Figure 6: Velocity profile at M = 4.2 x 1073, with N, = 103

Eventually, the correction globally improves the computed solution accuracy. The Sp-(v/M)-corr
case produces profiles closer to the analytical solution than Sp-LP-corr at the cost of little overshoots
in the tail of the left rarefaction wave and before the shock front.

104 Left Rarefaction Wave 10t Right Shock
T T T T
1.008 — Exact
1.002 5 no-Sp .
o Sp(VAT)
1.006 1.0015 —— Sp—([\l) B
E 5 —— Sp-(VM)-corr
< 8 1.001 1 —&—  Sp-LP-corr
1.004 =
1.0005 -
1.002
00: 1
- ! ! !
0.38 0.39 0.4 0.41 0.42 0.43 0.44 0.45 0.71 0.72 0.73 0.74 0.75 0.76 0.77 0.78 0.79

Figure T: Pressure profile at M = 4.2 x 1073, with N, = 103

4.1.3 Efficiency Curve

Computational cost at fixed accuracy level is now investigated. Figure [§ and Figure [J] describe the
pressure efficiency curves of the different numerical schemes for the three Mach regimes. In the Mach
one regime, every scheme seems to behave equivalently, the proposed weighted splitting approach
requiring slightly more CPU time than No-Sp or Sp-LP-corr. When M = 9.5 x 1072, the weighted
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splitting approach is still slower than No-Sp, however the #-corrected schemes are clearly less time
consuming, at fixed error than the other ones. Indeed Sp-(v/M)-corr and Sp-LP-corr reach the preci-
sion of 7 x 107° in about one hour and a half whereas it requires six hours for No-Sp and more than
seven hours for Sp-(v/M). Eventually, in the low-Mach case, Sp-(v/M)-corr seems to produce better
results than Sp-LP-corr. For a fixed precision of 4 x 107 the weighted splitting method needs about
one hour and forty minutes whereas the Lagrange-Projection method requires a little less than three
hours.

TT T TTTTT T TTTTT T T T 1T T T T T T T T T T 1T T 7
§ 10~ ]
0 4
2 |
— 4
2
& i i
g 5 5
o I i

1074 ] L i
=S| e e e =| L L IR IR Lol L
10t 10° 10" 0% 1077 10" 10° 10"

CPU time (h) (log scale) CPU time (h) (log scale)

Figure 8: Pressure Efficiency Curves: M = 0.92 (left), M = 9.5 x 1072 (right)
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Figure 9: Pressure Efficiency Curves: M = 4.2 x 1073
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4.2 Stiffened Gas Thermodynamics

In the above subsection, some elements seem to suggest that the weighted splitting approach produces
satisfying results for a wide range of Mach number. The present method is notably able to capture
strong shock waves associated with a sudden rise of the maximal Mach number. Nevertheless, as men-
tioned in point (II)in the introduction, we are interested in configurations where strong shock waves
appear even if 0 < M < 1. In the analytical solution of a symmetric double shock Rie-
mann problem involving the Euler compressible system endowed with a stiffened gas thermodynamics
is derived. Starting with initial states of density pg = 103 kg.m ™3, velocity |ug| = 1m.s™! and
pressure pg = 3 x 10° Pa, one can analytically show that the non-dimensional pressure jump reads:

" = pol _ My (1+a) x O(1) w.r.t Mo,
Po
P
with: My = M? Q= ;.O’ "
Co Po

and p* the intermediate pressure behind the shock fronts.

Then, one can notice that the stiffness of the non-dimensional thermodynamical coefficient o can
compensate the amplitude reduction effect of My. By choosing v = 7.5 and Py, = 3 x 10® Pa, one
can obtain ¢y ~ 1.5 x 103 m.s~! which is representative of liquid water at Ty = 295 K. A numerical
application leads to:

My~ 17x107%,
M ~5.9.
bo

Hence, 15-bar amplitude shock waves are created while the Mach number is of order 1073.

In the following, a shock tube Riemann problem using the above stiffened gas thermodynamics is
tested. The initial conditions have been defined on Table[3} and we still have v = 7.5, Py, = 3x10® Pa.
In this case, the maximal Mach number is about M., ~ 4.6 x 107°. Thus, we are still in a very
low-Mach regime. The final time of the simulation is Tpyq = 1.58 x 104 s.

Left state Right state
p (kgm=3) | po.r =103 | po r =9 x 10
U (m.s‘l) Up, [ = 0. Ug, R = 0.

p (bar) po,L =3 po,r =1

Table 3: Stiffened gas shock tube initial conditions

4.2.1 Acoustic Relaxation Coefficient Calibration

Let us go back to Remark [4] Testing a stiffened gas thermodynamics allows to compare the acoustic
subcharacteristic condition (29b|) derived from the weighted splitting approach and obtained
directly from the relaxation of the full Euler system and found in [25]. Let us recall that the inferior
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bound of uses an artificial acoustic sound speed ¢4 whereas (31]) is based on the physical sound
speed c¢. In the previous ideal gas thermodynamics case cq4 = /(v —1)p/p = /(v —1)/v¢c and

(v — 1)/~ =~ 0.53 such that this non-physical acoustic celerity was of the same order that the real
sound speed. However, with a stiffened gas thermodynamics, ¢4 does not change while ¢ becomes
VY@ + Px)/p = \/7 Px/p. Thus ca/c~ /(v —1)/7/P/Psx < 1. One could wonder if considering
the subcharacteristic condition based on a non-physical celerity rather than the one based on the
real sound speed has an effect on the overall scheme accuracy? So far, numerical arguments seem
to go in favor of an acoustic relaxation coefficient based on the real sound speed. Indeed, Figure
shows two weighted splitting simulations of type Sp-(v/M). The first one, noted Sp-(v'M)-a 4, takes
the subcharacteristic condition into account whereas the second one, Sp-(v/M )-ag, involves .
The mesh was composed of 102 cells.

It turns out that Sp—(\/M )-a4 produces non-physical oscillations inside the rarefaction fan and
before the shock front. Things are even worse when Sp-(M)-a 4 and Sp-(M )-ag are compared. Indeed,
even if the non-physical subcharacteristic condition is fulfilled, the amplitude of the spurious
oscillations is such that pressure becomes negative after several timesteps. Simulation crashes because
c4 becomes a complex number. On the contrary, Sp-(M)-ar does not suffer from any oscillations
or stability issues. Recall that the relaxation coefficient a4 multiplies the non-centered part of the
acoustic momentum flux responsible for most of the numerical diffusion of the scheme. Hence, by
considering subcharacteristic condition rather than this coefficient has been considerably
increased as well as the numerical diffusion coefficient. Non-physical oscillations are then removed.

Velocity Velocity
1072 1072
T T T 9 T T
i —_— Exact
——Sp-(VM)-au
Sp-(VM)-ag
— Sp-(M)ap ||

u (ms™1)
'~y
T
(ps=1)

I I I I I I 6
0 0.2 0.4 0.6 0.8 1 0.2

|
0.4 0.5 0.6 0.8

z (m) z (m)
Figure 10: Effect of the Estimation of the Relaxation Coefficient
In the sequel, the acoustic relaxation coefficient a4 has been calculated using the physical sound
speed: a4 > pc. The global CFL condition (52) is modified in consequence.

4.2.2 Convergence Curves and Computed Solutions Profiles

Similarly to the ideal gas thermodynamics configuration, pressure convergence curve plotted on Fig-
ure [11] shows that the -corrected schemes are the most accurate as the mesh is refined. However,
one can notice that the Sp-(v/M)-corr curve remains at the same level of accuracy than the non-
corrected schemes until N,es > 103. This can be explained by observing the solutions profiles drawn
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on Figure The correction centers the pressure flux since the Mach number is very small in ev-
ery computational region. Hence, it triggers oscillations in areas where the solution is sharp. Such
oscillations are present even in the case of Sp-LP-corr but their amplitude is smaller. In any case,
the domain on which these oscillations are located as well as their relative height w.r.t the analytical
solution are reduced as the mesh is refined. The present method is thus L stable. For N5 > 3 x 10%
the Sp-(v/M)-corr becomes as accurate as the Sp-LP-corr one.

Once again let us point out an amazing numerical result already observed in the above ideal gas
thermodynamics shock tube with M = 4.2 x 1073, For every scheme (expect Sp-(v/M)-corr but
additional points should be added to catch the asymptotic trend of its convergence curve), the observed
pressure convergence rate written on Table [4]is close to 0.5, the expected order for variables jumping
through contact discontinuities; which was not the expected.

[T 11T T T T TTTTT T T T 11T T T T TTTTT |
B 1 10725 N
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102 10° 10* 10° 0*  10**  10**  10°  10*®  10°
Cells number (log scale) Cells number > 10 (log scale)
m— M =4.6x 1075
O no-Sp + Sp-(VM) x Sp-(M) ¢ Sp-(VM)-corr A Sp-LP-corr
Figure 11: Pressure Convergence Curve
M =4.6x107°
No-Sp 0.506
Sp-(VM) 0.502
Sp-M 0.503
Sp-(vV M)-corr 0.783
Sp-LP-corr 0.561
Table 4: Pressure Convergence Rate (L! norm)
Conclusion

In this work, a conservative fractional step approach based on a time-weighted splitting has been
proposed for Euler-like models. The weighting parameter is proportional to the instantaneous maximal
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Figure 12: Velocity Profile at M = 4.6 x 1075 with Ny, = 103

flow Mach number M. When the latter takes high values the splitting allows to directly solve the
overall Euler-like system in one step with an explicit time integration. Thus, shock waves are correctly
captured without any diffusion or dispersion induced by the acoustic time-implicit discretization. On
the contrary, if M is close to zero, convection is completely decoupled from acoustic. In that case,
the acoustic discrete flux is modified by an anti-diffusive correction. If the fluid is endowed with a
stiffened gas thermodynamics and if the solution is smooth as well as initially well-prepared, it results
in a uniform truncation error with respect to M.

What is more, the Suliciu-like relaxation method used to discretize both convective and acoustic
subsystems provides the density and internal energy positivity, in the case of an ideal gas thermo-
dynamics, up to the introduction of new non-restrictive lower bounds for the relaxation constants.
Besides, such relaxation constants encapsulate the thermodynamic nonlinearity and offer an easy way
to deal with general equations of state.

The one-dimensional results performed with an ideal and a stiffened gas thermodynamics show
that the time-explicit weighted splitting approach is as accurate and efficient as the time-explicit
Lagrange-Projection method [II] for a wide range of Mach numbers. It can notably capture strong
shock and rarefaction waves linked to a sudden rise of the Mach number of the flow. In the specific
case where high amplitude shock waves appear even if 0 < M < 1, the present method, completed
with the anti-diffusive correction, remains L°° stable but suffer from stronger oscillations than the
Lagrange-Projection method.

Besides, if one is interested in following the slow material waves of low-Mach number compressible
flows when no fast transient phenomenon is present, the implicit-explicit version of the present ap-
proach can be relevant. Additional developments whose results are presented in [32] [31] deal with
the adaptation of a time-implicit discretization technique proposed in [I5, [I1] to the present acoustic
subsystem.

Among many areas of improvement, one would concern the definition of the discrete weighting pa-
rameter &;": in the same manner as for the relaxation constants, it could be transformed into a local
weighting factor which would be only uniform for the Riemann problem solved at the interface. By
doing so, the present weighted splitting approach could react to the spatial fluctuations of the flow
Mach number and could improve even further the global accuracy of the method. Eventually, a reflec-
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tion about the relevance of an extension of the present weighted splitting approach to homogeneous
relaxed models will be undertaken.

Acknowledgements

The first author received a financial support through the EDF-CIFRE contract 0561-2015. Compu-
tational facilities were provided by EDF.

The authors would also like to thank the reviewers who have spent time reading this paper. Indeed,
the remarks and questions they have pointed out have considerably allowed the present work to be
improved.

35



Appendix A: A Symmetric Double Shock Rieman Problem with a
Stiffened Gas Equation of State

Let us consider a fluid endowed with a stiffened gas equation of state described in . Let us define
the 1D Riemann problem: The analytical solution is made of a left-going 1-shock, a steady 2-contact

Left state Right state

p (kgm=3) | po.L = po=10° | po.r = po

w (m.s™h) | wo, L =up=1. | ug p = —uo
p (bar) Po,L =Po=3 | Po,R=Po

Table 5: Stiffened gas symmetric double shock initial conditions

discontinuity and a right-going 3-shock. The symmetry of the problem forces the intermediate velocity
u* related to the contact discontinuity speed to be equal to zero. This considerably simplifies the
Rankine-Hugoniot relations. The intermediate pressure p* and density p* can be found analytically.
Since u* = 0, there is only one remaining Mach number that one can control through the initial
conditions: My = (Jug| /cp). In the sequel, the analytical formula for the pressure jump |p* — po| =
p* — po is derived.

Let us focus on the 3-shock Rankine-Hugoniot relations. Using the mass and the momentum equa-
tions, one obtains:

=0
] Naf uo
—oalpo—pl+ | —pouo — p* u :0:>0—:T0717
(F-1)
) ) 1 (79)
PoUT + (POUo =+ Do —p*) =0= poug | 1+ @ + (po —p*) =0,
T*

with: 7 =1/p.

Recall that the energy equation reads: [¢] +P[7] = 0; with p = (p* + po)/2 and € = W. Let us

introduce P = p + Py, and Py = pg + Ps. As explained in subsection P is the relevant variable
in the case of a stiffened gas thermodynamics. It results that:

0 = (PL) 4 P)
TP =T B By + By (80)
ih g 11
with: ﬂ—7+1-
After calculation, ((Py/B) )
1 I} Py/B) + P*
TEen T T Ry -

When is injected in and after having multiplied by (P* — P), one obtains a second-order
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polynomial function equation, namely:

1
x2- D apx 410 ey
1-p 1-p (82)
1 P*— P
ox2_ 0Dy g o0 G x = D200
2 Py
As P* > Py, we are looking for a strictly positive root , the solution writes:

P* - P, y+1 \/ (y+1)2
—— =M, — M, 14+~ M2). 83
P 0 < 1 T 0 (83)

One can notice that if P, = 0 then, P* = p*, Py = pg, and equality becomes similar to these
obtained in [7] (page 845) for an isolated shock endowed with an ideal gas thermodynamics. Thus, in
the case of an ideal gas thermodynamics:

* *
b= _ My x O(1) wr.t My = lim L
Do Mo—0 " po

= 0. (84)

However, in the case of a stiffened gas thermodynamics, since Py = po (1 + «) with o« = (Pao/po):

f - +1 + 1)
P po:M0(1+a)fy<74 Mo—i-\/l—’-(’y )Mg),

Po 16 (85)

= My (1 + a) X O(l) w.r.t M.

Here we can clearly see that, provided that the non-dimensional thermodynamical coefficient o behaves
as My % with & > 1, the stiffened gas thermodynamics is ”stiff enough” to compensate the damping
effect of My when My — 0. For example, if one considers v = 7.5 and Ps, = 3 x 10 so that to obtain
a speed of sound ¢y =~ 1.5 x 103 m.s~! and a temperature of Ty = 295 K, a numerical calculation gives:

My~ 17x107%,

=103,
a* (86)
P 7P 5 9.

bo

Hence, on this analytical solution got from the Euler compressible system endowed with a stiffened gas
thermodynamics, a pressure jump of approximately 15 bars is created whereas the flow Mach number
is of order 1073.

Appendix B: Subsystems Hyperbolicity
For the sake of simplicity, we prove Proposition [l|in 1D. Let us consider the set of non conservative

variables V = [p, u, p]T. If the solutions of subsystems C and A are smooth, one can rewrite them
equivalently as:
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Oep+ulpp+ p0ru=0, Oy p=0,
1 1
A Btu+u8xu+;8x (&7(t)p) =0, (87) ANC: atu+;ax (L= &G(t)p) =0, (88)

Orp+udpp+pctdpu=0, 8tp+(1—é"02(t))pc?48xu:0.
In variables V the Jacobian matrices of subsystems CV¢ and ANC are:
u o po Y 0 0 0
NC . 2
N A /P (89) qve . o 0 (1-&2)/p|  (90)
pec U 0 (1-&Hpck 0

Supposing that cg > 0 and 0?4 > 0, the eigenvalues and eigenvectors can be easily obtained and

read: c
Al =u— &ce,

p 1 P
CNY XS = u, ¢ = |=&eel, rS=[0], 1§ = |+&ce|, (91)
2 2
X§ = u+ & e, pec 0 pee
A 2
A== (1-6) ca 0 1 0
ANC =0, ri=| 1 |, et=10|,r5=]1]. (92)
A = (1_@@02) A, —pcy 0 pCA

Then, one can notice that, for the two subsystems, the 1-field and 3-field are genuinely non linear
whereas the 2-field is linearly degenerate. Let us now study the sufficient conditions for which cg >0
and 034 > 0. Consider the ideal gas thermodynamics presented in equation . Then:

p p

C% = (1 +6302(,)/ - 1)) - =% >

s ) P p (93)
ca=nw-1-.

. p

Since &% € [0, 1], 74 € [1,7]. What is more, by definition of the ideal gas phase-space (14)), the
pressure variable p is positive. Thus, in case of an ideal gas thermodynamics, c% and ci‘ are naturally
positive. On the contrary, when the stiffened gas thermodynamics is at stake one obtains:

2 75"029-1"71300
CC =,
> (94)
2
ca=0rH-1)=
A p

The stiffened gas phase-space ensures that p > —Poo = V5, P+7 P > (Y —74,) Po- And v —74,
is positive. Once again, 0(23 is positive without any condition. However 034 > 0 < p > 0 which is not
guaranteed in the stiffened gas phase space since p + Py > 0.

Appendix C: Phase Space Invariance of the Continuous Subsystems

Consider  a bounded spatial domain of R%, d € {1, 2, 3} which boundary is 9.
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The objective here is to study the positivity of ¢ (respectively P = pe — Py) in the case of an
ideal gas thermodynamics (respectively a stiffened gas thermodynamics). According to , , it
corresponds to the phase-space invariance for both ideal and stiffened gas thermodynamics.

Ideal Gas Thermodynamics

The specific internal energy of both subsystems verifies the following PDEs:

8t5+u-V5+£02(t)§V- u=0, (C)

) (95)
Qe+ (1-&(1) ;v. u=0, (A)
which can also be rewritten:
de+u-Ve+ELt)(y—1)eV-u=0, (C) (96)
dhe+ (1-6&3(1) (v—1)eV-u=0, (A)

because p/p = (v — 1)e.
Define e~ = E_T‘a‘ the negative part of the specific internal energy. Consider the following hypothesis
about the solution’s smoothness and the initial and boundary conditions:

YVt >0, u(t,.) € L*(Q), V-u(t, . € L*(Q), (97a)
VE>0, e(t, ) € L (Q), Ve(t, .)€ L= ()¢, (97b)
Vx e, e(t=0,x)>0< ¢ (0,x) =0, (97¢)
€|3Q ZOifu-an <0. (97(?1)
By multiplying equation by €~ and integrating over (2 one obtains:
jt / v dQ+/( —DEX) (e7)?°V-udQ=0 (0),
(98)
d
/(g)dQJr/( D (1= &) (¢ )2V- ud2 =0 (A).
dt Jo 2
By using Green’s formula, the above equations can be transformed into:
—\2
d ”E ”L"’ / V. < — (- 1)502@)) (7)2dQ —/ E) yndr (o),
o 2
; (99)
d\ls HLz_ /v uly — 1) (1 - E2(t)) (e7)2 (A).

-2
Because of the admissible inlet boundary condition (97d), — [, (52)
that we can derive the following inequalities:
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Le(t)

d
g [l <sup Vw1280 (=) [I715 - ©)

d 9 ) i (100)
@ |l s sup |2V u (L= &5(0) (= D[ |z (A)-
La(?)
Thus, because of Gronwall’s lemma:
7115 @) < [le7 |l @ e e =0 = [le| Loy =0 (©), (101)

) _12 t )
eIl @) < e[z @ elo B4 E =0 = || |[ () =0 (A).
One can notice that, beyond hypothesis presented in , a sufficient condition to derive inequalities
(100)) is % = K ¢ with K a bounded function on 2. Indeed, as previously seen, it allows to control the
_ _12
term [, ¢ EV - udQ by sgp[KV -ullle™ |72

Stiffened Gas Thermodynamics

When a stiffened gas thermodynamics defined by (15a]) and (L5b]) is at stake, one is interested in the
positivity of P = pe — P. Such a variable follows the PDEs:

HP+V-(Pu)+ &) (y—1)PV-u+ Py (1-6E1t)V-u=0, (C) (102)
HRP+(1—6Et)(y—1)PV-u— Py (1-&}t)V-u=0. (A)

By doing exactly the same kind of hypothesis (but replacing ¢ by P) and calculations than for the

ideal case, one can obtain:

d
G 1P1% < @ (r =)+ 1) sup V- ul [P — (1 - é%?(t))Poo/QPv- wd®, (C)

% HP—H; <2(1-6&3)(y— 1)sgp\v-u| HP—H; +(1 —é”OQ(t))POO/QP_V- udQ. (A

(103)
Assume that there exists a function K € L*°(2) such that:

P® =KP. (104)

Then, it is possible to control the term Py [ P~V - udQ with HP‘Hiz. Inequalities ((103]) turn into:

P71 < sl (@82 (- D+ ) - K (- &) T -ul[|P L. (©
(105)
% [1P7[[72 < sup (1= &6) 20y = 1) + K) V- ||P7 |7 (A)

and the Gronwall’s lemma can be applied so that to obtain HP*HZLQ (t) = 0. However, in the case

of a stiffened gas thermodynamics Py, /P = (&;1])301:(’)" and p is allowed to tend towards —P,. Thus,

hypothesis (104) does not hold a priori and we cannot ensure the positivity of P unless Py, = 0 (ideal
gas thermodynamics) or & = 1 (splitting not triggered).
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Appendix D: Positivity of the Discrete Intermediate Density

Consider the Riemann problem presented on Figure [[]related to the convective subsystem. It produces
intermediate states described in relations and . Let us find a sufficient condition on the
subcaracteristic coefficient ac so that the intermediate densities p; ¢, k € {L, R} are positive.

Pz,c Z 0 = T]:C 2 07

(_1)ik+1 *
_ —1)% _
ead+ (ur —ur) 4o + (=1 px (pr — pL) > 0.
2&0 2

2 .
The second order polynomial function admits real roots if and only if A} = %—i—(—l)“ﬂr1 (pr —pL) >

0. Let us notice that Ag <0= A% > 0 and conversely. In that case the polynomial constraint (106))
related to A is automatically verified. Thus, consider the most demanding case where A7 > 0 and
A% > 0, namely:
pr (up —up)® _ o pr (ur —ur)? 107
o ) gy < ) (107)
If uy, # ug, inequality ((107)) holds easily with low-Mach flows when &y tends toward zero.
Let us define af, k € {L, R} the highest roots related to the above polynomial functions:

1 ( pr(ur—ur) pi (up —ur)?
p L (_prlur—ur) pL (UR —UL)” _
aL‘z( 28 +\/ 182 +2p1(pr=pr) |,
(108)
1 pr(ur—ur) p% (ur —ur)?
p = — e —— R— _ —_
ap = ( 2 + 187 2pr (pr—pL) | -

By noticing that VA > 0,—A + VA2 + B > 0< B > 0, one can build the following table which gives

the sign of a’z and a%: In practice, when either a’z or a’;% are positive, we add it as an additional

UR > UJ, UuRr < uj,
PR > DL a’£>0,a%<0 aﬁ>0,a’é>0
Pr < PL aﬁ<0,a%>0 a'z>0,a%>0

Table 6: Positivity Domain of af and af,

constraint into the subcaracteristic condition (29al) leading to the modified subcaracteristic condition

(55)-
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The non-dimensional expressions of af and af, are:

1 Mpp(ug—ug) M\? p2 (up —ur)?
P = - =~ o 77 - L— —
(109)
1 Mpg(ug—up) M\? p% (ug — ur)?
pP=_ |2 7 ) ZRATE 9 —
R=35| "4 2 V5 4 PR (PR = PL)

Thus, if & is proportional to the Mach number as defined in , the above non-dimensional roots
are of order one.

Concerning the equivalence between the intermediate density positivity and the ordering of the
eigenvalues of subsystem C*, one can notice that:

ur, — & ac 71, < ug,

1
S 0< & ae <TL+(u2—uL)>, (110)
&y ac

<0 S Tz7c.

By doing the same calculation, one can see that uj < ug + & ac Tr & TE’C > 0.

Finally, let us recall that, in the acoustic Riemann problem presented on Figure piy 4 = pr and
Pr 4 = Pr- The intermediate densities are then already positive. No additional constraint on a4
needs to be provided in order to preserve the density positivity.

Appendix E: Positivity of the Discrete Intermediate Internal Energy

For an ideal gas thermodynamics, the specific internal energy is supposed to remain positive through-
out space and time under admissible boundary conditions. Here a sufficient condition under the
relaxation constants ac and a4 is looked for in order to obtain the positivity of the intermediate
internal energies produced by the Riemann problems described on Figure [1] and Figure

Relaxed Convective Subsystem

Once again, for the Riemann problem related to the convective relaxed subsystem C, the specific
internal energy reads:

(ug)?
EZ,C - eZ,C - g )
*\2 -1 i
= €L — C) +£()( ) (HéuZ—Hkuk),
e (111)
w2 — (us)? )ik
=ep + & (u) +@@0( ) (IT5 uls — T ug)
2 ac
2 *\2 -1 ik -1 tp+1 -1 i
2 ac &0 ac
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By combining, u + (—1)% & ac 7 and II + (ac)? 7 which both are 1-Riemann invariants of subsystem
(=D *a
&

C*, one can build a new one: 1I + € u. Then, one can simplify the above expression of ¢} .,

namely:
u2 + (uk 2 -1 ik -1 ik+1a -1 ik
5;;0:51@‘1‘ k (C) —|—éao( ) ’LLE» Hk+()7€uk —éao( ) I ug,
’ 2 ac &0 ac
(—1)ie (s — up)? (112)
=¢e.+ & 11, (ué—uk)—i—cik
ac 2
Thus, a sufficient condition which would guarantee that Vk € {L, R}, €} , > 0 is:
—1)% _ ) _
er+ & - S e (s — u) > 0 a3 — & pinQiuL) ge + (— 1)+l g2 piw S0, (113)
C

with pf = B&  and considering that pr = Il;. Inequality (113) is very similar to the one obtained for

k= e’

the intermediate density positivity. The most demanding case is the one where Yk € {L, R}, Aj =
N2 )
PSS + (Z1)* (pr — pr) > 0

e (up —up)? € (up —up)?
_pR(R L) §pR—pL§pL(R L). (114)

8 8
Once again the highest roots related to the polynomial functions written in ((113]) are:

& ¢ (up —u V2 (up —ur)?
= (ilenrn) JEPCRZAE g ),
: : (115)
& S (up — u g UR — U
@é,REEO (pR( RQ z) +\/(pR) ( f z) +2P§(PR—29L))-

The sign of a, and a% is given by the following table: The non-dimensional version of these roots

UR > U, uRr < ur

Table 7: Positivity Domain of az  and ag g

reads:
& [ M ps (up —u M?(p5)2 (up — ur)?
aéino pL( R L) +\/ (pL) ( ) —2Pi(pR—pL) 7
’ 2 2 4
(116)
& [ M p5, (ug — ug, M2 (p5)2 (ugp —ur)?
a(EJ,RE2< R(2 )+ (h) El ) +2p% (Pr—pL) | -

Then, contrary to the non-dimensional roots involved in the intermediate density positivity they are
of order O(&y). When either a7 or af, are positive, they are injected in the subcaracteristic condition

(292).
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Relaxed Acoustic Subsystem

The acoustic relaxed subsystem A* also produces intermediate specific internal energies 521 4= ezj A=

* \2

. . 2
(—“éL) =g + (*alj 1y, (uy —up) + w. The proof is similar to the one done for the convective

relaxed subsystem. Indeed:

* * (u*)2
€k, A= Gk A~ “24 )
* \2 7
u —1)" * ok
) 117
) ) L (117)
:Ek+ + (HAUA_Hkuk)7
2 as
2 *\2 i i
uy + (u 1) ; N —1)%
=g+ & Z(A) —1—( ) uA(HA—{—(—l)ZkHaAuA)—( ) Ty, wg.
ap ap

Recall that w, = u — % (respectively wj; =u+ %) introduced in Subsection is 1-Riemann
invariant (respectively a 4-Riemann invariant). Then, one can replace II% + (—1)* gy u’y by Il +

(—1)%* a4 uy. Hence, equality (117) is equivalent to:

ik ut —u 2
SR (UZ—WH( Az k)" (118)
aa

E;A:c?k‘f‘

Thus, a sufficient condition which would guarantee that Vk € {L, R}, ef 4, >0 is:

—1) _ ) _
O (w— ) 2 0 e - U o capr BRPE 5 )

g +
Sufficient conditions allowing to guarantee the intermediate specific energy positivity turns into the
positivity of two polynomial functions of order two in a4. The most demanding case corresponds
exactly to inequalities (114]). Finally the roots above which the relaxation coefficient has to be are:

S
an
=~

s}

£ — . £ — C»
aA7L: g07aA7R: @ﬁ

1=

(120)

Since for k € {L, R}, ag ;, = O(&p), the non-dimensional expressions of a5 , are of order one. One can
notice that, in case of low-Mach flows, the constraint imposed by the relaxation convective subsystem
on the specific internal energy positivity is negligible compared to the one of the relaxed acoustic
subsystem.

Appendix F: Subcharacteristic Conditions for the Subsystems

The proof written below is only formal. It aims at exhibiting subcaracteristic conditions under which
the relaxation subsystems contain diffusive operators. The latter would avoid instabilities which could
prevent the convergence of the relaxation subsystems C* and A* towards C and A.
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Relaxed Convective Subsystem

Consider the relaxed convective subsystem CH:

O p+ 0z (pu) =0,

A pu+ 0y (pu®) + 0, (65 1)I) =0,

C':Q dpe+d, (pe+ EX) M) u) =0, (121)

2
1
S+ ud I+ Lo u=— (p—1II).
p I

Define W = [p, pu, pe, pII]T and U = [p, pu, pe]’. Assume that one can perform a Chapman-
Enskog expansion on U and II and write them in powers of y, namely:

U =Up+pU+0(?),
I = p(Up) + uly 4+ O(p?),

with Ug and p(Ujp) solutions of subsystem C and Uy, Iy of order one. Making p tend formally toward
zero, the relaxed pressure equation becomes at order zero:

(122)

a2 a2
0y p(Ug) + uo 9, p(Up) + Pf Oz upg = —1I; & <p§ = po CC(U0)2> Oz ug = —II. (123)

In order to make C* converge towards C, a basic step is to make sure that U; remains of order one
throughout time. Its evolution is influenced by non linear convective effects which mix order zero
and order one terms as well as pressure effects related to 502 0, 117 for the momentum equation and
&2 0, (11 up + po up) for the energy equation. Using equation , one can notice that:

2
_E20, 1 = 20, ((‘;C ~po CC<UO)2> 0y u0> . (124)
0

Thus, under the convective subcaracteristic condition ac > pocc(Uy), order zero terms results in a
diffusive effect on the order one momentum equation. One can believe that this diffusion will be
sufficient to prevent U; from exploding when p tends toward zero.

Relaxed Acoustic Subsystem

The same argumentation can be done on the relaxed acoustic subsystem A*. It gives the expected
subcaracteristic condition (29b]).

Appendix G: Bounded Oscillations of Sp-(M)-corr

According to the truncation error analyses derived in Section [3| the scheme Sp-(M)-corr allows to
reduce the spatial numerical diffusion in the convective as well as in the acoustic subsystem in the
case of low-Mach number compressible flows. On Figure [13] velocity profiles are plotted for different
meshes. The diffusion reduction results in non-physical oscillations in the tail of the left rarefaction
wave. However, the L™ and the L' norms of the induced error decay as the cells number increases.
Hence, the scheme is stable and converges to the analytical solution.
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Left Rarefaction Wave Right Shock Wave

I I T T T T T T
— Exact
0.8+ Sp-(M)-corr-10% *
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0.2 |-

| | |
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Figure 13: Velocity profile at M = 4.2 x 1073, Sp-(M)-corr

Appendix H: Truncation Error Analysis

Truncation Error of the Convective Subsystem

Let us consider the convective numerical flux located at face indexed by i 4+ 1/2. For the sake of
notations simplicity and in order to adopt an unstructured formalism, let us rewrite the index i+ 1/2
as f for ”face”. Finally let us call L (respectively R) the index of the left (respectively the right)
neighbor cell of the face f. Typically, in 1D L = ¢ and R = ¢+ 1. As mentioned in Subsection [2.2.1
the relaxation scheme for the convective subsystem can be written:

H,} = H,"(Up, Up) = = (L(FY) (UL) + L(FY) (Up)) —% lug, — Gy ac ) (U} — Uy)

1
2

2 R A (125)
—3 lug + & ac 7r| (Ur — UF),

L(FY) (U) = [pu, pu® + &2p, (pe+ E2p)u]”

Using the classical rescaling described in [11], the non-dimensional version of this numerical flux writes:

1 1 & )
o} = H"(UL, Ug) = 5 (L(FE) (Us) + L(FE) (UR)) — |ur - MOaCTL (U - Uy
1 * kok *
—5\%*\ (Uf _Uf)
(126)
—lu —i—@aT (Ur — U}
5 4R T 77 % TR| (UR 7)o

2
T
L(FL) (U) = [pu, pu® + (6&/M)?p, (pe+ &5 p)ul pe=p€+7pu2-
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For the sake of notations, let us rewrite U} as U} and U;Z* as Ug. The non-dimensional intermediate
states Uy, k € {L, R} can be expressed as:

Pz,c
Ui= | picut |- (127)
Pr,c €k, C
with:
. up+ur & (pr—pL)
UC = - — y
2 M 2ac
« _PrREPL  Mac (up —ur)
2 & 2 ’
* * * M(_l)lkJrl *
Prec=1/m, o =1+ 7 ——— (ug —uk), 128
k,C [Ths Th G ac (ue ) (128)
€pc =€k + o M ac (p" uc — prug)
ac = K -mazx (pr cc(pr, pr), prcc(pr, PrR)), K > 1,
L kG{L,R},iLEl,iREQ.

Let us define z¢, 7, and zgr the positions of the face, left cell and right cell barycenters. In 1D:
rp = x5, *r = Ty and vy = 27 + Ax/2 = v — Ax/2. At a given time ¢, for a smooth function
¢(.,t) let us write ¢y for ¢(xy, t) and ¢p, for ¢(xp, t) . Particularly, we will consider z — a(x,t) a
smooth function such that ac(z;1/2,t") = (ac)?ﬂ/z.

Let us consider a non-dimensional smooth state (z,t) — U(z,t) verifying:
U(l‘i, tm + At) - U(l’“ tn) Hc (U(ﬂ?z, tn), U(.%‘H_l, tn)) - Hc (U(l‘i_l, tn), U(SL‘Z, tn))

At + Az =0,

Sty

One wonders which partial differential equation does such a smooth solution verify?
It can be first noticed that Y@t +AAt%_U(x“t ) is consistent with 9, U; + O (At).
Let us now focus on H."(Uy, Ug): first, Vk € {L, R}:

Pz,c — Pk
Ui = U = | (pk,c — Pr)uc + pr (ug —ug) | . (130)
(Pr.c—pr) ek c+ pe (€ c — ek)
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Furthermore, performing a Taylor expansion around z ¢, and setting ¢;, = 1, ¢g = 2, one obtains:

)
. Pf M ; pf Az
e o= [ () o oo (2) oo 5 o (1 o).

. i &\ 1 Az &
== |00~ () ag oy o (s gpast),

1 A & M Az
_ 1)+l %0\ Pf - =

M — Az
+O< £O(+M+£O) )

. &\ 1 Az &
U = Uf — (]\3,> a zp|f7 +O ((1+ ]\E)A$2> s

Ax
{ ere=cer+(—1)*0, el + ek c — ek

erc—exr=M&

Then:
Pf (&))a upp + (—1)%*t (%)2695]0” ]
oo ae| (o o (e g
Pres <(Z§% +(= 1)Zk+1uf£0£o) Do ujy + (1) (pf + &by Ma e )axp|f>
i +£0Mafe Ou puyy |

+O<(1+£°+M)A 2).

M &
(132)
One can finally observe that, for the terms in order one in space, the Mach number is always compen-
sated with the weighting parameter &y. Thus Vk € {L, R}:

& M >
U,—-Up=0((1+—+ Az | . 133
Um0 (us e gae) (133)
Similarly:
Ur - UL =(Ug - Ug)+ (Ur - UL) + (Ur - U}),
B & M (134)
_O<( -{—M—}—gO)Afc)f.

Furthermore, one can easily see that Vk € {L, R}:

"
up + (1) apy| +

&
Ug + (—1)1’“M0ac T

(135)
| = |ug| + O <(1 + @)m:) .
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Thus, at a given face f we have:
1 &0

of = Ho"(Uy, Up) = 5 (L(FE) (Up) + L(FE) (Ug)) + O <(1 + o+ g)m)f. (136)

Besides, 3 (nL(F’é) (nUL) + L(Ff) (Ug)) is consistent with L(F5) (Uy) + O (Az?).
Finally —e/2 212 56 congistent with 0 L(F5)(U;))+0 ((1 + % 4 M)A$> Thus we have found
Y Az @ c)\Fi) T M T & :
that the smooth solution U(z, t) verified the PDE Vz;, t":

St, 0, UP + 8, L(FY) (U}) = O (St, At) + O <(1 + % + ];)Aa:) . (137)
0

Truncation Error of the Acoustic Subsystem

Keeping the same notations than previously, the non-dimensional relaxation flux for the acoustic
subsystem writes:

0 0 0
= (1-69) | 0 | = (=) | oo (= | g (- ,
HZ u:*<4 PR UR-QFPL Uy :A (u% — u%) + %MlaA (p%% — p%)
with: a4 = K - maz (pr, calpr, pr), prca(pr, pr)), K > 1.
(138)
0
It is easy to check that (1 — &F) ﬁ% is consistent with
PR UR-QHDL ur,
0 0 0
(1-62) | #= |+]0((1—&H(Ax/M)?) | . Besides, —(1-&7) % (ur —ur)
DU O ((1 - £2)Ax?) MaA(UQ—u2)+l L (p2 — p2)
Fuf 0 )L 1 R UL) T 4%ay \PR —PL
0 0
2
is consistent with —(1 — 502)% 2700z Uy + O (%sz)
i
Magupdyu; + 3750 pg O (1= &M + 4p)Aa?) |
Finally, one obtains at order one in space:
0 0
_g2
mg--a) | | +|  o(s@ay | -
1
byuf O ((1— &) (M + 57)Ax) f
Thus we have found that the smooth solution U(x, t) verified the PDE Vz;, t™:
St. 0y p = O(St, At),
2 (1-&)
Sty 0y (pu) + 05 ((1—&5(t))p) = O(Sty At) + O T)Am , (140)

Sty 0y (pe) + 0, ((1— EX(t)) pu) = O(Sty At) + O <(1 — EX(M + AZ)M) .
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Truncation Error of the Acoustic Subsystem with low-Mach Correction

Endowed with the low-Mach correction described in equation , the acoustic flux at face z; reads:

0 0 0
Hoof=(1-67) | I | = (1-4&) nﬁ% - A (ur —uz)
I sl | | 60a (uf, = ) + sy (113 - 1)
(141)
The correction part is now consistent with:
0 0
0 1-632)0
—(1- g()?)% 37050z “\fl + o (( 1\/.?) Az?
MOy apusOeu), + 574, DrOxp)s O((1-EH(Mb+4)Ax?) |,
At first order w.r.t Ax:
0 0
_&2
Hoj=(1-67) | % [+| 0“5 an) . (142)

pfuf O ((1— &) (M0 + 37)Az) |,

For a smooth solution U(x, t), the truncation error analysis made on the acoustic scheme with low-
Mach correction gives Vz;, t":

St 9y p = O(St; At),

St 0, (pu) + 0y (1 — E2(1)) p) = O(St, At) + O ((1_‘?02)9)&) :

M (143)

St. 0 (pe) + 0, ((1— & (1) pu) = O(St: At) + O ((1 — &L (MO + AZ)Ax) .
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