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Nonlinear system of singular partial differential equations

Patrice Pongérard

Mathematics Laboratory EA 4518, University of La Réunion
2 rue Joseph Wetzell, 97490, France.

Abstract. This paper explores some nonlinear systems of singular partial differential equations written in the
form tADtU = A(t,z)U + f(t,:c,CU, tADzU). Under an assumption on A, unique solvability theorems are
provided in the space of functions that are holomorphic in x on an open set, differentiable with respect to ¢ on
a real interval ]0,7] and extending to a continuous function at ¢ = 0. The studied systems contain Fuchsian
systems.

MSC : 35F50, 35F20, 35A01, 35B60, 35A02
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Introduction

Consider a system of differential equations t* D;,U = f(t,U) where k is an integer > 2 and f is holomorphic
in a neighborhood of {0} x C. We know that such a problem generally does not have analytic solution, see
for example [2,3,9,13]. Any formal solution belongs to a Gevrey class of order > 1, we could refer to [6,7,8,12]
among others. The purpose of this paper is to investigate nonlinear systems of the type

ADU = A(t,2)U + f(t,2,¢U,t3D,U) (0.1)

where A is a real diagonal matrix, A(t,z) € My (C) and f is a function wich is continous with respect to ¢ in
a real interval [0, ro] and holomorphic in the remaining variables. This regularity assumption also appears in
[1,4,14,15]. The linear parts of our equations are irregular at ¢ = 0 in the sense of [5]. However, we are interested
in solutions extending continuously at ¢ = 0. Under a reasonable assumption on A, we show that (0.1) has
a unique solution (t,z) — U(t,z) holomorphic in z on an open set, differentiable with respect to ¢ on a real

interval ]0,7] and continuous on [0,r]. To achieve our statement, we first invert the operator tAD, — A(0,0),
which then leads us to a fixed point problem. We prepare some estimations that allow to apply the contraction
mapping principle. Our main results are theorem 1.1 and theorem 1.4.

Partially holomorphic system

We will make use of the following notations

0 0
teR, z=(x1,...,2,) € C", Dt:§7 Dj:£7
j

N={0,1,2,...}, a=(a,...,a,) €N, J|a|=> «a;, D“=D7'---Do".
j=1

1 Statement of results

Given an interval I C R, an open set 2 C C™, a Banach space F and an integer 0 < k < oo, we denote
by C*«(I x ©; E) the algebra of functions u : I x Q@ — E such that for 0 < [ < k, the partial derivative
Dlu: I x Q — F exists, is continuous and for any ¢ € I, the mapping x € Q Diu(t, x) € E is holomorphic.
It is easily checked, using Cauchy’s integral formula, that this space is stable by differentiation with respect to
z and that we have

DDy = D*Dlu  for any a € N", 0 <1< k.

When E = C, the previous space will be simply denoted by C* (I x Q).



Let us consider a system of partial differential equations of the form

HADU (1, 2) = At 2)U (1) + £ (2, (CU) (¢, 2), (4D, U) (1, @) (L1)
in which U = (uq,...,un) is the unknown,
A = diag(ay, . ..,an) is a diagonal matrix with real coefficients (a;);c[1,n] that are all > 1,

A is an upper triangular matrix of order N whose coeflicients are functions of (¢,z) € R x C”,
U = (Qlul, cee CNuN) where each (; is a function of (¢,x) € R x C" satisfying ¢;(0,0) = 0,

tADzU denotes the n/N-tuple ((t“iDjui)ie[[l’N]])je[[l e
[ is a function of the variables t € R, x € C", y = (y;)ie1,n] € CN, z :((Zij)iE[[LN]])je[[l n] € CnV.

We assume there are ro > 0 and an open neighborhood Qg (resp. Op) of the origin in CJ (resp. C}/ x CIV)
such that the coefficients of A, like the functions ¢;, belong to C%%([0,70] x Q) and

f S Co7w([0,7’()] X (QO X (90) N (CN)
Let Z be the zero set of the polynom P(\) = det(A I — A(0,0)).

Theorem 1.1. Suppose Z is included in the half-plane e X < 0. Then, there exist r €]0,79] and an open
neighborhood Q  C Qo of the origin in C} such that system (1.1) has a wunique solution
U et (]0o,r] x Q; CN)Yn % ([0,7] x Q; CV) and necessarily t* DU € C%([0,7] x 2; CV).

Suppose all a; > 0, then Theorem 1.1 can be extended as follows.

Let Z denote the set of i € [1, N] such that a; > 1 and assume [1, N]\Z is not empty. Suppose
¢i(0,0)=0forieZ and (;=1fori¢I. (1.2)

For each i € [1, N]\Z, let w; be a holomorphic function on £y. We consider system (1.1) under (1.2) with the
initial conditions
u;(0,2) = w;(x) for i€ 1, N|\Z. (1.3)

Impose
D,w;(0) = 0 only if a; = 0. (1.4)

The set Z is uniquely written as
Z=A{i1,...,ip} with 1<i3<ig<...<ip,<N.

Then we associate with the matrix A = (A\;;)1<; j<n, the square submatrix of order p

]\ = MI,I(A) = (Aikll)

1<k,1<p "
Let us name Z the zero set of the polynom P()\) = det (A - A(0, 0)). We then have the following result.

Theorem 1.2. Suppose Z is included in the half-plane Re X < 0. Then, there exist r €]0,r9] and an open
neighborhood @ C Qo of the origin in C2 such that the problem (1.1) — (1.2) — (1.3) has a unique solution
U et (]0o,r] x Q; CN)Yn e ([0,7] x ; CN) and so tAD;U € C%+([0,7] x Q; CN).

Here is an example about this theorem.

Example 1.3. For all (a,b) € C? and («, 8) € R?, there is r > 0 and an open neighborhood 2 of the origin in
C, such that the problem

t2Dyuy = —uy + aug + [1 + 2uy + V1 (Ouz/0x)]%,
VtDiug = bug + [1+ uy +t2 (Ouy/0x)]”,
uz(0,z) = 0.

has a unique solution (u1,us) € CH¥(]0,7] x Q; C?) N CO¥([0,r] x Q; C?) as a result (£2Dyuy, vVtDius) €
Co([o,r] x Q; C?).

Now we turn our attention to a system of the form
t*DyU (L, x) = A(t, z)U(t, ) + f(t, =, (CU)(t, z), D, U)(t, x)) (1.5)

where a is a positive real number and A is a square matrix of order N whose coefficients belong to the space
C%“([0,70] x Qo). We are then able to state the following result.



Theorem 1.4. 1. If0 < a < 1, take ¢ = (1,...,1) and let W : Qo — CV be an holomorphic function
(with D;W(0) = 0 only when a = 0). Then, there exist r €]0,7¢] and an open neighborhood Q@ C Qo of
the origin in C? such that system (1.5) with the initial data U(0,z) = W (x), has a unique solution U €
cte(]o,r] x Q; CN)Y N e ([0,7] x Q; CN) and t* DU € CO([0,7] x Q; CN).

2. If a > 1 and if the zero set of the polynom A — det(A I — A(0,0)) is included in the half-plane fe X < 0, then,

there exist r €]0,7¢] and an open neighborhood Q C Qg of the origin in C* such that system (1.5) has a unique
solution U € C1(]0,7] x Q; CNV) N ([0,7] x Q; CN) and t* DU € CO“(]0,7] x Q; CN).

Remark 1.5. When a = 1, we obtain a more general system of equations than a Fuchsian system ; indeed, we
do not need to take (;(¢,z) =t but we simply have (;(0,0) = 0. Recall ([10, 11]) that in the Fuchsian case we
have already studied nonlinear equations in spaces of holomorphic functions.

2 Reformulation

In order to prove Theorem 1.1, we first transform the problem.
By writing A = A(0) 4+ £ where £ = A — A(0) satisfies all the same assumptions as ¢, we may suppose that A
is an upper triangular constant matrix, namely

A= ()\ij)lgi,jSN S MN((C) where )‘ij =0 lf] < 1. (2.1)

Furthermore,
ReXiy; <0 for i=1,...,N. (2.2)

Next, we will need the following result.
Let a > 1, A € C and let P be the elementary operator P = t*D; — A.

Lemma 2.1. Suppose fe A < 0. Let r > 0 and let Q0 be an open neighborhood of the origin in C}. Then, for
every v € CO¥([0,7] x Q), the equation Pu = v has a unique solution u € C**(]0,7] x Q) NC%([0,r] x Q). In
addition, t*Dyu € C%¥ ([0, 7] x Q) with t*Dyu(0,x) = 0. This solution is defined by

-\ A
u(t,z) = (P ) (t,z) = AP /tU(T7 :L‘)ﬁdT where  (t) = = fa>1, (2.3)
0 T Int ifa=1.

Moreover, D®u = P~D“ for any o € N™.

Proof. Let us start with the uniqueness. Suppose u € C1*(]0,7] x Q) N C%¥([0,7] x Q) satisfies Pu = 0. Let
x € . Since Dyp(t) = t~%, the derivative of the mapping ¢ — u(t, x)e_A‘P(t) is equal to zero on ]0, 7], so there
exists ¢, € C such that

u(t,z) = cxe)“p(t) for t€]0,r].
This function has a finite limit at ¢ = 0 only if ¢, = 0 because li(I)rup = —oo. It follows that u = 0 on [0,7] x Q.

Concerning the existence, we shall prove that the formal solution (2.3) is of class C1*(]0, r] x 2)NC*“ ([0, 7] x Q).
Let A be an open polydisk such that A C € ; denote

M = max_|v].
[0,r]xA

The formula (2.3) can be written equivalently

1 —Ap(o
ult, ) = te (1) / v(ot, z) e(i)(at)do. (2.4)
0 g

We first consider the case a > 1. Then,

and we may set



e—)«p(at)
The mapping (o,t,z) €]0,1]x]0,7] X A — v(ot, z) ot
o a
bounded by Mc,. Thus, from (2.4), we have u € C%“(]0,r] x Q). Now we show that u has a unique continuous
extension to a function of the space C%¥([0,7] x Q). Let b € Q. Considering

Ae(t) /t D i,
0

7-(1

is continuous, holomorphic with respect to x and

we notice that o)
t —o(T
u(t, z) + 0(0,5) /A = AP0 / (o ) — 0(0,b)] ———dr |
0 T
Let € > 0. There exists ¢ > 0 such that : let (¢,z) € [0,7] x Q with [t| < 6 and |z; — b;| < 6 for 1 < j < n, then
we have

lv(t, ) —v(0,b)] < —(ReA)e

therefore (ReNolr)
lu(t, ) + v(0,b) /] < (e )‘)‘pa)/ —(Re )\)EidT =c
0

Ta
and the statement follows with
u(0,z) = —v(0,2)/\, Ve (2.5)

We next consider the case a = 1. Then (2.4) is reduced to the well-known formula

u(t,x):/o U(Gt7x)da (2.6)

PONE]

v(ot, )

POYE
bounded by the integrable function o + M /o1, It directly results that u € C%“([0,7] x Q) with (2.5) anew
since

where the mapping (o, t,z) €]0,1] x [0,7] X A — € C is continuous, holomorphic with respect to z and

11)0,x
u(O,x):/O ;)\H)d(r:fv((),:c)/)\, Ve

In all cases we naturally have D®u = P~1D% for any o € N”. If ¢ €]0, 7], then the partial derivative of (2.3)
exists and is given by

Dyu(t, z) =t~ Au(t, x) + v(t, x)]
which leads to u € C1¥(]0,7] x Q), t*Dyu € C*#([0,7] x Q) with t*D,u(0,z) = 0 seen (2.5) ; further, Pu = v on
[0,7] x Q. This completes the proof of our lemma. O

Now we can consider the system of differential equations
tAD,U(t,2) = AU(t,2) + V(t, ) (2.7)

where A is a matrix satisfying (2.1) — (2.2) and V = (v1,...,vy) is assumed to be of class C%*([0,7] x Q; CV).
For every i € [1, N], denote
Pi = taiDt - /\“

Then (2.7) is written as

N
Piu; = Z )\ijUj + v;, 1 <7< N. (28)
J=it+l

Given i € [1, N], for every p € [1, N — i + 1], we set
Gf:{7:(71777p) € [[LNHP,Z:’YI <72<<’Yp}

The cardinal of G? is equal to the number of (p — 1)-combinations from [i + 1, N, that is to say (g:f)

From lemma 2.1, one has uy = 73;,1 vy and, by finite induction,

N—i+1 p—1
wi= ». > ¢QyV where ¢, = H Mg and  Q,V = 797_11 0---0 Pv_pl Uy, (2.9)
p=1 ~yeG} =1

These considerations and lemma 2.1 prove the following result.

Lemma 2.2. Problem (2.7) has a unique solution U = (uy,...,uy) € C1*(]0,7r]x Q; CN)NCO([0,r] x Q2 ; CV)
and t% Dyu; € CO#([0,7] x Q) with t% Dyu;(0,2) = 0 for any i € [1, N]. Furthermore, each u; is a finite linear
combination of up to 2N =% terms of the form

—1 —1 -1
Py 0Py 0roPy vy

where y2,...,7p € [{,N] and pe[l,N—i+1]. (2.10)

p



Denoting by RV the solution of problem (2.7), we define an endomorphism R of the vector space
CoO@([0,r] x Q; CN). If we set % (t,x) = tADtU(t,x) — AU(t,x) ie U = R%, problem (1.1) is converted
into % = F % where F denotes the operator

(Fu)(t,x) = f(t,z, CR%)(¢,x), (tADZR%)(t,x)). (2.11)

The next section aims to apply the contraction mapping principle to F in a Banach space that we are going to
introduce.

3 Framework and estimates for the operator F

Given a majorant function ¢ € R, {£} with a radius of convergence > R > 0, let p be a parameter > 1 and let
r > 0 be such that pr < R.

Definition 3.1. We define .
Q=Qr,,={zeC" > |z;|<R-pr}
j=1
and B = By r,p,r by the set of functions u € C%¥([0,r] x Q; E) for which there exists ¢ > 0 such that

Vitelo,r], u(t,z)<<cp(pt+¢&) where &= Xn: xj. (3.1)
j=1

This precisely means || D%u(t,0)||g < eD!*l¢(pt,0) for all @ € N* and all ¢ € [0, r].

Obviously 4 is a vector subspace of C%¥([0,7] x Q; E) and the smallest ¢ > 0 for wich (3.1) is satisfied is a
norm on % denoted by || - ||4,r,p,» or simply | - || if no confusion is possible.

Lemma 3.2. The space A is a Banach space.

Proof. Let (U,) be a Cauchy sequence in B and let € > 0. There exists N € N such that, for all n,n’ > N and
all ¢t € [0, 7],
(Un — Un)(t,7) < e(pt +£). (3.2)

If K is a compact subset of €2, then we have

max ||U, — Up|lg < eCk
[0,7r]x K

n n
where Cx = ma;((qﬁ(pr + > |z;]) is < 400 since the mapping = — ¢(pr + > |z;]) is continuous on Q.
x€e j=1 j=1

This shows that (U,,) is a Cauchy sequence in C%*([0,7] x ; E), so it converges compactly to a function
U € C%([0,r] x Q;E) ; a fortiori, for all t € [0,7] and o € N, the sequence (D%U,(t,0)), converges to
D2U(t,0). By letting n’ tend to infinity into (3.2) we get U,, — U € B and ||U,, — U|| < ¢, therefore U € B and
(Up,) converges to U in B. O

The following lemma will be useful to study the forthcoming operators.
Let a>1and A < 0. If ¢t > 0, we set

t —Ap(T
Si(t) = (1) / * ﬂdm Vk € N. (3.3)
0

TG
Recall that Sy = —1/A > 0. When k € N*, given lemma 2.1, S, extends continuously to 0 with S;(0) = 0.

Lemma 3.3. There exists co = co(A) > 0 such that, for allt >0
Sp(t) < coth, VkeN. (3.4)

There exists c; = c1(a, A\, r9) > 0 such that, for allt € [0,ro]
k1
t*Sk(t) < T Vk € N. (3.5)
Proof. Since 7% < t* we have (3.4) with ¢ = Sy. To show (3.5) we notice that

t —Ao(T) 1 o= Ap(t) A t —Ap(T)
(1 v ) / r* ¢ dr = ¢ + / T’H_lie dr (3.6)
:ZC + 1 0 T k + 1 te k' + 1 0 7—2(1




as long as k + 1 > a. We then consider integers k > a — 1 ie k > |a] wich is the smallest integer larger than or
equal to a ; since A\ is < 0, it ensues that

tht1 la] +1
h =———— >0.
k1 e © LaJ+1—a>0

taSk(t) § Cc

Let k < a —1 be an integer. From (3.4), one has, for all ¢ € [0, r(]

tk+1
k+1

where ¢ = coary™ ' > 0.

128, (t) < cot®™F < ot TlrgTt < ¢

The result follows with ¢; = max(c, ¢’). O
Remark 3.4. When a = 1, then ¢; = max(2,1/|)\]) does not depend on ry and (3.5) is valid for all ¢ > 0.
Otherwise, one can see that , li+m Sk(t) = +o0.
—>+00
Here are the estimates involving operator P~! of lemma 2.1.

Lemma 3.5. There exists c = c(a, \,19) > 0 such that, for R >0, pr < R and u € C®*([0,7] x ), the function
P~Lu e CO¥([0,r] x Q) satisfies

Vielo,r], ult,z)<dlpt+§&) = Vtel0,r], P lu(t,z) < colpt+§) (3.7)

and

Vitel0,r], wu(t,z) < Do(pt+§&) = Vte0,r], t*Plult,z)<cp to(pt+¢). (3.8)
Proof of (3.7). For all t € [0,r] and o € N", one has

e DF+ladg(0
ID*u(t.0)] < Dopn) = 3= (oo 2 2
and from lemma 2.1, D*P~'u = P~ D% , hence
Dk+\o¢|¢(0)

|D*P~hu(t,0)] < 3 p*Sk(t)
k=0 k!

where S}, is defined by (3.3) in which we substitute fte A to A. The assertion is confirmed by (3.4).
Proof of (3.8). As above, we get in this case

0o DE+1+al 0 0 Dk+1+|c] 0
D u(t,0)] < 35 preas(t) 2D <1 (et 22000
=0 k! = (k+1)!
from (3.5), and the conclusion follows. O

We then consider the expressions (RU and tADIRU . Let us denote by R; the i-th component of R.
From now on, we will take £ = C" and ||(uy,...,u,)||p = max |u|.
1<i<N
Lemma 3.6. There exists ¢ = ¢(A,A(0,0),70) > 0 such that, for R > 0, pr < R and U € %, we have, for
every i € [1,N], 5 € [1,n]
Vitelo,r], RiU(tz) <c|Ull¢(pt+£) (3.9)

and
Viteo,r], t“D;RUtz)<cp Ul p(pt+E). (3.10)

Proof. From lemma 2.2, this result must be established with terms like

’P;l o 'P;zl 0---0 'Pv_Pl Uy, for (3.9)

and terms like

tai'])zfl o P’Y_zl 0O-++--0 P’Y_pl Djuwp fOI' (310)

where p € [1,N] and vo,...,7, € [1, N]. Let U € &, then u,,(t,z) < [|Ul|¢(pt 4 &) for all t € [0,7]. Using
(3.7) p times, we obtain (3.9).

Otherwise, one has Dju,, (t,z) < [|[U|Dp(pt + £) for all t € [0,7]. Applying (3.7) p — 1 times and (3.8) once,
we get (3.10). O



Let us specify hereafter the majorant function we shall employ.
Given R > 0, we consider the entire serie (2.1) of [15]

N (Y0

o =K 3 (3.11)

where the constant K > 0 is such that ¢? < ¢. Recall that ¢ also satisfies the following properties.
Let n > 0, there exists ¢ = ¢(n) > 0, such that nR/(nR — ) < c¢¢ and necessarily

nR

— L cp(pt+ &) foralltel0,r]. 3.12
s L +) 0.7 (3.12)
Lemma 3.7. Let u € C%¥([0,7] x ) and 0 < ¢ < R’ be such that u(t,z) < cp(pt + &) for all t € [0,7], then u
is bounded by ¢ on [0,7] x Q, the function R'/(R' — u) belongs to the space C%*([0,7] x Q) and

/

R —u(t,x)

Cc
/

<<(K+R c

)(b(pt +&) forallte]o,r]. (3.13)

Concerning the operator F, we are going to set up

Proposition 3.8. There is ag > 0 such that, for all a > ag, the following holds : there exist R €]0, Ro], p > 1,
r €]0, 7] with pr < R such that the mapping F is a strict contraction in the closed ball B'(0,a) of the Banach
space AB.

Let us observe now that we can write

f(t7 Z,Y, Z) - f(t, Zz, yI7 Z/) = [[Z ]]gi(t7 z,Y,z, y/7 Z/)(yz - y;) (314)
i€[1,N

+ > hij(t, @y, 2,0, 2" ) (215 — 21 ;)
(i.) €L NT X [1,n]

where
giahi,j S Co’w([OJ’o] x Qo x Op X 00; (CN)

For R > 0, we set
Ap={z€C"; max |z;| <R}
jelin]

and
N nN .
Or = {(y,z) €eC" xC ) zg[lf)lsf]] |yz| < Ra (i,j)e[[rll,l]%}]fxﬂl,n]] |Zz,J| < R}
We fix, once and for all, > 1, Ry > 0 and R’ > 0 such that ZURD C Qo and O C Op. Consequently,
the functions f S CO’W([O,T’()} X (ATIRO X OR/); (CN) and 9i, h@j € CO’W([O,TO] X (AnRo X OR/ X OR/); (CN) are
bounded, say by a constant M > 0.
We put
e(r,R) = max i (¢, )| for (r, R) €]0,70]x]0, Ro].

(t,2)€[0,r] XAy Rk
i€[1,N]

This function has limit 0 as (r, R) tends to (0,0). From Cauchy’s inequalities and lemma 3.7, one has

nR
nR—¢

and, given ¢(&) < ¢(pt + &) (since ¢ > 0 and pr < R), it comes

Ci(t,x) < e(r,R)

< c(n)e(r, R) ¢(€)

Ci(t,z) < e(e(r,R) p(pt + &) (for all ¢t € [0,7], i € [1, N]). (3.15)
Similarly, we have
R’ R’
ftay,z) < c<n>M¢(pt+s)H o H [ (3.16)

and

R R H R R
R,—yiR/—y/- R/—Zin/—Zéj'

i
]

9o hig(ti,y, 2,9, 2) < (Moot + &) [ |

%

(3.17)

Proof of proposition 3.8 Let a > 0 and U € % be such that || U|| < a. In what follows, any constant > 0
that does not depend on the parameters a, R, p,r will be denoted by c. From (3.9) — (3.15) and (3.10), we have

{ CGRU(t, x) < ce(r, R)a d(pt + &),

t“ DR U(t,x) < ep~lad(pt + ). (3.18)



Then, under a condition like
ce(r,R)a < R'/2 and cpta < R'/2, (3.19)

it follows from (3.16) and lemma 3.7 that FU is well-defined on [0, 7] x ©, belongs to C%*([0,7] x ; CY) and
Vtelo,r], FU(tz)<cp(pt+E).

This proves the existence of a ag > 0 sufficiently large (ag > ¢), such that
F(B'(0,a)) C B'(0,a) for all a > ay. (3.20)

Let U’ € B'(0,a). As explained for f, if (3.19) is satisfied, we also have
gir hij(t, 2, CRU,tAD,RU, CRU' tAD, RU") < co(pt + €).
Thence, from (3.14) and lemma 3.6, we obtain
|FU = FU'|| < e(e(r, R) +p~ ) |U = U'.

Let a > ag. We first take p > 1 such that cp~ta < R'/2 and ¢p~! < 1/2. Next, we choose (r, R) €]0,70]x]0, Ro]
with pr < R (for instance r = R/2p), such that cz(r, R)a < R'/2 and ce(r, R) < 1/2. Thus we have (3.19),
(3.20) and c(e(r, R) + p~') < 1. We get the desired result therefrom. O

4 Proof of theorem 1.1

By proposition 3.8, the mapping F has an unique fixed point U € B’(0,a9) C C%¢([0,7] x Q; CV) and
Uy =RU € CH(]0,7] x Q; CN)nCo([0,7] x ; CV) is a solution of (1.1). Let us show the uniqueness of this
solution. Let Uy € C1(]0,7] x Q; CN)NCO([0,7] x 2; CV) be a solution of (1.1), then U’ = tAD, U, — AU, €
Co«([0,7] x Q; CN) is a fixed point of F. There is R; > 0 such that A, r, C €, so, from Cauchy inequalities,
U € By.ry 1. We take a = max(ao, ||U’|¢,r,,1,»). Using proposition 3.8 again, there exist S €]0, R1], p > 1,
s €]0,7] with ps < S such that U = U’ on [0, s] X Qg,, s ie on [0, s] x € since € is a connected open set. We
shall prove that the real number

to = max{t €]0,r] ; Uy = U on [0,] x 2}

is equal to r. For this purpose, we assume 0 < tg < r and we set W(z) = Uy (to, z) = Ua(to,z). This function
W is holomorphic on  and the functions U; belong to C1*([tg, ] x ; CV). Thus, writing

Ui(t,z) = W(x) + (t — to) Us(t, ),
we define uniquely U; € C1<(]0,7] x Q; CN¥) N €% ([to, 7] x Q; CV) and we find that these U; are solutions of
tA((t —to)Dy + 1)U = A(t — to)d + f(t, 2, (W + ((t — to), tAD,w At - to) DY) (4.1)
namely
((t —to)Dy + U = g(t,z, (t — to)U, (t — to) D) (4.2)

where g € CO%([to, 7] x 2 x O; CN), O C Oy is an open neighborhood of the origin in C}} x CV defined, from
(3.19), at least for

| < R [2e(rg, R d il < R'/2. 4.3

e |yl /2¢(ro, Ro) an L S 23,51 / (4.3)

By translation, (4.2) is reduced to ¢ty = 0 with g € C“([0,7 — o] x Q x O; CV) that is to say to a system like

(1.1). As above, there exist s’ €]0,r — tg] and an open neighborhood ' C  of the origin in C? such that i/

and Us coincide on [0, s'] x ', hence Uy and U, coincide on [tg,to + s'] X ' ie on [tg, to + s'] x Q. This allows

us to conclude that tg = r. O

5 Proof of theorem 1.2

Suppose U = (uq,...,uy) is a function satisfying theorem 1.2. Let ¢ € [1, N]\Z, we define uniquely @; €
Ch(]0,7] x Q) by the relation
ui(t,x) = wi(x) + 1% 6t @) (5.1)

Let us show that ; belongs necessarily to C%“([0,r] x ). As a; € [0, 1], we observe that

t
u;(t,z) —u;(0,z) = / 7% (T, x)dT  where wv; =t%Dyu; € CO""([O,T] x )
0



therefore

1
wi(t, ©) = wi(x) 4 1% /0 o~ %, (ot, x)do. (5.2)

If A is an open polydisk such that A C Q, the mapping (o,t,z) €]0,1] x [0,7] x A = o~ %v(ot,z) € C is

continuous, holomorphic with respect to  and bounded by Mo~% where M = max |v;|. It follows that the
[0,r]x A

last integral belongs to C%“([0,7] x ) ; ultimately we have @; € C1*(]0,7] x Q) N C%([0,7] x Q).
Denoting by f; the i-th component of f, system (1.1) is also written in the form

N
t% Dyu,(t, z) = Aij(t, 2)u;(t, @) + fi(t, (CU)(t,:z:),tADzU(t,x)), i € [1, NJ. (5.3)
=1
Injecting (5.1), we obtain
t% Dyu; = E /\Z‘ju]' + Z )\ij (wj + tl’“-faj) + fi (t,l‘, CU, tADxU) forie”l (54)
JjeT J¢T
and
tDyu; = (CLZ‘ — 1)121' + Z )\ijuj + Z )\ij(w]’ + tlia]‘ﬂj) + fi (t,x, CU, tADxU) when 1 ¢ I. (55)
jez J¢z

Now we set

e . ~ - ~ a; if7 e I,
A = diag(ay,...,ay) where a; = )
1 if not

and U = (fiy, ..., iy) with @4; = u; for i € Z. Point out that U € C1(]0,7] x Q; CN) N €% ([0,r] x Q; CN).
We denote by M = (\;;)1<ij<n the square matrix of order N where the \A;; are functions of (¢,z) € R x C"
defined by

)\ij(t,x) lfj e,

0 if j¢7 and j # 1.
Using a matrix representation and expanding along columns, we note that
det(AT — M(0,0)) = £P(\) [N = (ai — D). (5.7)
i¢T
Let
9= (9i)ie1,ny where gi(z,y) = %: Aij(wj () + ;)
J¢T

and

5= (5) L 5(t) 0 ifiel,
= \GiieLN] WASTE 0itt) = t1=e if not.

Equations (5.4) and (5.5) can then be written as the following system

tADT = MU + g(x,60) + f(t, 2, CU#AD,U).

Regarding f, by putting W = (w1,...,wy) with w; =0 for ¢ € Z, one has

F(t,2, CUADLU) = F(t,2,cW + U, 4D, W + tADmU) = h(t,, U, tADmﬁ)

where
() (. 2) 0 ifieZ
€ = (& )ic[1,N], €ill,T) = A=ai i not
and, since (W and tADQ;W vanish at the origin of R x C™ thanks to (1.2) and (1.4), there exist r, > 0
and an open neighborhood € C Qg (resp. Of C Op) of the origin in CJ (resp. C)’ x C2N) such that

h e Co([0,rp] x (Q x Of); CV). After all, letting f(t,2,y,7,2) = g(z,y) + h(t, 2,7, 2), U satisfies

tAD, 0 = MU + f(t,2,60,e0,+3D,0).

Considering the proof of theorem 1.1, it can also be written for such a f, hence we have existence and uniqueness
for U € C*(]0,7] x ; CN)YN %% ([0,7] x Q; CV) which completes the proof of theorem 1.2. O
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Proof of theorem 1.4

As explained in section 2, matrix A can be considered constant. Since the diagonal matrix ¢/ commutes
with any matrix of order IV, a fortiori, with an invertible one, it follows, after changing the notations, that it is
enough to study system (1.1) for an upper triangular constant matrix A € 7,7 (C). By applying Theorem 1.2

for such a matrix and for a; all equal to a, we achieve our expected result . O
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