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Boundary layer method for solving full Maxwell
equations in the presence of an electromagnetic
inhomogeneity of small diameter

Abdessatar Khelifi * Saoussen Boujemaa '

February 27, 2021

Abstract

We consider solutions to the time-harmonic Maxwell’s equations in two and
three dimensions. For such solutions we derive high-order terms in the asymp-
totic expansions of the perturbations resulting from the presence of diametri-
cally small electromagnetic inhomogeneity with parameters different from the
background medium. Our study is rigorous and is founded on layer poten-
tial techniques. Our formulas may be awaited to head effective computational
identification algorithms, aimed at reconstructing small dielectric object from
electromagnetic boundary measurements.

Mathematics subject classification (MSC2010): 35Q60, 35B30, 35B40
Keywords: Full Maxwell’s equations, electromagnetic inhomogeneity, electromagnetic potentials,

asymptotic formula.

1 Introduction

In this paper, we use layer potential techniques to derive complete asymptotic ex-
pansions for (tangential) boundary perturbations in the solutions of the Maxwell
equations resulting from small perturbations of the shape of an inhomogeneity with
smooth boundary in R?, for d = 2,3. These formulae may permit us to advance
the development of high-order terms in the asymptotic expansions of the boundary
perturbations of electromagnetic fields caused by the presence of small inhomogene-
ity. So at this stage, a development of effective algorithms for determining certain
properties of the shape of an inhomogeneity will be more possible. Moreover, the

*Département de Mathématiques, Faculté des Sciences de Bizerte, Universit¢é de Carthage,
Tunisia. (Email: abdessatar.khelifi@fsb.rnu.tn)

TDépartement de Mathématiques, Faculté des Sciences de Bizerte, Université de Carthage,
Tunisia. (Email: soussenboujemaa2013@gmail.com).



general approach of this paper can be extended to other investigations such as the
context of interface problems related to electromagnetic boundary measurements,
and to develop complete and precise asymptotic expansions of both eigenvalues and
eigenfunction associated to full Maxwell equations as a generalization of the previous
results. Thus, it will be easy to provide accurate energy estimates and reconstruction
procedures of interfaces from measurements of these eigenvalues and eigenfunctions.
Time-harmonic Maxwell equations occur in many applications and frequently in-
volve non homogeneous domains, making boundary integral formulation advanta-
geous. But, compared with other elliptic problems such as the Helmholtz equation
Maxwell equations pose supplementary difficulties in boundary conditions. More
precisely, boundary conditions are formulated in terms of tangential components of
magnetic and of electric fields. In fact, this difficulty requires spaces so that traces
and operators defined by integral equations are continuous, leading in a natural way
to variational formulations in specific Hilbert spaces. Beyond electric field integral
equations, to the best of our knowledge, no theory existed for boundary layer tech-
niques related to Maxwell equations by providing complete asymptotic expansions
of solutions with respect to shape variation parameter.

Let © be a bounded domain in R?, d = 2 or 3, with a connected Lipschitz bound-
ary 0f). Let v denote the unit outward normal to 0f2. Suppose that {2 contains a
small inhomogeneity D of the form D = z + § B where B, is a bounded Lipschitz
domain in R¢ containing the origin, and § is the order of magnitude of the diameter
of the inhomogeneity. We assume that the domain D is separated apart from the
boundary. More precisely, we assume that there exists a constant ¢y > 0 such that:

dist(z,09) > ¢o > 0. (1.1)

Let € be the (real) electric permittivity and u the magnetic permeability of
the domain 2 containing different materials. The time-dependent linear Maxwell
equations in ) take the form:

{ V x E(x,t) = —u(x)oyH(x,t), for (x,t) € Q x (0,00), (1.2)

V x H(z,t) = "(x)0 & (x,t) + Tp(x,t), for (x,t) € Q x (0,00),

where £ € C? is the electric field and H € C? is the magnetic field. But, J ¢ is the
free current related to the field £ by J; = o0&, where o represents the conductivity
of the medium.

In this paper we study the time-harmonic solutions to these equations, we con-
sider special solutions of the form:

E(x,t) = R(E(z)e” ™)  and H(z,t) = R(H(z)e ™), zeQ,t>0,

where w > 0 is a given frequency, and where the C? valued fields E(x) and H(x)



satisfy the time-harmonic Maxwell equations:

{v x E=iwpH in Q, 13)

VxH=—iweE in Q,
where e(x) = ¢"(z) + i#, for € Q2 means the complex permittivity.

Now, one can eliminate the magnetic field from the above equations by dividing
the first equation in (1.3) by u and taking the curl to obtain the following system of
equations for E:

Vx(p'VXE)-—w?E=0 inQ. (1.4)

Having found the electric field E, we then obtain the magnetic field H through the
formula:

1
W
It is well known that to get particular non-trivial solutions to (1.4), one can prescribe
non-trivial boundary conditions for E x v, on the boundary of the domain © with v
means the outward unit normal to €.

Let py > 0, f¢ > 0 and o denote the permeability, the (real) permittivity,
and the conductivity of the background medium, by means of g9 = p° + 972 de-
notes the background complex permittivity. Also, we denote by p; > 0, €] > 0
and o respectively the permeability, the (real) permittivity, and the conductivity of
the inhomogeneity with e; = £1° + ¢7} means the associated complex permittivity.
For simplicity, we shall assume that all these parameters are constants and that
op << wep’, 01 << wel® In that case eg = ¢(° and €1 ~ €]° . We denote by
k = w,/ep > 0 the wave number, where w > 0 is a given frequency.

Using this notation we introduce the piecewise constant magnetic permeability:

Ho> :EEQ\Ea
= 1.6
e {Ml, L (L6)

If we allow the degenerate case 6 = 0, then the function p,(x) equals the constant

to- The piecewise constant electric permittivity, €5 is defined analogously. The

electric field in the presence of the inhomogeneity, is denoted Eg. It is the solution

to the following Maxwell’s equations:

{v x (EV xEs) —w?esEBy =0 inQ, an
Es xv=g, ondf,



where g is a tangential field on the boundary 02 that furthermore belongs to an
adequate Sobolev space.

Considering (1.5), we find that the magnetic field Hy solves:

V x (év x Hs) —w?usHs =0 in Q, (1.8)
%(VXH(S)XZ/:g, on 0f). ‘
The equations in (1.7) may alternatively be formulated as follows:
V x (VxE;) =wupeoEs, V-(Es)=0 in Q\D, (1.9)
V x (VX Es) =w?ueBs, V-(Es)=0 in D, (1.10)
Es X v is continuous across 0D, (1.11)
1 1
— (VxE§) |y xv——(VXEs)|l-xv=0 ondD, (1.12)
Ho Hy
eoEs|l+ -v—ea1Es|_-v =0 on 0D, (1.13)
Es xv=g ondQ. (1.14)

Here v denotes the outward unit normal to D (and to 0); superscript + and
— indicate the limiting values as we approach 0D from outside D, and from inside
D, respectively.
The electric field, Eg, in the absence of inhomogeneity, satisfies:

V x (VxEy) =w?ugeoEo, V-(Eo)=0 in Q, (1.15)
Eoxv=g ondf. (1.16)

We assume that
"w is not a resonant frequency for the problem (1.15)-(1.16)" (1.17)

and so by assumption there exists a unique solution (Eg,Hp) € [H( curl ,Q))? =
{v € L?(Q)3, curl v € L?(2)3}? of (1.3) if § = 0.

It has been shown in [4] that assumption (1.17) insures also well-posedness for
the d-dependent case for § sufficiently small, that are problems (1.3) and (1.9)-(1.14).
The main achievement of this paper is a rigorous derivation, based on layer potential
techniques, of complete asymptotic expansions of Eg x v, Hy x v, V X E5 X v as
0 — 0.

These formulas generalize those by Vogelius and Volkov [20, 14], where only solutions
with a transverse electric and a transverse magnetic symmetries were considered. In
[2, 4, 3], Ammari et al. have also derived formulas for the perturbations in boundary
integrals of solutions to the time-harmonic Maxwell equations. Thanks to electro-
magnetic potentials, we decide to go more in this line of work, and to advance the



generalization of related previous results. For example, in [2] we have presented only
formal derivations of asymptotic expansions of the solutions to Maxwell equations.
Moreover, these results are based on Lippman-Schwinger integral representation for-
mula which provides us only with asymptotic formulae at lower orders. Conversely,
in the present paper we use layer technique methods based on formulations intro-
duced before in [2, 18, 19] and used in several works of Buffa et al.[6, 7] and Costabel
et al.[10, 11, 12, 13]. Additionally, we refer the readers to the works [17, 16]. These
authors have used different techniques from harmonic analysis to develop a theory of
boundary integral equations for the time-harmonic Maxwell equations on Lipschitz
domains. For a same approach, we find the potential work of Ammari and Kang in
[1] where a complete asymptotic expansion of solutions to the Helmholtz equation is
obtained. Moreover, the general approach developed in this paper could be carried
out to obtain more precise asymptotic formulas for the full Maxwell’s equations than
those derived in [3] and [5]. The proofs of our asymptotic expansions are radically
different from the ones found in above cited references. They are based on layer po-
tential techniques and a new decomposition formula of the solution to the Maxwell
equation. This decomposition formula generalizes that introduced by Ammari and
Kang [1] for the Helmholtz equation, and by Kang and Seo in [15] for steady-state
voltage potentials.

We note that our formulas will find important applications for developing effective
algorithms for reconstructing small dielectric inhomogeneities from electromagnetic
boundary measurements which can be applied for medical imagining, breast cancer,
and land mines.

The outline of this paper is as follows. Section 2 is devoted to the introduction
of some notations and preliminaries regarding layer potentials. In section 3, we give
different representations of solution of the underlined problem. In section 4, after
giving an estimate to the difference E5 — Eg, we provide a rigorous derivation of
complete asymptotic expansions of tangential traces of both electric and magnetic
fields. Based on electromagnetic potentials, we provide also complete asymptotic
expansions of the electric field Es(z) for z € Q. For d = 2, we give a rigorous as-
ymptotic expansion of Es(x) at order 2 which generalize the one obtained by matched
expansions in [2] for the time-harmonic Maxwell’s equations with TE symmetry.

2 Preliminary results

We will develop a boundary integral formulation for solving time-harmonic Maxwell
equations. The theory of layer potentials has been developed in relation to the
boundary value problems. In this investigation we will recall and we will use both
electric and magnetic layer potentials for proving our complete asymptotic expan-
sion of solution when the shape parameter § — 0.



Firstly, we present some results on the characterization of traces associated to
Sobolev spaces of interest for Maxwell’s equations.

2.1 Functional spaces

In this paper, we denote by bold letters the functional spaces for the vector fields in
RY. Thus, we denote by D(Q) the space of the 3D vector fields with each component
belonging to C§°(€2) and by D’(Q2) the corresponding dual space. The duality is
denoted by < -,- >p. Moreover, H*({2) denotes the usual Sobolev space on
and H*(Q) denotes (H*(Q))? and L2(Q) denotes (L?(Q))%. As usual for Maxwell
equations, we recall that if the domain 2 is regular, all the definitions here below
make sense and are correct (see [6, 8, 21]). Let us set:

H(curl Q) :={veL*Q); curlv € L*(Q)}, |- | £ curl ;) the graph norm,
H(div,Q) := {v € L*(Q);divv € L2(Q)}, |- | &£ (dgiv ) the graph norm,
={vxv:veH(cul,Q)},
H*(0Q) := (H*(0Q))¢ for s > 0, and H°(Q) := L2(dQ).

2.2 Layer potentials for the Helmholtz equation

Let us first review some well-known properties of the layer potentials for the Helmholtz
equation and recall some useful identities.

Let D be a bounded domain in R%, d = 2,3. We assume that dD is Lipschitz. Let
®,(z) be the fundamental solution for A + k2, that is for = # 0:

7

Pp(z) = ciklz—yl (2.1)
- d=3
Atz — y|’ ’

where H} is the Hankel function of the first kind of order 0. Similarly, the funda-
mental solution for the Laplacian is for x # 0:

1
%ZOQ‘.’B—ZJ‘, d:27

Do(z) = (2.2)

1
4|z —y|’

The single and double layer potentials of the density function ¢ on D is defined



Ship(x) = /8 o= pln)do(y), @R, (2.3)
k 0 d
Dh(x) = /8 Bz = p)do(y), < RN\ 0D. (2.4)

2.3 Electromagnetic potentials
We use some well known results about traces of vector fields and integral representa-

tions of time-harmonic electromagnetic fields. Details can be found in [6, 7, 8, 10, 18].

For a vector function u € (C*(Q))? and a scalar function v € C*°(Q) we define
the traces :

v(u) = ulfag,
Ypir(W) = (V x u)|gq  Dirichlet conditions,
Ynew(1) = (v X curlu)|po ~ Neumann conditions.

It is well known that for s > 0, the traces

7 HT2(Q) - HY(9Q),
Vi V() - HE(09)

are continuous.

According to [18], we can define some useful surface differential operators such that
the tangential gradient denoted by Vg, the surface divergence denoted by divgg,
and the tangential vector curl denoted by curlyg. Now, using previous definitions
we can define the Hilbert space:

TH?(09) := {v e H 2(09Q); v - v = 0,div gov € H /2(00))}
endowed with the norm:
Il g gy -12 00y = 1 lir-22(0) + 148V - [l 712 (00 -

Remark 2.1 The single layer potential defined in (2.83) is applied also to tangent
vectors and, since it is never misleading, we shall use the same notations.

We define the electric potential V¥ generated by j € TH Cﬁ‘l/ 2(8D) by

VEj = kShj 4+ 1/kVSEdivaaj. (2.5)



Analogously, we define the magnetic potential Wf) generated by m € TH (E/ 2 (0D)
by
Whm = curlSpm. (2.6)

The following results can be found in [7, 10, 12], for example.

Lemma 2.2 ([7]) Let B be a bounded domain with a smooth boundary B. Then,
the potentials V¥ and WY defined by (2.5) and (2.6) respectively are continuous

from THC;;im((?B) to H(curl; B). Moreover, forj € THCE/Q(aB) we have, for all
r € RNOB:
(curleurl — K*T)VEj(z) = 0 (2.7)
(curleurl — K I)Wem(z) = 0 (2.8)
where 1 is the identity operator.
Moreover, the following jump conditions hold, on 9D, as given in [7]:
kaDzr(Vf)) = ’YNeu(Wlk?)v (29)
kVDzr(Wg) = ’YNeu(Vg)' (210)

3 Representation of solutions

Our aim in this section is to give a representation of the solution of (1.9)-(1.14)
through boundary layer techniques. This representation generalizes those found in
[1] for Helmholtz Equation and in [15] for the harmonic equation. Our first step in
this investigation, is to extend the well-known Stratton-Chu integral representation
to electromagnetic fields (E, H) € (H( curl ,Q))2.

Recall the well known representation (see for example [7, 11]).

Lemma 3.1 (Stratton-Chu) Suppose that O is a C? regular bounded domain in
R3. Let v be the unit outward normal to 0O, and let (E,H) € C1(0) x C}(O)

solution of the time-harmonic Mazwell equations

VxE—-ikH=0, inO,
VxH+ikE=0, inO (3.1)
B.C, on 00,

where k = w./ug > 0 is the associated wave number. Then for all x € O, we have:

E() = ~Vx | v)xE@o@-y) do@)+Y | vly) E@)o—y) doly) (32
o0 00



~ik [ (o) x B@)B(a ~ y) dotw) + ik [ [V x H) + KB@)] 0~ y) dy
(@]

00
V[V B ) dy+ V[ [V % B() — )] 0~ )
with ® the fundamental solution of the Helmholtz equation.

According to [11], representation (3.2) holds also for (E, H) € H( curl ,Q)xH ( curl , ),
where the boundary values are understood in the sense of weak tangential and nor-
mal traces in H~/2(90).

Now, one can use Lemma 3.1 to get the first integral representation of the solution
to problem (1.9)-(1.14).

Proposition 3.2 Suppose that D is a domain compactly contained in  with a
connected Lipschitz boundary and wave number k. Suppose that we have condition
(1.17). Let (E,H) be the solution of (1.3) and the Cauchy data j = [v X E|sp, and
m = [vxE|gp. Then, if we set jo = v xHplgq, and my = v x Eglagq, we immediately
get:

1
L) j .
Mo€0w2v - ko (2, y)api(y) do(y)  (3.3)

E(z) = - /8 i@ 0)i(0) doly) -

~V x /m Py (7, y)mo(y) do(y) + /89 O, (2, 9)jo(y) do(y)

1

i) j O\D
+u050w2v o ko (T, ¥)a0do(y) do(y), for x € Q\
and,
. 1 ;
E(z) = / By (. )j(y) do(y) — ——V / (2, y)oni(y)doly), forz € D,
oD HEW oD

(3.4)
where Py, is given by (2.1).

Proof. Let E(z) be the solution of the problem (1.9)-(1.14). Then, with the
Stratton-Chu representation formula (3.2), we may represent the solution E(x) in
as follows:

B(r) = ~Vx /a )X B)e—y) e [ o) B Ba—) doly)

(3.5)

S [ ) <A@y o) ik [ (VX B +RE) By (o) dy
80UaD (Q\D)uD



V[ VE@®ye—y) dy+Vx / _ (VxE(y)—ikH(y)) @ (z—y) dy;
(\D)uD (Q\D)uD

where,

~ E(), in Q\b, o~ Ho, in Q\ﬁ,
E= ., H=
E, in D, H, inD,

and f — ko, in Q\D,
k, in D.

For more details about the proof of last integral relation, we refer the readers to
[18] and [9].
Now, inserting relations found in (1.3) and (1.9)-(1.10) into last relation (3.2), imme-
diately volume integrals vanish. Thus, to get the desired results we insert appropriate
boundary conditions. O

Based on the trace operators and the results found in Proposition 3.2, it is easy
to prove the following transmission conditions.

Lemma 3.3 Suppose that we have all hypothesis of Proposition 3.2. Let f = Hg X
vlga, and g = Eg X v|pq. Then, ifj € THd_iim(@D) solves (3.3)-(3.4) for E solution
of (1.9)-(1.14), the following boundary conditions hold:

g(z) = (Vf(x) + Wie(@)) x v(z) — VRj(z) x v(z), x €09,

(3.6)
~VEi(x) x v(z) = (VRE(z) + Wirg(a)) x v(z) — VRi(z) x v(z), € af),?)
3.
—e1Vpi(a) - v(z) = eo (Vi E(z) + Wig(x)) - v(x) — oVRi(z) - v(z), =€ af), |
3.8
—iv’,gj(a;) x v(z) = i(vg)f(a:) +WEg(z)) x v(z) (3.9)

H1 Ho
1
—M—Vg’j(:v) xv(x), x€dD.
0

The potential operators V¥ and WE are defined by (2.5) and (2.6) respectively.

The following result gives the counterverse of that proved in Proposition 3.2.

Theorem 3.4 Suppose that we have all hypothesis of Proposition 3.2. Let jo =
v x Holaq, and mg = v X Eglaq. Then, if j € THd_iiﬂ(@D) solves (3.8)-(3.4), the
vector valued function E given by:

E(z) = =V{jo(x) - Witmo(z) — VRj(z), for z € Q\D, (3.10)

10



and,
E(z) = —VEj(z) forzeD (3.11)

solves the problem (1.9)-(1.14).

Proof. According to (2.7)-(2.8) and Remark 2.1, the potentials VSO and WSO
satisfy the Maxwell equations. Then, in each case (in Q\D or in D) the integral
representations of E satisfy the Maxwell equations (1.9)-(1.10). It remains to prove
that the boundary conditions (1.11)-(1.14) are satisfied if the density j satisfies a
specific equations. But, by simple computations in (3.10) and in (3.11), one can
deduce easily the desired boundary conditions from relations (3.6)-(3.9) given by
Lemma 3.3. Our result is then proved. O

To explain more our principal results in this paper, we may exploit Proposition
3.2 to expand solution of (1.9)-(1.14) into different terms. This technique was used
firstly by Kang and Seo in [15], and later was more developed by Ammari and Kang
in [1] for Helmholtz problem. Our strategy, now, is to go more with this method by
providing a generalization to time-harmonic Maxwell equations. Then, the following
main representation holds.

Theorem 3.5 Suppose that we have all hypothesis of Proposition 3.2. Let E be the
solution of (1.9)-(1.14) with £ = —yx.,(Eloq) and g = —vp;-(E)|oq. Define
H(z) = VEf(z) + Wig(z), = eRNIQ, (3.12)

and let (j,m) € TH(E}/Q(()D) X TH(;}}M(@D) be the unique solution of
Vhixv—Vimxv=Hxv ondD,
HilfYNeu (Vf).]) - jl()fYNeu (Vf)om) = 'uliof)/Neu(H) on 8D, (313)
€1ng N 2 60V§0m V= SUH ‘v on dD.

Then E can be represented by:

B(z) = { Vg)m(x) +H(x), z€Q\D, (3.14)

| VEj(z) =z eD.
Moreover, ¥ n € N, there exists a constant Cp, = C(n, <, dist(D,08)) indepen-
dent of |D| such that

HHch(b) <Cp (3.15)

||gHTH;“1)/2(8Q)

Proof.  From Lemma 2.2, we know that the electric potential operators Vﬁom(:n)
and the magnetic potential operator Wg’m(:n) satisfy the Maxwell equations (2.7),

11



(2.8) respectively. Then, the vector valued function H defined by (3.12) satisfies
the same Maxwell equations. Moreover, the fact that the densities j and m solve
uniquely the system of equations (3.13), we conclude that the field E given by (3.14)
solves the equations (1.9)-(1.14). From Lemma 2.2, we know that the electric po-
tential operators Vg’m(m) and the magnetic potential operator Wg’m(w) satisfy
the Maxwell equations (2.7), (2.8) respectively. Conversely, to justify representation
(3.14), we may use Theorem 3.4 which guarantees that representation (3.14) solves
the problem (1.9)-(1.14). So that by uniqueness condition, the solution E satisfies
(3.14).

The representation formula (3.15) was proved in [15] for the steady sate problem,
and in [1] for the Helmholtz problem and it is easily seen that the same proof works
for the full Maxwell equations.

Based on definition (3.12), it is not hard to find a positive constant C' = C(n, dist(D, 02))
such that:

where f = curl E X v|gq, g = E x v|pq and n a positive integer.

To obtain our main estimation, we may use the natural weak formulation of the
electric problem that, for E € H( curl , ):

a(E,v)=1[(v) forall ve H(curl,), (3.17)

where the conjugate-linear functional I(v) = / g -V do is to be interpreted as

0N
the duality pairing on 9f) between the appropriate spaces of distributions and test
functions. But, a(E, v) denotes the sesquilinear form:

1 -
a(E,v) = VxE-vadw—w2/5E-vd$.
QM Q

It is well known that if w? is not an eigenfrequency of the Maxwell problem (1.3),
the solution E is the unique solution to weak formulation (3.17) such that:

||E||H( curl ;) < CHg”TH;lp(BQ)’ (318)

where the positive constant C' depends only on the medium parameters p, €, py and
€0-

Let v € TH(;\I,D(@Q). For such a datum v, let us consider v € H( curl ;) such
that:

(3.19)

v=vXxv, onodf,
H{’HH( curl ;) < CIHVHTH(;},M((?Q)’

where C7 = C1(Q) is a positive constant depending only on 2. Note that affirmation
(3.19) can be deduced from [3, 5].

12



Analogously to formulation (3.17), we may write a formulation for the magnetic
field H as follows:

1 -
/ f-vda:/szpH-vada:—wQ//ubH-vd:c, (3.20)
o0 Q¢ Q

where v is a smooth function, with ¥ = 1 in a neighborhood of 92 and ¥» = 0 in D.
Now, applying Cauchy-Schawrtz inequality to relation (3.20), we immediately get:

[ 19 do| < O(I¥ %l | + 1E8] ) 19t o

By relation (1.5), the following holds:

| /89 f-v dO” < C’HE'”H( curl 7Q\ﬁ)”‘7||T]1(;l/v2(aQ)
Thus, using (3.19) we immediately get:

‘ \/(99 f-v dU‘ < CHEHH( curl ,Q\E)HVHTH;/VQ((?Q)
Since v € TH, ji/VQ(OQ) is arbitrary, we obtain:

”f”TH;i/z(aQ) < ClEl g cunt 0\

where C' depends only on dist(D, 02). Note that our last inequality agrees with the
result sated by Buffa et al. in [7].

Now, It follows from (3.18), that:

Therefore, inserting last estimation into (3.16), we obtain:
||HHC"(5) < C”g”TH(;‘II/Z((?Q)’
where C,, = C(n,Q,dist(D,09)). This achieves the proof. O

Due to jump conditions (2.9)-(2.10), the following representation formula for the
solution H to (1.3) holds.

Corollary 3.6 Suppose that we have all hypothesis of Theorem 3.5. Let H be the
solution of (1.8). Let H be given by (3.12) and let (j,m) € L?(0D) x L*(0D) be the
unique solution of

{mu(ng)—mu(wg)m) =L Hxv ondD,

LW

. 3.22
H—ll(WB]) X U — /%O(ngom) X V= ﬁnyw(H) on OD. (3.22)

13



Then H can be represented by:

oW oW

L xVhj(x) ze€D.

TUW

H(z) =

{ LV x Vim(z) + -V x H(z), z<€Q\D, (3.23)

To establish a more explicitly representation formula for the electromagnetic
fields (E, H), we need to introduce the 3 x 3 matrix valued function GO that is the
solution to:

1
curl — curl G%(z,y) — w?eoGO(x,y) = —6,I in Q,
o (3.24)

GO%z,y) x v =0 on 9.

Here I is the 3 x 3 identity matrix.

For Lipschitz domain D C €2, we define:

Gpyp(z) = - GOz, y)p(y) x v(y)do(y), =€, (3.25)

where ¢ a vector valued function. Similarly, we introduce:

Gpy(z) == /BD curl GO(z, ) ¥ (y) x v(y)do(y), =€, (3.26)

where v is a vector valued function, and GY is the 3 x 3 matrix valued function
solution to:

1 -
curl — curl G%(z,y) — w?uGO(z,y) = —0yl in Q,
€0

% curl GO(z, ) x v =0 on Q.

1
On other hand, let fo = Ho X v = -
iphow

V x Eg x v. Then, by the divergence

theorem we get:
Eo(z) = Vidfo(z) + Wg(z), z € Q.

Now using above results, one can obtain the following representations.

Theorem 3.7 Suppose that D is a domain compactly contained in ) with a con-
nected Lipschitz boundary satisfying (1.1). Let E be the solution of (1.9)-(1.14).
Then, for the electric field we have the following representation formula:

VxE(z) xv(z) =V xEg(x) xv(z) +V x Gpm(z) x v(z), z€0dQ, (3.27)

where m solves (3.13).
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Suppose (1.1) is satisfied, the magnetic field satisfies the following representation
formula:

V x H(z) x v(z) = V x Ho(z) x v(z) + V x Gpj(z) x v(z), =€, (3.28)
where j solves (3.13).

4  Full asymptotic formula

In this section we derive higher-order terms in our asymptotic expansions for the
perturbed Maxwell’s equations. As stated in the introduction, we restrict our deriva-
tion to the case of small inhomogeneity. We assume that this inhomogeneity D has
the form D = §B + z, where z € Q and B is a bounded Lipschitz domain in R?
containing the origin.

Let us introduce the following Hilbert space:
Ho(curl ,Q):={uecL?Q)3: VxueclL?Q)? vxu=0 ondN}.

It is well known that Hy( curl , ) is a closed subspace of H( curl , ) endowed with
same norm.

The following result holds.

Theorem 4.1 Suppose (1.1) and (1.17) are satisfied. There exists 0 < 0y such

that, given an arbitrary g € TH%}}M(@Q), and any 0 < § < &g, the boundary value
problem (1.9)-(1.14) has a unique (weak) solution Es. The constant §y depends on
the domains D,S), the medium parameters pg, pq,€0,€1, the frequency w, and cg.
Moreover, the following ascertions hold:

(i) The norms of the field Es € H(curl,Q) are uniformly bounded:
IC>0; Ve [07 60]7 ||E5||H(curl,Q) <C.

(i) The following convergence estimate holds:

3C >0, Y5€(0,60), [Es — Eollmy(eurr) < C2.

The constant C' depends on the domains B, 2, the medium constants pi, g, €1, €0
and cy, ||gHTHJuI,/2(89)’ but is otherwise independent of parameter §.

Proof.  The existence and uniqueness of solution to problem (1.9)-(1.14) can be
followed from Theorem 1 of [4] when a similar study was done for magnetic field.
Also, we refer the reader to same result found in [2] for time-harmonic Maxwell’s
equations with TE symmetry.
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(i)

(i)

This uniform boundness can be deduced from the fact that Es — Egas § — 0
and by replacing, in (3.18), E by Es for 0 < § < dg.

Since both fields Es and Eg satisfy the same boundary condition Es§ x v =
Eg x v = g on 912, the function Es — Ey belongs to Hy( curl ,Q), and for any
v € Hy( curl ,Q):

1
as(Es — Eo,v) = —V x (Es—Eg)-Vxv-— w2/ es(Es — Eo)v
Q Hs Q
11 )
= (7—7)VXEO'VXV+U) (61—60)EOV dx,
z+6B L Mo M1

where 0 < § < §g. Subsequently, the term

1 1
|/ |:(—)VXEU'VXV+W2(61_€O)EOV:| dz|
z+6B L Mo M1

is bounded by

C(I[EollLz(:+sm) + IV X Eoll2e168)) VI H( curl ,0)-

In view of the fact that Dy is bounded away from the boundary 02 (see (1.1)),
standard elliptic regularity results give that:

{ [[Eo||Lee(ps) < ClEol|fr( cur ,0) < CHgHTH(;i/z(m),

IV % Eollro(y) < ClIEolliceu.0) < Cllellpp-12 0

and so,

d
[EollL2z+5m) + IV X Eollr2(:165) < 62V/|BI([|EollLee(ny) + 11V X Eol|Lee(ny))

d
< (62 \/@HgHTH(E/Z’(aQ)'

Now, replacing in the formulation (3.17) E by the difference Es — E. It then
follows from relation (3.18) that:

d
[1Es — Eol| o (curt ,0) < C2/ !BIHgHTHCE/z(aQ)-

Consequently
d
HE6 - EOHH@( curl ,Q) < Coz, for 0 <4 < do,

exactly as desired.
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0

To reveal the nature of the perturbations in the electric field, we introduce the
local variables y := *5* € B for § # 0 and x € 9. So that, for y € 9D we may set:

js(y) =i(z + dy),
m;(y) = m(z + dy), (4.1)
Hs(y) = H(z + 0y).

Inserting the above notations into (3.13) we can show that, for § small enough, the
following estimate holds.

Proposition 4.2 Suppose that the domain D = z+ dB satisfies (1.1). Let (j,m) €
L2(0D) x L2(0D) be the unique solution of (3.13). There exists § > 0 such that
for all 0 < § < 01, there exists C independent of 6 such that:

lillL2@m) + IImll2@ap) < C (0 HIH x virzep) + IH X VL2 @n))- (4.2)
Let N € N, and define
N
Hy(z) = |<z:o a(&%ﬂ)(z)(m - 2)S, (4.3)

where H defined in (3.12). Regarding (3.13), we see that for n > N there exists
unique solution (j,, m;) to the following system:

le%.]n($) - Vfgomn(x) =Hpr1 Xv on dD,

. 1 4.4
—YNeu (Vg.]n) — —YNeu (Vf)omn) = 7’7Neu(Hn+1) on 0D. ( )
Ho 231 Ho

Therefore, combining both relations (3.13) and (4.4) with (4.2), we immediately get
for the obtained solution (j — j,,m —m,) € (L? (8D))2 the following estimate:

13 = Jnlleop) + lm — my|[2op) < 0(5_1“(7'( — Hn+1) X v||L2aD) (4.5)

+||( curl H — curl Hp41) % I/HL2(3D)).
Let Eq be the solution of the background problem (1.15)-(1.16). Then, the pair

i
(Jo = —V x Egloa x v,mg = —Eq|gq X v) is well known and allows us to define
How

the pair (F, F') of regular matrix valued function that satisfies:

Vx [ F(z,y)jo(y)do(y) x v = jo(z), (4.6)
oD

/ F(z,y)mo(y)do(y) x v = mo(z). (4.7)
oD

Using above notations, the following uniform asymptotic expansion holds.
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Proposition 4.3 Let (js, mg) be defined by (4.1) where (j,m) solves (3.13). Then,
(js:m5) € TH,*(9D) x THy,/*

v (0D) 1is the unique solution to the following equa-
tions:

{ Vgéj(;(y) — Vgo(smg(:c) =Hs xv on dB, (4.8)

VX(/%OV?L;—;IIVEO(SIHJ)XV:;TIOVXH‘SXV on 0B,

where the electromagnetic potentials Vg& and Vgo(s are defined by fundamental solu-
tions Wys and Yy, 5, respectively.
Moreover, there exists do > 0 such that the magnetic density js can be represented
uniformly for x € 0 as follows:

35<x>—jo<x>=<5*jf Vx| F(y)iolu)doly) x v (4.9)

+Mva x Gpmy(z) X v(z) + O™ ), 0<§ < s,
1

where jo = uova x Eolga X v and m,, was defined in (4.4).

Suppose that above conditions are satisfied, the electric density mg can be repre-
sented uniformly for x € 02 as follows:

8 ~
ms(a) — ma(w) = (2= 1) | Fla.ypmo(u)daty) x v (4.10)
D
—iv x Gpjn(x) X v(z) + O"), 0<6< 6,
1
where my = —Eq|gq X v and j, was defined in (4.4).

Proof. Let m,, be the solution of (4.4). Then, inserting the term V x Gpmy,,(z) x
v(z) into relation (3.27), we immediately get for = € 9

V x Es(z) x v(z) =V x Eg(z) x v(z) + V x Gp(m — m,)(z) x v(z)
+V x Gpmy,(z) X v(zx).

In view of (1.5), we obtain that:

is(@) — Z—gjo(x) _ H:wv « Gp(m — my)(z) x v(z) (4.11)

]
+—V x Gpmy,(z) X v(z).
Hrsw
As a consequence,
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is(2) = Jofe) = (42— 1)) + ,LV % Gp(m - m,)(z) x v(x)

1
+—V x Gpm,,(z) X v(z).
- () x ()

So that by integrating last relation in D, we get for x € 92

55(2) —jo(@) = ("2~ 1)jo(x) + ——V x Gp(m —my)(2) x v(z)  (4.12)
My W

)
+—V x Gpm,(z) x v(x).
VX Gpmy(a) x o)

Inserting (4.6) into relation (4.12), we immediately get:

is(o) ~Jole) = (22 =) x /8 Pl piow)do() x v

—i—LV x Gpmy,(z) x v(z) + L.V X Gp(m — my,)(z) x v(z). (4.13)
H1w H1w

On the other hand, by relations (1.1) and (1.6) we naturally get:
L
Hiw

V x (Gpy) x V|Le@axon) < Cllelli2 o)

where C' is a positive constant independent of . Replacing ¢ by m — m,,, it then
follows from (3.25) that:

1
HM—WV X (Gp(m —my,)) X vl @axon) < C|oD|)?||m — my |2y (4.14)
1

To estimate the term |[[m — my,||y29p), we may use firstly the definition of H;,41.
So that,

IHxv—Hos1xV||L2(0p) < ClODY2(|Hxv—Honi1x||Leo(op) < C1lOD]Y28" 2| H|| cnsa )
Then, as before we obtain that:

IV X (H = Hny1) X V| p29py < VIOD[|V x (H = Hns1) X vl L (aD)
< | Hllgns1(my |z = 21" /10D
< Co6™ 1/ |0D||Hl| ot (13-

Thus, by Theorem (3.5) and relation (4.5) we immediately get:

Im — my|r2p) < (Crcnyz + C2Cn+1)HgHTH;y(aQ)WH\/ 0D|.
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So that,
lm — my[|z2op) < ¢,/ |0D|6" (4.15)
Finally, inserting (4.15) into (4.14) we get for all x € 9 that:

1
HEV x Gp(m —my,)(z) X v(z)|| e @axop) < ¢,6"0D] = Cr6" .
1
The proof of (4.9) is achieved by inserting last estimation into relation (4.13). For-

mula (4.10) for the density ms follows in a manner completely similar to that for
(4.9). O

The main result of this paper is the following full asymptotic expansion of the
tangential trace of electromagnetic fields.

Theorem 4.4 Suppose that the domain D = z+0B satisfies (1.1), and assume that
we have all hypothesis of Proposition 4.3. Let Egs be the solution of (1.9)-(1.14) and
suppose that condition (1.17) is well satisfied. The following pointwise asymptotic
expansion, for the electric field, on OS2 holds for d = 2,3:

(Bs(x) — Eo(x)) x v(x) = (4.16)

n

1-9 > l'a\Plagﬁ(x, z) / Pmg () do(t) x v(z)

€1 |p‘:0p- OB
n+1 n+1—|p| _
5d 'y Z 5lp\+\q‘ (0PH)(2)9IV x (Gpay,) x v(x) + O(6™ 1),
[p|=0 |q|=0

with p,q € N are multi-index and apq =i [, jq(t)tF do(t).
Suppose above conditions are satisfied, the magnetic field satisfies the following as-
ymptotic expansion formula, for x € 0S):

(Hs(x) — Ho(x)) x v(x) = (4.17)

(110 S Loy orp(s, 2) /6 0ot v(o)

251 Ip=0 b:

n+1 n—[p[+1
5d DY 75@'“(1' (8PH)(2)9IV x (Gpbyy) X v(z) + O™,
Ip|=0 |q|=0

where bpg =i [ my ()t do(t). In both asymptotic formulae, the term O(0™) is

dominated by C(SnH”gHTHd‘ii”(aQ) for some C independent of x € 0.
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Proof.  The proofs of (4.16) and (4.17) can be done by a similar way. So that, we
may only prove (4.17). Let ¢ € N% be a multi-index. Since D = 6B + z, one can use
the change of variables y := 232 (§ # 0) to expand G%(z, 6y + z) asymptotically as
0 — 0.

Then, for x near 012, z € Q and t € 0B and for ¢ sufficiently small, we get:

> sl
GOz, 0t + 2) := Z (Sc'agGO(:E,z)tC. (4.18)
<l=0 >
So that, from (3.25) we obtain:
— o0 sl¢+d—-1
Gole(" 55 = Y %) [ g dot). (419)
- OB

I¢|=0
Now let (j¢,m¢) be the solution of:

VEjc(z) - Vi’me(z) =v x Z  on 9B,

1 : 1 5 1 4.20
—VNeu (VEJJC) — " VNeu (VEO mC) = 77Neu(Z<) on OB ( )
Ho H Ho

where Z; = z¢, and ¢ is a multi-index. If (j,, m,,) is the solution of problem (4.4),
then one can use definition (4.3) to expand:

n+1 5\C|

). (4.21)

The density j, can be expressed analogously. On other hand, for z near 99, z € 2
and t € 9B and for § sufficiently small, we have:

o sl
F(x,0t+ z) := Z (SC!agF(x,z)tC.
I¢[=0
Therefore,
| Fewitidot) = [ P00 422)
oD oD
> sl
= (S'ﬁgF(m,z)/ jo(t)tS do(t).
=0 ¢! oB
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Now inserting both relations (4.21) and (4.22) into the expansion (4.9), we im-
mediately get for z € 9Q:

3i(@) = jo(@) + (12 1) 37 L5HIV x a2 F (2, 2) / Pio(t)do(t) x v(z)

H1 Ip=0 oB
. n+l (5'4‘ T— 2
T Z aCH )V x Gp(me(5—=2)) x v(z) + O(6"HY). (4.23)
1w
¢|=0

Observe that js = v X Hs and jo = v x Hp, then we obtain:

n

1 .
H;(2)xv(z) = Hg(x)xv(x)—l—(l—Z—(l)) 1;0 ﬁalp\wagp(x, z) /8 N Pjo(t)do(t) xv(x)

(4.24)
n+1 (5C| T— 2
aCH )V x Gp(me(—)) x v(z) + O(5"*H).

To achieve the proof, we insert (4.19) into uniform expansion (4.24) and we put

byg — i / my () do(t).
0B .

As a consequence of previous results, we have the following complete asymptotic
expansions.

Corollary 4.5 Suppose that we have all hypothesis of Theorem 4.4. The following
pointwise asymptotic expansion on OS2 holds for d = 2, 3:

V x Eg(z) x v(z) = %v x Eo(z) x v(z)+ (4.25)

n

iw(py — o) Z ;!(le X 6§F(;U,z)/ tPjo(t)do(t) x v(x)

|p|=0 oB

n+1 n—|p|+1
SN @) ()19 % (Gibyg) X v(e) + 05",
Ip|=0 |q|=0 rlg!

where bpg =i [ mgy ()t do(t). In both asymptotic formulae, the term O(0™) is

dominated by C(S"HHgHTH_l/z 69) for some C independent of x € 9S).
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We now proceed to construct an asymptotic expansion of the electric potential
Vh.
Recall from (2.5) that,
Vi = kS + 1/kVShdivaae,
where ¢ € L2(0D) is a given density. According to (2.3) and Remark 2.1, we have:
Sheta) = | aulep)doty)

Therefore,

Shote) = [ antep 5 )dol) =5 [ (o, x o+ dpp(t)int)

On other hand, for x near 02, z € Q2 and t € 9B and for ¢ sufficiently small, we
have:

> sl
Op(w, 0t +2) = »_ F@gtﬁk(x, ).
¢|=0
Then,
> glpl+d—1
Ship(a) = 020(z.2) [ o(t)doe).
Ip=0 p! 0B
Consequently,
o lpl+d-1
VEp(z) = — k02 ®p(x, 2) / tPo(t)do(t) (4.26)
=0 0B

+1/EVOL Oy (x, z)/ tPdiv ppp(t)do(t)].
oB
Now, we state the following complete asymptotic expansion in €.

Theorem 4.6 Suppose that we have all hypothesis of Theorem 4.4. Let GO be the
solution of (3.24). Then, the following uniform asymptotic expansion for x € )
holds:

Es(x) = Eo(x)—d%[(1- 5 i (552, 2) + w*(1=0)e1 (85 2, 2)]
+ 8N (1= By (832, 2) + w?(1—0)ex (83 2, 2)
G2\ (1= EDhy(8; 2, 2) + w?(1—0)e3(6: 2, 2) | + O(6™FY),
where fori € {1,2,3}, the functions (e;,h;) € [H(curl,Q)]? are analytic with respect
to & and satisfy e;(0;2,2) # 0, hy(0;2,2) # 0. The term O(6™Y) is dominated by

C5”+1||g|\TH_1/2(aQ) for some positive constant C independent of the geometry of
div
the medium .
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Proof.  First of all, we note that the problem (3.24) has a unique solution since
w is assumed not to be a resonant frequency for the problem (1.15)-(1.16). For any
x € Q we now get, from use of (3.24) and integration by parts,

Bo(e) = Boo) +iwll— 1) [V, x GOy Hay) dy
Ho Jz+6B (4.27)

— w28 — & OCC .
(1 — <) /MBG (2,9)Es(y) dy

Based on Theorem 3.5, we may use (4.27) to develop the desired asymptotic formula
for all z € Q.

Before formulating this, we need to develop the following;:
/ V, x GO(z,y)(y) dy = (5d/ Vi x GOz, 2 + 6t)(t) dt.
z+6B B

Using expansion (4.18), we obtain:

I¢1+d
/ V, x GOz, y)(y) dy = Z 0 V. x 95G%(z, 2 / Y()C dt.  (4.28)
+3B o ¢
Similarly,
sl¢l+d
GO(z,y)(y) dy = Z GCGO (z,z / ()¢ dt. (4.29)
Hop = ¢

Now using representation (3.14), we get for x € D that

E;(x) = Vp(js)(2)-
So that by (4.26), we get for x € D:

> gl
Z 7' (k02D (2, 2) / tPjs(t)do(t)+1/kV POy (z, 2) / tPdiv o5 (js) (t)do(t))].
— oB oB
Consequently, by using relation (4.23) we obtain:

= 5|p‘ 1Y P3 P P ;5 3
Es(z) = lpzo [k, 2) /8 Pio(0)d(0)+1 /K001, ) /6 v a(io) ()do(t)

nt 1 nA L7 Ipl i)t g)

1 NO(Sdlz

i p|=0 |q|=0

[k:@g@k(x,z) /BB P (VxOIF(t, 2)/8 s%jo(s)do(s)xv(t))do(t)

plg! B
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+1/kVoL®(z, 2) /

tPdiv 95 (V x 0IF(t, z)/ s%j0(s)do(s) x I/(t))da(t)}
oB

oB

nt1 AL fpl bl =|pl=la] gip|t(g|+(¢|

62d ZZ Z

PI=0 |g/=0 =0 plq!(! [kﬁﬁ@k(m,z) /aBtP(GQH)(z)(?ng(GquC)xy(t))dg(t)

+1/kVOP Oy (x, 2) /

| divop (07H)(2)5V x (Gpbye) x y(t))da(t)] + o>,
B

(4.30)
Therefore, inserting (4.30) into (4.29), we get:

ol nAlolel sialtip)
JILERT-NORTEED SRS 026%.2) [ {rorane.s) [ )it
z+6B B oB

Inl
alpl
|a|=0 |p|=0

F1/EVOP D (¢, 2) /

sPdiv 3B(j0)(s)da(s)}(t)ta dt
0B

n+1 nt+l—|a| n+1—|a|—|p| 5\a|+|p|+|q|

Mo 52d DYDY 3 OM@?G“(w,z)/B{kaf%(t,z)x

|a[=0 |p[=0 lg|=0

/ sP(V x 99F (s, z)/ 7jo(7)do (1) x v(s))do(s)
0B

0B
T950(T)do(T) X V(S))do‘(s)}(t)ta dt

n+l ntl-falnti—fpl=lalnti=lpl=lal=lal cja|+|p|+(gl+[c]

53d 22 Z Z

|a|=0 |p|=0 lg|=0 [¢|=0

{horay(r.2) /8 S0 * (Gobig) x () do(s)

F1/EVOP D (¢, 2) /

sPdiv o (V x 9IF (s, 2) /
0B

OB

alplg!(!

0°GO(x, z)/

B
+1/EVOPD(t, 2) /83 sPdiv 5B (8qH)(z)8§V X (Gpbge) x V(s))do'(s)}(t)to‘ dt
+0(5™). (4.31)

To simplify the above formulations, we may define:

enp(,2) = 8?(}0(1:,,2)/

B

{koro(t, ) /8 _ in(s)do(s)
+1/kV 0Dt 2) /a shdiv o1(jo) (s)do(s) } () dt,
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Com(2,) 1= (1= 2026w, 2) [ {02t 2)%
1251 B

/ sP(V x 82F(s,z)/ 7%o(1)do (1) x v(s))do(s)
oB

oB

1V OPD (¢, 2) /

sPdiv op(V X IF (s, 2) /
OB

790 (T)do(T) % I/(s))da'(s)}(t)ta dt
oB

and

Capc(@.2) 1= —=07G%a,2) [ {korwu(t2) [ (0702067 x(Gbyg) o)) do()

1RV OP D1, 2) /

sPdiv o5 (97H)(2)05V x (Gpbyc) x V(s))da(s)}(t)to‘ dt.
OB

Consequently, (4.31) becomes:
o b el salpp
JIR=LER A RTET I DD D e
b al=0 =0 "

n+1 n+1—|o¢\ n+1—|a\—\p| 5‘Oc|+|p|+|q|

_ 5201 Z Z

lo]=0 |p|=0 lg|=0

alplq! Capq (T, 2)

ntl nl-falntl—fpl=laln+i=lpllal=lal cja|+|p|+]gl+(c]

WSy

€apyc (T, 2) + O(6" ).

Iplg! ¢!
/=0 =0 lal=0 c1=0 P
(4.32)
Using representation (3.23), we obtain:
1
H;(z) = V x VE(s)(x), x e D.
() = ==V x Vh(is)(o). @

It then follows from (4.30) and (4.28) that:

0 ; n+l ntl-lal |4 p)
/ Vy x G (z,y)Hs(y) dy = —0 Z Z — 5 hap(z, 2)
=+6B s oo P

n+1 nt+l—|af nt+l—|al—|p| 5|a\+\p|+\q|

+52d—1z Z Z il hopg(, 2)

|a[=0 " |p|=0 lg|=0

nt1 nt1-la| nt1-p|~lal

RS YD DR SR

|a[=0 |p[=0 lg|=0
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n+1—|p\—‘0t|—“1| 5\a|+|p\+|q\+|€f\ 1
———————hgpe(z,2) + O™ ).

Inlal !
=0 alplq!(!
When we have defined:
h, ’ = e
p(T,2) M1 Va X (Va2 X eqp(w,2)),
h,y(z, 2z :———V X (V, X eqpgl(z, 2
pg(Z, %) Nl ( pa( ))

h = Vg z (e ) .
apa¢ (T 2) leV x (Vz x eapgc(w, 2))

Inserting both relations (4.32) and (4.33) into (4.27). We get:

ntl nfdfaf cia+pp)

E(;({L') = E()(.%') — (5d Z

alp!
lo]=0 " |p|=0

Ko

nt1 ndl-lalnti=fal=lpl sja|tip|+]q

+ 62d—1 Z Z Z W |:(.U(1 — &)hapq(l"

W
la|=0 [p|=0  |q|=0 0

_ 53d—2 ZTLJ‘rl ZnJ‘rl || Z|n4‘r1 la|—|p| Zn+1f\o¢|f|p\f|q\ slal+lpl+lal+I<I
a|=0 £~|p|=0 q

I¢|=0
+ w(e1 — €0)€apqc (T, z)} + 0(5’”1),

To achieve the proof, we put:

ntd mlel slal+ip bl el
ei(dx,z) = Z Z Tp'eap(:v,z), hi(6;2,2) =w Z
lo|=0  |p|=0 o lo|=0  |p|=

ntl nAd-jal ntl—lal=pl sjo|+|p|+(ql

(5 X, Z Z Z Z Weapq(xaz)a

laj=0 |p|=0 lg|=0

nt1 ndl-lalnti—fal=lpl sja|4ip|+|ql

hy(d;7,2) = w Z Z Z Whapq(xa

la|=0 |p|=0 lg|=0

n+l nt1-fal nti—fal—lpl nt1=lal—lpl=lal cla|+|p|+/g+(c|

3(0; 7, 2) Z Z Z Z T oalplglc!

|a[=0 " |p[=0 lg|=0 I¢=0

and

ntl Al jal ntl—jal=lplntl=lal—lpl=lal fa|+|p|+|g+(c]

hs(d;z,2) =w Z Z Z Z Wh

|a[=0 " |p|=0 lg|=0 I¢|=0
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(4.33)

[w(l — &)hap(x, 2) + w?(e1 — €0)eap(, z)]

anprgier— [wW(l = ZTl))h
led (5\a|+\pl
hap(xa Z)a
0
z),
eapq(($7 Z),
apa¢ (T, 2)-

z) + w2(51 — €0)€apq(, z)}

apg¢ (T, 2)



For d = 2 and n = 1, we obtain the following uniform expansion at order 2.

Corollary 4.7 Let d = 2 and suppose that we have all hypothesis of Theorem 4.6.
Then, the following uniform asymptotic expansion for x € Q holds:

Es(z) = Eo(z)— 52{(1 ~ )1y, [vz x GO(z,2) [, {k(I)k(t, 2) [y do(s)do(s)
F1/RVB(t, 2) [0 0) (5)do(s) } (1) dt]

+w?(1—0)GO(x, 2) [5 {kPk(t, 2) [530(5)do(s)
1RV, 2) [y 05Go) (s)do(s) } () dt}+0(52).

2y - : 2
where the term O(6%) is dominated by C¢ HgHTH;Lzl;/2(89
C independent of the geometry of the medium .

) for some positive constant
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