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ON WELL-POSEDNESS FOR SOME DISPERSIVE
PERTURBATIONS OF BURGERS’ EQUATION

LUC MOLINET, DIDIER PILOD AND STEPHANE VENTO

ABSTRACT. We show that the Cauchy problem for a class of dispersive per-
turbations of Burgers’ equations containing the low dispersion Benjamin-Ono

equation
Oru — DS Ozu = &c(uz), 0<a<l,
is locally well-posed in H*(R) when s > sq := % — %". As a consequence, we

obtain global well-posedness in the energy space H% (R) as soon as % > S,
ie. a> %.

1. INTRODUCTION

This paper is concerned with the initial value problem for a class of disper-
sive perturbations of Burgers’ equation containing in particular the low dispersion
Benjamin-Ono equation

(1.1) Oyu — DG Oyu = 0, (u?),

where u = u(z, t) is a real valued function, z € R, t € R, a > 0 and DY is the Riesz
potential of order —«, which is given via Fourier transform by

Do () = [€]*(8) -
The cases a = 2 and a = 1 correspond to the well-known Korteweg-de Vries (KdV)
and Benjamin-Ono (BO) equations. In the case a = 0, dyu is a transport term, so

that there is no dispersion anymore and equation (1.1) corresponds merely to the
inviscid Burgers equation.

While the Cauchy problem associated with (1.1) is now very well-understood
in the case a > 1, our objective here is to investigate the case of low dispersion
when 0 < « < 1, which seems of great physical interest (see for example the
introductions in [20, 22] and the references therein). In particular, in the case
a = %, the dispersion is somehow reminiscent of the linear dispersion of finite
depth water waves with surface tension. The corresponding Whitham equation
with surface tension writes

(1.2) Oy — w(Dy)0pu 4 02 (u?) = 0,
where u = u(x,t) is a real valued function, z € R, t € R, w(D,,) is the Fourier

(tanh(E)

3 1
multiplier of symbol w(§) = z )2 (1+7&%)? and 7 is a positive parameter

related to the surface tension. Note that for high frequencies w(€) ~ |¢|z, which
corresponds exactly to equation (1.1) in the L? critical case.

Date: April 6, 2018.



2 L. MOLINET, D. PILOD AND S. VENTO

Equation (1.1) is hamiltonian. In particular, the quantities

(1.3) M(u):/Ruz(:r,t)dx,
and
(1.4) H(u):/R(%|D%u(x,t)|2+%u3(x,t)) da.

are (at least formally) conserved by the flow associated to (1.1). Moreover, equation
(1.1) is invariant under the scaling transformation
ux(z,t) = AN u(Az, \* ),

for any positive number X. A straightforward computation shows that |lux||z. =
1
In particular, equation (1.1) is L2-critical for o = % and energy critical for a = %

Next we recall some important facts about the initial value problem (IVP) as-
sociated with (1.1) in L?-based Sobolev spaces H*(R)!. For results in weighted
Sobolev spaces, we refer to Fonseca, Linares and Ponce [10] and the references
therein. It was proved by Molinet, Saut and Tzvetkov [25], that, due to bad high-
low frequency interactions in the nonlinearity, the IVP associated with (1.1) cannot
be solved by a contraction argument on the corresponding integral equation in any
Sobolev space H*(R), s € R, as soon as a < 2. Thus, one needs to use compactness
arguments based on a priori estimates on the solution and on the difference of two
solutions at the required level of regularity.

ASTe=3|[uy || 4, and thus the critical index corresponding to (1.1) is 3, =

Standard energy estimates, the Kato-Ponce commutator estimate and Gronwall’s
inequality provide the following bound for solutions of (1.1)

lull e e < elfuol|prs e o 10wl

Therefore, one way to obtain a priori estimates in H® is to control ||0yul|r; - at

the H*-level. This can be done easily in H2*(R) by using the Sobolev embedding
H3T(R) < L*(R). In the Bejamin-Ono case o = 1, Ponce [31] used the smoothing
effects (Strichartz estimates, Kato type smoothing estimate and maximal function
estimate) associated with the dispersive part of (1.1) to obtain well-posedness in
H?%(R). Later on, Koch and Tzvetkov [21] introduced a refined Strichartz estimate,
derived by chopping the time interval in small pieces whose length depends on the
spatial frequency of the solution, which allowed them to prove local well-posedness
for BO in H %+(R). This refined Strichartz estimate was then improved by Kenig
and Koenig [17] and the local well-posedness for BO pushed down to H=*(R).
Recently, Linares, Pilod and Saut [22] extended Kenig and Koenig’s result to (1.1)
in the range 0 < a < 1 by proving that the corresponding initial value problem
is well-posed in H*(R) for s > 2 — 3¢ Note that even very few dispersion (when
0 < a < 1) allows to enlarge the resolution space, which is not the case anymore
when there is no dispersion. Indeed, it is known that the IVP associated with
Burgers’ equation is ill-posed in H? (R) (c.f. Remark 1.6. in [22]).

Another technique to obtain suitable estimates on the solutions at low regula-
rity is the use of a nonlinear gauge transformation which allows to weaken the bad

1Recall that the natural space where the quantities (1.3) and (1.4) make sense is H? (R), at
least when o > %
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frequency interactions in the nonlinear term. Such transformation was introduced
by Tao [34] for the Benjamin-Ono equation and enabled him to prove global well-
posedness for BO in H'(R). By using this gauge transformation in the context
of Bourgain’s spaces X*° Burq and Planchon [6], respectively Ionescu and Kenig
[15], proved that the IVP associated with BO is well-posed in H %‘*(R), respectively
L?(R). We also refer to Molinet and Pilod [26] for another proof of Ionescu and
Kenig’s result with stronger uniqueness result (for example unconditional unique-
ness in Hit(R)). In [13], Herr, Ionescu, Kenig and Koch were able to extend
Tonescu and Kenig’s result to the whole range 1 < av < 2. By using a paradifferen-
tial gauge transformation, they proved that the IVP associated to (1.1) is globally
well-posed in L*(R) for 1 < a < 2.

Recently Molinet and Vento [29] introduced a new method to obtain energy
estimates at low regularity for strongly nonresonant dispersive equations. It starts
with the classical estimate for the dyadic piece Pyu localized in turn of the spatial
frequency N,

t
/ / PNam(uQ)PNudxdt’ :
0 JR

To control the last term on the right-hand side of the energy estimate (1.5), one
performs a paraproduct decomposition
(1.6)

(1.5) |Pyullfsers S IIPyuollzz + sup
t€]0, T

PNam(’U?)PN’U, = /

0: Py (u>nu>n)Pyu —|—/ 0. PN (ue Nu)Pyu
Rx[0,t]

Rx[0,t] Rx[0,t]

and put the derivative on the lowest spatial frequencies by “integrating by parts”2.

The idea is then to perform a dyadic decomposition of each function in term of its
modulation variable and to put one of them (the one with the greatest modulation)
in the space X*~ 1. This allows to recover at least |Q2] N ~! where 2 is the resonance
function. The price to pay is to handle the characteristic function 1)9, which
appears after extending the functions to R? and is not continuous in X*~%!'. On
the positive side, the X*~ 1! norm of w is relatively simple to control by using the
classical linear estimates in Bourgain’s spaces as follows

(7)) ullxe-ra S lwollme—r + 10 T3 ()2, < lluollsrs + 173 (u®)l| e s -

Thus, for s > %, one can easily concludes the bilinear estimate since H*(R) is a
Banach algebra. By using this method, Molinet and Vento proved that the IVP
associated with (1.1) is locally well-posed in H*(R) for s > 1 — ¢ when 1 < o < 2.
Note that Guo [12] also proved local well-posedness in H*(R) for s > 2 — a when
1 < o < 2 without using a gauge transformation. He used instead the short time

Bourgain’s spaces in the way of Tonescu, Kenig and Tataru in [16].
Throughout this paper we consider the class of dispersive equations
(1.8) s+ Lo ru = 0y (u?),

where u = u(x,t) is a real-valued function, x € R, t € R, a > 0 and the linear
operator L, satisfies the following hypothesis.

2Since we work with frequency localized functions, this corresponds actually to use suitable
commutator estimates.
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Hypothesis 1. We assume that L1 is the Fourier multiplier operator by iwq41
where wa11 8 a real-valued odd function belonging to C*(R) N C°°(R*) and satis-
fying: There exists &y > 0 such that for any & > &g, it holds

(1.9) 0P was1(€)] ~1€1°T 7P, Be{0,1,2},
and
(1.10) 10Pwas1(8)] S 1€1*TP, B> 3.

Remark 1.1. We easily check that the following operators satisfy Hypothesis 1:
(1) The purely dispersive operator Ly+1 = —D%0,, a > 0.

1
(2) The Whitham operator with symbol w(§) = ¢ (tangﬂ) ’ (1+72) %, T>0

for a =1/2.
(3) The linear Intermediate Long Wave operator Lo41 = 9, D, coth(D,,) for
a=1.

In this article, we show that the initial value problem (IVP) associated with (1.8)

is locally well-posed in H*(R) for s > % — %O‘ when 0 < o < 1, which improves

Linares, Pilod and Saut’s result in [22].

Theorem 1.2. Assume that L,41 satisfies Hypothesis 1 with 0 < o < 1 and let
§> 80 =3 — 2. Then, for any uo € H*(R), there exist T = T(|luo|m=) > 0 and
a unique solution u of the IVP associated with (1.8) in the class

(1.11) C([0,7]: H3(R)) N X5 " N L2(0, T - Wesat(=a)— 0 (R)) |

Moreover, for any 0 < T’ < T, there exists a neighborhood U of ug in H*(R) such
that the flow-map data solution vy — v is continuous from U into C([0,T'] : H*(R)).

Remark 1.3. In the case @ = 1 and Lo41 = —DS 0, our result provides a proof of
the local well-posedness for BO in H %JF(R). In other words, we recover Burq and
Planchon’s result in [6] without using a gauge transformation.

If we assume moreover that the symbol w1 satisfies

(1.12) wat1(§)] S (€] for [¢] S 1,

we easily see that the Hamiltonian
1 1
Hon(w) = [ (A 2u(a, ) + 3ub(a )ds
R

where A®/2 is the space Fourier multiplier defined by

WaJrl(O 1/2

as well as (1.3) are conserved by the flow associated to (1.8). ITterating Theorem
1.2, we obtain global well-posedness as soon as « > g.

RGN

Corollary 1.1. Assume that Loy satisfies Hypothesis 1 and (1.12) with g <
a < 1. Then the Cauchy problem associated with (1.8) is globally well-posed in the
energy space H? (R).

Remark 1.4. The operators defined in Remark 1.1 also satisfy assumption (1.12).
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Remark 1.5. Based on numerical computations by Klein and Saut [20], the global
well-posedness of (1.1) was conjectured [20, 22] in the L2-subcritical case o > 3.
Here, we answer to part of this conjecture when o > %. Up to our knowledge, this
is the first global existence result for oo < 1.

Remark 1.6. Tt would be interesting to obtain results on the dispersion decay of
the solutions associated to small data for (1.1) with low dispersion. Some progress
in this direction were recently done by Ifrim and Tataru [14] for the Benjamin-Ono
equation.?

Remark 1.7. In [23], Linares, Pilod and Saut showed that the solitary waves asso-
ciated to (1.1) are orbitally stable in the energy space H 2 (R) as soon as o > %,
conditionally to the global well-posedness in H > (see Remark 2.1 in [23]). We also
refer to Arnesen [2] and Angulo [1] for other proofs of this result. Theorem 2.14 in
[23] combined with Theorem 1.2 provides then a complete orbital stability result in
the energy space as soon as a > 2.

Now, we discuss the main ingredients in the proof of Theorem 1.2. Since it is not
clear wether one can take advantage of a gauge transformation in the case v < 1
or not, we elect to follow the energy method introduced in [29]. However, we need
to add several key ingredients.

Firstly, in order to close the bilinear estimate (1.7) in H*(R) for s < 1, we use the
norm || -{[z2 ze, which is in turn estimated by using the refined Strichartz estimate
asin [21, 17, 22]. Then, we can control the last term on the right-hand side of (1.7)
by using the fractional Leibniz rule as ||.J3(u?)||pse s S lull 22 Lol JZull s rz -

The norm || - || 2. is also an important ingredient to close the energy estimate
(1.5). This creates a serious technical difficulty. Indeed to handle some commuta-
tors with those norms, we need then to use a generalized Coifman-Meyer theorem
for multilinear Fourier multipliers m(&y, -+ , &) satisfying the Marcinkiewicz type

condition
n

°m(&r, - &) STTIGI™, vBeN .
i=1

Such a theorem was proved by Muscalu, Pipher, Tao and Thiele [30] in the bilinear
case and can be deduced from a result of Bernicot [3] in the multilinear case (see
Section 2.3 for more details).

With this theorem in hand, we can estimate the first term of (1.6) correspond-
ing to the high-high frequency interactions by using the norms | ull xaota and

|| JE )| rzre as explained above. For the second term, we would like to inte-

grate by parts and use the || - || xs-1.1-norm as in [29] but the resonance relation
1] ~ NpinNg,, would not be sufficient to recover the “big” derivative we lost

by using this norm. This is one of the main difficulty to work at low dispersion
a < 1. For this reason, we modify the energy by adding a cubic term, constructed
so that the contribution of its time derivative coming from the linear part of the
equation cancels out the high-low frequency term. It is worth noticing that this
modified energy is defined in Fourier variables in the same spirit of the modified

3Note also that the authors give another proof of the well-posedness of the Benjamin-Ono
equation in L? without using the X*:® structure but still based on Tao’s renormalization argument
together with modified energies.
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energy in the I-method [9]. We also refer to our recent works [27, 28] on the mod-
ified Korteweg-de Vries equation both on the line and on the torus for a similar
strategy using a modified energy. Note that we gain a factor Ny, NS, on the
additional cubic term. On the other hand, the contribution of its time derivative
coming from the nonlinear part of the equation is of order four and contains one
more spatial derivative. For a < 1, it is clear that when this spatial derivative
falls on the term with the highest spatial frequencies we should lose N;}RN;@;‘
which is not acceptable for some high-low frequency interaction terms. The crucial
observation here is that there is a fundamental cancellation between two of those

terms exhibiting the badest high-low frequency interactions.

Those ingredients are enough to derive a suitable a priori estimate for a solution
of (1.8). However, things are more complicated to get an estimate for the difference
of two solutions u; and us, since the corresponding equation lacks of symmetry.
For this reason, we are only able to derive an energy estimate for the difference
w = u; — uz at low regularity H?, 0 < 0, and with an additional weight on low
frequency. This is sufficient for our purposes, since we only need this estimate for
the difference of solutions having the same low frequency part in order to prove the
uniqueness and the continuity of the flow map (c.f. [15]). However, the bilinear
estimate is not straightforward as before when working with negative regularity
H?, 0 < 0. To overcome this last difficulty, we follow the strategy in [29] and work
with the sum space Fs3 = X5=L1 4 x5+ instead of working with X =51 only.

Finally, it is worth noticing that even in the particular case of purely power
dispersion where scaling invariance occurs, equation (1.8) is L?-super critical for
a < 1/2 and thus we will not be able to use a classical scaling argument to prove
the local existence result. Roughly speaking, our method consists in cutting the
spatial frequencies of the solution into two parts P<p, and P.py,. We gain some
positive factor of the time 7" (but lose some positive factor of Ny) when estimating
the low frequency part whereas we gain a negative factor of Ny when estimating the
high frequency part. This will allow us to close our estimates on |0, 7' for smooth
solution to (1.1) by taking Ny big enough and 7' > 0 small enough. Finally, the
continuity of the solution as well as the continuity with respect to initial data will
be proved by using a kind of uniform decay estimate on the high spatial frequencies
of the solution.

The paper is organized as follows: in Section 2, we introduce the notation, define
the function spaces and state some important preliminary estimates related the
generalized Coifman-Meyer theorem. In Section 3, we derive multilinear estimates
at the L?-level. Those estimates will be used in Sections 4 and 5 to prove estimates
for the solution and the difference of two solutions of the equation. Finally, we give
the proof of Theorem 1.2 in Section 6.

Acknowledgements. The authors would like to thank Jean-Claude Saut for con-
stant encouragements. They are also grateful to Terence Tao for helpful comments
on the generalized Coifman-Meyer theorem in Section 2.3. L.M and S.V were par-
tially supported by the ANR project GEO-DISP. D.P. was partially supported by
CNPq/Brasil grant 3035051/2016-7.
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2. NOTATION, FUNCTION SPACES AND PRELIMINARY ESTIMATES

2.1. Notation. For any positive numbers a and b, the notation a < b means that
there exists a positive constant C' such that a < Cb, and we denote a ~ b when
a <Sband b < a. We also write a < b if the estimate b < a does not hold. If z € R,
x4, respectively x_ will denote a number slightly greater, respectively lesser, than
x. We also set (z) = (1 + 22)2.

For u = u(x,t) € 8'(R?), Fu = 4 will denote its space-time Fourier transform,
whereas F,u, respectively Fyu will denote its Fourier transform in space, respec-
tively in time. For s € R, we define the Bessel and Riesz potentials of order —s, J3
and DZ, by

Jiu = F; 1 ((€)* Fpu) and Diu = F,  (|€)° Fru).
Throughout the paper, we fix a smooth cutoff function n such that

(2.1) neCR), 0<n<1, mu_,,=1 and supp(n) C[-2,2]

We set (&) = n(¢) — n(26). Let ¢ € C&°(R) be such that (E\i[;g] = 1 and

supp (¢) C £[%,4]. For | € Z, we define

$21(€) == B(27'€), P (E) = P (€) = B(27€),
and, for [ € N*,
Yot (6,7) = bor (T — was1(6).

By convention, we also denote

1§, 7) = n2(1 — wat1(§)))-

Any summations over capitalized variables such as N or L are presumed to be
dyadic. Unless stated otherwise, we work with homogeneous dyadic decomposition
for the space frequency variables and non-homogeneous decompositions for modu-
lation variables, i.e. these variables range over numbers of the form {2* : k € Z}
and {2 : k € N} respectively. Then, we have that

> on(€) =1 VEeR", Supp(¢N)C{g§|§|§2N},NE{2’“:/€€Z},
N>0

and
g€ m)=1 V(1) eR:, Le{2¥:keN}
L>1

Let us define the Littlewood-Paley multipliers by
Pyu = F; Y¢nFou), Ponyu=F; (dnFou) Qru=F! (VL Fu),

P>y = ZKZNPK?PZN = ZKZNPNK’PSN = ZKSNPK’PSN = ZKSNP~K7
Q>1 =Y g>; Qr and Q< := > -, Qk. For the sake of brevity we often write
un = Pyu, u<ny = P<yu, - -

Finally, if N7, Ny are two dyadic numbers, we denote N7 V No = max{Ny, Na}
and Nl A N2 = HliIl{Nl, NQ}



8 L. MOLINET, D. PILOD AND S. VENTO

2.2. Function spaces. For 1 < p < oo, LP denotes the usual Lebesgue space and
for s € R, H® is the L?-based Sobolev space with norm || f|| gs = ||J5f| 2. If B is
a space of functions on R, "> 0 and 1 < p < oo, we define the spaces LY. B, and
LYB, by the norms

1£le5. = 1Bl oy and Ifllzem, = 11F15l o,

If M is a normed space of functions, we will denote M its subspace associated with
the weighted norm:

lullzz = 15 (e ) Faul€) -
For s,b € R we introduce the Bourgain space X *? associated with the dispersive
Burgers’ equation as the completion of the Schwartz space S(R?) under the norm

[ull xs.0 = {E)*(T = wat1 (€)Y Froul| 2.

We will also work in the sum space F*b = Xs—Lbts 4 X0+ endowed with the
norm

(2.2) ||| 5,6 = inf {||u1HXS Leed Tt lua|l ey © u=uy + uz}.
For s € R, we define our resolution space Y* by the norm
(2.3) [l

We will also need to consider the space Z° equipped with the norm

vs = |Jullzeemrs + [|ul xs-10 + HJm(staH(lfa)*uHLngo-

lull ze = llull ey + l[ull oy + 175D

Finally, we will use restriction in time versions of these spaces. Let T' > 0 be a
positive time and M be a normed space of space-time functions. The restriction
space M will be the space of functions u : Rx]0, T[— R satisfying

llullary = inf{||@llar : @ : RXxR =R, @lpyo,r; = u} < 0.
2.3. Generalized Coifman-Meyer theorem.

Definition 2.1. For n > 1 and x a bounded measurable function on R", we define
the multilinear Fourier multiplier operator I} on S(R)™ by

(2.4) H;(fl,...,fn))(:c)z/ (v ) H €t gey g,

If o is a permutation of {1,...,n}, then it is clear that

(25) H;(fla"-vfn):H;d(fa(l)v'-'vfa(n))
where X, (£1,. .+, 8n) = X(o1)s -1 o)) For any t > 0, we define R = R™x]0, ]
and for uy,...un+1 € S(R?), we set

(2.6) GZX(ul, ey Upg) = / 5 (g, - - . s U U p1 dxdt .
R

When there is no risk of confusion, we will write G' = G}, with x € L>(R").
From Plancherel theorem, it is not too hard to check that

(2.7) Gy (U, Ungr) = / 5 (unt1,uz, - - . up)uy dedt
Ry

where (&1,....&) = x(— 2 &x o, - .-, &n). We deduce from (2.5)-(2.7) that
(28) sz(ul, BN ,un+1) = G?-,Xa (’U,U(l), e ,ug(n+1))



WELL-POSEDNESS FOR DISPERSIVE BURGERS EQUATIONS 9

for any permutation o of {1,...,n + 1} with an implicit symbol x, € L*(R")
satisfying [[Xol[Le S [Ix][Lo~-

The classical Coifman-Meyer theorem [8] states that if x is smooth away from
the origin and satisfies the Hormander-Milhin condition

(2.9) X&) < IEl~7,

for sufficiently many multi-indices 8 € N", then the operator I} is bounded from
LP1(R) x -+ x LP"(R) to LP(R) and satisfies

(2.10) T2 (frs s fadlloe S TN
j=1

1

aslongasl<pj§+oo,1§p<+ooand%:p%+...pn,

In the sequel, we will need the following generalized version of Coifman-Meyer’s
theorem.

Theorem 2.2. Let1 < py, -+ ,pp < +00 and 1 < p < 400 satisfy % = p%"‘"'ﬁ'
Assume that f1,..., fn € S(R) are functions with Fourier variables supported in
{|&] ~ N;} for some dyadic numbers Nu, ..., Ny.

Assume also that x € C*°(R™) satisfies the Marcinkiewicz type condition

n

(2.11) VB = (B1,....Ba) €N, [0°x(9) S []1&1~
i=1
on the support of [1i—, fi(&). Then,

(2.12) T (frso s fdlloe S T Il

j=1
with an implicit constant that doesn’t depend on Ny, ..., N,.

Remark 2.3. Condition (2.9) is too restrictive for our purpose. For instance if
N; < Ny are dyadic numbers and

X(éh 52) = YN, (51)¢N2 (52)7

then x clearly satisfies condition (2.11), but |9, x(£1,&)] ~ Ny b > Nyt~
|(&1,&2)| 71, so that x does not satisfy (2.9).

Theorem 2.2 was proved by Muscalu, Pipher, Tao and Thiele [30] in the case of
bilinear Fourier multipliers* (in dimension 2).

One could certainly prove Theorem 2.2 by extending the arguments in [30] to the
multilinear case®. Instead, we will deduce Theorem 2.2 as a Corollary of Bernicot’s
theorem in [3].

Theorem 2.4 ([3], Theorem 1.3). Suppose 1 < p1,...,pn < 00, 1 < p < o0 and
1/p=1/p1+ ...+ 1/pn. Assume that x € C°(R™) satisfies

[Ty [l
dr(&,0)1817

(2.13) VB = (B1,....Bn) EN", |0°x(&) S

4Note that even the extremal case where one the p; is equal to 400 is proved.
5Personal communication by Terence Tao.
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for some A1, ..., A, > 0 and where dy is the metric defined by dx(£,0) = D" N|&l.
Then we have for any smooth functions f1,..., fn € S(R)

(2.14) T2 (fro- o f) e S T illes
=1

with an implicit constant that doesn’t depend on .
Proof of Theorem 2.2. Noticing that
H;(fla 5fn) = H;(flv 7fn)

with x(&1,-+-,&,) = ({1, co &) T o, (&), it suffices to show that  satisfies

(2.13) for suitable A1, -+, A\, > 0. But setting A = (N1 ey %, 1), this is easily

checked since on the one hand
- _ e ) i e ;
9751 Y107 x@ITT N6 (5p) < TN tie s,
Y<B i=1 ¢ i=1

and on the other hand,

I LI (N’:)ﬁ

d)\(é',())‘m - (N En ) N )

5\NHN ,81

Remark 2.5. Tt is worth noticing that if two symbols x1, x2 satisfy (2.11), then this
condition also holds for the product function xix2. This is easily obtained thanks
to the Leibniz rule.

Lemma 2.6. Let 0 < a < 1. Let Ny < Ns be two dyadic numbers. Then the
symbol x defined on R? by

N Ng
Q2(&1,&2)
where Qg is defined in (3.1), satisfies the Marcinkiewicz condition (2.11) on the set
{(&1,&2) € R? 1 |&4] ~ N1, [2] ~ N2}

Proof. Let (£1,&) € R? be such that &1 ~ Ny and [&| ~ Na. First we estimate
0%y (&1, &) for B = (B1, B2) € N2, From Lemma 3.1 and the mean value theorem
we easily get that

X(&1,62) =

(2.15) 10°Qs(€1,&)| S NiNg ™72 if B = 0,2 > 0,
(2.16) 0% (&1, &) S NSTPLiE 8y > 1,8, > 1 or B = (1,0),
(2.17) 10°Qa(61,6)| S NPTV iE g > 2,8, = 0.

Now classical derivative rules lead to

b (Q2 .6 )} Z |Q2 &, 52 NEEE H |6(i7j)§22(§1a§2)|%,j7

0<i<py
0<j<B2
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where
Co=3v=Vijloi<pm + D, Yig=IBl, > ivij =01 > ivij=75
0si<Pz 9<i<p, 0<i<By 0<i<pBy
0<j<p2 0<j<p2 0<j<p2

Therefore, we deduce from (3.2) as well as (2.15)-(2.16)-(2.17) that

61171 1€2172(07 x (&1, &)

NUPNZP i T o . 1T prlati=i (a+1-i—g)
< L "2 oMo A—J\v0,j . atl=1)vio0 at+1—i—j)vi,;
S I gy [T@ving =y T II

Jj=0 1=2 1<i<py
1<j<B2
< max N1 7N
™~ yeCs
with
B2 B1
Ay = Z”Yo,j + Z(Oé +1—14)y,0 — B2
=0 =2
and
B2
Bv—04710+204—J70g+ Z (a+1—1—7)v,;+ B2 —alBl.
=0 1<i<By

1<j<B2

Noticing that for v € Cg we have

B2
B2 =B — p1 = Z Yij — Z Yij = Z%,j - Z (1 — )i

0<i<p 0<i<p j=0 1<i<pr
0<5<B2 0<5<B2 0<5<B2
we infer
B1
A’y = 042%0 - Z (e 1)%’,0 + Z (Z - 1)%’,;’
i=2 1<i<p
0<5<pB2
_O‘Z’%O'i_ Z 2_1’71,]
1<i<B,
1<5<B2

Similarly, we get

By =a | —=[Bl+.0+ 710+ Z Yig |+ | P2 — Z JVig — Z (i = 1)vi;

0<i<p1 0<i<p1 1<i<py
1<5< B2 1<5<Be 1<5<Be2
B1
=-a) yo— Y (i—1);
=2 1<i<py
1<5<pB2

We conclude that Ay > 0 and A, = —B,,, which provides
€217 1621%210° x(€1, &2)] S max Ny <1,
v€Cp
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O

2.4. Basic estimates on the sum space FOz = X114 X0.(2)+, By definition
of sum space in (2.2), we always have by taking the trivial decompositions (u1, us) =
(u,0) or (u1,us) = (0,u) that

(2.18) lJull o,y < minflullx—ra, lull o1, }-
The next lemma tells us when the reverse holds true.

Lemma 2.7. Let u € FOz and L, N be two dyadic numbers.
If 1 < L < N2, then

(2.19) 1@z runllez, S NL7HQzpun|l o,y -
If L 2 (N)?, then
(2.20) 1Qzrunlz, S L721Qzunll oy -
Proof. 1t directly follows from the estimate
(2.21) Q> runllzz, S (L7 V LN Qs pun] oy -

3. L?-MULTILINEAR ESTIMATES

3.1. L-bilinear estimates. We follow the strategy in [29] to show LZ-bilinear
estimates related to the dispersive symbol.
Let us define the resonance function of order 2 associated with (1.1) by

(3.1) D2(&1,&2) = war1 (61 +&2) — war1(61) — war1(62)

where wqy11 is the dispersive symbol defined in Hypothesis 1. For &1,£2,£3 € R,
it will be convenient to define the quantities |maz| > |Emed| = |Emin| to be the
maximum, median and minimum of [£;|, [€2] and |€3] respectively.

For the sake of completeness, we recall a few results proved in [29].

Lemma 3.1 ([29], Lemma 2.1). Let o > 0. Let {1,& € R, and {3 = — (& + &2).
Then

(3-2) |Q2(§1v§2)| ~ |§min||€maX|a-

Lemma 3.2 ([29], Lemma 2.3). Let L > 1, 1 < p < 0o and s € R. The operator
Q<1 is bounded in LYHS uniformly in L > 1.

For any T > 0, we consider 17 the characteristic function of the interval ]0, T
and use the decomposition

(33) by = IR+ 1R Ugh(r) = n(r/B)Ir(r)
for some R > 0.

Lemma 3.3 ([29], Lemma 2.4). For any R >0 and T > 0, it holds
(3.4) 549 ST AR

and

(3.5) [12% )| 1o < 1.
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Lemma 3.4 ([29], Lemma 2.5). Let u € L*(R?). Then for any T >0, R > 0 and
L> R, it holds

1QL(1R w2 S Q~rull L
We are now in a position to prove the main result of this section.

Proposition 3.5. Let 0 < o < 1. Assume 0 <t <1 and u; € Z°, i = 1,2,3
are functions with spatial Fourier support in {|¢| ~ N;} with N; dyadic. Let x €
C>(R?) satisfy the Marcinkiewicz condition (2.11).

If Npin < 1, then

(3.6) G?  (u1,uz,u3)| S N, mzn||u1||L°°L2Hu2HL2 lusllz, -

If Nppin > 1, then

(37) |G§,X(u17u27u3)| S N ! N(l )+ H Hul”ZD ’

max

2
where G,

is defined in (2.6).

Proof. From (2.8) we may always assume N1 < Ny < N3. Estimate (3.6) is easily
obtained thanks to Plancherel identity and Bernstein inequality. Thus it remains
to deal with the case N; > 1. By localization considerations, Gix vanishes unless

Nz ~ Nj. Setting R = N, "N~ we split G2, _as
hzq

GiX(UhU%UB) = G2 (1, Rhuhu?au?)) + G2 (1} “RUL, U2, U3)

(3.8) =Gy G,

where G2 (u,v,w) fR2 (u,v)w and 1;”1%}1, 1{;0}%“ are defined in (3.3).

The contribution of G7* nigh is estimated thanks to Lemma 3.3 as well as Holder
inequality by

high high
(3.9) [ena |<1\72||1 b HLIHMHmeHWIILWIIU3||L<>OL2

< —3—% prl—a )
TS N [l zo-

To evaluate the contribution of Gf’low, we use Lemma 3.1 and we get

Gplow :Ggo(QleNg(155?1%%)#2,%)
+ Ggo(Q<<N1N§ (155717“%”“1)7 QZN1N§U27 u3)
+ G%(Qenyne (1P°5u1), Qen, No U2, Qun, Ne i)
(3.10) = GP™ + Gy + G

It is worth noticing that since N3 > 1, we have R < N;N§. Therefore the
contribution of Gf)’{ow is easily estimated thanks to Lemma 3.4, Theorem 2.2 and
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estimate (2.21) by
|G 2low| S ||H2 (Q>N1Na(1l?}éjul)aUZ)HLEL;||U3||L$Lgo
S @z n, ve (1B un) |2 [Juzll oe L2 us| 12 poe
S S WP VITNONG T oy ] zo sl 2o
Li2NiNg

3
_l_a
(3.11) SN ET NG T il o,

where in the last step we used that 0 < a < 1. Using again Theorem 2.2, Holder
inequality and Lemma 2.7 we estimate the contribution of Gi’éow by

|G2 l°w| N HQ<<N1NQ(15§ Rul)HL2L°"*||Q>N1N°"UJ2HL§L§+HUSHL;?OL%
S (NiN§) ™ NNy [ Qe g (1B ua) | 2 oo sl o g sl z0
(312) SNy FENGT (N Qe (UK 2 - ) Nzl zol sl .
On the other hand, observe that an interpolation argument provides
(3.13) NG fluy] ey S llunllzo i N 21

Since Q< = I — @>r, we deduce that

1l 140 @
Ny 2 HQ<<N1N°‘(155(,)1%U1)HL§L;°* SN2 ”ul”L%L;"’ + Ny ||sz\zlz\zgu1||L$m
_1 _ <
Slullzo+ Y (L2 VIT'NON ] o 3
L>NNg
(3.14) S lluallzo.

Combining (3.12)-(3.14) we infer

3
_1l_ o 1—
GE I < Ny 2T AN T sl 2o
=1

Finally, using Lemma 3.2, the contribution of Gf éow is estimated in the same

way. O
3.2. L?-trilinear estimates. We first state an elementary estimate.

Proposition 3.6. Let 0 < oo < 1. Assume 0 <t <1 andu; € Z° i =1,2,3,4
are functions with spatial Fourier support in {|¢| ~ N;} with N; dyadic. Let x €
C>(R3) satisfy the Marcinkiewicz condition (2.11).

Then it holds that

(315)  |G3 (un, us, uz,ua)| S N (N)F NS (v 4N2¢MH i) 20

t,x

Proof. We get from (2.12) together with Holder and Bernstein inequalities that
G2\ (u, ug, ug, ua)| S TS (ua, ug, us)|| s e [|uall e 2

< Nt llunll 2 poe— luzll o poe- lusll ge pa luall oo 22
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We conclude the proof of estimate (3.15) combining
(3.16) lunll oo S N Jlunllperz i N ST,
with (3.13). O

Now we define the resonance function of order 3 by

Q3(61,62,83) = wat1(§1 + & + &) —wat1(&1) — wat1(€2) — wat+1(&3)-

For &1,&2,&3,&4 € R, it will be convenient to define the quantities |&maz| > |Esun| =
|€tha| = |Emin| to be the maximum, sub-maximum, third-maximum and minimum
of |&11,1&2], |€3] and |€4] respectively.

Lemma 3.7. Let a > 0. Let 1,862,835 €R and & = —(§1 + & + &3). If we assume
that |Emin| < |&tna| then it holds

(3.17) 1923(€1, 82, E3)| ~ [€enallEmaz |-

Proof. Without loss of generality, we may assume || < 2] < [€3] ~ |€4]. Then,
estimate (3.17) is a consequence of the identity

D3(61,82,83) = D2(E2 + &3, 81) + Q2(£2,&3)

combined with Lemma 3.1. O

Proposition 3.8. Let 0 < a < 1. Assume 0 <t <1 and u; € Z°, i =1,2,3,4
are functions with spatial Fourier support in {|&| ~ N;} with N; dyadic satisfying
Niin < Ning and Nyyar > 1. Let x € C°°(R3) satisfy the Marcinkiewicz condition
(2.11). Then,

4
1 N Cw
(3.18) G} (u1,uz,us,us)| S N2~ (Nona) ™2~ I N{0+ T leillzo-
=1

Proof. From (2.8) it is sufficient to consider the case N3 < Ny < N3 ~ Ny. More-
over, we may assume that NoNy > 1 and N3 > 1 since otherwise the claim follows
from estimate (3.15). We proceed now as in the proof of Proposition 3.5. First we
decompose G3 as G219 1 GV with

3,high 3 high o 3 /1 high
G, (u1,ug, us, ug) = Goo(lt,R U, Usg, U3, Ug) —/ Hx(lt,R Uy, ug, uz)uy dedt
R2

and R = N21+% Néf‘fl < NoN§'. The high-part is easily estimated thanks to Lemma
3.3 by

4
. 1 1
(3.19) GPM" S RTINENG [ lwillogere,

i=1

which is acceptable. To deal with the low-part, we decompose with respect of the
modulation variables. Thus

GH = N GE(Qr,(1Hu), Quous, Qryus, Q).

L1,L2,L3,L4
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According to (3.17) the above sum is nontrivial only for Ly, 2 NoNg. In the
case where Ly, = L1, we deduce from (2.12)-(2.21)-(3.13) and Lemma 3.4 that

3.1 (3)- ;0
G < Ny N 1@ nvg (1)l e lluall o oo sl e 2 sl e 2
—(1 _ 1y 1 _a
S N TV NN NG TN | o g a0 ] o flaa 2o

~
L1ZNaNg

4
1 1o g
SN N TN a)+H||Ui||Z0-
i=1
In the same way, we get that the sum over L4, = Lo is controlled by
3,1 )= A70
GI4) S N{™ NP [ Quenvovg (18 2o 22 @ g rvp w2l 2 sl 3 o | e 2
< L_(%)+ v L*lN N(%)*N(%_%)J"
S (Ly o N2)INy 4 luallpgerz lluall Lo.1 llusll zolluall zo
Lo>NaNg
4
1 1o g
SN TN a)+H||Ui||Z0-
i=1
Arguing similarly and using (3.14), the sum over L,,q, = L3 can be estimated by
3,1 )= A70
(GE™ | < N N[ Quenyng (18 un) e 2 [ Qe vang a2 oo @ g sl o luall oo 2
(1 3 L 1_a
S > @ VI NN TN TN | e 2 lua | 2o s | oy llwall z0
L3>NaNg

4
S NNy TN T sl o
=1

Finally we easily check that the bound in the case L, = L4 is obtained similarly.
Gathering all these estimates we get the desired result.
O
4. ESTIMATES FOR A SMOOTH SOLUTION

The aim of this section is to get suitable a priori estimates of a solution of (1.8)
in the space Y*® < Z* for s > s,.

4.1. Bilinear estimate.

Proposition 4.1. Assume that 0 <T <1 and s > 0. Let u be a smooth solution
to (1.8) defined in the time interval [0, T]. Then

(4.1) ullys-ra S luoll e + lull Lz oo 1l e g -

Proof. By using the fractional Leibniz rule (c.f. Kenig, Ponce and Vega [19]), we
have for s >0

el o0 S Mol e + 10 () o0
(4.2) < ol e + 1720 g2,

S llwollms + llull oo lullpge mrs -
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4.2. Refined Strichartz estimate. Let us first recall the following Strichartz
estimate:

(4.3) | P>1 DD U (tuo | pare S lluollze,  uo € L2(R),

where U, (t) = e'Lo+1 is the free evolution operator associated to (1.8). This esti-
mate is a direct consequence of Theorem 2.1 in [18] applied with ¢ = (1 — n)wat1-
From this we get following the proof of Proposition 2.3 in [22] (see also [17]) the
refined Strichartz estimate:

Lemma 4.2. Let 0 < o < 1. Assume that 0 < T <1 and § > 0. Let u be a
solution to

(44) (8t + La+1)u =F

defined on the time interval [0,T]. Then, there exist 0 < k1, kg < = such that
2
(4.5)
1Pl s pee S T DG @D Pyl e 2 + T2 | D @D APy |

and
(4.6)
[ Pnullpz poe S T™ | D, (= DAXA P e 2 + TNZ||D;(a_l)/2_5/2PNF||L2TL;a

for any dyadic number N > 1.

Proof. (4.5) is proven in [[22], Proposition 2.3] (see also [17]). To prove (4.6) we
modified slightly the procedure (see [27] for a similar modification). Let N > 1 and
let I = [a,b] C R be an interval of length |I| < T"N~? for some fixed § > 0 and
0 < k < 1. From (4.3) and Holder’s inequalities, we easily get

1_1
(4.7) U6 () PyuollLpre S NT (TN~ G0 fug|| 12

for any 2 < p < 4 and ug € L*(R). By the TT* method and P. Tomas argument,
this leads to

l
”/ (= )P ) g S NF (TN 06

1 l
72| £l
fLT’/Ll’
xr

with p/ = , —, for any 2 < p,p’ < 4 and any f € Lp L1 We need this estimate

but on the retarded Duhamel operator (t,z) fa U(t —t')Py f(t',z)dt’. Taking
p=2and p’ > 2, this can be done by applying Christ—Kiselev Lemma (see [7] and
also [33]). We then get

and Holder inequalities then yields

/t Un(t —t")Pn f(t)dt

<N17T°‘ TNN—(S L _
e SN @V,

(4.8) } /t Ua(t — ') Py f(¢')dt’

R
e SNTENTS Ifllzzey -

Now, chopping out the interval [0,77] in small intervals of length 7" N9, we have
[0, T] = UjesI; where I; = [a;,b;], |I;| ~ T"N~° and #J ~ T'"*N°. Since uy
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satisfies yuny — Lat1un = Fv on each interval I; we have

1
2
lunlizges = (3 lunls o)

jed
1
2
< (Z |Ua(t — aj)un(a; ||L2 Lo JE() 12 Lm)
JjeJ 1M
and (4.7)-(4.8) yield
. )
unllgas S VT TN (Y funlZg:)|
JjEJ
s NETINE(Y / IFx(t )2 dt)
=
1_k K l—a—346
<7 IFnlz Ly s
which leads to (4.6) by Bernstein mequahtles. O

Proposition 4.3. Let 0 < a < 1. Assume that 0 <T <1 and s > s,. Let u be a
smooth solution to (1.8) defined on the time interval [0, T]. There exists 0 < r < 3

1
such that if 0 < T < HuHL%éHs, then
(4.9) JJEms+ 0=y < T s <1
Proof. From Bernstein’s inequality, we easily estimate the low frequencies part:
_ _ 1
|| P<yg(ese)t 0 aLUHL?TL;o ST ||ullpgere-

Taking 6 = 1 in (4.5), summing over N > 1 and using the fractional Leibniz rule,
we deduce

[ Por JEo O ) poe S T Jull g rz + T |5 (0?) | 2.
ST ullog g + T ull g poe lull g s -

Noticing that for s > s, and 0 < a < 1, it holds (s — s4) + (1 — @)~ > 0, we obtain
(4.9) by combining the two above estimates and taking k = k1 V Ka. O

Corollary 4.1. Let 0 < a < 1. Assume that 0 < T <1 and s > so. Let u be a
smooth solution to (1.8) defined on the time interval [0, T]. There exist 0 < k < 3

and Coy > 1 such that if 0 < T < HuH;qus, then
(4.10) |lu|

ve < Collullpsems -

Proof. We have to extend the function u from ]0,7[ to R. For this we introduce
the extension operator pr defined by

(4.11) pr(u)(t) = Ua(t)n(t)Ua(—pr(t))u(pr(t))
where 7 is the smooth cut-off function defined in Section 2.1 and up is the contin-
uous piecewise affine function defined by

0 for t<0
ur(t) = t for ¢€][0,T]
T for t>T
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According to classical results on extension operators (see for instance [24]), for any
1/2<b <1, fnf(pr()) is linear continuous from H®([0, 7)) into H*(R) with a
bound that does not depend on 7" > 0.

First, the unitarity of the free group U,(-) in H*(R) easily leads to

(4.12)  pr(Wllzens S llulpr(Dlleens S llullpseas + w0 ms + [|u(T)[|ms -

Second, the definition of the X%*-norm leads, for 1/2 < b <1 and 6 € R, to
(4.13)

lor(Wllxer = [nUa(=pr())ulpr(Dlger S 1Ual=)ullgeo.rpme) S llullxor -
Finally, for 6 € R,
12 pr(@)llzree S InUa(=)I3u(O) L2 -co0pre) + 70l L2 Loe
+1nUa (=) J2Ua(T)u(T) || 27, 4 o050
whereas (4.3) leads to
19U (=) Iu(0)l 22000 0p25) S 1Pt nUa(=)T7u(0)l| 21 + [ Po1 Ua(=)J7u(0) papee
S ()12 + 1977 T 0Oz S [4O)]y01 150
and in the same way
1nUa(=)U(T) T3u(T) 27 +o0fizse) S NUT (D gy1ze = lu(T)] oy 1ze -
Noticing that, for 0 < a<1,s—s,+1—a=s— % +3 <s— %, this ensures that
IS5t pr () e S IO
(4.14) Flw(O)| e + [[(T) | ro-<

for any € > 0.
Gathering (4.12)-(4.14), we thus infer that for any (7', s) € R xR, pr is a bounded

linear operator from C([0, T]; H*(R))N X5 ﬁL%W;S_S"‘H(l_a)”OO into Y* with
a bound that does not depend on (T, s). Therefore (4.1) and (4.9) lead to (4.10). O

4.3. Energy estimate. Applying the operator Py with N > 0 dyadic to equation
(1.8), taking the L? scalar product with Pyu and integrating on |0, ¢[ we obtain

(4.15) (N [[Pvul, OllZz = [Pyuollfre + (N)* [ Py0a(u®)Pyu
R,

Let Ny > 2% and N > Ny. Define Jn by
(4.16) JIn = (N)? / Py 0, (u?)Pyu.
R

By localization considerations, we get
Py (u?) = 2Py (uenu) + Py (us yusy).
Moreover, from the fundamental theorem of calculus, we easily get
Py (uenu) = uenuy + NE (Qpuen, u),

where we used the bilinear Fourier multiplier notation introduced in Definition 2.1
with

1
(1, &) = —i /0 o (N1 (06, + &))d6 .
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Inserting this into (4.16) and integrating by parts we deduce Jy = Jy + J5 where
T = (N)? /R (Ot v Prvu + 2N~ 0,113 (puce v, u)) Pyu

and

(4.17) T =—(N)* Y / Py, uPn,uP}0,u,
Ny >N U Re

Since Py P.n = Py, we may rewrite .J5 more symmetrically as

T = <N>25/R Py (0puenPNPunu+ 2N 9,11 (Opuen, P2 yu)) Punu

(4.18) = N* /R I} (Opuen, Punu)Punu

with

119) (6.6 = ()7 (ove) + 285 2@ @lon (@) ) ox (6 + ).

Note that the function x; satisfies the condition (2.11). This decomposition of
Jn motivates the definition of our modified energy. For Ny > 1, u € H*(R), with
s € R, and N > 0 dyadic we define

L Pyl for N < N,
_ _ 2 L2 = Y0
(4.20) En(u) = En(u, No) = { 3l Prullfz +cEp(u) for N> No,

where

EX(u) = /R 2 %gl@@@@m% — &)déydés,

02(&1,&2) is the quadratic resonance relation defined in (3.1), and ¢ is a real constant
to be fixed later.

We define the modified energy at the H°-regularity by using a nonhomogeneous
dyadic decomposition in spatial frequency®

(4.21) E*(u) = E*(u, No) = > _(N)*|En(u, No)| .
N>1

Next, we show that if s > s, and Ny > 2° is large enough then the modified
energy E*®(u) is equivalent to the H*-norm of u.
Lemma 4.4 (Coercivity of the modified energy). Let 0 < aw < 1 and let u € H*(R)

2
o

with s > so. Then for any No > (1 + ||ul|gza) =, it holds

1 1
(422)  |B(w N = 5 S0 Pyala| < 5 ST (0| Pl

2
N>1 N>No

Proof. We infer from (4.21) and the triangle inequality that

(@2)  |B N -5 SN Pvul] £ 3 Nk ).

N>1 N>No

6This means that when summing over N, we keep all the low frequencies together and by
convention P; = Pcy.
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Thanks to Young and Bernstein’s inequalities we have
NEE @] S Y NN TN D Lz | Pl
(4.24) Ni<N
S (N"+ N |ull gzo | Ponvul, -
Finally, we conclude the proof of (4.22) gathering (4.23)-(4.24) and the fact that
D I1PenullFr ~ Y (N Prulz, . O

N>1 N>1

We now state the main estimate of this subsection.

Proposition 4.5. Let 0 < o < 1. Let s > s > 54, 0 <T <1 and u € Y2 be a
solution of (1.8) on [0,T]. Then for any Ny > 1 we have
(4.25)

§ S 75’ —
sup B (u(t), No) S E*(uo, No)+(TNg +N§™ =)+ 4Ny ) (||l
t€]0,T|

yTs'+||U||2Ts/)||U| Ve

where the implicit constant only depends on o.

Proof. Let 0 < t < T < 1. First, assume that N < Ny = 2°. By using the definition
of En in (4.20), we have

—5]\] /PN(? PNudx

which yields after integrating between 0 and ¢ and applying Holder and Bernstein’s
inequalities that

En(u(®)] < |Enwo)l +| | Prou(u?) Py

3
S En (uo)| +t N2 || Py (u?) || Lo 11 | Pyull ooz -

Thus, we deduce after taking the supreme over ¢ € [0, T[ and summing over N < Ny
that
(4.26)

3
sup >~ (N)Z|En(ut)] S D (N2 |En(uo)| + T NE[lull gz llull s 1
telo, T[N<No N<No

where we used that, since s > 0, N*|| Py (u?)|| et S llull oo r2 ul| s mrs-
Now, for N > Ny, we take the extension @ = pr(u) defined in (4.11). To simplify
the notation we drop the tilde in the sequel. We first notice that

(VY2 Ex (u(t)) = (N)?*En () + (N} / Prv,(u?) Py + ¢{N)?* / L en i

(4.27) = (N)?*En(uo) + In(t) + cKn(t),
where Iy (t) = Ty (t) + J&(t) is defined in (4.16), (4.17), (4.18).
Estimate for J%. We get from Proposition 3.5 that
ITROIS Y N¥|GE (uny s uny, PROzu)]
NN

- Z N2 S+*—ZN1_2S+(1_O¢)+||UN1||YSH“~N1HYS

~

Ni2N
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Since s > % — 5 and s’ > s,, we deduce that

(4.28)
sup Y TEOIS S NC Dl fullEe S NS g 3
te]0T[ N SN, N>N,

It remains to estimate Jy + c¢Ky. Using equation (1.8) we obtain

Kn(t) = —N* /R Ans)

(( )Zél(wa+l(§l)+w““(§2)_wa+1(§))u<<zv(§1) N (§2)uon (=8)

2s ( )
o /R ot ) & P () (€T (€)7o (=€)
x1(61,62)

(61, 62)

x1(61,62)

N /11&2 Qa(&1, & S buen (&) P, ~ﬁu2)(€2) 1N (=€)

R B o R G R
= —Jr + Ky + K3 + K%
Taking ¢ = 1 this leads to estimate Jy + Ky = KL + K% + K3
Estimate for K. We have
NE =N N (NlNa)—le/ TS (U, Ny, Uy Uy
N1<N NyVN3>N; Ry

where

N{N® (&1 + &)?
Qa(& +&2,8&) Nt

with x1 defined in (4.19). From Lemma 2.6, xx1 satisfies (2.11). Therefore we get
from Proposition 3.6 that

Xt (&1,62,83) = ix1(& + &2,63) N, (61 + &2),

1 a ’ 1y _a_y
KNOIS ST S NN NG () T NG ()T (N v N0
N1<N NyVN3> Ny

X [y lyer luny lyo luan |3
SN= 7 NN R a2 3

N1 <N
where in the last step we used that l —§ — s < 0. We thus infer that
(4.29) sup >~ IKN®] S (N ™+ NGl |l

t€]0,T] N>No

Estimates for K% + K3 . Using, as in Subsection 4.3, that
(4.30) PNN(U,Q) = 2UeNU~N + 2N_1H§(6IU<<N, U~N) + PNN(UENURN),
where y satisfies (2.11), we decompose K% + K3, as K + K32 + K32 with

-

k0 =2 [ AL ) [0, (i) ()78 (-6) + T (€O rein) (-6

rz 22(61,&2)

I
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KE(t) = 2N / ? . i 3 T (60) [Fo (0T (Bt 1)) (€2) T (—E)

+ A (E2) F (912 (puann, uan)) (—E)].

and

K32(t) = N2 /R? é;i?lzzzigl@(gl)[]::c(6mP~N(uZNu2N))(§2)U/~7V(_€)

+ 4N (§2) F (O Pun (us yusn)) (—€)].

Estimate for K3}. We have

k0 =28 [ (A (@) ()16 T (€)1 & - Q)i (-6 - &)

~an [ (B (6. 0 @I (i€ + )TN (@) (6 + &+ ),

Now a change a variables leads to

kRO =28 S [ ol 6,608, (6T (€T (E) TR (-0

Ni,Nao<N
Wlth g = 51 —|—€2 —+ 53 and

0(81,62,83) = <§;—;> (1,82 +&3) (S + &3) — <§;—;) (€1,83) (61 +&3)-

Let us rewrite o as follows:

o(£1,62,€3) = Ké—;) (€,6+ &) — <§;—;> (51,53)} o (€3)6s
+(A) e+ @i
- (;%) (€1, &) DN, (E1)&1.

According to Lemma 2.6 and Remark 2.5, it is easy to check that Ny N¢ (é—;) (&1, &+

£3), NLzaNz(fz)& and thus NlN—]Za (é—;) (€1, + £3)dn, (£2)€, satisfy (2.11). In the
same way, 2N (é—;) (&1,€3)0n, (£1)& satisfies (2.11). Now we get from the mean

N1
value theorem that for any multi-indice 8 = (51,0, f83), there exists |§~5| ~ N such
that

o |(A) @b re) - (5) @] —omm (A @6+ e -00m (X 6.a)

— ot (K1) (6,66

On the other hand, for any 8 = (81, 52, f3) with Sz > 1, we have

o [(&) e +e - () e = 00m (K1) @6+
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It thus follows from Lemma 2.6 that %:H [(é—;) (1,61 +&3) — (é—;) (51753)}

satisfies (2.11). Therefore we deduce that yjs := N1]¥/1N2 N%o satisfies (2.11).

Rewriting K3} as
_ N1V Ny
K?\fl =2N?~e Z Tl Hi}cm (8IUN1’UN2’UNN)UNN
R
Ni,No<N ¢

we get from estimate (3.15) that

1 o o
KROIS N™ > (N1 V No) Ny~ (V1) 755 NG~ (Na) ™5 N [l [y or [[uns [y o |15 -
Ni,No<KN
Recalling that § — § — s’ < 0, it follows as in (4.29) that
(4.31) sup Y KNI S (Vg™ + N ) lfully lullf;.

te]o,T[N>NU

Estimate for K32. We only deal with the first term K3?! of the sum in K32 since
the other is estimated similarly. With the notation of Section 2.3 we obtain

K33 (t) = 2N?s Z NlNQ(NlNa)fl/ Hi@m (UN,, UNy s Uns N ) Ums N
N1,No<N Re

with
N{N*
Xxcez (€1, 82,63) = —x1(&1, 62 + &)X (&2, €3) N 152 o ;_115_22 &2 ]4\-753.

Noticing that xjcs21 (&1, &) satisfies condition (2.11), estimate (3.15) implies that

KIS N 3 NN ()1 N () 8 N0 2
~Y 1 s 2 s ~ s .
R (0] 2N 2 (V1) 27 (N2) lluny llyor lluns [y lunnlly
Ni,Na<N

which again, as in (4.29), leads to

(4.32) sup > KRS (NG + NG )l
te]o,T[N>NU

2 2

Estimate for K32. We follow again the same arguments. We only deal with the
first term K331 of the sum in K32 and rewrite it as

Ici?l(t):]\ﬂs Z Z Nl(NlNO‘)_lN/R HiKSSI(uNl,uNmuNNz)UNN
N1<N NyZN t

with
iy N N® & &+ &
Xicaan (61,82, €3) = ix1 (&1, &2 + g3)92(51752 +&) N1 N

Then, thanks to estimate (3.15), we get

’ 1 @ ’ _
RO S N+ 3™ 3™ NN N |
N1<N N3 ZN
S N@Emshee) NTNZE |2 [l
No>N

dn (&2 + &3).

yo lun, Iy [[umn, [lys lun |y

2
Ys-
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This leads to

(4.33) sup > KR0S NG w2l 3
te]O,T[N>N0

Combining (4.26)-(4.27)-(4.28)-(4.29)-(4.31)-(4.32)-(4.33), we conclude the proof of
Proposition 4.5. O

Corollary 4.2. Let 0 < a < 1. Let s > 54, 0 <T <1 and u € Y} be a solution of
(1.8) on [0,T]. Then for any Ng > 1 we have

(4.34)

sup (N)?
tG]O,T[N;VD

En(u(t), No)=En (o, No)| S (N +-Ng ) ([ull s+ ull )

Proof. According to (4.27), it suffices to bound

t:]%F)T[N;VO‘jN(t) ! ICN(t)’

and the result follows from by combining (4.28)-(4.29)-(4.31)-(4.32)-(4.33). O

5. ESTIMATES FOR THE DIFFERENCE OF TWO SOLUTIONS

In this section, we provide the needed estimates for the difference w of two
solutions u,v of (1.8). If w =u —v and z = u + v, then

(5.1) (O — Lot1)w = 0, (zw) .

The lack of symmetry in the nonlinear term of (5.1) prevents us to estimate w in
Y}, s > so. To overcome this difficulty, we will rather work at a lower regularity
level o < 0 and more precisely with

1 o . 3
(5.2) UE}—§+Z,H11H(O,S—2+§O[) .

Remark 5.1. For « €]0,1] and s > sq = 3 — 2o, it holds —3 + § < 0 and
s—2+ 3a > —1 + 2 Therefore, the definition interval in (5.2) is never empty.
Moreover, it is worth noticing that —o < % — % < 8o < S.

Since we are not able to control the X:';_l’l N L%Wml_a—ir(a_s‘*)’’OO part of w for

o < 0 we need to bound the difference in the sum space Fos, Finally, to treat
some low-high interactions in the energy estimates, we also need to add a weight
on the low space frequencies so that w will take place in Z 7.

5.1. Bilinear estimate.

Proposition 5.2. Let 0 < a < 1. Assume that 0 <T <1, s > s, and —% + % <
o <min(0,s — 2+ 3a). Let 2 € Y& and let w € Zg be a solution of (5.1) on ]0,T]
with wog € H. Then it holds

(5.3) [wlizg1r2 S llwollg + @+ [lzllva)l2llvzlwl g g -

Proof. Let @ = pr(w) and Z = pr(2) be the extensions defined in (4.11) and
let w satisfying (5.1) with 0,(2w) as second hand member. We will estimate the
extension w = nw of w where 7 is the smooth cut-off function defined in (2.1). To
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simplify the notation we drop the tilde in the sequel. For Ny > 1 to be chosen later,
we rewrite zw as

2w = P<pn,(zw) + Z [ZSNwNN + 2zoNw<n + Z lewNNl}
N>Nq Ni>N
I,h hil h,h
(5.4) =t J<n, + J>N0 + J>No + J>N0 .

Duhamel formula, (2.18), as well as classical Bourgain’s estimate on the linear
evolution (cf. [5], [11]) and (2.18) lead to

1

sl e

2y S llwollge + [0z (zw)]

Lh Rl hh
S lwollge + [ T<nollxoo + 173, + SN lxe0 + 158 Ml posr -1

Now, using that 0 < —o < s, we easily bound the contribution of the low frequency
part J<n, by

1 1
(55)  J<nollxeo S D N2(N) Py (zw)lpgerr S NG Izl pgmsllwl pseag -
N<No,

The contribution of the high-low interactions J};}l\fo is also easily bounded as
follows

h,l
||J>N0||X"v0 S Z <N>U||Z~N||L§Lg°||w5N||L;?°Lg

N> Ny
S D llewllezre lwll e e
N>Ng
(5.6) S lzllysllwll e ng

where in the next to the last step we used that o < 0 yields (N)7[[w<n|lpeerz <

~

lw]| e re . To bound the contribution of the low-high interactions Jilzlvo we write

l,h < 20 2 1/2
15 oo S [ (X0 (0 llzgnvunniz) |
N>No ¢
< 20 2 2 1/2
SO > lzenlzlwanits) 7|
N>No ¢
S |lzles ez,
. S L2, Lo L HZ -
(5.7) < l2llog oz ol g

Now we deal with the (high-high) interactions term

hh
12N -3 S D > PnQu(Quizn,Qrowen,)

N>No || Lyae> NNE -1
Ny N maz 2, 1 Fotl—3
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To estimate the contribution of the sum over L 2 NN{, we take advantage of the
Xo+L(=2)+_part of Fo+%~2. Therefore this term is bounded by

Z Z ||PNQL(ZN1U’~N1)||XU+1,<—§>+

N>Ng [[>NN&
Ni>N "~ Ni

or(_1
S DY NYLCDHIPNQL(en, wen )Lz,

N>No [>NNg

Ni>»N 7~
1 P

S 3 NTEE S NT I o g lwen Nl s
N>Ny N1>N

S 3 NTHOe 3T NN O e e, e
N>Ng Ni>N

S D NI D 5w e g
N>Ng

(56.8)  Slzlyellwlemeg ,

where we used that —§ — o + (5o —5) + (= 1); < =0 — (1 = §) < 0 since
0 < —0 < & — 2. The contribution of the region L < NN{ and L; > NN is
estimated by

> Qg (Qznne2n, wan,)llx o0

N>Ng
Ni>N

A

1
Y N Qanneam wan [z

N>No N1>N

1 —
D> NTFE(ND) M ew lxoa lwens log 2
N>No Ni1>N

< Y NTE Y N e el g

A

N>Np Ni1>N
1_n—
S D N0z e [wl| pe g
N>Ng

—1+<
(5.9) SN llEllxe o flwll g,
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where we used that —a — s+ 1 —0 < s, —s < 0 to sum over N;. Finally the
contribution of the last region can be bounded thanks to Lemmas 3.2 and 2.7 by

> 1Qenne (Qennezn, @z ynewan,)| xeo0
N>Ng

N1>N
1
S Y N7 Qennezn, @z nnpwan, I r2r
N>Ng
Ni1>N
< Z N‘7+%(NNf‘)_lN1||ZN1||L§°L§||w~N1||Fo,%
N>Ng
Ni1>N
<Y No~3 > Ny e ns 0] o
N>Np Ni1>N
1_ 4=
S Y Nz e ] g
N>Nj
5.10 SN, A *
(5.10) SN lelleea vl .

where we used that (NN®)~2 < (NN&)~'Ny, since @ < 1. Gathering (5.5)-(5.10)
we obtain

1 1
19l 70,5 < exllwoll + e2(Ng' + Dllzllvzllwlznz + esNo *llzllvz el o5 -

1
F7z

where ¢1, ¢o,c3 > 1. This yields the desired result by taking No = [2¢5(1+ ||z||yT)]2
and concludes the proof of Proposition 5.2. O

5.2. Refined Strichartz estimate.

Proposition 5.3. Let 0 < a < 1. Assume that 0 < T <1, s > s, and —% + % <
o <min(0,s — 2+ 2a). Let z € Y} and w € Zg be a solution of (5.1) on ]0,T].
Then

(5.11) ==+ 0= Ly e S (1 zllvg) el o -
Proof. The low frequency part is estimated by
_ _ 1 - 1
| PgyJy— ot Sa)wHL;@ ST2 ) (NN |wy|peere
N<1
1
ST ||w||L;°ﬁ;-

To estimate the high frequency part of the LHS of (5.11), we decompose zw as in
(5.4) and we use Lemma 4.2 with § = 1 to get

NE=s =Dyl 2 oo S N [lwnllzgemg + N7 lzgvwan s,

1_a
4+ N2 i+a*(||Z~Nw§N||L2TL}E+ Z ||ZN1w~N1||L2TL;)
N1>N

SN wnllegms + N2l p2 poo llwll Lo e
1l_a —s—
(5.12) + Nz—ate-N—s UHZ”L;"H;”MHL:’}"H;’
where we used that o < 0 and s + 0 > 0. Summing over N > 1, using that

5> 50 > 5 — 2, (5.11) follows. O
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Corollary 5.1. Let 0 < o < 1. Assume that 0 < T < 1, s > s, and —% +3<
o <min(0,s —2+ 2a). Let z € Y} and w € Zg be a solution of (5.1) on |0, T

such that wg € H’. Then

(513) ez, < 4+ 2lve)? (ol + ol )

Proof. By the property of the extension @w = pr(w) defined in (4.11) we have
G14) il S ol e + lwlp + 10w

and the result follows by gathering this last estimate with (5.3) and (5.11). O

5.3. Energy estimate. For Ny > 1, we define the modified energy for the diffe-
rence w of two solutions u and v by

Y|Pyl for N < Ny

5.15) & Np) = = =
(5.15) En(z,w, No) {%|PNw|%2—|—c15]1\,(z,w)—|—028]2\,(z,w) for N > Ny,

where

gzl\r(Z,w)—/RQ( >(€17§2)§1Z<<N(§1) Ponw(&)Poyw(—& — &)dé dés,

and

Ek(z,w) = /R 2 <Q )(51,@(51+sz>w<<N<sl>/~N\z(§z> Povu(=&1 — &)dérdé

Qs is defined in (3.1), X1, X2 are symbols satisfying the Marcinkiewicz condition
(2.11) and defined later in the proof of Proposition 5.5, and ¢1, ¢3 are real constants
that will be fixed later in the proof of Proposition 5.5.

We define the modified energy at the H?-regularity associated with the difference
of two solutions by using a homogeneous dyadic decomposition in spatial frequency

(5.16) E7(z,w,No) = Y _(N"HHN)?|Ex (2, w, No)| -

N>0
Lemma 5.4 (Coercivity of the modified energy). Let 0 < a < 1,8 > s,,0<T <1
and —3 + % <o <min(0,s — 2+ 3a). Let z € Y} and w € Z7 be a solution of
(5.1). Then for No > (1 + ||ZHHI)§ it holds
(5.17)

B2z, No) = 5 S (NN~ [ Pru

1 o
> <5 O NI Pyul

N>0 N>Ng

Proof. We infer from (5.16) and the triangle inequality that, for No > 1,

NO’ 1 a -
B (2w, No) =5 D (V)2 (N2 Pyl

N>0
(5.18) < > NTEN(zw)| + Y N*IER (z,w)] .
N>Ng N>Ny

Thanks to Young and Bernstein’s inequalities we have for N > Ny > 1,
~ 1
N¥[Ex(zw)| S D N> (NN 'NE [|Oezn, |2 lwan |72
(5.19) Ni<N
SN+ Nz s w1 -
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Similarly we bound the contribution of €2 for N > Ny > 1 by

~ _1
N¥[EX(zw)| S D NTSHaN 2(NTH) TN 0
Ni<N

X Nlwn, e lz~n |l g lwen | g

(5.20) S NEHwlge lemnllag lwn | me-

Finally, we conclude the proof of (5.17) gathering (5.18)-(5.19)-(5.20) and the fact

that Jullze ~ 3 (V)27 (V)2 Pyl .. O
N>0

Proposition 5.5. Let 0 < o < 1. Let s > 54, 0 < T <1 and —% + % <o <
min(0,s — 2+ 3a). Let u,v € Y3 two solutions of (1.8) such that w =u—v € Z7.
Then, setting z = u + v, it holds

— o 3 Sq—S

sup, B7(:(0).w(t) No) 5 E7(2(0),w(0), No)+ (TN + NG |zl lwll,

t€]o,
—(5)+ Sa—S —2y+(a—1

(5.21) +(Ng 4 NG 4 NPT (il + ol ) ol ,
wherevzs—2+%a—o>0.
Proof. We argue as in the proof of Proposition 4.5. To deal with the low frequencies
N < Ny, we use equation (5.1) to deduce

d ~
EEN(z(t),w(t)) = / Py Oy (zw)Pyw
R

for any t € (0,T]. Integrating this on (0,t) it follows after a dyadic decomposition
of Py(zw) that

[En (2(t), w(t)| < |En (2(0),w(0))] + N2 Tl z< wll o2 lwew a2 lwnll g2
+ 3 NET||aw, llpg e lwems gz oo e
Ni>N
= |En(2(0),w(0))| + In + Iy .
On the one hand, we infer

_ 3
(NTH2NYIn STNE |2l 2 lwll poegrr lon | poegre

by using that <N_1><N>‘7||w5N||angLi < ||w||L709ﬁa. On the other hand, recalling
that 0 < —o < s, we get

_ - s 3
(NN IIy SN)"HNTYNE |2l pgems 1wl g mg lon | oo -
Therefore, we deduce by summing over N < Ny that
D NN EN(2(8), w(D))|
N<N

< Z <N*1>2<N>20|§N(Z(0)’w(o))| —|—TNO§||Z||L%OH; QL;"ﬁZ

N<N,

wl|

We consider now the case N > Ny. We take the extensions w = pp(w) and
Z = pr(z) defined in (4.11), and we drop the tilde in the sequel. Arguing as in the



WELL-POSEDNESS FOR DISPERSIVE BURGERS EQUATIONS 31

proof of Proposition 4.5, we get
(NTH2HN)7En () = (NTHN)EN(0) — Ty + aKN + LN
with

JIn = (N"H2(N)?? | Py(zw)PyO,w
Ry

and

Kn = (NH2(N)2 / SEN WA, Ex = (NHN) / L& Wt

Proceeding as in the Section 4.3, we split Jy as Jk + J2 + J32 with
jj%[ = N2U/R H%((%CZ<<N,U}NN)U}NN,
t
Tx = N2U/ 2 (wen; 2onN) Dz,
Ry

Ty = N% Z / Py (zn,w~n, )Ozwn,

N1 ZN

20
where Y1 = —H(N 12 and Xa(61, &) = (N2 (1) 63 (6 + &),
Estimate for J %. We infer from Proposition 3.5 that

TRl S Y0 NerE TN Ty
N1>N

S NC zlyz |,

vel[wan, || zolwnll 2o

where in the last step we used that —s — o + (1 —a)+ < —(s — s4)+ < 0 to sum
over Ny. Therefore we get

(5.22) ST TR S NS 2|

N>Ny

Ys

Estimate for —jj%, + &Ky . We deduce using equation (5.1) that

Ky = —N% /R% <§;:;) (&1, &)1 (Wat1(€1) + war1(€2) — Wat1(€)Zen (€1)Wan (E2)wn (=€)

+N20/ <E> (51,52)§1P<<Nm+ V) (&) Wn (&2)~n (=)
R? 2

e [ ( )(51,52>51Z<<N<a> P () (€) TN (~€)

+ N”/ (5) (61, €2)61 7N (€) T (€2) P 0 (00) (=€)
R? 2
= —;7}; +i€]1v +IE?V +E§V

We choose ¢; = —1 so that the first term on the right-hand side cancels out with
—JN and it suffices to estimate IC1 + /C2 + IC3
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Estimate for KY,. The contribution of K4 may be treated exactly as K in the
proof of Proposition 4.5. We obtain

(5.23) S IRN S (o ™ + NS ) (lulZe + [[ol3) lwl| %
N>Ny

Estimate for l%fv + l%?v We decompose Py (zw) into dyadic pieces as follows:
(5.24)

Poy(zw) = z<<NwNN+N*1H%(8$z<<N,wNN)+P~N(szw§N)+PNN(z>>Nw>>N).
As in the proof of Proposition 4.5, this leads to estimate Zj‘:l I%?\? where I%?\?
denotes the contribution to IE?V + IE?V of the jth term in the RHS of (5.24).
Estimate for K3} and K32. Since in these terms, both occurrences of w are local-

ized at frequency ~ N, they may be estimated as Ki and K37 in the proof of
Proposition 4.5. We infer that

(5.25) ST KR +IKR)) < (Ng  + NE ) 213wl %o
N>Np

FEstimate for IE%;O’ It suffices to consider the contribution @él of E?\, to IE%;O’ since

the contribution to IE?V can be estimated in exactly the same way.

B = [ (5) €806 TR @) Pl TR (-9

Z Z NQU NNQ) 1N N/ Xx 331(ZN1,U)N2, NN)U)NN

N1<N N <N

where

X K331 (61,52753) = 1%(5752 + 63) NiN® 51 o + &3

D2(&1,& + &) M

dn (2 +&3)
satisfies (2.11). Estimate (3.15) gives

~ l7 o o
e S 3 Neor-ae NN NS (NG) 7 |z, o g L 20 2ol vo w0
N1<N No<N

S N7 5 S NN T NG (V) el o e o 2o
N1<N Ny SN

Since%—%—s<0and%—%—J>O,thisyields

(5:26) Y KRS D Neem Iz lwly S NI a1 wlEe
N>Ng N> Ny

Estimate for IE?\? Again, we only estimate the contribution of

K3t = N2 /R2 (N) (€1, 6)6172n (61) Pon0s (25 v ) (2) Do (—€)

= > > N¥(N;NY)'N N/ 2 o (BN 2N W, SN

N1<KN Na2>N
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It follows from estimate (3.15) that

K& S0 30 Newsa- NS N (N5 oy vl llye o, | 22w 2o
N1<N Na>N

< N9 1), w3,
where in the last step we used that s+ ¢ > 0 and % — 7 — 5 < 0. We conclude that

(5.27) SR S NET 2R w1
N>Np

Estimate for —jﬁ, + &L Using equation (5.1) we rewrite Ly as
By =8 [ (32 (0,006 + @)(wara(6) + 1) = wora(€) T ()N () TR ()

+ N*7 /Rg (S?> (61,6) (€1 + &) Paen 0u(20) (61) 22N (€2) on (=€)

+;N2‘7 (g-) (&1,6) (& + &)wen (&) P ~N/‘9\( 2)(&2)w~n (=€)
+;N2‘7 ( ) (&1,6) (& + &)wen (&) P ~@\( 2)(&)w~n (=€)

+N20/ (Q )(51752)(51 + E2)ian (6) 7N (€2) Pan Os (z0)(—€)
R2 2
= TR+ LN+ L3+ L + LY

where we used that z = u + v solves

(O — Lon)z = a(u? +02) = %(az(uﬂ) + 9u(22)) on 10,7 .

Taking ¢ = —1 it remains to estimate 2?21 E?v

Estimate for E}v We may rewrite this term as

£ Z Z N20(N1Na)—1NN1/ PNl(zNQwNS)H%Ll(ZNN,UJNN)
N1 <N Na,Ns R,
with
N N“ £6+&
Qo(=& - &, &8)N Ny

The contribution E}\} of the region where NoV N3 < N is estimated thanks to (3.15)
by

Xt (€1, 62) = ixa2 (=& — &2, 61)

|£ |< Z Z No—st1- aN( ) <N2>—%—SN§%)*<N3>—%—UNO+
Ni<N N2\/N3<N

X ||zn, |lys [lwns ||z |z n Iy s [[wan || 2o

S N izl [wll ze | znnllys [lwnnl 2o
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where we used that % — 7 —s<0and % — 7 — 0 > 0. For the other contribution

Z}\?, we must have Na ~ N3 and by virtue of (3.15) again, we deduce that

RIS > > N NN v
N1 <N Na~N3>N

wng || zo ||z~ n |l vs lwan ]| 2o

S N2z ly Jwll 2o |zl [lw ] 2=,

where we used that s+ >0 and —s+ 1 — %oz < 8o — s for a < 1. Therefore we
infer that

(5.28) > BN S NG 2wl
N> Ny

FEstimate for EN?V We need to bound

22 = Z Z N2U+2(N Na / PNN(ngng)Hi z(le,’UJNN)
Ni<N N2,Ns B

where

NiN® £6+&
Q6 -G —&)N N

We may always assume No < N3. The contribution EN%} of the sum over Ny ~
N3 > N is estimated thanks to Proposition 3.8 by

2315 S 3 N T D N2 o o, v llws [y [ 2-
N1<<NN2>>N

SN wlff w5

X126, &) = 3561, -1 ~ &)

where in the first step we used that o < s—2+ %oz and in the last step we used that
o> —% + % > —%7. We also used the weight <N1_1> of Z° to sum over N; < 1.
This leads to
a—s—142 e
(5.29) > ILRIS N, D )2 w2 < No T lwlde w2
N>Np

Similarly, we bound the contribution ﬁ?\? of the sum over Ny <« Ny and N3 ~ N

by
5 - —(3)- 1 _a
2315 Y NHemr e NT () T | ol w0 [l
N1 <KN2<N3~N
Ceto_3 _
S N2omst2ms et e Dy |2, w3,

a

where in the last step we used that o > —1. We also used the weight (N; ') of Z
to sum over Ny < 1. Setting v =s— 2+ §0¢ — o > 0, this leads to

(5.30) S 1B S N PO 2o w3
N>Ng
To deal with the last region N3 ~ N and Ny < N, we use estimate (3.15) to get
~ o —(1y_ _a_, 1y _a_g4
LRI D0 Y N e Ny ) NG (Vo) R o, | ze o, 2 o
N1<<N N2SN1
oc—s+2—3a a— —5—20
< NAomeRm et e (1 4 N7E72) w120 w3
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where in the last step we used that 53—9—0 >0sinceo < 0and that —5—F—0 <0
since 0 > ¢ — 5. It follows that

(5.31) Z |£N < Nof2'y+2(a71)++Nésafs)+)”w||§/;”w”27;
N>Ny
and we deduce gathering (5.29)-(5.30)-(5.31) that
—2 a—1 Sa—8
(5.32) SIS (NGO L NEe T (ullFe ol ] Ze
N>Np

Estimate for Z?v + Zjlv Performing a dyadic decomposition for P.y(z?) and
Py (zw), we get from (4.30) and (5.24) that

5
VLN =) LN
1=1

with
Fi e / ? <§—) (61, 6)(& + &) TN (&)
X |00 (zen 2 €2)ToN (=€) + 22N (62)u(Gaennn) (—€)

L = N~ I/R% (%) (€1, &) (G +8)Wan (61) [Fa (02T (Dr 2, 2)) (€2) BN (=€)
+ 2N (£2) Fr (0o T2 (On 2 v, w)) (=€)

—

L3 = %NQ‘T /R% (g—i) (&1, &) (E14+E)Wan (§1) Fa (0 Pun (25 v 2> ) (E2) 0N (—E),

2= [ () (6816 + QTR () TR G 0P vz~
and

£ =8 [ () (60816 +0)TZR ()N G0 o (o) ()

Estimate for E‘}\} Arguing as for the term K3 in the proof of Proposition 4.5, we

obtain
N7V Ny

3
N Na Gt (levaNa ZN2; wNN)

241 _ Z N2o+1 LV T2
N1,Na<N
The contribution E‘}\}l of the sum over No < Nj is bounded thanks to Proposition
3.6 by
~ 1 a 1 a
(5:33) ILNS DD DD NN (N TN ()
N1<<N Nngl

X [lwn, ||z |z~n [y | 2n, lys [[wan || 2o

(5.34) SN 213wl %o

Ys Ys
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Using Proposition 3.8, the other contribution Z‘}VH is estimated by

Py —(« —(4)- 1l _a_ g

L8 s S NN BN 0w, g eyl v [ wen 2o
N1 <K< N2KN

(5.35)

SN z)3. w3

~

since s > 4 — %, 0 — s+ 2 < 2a and where we also used the weight (NTYY of Z°

to sum over Ny < 1. Combining estimates (5.34)-(5.35) we infer that
B

(5.36) S ILR S (VT 4 Ny 2]
N>Ny

e wH%g.

Estimate for EN‘}\? Noticing that

~ N.
42 E 2041 2 3
‘C - N NlNaGt(wN17ZNN7ZN25wNN)7
N1, N2 <N

it is clear that we may follow the same lines as the estimate for Z‘}Vl to prove

(5.37) 3L S VT Ny DN w2
N>Ny

FEstimate for Z‘}\?, EN‘}\‘} and EN‘}\? It is not too hard to check that EN‘}\? and EN‘}\? may
be estimated as £3} above, whereas we can deal with £} by following the bounds
on £3? and £33. Thus we get

pY. Y Py —2 a—1 Sa—S
(5:38) > (LR + L8+ 1L21) < (Ng 7D 4 NS |23 w2
N>Ny

This concludes the proof of Proposition 5.5.

6. PROOF OF THEOREM 1.2

Let us fix 0 < o < 1.

6.1. Lipschitz bound and uniqueness. Let s > s,, 0 < T < 1 and assume that
u € Yy and v € Y are two solutions to (1.8) on |0, T'[ associated with initial data

up, vo € H*(R) such that ug—vg € ZQ(R). We fix =3+ % < o < min(0,5—2+ 3a)
and set w = u —v. It is clear that w(0) = wy € H’ and the continuous embedding
from Y7 into Z% ensures that w € Z7. Now, from Duhamel formula we have

t
Pglw(t) = PSan(t)wo + / Ua(t — t/)Pglam(’U? - ’1}2)(t/) dt/
0
and thus ,

_ 1
[Pawlpzr= S 1P<awllezz S llwollzz + > N(NTHN2 | Py(u® = v*)| pger
N<1

< llwollge + llullizerz + vl Ze s -
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Moreover, classical linear estimates in the context of Bourgain’s space (cf. [5], [11])
lead to

IP<rwllge-1s S llwollge + | P<a(u® = v)lp2, < llwollze + lullZe 2 + Ivlliz 2
These estimates combined with (5.14) and the fact that w € Z%, ensure that
w € Zyp.

Combining Corollary 5.1, Lemma 5.4 and Proposition 5.5, we obtain that, for
2
any No > (1+ ||z||lLsems) ™,
3 —(« _ _ —
”wHi?ﬁ;’ /S ”wO”%Z + (TNOZ —|—N0 ($)+ _|_Nésa s)+ +N0 27+ (e 1)+)

X (14 ||ul

%/TS + ||U|‘%/7€)3le|i%oﬁ;
= 8§ — 3. — 3 2 2 3 .
where v = s — 2+ 5o — o > 0. Taking Ny > (1 + ||u||YTS + Hv||YT)6 with
§ = mm{(%),, (5 —sa)_, (1—a)_ +2y} >0.
This forces
(6.1) 0l 77 S ol
. 9
for 0 <T' < mln{(l + HuH%,Ts + [|v] %,T) 25,T}.
Therefore, taking ug — vg = 0, we obtain that « = v on ]0,7’[. Noticing, that
equation (1.1) ensures that uz, v; € L>(0,T; H*~%(R)) and thus u,v € C([0,T]; L*(R)),

it follows that v(7") = u(T"). Repeating this argument a finite number of times we
extend the uniqueness result on |0, T7[.

6.2. A priori estimates on smooth solutions. According to [32] (see also [4]
to get the continuity of the flow-map) for any ug € H?(R), with 6 > 3, there exists
a positive time 7' = T'(||ug||s) and a unique solution u € C([0, T]; H(R)) to (1.8)
emanating from ug. Moreover, for any fixed R > 0, the map ug — u is continuous
from the ball of H?(R) of radius R centered at the origin into C([0,7]; H?(R)).

Let uop € H™(R). From the above result wuo gives rise to a solution u €
C([0, T*[; H*(R)) to (1.8) with T* > T'(||ug|| g3) and

(6.2) tl/l(rgrl* lu(®)]|gs = +o0 U T < +oc.
Let 0 < T < T*. Since u € C([0,T]; H*(R)) is a solution to (1.8), we must have
ug € L°(0,T; H*°(R)) and thus it is easy to check that u € Y for any 6 € R and

(6.3) A flullyg = lluoll o -
In the sequel, k > 0 and Cy > 1 are the constants appearing in Corollary 4.1.

We claim that there exist Ag > 0,0 < o < 1 such that T > A0(1+||u0||HS/)_%o
and, for any s, < s’ < 3,

(6.4) [l

: 1
v < 2 Colluoll e with T = Ao(1 + [[ugll o) Fo
Indeed, fixing s, < s’ < 3, it follows from (6.3) that
Ay ={T €)0,T*[: ||u||§,TS, < 2'CHluoll?,. }
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is a non empty interval of R* . Let us set To = sup Ay/. We proceed by contradiction,

assuming that Ty < Ao(1 + HUJOHHS/)_%O since otherwise we are done. Note that
by continuity

HUH%(/) < 2°Cgluol 7 -
According to Corollary 4.1, Lemma 4.4 and Proposition 4.5, there exist C7,Cy > 1
and 0 < g9 < 1 such that for any s > so, No > C1(1 + |lug||g=« ) and any

1
0 < T < min{eol|uoll 5, To}, it holds

2 2 2 3 (sa—s")+ —oy 201,112
(6.5) ||U||YTS < 4G [|uoll7rs + C2(T'Ng + Ny + No ") A+ Jluoll o) HUHYT

1

We take Ag < g0 and By < r so that min{eo|luol 5, To} = To and thus, by

continuity, (6.5) is satisfied with T' = Ty. Now, applying (6.5) with s = 3, Ny =
3

[8Co(1 + |lug|| )23 T, where § = min{a, s’ — s}, and T' = min{Tp, (8Ca N2 )},

we get

(6.6) lullys < 8Clluolls -

Therefore, taking Ay < g9 and [y < k small enough so that

(35)+7—1 1
| > Ao+ fluoll o) o

3
(8C2NG ) ™! = [8Ca (8C2(1+ luo | ;)%
we obtain that (6.6) is satisfied with T'= Tp. In view of (6.2), this forces T* > T.

Now taking s = s" and proceeding in the same way we get

lull$,,, < 8CGluoll7. -

To
But since T* > Ty, by continuity this ensures that |[ul|?. < 24Cg|luo||? ., for some

To < T < T* which contradicts the definition of Ty . 'IT’ his concludes the proof of
(6.4).

Note that Lemma 4.4 and Corollary 4.2 then ensure that for any Ny > Ci(1 +
|| frea ) , it holds

67)  IPowgulp g S I PoolZ + (Vg ™ + N (1 + ol )"
where T' > 0 is defined as in (6.4).

6.3. Local existence in H*(R), s > s,. Now let us fix s > s, and ug € H*(R).
We set up, = P<pup and we denote by u, € C([0,7)); H*(R)) the solutions to
(1.8) emanating from wug . Setting

1
(6.8) T = Ao(1+ fluolla=) 7o,
it follows from (6.4) that for any n € N*, T> > T and
(6.9) [t

vz S lluollms -

Let = + ¢ <o <min(0,s — 2+ 3a). For n > m > 1, clearly ugn — uo,m € f2(R)
and thus (6.1) ensures that

llun — umHL;‘},H;’ N ”uOm - UO,m”ﬁ" S ”PZmUOHHS )



WELL-POSEDNESS FOR DISPERSIVE BURGERS EQUATIONS 39

where 0 < T = T"(|luo|| ;) < T This last inequality combined with (6.7) ensure
that

2(s—o
(610)  Jlun —umllim, i S NoT7 Py (n — )3, g
1P gl 11z + 1P vyt 3, 1
S NGCT | Pomuoll3s + | Ponouo] e
(6.11) (NGO 4+ NI 1+ [fuo|ar-)*

for any Ny > Cy(1 + |Juo| e« )=. This proves that {u,} is a Cauchy sequence in
C([0,T"]; H*(R)) and thus converges to some w in this space. It is then not hard to
check that u € Y%, and is a solution to (1.8) emanating from ug. By the uniqueness
result, this is the only one. Repeating this argument a finite number of times we
obtain that actually {u,} converges to u in C([0,T]; H*(R)) with T" defined in (6.8).

6.4. Continuity of the solution-map. Finally, to prove the continuity with re-
spect to initial data, we take a sequence {u?} C By (0,2|[uo||g+) that converges
to up in H*(R). We denote by respectively v/ and u?, the associated solutions to
(1.8) emanating from respectively u% and Pgnug). Noticing that

. J —
o SR P e =0

we infer from (6.11) that

LSl il g =0

with 7" = T" (JJug| =) > 0. From
o/ — ullLee s < [0 — W)l s s + 0l — wnllLeoms + lltn — ull Loe b

and the continuity with respect to initial data in H3(R) (note that P<,uo and
P<,uq belong to H®(R)), it follows that u/ — w in C([0,T"]; H*(R)). Iterating
this process a finite number of times we obtain that v/ — u in C([0,T]; H*(R))
with T defined in (6.8) which completes the proof of Theorem 1.2.
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