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Comparison between numerical modeling and experimental measurements
of the interface shape in Kyropoulos growth

of Ti-doped sapphire crystals

C. Stelian a,b,n, G. Sen a, N. Barthalay b, T. Duffar a
a SIMAP-EPM, 1340 Rue de la Piscine, BP 75, F-38402 Saint Martin d′Hères, France 

b Le Rubis SA, BP 16, 38560 Jarrie, Grenoble, France

Numerical modeling is applied to investigate the factors affecting the shape of the crystal-melt interface

during the growth of Ti-doped sapphire crystals by using the Kyropoulos method. Numerical results are

compared to experimental visualization of the growth interface in the case of ingots grown in crucibles of

15 cm in diameter. The transient computations of the heat transfer and melt convection show that the

interface curvature depends on the internal radiative effect in the sapphire crystal. The effective thermal

conductivity increases significantly in the case of Ti-doped crystals, leading to conical shapes of the

interface with large curvatures. The growth interface is less curved in the case of non-doped sapphire

crystals which have a smaller absorption coefficient. The convection driven by buoyancy and Marangoni

effects has also a strong effect on the interface shape. The intensity of the Marangoni flow increases

significantly during the shouldering stage of the growth, leading to a more curved interface with a

convex-concave shape. The comparison between numerically computed interface deflection and the

experimental results shows a good agreement. According to present numerical analysis, the formation of

a plateau and the temporal concave shape of the crystal are related to unfavorable thermal conditions at

the beginning of the growth process.

1. Introduction

Large size sapphire crystals are usually grown by Kyropoulos,

Czochralski, heat exchanger method (HEM) or controlled heat

extraction system (CHES). The ingots grown by Kyropoulos

method excel the competition in structural quality, size and pro-

duction costs. The Kyropoulos furnace is designed to achieve low

temperature gradients, owing to low dislocation density and good

structural quality of crystals. Titanium doped sapphire crystals are

of large interest as active media for the future high power laser

chains [1,2].

Numerical modeling is a useful tool to investigate and optimize

the Kyropoulos growth process. Several papers have been dedi-

cated to the numerical analysis of the thermal field, stresses, melt

convection and the shape of the crystal-melt interface [3–9]. In

their work, Demina et al. [3,4] used numerical simulation to in-

vestigate the influence of the growth parameters on the

temperature field, melt convection and the crystallization front

shape. The formation of so-called “remelting zone” or “temporal

concave shape of the crystal” during the shouldering stage of the

growth is explained as an effect of two-vortex pattern of the flow.

C.H. Chen et al. [5,6] investigated the influence of the input power

in the heater on the melt convection and the shape of the crystal-

melt interface. Other papers [7,8] have been dedicated to the

analysis of the effect of the crucible geometry on the temperature

field and convection in a Kyropoulos growth system. The effect of

the Marangoni convection on the interface shape has been nu-

merically investigated by Gao et al. [9]. They found that the Mar-

angoni convection increases the curvature of the growth interface

and influences the flow pattern, causing the temporal concave

shape of the crystal. Although different models have been applied

to simulate the internal radiation in the sapphire crystal [3–9], the

influence of the internal radiative exchanges on the temperature

and the flow field is not fully understood. The numerical studies in

[5–9] apply steady-state computations to investigate the thermal

and the flow field in the sample-crucible system at different stages

of the growth process.

Ti-doped sapphire crystals of different dimensions have been
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successfully grown by Rubis SA Company (see Fig. 1). In the pre-

sent work, transient numerical modeling is applied to investigate

the coupled effects of the Marangoni flow and internal radiation

on the shape of the crystal-melt interface. The numerical results

are compared to experimental visualization of the growth inter-

face performed in the case of Ti-doped crystals grown in crucibles

of 15 cm in diameter.

2. Model description

The finite element software COMSOL Multiphysics is used for

modeling the heat transfer and melt convection during the

Kyropoulos growth of Ti-doped sapphire crystals. The simulation is

performed in two steps. First, global modeling is applied to com-

pute the evolution in time of the temperature field in the furnace,

as well as the velocity field in the liquid sample. Then, the tem-

peratures carried from the global computations are used as

boundary conditions for an axisymmetric local model which in-

cludes the crystal, melt, crucible and the surrounding gas.

The governing equations of heat transfer and melt convection

are:
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Fig. 1. Ti-doped sapphire crystals grown by Rubis SA Company in crucibles of various diameters: (a) =d 15 cm; (b) =d 30 cm.

Fig. 2. Shape of the crystals obtained by interrupting the growth process at time: (a) =t 31 h, τ = =4.5 cm/2.9 cm 1.55; (b) =t 67 h, τ = =11 cm/4.3 cm 2.55. Crucible

diameter =d 15 cm.
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In the above equations, ρ, cP, k, p, μ, βT, T,
→
g and

→
u are

respectively the density, specific heat, thermal conductivity,

pressure, dynamic viscosity, thermal expansion coefficient, tem-

perature, gravity vector and the flow velocity. The internal radia-

tive heat transfer in the sapphire crystal is simulated by account-

ing the radiative heat source Q R in Eq. (1). The P1 approximation

model, which relies on the hypothesis that the participating

medium is optically thick, is applied in the present case. The op-

tical thickness varies between 2.4 and 40 as function on the di-

mension of the growing sapphire ingot. The melt has been

considered opaque in the present computations.

The radiative heat source in Eq. (1) is given by:

( )= − σ ( )TQ a G 4n 3R
2 4

where a is the absorption coefficient, n is the refractive index and

σ is the Stefan-Boltzmann constant. The incident radiation G is

computed by solving the following equation:

( ) ( )−∇ ∇ = − σ ( )TD G a G 4n 4P1
2 4

where DP1 is P1 diffusion coefficient defined as:

Fig. 3. Flow pattern in the melt at the beginning of the crystallization process: (a) without Marangoni convection (τ = 0.57); (b) with Marangoni convection (τ = 0.73). The

color map shows the temperature field (left side) and the velocity field (right side). Computations without internal radiative effect.
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In the above equation, b is the scattering coefficient and l1 is

the linear Legendre coefficient of the scattering phase function

(the scattering effect is not considered in the present simulation).

The radiative heat flux at the solid boundaries of the crystal, which

are considered opaque, is given by:

( )ϕ =
ε

( − ε)
σ −

( )
T

2 2
4n G

6R
2 4

where ε is the surface emissivity. The crystal-melt interface has

been considered a black wall (ε = 1).

The release of the latent heat at the crystal-melt interface is

given by the following equation:

( ) Δ∇ − ∇ ⋅
→

= ρ ⋅ ⋅ ( )k T k T n H V 7S S L L S

where S and L denotes the solid and the liquid phases, and ΔH , V

and
→
n are, respectively, the latent heat of fusion, growth velocity

and the normal vector at the interface.

The melt convection is driven by buoyancy and Marangoni ef-

fects. The Marangoni flow occurs at the free surface of the melt,

due to the dependence of the interface tension on the tempera-

ture. This effect has been modeled by introducing the following

boundary condition at the free surface of the melt:

μ
∂

∂
= γ

∂

∂ ( )

u

n

T

s 8
s

where us is the tangential component of the flow velocity,
→
s and

→
n

are the tangential and the normal unit vectors to the free surface, r

is the radial coordinate and γ = σd /dTS is the derivative of the

surface tension as function of the temperature

(γ = − ⋅ ⋅−3.5 10 N/m K5 from Ref. [5]).

The transient modeling of the solidification process is per-

formed by using the deformed mesh technique. There are three

moving interfaces in the present model: the crystal-melt interface

which takes the shape of the solidification isotherm, the crystal-

gas interface which gives the external shape of the crystal, and the

melt-gas interface which is moving down during the

crystallization process. The mesh used for the local simulation has

10,000 triangular elements. The maximum time step in the tran-

sient simulations is 0.5 s. The physical properties of alumina in the

solid and liquid phases are taken from [5]. Our measurements for

the absorption coefficient of Ti-doped crystals show a mean value
of = −a 80 m 1 corresponding to =C 0.1% titanium concentration in

the sample.

3. Results

Numerical modeling is performed in the case of crystals grown

in crucibles of 15 cm and 30 cm in diameter. The computed shape

of the crystal-melt interface is compared to the experimental vi-

sualization of the growth interface. In these experiments, the

crystallization process was stopped by quickly pulling out the

crystal from the melt. Fig. 2 shows the shape of the crystals ob-

tained by interrupting the growth process at time =t 31 h (Fig. 2a)

and, respectively, at time =t 67 h (Fig. 2b). The crystal-melt in-

terface has a convex-concave shape with a large curvature. The

non-dimensional interface deflection defined as the ratio between

the deflection and crystal radius ( τ = f r/ c) increases during the
crystallization process: τ = =4.5 cm/2.9 cm 1.55 at time =t 31 h
and τ = =11 cm/4.3 cm 2.55 at time =t 67 h.

3.1. Convective effects

The effect of the convection on the interface shape is studied in

Fig. 3. The computations are performed at the beginning of the

growth process by neglecting the internal radiation in the crystal. The

flow is driven by buoyancy and Marangoni effects. The values of the
Grashof β Δ ρ μ( = )Gr g TR /T

3 2 2 and Marangoni γρ Δ μ( = − )Ma c T R k/P S S

numbers at the beginning of the crystallization process are:

= ⋅Gr 2 104 and =Ma 3200. ΔT and ΔTS represent the temperature

difference in the melt and, respectively, at the free surface of the

liquid, R is the crucible radius and RS is the radial dimension of the

free surface of the melt. The buoyancy convection consists of two

main vortices (Fig. 3a). In the primary vortex, the fluid downwards at

the sample center and moves up near the crucible wall. The sec-

ondary vortex has an opposite direction and is located near the free

Fig. 4. Evolution in time of the velocity in the control point shown in Fig. 3b.
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surface of the melt. The transient computation shows an unsteady

convectionwith a flow patternwhich is changing periodically in time

(see the plot of the velocity in a control point illustrated in Fig. 4).

This is explained by the high value of the Prandtl number ( =Pr 14.5)

featuring a strong interaction between the thermal and the flow

field. Fig. 3b shows the results obtained by accounting the Marangoni

effect. The thermo-capillary convection is located at the free surface

of the melt and has opposite direction to the flow in the secondary

vortex. The intensity of the Marangoni flow depends on the radial

temperature gradient along the liquid-gas interface, which increases

significantly during the first stage of the crystallization process, when

the crystal grows faster in the radial direction. The intense flow near

the triple crystal-melt-gas line changes the shape of the solidification

interface, which becomes convex-concave (see Fig. 3b). The di-

mensionless interface deflection increases due to the Marangoni ef-

fect from τ = 0.57 (Fig. 3a) to τ = 0.73 (Fig. 3b).

3.2. Internal radiative effects

The effect of the internal radiation on the crystal-melt interface

shape is shown in Fig. 5. The computations including the Mar-

angoni effect are performed in three cases: a) without internal

radiation in the crystal (opaque crystal), b) with internal radiation

in the case of non-doped sapphire crystal (absorption coefficient
= −a 20 m 1) and c) with internal radiation in the case of Ti-doped

sapphire crystal (absorption coefficient = −a 80 m 1). The interface

shape is slightly affected by the flow, since the Marangoni con-

vection is less intense at the beginning of the growth process.

Fig. 5a shows the results obtained for an opaque crystal. The

thermal conductivity in the solid phase = ⋅k 6 W/m KS is higher
than in the liquid phase = ⋅k 3 W/m KL . This leads to a convex

(toward the melt) shaped interface with a relatively small curva-

ture: τ = =1.5 cm/2 cm 0.75. The cases computed by accounting

the absorption coefficient show that the interface shape is sig-

nificantly affected by the internal radiative transfer (see Fig. 5b and

c). For a participating medium, the heat is conducted more easily

from the melt to the crystal, since the radiative energy is absorbed

and re-emitted by the growing ingot. Therefore, the heat flux

through the crystal increases, leading to a significant increase of

the effective thermal conductivity of the sapphire crystal. The in-

got grows faster on the axial direction (z-axis) as compared to the

opaque case. That explains the increased interface deflection ob-

tained for the cases computed by accounting the internal radiative

effect (Fig. 5b and c). Numerical results show that the non-di-

mensional interface deflection increases for a Ti-doped crystal as

compared to a non-doped crystal: τ = =2.3 cm/2 cm 1.15 (Fig. 5b)
and τ = =3 cm/2 cm 1.5 (Fig. 5c). That can be explained by ac-

counting the heat flux balance in the vicinity of the triple crystal-

melt-gas point. According to Rosseland's formula, the effective

thermal conductivity of a participating medium decreases with

increasing absorption coefficient:

= +
σ

( )

T
k k

16n

3a 9eff opaque

2 3

The plot in Fig. 5b shows that at lower absorption coefficient

(higher keff ), the heat flux transferred from the melt to the crystal

in the vicinity of the triple point is preferentially oriented to the

crystal (radial direction). The ratio between the radial and the

vertical component of the heat flux ϕ ϕ/r z is higher if compared to
the case shown in Fig. 5c. The crystal grows faster on the radial

direction at low absorption coefficient, so the dimensionless in-

terface deflection is smaller in this case.

3.3. Comparison to experiments

The results obtained from modeling the first visualization

Fig. 5. Effect of the internal radiation on interface shape: (a) without internal ra-

diation in the crystal (τ = =1.5 cm/2 cm 0.75); (b) with internal radiation for non-

doped sapphire crystal ( = −a 20 m 1, τ = =2.3 cm/2 cm 1.15 ); (c) with internal

radiation for Ti-doped sapphire crystal ( = −a 80 m 1, τ = =3 cm/2 cm 1.5). Color

map shows the temperature field (K). (For interpretation of the references to color

in this figure legend, the reader is referred to the web version of this article.).
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experiment (Fig. 2a) are shown in Fig. 6. The evolution in time of

the velocity field shows that the intensity of the Marangoni con-

vection increases during the first stage of the growth process

( = −t 0 30 h). The convection is characterized by two main flow

cells: the axial flow with downward motion of the fluid at the

centerline, and a clockwise vortex located near the free surface of

the melt (see results at time =t 15 h). As the crystal radius in-

creases, the radial temperature gradient at the melt-gas interface

increases, resulting in a strengthening of the Marangoni flow (see

the plot at time =t 27 h). The secondary vortex is completely

overwhelmed by the Marangoni convection which reinforces the

flow in the main vortex. The non-dimensional interface deflection

increases from τ = =1.85 cm/1.5 cm 1.23 at time =t 15 h to
τ = =4.28 cm/2.8 cm 1.53 at =t 31 h. These results are in agree-

ment with the experimental measurement of the interface cur-

vature showing a value τ = =4.5 cm/2.9 cm 1.55 at time =t 31 h

(see Fig. 2a). The convex-concave shape of the interface is more

obvious in the experiment as compared to our computations (see

Fig. 2a and Fig. 6 at time =t 31 h).

Numerical simulation is also validated by comparing the com-

puted mass of the growing crystal to experimental measurements.

The mass of the crystal is the sum of the floated and submerged

parts:

= + ( )M M M 101 2

The measured mass of the submerged part of the crystal is

smaller than the actual quantity due to the Archimedes force. The

recorded mass of the crystal can be expressed as:

= + ′ ( )M M M 11exp 1 2

where the apparent mass of the submerged crystal is given by:

′ = − ρ ( )M M V 122 2 L 2

The volume of the immersed crystal can be evaluated by as-

suming a conical shape of the crystal-melt interface:

=
π

( )

r
V

f

3 132
c
2

Therefore, we get the following expression for Mexp:

Fig. 6. Evolution in time of the velocity field and interface shape in the case of the first visualization experiment. Non-dimensional deflection of the growth interface:

τ = =1.85 cm/1.5 cm 1.23 at =t 15 h, τ = =3.4 cm/2.26 cm 1.5 at =t 27 h and τ = =4.28 cm/2.8 cm 1.53 at =t 31 h.

Fig. 7. Comparison of the recorded mass of the crystal (continuous line), the ex-

perimental mass with correction (squares) and the numerical computed mass

(triangles).

Fig. 8. Formation of a plateau and temporal concave shape of the crystal observed

during the first stage of growth in crucibles of =d 30 cm in diameter.
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= + −
π ρ

= −
π ρ

( )

r f r f
M M M

3
M

3 14exp 1 2
c
2

L c
2

L

The correction of the experimental mass Δ = π ρr fM /3c
2

L can be
evaluated by using the computed values for the interface deflec-

tion (f ) and crystal radius (rc). Fig. 7 shows the comparison of the

recorded mass of the crystal (Mexp) and the computed mass. We
obtain a good agreement between the numerical values and the

experimental data with correction ( Δ+M Mexp ). The computed

mass is overestimated by ≈18 g at the end of the growth process
( = )t 31 h if compared with the measured mass of the ingot

=M 205 gingot .

3.4. Plateau formation

Some experiments conducted in crucibles of 30 cm in diameter

have shown the formation of a plateau during the first stage of

crystallization (see Fig. 8). The formation of so-called “temporal

concave of the crystal” or “remelting zone” is often observed

during the growth of large size Kyropoulos ingots. Several hy-

pothesis have been formulated in order to explain this effect.

Demina et al. [4] suggested that the formation of the remelting

zone is related to the secondary flow cell, while Gao et al. [9]

considered that it is an effect of the Marangoni flow.

Our global and local simulations of the growth process in

crucibles of 30 cm in diameter, show that the plateau formation is

related to unfavorable thermal conditions during the first stage of

the crystallization. The global simulation is firstly applied to

compute the thermal and the flow field in the furnace at the be-

ginning of the crystallization process. The computations are per-

formed in some particular conditions which promote the plateau

formation. Fig. 9 shows the evolution in time of the velocity field

and the solidification isotherm after the seeding stage. The velo-

city distribution in the alumina charge is computed at tempera-

tures greater than the melting point. The external shape of the

crystal and the evolution in time of the solidification front are not

determined in the present case. Fig. 9a shows that the

Fig. 9. Evolution in time of the velocity field and solidification isotherm (in red) at the beginning of the growth process: (a) after seeding; (b) after Δ =t 0.15 h. Results carried

out from global modeling of the Kyropoulos furnace. Crucible diameter =d 30 cm. (For interpretation of the references to color in this figure legend, the reader is referred to

the web version of this article.).
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Fig. 10. Evolution in time of the external shape of the crystal and growth interface in the case: (a) with Marangoni convection; (b) without Marangoni convection;

(c) without internal radiative effect in the crystal. Crucible diameter =d 30 cm.
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solidification isotherm is nearly parallel to the free surface of the

melt. Since the Marangoni flow is weak at the beginning of the

growth process, the flow pattern consists of two cells with the

secondary vortex developed near the melt-gas interface. Fig. 9b

shows the results obtained after Δ =t 0.15 h. As the power in the

heater is decreased, the crystallization occurs very quickly in the

radial direction, leading to plateau formation. Small solid zones

appearing at the melt-gas interface are remelted by the convec-

tion. This generates a very unstable flow at the top surface of the

melt, characterized by small opposite vortices (see Fig. 9b). It is

concluded that a thermal field with isotherms nearly parallel to

the free surface of the melt is likely to produce the plateau for-

mation during the first stage of the growth process.

Local simulation is then applied to study the influence of the

Marangoni flow on the crystal shape, after the plateau formation.

The deformed mesh technique is used to compute the evolution in

time of the crystal shape and the growth interface. The compu-

tations are started by considering an initial shape of the crystal,

with plateau (blue line in Fig. 10a), which corresponds to the final

result shown in Fig. 9b. The cases computed with and without

Marangoni flow (Fig. 10a and b) show that the concave shape of

the crystal is not influenced by the Marangoni convection

( =Ma 5400). The flow intensity increases near the triple point due

to the Marangoni effect, but the convection is not strong enough to

influence the external shape of the crystal. The result plotted in

Fig. 10c is carried out from a computation which neglects the in-

ternal radiative effect in the crystal. The curvature of the crystal-

melt interface decreases significantly as compared to the simu-

lated cases which account for the internal radiative effect:

τ = =6.6 cm/7.9 cm 0.84 (Fig. 10a) and τ = =2 cm/7.7 cm 0.26

(Fig. 10c). The transient computation shows a remelting of the

plateau in this case.

The present results show that the formation of a plateau and

the temporal concave shape of the crystal are mainly related to

unfavorable heat transfer conditions in the furnace. The flow can

influence the shape of the growth interface, but cannot change

significantly the external shape of the crystal.

4. Conclusions

Transient global and local modeling was performed in order to

investigate the influence of the convective and internal radiative

effects on the shape of the crystal-melt interface during the Kyr-

opoulos growth of Ti-doped sapphire crystals. The modeling of the

melt convection shows that the Marangoni flow reinforces the

buoyancy flow at the sample axis, leading to an increased interface

curvature. The intensity of the Marangoni convection increases

during the first stage of the growth, affecting the shape of the

growth interface which becomes convex-concave.

The internal radiative heat transfer in the sapphire crystal has a

significant effect on the interface shape. The effective thermal

conductivity of the crystal increases during the growth process,

affecting the solidification interface which becomes conical. Nu-

merical modeling shows that the non-dimensional interface de-

flection increases two times in the case of Ti-doped crystals (ab-

sorption coefficient = −a 80 m 1) as compared to opaque crystals.

Numerical modeling of the crystallization process in crucibles of

15 cm in diameter is compared to experimental visualization of the

growth interface. A good agreement is obtained for the compu-

tations of interface deflection and crystal mass.

The formation of a plateau, which was observed in some ex-

periments carried out in crucibles of 30 cm in diameter, has been

investigated by global and local modeling. The global computa-

tions of the temperature and flow field at the beginning of crys-

tallization process, show that this undesirable effect is due to

unfavorable heat transfer conditions in the furnace. The crystal

grows very fast on the radial direction when the solidification

isotherm is nearly parallel to the free surface of the melt. After the

plateau formation, the crystal exhibits a concave shape, then the

ingot diameter increases again until the nominal value is reached.

Computations performed with and without Marangoni convection

show no significant effect of the flow on the external shape of the

crystal. On contrary, the internal radiative heat exchanges can in-

fluence the temporal concave shape of the crystal.
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