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MEAN CURVATURE FLOWS

ANTONIN CHAMBOLLE, MASSIMILIANO MORINI, MATTEO NOVAGA,
AND MARCELLO PONSIGLIONE

ABsTRACT. An existence and uniqueness result, up to fattening, for crystalline mean cur-
vature flows with forcing and arbitrary (convex) mobilities, is proven. This is achieved
by introducing a new notion of solution to the corresponding level set formulation. Such
solutions satisfy a comparison principle and stability properties with respect to the ap-
proximation by suitably regularized problems. The results are valid in any dimension
and for arbitrary, possibly unbounded, initial closed sets. The approach accounts for
the possible presence of a time-dependent bounded forcing term, with spatial Lipschitz
continuity. As a result of our analysis, we deduce the convergence of a minimizing
movement scheme proposed by Almgren, Taylor and Wang (1993), to a unique (up to
fattening) “flat flow” in the case of general, including crystalline anisotropies, solving a

long-standing open question.
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1. INTRODUCTION

In this paper we deal with anisotropic and crystalline mean curvature flows; that is, flows of
sets t — E(t) (formally) governed by the law

(1.1) V(z,t) = —pwPO) (k5 (2) + gz, 1)),

where V (z,t) stands for the (outer) normal velocity of the boundary OE(t) at x, ¢ is a given norm
on R¥ representing the surface tension, /{f(t) is the anisotropic mean curvature of OE(t) associated
with the anisotropy ¢, ¥ is a norm evaluated at the outer unit normal v#® to OE(t), and g is a
bounded spatially Lipschitz continuous forcing term. The factor ¢ plays the role of a mobility'.
We recall that when ¢ is differentiable in RY \ {0}, then nf is given by the surface divergence of

a “Cahn-Hoffman” vector field [17, 48, 47]:
(1.2) Iig = div, (V¢(VE)) ,

however in this work we will be interested mostly in the “crystalline case”, which is whenever the
level sets of ¢ are polytopes and (1.2) should be replaced with

(1.3) kY € div, (06(v7)),

and which we will describe later on.

Equation (1.1) is relevant in materials science and the study of crystal growth, see for instance
[49, 48, 43] and the references therein. Its mathematical well-posedness is classical in the smooth
setting, that is when ¢, v, g and the initial set are sufficiently smooth (and ¢ satisfies suitable
ellipticity conditions). However, it is also well-known that in dimensions N > 3 singularities may
form in finite time even in the smooth case. When this occurs the strong formulation of (1.1)
ceases to be applicable and one needs a weaker notion of solution leading to a (possibly unique)
globally defined evolution.

Among the different approaches that have been proposed in the literature for the classical mean
curvature flow (and for several other “regular” flows) in order to overcome this difficulty, we start
by mentioning the so-called level set approach [45, 30, 31, 26, 37], which consists in embedding
the initial set in the one-parameter family of sets given by the sublevels of some initial function
1%, and then in letting all these sets evolve according to the same geometric law. The evolving
sets are themselves the sublevels of a time-dependent function u(x,t), which turns out to solve a
(degenerate) parabolic equation for u (with the prescribed initial datum u"). The crucial point is
that such a parabolic Cauchy problem is shown to admit a global-in-time unique viscosity solution
for many relevant geometric motions: in fact, one only needs the continuity? of the Hamiltonian
of the level-set equation which corresponds to (1.1) [26, 36]. When this happens, the evolution
of the sublevels of u defines a generalized motion (with initial set given by the corresponding

IStrictly speaking, the mobility is ¢(vF(#))~1,
2Which is of course weaker than the requirements for the existence of strong solutions, which at least include

ellipticity properties.
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sublevels of u°), which exists for all times and agrees with the classical one until the appearance of
singularities (see [31]). Moreover, such a generalized motion satisfies the comparison principle and
is unique whenever the level sets of u have an empty interior. Let us mention that the appearance
of a nontrivial interior (the so called fattening phenomenon) may in fact occur even starting from
a smooth set (see for instance [8]). On the other hand, such a phenomenon is rather rare: for
instance, given any uniformly continuous initial function u°, all its sublevels, with the exception
of at most countably many, will not generate any fattening.

The second approach which is relevant for the present treatment is represented by the minimizing
movements scheme devised by Almgren, Taylor and Wang [3] and, independently, by Luckhaus
and Sturzenhecker [44]. It is variational in nature and hinges on the gradient flow structure of the
geometric motion. More precisely, it consists in building a family of discrete-in-time evolutions by
an iterative minimization procedure and in considering any limit of these evolutions (as the time
step At > 0 vanishes) as an admissible global-in-time solution to the geometric motion, usually
referred to as a flat flow (or ATW flat flow). The problem which is solved at each step has the
form [3, §2.6]

: 1 : n—1
(1.4) mblan;(E) + A /EAE“*l dist(z, 0OE" ™ )dx

where EAE™ ! denotes the symmetric difference of the two sets E and E”~!, and the anisotropic
perimeter Py(E) = [, ¢(v)dHN " is defined rigorously in (2.1) below. (We generalize slightly
the scheme later on, in particular to deal with non-compact boundaries, of possibly infinite mass.)
This scheme is studied in great details in [3] and many convergence properties are proven, including
to the previously mentioned viscosity solutions, under some technical assumption. If ¢ (and the
initial set) is smooth enough, also convergence to strong solutions are proven. However, except in
dimension 2 [2], the convergence of this scheme in the crystalline case remained open.

In this paper, we show for the first time that, up to exceptional initial sets which might develop
non-uniqueness, this discrete procedure converges to a unique motion in all cases, including crys-
talline. In practice, if we replace the distance in (1.4) with an anisotropic distance based on a norm
“compatible” with ¢ (“¢-regular”, Def. 4.1), it is relatively easy, though a bit technical, to extend
our previous results in [22] and show convergence of the scheme. Our main result in this work is a
stability result which shows additionally that even if this ¢-regularity is lost (as is always the case
when the distance in (1.4) is Euclidean and ¢ crystalline), the discrete-in-time flows remain close
to ¢-regular flows and their limit is still unique. While the stability for the limiting flow (only) is
relatively simple [20], the stability at the discrete level, for At > 0, which only allows to derive
the uniqueness of the flat flow, is quite technical and requires precise estimates on the minimizers
of (1.4), established in Section 3.4. The remainder of this introduction describes more closely the

technical content of this paper.

Practically, it is somewhat convenient to combine the variational approach with the level set
point of view, by implementing the Almgren-Taylor-Wang scheme (ATW) for all the sublevels of
the initial function u® (level set ATW). As already mentioned, it turns out that the two approaches
produce in general the same solutions. A very simple proof of convergence of the level set ATW to
the viscosity solution of the level set equation in the case of anisotropic mean curvature flows (with
smooth anisotropy) is given in [23] (see also [3, 19]); such a result implies in turn the convergence

of the ATW to the aforementioned generalized motion whenever fattening does not occur.
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When the anisotropy is crystalline, all the results mentioned before for regular anisotropies
become much more difficult, starting from the very definition of crystalline curvature which cannot
be given by (1.2) anymore, but rather by (1.3): one has to consider a suitable selection z of
the (multivalued) subdifferential map z +— d¢(v¥(z)) (of “Cahn-Hoffmann fields”), such that the
tangential divergence div,z has minimal L?-norm among all possible selections. The crystalline
curvature is then given by the tangential divergence div,zopt of the optimal Cahn-Hoffman field
(see [16, 35]) and thus, in particular, has a nonlocal character.

We briefly recall what is known about the mathematical well-posedness of (1.1) in the crystalline
case. In two dimensions, the problem has been essentially settled in [34] (when g is constant) by
developing a crystalline version of the viscosity approach for the level-set equation, see also [49,
48, 50, 2, 7, 33, 38] for important former work. The viscosity approach adopted in [34] applies in
fact to more general equations of the form

(15) V= f(V7 _Hf)v

with f continuous and non-decreasing with respect to the second variable, however without spa-
tial dependence. Former studies were rather treating the problem as a system of coupled ODEs
describing the relative motion of each facet of an initial crystal [49, 48, 2, 7]. We mention also
the recent paper [25], where short time existence and uniqueness of strong solutions for initial
“regular” sets (in a suitable sense) is shown.

In dimension N > 3 the situation was far less clear until very recently. Before commenting on
the new developments, let us remark that before these, the only general available notion of global-
in-time solution was that of a flat flow associated with the ATW scheme, defined as the limit of
a converging subsequence of time discrete approximations. However, no general uniqueness and
comparison results were available, except for special classes of initial data [18, 13, 39] or for very
specific anisotropies [35]. As mentioned before, substantial progress in this direction has been
made only very recently, in [41] and [22].

In [41], the authors succeed in extending the viscosity approach of [34] to N = 3. They are able
to deal with very general equations of the general form (1.5) establishing existence and uniqueness
for the corresponding level set formulations. In a preprint just appeared [42], they show how to
extend their approach to any dimension, which is a major breakthrough (moreover the new proof
is considerably simpler than before). It seems that their method, as far as we know, still requires
a purely crystalline anisotropy ¢ (so mixed situations are not allowed), bounded initial sets, and
the only possible forcing term is a constant.

In [22], the first global-in-time existence and uniqueness (up to fattening) result for the crys-
talline mean curvature flow valid in all dimensions, for arbitrary (possibly unbounded) initial sets,
and for general (including crystalline) anisotropies ¢ was established, but under the particular
choice ¥ = ¢ (and g = 0) in (1.1). It is based on a new stronger distributional formulation of the
problem in terms of distance functions, which is reminiscent of, but not quite the same as, the
distance formulation proposed and studied in [46] (see also [28, 11, 6, 18, 4]). Such a formulation
enables the use of parabolic PDE’s arguments to prove comparison results, but of course makes
it more difficult to prove existence. The latter is established by implementing the variant of the
ATW scheme devised in [19, 18]. The methods of [22] yield, as a byproduct, the uniqueness, up to
fattening, of the ATW flat flow for the equation (1.1) with ¢ = ¢ and g = 0. But it leaves open
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the uniqueness issue for the general form of (1.1) and, in particular, for the constant mobility case
(1.6) V=-k},

originally appearing in [3], which is approximated by (1.4). The main reason is technical: the
distributional formulation introduced in [22] becomes effective in yielding uniqueness results only
if, roughly speaking, the level sets of the °-distance function from any closed set (¢° being the
norm polar to the mobility ¥) have (locally) bounded crystalline curvatures. This is certainly the
case when ¢ = v (and explains such a restriction in [22]).

As said, we remove in this paper the restriction ¢ = 1 and extend the existence and uniqueness
results of [22] to the general equation (1.1). In order to deal with general mobilities, we cannot
rely anymore on a distributional formulation in the spirit of [22], but instead we extend the notion
of solution via an approximation procedure by suitable regularized versions of (1.1).

We now describe more in details the contributions and the methods of the paper. Before
addressing the general mobilities, we consider the case where ¥ may be different from ¢ but satisfies
a suitable regularity assumption, namely we assume that the Wulff shape (2.3) associated with
(in short the ¥-Wulff shape) admits an inner tangent ¢-Wulff shape at all points of its boundary.
We call such mobilities ¢-reqular (see Definition 4.1). The ¢-regularity assumption implies in turn
that the level sets of the 1 °-distance function from any closed set have locally bounded crystalline
curvatures and makes it possible to extend the distributional formulation (and the methods) of
[22] to (1.1) (Definition 2.2), to show that such a notion of solution bears a comparison principle
(Theorem 2.7) and that the ATW scheme converges to it (Theorem 4.3). As is classical, we then
use these results to build a unique level set flow (and a corresponding generalized motion), which
satisfies comparison and geometricity properties (Theorem 4.8).

Having accomplished this, we deal with the general case of ¢ being any norm. As mentioned
before, the idea here is to build a level set flow by means of approximation, after the easy observation
that for any norm v there exists a sequence {1, } of ¢-regular mobilities such that v,, — ¥. More
precisely, we say that u is a solution to the level set flow associated with (1.1) if there exists an
approximating sequence {t¢,} of ¢-regular mobilities such that the corresponding level set flows
uy, constructed in Section 4 locally uniformly converge to u (Definition 5.6).

In Theorems 5.7 and 5.9 we establish the main results of the paper: we show that for any norm

1) a solution-via-approximation u always exists; moreover u satisfies the following properties:

(i) (Uniqueness and stability): The solution-via-approximation « is unique in that it is inde-
pendent of the choice of the approximating sequence of ¢-regular mobilities {1, }. In fact,
it is stable with respect to the convergence of any sequence of mobilities and anisotropies.

(ii) (Comparison): if u® < Y, then the corresponding level set solutions u and v satisfy u < v.

(iii) (Convergence of the level set ATW): u is the unique limit of the level set ATW.
(iv) (Generic non-fattening): As in the classical case, for any given uniformly continuous initial
datum «° all but countably many sublevels do not produce any fattening.

(v) (Comparison with other notions of solutions): Our solution-via-approximation u coincides
with the classical viscosity solution in the smooth case and with the Giga-Pozar viscosity
solution [41, 42] whenever such a solution is well-defined, that is, when ¢ is constant, ¢ is

purely crystalline and the initial set is bounded.
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(vi) (Phase-field approximation): When g is constant, a phase-field Allen-Cahn type approxi-
mation of u holds.

We finally mention that property (iii) implies the convergence of the ATW scheme, whenever no
fattening occurs and thus settles the long-standing problem of the uniqueness (up to fattening) of
the flat flow corresponding to (1.1) (and in particular for (1.6)) when the anisotropy is crystalline.
In our later paper [20] we show that it is also possible to build crystalline flows by approximating
the anisotropies with smooth ones and relying for existence on the standard viscosity theory of
generalized solutions. However this variant, even if slightly simpler, does not show that flat flows
are unique.

The plan of the paper is the following. In Section 2 we extend the distributional formulation
of [22] to our setting and we study the main properties of the corresponding notions of sub and
supersolutions. The main result of the section is the comparison principle established in Section 2.3.

In Section 3 we set up the minimizing movements algorithm and we start paving the way for
the main results of the paper by establishing some preliminary results. In particular, the density
estimates and the barrier argument of Section 3.4, which do not require any regularity assumption
on the mobility v, will be crucial for the stability analysis of the ATW scheme needed to deal with
the general mobility case and developed in Section 5.1.

In Section 4 we develop the existence and uniqueness theory under the assumption of ¢-regularity
for the mobility ). More precisely, we establish the convergence of the ATW scheme to a distribu-
tional solution of the flow, whenever fattening does not occur. Uniqueness then follows from the
results of Section 2.

Finally, in Section 5 we establish the main results of the paper, namely the existence and
uniqueness of a solution via approximation by ¢-regular mobilities. As already mentioned, the
approximation procedure requires a delicate stability analysis of the ATW scheme with respect to
varying mobilities. Such estimates are established in Section 5.1 and represent the main technical

achievement of Section 5.

2. A DISTRIBUTIONAL FORMULATION OF CURVATURE FLOWS

In this section we generalize the approach introduced in [22] by introducing a suitable distribu-
tional formulation of (1.1) and we show that such a formulation yields a comparison principle and
is equivalent to the standard viscosity formulation when the anisotropy ¢ and the mobility v are
sufficiently regular.

The existence of the distributional solution defined in this section will be established in Section 4
under the additional assumption that the mobility ¢ satisfies a suitable regularity assumption (see
Definition 4.1 below).

2.1. Preliminaries. We introduce the main objects and notation used throughout the paper.
Given a norm 7 on RY (a convex, even®, one-homogeneous real-valued function with n(v) > 0
if v # 0), we define a polar norm 7° by n°(¢§) := sup,,)<1 ¥ - § and an associated anisotropic

perimeter P, as

(2.1) P,(E) := sup{/Edivgdx ¢ e CHRN;RY), n°(¢) < 1}.

3For simplicity we develop the theory in the symmetric case; See Remark 6.3.
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As is well known, (7°)° = n so that when the set E is smooth enough one has
PyE) = [ P)an
OE

which is the perimeter of E weighted by the surface tension n(v¥). The notation H*, s > 0, stands
for the s-dimensional Hausdorff measure. It is also useful to recall the notion of relative perimeter:

given an open set 2 C RV we will denote by P,(E;) the n-perimeter of E relative to ; i.e.,

P,)(E;Q) := Sup{/ div¢dr : ¢ € CLHQ;RY), n°(¢) < 1} .
E
As before, note that if E is sufficiently regular, then

P,(E;Q) = / n(w)dHN .
OENQ

We will often use the following characterization:

(2.2) On(w) ={¢:n°(¢§) <land &-v>n(v)}

(and the symmetric statement for °). In particular, if v # 0 and £ € dn(v), then n°(£) = 1, and
on(0) = {¢:n°(&) < 1}. For R > 0 we denote

(2.3) Wz, R) == {y:n°(y —x) < R}.

Such a set is called the Wulff shape (of radius R and center z) associated with the norm 7 and

represents the unique (up to translations) solution of the anisotropic isoperimetric problem
min {P,(E) : |E| = |W"(0,R)|},

see for instance [32]. We let W7 := W7(0,1), B; = W' the unit ball and more generally, for
r>0, B, ={z:|z| <r}.
We denote by dist”(-, E) the distance from E induced by the norm 7, that is, for any z € RV
dist"(z, ) := inf n(z —
ist"(w, E) := inf n(z —y)
if E# 0, and dist”(z,0) := +o00. Moreover, we denote by d, the signed distance from F induced
by n, i.e.,

(2.4) d}(z) := dist"(z, E) — dist" (z, E°) .

so that dist”(z, E) = d%(x)" and dist”(z, E¢) = d’5(z)~, where we adopted the standard notation
t+:=tVv0and t~ := (—t)*. Note that by (2.2) we have n(Vd% ) = 1°(Vd?) =1 a.c. in RN \ OE.
We will write dist(-, E) and dg without any superscript to denote the Euclidean distance and
signed distance from FE, respectively.

Finally we recall that a sequence of closed sets (Ey),>1 in R™ converges to a closed set E in

the Kuratowki sense if the following conditions are satisfied:

(i) if z,, € E, for each n, any limit point of (x,),>1 belongs to E;

(ii) any = € E is the limit of a sequence (z,)n>1, with z, € E, for each n.
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We write in this case:
E, 5 E.

It is easily checked that E, X, Eif and only if (for any norm n) dist” (-, F,,) — dist" (-, ) locally
uniformly in R™. In particular, Ascoli-Arzela Theorem shows that any sequence of closed sets

admits a converging subsequence in the Kuratowski sense.

2.2. The distributional formulation. In this subsection we give the precise formulation of the
crystalline mean curvature flows we will deal with. Throughout the paper the norms ¢ and 1 will
stand for the anisotropy and the mobility, respectively, appearing in (1.1). Note that we do not
assume any regularity on ¢ (nor on ¢) and in fact we are mainly interested in the case when ¢ is
crystalline, that is, when the associated unit ball is a polytope.

Moreover, we will assume throughout the paper that the forcing term g : RY x [0, +00) — R
satisfies the following two hypotheses:

H1) g € L=®(RY x (0,0));

H2) there exists L > 0 such that g(-,¢) is L-Lipschitz continuous (with respect to the metric

¢°) for a.e. t > 0.

Remark 2.1. Assumption H1) can be weakened and replaced by

H1)’ for every T > 0, g € L (RY x (0,T)).
Indeed under the weaker assumption H1)’, all the arguments and the estimates presented through-
out the paper continue to work in any time interval (0,7"), with some of the constants involved
possibly depending on T'. In the same way, if one restricts our study to the evolution of sets with
compact boundary, then one could assume that g is only locally bounded in space. We assume
H1) instead of H1)’ to simplify the presentation.

In all that follows by the expression “admissible forcing term” we will mean a forcing term g
satisfying H1) and H2) above.

We are now ready to provide a suitable distributional formulation of the curvature flow (1.1).

Definition 2.2. Let E° C RY be a closed set. Let E be a closed set in RN x [0, +00) and for each
t > 0 denote E(t) := {x € RN : (x,t) € E}. We say that E is a superflow of (1.1) with initial
datum E° if

) IntTIAL ConDITION: E(0) C EY;

b) LEFT CONTINUITY: E(s) LN E(t) as s /'t for allt > 0;

If E(t) =0 for some t > 0, then E(s) =0 for all s > t.

DIFFERENTIAL INEQUALITY: Set T* :=inf{t > 0: E(s) =0 for s > t}, and

~ o~ S~
Qo =2
~ ~—

d(z,t) = dist*”” (z, E(1)) for all (z,t) € RN x (0,T%) \ E.
Then there exists M > 0 such that the inequality
(2.5) Od > divz + g — Md

holds in the distributional sense in RN x (0,7*)\ E for a suitable z € L= (RN x (0,T*))
such that z € 0¢(Vd) a.e., divz is a Radon measure in RY x (0,7%)\ E, and (divz)* €
L®({(z,t) € RN x (0,T*) : d(z,t) > 6}) for every & € (0,1).
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We say that A, open set in RN x [0, 4+00), is a subflow of (1.1) with initial datum E° if A® is
a superflow of (1.1) with g replaced by —g and with initial datum (E°'0)0.

Finally, we say that E, closed set in RN x [0, +00), is a solution of (1.1) with initial datum E°
if it is a superflow and sz is a subflow, both with initial datum E°, assuming in addition that

both E° and E coincide with the closure of their interior.

In Subsection 4.2 we will prove the existence of solutions satisfying (2.5) with M = L. In our
definition, “super”’-flow refers to the fact that the distance function may grow faster than the
distance to a solution of the mean curvature flow, which corresponds to a set shrinking also faster
than expected with (1.1).

Remark 2.3. Notice that the closedness of F yields that d is lower semicontinuous. Indeed, if
(zk,tr) = (x,t), with ¢, t < T, we can choose yi € E(ty) with ¢°(xr — yx) = d(xg,tx), then,
since any limit point of (yk,t) is in E, one deduces d(x,t) < liminfy d(xy, tx). On the other hand,
condition (b) implies that d(-, t) is left-continuous. Moreover, by condition (d) of Definition 2.2, the
distributional derivative 9;d is a Radon measure in RY x (0,7%)\ E, so that d is locally a function
with bounded variation; using the fact that the distance functions are uniformly Lipschitz, we can
deduce that for any ¢ € [0,7*), d(-, s) converges locally uniformly in {z : d(x,t) > 0} as s \(t to
some function d” with d” > d(-,t) in {x : d(z,t) > 0}, while d(-, s) converges locally uniformly to
d(-,t) as s /'t (cf [22, Lemma 2.4]).

Remark 2.4. Notice that the initial condition for subflows may be rewritten as £9 C A(0). In
particular, if E is a solution according to the previous definition, then E(0) = EY.

We now introduce the corresponding notion of sub- and supersolution to the level set flow
associated with (1.1).

Definition 2.5 (Level set subsolutions and supersolutions). Let u® be a uniformly continuous
function on RN . We will say that a lower semicontinuous function u : RN x [0,4+00) — R is a
supersolution to the level set flow corresponding to (1.1) (level set supersolution for short), with
initial datum u®, if u(-,0) > u® and if for a.e. X € R the closed sublevel set {(x,t) : u(z,t) < A} is
a superflow of (1.1) in the sense of Definition 2.2, with initial datum {ug < A}.

We will say that an upper-semicontinuous function u : RY x [0, 400) — R is a subsolution to
the level set flow corresponding to (1.1) (level set subsolution for short), with initial datum u°,
if —u is a level set supersolution in the previous sense, with initial datum —ug and with g replaced
by —g.

Finally, we will say that a continuous function u : RY x [0,+00) — R is a solution to the level

set flow corresponding to (1.1) if it is both a level set subsolution and supersolution.

2.3. The comparison principle. In this subsection we establish a comparison principle between
sub- and superflows as defined in the previous subsection. A first technical result is a (uniform)

left-continuity estimate for the distance function to a superflow.

Lemma 2.6. Let E be a superflow in the sense of Definition 2.2, and d(x,t) = dist?’ (z, E(t)) the
associated distance function. Then, there exist 7o, x depending on N, ||g|lcc, M such that for any

xz,t >0 and any s € [0, 7],
(2.6) d(z,t +5) > d(z, t)e "M — x /s,
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and (for any s € [0, 0] with s <t)
(2.7) d(z,t —s) < d(z,t)e™* 4+ x\/s.

Proof. The proof follows the lines of the proof of [22, Lemma 3.2] up to minor changes that we

will briefly describe in the following. By definition of a superflow we have
Ord > divz — Md — ||g]]co,
wherever d > 0. Consider (Z,t) with d(z,t) = R > 0. For s > 0, let 7(s) := log(1 + M's)/M and
define
O(x,8) = d(z,t+7(5)) (1 + Ms) + [|gllocs > 0.
We have that 6(z,0) = d(x,t), while, in {d > 0}, 6(z,-) is BV in time, the singular part 93§ is

nonnegative (as the singular part 97d is nonnegative thanks to (2.5) and the assumption on divz)

and the absolutely continuous part satisfies
0%60(z, s) = (0fd(z,t + 7(s))7'(s)(1 + Ms) + Md(x,t + 7(s)) + ||g]|c > divz(z,t + 7(5)).

As z(x,7(s)) € 0¢(Vi(z,s)), we obtain that § is a supersolution of the ¢-total variation flow
starting from d(-,f), and we can reproduce the proof of [22, Lemma 3.2]: we find that there
exists a constant x such that 6(Z,s) > R — xn+/s for s > 0 as long as this bound ensures that
d(z,t+ 7(s)) > 3R/4, which is as long as

R 3MR
(23) s = (lale + 27 ) 50
Now we prove that for any s > 0
(2.9) d(Z,t 4 7(s))(1 + Ms) > R — 4xnvs — (4]lgllc + 3MR)s.

Indeed, as long as (2.8) holds true we have

R—4xnv5 — (4]lglloc + 3MR)s < R — xnv/5 — ||glocs
<6(z,5) = ||glloes = d(z,t 4 7(s)) (1 + Ms).

On the other hand, for later times the left-hand side of (2.9) is (always) nonnegative and the

right-hand side becomes nonpositive. Notice that (2.9) can be rewritten as
d(2,t+7(s))(1 + Ms) > d(2,t)(1 = 3Ms) — dxn /s — 4|gllocs,

and since this holds for any s > 0 and does not depend on the particular value of R, it holds in
fact for any Z,t and we denote this point simply by x,t in the sequel.
Since s = (eM7(*) —1)/M, we deduce that for any x,t > 0,7 > 0,

—MT qu—_l

1—
d(a,t+7) = d(w,t) (477 = 8) = 4]lgl|oe——— =

Inequality (2.6) follows by Taylor expansion, while (2.7) is in fact equivalent to (2.6), up to a
change of constants. O

We can now show the following important comparison result.
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Theorem 2.7. Let E be a superflow with initial datum E° and F be a subflow with initial datum
FO in the sense of Definition 2.2. Assume that dist?” (B9, F°°) =: A > 0. Then,

dist?” (E(t), FE(t)) > Ae™™'  for all t >0,
where M > 0 is as in (2.5) for both E and F.

Proof. Let T} and T} be the maximal existence time for E and F. For all ¢ > min{T},Th} = T*
we have that either E or F¢ is empty. For all such ¢’s the conclusion clearly holds true.

Thus, we may assume without loss of generality that 7%, T > 0 and we consider the case
t < T*. By iteration (thanks to the left-continuity of d) it is clearly enough to show the conclusion
of the theorem for a time interval (0,¢*) for some 0 < ¢t* < T*.

Let us fix 0 < 1y < 2 < m3 < A/2. We denote by zg and zp. the fields appearing in the
definition of superflow (see Definition 2.2), corresponding to E and F'°, respectively. Consider the
set

Si={zeRY :d% (,0) > m}N{z e RN : db(z,0) > m}.

We now set

dp :=d% V (ny + Ct),

dpe :=d%. V (2 + Ct),
with C' > 0 to be chosen later. By our assumptions (JE —+ Zivpc)(~70) > A. Moreover, since by
construction

dg + dpe ZA—F(T]Q—TH) on 9S x {O},

it follows from Lemma 2.6 that there exists t* € (0,1 A T*) such that
(2.10) dg +dpe > A on 08 x (0,%).

Relying again on Lemma 2.6 and arguing similarly we also have (for a possibly smaller ¢*)
(2.11) Sc {x eRN :d¥ (z,1) > 7721} N {x e RN : dVo(x,t) > 7721} for all t € (0,t%),

E(t) CC F(t) for t € (0,t")
and:
(2.12) dp=d% and dpe=db.  inS"x(0,t),
where
S = {z e RN : d¥ (z,0) > ns} N {z € RN : dbe(2,0) > n3}.
Since d}gc is Lipschitz continuous in space and 8td1éo is a measure wherever dg) is positive, it

follows that d}go (and in turn CTE) is a function in BVj,.(S x (0,¢*)) and its distributional time
derivative has the form*
ddy = (dg’(.,t +0)—dY (ot - 0)) dx + 0%dY;
teJ

where J is the (countable) set of times where d}gc jumps and 8ﬁd%g is the diffuse part of the
derivative. It turns out that (see Remark 2.3) d}éo(-,t +0) — d}iio(~,t —0) > 0 for each t € J.

dwith a slight abuse of notation, in the jump part at ¢ € J we denote dz what should be the Hausdorff measure
HN on the hyperplane RN x {t}.
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Moreover, since the positive part of divzg is absolutely continuous with respect to the Lebesque
measure (¢f Def. 2.2, (d)), (2.5) entails

02y > divzg +g — MdY,
in S x (0,t*). Using the chain rule (see for instance [5]), in S x (0,¢*) we have

C a.e. in {(x,t) : 2 + Ct > d%o (x,t)},

Ofdp = o o o
' addy,  |19¢dy -ae. in {(x,t) :mo + Ct < dYy (x,1)}.

An analogous formula holds for agél}c. Recalling that (divzg)T and (divzge)™ belong to L>°(S x
(0,t*)) it follows that
(2.13) 85671; >divzg +9g— MJE and atdd}c > divzpe — g — Mgpc

in the sense of measures in S x (0,¢*) provided that we have chosen (¢f (2.11) and the conditions
in Def. 2.2, (d))

C > |[(divzg)*[|lLoe(sx(0.04)) + [1(divare) Tl Lo (sx(0,65)) + 9]l 2o (5% 0,6%)) -
Note also that a.e. in S x (0,t*)
(2.14) 2p € 06(Vdg) and  zpe € 0¢(Vdpe).
Fix p > N and set U(s) := (s7)? and w := U(A — eMt(dg + dp.)). By (2.10) we have
(2.15) w=0 on 05 x (0,t%).

Using as before the chain rule for BV functions, recalling (2.13) and the fact that the jump parts

of 8tCTE and atch are nonnegative, in S x (0,t*) we have
(2.16) dw < —¥' (A — eM(dp + dpe))eM? (M(JE +dpe) + 0Mdp + JFC))
<-V(A- Mt (dg + gpc))eMtdiv(zE + zpe),

where in the last inequality we have used (2.13). Choose a cut-off function n € C>°(R¥) such that
0<n<1landn=1on B;. For every € > 0 we set n.(z) := n(ex). Using (2.15) and (2.16), we

have

8t/gwn§dx§ —eMt/Sné’\Il’(A—eMt(cTE—&—JFC))div(zE—i—zpc)
— —Mt /S 0" (A — MY (dp + dpe)) (Vdp + Vdpe) - (25 + 2pe) da
+peMt/S77§_1 \P/(A—eMt(CA[E-FJFc))V?]a (2g + zpe) dz
SpeMt/Sngfl (A — MY dp + dpe)) Vi - (25 + 2pe) da,

where we have also used the inequality (zg + zp<) - (Vdg + Vdpe) > 0, which follows from (2.14)
and the convexity and symmetry of ¢. By Holder Inequality and using the explicit expression of
¥ and U, we get

1—1
3t/ wnlde < Cp2||vn5\|Lp(RN) (/ wng’d:c) ,
S S
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for some constant C' > 0 depending only on the L*°-norms of zp and zpc and on t*. Since w =0

at t = 0, a simple ODE argument then yields
[ wntde < (CoIVnoeryt)”

for all t € (0,¢*). Observing that ||V176H1£p(RN) = EP_NHVnHip(RN) —0andn. S lase— 0", we
conclude that w = 0, and in turn dg+dge > Ae=M* in §x (0, ¢*). In particular, by (2.12), we have
shown that d}iio +db. > Ae=Mtin §” x (0,t*). In turn, this easily implies that dist(E(t), F°(t)) >
Ae Mt for t € (0,t*) (see the end of the proof of [22, Theorem 3.3]). This concludes the proof of
the theorem. O

The previous theorem easily yields a comparison principle also between level set subsolutions
and supersolutions.

Theorem 2.8. Let u®, v° be uniformly continuous functions on RN and let u, v be respectively a
level set subsolution with initial datum u® and a level set supersolution with initial datum v°, in

the sense of Definition 2.5. If u® <%, then u < v.

Proof. Recall that by Definition 2.5 there exists a null set Ny C R such that for all A € Ny the
sets {(x,t) : u(z,t) < A} and {(z,t) : v(x,t) < A} are respectively a subflow with initial datum
{u® < A} and a superflow with initial datum {0 < A}, in the sense of Definition 2.2. Fix now
A € R and choose A < X' < X, with X, \ & Ny. Since {v° < M} C {v° < N} C {u® < N}, we
have
dist?” ({00 < X"}, {u® > X'}) > dist? ({0° < A"}, {0 > N} i=A >0,
where the last inequality follows from the uniform continuity of v°. Thus, by Theorem 2.7, for all
t>0,
{(z,t) v(x,t) <A} C {(x,t) s v(z,t) <N} C {(z,¢) 1 u(z, t) < \'}.

Letting A\, A\, with A" &€ Ny, we conclude that {(z,t) : v(z,t) < A} C {(z,1) : u(z,t) < A} for all
A € R, which is clearly equivalent to u < v. O

2.4. Distributional versus viscosity solutions. We show here that in the smooth cases, the
notion of solution in Definition 2.2 coincides with the definition of standard viscosity solutions for

geometric motions, as for instance proposed in [12].

Lemma 2.9. Assume ¢,1,9° € C2(RN \ {0}), and assume that g is continuous also with respect
to the time variable. Let E be a superflow in the sense of Definition 2.2. Then, —x g is a viscosity

supersolution of

(2.17) uy = p(Vu) (divVe(Vu) + g)

in RN x (0,T%), and in fact in RN x (0,T*] whenever T* < +oc, where T* is the extinction time
of E introduced in Definition 2.2.

A converse statement is also true, see [22, 20].

Proof. We follow the proof of a similar statement in [22, Appendix]. Let ¢(z,t) be a smooth
test function and assume —xg — ¢ has a (strict) local minimum at (z,7), 0 < ¢ < T*. In other

words, we can assume that near (z,t), —xg(z,t) > ¢(z,t), while —xg(Z,t) = ¢(Z,t). We can also
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assume that the latter quantity is —1 (i.e., (Z,t) € F), as if it is zero then we trivially deduce that
Vo(z,t) = 0 while d,p(Z,t) > 0.

If Vip(7,t) = 0, thanks to [10, Prop. 2.2] we can assume that also the spatial Hessian D?p(7,t) =
0 (and then D3p(z,t) = 0, D*p(Z,f) < 0). As usual, if we assume that —a = 9;(Z,) < 0 and
choose a’ < a, we observe that near T, d;p(x,t) < —a’ and, for ¢t < ¢ close enough to ¢ and x close

enough to Z,
p(x,t) = p(z, 1) + Opp(x, ) (t — 1) + o(|t — t]) = p(x,1) + a’(t —1).
Hence, one has that near (z,¢) (for ¢ <), for some v > 0
p(a,t) > =1 +d'(t—t) = yle —z|".

It follows that for such t, N'N{z : y|z — Z|* < a/(f — t)} N E(t) = (), where A\ is a neighborhood
of Z. For  —t > 0 small enough we deduce that B(Z, (a’(f — t)/v)'/*) does not meet E(t), in
other words d(z,t) > c((a’/v)(f — t))'/* for constant ¢ depending only on . It then follows from
Lemma 2.6, and more precisely from (2.6), that (provided ¢ —t < 7y where 79 is as in Lemma 2.6)

N\ 1/
d(z,1) > (F—t)3 (C (6;) 4675M(fft) —X(t—t)i> ’

which is positive if ¢ is close enough to ¢, a contradiction. Hence d;¢(Z,t) > 0.

If, on the other hand, Vi (Z,t) # 0 then we can introduce the set F' = {¢ < —1}, and we have
that F'(t) is a smooth set near ¥, for t < ¢ close to ¢, which contains E(¢), with a contact at (z,1).
We then let §(z, t) = dist¥” (z, F(t)), which at least C2 near (z,7) (as 1, 1° are C2) and is touching
d from below at all the points (Z + sV(vp (), t) for s > 0 small.

Assume that

(2.18) N6 < (Vo) (divV (Vi) + g) = D*¢(Vd) : D*6 + g

at (Z,t). Then, by continuity, we can find § > 0 small and a neighborhood B = {|Jz—Z| < p,t—p <
t <t} of (z,f) in RY x (0,7] where

08 < D*¢(V6) : D*5 + g — M.

Possibly reducing p and using (¢f Rem. 2.3) the left-continuity of d, since d(Z,t) = 0, we can also
assume that d < 5in B.

We choose then s < 5 small enough so that Z° = 7 4 sVé(vp(f)) is such that |2° — Z| < p, and
for n > 0 small we define 6" (x,t) = 6(z,t) — n(|lz — %> + |t — £|*)/2. Then d — §" has a unique
strict minimum point at (z°,¢) in B. Moreover if 7 is small enough, by continuity, we still have
that

0:0" < D*¢(V8") : D*6" + g — M3.
in B.

Then we continue as in [22, Appendix]: given ¥ € C°°(R) nonincreasing, convex, vanishing on
R, and positive on (—o0,0), we introduce w = U(d — §" —e)x g for € < d(z*,1 — p) — §"(Z%,t — p)



CRYSTALLINE MEAN CURVATURE FLOWS 15

small enough. We then show that, thanks to (2.5), for t — p <t < ¢,
6t/wdx < / V'(d— 6" —¢e)(dive + g — Md — divV (V") — g + Ms)dx
B

< —/ W(d— 8" — )(Vd — V") - (z—quS(V(S”))daH—M/ W(d— 6" — &)(5 — d)dz < 0
B B

as we have assumed d < §in B. This is in contradiction with W(d(z*,t)—"(z*,1)—¢) = ¥(—¢) > 0,
and it follows that (2.18) cannot hold: one must have

O > (Vo) (divVe(Vé) + g)

at (z,%). Since this equation is geometric and the level set {§ < 0} is F', which is the level —1 of

¢ (near (z,t)), we also deduce that at the same point,

O > (V) (divVe (V) + g)

so that —x g is a supersolution of (2.17). 0

3. MINIMIZING MOVEMENTS

As in [22], in order to build solutions to our geometric evolution problem, we implement a
variant of the Almgren-Taylor-Wang [3] minimizing movements scheme (1.4) (in short the ATW
scheme) introduced in [19, 18]. In Section 3.2 we adapt this construction to take into account the
forcing term, as in [24]. We start by presenting some preliminary properties of the incremental
problem.

3.1. The incremental problem. Given z € L®(RY;RY) with divz € L2 (RY) and w €

loc

BVioeRY) N L2 (RYN), let z - Dw denotes the Radon measure associated with the linear func-

tional
L<p::—/ wgpdivzdw—/ wz-Veodx for all € C°(RY),
RN RN

see [9]. We recall the following result:

Proposition 3.1. Let p > max{N,2}, f € LY (RY) and h > 0. There exist a field z €

loc
L>®(RY;RY) and a unique function u € BVoe(RY) N LY (RN) such that the pair (u,z) satis-

loc

fies
—hdivz+u=f in D' (RY),
(3.1) $°(z) <1 a.e. in RN,
z - Du = ¢(Du) in the sense of measures.

Moreover, for any R > 0 and v € BV (Bgr) with Supp (u — v) € Bg,

o))+ 5 [ (w17 de < oD0BR) + 5 [0 1P

and for every s € R the set Es := {z € RY : u(z) < s} solves the minimization problem

. 1
papin  Po(F; Br)+ 4 /F mBR(f(:v) —s)dz.

If f1 < fa and if uy, us are the corresponding solutions to (3.1) (with f replaced by f1 and fa,
respectively), then uy < us.
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Finally if in addition f is Lipschitz with ¢(V f) < 1 for some norm 1, then the unique solution u
of (3.1) is also Lipschitz and satisfies 1)(Vu) < 1 a.e. in RN. As a consequence, (3.1) is equivalent

to
(3.2) —hdivz+u=f inD'RN),
) z € 0p(Vu) a.e. in RN,
Proof. See [18, Theorem 2], [1, Theorem 3.3]. O

The comparison property in the previous proposition has a “local” version, which results from

the geometric character of (3.1):

Lemma 3.2. Let f1, fo be Lipschitz functions and let (u;, z;), i = 1,2, be solutions to (3.1) with
f replaced by f;. Assume also that for some A € R,

(3.3) ({ur <A} U{ue < AD\{fi < o}l =0 fori=1,2.
Then, min{ui, A} < min{ug, A} a.e.

Proof. Let us set v; := min{u;, A} for ¢ = 1,2 and observe that

(3.4) z; € 0p(Vv;)  a.e..

Writing (3.1) for w; and subtracting the equations we get

(3.5) —hdiv(z; — 22) + (w1 —u2) = f1 — fa.

Let v be a smooth, increasing, nonnegative function with support in (0, +oc) and n € C°(RV; R, ),
and let p > N. First notice that

/ (v1 — v2)Y (v — vo)nP da = / (v1 — v2)Y(vy — vo)nP da < / (u1 — ug)(v1 — vo)nP dx
RN {vi>v2}

]RN
since it can be easily checked that v1 — vy < w3 —ug in {v; > va}. Thus, from (3.5) we deduce that
ph (21 — 29) - Vab(vy — v2)nP " tda + h (21 — 22) - (Vo1 — Vo) (v1 — va)nP dx
RN RN

+ /RN (v1 — v2)Y(v1 — Vo) da < /RN (f1 = f2)(v1 — vo)nP dx.

Notice that the last integral in this equation is nonpositive, since by (3.3), the set {f1 > fo} is
contained (up to a negligible set) in {u; > A} N {uz > A} C {v; = vo}. Hence, using also that
(22 — z1) - (Vv2 — Vo) > 0 thanks to (3.4), we deduce

ph/ (21 — 22) - Vap(vg — vo)nP~tda +/ (v1 — v2)(v1 — v2)nP dx < 0.
RN R

N
Letting ¥(s) — (s7)P~! we obtain

—1
(01 = o)l ey < pb [ (= 22) - Vi (01 = 00) )" o
R
< phl|(z1 = 22)Valll Logem [l (1 = v2) Tl o)
so that
[(v1 — v2) ¥l Loy < 2PAC|| V| Loy
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where C' = maxyg (o) |2|. Replacing now n(-) with n(-/R), R > 0, assuming 1(0) = 1, we obtain
— R—o0
[(v1 — v2) " 0(-/R) || Lo ey < 20RCRYP=H| V| 1oy =5 0
as we have assumed p > N. It follows that (v; —v2)* = 0 a.e., which is the thesis of the Lemma. [

Remark 3.3. The result remains true if f; € L?

loc

(RN), p > N, are not assumed to be Lipschitz.
This is because again, in this case, the pairing (21 — 2z2) - D(¢)(v1 — v2)) is non-negative, which may

be shown for instance by first approximating the functions f; with Lipschitz functions.
We conclude this subsection with the following useful computation, proved in [18, page 1576].

Lemma 3.4. Let R > 0 and u the solution to (3.2), with f = c1(¢° — R) V c2(¢° — R), where
0 <cy <co. Then u is given by
\/clh\/% —aR i ¢°(x) < /E(N+1),

f(x)+h N-—1 otherwise,
#°(z)

u(zx) =

as long as h/c; < R?/(N +1).

3.2. The ATW scheme. Let ¢, ¥ and g satisfy all the assumptions stated in Subsection 2.2. Set

G(-,1) ::/O g(+,8)ds.

Let E° ¢ RY be closed. Fix a time-step h > 0 and set Eg := E°. We then inductively define
EFtL (for all k € N) according to the following procedure: If Ef ¢ {#, RV}, then let (uf ™, 25 +1)
RY — R x RV satisfy

{ —hdivaf !+ ub = dY, + G, (k+ 1)h) — G(-,kh) in D'(RY),

3.6
(3.6) 2F € 0p(Vuy ) a.e. in RY,

and set EFt = {x :uf ™ < 0}.5 If either Ef = 0 or Ef = RV, then set E} ™' := EF. We denote
by T} the first discrete time hk such that E,’j = (), if such a time exists; otherwise we set T} = +00.
Analogously, we denote by 7} " the first discrete time hk such that E’,j = RY, if such a time exists;

otherwise we set T;L* = 400.

Remark 3.5. In the following, when changing mobilities, forcing terms, and initial data, we will
sometimes write (Eo)lg/”’,iC in place of E,’f in order to highlight the dependence of the scheme on v, g,
and E°. More generally, given any closed set H, Hg’,;lk will denote the k-th minimizing movements
starting from H with mobility v, forcing term g and time-step h, as described by the algorithm

above.

Remark 3.6 (Monotonicity of the scheme). From the comparison property stated in Proposition 3.1
it easily follows that if EC C F© are closed sets, then (with the notation introduced in the previous
remark) (EO);/”’AC C (FO);Z’:;L€ for all k € N. In addition, note that ((EO);Z’”}’;)C = ((EO)C)if’gk)h for all
k. Thus, if dist(E°?, F°) > 0, then we may apply Lemma 5.2 below with g; = g2 = g, ¢ = 0, and
with 1 the Euclidean norm, to deduce that dist ((EO);[”;:, (Fo)qf’gkh) >0 for all k € N.

5Choosing EFt! = {u**! < 0} might provide a different (smaller) solution, which would enjoy exactly the same
g Ly, h & Joy y

properties as the one we (arbitrarily) choose.
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The assumption that the sets are at positive distance is necessary, otherwise one could only
conclude, for instance, that the smallest solution of the ATW scheme from E° is in the complement

of any solution from F©, etc.

We now study the space regularity of the functions uf constructed above. In the following

computations, given any function f : RY — R™ and 7 € RV, we denote f,(-) := f(- + 7). Then,

+1

the function (uf™), satisfies

(87)  —hdiv(z") + (wy™)r = (dg)r + (G (k + D), = (Gl kh), <
dﬁ% + G(, (k +1)h) — G(-,kh) + ¢°(7)(1 + Lh),

where in the last inequality we also used the Lipschitz-continuity of g. By the comparison property

stated in Proposition 3.1 we deduce that (uf*"), — (14 Lh)y°(7) < uf™'. By the arbitrariness of

T € RN, we get ’(/)(VUZ+1) <1+ Lh, and in turn

(38) uptt < (14 Lh)dgkﬂ in {z: dﬁk+1(w) >0},

3.8 o 5
ubtt > (14 Lh)dﬁkﬂ in {z: d;g,cﬂ(x) < 0}.

h h
We are now in a position to define the discrete-in-time evolutions constructed via minimizing

movements. Precisely, we set

B (t) = B,
By = {(@.1) : v € Bu(0)},
(3.9) d(x,) = d, (),

un (@, t) = ultM (),

2n(z,t) = 2" (@),

where [-] stands for the integer part.
We conclude this subsection with the following remark.

Remark 3.7 (Discrete comparison principle). Remark 3.6 now reads as follows: If E0 C FO are
closed sets and if we denote by Ej and F}, the discrete evolutions with initial datum E° and F°,
respectively, then Ej(t) C Fy,(t) for all t > 0. Analogously, if dist(EY, FY) > 0, E}, is defined with
a forcing g and Fj, with the forcing —g, then dist(E},(t), Fi(t)) > 0 for all ¢ > 0.

3.3. Evolution of ¢-Wulff shapes. We start paving the way for the convergence analysis of the
scheme, by deriving some estimates on the minimizing movements starting from a Wulff shape. We
consider as initial set the ¢-Wulff shape W#(0, R), for R > 0. First, thanks to Lemma 3.4 (with
c1 = cz = 1) (¢f also [18, Appendix B, Eq. (39)]), the solution of (3.1) with f = d{’;dp(o’R) =¢°—R
is given by ¢; — R, where

Vh A if ¢°(x) < /h(N + 1),

¢°(x) + hé\g(’xl) else.

(3.10) Pp(x) =

Observe then that there exist two positive constants ¢; < ¢o such that

(3.11) c19° <P° < c9°,
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and in particular

(3.12) Qo) < €1(6° — R) V e2(¢° — R).
Thus, for any k € N we have
(3.13) U + Gl (k+ Dh) = Gl kh) < e1(6° = B)V ea(6” = B) + lglloch = £

Denoting by u the solution to (3.2), with f defined above, then Lemma 3.4 yields

\/clh\/%—clR if ¢°(z) < /(N +1),

u(z) = llglloch + i
flz)+ hw(}) otherwise,

provided that h/c; < C(N)R? (here and in the following C'(N) denotes a positive constant that
depends only on the dimension N and may change from line to line). Notice that {u < 0} =
We(0,7) for

— 2 lglloe +/ (B~ ||g||oo P4l (N -1)

Taking into account (3.13), we may apply the comparison principle stated in Proposition 3.1 to
infer that if k = [t/h] and E¥ = Ej,(t) = W?(0, R), then

W?(0,7) = {u <0} C {uj*' <0} = Bult +h),
provided that h/c; < C(N)R2. Since

(R<1)
P2 /(R Ellgle)® — 42V 1) > R 22N - 1)+ gll)

and setting for 0 < s —t < —aR
4(2(N-1)+lgll )

(3.14) (s) = 7 - 22 1)+ ) 2

by iteration we deduce that
(3.15) We(0,75(s)) C Ey(s)

forall0<s—t<—af  _and h < cC(N)R?
4(2(N-1)+lgll~)

In particular, there exist a constant C' depending only on ||¢||, ¢1 and the dimension N, and
ho > 0, depending also on R, such that for any y € R and for all h < hg

(3.16) Wy, R—%h) C (W¢(y,R)) ' C Wy, R).

3.4. Density estimates and barriers. In this section we collect some preliminary estimates on
the incremental problem that will be crucial for the stability properties established in Section 5.1.
The following density lemma and the subsequent corollary show that the solution to the incremental
problem starting from a closed set E cannot be too “thin” in R \ E. The main point is that the
estimate turns out to be independent of h and 1, see also Lemma 1.3 and Remark 1.4 in [44]. We

observe that there exist positive constants a;, as such that

(3.17) a1l€] < ¢(€) < azl€| for all € € RY.
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Lemma 3.8. Let E C RY be a closed set, h > 0, and let g, € L>®(RY) with ||gn|w < Gh for
some G > 0. Let E' be a solution to

; : 1 e
(3.18) pan Py(F; Br) + 7 /FOBR(dE () + gn(x)) de

for all positive R. Then, there exist o > 0, depending only on N,ay, and g > 0 depending on N, G,
with the following property: if T is such that |E'NW®(Z,s)| > 0 for all s > 0 and We(z,r)NE =0
with r < rqg, then

|E' AW (z,r)| > or.
Proof. We adapt to our context a classical argument from the regularity theory of the (quasi)
minimizers of the perimeter [44, Lem. 1.3, Rem. 1.4]. As mentioned before, the main point is
to use the fact that the Wulff shapes W?(z,r) lies outside E to deduce that the constants o, 7

are independent of h and ¢°. Let  and W?(Z,r) be as in the statement. Fix R > 0 such that
Wé(z,r) C Bg. For all s € (0,7), set E'(s) := E'\ W?(Z,s). For a.e. s, we have:’

P¢(E/(S); Bgr) = P¢(E/; BR) — P¢(E/ N W(b(i‘, S)) + 2/ (ZS(V)dHN_l
E'NOW ¢ (z,s)

with v the outer normal vector to 9W?(Z, s). Using also the fact that

/ 4% dz < / 4 dz
E'(s)NBr E'NBr

(since d}é > 0 in E°), by minimality of £ in (3.18) we find:
1 1
Py(E' NW¥(x,5)) + - gn(w)dz <2 / H(v)AHN 1 + on(x)de.
h E'NBgr E'NOW ¢(z,s) h

E’(s)NBr

The above inequality and the (anisotropic, see for instance [32]) isoperimetric inequality yield:

2/ S)AHN Y > NW,|* B A Wz, )% — GIE' 0 W (z,3)|
E'NoW ¢(z,s)

N-—1

(3.19) > (N — Gs)|[Wy| ¥ |E'nW?(z,s)| ~

where we have used that |E' N W¢(z,s)|~ < |W¢|%s. We observe also that (using ¢(Ve¢°) =1

and the co-area formula):

|E' N W%(z,s)| :/ (Wo ) |V¢° |dx—/ / d(v)dHN Lat
Bnfee(—m)<sy  \IV°| oW (z, t)

so that for a.e. s, fE'naW¢(a§ 5 P(v)dHN ! = LIE'NW*?(z,s)|. Using that |[E'NW%(z,s)| > 0 for
all s > 0, the inequality (3.19) implies in turn that

C%|E'0W¢(f,s)\% > %|W ¥ (1—£s) for ae. s> 0.
If r < rg := N/G we obtain, integrating the above inequality on (0, ),
B AW @)% 2 ZIWl* 2 SEIB
where we have used (3.17) for the last inequality. The thesis follows. O

6We use here that ¢ is even, otherwise the constant 2 in the formula should be replaced by 1 + ¢y where ¢y is
such that ¢(&) < cyp(—¢); see also Remark 6.3.
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Remark 3.9. The same argument shows that a similar but h-dependent density estimate holds
inside F.

We introduce the following notation: For any set A C RY, for any norm 7, and for p € R we

denote
(3.20) (A))={z € RY . d(z) < p},

and we will omit 7 in the notation if n is the Euclidean norm. We also recall the notation E;b:
introduced in Remark 3.5 to denote the k-th minimizing movement starting from E, with mobility

1, forcing term g and time-step h.

Corollary 3.10. Let g and v be an admissible forcing term and a mobility, respectively, and
let h > 0. Denote by E;/’hl the corresponding (single) minimizing movement starting from E
(see Section 3.2 and Remark 3.5). Let o and ro be the constants provided by Lemma 8.8 for
G:=|gllec+1. Ifz € E;/’hl and W®(z,7) N E = () with r < rg, then

By AW (z,r)] > or.

Proof. Recall that E;/’hl = {u(-) <0}, where u solves

—hdivz+u = d}[; + foh g(-,8)ds in D'(RY),
$°(z) <1 a.e. in RV,
z - Du = ¢(Du) in the sense of measures.

Thus, by virtue of Proposition 3.1, setting E; := {u(-) < n} for n € (0,h), we have that Ej solves
(3.18) with gy, := fohg(-,s) — 1. Since Z belongs to the interior of Ej and ||gnllcc < Gh, from

Lemma 3.8 we deduce that
(3.21) |E, WPz, )| > or?.
The thesis follows by monotone convergence by letting n N\, 07. g
Lemma 3.11. Let F C RY be a conver set and let v > 0. Then,
I(F): \ F)N B,| < C(N)erN=1 for alle >0,
where C(N) depends only on the dimension N.

Proof. Notice that (F'), is convex for all positive ¢, so that (F), N B, is a convex set contained in
B,., and
HNYO(F)s N B,)) < HN1(0B,) = C(N)rN 1 for all s > 0.

Therefore, thanks to the coarea formula,
I(F):\ F)N B,.(0)| = / HYHO(F)sN B,)ds < / HYHO((F)s N B,))ds < C(N)erV 1.
0 0
O

The next lemma provides a crucial estimate on the “expansion” of any closed set E under a
single minimizing movement, provided that E satisfies a uniform exterior Wulff shape condition.
The result is achieved by combining a barrier argument with the the density estimate established

in Corollary 3.10.
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Lemma 3.12. For any B, G, A > 0, there exists hy > 0, depending on the previous constants, on
the anisotropy ¢ and the dimension N, and there exists My > 0 depending on the same quantities

but A, with the following property: Let ¢ be a mobility satisfying
(3.22) Y < B¢

and let g be an admissible forcing term with ||g||cc < G. Then for any closed set E C RN such
that RN \ E = Uweg W, where G is a family of (closed) ¢-Wulff shapes of radius A, and for all
h < hg, we have E;phl C (E)(ﬁ;oh.

=

Proof. First notice that (3.22) is equivalent to %(b" < ¢°. Hence, recalling (3.16), there exists a
constant C, depending only on ||g||lec, 8 (= 1/c1 in (3.16)), and N, such that
¥,1
Wy, A~ Sh) S (Wo(y.A))7, , S Wy, A)

for all h < hy. By Lemma 3.11 it follows that for a possibly different constant C, depending only

on ||g]|ec, B8, and N, we have

(3.23) ‘(W¢(y,A) \ (W¢(y,A))f’;h) N Br(x)‘ < %mN* for all z,y € RN, r >0, h < ho.

Observe now that there exists § > 0, depending only on W?(0,1), such that

(WP (y, R) N Qr(x)|
|Qr ()]

where Q,(x) stands for the cube of side r centered at x. Let o > 0 be the constant provided

(3.24) >@forally e RN, 2 € W?(y,R), R>1,and r € (0,1),

by Corollary 3.10, and let N be the constant provided by the covering Lemma 3.13 below, corre-
sponding to the constant 6 in (3.24), § = o/4 and C = W?. Set My := (2CN') /o, where C is the

constant in (3.23) and note that for r = %‘)h we have
Co n1_ . C  nyN—1 o [ Moh Nia N

Let 2 € RY be such that W¢ (:E, MA"h) N E = § for some h < hg, and assume by contradiction

that z € E;phl Without loss of generality we may assume x = 0.

By taking hg smaller if needed, we can also assume that J\?—;h > 1 and % < rq for all h < hyg,
where rg is the radius provided by Corollary 3.10. Thus, recalling also (3.24), for h < hg, applying
Lemma 3.13 below (with § = ¢/4) to the family

A A
J—'—Mohg—{MOhW.Weg}

which by assumption on G and E covers C = W?(0, 1), we find a finite subfamily

F = {MAOhW%l,A), s Mthme,A)}
of N elements such that
NoOA o
’W¢(0,1)\H Al (a:i,A)‘ <
By scaling back we obtain
(3.26) w0, Mth) \ G W, A)|< 7 (MA‘)}‘>N.
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Note now that by the comparison principle (see Remark 3.6)

N 1
NUwee.an”,,.

Thus, using also (3.23), (3.25) and (3.26) we deduce that

Moh
A

Moh
A

EV nw? (0, ) cwe (o,

i (0.2 < 0. 22) Qe )|

(0280 (v, ]« S5, 801 ) e o )

N N-1 N
S g Moh —I—NQh Moh _ §0_ Moh :
4\ A A A 4 A

which contradicts the density estimate provided by Corollary 3.10. g

We conclude with the following covering lemma, which we used in the previous proof:

Lemma 3.13. Let F be a family of closed conver sets in RY which covers a closed convex set C.
Assume that there exists 8 > 0 such that for alW € F, z € W, andr <1,
wnQ@l .,

Qr(x)]
where Q. (v) = x + [~r/2,7/2]N. Then for every 6 > 0 there exists N = N(6,0,C,N) and sets
W,eF,i=1,...,n <N such that

(3.27)

<.

(3.28) ‘c \ Lnj Wi

Proof. Given ¢ € {27%:7 € N}, let Q. be the set of closed cubes of size ¢, centered at £Z, which
are included in C. Consider €; the largest dyadic value for which, letting I; = L_JQe o., @, one has
IC\ I1] <1/2. We denote N; the cardinality of Q..

For each Q = Q, (z) C I, we choose Wy € F with x € Wg and let F} = UQEQEI QNWq C I,
Fy = UQEQEI Wq. By construction and (3.27), |Fi| > 0|I1]. Observe moreover that the number
N1 of sets Q € Q., with @ C I; depends only on the initial convex set C.

We now assume we have built sets I;, Fj, ﬁh i=1,...,k—1, such that

i) I; is the union of NV; dyadic cubes Q;1,...,Q;n; € Qe, where ¢;, N; depend only on 6,C
and the dimension N;
ii) F; = Uﬁl Wq,, NQiy C I; and Fy = Uﬁll Wq,, where Wg, , € F contains the center of
the cube Q; ;
iii) For j =1,...,k—1,I; CC\( 3;11 F;) (in particular the sets F; have disjoint interior)
and [(C\ (UZ{ F)) \ I;| < 277,
We claim that we can build I}, F}, F i which satisfy the same conditions, with I made of A}, cubes
of size gi, the numbers Ny, 5, depending only on 6,C, N.

In order to do this, we show that we can find ¢ < ex_; depending only on 6,C, N such that if
I, is the union of all the cubes in Q., not intersecting U¥=!F}, then [(C\ (UE )\ Ii| < 27F,
The set (C \ (Uf;ll FZ)) \ I is covered by the dyadic cubes of size ¢}, centered at e, ZYN which either

e intersect AC: the total measure of such cubes is bounded by ¢HY~1(9C)ey;
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e intersect, for some i = 1,...,k — 1, 9(Wq,, N Q”) for some [ € {1,...,N;}, where Q;,
is a dyadic cube of size €; in I;: the total measure of such small cubes for a given Q;; is
bounded, thanks to Lemma 3.11, by ¢(g;)V ! iil(er/ei) < clern/ei)[Wa, , NQaul/0,
with ¢ depending only on N, hence the total measure of this region is bounded by

k—1 Ng

C
QZZ Wa,, NQiul = 025k|F|_C|9|527k1.

i=1 [=1

We see that volume of the union of all these “bad” cubes is less than

+ cHNH(OC)ey,

Again, one can find ¢, depending only on C, N, such that this quantity is less than 2% It
follows that the total number of cubes in Iy, Ny, depends also only on C, N,6. We denote Q.
I=1,...,Ng, the corresponding cubes.

As before we build then F, C I as the union of Q; N Wy, , where Wq, , € F is a convex set
containing the center of Qy, and Fj, = Uf\i’“l Wq,,- We have then proved that i), ii) and iii) hold
true with k — 1 replaced by k.

Notice that, thanks to (3.27), [Ix| < |Fi|/0. Recall that the sets I and F\, ..., Fy_; are disjoint.
Hence |(C\ (WS F)) \ Il = 1€\ (USSLF)| = 1] so that

|Fx|

C\ (UL F)| < == + 27",

Let K > 1. As the sets C \ (UZ]'F;) are decreasing (with k), one has for every k < K + 1 that
IC\ (UFZLE)| > |C\ (UK F;)|. Using also that the sets F}, C C are pairwise disjoint, it follows:

K+1 ‘C|
K|C\ (UL F) \<ZIC\ Uisi )l <

hence
ICI
+1
C\ (UL F)] < [C\ (U )l < 2 T
If K > (|C|/6 + 1)/4, (3.28) holds true and the maximum number of sets W € F used in the
construction, which is bounded by Zszl N3, depends only on N, 6,6,C. O

Remark 3.14. A careful study of the previous proof shows that A/ only depends on the convex set
C through |C| and HN¥~1(AC). Hence, as these quantities, for C = W?(0,1), as well as 0 in (3.24)
depend continuously on ¢, one can deduce that the constants My, hy in Lemma 3.12 can be chosen

as depending on ¢ only through the ellipticity constants ai, as of (3.17).

4. THE CRYSTALLINE MEAN CURVATURE FLOW WITH A (JS—REGULAR MOBILITY

Throughout this section we assume the mobility i satisfies the following regularity assumption

with respect to the metric induced by ¢°:

Definition 4.1. We will say that a norm 1 is ¢-reqular if the associated Wulff shape W¥(0,1)
satisfies a uniform interior ¢- Wulff shape condition, that is, if there exists eg > 0 with the following
property: for every x € OWY(0,1) there exists y € W¥(0,1) such that W®(y,g0) € W¥(0,1) and
x € OW?(y,e0).
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Notice that it is equivalent to saying that WY (0, 1) is the sum of a convex set and W#(0, &), or
equivalently that ¢ (v) = o (v) + co¢(v) for some convex function 1pg. We will show that, under
the above additional regularity assumption, the ATW scheme converges to a (generically) unique
solution of the flow in the sense of Definition 2.2, see Subsections 4.2 and 4.3 below. We start with

some preliminary estimates.

4.1. Evolution of ¢-Wulff shapes and preliminary estimates. We now analyze the minimiz-
ing movement of a 1-Wulff shape W¥ (0, R), with 1 ¢-regular, that is, we assume Ej,(t) = W¥(0, R)
for some time ¢ > 0.
By the regularity assumption in Definition 4.1, setting R := (9 R)A1, we have (with the notation
introduced in (3.20)) that for every 0 < r < R
o ¢O o
¥ ¢ — (WY ¢
(weo.m)'5) = W*O.R) 5, -
Since for every z € (W(0, R))(i—% we have W?(x, R) C W¥(0, R), from the discrete comparison
principle and the analysis performed in Subsection 3.3 it follows that

(w0, R))”

~(R-rR(s)) & En(s)

forall0<s—t< . aR and h < ch(N)§2, where 77 is the function defined in (3.14)
4(20v=1)+lgll )
(with R replaced by R).

Now we return to an arbitrary discrete motion Ej,(+). If for some (z,t) € RY x [0, 7)) we have
dn(z,t) > R (see (3.9)), then W¥(x, R) N Ex(t) = 0. Thus, again by the discrete comparison
principle and the results of Subsection 3.3, we infer that
8

(W0, R))_ 5 ym(ay N En(s) =0

forall0 <s—t< —aR®  _ andh < ch(N)EQ. Taking into account also (3.11) and the
T a2 -1+igle)
definition of 7%, it follows that

dp(z,s) > dp(z,t) — co (R— \/R2 _9 o (Z(N -1+ ||g||oo))

c2 (4N 1) +2[lg]l0) (s — )

s—t

:dh(x’t)_ii —
R T2 N - ) + lal)

> dp(z,t) — % (4(N —1) +12%||g||m)(s _ 1)

= dp(x,t) — % (4(N @;}Jﬂ'gnw) -

forall 0<s—t< < GEIN_ 2nq j < e C(N)((€2R?) A1). Letting R 7 dp(x,t) we obtain

4 2(N-1)+]lgll
cg 4(N — 1) + 2[|gl|oo
4.1 > - = —
(4.1) dp(x,8) > dp(x,t) o Godn @ DAl (s —1t)

252 .
forall 0 <s—t< %% and h < ¢;C(N)((e3d? (x,t)) A 1), whenever dp(x,t) > 0.

By an entirely similar argument if dp, (z,t) < 0, then we obtain

2 4(N —1) +2[|gll
(4.2) dp(z,s) <dp(z,t) + o Goldn@ DD AT (s —1)
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o (sﬁdi(w,t})/\l

forall 0 <s—t< 4 2(N—-D+lgllee

and h < c; O(N)((2d2 (z,8)) A 1).

4.2. Convergence of the ATW scheme. For every h > 0 let Ej, be the discrete evolution
defined in (3.9). We extract a subsequence {Ej, }1en such that

En S5 FE  and  (B,) 5 ac
for a suitable closed set E and a suitable open set A C E. We define E(t) and A(t) as in (3.9).
Observe that if F(t) = () for some ¢t > 0, then (4.1) implies that E(s) = ) for all s >t so that
we can define, as in Definition 2.2, the extinction time 7™ of F, and similarly the extinction time
T"" of A°. Notice that at least one between T* and T'" is +o0c. Possibly extracting a further
subsequence, we have the following result, which can be proven arguing exactly as in [22, Proof of
Proposition 4.4], using now (4.1) and (4.2).

Proposition 4.2. There exists a countable set N' C (0,+00) such that dp,(-,t)" — dist(-, E(t))
and dp, (-, t)” — dist(-, A°) locally uniformly for all t € (0,+00) \ N. Moreover, E and A° satisfy
the continuity properties (b) and (c) of Definition 2.2. Finally, E(0) = E° and A(0) = E.

Theorem 4.3. The set E is a superflow in the sense of Definition 2.2 with initial datum E°, while

A is a subflow with initial datum E°.

Proof. Points (a), (b) and (c) of Definition 2.2 follow from Proposition 4.2. It remains to show
(d). We will use the notation in (3.9). Possibly extracting a further subsequence and setting
zn, (1) := 0for t > Ty if Tyt < T*, we may assume that z;, converges weakly-+ in L (RY x (0, T*))
to some vector-field z satisfying ¢°(z) < 1 almost everywhere. Recall that by (3.8) we have
ufljrl <(1+ th)dﬁ;“’ whenever dEﬁlﬁ»l > 0. In turn, it follows from (3.6) that

. ,

1 pUeDR (1+ th)d’(gz+l - dﬁ;
(4.3) divey ™+ — g(+,8)ds < . :
t hi Jn, hy

Consider a nonnegative test function n € C°((RY x (0,7%)) \ E). If [ is large enough, then the
distance of the support of 7 from Ej, is bounded away from zero. In particular, dj, is finite (as a
consequence of (4.1)) and positive on Suppn. We deduce from (4.3) that

0< //n(x,t) (d}” @t Hh) = dn (@) _ g ot 4+ h)

hy
1 ([ﬁ]-&-l)hz

- — g(x,8)ds+ Ldp, (z,t + h;) | dtdz
hi [h%]hl

= _// (n(x,t) - Z(ax,t — hl)dhl (z,t) — zp, (z,t + ) - V(. t)

l

1 D
— () (7 / g(z, ) ds + Ldp, (z,t + h,)) dtdz.
hi [ﬁ]hz

Passing to the limit | — co we obtain (2.5) with M = L.
Next, we establish an upper bound for divz, away from E’}f To this aim let z € RY \E’,j be
such that dﬁ: (z)=:R>0.
h
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There exists £ € E’,f with 2 € OWY (¢, R), and recalling Definition 4.1 there is # such that,
setting R := (eoR) A 1, W%(z,R) C WY(&,R) and 2 € OW?(z, R). In particular, dg; -R<
h
Po(-—¢ —R= dlé’w(fﬂ) < d;f[/¢(:f:,l§)' Using (3.12), one has for all y € RY

dye(y) < R+ ca(°(y —7) = R)V er(¢°(y — 7) — R).

Thanks to (3.11),

(k+1)h (k+1)h (k+1)h
/ o(y,s)ds < / g, s)ds + Lhi®(y — o) < / o, s) ds + Lhesd®(y — @),
kh kh kh

hence, since ¢°(y — x) < ¢°(y — &) + R, summing the two previous inequalities we obtain:

5 (k4+1)h
b, (y) + / gy, s)ds
h kh
_ _ B (k+1)h
< R+2coLhR+(co(1 4 Lh)(¢°(y — &) — R))V((c1 + c2Lh)(¢°(y — T) — R))+/k} g(z,5) ds.

As a consequence (¢f Lemma 3.4),

(k+1)h
uf ™ (y) < R+ 2coLhR + / g(x,s)ds
kh
e+ L6y — 7) — R) V (e1 + e L) (¢°(y — 7) — ) + Y = 1)

if $°(y — ) > \/h(N +1)/(c1 + caLh) and as long as this quantity is less than
this inequality at y = x, we deduce that if h < C(N)R2,

\/1\1374_1 . Evaluating

Y R h(N — 1
uﬁ'f'l(l‘) < R+282LhR—|—/ g(z,s) ds + Q
kh R
0 (k+1)h (N —1)

<d¥ 2¢5Lh ds - WY — 1)

< E}k(l') + 2co +/kh g(x,s)ds + CoR) AL
as R < 1. Thanks to (3.6), it follows

N -1

(4.4) diveE+(z) < 2e0L +

(eodpye (1)) A1
In the limit h; — 0, we deduce that divz is a Radon measure in RY x (0,7*) \ E, and (divz)T €
L>({(z,t) € RN x (0,T*) : d(zx,t) > &}) for every § > 0.
We now provide a lower (h-dependent) bound for divz,. To this aim, note that if dlg; (z) =:
h
R > 0, then d}gk > R—4°(-—x) > R—c2¢°(- —x). Thus, by comparison with the explicit solution
h
given by (3.10) (with a change of sign), and using that (c2¢®)p = 205 /., We get

o 3N C: h
() > R — 30, (0) — hllglee > R — YR
E N+1

for h = h; small enough (so that hl|g|lcc < Nvc2h/+v/N + 1). In turn, by (3.6), we deduce both

. 1 4N,/CQ
divzFtt > - —
Vi = T VN1

a.e. in {z : dpx(x) > 0}.
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and, using also (4.4), that for any 6 > 0
3N
s 8) = iy (-t = b [ (o, oty < Vi A + o(y/Fn),
provided that [ is large enough. In particular, recalling the convergence properties of Ej, and
dp, (see also [22, Equation (4.9)]), we deduce that for all ¢t € (0,7*) \ N (where recall that N is

introduced in Proposition 4.2),

(4.5) up, = d  ae in RN x (0,7%)\ E,

with the sequence {uy, } locally (in space and time) uniformly bounded.

Now, with (4.4) and (4.5) at hand, we proceed as in the final part of the proof of [22, Theorem
4.5] to show that ¢(Vd) = z - Vd, which will imply that z € 0¢(Vd) (as clearly, ¢°(z) <1 a.e.).
For this, it is enough to show that ¢(Vd) < z - Vd. On the one hand, since zj,, € 9¢(Vuy,), one
has for a nonnegative test function n € C°(E®; R, ), using up, — d, that

//17¢(Vd)dxdt < lirrllinf//nqS(Vuhl)dmdt zlimlinf//nzh, - Vup, dxdt.

On the other hand,

//nzhl - Vup,dzdt = //nzhl -Vddxdt + //nzhl - V(up, — d)dzdt

and as zp, X 2, we obtain that #(Vd) < z-Vd a.e., provided we can show that

hm//nzhl (up, — d)dzdt = 0.

The proof is as in [22]: we introduce m;(t) := mingesupp n(.¢)(Un, (7, t) — d(z,t)) which is bounded

and goes to zero for almost all ¢, and write

//77(% - V(up, —d))dzdt = //W(th V(up, —d—my))dzdt
// -V (up, —d —my dzdtf// n (up, —d — my)divzy, dzdt.

The first integral in the right-hand side clearly goes to zero, while, using (4.4) and up, —d—m; > 0,
the second is bounded from above by a quantity which vanishes as | — oco. We deduce that
liminf; [ ['nzn, - V(up, — d)dzdt > 0, and the proof of the reverse inequality is identical.

It follows that z € d¢(Vd) a.e. in RY x (0,7*) \ E. This concludes the proof that E is a
superflow. The proof that A is a subflow is identical. 0

Remark 4.4 (Stability of sub- and superflows). From the proof of Theorem 4.3, we note that the
minimizing movement scheme provides a superflow such that the corresponding field z satisfies
(see (4.4))

N -1)

4.6 divz < 2¢oL + ————
(4.6) ivz < 2¢9 +<EOR)/\1

a.e. in {d > R},

where ¢y is the constant appearing in (3.11) , L is the Lipschitz constant of g, and ¢q is given in
Definition 4.1. Moreover, from (4.1) we deduce that

24V — 1) + 2||glloo
C1 (50d(£€,t)) A1

(4.7 d(x,s) > d(x,t) — (s—1)
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; e (B@n)n
orall 0 < s — 1 < G gr—qyqyro Whenever d(x,t) > 0. An analogous statement clearly holds
also for the subflow provided by the ATW scheme.

We remark that thanks to these estimates, the following stability property holds: Let ¢, — ¢
and v, — 1 and assume that i, is ¢,-regular uniformly in n: there exists g9 > 0 such that the
,-Wulff shape satisfies a uniform inner ¢,-Wulff shape condition with radius g¢ for all n (see
Definition 4.1)

For every n let E™ be a superflow as in Definition 2.2, with ¢ and v replaced by ¢, and ,,
respectively, and with initial datum E'. Denote by d,, the corresponding distance function, that is,
dp(-,t) == dist’= (-, E*(t)) in RY \ E"(t), and by z, the corresponding Cahn-Hoffmann field given
by Definition 2.2, and assume that (4.6) and (4.7) hold with z and d replaced by z, and d,, (and
again with ¢1, ¢, L, and g independent of n). Finally, assume that E™ X, E and LBy X, Ep.
Then, F is a superflow with respect to the anisotropy ¢ and the mobility ¢ satisfying F(0) = Ep.
This follows by the same arguments employed in the proofs of Proposition 4.2 (see also [22, Proof

of Proposition 4.4]) and Theorem 4.3. Analogous stability properties hold also for subflows.

4.3. Existence and uniqueness of the level set flow. The convergence theorem proved in the
previous subsection combined with the comparison principles established in Subsection 2.3 yields
existence and uniqueness of the level set formulation of the crystalline curvature flow, when v is
¢-regular. In the following we briefly set up the discrete version of such formulation and we give
the precise statements.

Let u” : RN — R be a uniformly continuous function. Let E%* := {u® < A} and let E) j, be the
corresponding time discrete evolutions, defined according with (3.9) with E° replaced by E%*.

We introduce the level set discrete evolution uy, : RY x R — R defined by

(4.8) up(z,t) :=1nf{A € R : x € E) ,(¢)}.

(We warn the reader that the discrete level set function uy defined above does not coincide with
the discrete total variation flow function (also denoted by wup) defined in (3.9).) Note that by
construction

(4.9) {un(-t) < X} C Exn(t) C {un(-,t) <A}

Let w denote an increasing modulus of continuity for u°, with respect to the metric induced by
1°. Thus, in particular, if A\; < A2 we have

dist?” (EOM RN\ E9*2) > w1 Ay — Ap).

Let L > 0 be the spatial Lipschitz constant of g with respect to 1)° and choose h > 0 so small that
(1—Lh)~ 7 < 2e for all h € (0,h). By Lemma 5.2 below (withn =1, =1, M =L, g1 =g =g
and ¢ = 0) we deduce that

dist?” (Ex, n(t), RN\ Ex, n(8)) > w ™ Ay — M) (1 — LR)F > w1 (Mg — Ay)(2e)F

for all t > 0 and h € (0,h). In turn, it easily follows that & : A — w((2e)%*)) is a spatial modulus

of continuity for uy(-,t). Hence:
Lemma 4.5. For any z,7' € RN ¢t >0, |up(z,t) — up(z',t)] < w(2elt|z — 2/|).

As for the continuity in time, we have:
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Lemma 4.6. For anye >0, T > 0, there exists 7 > 0 and hg > 0 (depending on €) such that for
all t,t' <T with [t —t'| <7 and h < hy we have |up(-,t) —up(-, )| < e.

(We cannot expect more, as uy, is discontinuous at times kh, k integer.)

The proof of the lemma follows by standard comparison arguments with the evolution of the
¢-Wulff shape, whose extinction time can be estimated (see Remark 4.7 below). We refer to [21,
Lemma 6.13] for the details.

Remark 4.7. Let us remark that the extinction time of a ¢-Wulff shape of radius R, evolving
according to the forced mean crystalline curvature flow with forcing term g and mobility 9, is
bounded away from zero by a constant which depends only on R, the infinity norm of g and the

constant ¢; in (3.11) (see section 3.3). In turn, hg and 7 depend only on w, €, ||g|e and c;.

We are ready to prove the main result of this section. In the following, together with F , we will
make use of the notation Int F' to denote the interior of any set F' € R™, m € N.

Theorem 4.8. Let v, g, and u® be a ¢-reqular mobility, an admissible forcing term, and a uni-
formly continuous function on RY, respectively. Then the following holds:
(i) (Existence and uniqueness) There exists a unique solution u to the level set flow with initial
datum u®, in the sense of Definition 2.5.
(ii) (Approximation via minimizing movements) The solution w is the locally uniform limit in
RY x [0,+00), as h — 0%, of the level set minimizing movements uy, defined in (4.8).
(iil) (Properties of the level set flow) For all but countably many X € R, the fattening phenomenon
does not occur and, that is: O{x : u’(z) < A} = {x : u®(x) < A} = {z : uO(x) = A}, ie.:
{z:u@) <A} = Int({z:u’(x) <A},
(4.10)
{z:u0(x) <A} = {z:4%az) < A}.
and O{(x,t) s u(z,t) < A} = 0{(z, ) : w(z,t) < A} = {(z,t) : u(x,t) = A}, ie.:
[wd) s ule,t) <A} = Tnt({(a,) : ulw,t) < A,

(4.11)
{(z,t) s u(z,t) <A} = {(x,t) : u(z,t) < A}.

Moreover, for every A such that (4.10), (4.11) hold true the sublevel set {(x,t) : u(z,t) < A} is

the unique solution to (1.1) in the sense of Definition 2.2, with initial datum E°*, and
(4.12) BExpn =5 {(@,) tu(z, ) <A} and  (Exp)® 25 {(w,8) s u(x,t) > A}

Finally, for all A € R the sets {(x,t) : u(z,t) < A} and {(z,t) : u(z,t) < A} are respectively the
mazimal superflow and minimal sublow with initial datum E°A.

Proof. The arguments rely on Theorems 2.7 and 4.3, and are somewhat standard (see for in-
stance [24, 21]). For the reader’s convenience we outline below a self-contained proof.

Step 1. (Convergence) Thanks to Lemmas 4.5 and 4.6, the family {uy} is relatively compact with
respect to the local uniform convergence in RY x [0, +00). Indeed, the classical proof of Ascoli-
Arzeld’s theorem, which consists in first extracting a subsequence which converges in all points of a
countable dense subset (such as QV x Q. ), and then observing that this subsequence is a Cauchy

sequence in L>(K) for all compacts K C RY x [0, 4+o0), can be reproduced without modification.
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Observe now that if w is a cluster point for {up}, then by (4.9) and by Theorem 4.3 for all A € R

there exist a superflow Fy and a subflow Ay, with initial datum E%*, such that
(4.13) {(z,t) s u(z,t) <A} C Ay C E\ C{(z,t) s u(z,t) < A}.

Let ui, up be two cluster points for {us} and for any X € R let A}, EY be as in (4.13), with u
replaced by u;, i = 1,2. Fix A < \’. Since

dist?’ (EL(0), RN \ A3,(0)) > dist?” ({u® < A},RV\ {u® < \'}) >0,

where the last inequality follows from the uniform continuity of «°, it follows from Theorem 2.7
that F3(t) C A%, (¢) and, in turn, from (4.13)

{ui(-,t) <A} C Ex(t) C A3 (1) C {ua(t) <N}

for all ¢ > 0. The arbitrariness of A < X in the above chain of inequalities clearly implies that
us < uy. Exchanging the role of w; and us, we get in fact u; = us. Thus, there exists a unique
cluster point u and up, — u locally uniformly in R x [0, 4+00) as h — 0T,
Step 2. (Proof of (4.10), (4.11)) For A € R set K := {(z,t) : u(x,t) < A}. Since for any
(x,t) the map A — dist((x,t), K,) is non-increasing (here dist denotes the Euclidean distance in
RN x [0,+00)) and since dist(-, Ky ) is (Lipschitz) continuous, we easily deduce the existence of a
countable set N1 C R such that for all Ay € R\ N7 the map A — dist((x,t), K,) is continuous at Ag
for all (z,t) € RN x [0,+00). In turn, by equicontinuity, it follows that dist(-, K) — dist(-, Ky,)
locally uniformly in RY x [0,400), or equivalently, K N Ky, as A = Xg. In particular, by
taking A, * Ao and using that (J,,~; Kx, = {u < Ao}, we deduce {(z,t) : u(z,t) < Ao} = {(z,1) :
u(z,t) < Ao}. Analogously, one can show that there exists a countable set Ns C R such that
for all \g & Ny we have {(z,t) : u(z,t) > A} LN {(z,t) : u(z,t) > Ao} as A = Mg, so that
{(z,t) : u(z,t) > No} = {(z,t) : u(z,t) > No}. We conclude that for all A & N3 U Ns, (4.11) holds.
A similar proof applied, this time, to the level sets of u® in RY will ensure that (4.10) holds for
all A up to an at most countable set of levels N3. We conclude that (4.10) and (4.11) hold for all
A ¢ Ny := Ny UNyUN3.
Step 3. (Conclusion) Fix A € R\ Ny and let Ey and (A))¢ be Kuratowski limits along a common

subsequence of E) ;, and (E’%h)c, respectively. Then, by Theorem 4.3, )\ and Ay are a superflow
and subflow, respectively, with initial datum E%*. Moreover, (4.13) holds. Thus, recalling (4.11),

Ay ={(z,t) s u(z,t) <A}, Ex={(z,t):u(z,t) <A} and A\ =E).

This, together with (4.10), shows that E) is a solution to the curvature flow with initial datum E°*.
Let now E’ be any superflow with initial datum E%*. Then, for all X > X, with X’ & Ny, thanks
to Theorem 2.7 we easily deduce that E' C {(z,t) : u(x,t) < XN'}. Thus, E' C E\. Analogously,
if A’ is a subflow with initial datum E%* one has {(z,t) : u(z,t) < N} C A’ for all X' < ), with
X & Ng, and thus Ay C A’. Therefore, we have

E'CE,=A,CA,
E'CE\=A,CA.

In particular in case F' and A’ define another solution (in the sense of Definition 2.2), that is,
A = E', E' = A, we deduce that E' = Ey, A’ = Aj, i.e., the uniqueness of the solution to (1.1),
starting from E°A.
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Consider now the case A € Ny: the same argument above shows that if E’ is a superflow with
initial datum E%*, then still E' C {(z,t) : u(z,t) < A}. Let now A\, \y A, A, & N for all n. Since
{(z,t) s u(z,t) < Ap} £, {(z,t) : u(z,t) < A} it easily follows from the stability property stated
in Remark 4.4 that {(x,t) : u(x,t) < A} is itself a superflow, thus the maximal superflow with
initial datum E%*. Analogously, one can show that {(z,¢) : u(x,t) < A} is the minimal subflow
with initial datum E%*,

Finally, the uniqueness of the level set flow follows from the comparison principle proved in
Theorem 2.8. O

We conclude this section with the following remarks.

Remark 4.9 (Independence of the initial level set function). From the minimality and the maxi-
mality properties stated at the end of Theorem 4.8, we immediately deduce that if {u® < \} =
{v% < A}, then {u(-,t) < A} = {v(-,t) < A} for all t > 0. Analogously, if {u® < A} = {09 < A},
then {u(-,t) < A} = {v(,t) < A} for all ¢ > 0.

Remark 4.10 (Stability of level set flows with respect to varying anisotropies and mobilities). Let
{#n} and {1, } be sequences of anisotropies and mobilities, respectively, such that ¢, is ¢,-regular
uniformly in n (¢f Remark 4.4). Assume also that ¢, — ¢ and ¢, — 1. Let u, be the unique
level set solution in the sense of Definition 2.5, with ¢ and ¥ replaced by ¢,, and 1,, respectively,
and with initial datum «®. Then w,, — u locally uniformly, where u is the unique level set solution
in the sense of Definition 2.5, with anisotropy ¢, mobility v and initial datum u".

To see this, we start by observing that the sequence {u,,} is equicontinuous in RY x [0, T for all
T > 0 (see the discussion at the beginning of Subsection 4.3 and before Definition 2.5). Thus, up
to a not relabeled subsequence, we may assume that u, — u locally uniformly in RY x [0, +-00).
It is enough to show that wu is a solution in the sense of Definition 2.5, since then we conclude by
uniqueness. Let now Ny be a countable set such that if A\ € Ny, then (4.11) holds for w and for
up for all n. Set E™ := {u, < A} and d,,(-,t) := dist¥" (-, E"(t)) in RN \ E"(t). By Theorem 4.8
we have that E™ is a superflow with anisotropy ¢,, mobility 1, and initial datum E%* for all n.
Extracting a further subsequence, if needed, we may also assume that E™ X B and (E”)C ENT:
for suitable £ and A such that

{u<A}CACEC{u<)).

But then, recalling (4.11), {u < A\} = A, E = {u < A}, and A = E. Moreover, by Remark 4.4,
E is a superflow with anisotropy ¢, mobility ¢ and initial datum E%*. Analogously, one can
show that A is a subflow with anisotropy ¢, mobility 1 and initial datum E%*. We conclude
that E = {u < A} is a solution in the sense of Definiton 2.2 with initial datum E%* for all but
countably many \’s, thus showing that w is a level set solution in the sense of Definition 2.5, with

initial datum «°.

5. THE CASE OF GENERAL MOBILITIES: EXISTENCE AND UNIQUENESS BY APPROXIMATION

In this section we prove one of the main results of this paper: namely the existence via approx-
imation by ¢-regular mobilities of a unique solution to the level set crystalline flow with a general
mobility. As a byproduct of the proof we will also obtain uniqueness, up to fattening, of the flat

flow, i.e. of the flow obtained by the ATW scheme. The main results are stated and proven in
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Subsection 5.2. In the next subsection we collect some preliminary stability estimates on the ATW

scheme.

5.1. Stability of the ATW scheme with respect to changing mobilities. We start with

the following remark:

Remark 5.1. For any norm 1 and any closed set £ C R¥, it is easily seen that

d77

(e <=7

where we have used the notation in (3.20) (with ¢° replaced by n).

We recall (see Remark 3.5) that given a closed set H, H;%;f denotes a k-th minimizing movement
starting from H, with mobility v, forcing term g, and time step h (and the given anisotropy ¢).
As already observed, in the previous notation the dependence on the anisotropy ¢ is omitted since
we think of ¢ as fixed. We finally recall that by an admissible forcing term g we mean a function
satisfying assumptions H1), H2) of Subsection 2.2.

The next lemma establishes a comparison result for minimizing movements with different forcing

terms.

Lemma 5.2. Let v, n be two norms such that ¢y < Bn for some B > 0, and let g1, g2 be admissible
forcing terms satisfying

g2 — g1 < ¢ < +ooin RY x [0, +00) .
If E C F are closed sets with dist" (E,RN\ F):= A >0, then, for all k € N we have

Cc

(5.1) dist™ (B2 RN\ Fk) > (A+ 7 c

) (1= BLyeh)" = +—,

n°

7]0
where Lo is the Lipschitz constant of g1 and go with respect to 1°.

Proof. We start by considering the case k = 1. Set ¢ := ¢+ Ly A. Let (u, z) solve
h
—hdivz +u = dY, +/ g1(-,8)ds, z € 0p(Vu).
0

Let 7 € RY, with n°(7) < A. By our assumptions on gi,go, one has for all s, g;(- — 7,5) >
g2(-,8) — ¢ — Lpon®(7) > ga(-, 8) — ¢, hence

h
—hdive(- —7) +u(- — 1) = dy, +/ g1(- =7, 8)ds
0

h
> d}§+7+A g2(-,8) ds — ¢h

ch

h
> v -
>0+ [ atas
where the last inequality is Remark 5.1. Thus by comparison, and using ¢ < 87, we deduce that

.1 $° 3,1 ° .1 w1
Egl,h +7C ((E)Eh + T)gQJL < ((E)gah +7)g2,h < FgQ,hv

provided that (E)g;h + 7 C F. The latter condition holds true if 7°(7) + fch < A. We deduce
that
dist™” (ELh, RN\ FU3) > A= §oh = A1 — fLyeh) — feh = (A +

Cc

Ly

c

Ly

g1,h?

(= BLyeh) -
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The conclusion easily follows by induction. O

In the next lemma we compare the (discrete-time) solutions corresponding to different but close

mobilities and forcing terms.

Lemma 5.3. For any G, A >0, > 1 and 0 € (0,1), there exist positive oy, hg, depending on
all the previous constants, on the dimension N and on the anisotropy ¢, and there exists c¢o > 0
depending on the same quantities but A, with the following property: Let g be an admissible forcing
term, with ||g|lcc < G, and let Y1, Yo be two mobilities satisfying

(5.2) %<z> <yi<ps  forie{l, 2}
and
(5.3) Yo <1 < (1+9)

for some 0 < 6 < 8. If E and F are two closed sets with dist®” (E,RN\ F) > A, then, setting
g:=9-— co%, for all 0 < h < hy we have

(5.4) dist?” (EV)*, RV \ FY2F) > A(1— BLgo )"

for all k € N such that the right-hand side of the above inequality is larger than 0A. Here Lyo
denotes the Lipschitz constant of g with respect to the metric ¢°.

Proof. With the notation introduced in (3.20), set H := ((E)’Zo)i)oA and note that £ C H and

dist®” (H,RN\ F) > A. Also, it is easy to see that for 6 € (0,1) the set R \ H can be written as

a union of closed ¢-Wulff shapes of radius A =: Ay. Thus, by Lemma 3.12 (and recalling (5.2))

there exists My, depending on G, 3, ¢, and the dimension N, and there exists hy depending on

the same quantities and on Ag, such that

(5:5) Hyy' € (), fori=1,2,for0<h < hoand for any admissible § st [l < G +1.
0

By (5.3) it follows that

Uf <5 < (L4 )

and, in turn, one has

(5.6) d;f; () < dﬁg () < (14 §)d1§ () ifxég ﬁ,
(1+0)dy (z) <d(z) <d%(x) ifzeH
so that
dif —di <3(dy)".

In particular,

o ° My 6 o
(5.7) dyp <dyp +h59 SR (H)“iioh.
0
Set dg := 2271%40’ co = Bi\f” and note that
0 0 1
(58) COE S 5 S 5 fOI‘ 0 < (5 S 60.
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Thus, setting g := g — CQ%, by (5.5) we have

)1 2,1 °
Hyys H5 C(H)
0

provided that 0 < § < 8y, 0 < h < ho (recall [|g]|c <G < G+ 3). Thus, we may apply (5.7) and
Lemma 3.2 to deduce that
1 1 1
By CHYC HYS
In turn, by Lemma 5.2 (with g1 = g2 =g, ¢ =0, ¥ = 19, and 1 = ¢) we get
dist”” (B3 RN\ Fopt) > dist? (HE3 RV \ F23Y) > A(1 = BLgoh)

which is (5.4) for k& = 1.
We can iterate this construction as long as this distance is larger than Ag, deducing that (5.4)
holds as long as (1 — BLgoh)* > 6. O

Combining Lemmas 5.2 and 5.3, we obtain the following proposition.

Proposition 5.4. For any G, A >0, f>1, and 6 € (0,1), there exist positive dy, hg, depending
on all the previous constants, on the dimension N and on the anisotropy ¢, and there exists
co > 0 depending on the same quantities but A, with the following property: Let g be an admissible
forcing term, with ||g|lce < G, and let 1, o be two mobilities satisfying (5.2) and (5.3) for some
0< <6y If E and F are two closed sets with dist?” (E,RN\ F) > A, then for all 0 < h < hg
we have

2¢00
Ly A
for all k € N such that (1—B8Lgeh)* > 0. Here Lyo denotes the Lipschitz constant of g with respect

to the metric ¢°.

260(5
Lyo A

(5.9) dist?” (Bg3 RN\ Fat) > (A4 )= BLyeh)*

Proof. In what follows, g, hg, and ¢y are the constant provided by Lemma 5.3. With the notation
introduced in (3.20), let H := (E)‘ZO, so that
2

o | >

o A o
dist® (E,RN \ H) > oL dist® (H,RN \ F) >
Set g:=g— 200%. By (5.4) (with ngi’k and A replaced by Hgﬁl’k and A /2, respectively) we have

(5.10) dist?” (B *, RN\ HY3*) > 2(1 = BLgo h)*

Sl

for all 0 < h < hg and for all k € N such that (1 — 6L¢oh)k > 0.

Moreover, by Lemma 5.2 (with n = ¢, g1 := ¢, g2 :== g, ¢ := 200%, and E replaced by H) we
have
A 2¢00
2 " LyA

2¢00
— o k: J— O
)= pLeh) = 2%

(5.11) dist®” (HY3* RN\ FV2 k) > (

for all £ € N. Since

dist? (B3 RN\ FU3F) > dist? (BV)S RV \ HY2F) + dist? (HY3" RV \ V25,

the conclusion follows directly by (5.10) and (5.11). O
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Remark 5.5 (Varying anisotropies). A careful inspection of the proof of Proposition 5.4 (and of
Lemma 5.3) together with Remark 3.14 shows that the constants dg, hg, co can be chosen as
depending on ¢ only through the ellipticity constants a;, az in (3.17). This observation implies
that estimate (5.9) holds uniformly with respect to converging sequences of anisotropies.

More precisely, let {¢,} be a sequence of anisotropies such that ¢, — ¢ and let us denote,
temporarily, by Ei’}fs"’k the k-th minimizing movement starting from E, with mobility 1, forcing
term g, time-step h, and anisotropy ¢,. Set a} = a1/2, al, = 2as, /' = 28 and observe that for n
large ¢, satisfies (3.17) with a) in place of a;. Moreover, if v satisfies (5.2), then it also satisfies
(5.2) with ¢, 8 replaced by ¢,,, 5, respectively, provided that n is large enough. Therefore, we may
find g, ho, depending on ', G, A, a} (and the dimension N), and ¢y depending on all the same
quantities but A, such that under the assumptions of Proposition 5.4 we have for all n sufficiently
large

2606

o 2¢9d
tt @ PY1,Pn,k N Y2 ,¢n,k k 0
dist?” (B8 RN \ FV2onk) > (A+ I, )(1 — BLgoh)* —

RN

for all k € N such that (1 — BLgoh)* > 6.

5.2. Existence and uniqueness by approximation. In the following, given a uniformly con-
tinuous function u° on RY, an admissible forcing term g and a mobility v, we denote by u}f the
corresponding level set minimizing movement, defined according to (4.8). Analogously, we use
the notation E;ﬁh(t) (in place of E) ;(t)) to denote the discrete-in-time evolution starting from
E%* := {4 < A} and with mobility 1 (see Subsection 4.3). In the above notation we have high-
lighted only the dependence on v since in the following we will establish stability properties of flat
flows with respect to varying mobilities.

We recall that the existence theory for level set flows (in the sense of Definition 2.5) that we have
so far works only for ¢-regular mobilities. The goal of this section is to extend the existence theory

to general mobilities. To this aim, we consider the following notion of solution via approximation:

Definition 5.6 (Level set flows via approximation). Let ¢, g, and u® be a mobility, an admissible
forcing term, and a uniformly continuous function on RY, respectively.

We will say that a continuous function u¥ : RN x [0, +00) — R is a solution via approximation
to the level set flow corresponding to (1.1), with initial datum u®, if u¥(-,0) = u® and if there exists
a sequence {1, } of ¢-regular mobilities such that v, — 1 locally uniformly and, denoting by u¥~
the unique solution to (1.1) (in the sense of Definition 2.5) with mobility 1, and initial datum u°,

we have u¥™ — u¥ locally uniformly in RY x [0, +00).

The next theorem is the main result of this section: it shows that for any mobility 1 a solution-
via-approximation u? in the sense of the previous definition always exists; such a solution is also
unique in that it is independent of the choice of the approximating sequence of ¢-regular mobilities
{¢n} and, in fact, coincides with the (unique) limit of the level set minimizing movement scheme
{u}f} In particular, in the case of a ¢-regular mobility the notion of solution via approximation is
consistent with that of Definition 2.5.

Theorem 5.7. Let 1), g, and u® be as in Definition 5.6. Then, there exists a unique solution u¥

in the sense of Definition 5.6 with initial datum u®. Moreover, the following holds:

(i) (Convergence of the level set minimizing movements scheme) The solution u¥ is the locally

uniform limit in RN x [0, +00), as h — 0%, of the level set minimizing movements u}f
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(ii) (Stability) Let {¢n}nen be a sequence of mobilities such that v, — 1 locally uniformly.
Then u¥ converge to u¥ uniformly in RN x [0,T] for all T > 0 as n — oo.

Proof. The strategy is the following: We first show that for any % the minimizing movements u,,

converge to a unique function u¥, as h — 0%. Then we establish the stability property (ii), which
shows, in particular, that u¥ is a solution in the sense of Definition 5.6. We split the proof of
theorem into three steps.

Step 1. We claim that for every ¢, T'> 0 and 8 > 1, there exist positive dg, hg > 0 (depending
also on g, u®, ¢, and the dimension N) such that if 1); and 1o are two mobilities satisfying (5.2)
and (5.3) for some 0 < § < dg, then

(5.12) ul? — ul | Loo &Y x[0,7]) < € for all 0 < h < hy.

To this aim, let w be an increasing modulus of continuity for u® with respect to ¢° and recall that
for any A € R
dist?” (B RN \ EOM) > w™(e).
Set
O(T) := (2¢) PLoeT

where Lgo denotes the spatial Lipschitz constant of the forcing term g with respect to ¢°, and
choose h > 0 so small that (1 — Lo h)im < 2eforall h € (0,h). Let &, ho, co be the positive
constants provided by Proposition 5.4 and corresponding to the given 3, G := ||g|| 0, A = w™1(g),
and 0 := 0(T). Clearly we may assume hg < h.

By Proposition 5.4, if 1; and ¢ satisfy (5.2) and (5.3) for some 0 < § < §o, then for h € (0, ho]

we have

o 2C 6 t 26 6
ist? (EV, RN\ B2 > (w™He) + ——2— | (1 = BLgoh) ) - 2
dist ( b \ )\Jre,h(t)) > (w () + Lgow—1(e) (1= BLgoh) Loew1(e)
_ 2005 _ 2605
1 > 1 =" ) (9e)BLgot _ =0T
(5.13) - <w )+ L¢°w_1(5))( °) Lgow=1(e)’

for all t € (0,T]. Clearly, by choosing dy smaller if needed, we may assume that right-hand side of
(5.13) is positive for all ¢ € (0,T]. Recalling (4.9), we conclude that

{up (- 8) < AY S B (8) € BY, 5 (8) € {up? (1) < A+ e}
for all A € R, h € (0, hg], and ¢t € [0,7]. This in turn implies that

uf2(~7t) < ufl(-,t) +e for all h € (0, ho] and ¢ € [0, T7.

0

We may now repeat the same argument by considering —u as initial function, instead of u®. This

leads to the inequality
—ul? (1) < —ul'(t)+e  forall h e (0,ho] and t € [0,T],

which together with the previous one proves (5.12).
Step 2. Here we prove that {uf} n satisfies the Cauchy condition in L (K x [0,T7]) for all compact
sets K ¢ R and for all T > 0.

To this purpose, let T', € > 0, let 8 > 2 satisfy %gb <y < gqﬁ, and let dg, hg be the corresponding
constants provided by Step 1. Clearly we may choose a ¢-regular mobility (see Definition 4.1) 1Z
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such that ¢y := ¢ and ¥y := ’LZ satisfy (5.2) and (5.3) for some 0 < § < dp. Pick any sequence
hn N\ 0. Then, we may write

”“;/Ljn o “;zbm”L*(KX[Ofl) < ||“7ifn - uZ}n”LW(KX[O,T])
+ ) =) Apeexpor) + lup, =l oo -

The first and the third term on the right-hand side of the above inequality are both less than or
equal to € thanks to (5.12), provided that %, hm < ho. Recall now that by Theorem 4.8-(ii) the
family {u;’f} , satisfies the Cauchy condition in L*(K x [0,T7); thus also the middle term on the
right-hand side of the above inequality is smaller than ¢ for n and m large enough. We conclude
that ||u1,fn — ufm | oo (& x[0,77) < 3¢ for n, m sufficiently large. This establishes the claim and shows
that ul,f converges locally uniformly in RY x [0, 4+0c0). We denote its limit by u¥.
Step 3. Let {n}n be a sequence of mobilities such that ,, — ¥ locally uniformly. First of all,
observe that we may find A\,, — 17 such that {Z;n = A, < @ for all n.

Fix € > 0, let 5 > 2 be as in Step 2, and let dy, hg be the corresponding constants provided by
Step 1. Note that for any 0 < § < §p we have:

(5.14) Gu<O<A+)Pn,  Bn<tn<(14+86)d. and %qb < Gytn, B < B9,

provided n large enough. Thus, thanks to Step 1, for all such n’s and for all h < hy we have:

n

wn Lo ®Nx[0,T]) < ||U1ff — Uy

i, — u b

Lo (RN x[0,T]) + up™ —u L @®Nx[o,1)) < 2€.

Thanks to Step 2 we may send h — 0 in the above inequality to infer that ||u¥ —u¥» Il o (N xj0,77) <
2¢ for all n sufficiently large. This concludes the proof of the theorem. O

In the next theorem we collect the main properties of the level set solutions introduced in
Definition 5.6.

To this aim, we will say that a uniformly continuous initial function u°

is well-prepared at A € R
if the following two conditions hold:

(a) If H C RY is a closed set such that dist(H, {ug > A}) > 0, then there exists A’ < A such
that H C {ug < A'};

(b) If A c RY is an open set such that dist({ug < A\},RY \ A) > 0, then there exists X' > A
such that {ug < X'} C A.

Remark 5.8. Note that the above assumption of well-preparedness is automatically satisfied if the
set {ug < A} is bounded.

Theorem 5.9 (Properties of the level set flow). Let u¥ be a solution in the sense Definition 5.6,

with initial datum u°

. The following properties hold true:
(i) (Non-fattening level sets and unique flat flows) There exists a countable set N C R such that

for all X & N
{(z,t) : u¥(z,t) <A} = Int({(z,t):u¥(z,t) < \}),

(5.15)
{(z,t) :u?(x,t) < A} = {(z,t) :u¥(z,t) < A}

and the flat flow starting from E% is unique. More precisley, we have

EY ) 25 {(a,t) u¥ (e, t) < A} and (It EY )" 25 {(2,6)  u¥(2,1) > A}
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as h — 0%,

(i) (Distributional formulation when v is ¢-regular) If ¥ is ¢-reqular, then u¥ coincides with
the distributional solution in the sense of Definition 2.5.

(iii) (Comparison) Assume that u® < v° and denote the corresponding level set flows by u¥ and
v¥, respectively. Then u? < v¥.

(iv) (Geometricity) Let f : R — R be increasing and continuous. Then u¥ is a solution with
initial datum u® if and only if f ou¥ is a solution with initial datum f o uP.

(v) (Independence of the initial level set function) Assume that u’ and v° are well-prepared at
A IfF{u® < A} = {00 < A}, then {u¥(-,t) < A} = {v¥(-,t) < A} for all t > 0. Analogously, if
{u® <A} = {00 < A}, then {u¥(-,t) < A} = {v¥(,t) < A} for all t > 0.

Proof. Property (ii) is obvious. Properties (i) can be proven arguing as in the proof of Theorem 4.8.
Property (iii) follows at once from the stability property of flat flows with respect to approximation
with smooth mobilities, and from Theorem 2.8. Also property (iv) follows by approximation, since
clearly it is satisfied when the mobility ¥ is ¢-regular. Let us now prove property (v): Pick A\ < A
and note that by uniform continuity and by assumption we have

dist({u® < A}, {o° > A}) = dist({e® < A}, {u® > A}) >0

and thus there exists Ao € (A, A) such that {u® < X\;} € {v° < X2}. Let now {,} be an
approximating sequence of ¢-regular mobilities and recall that by Theorem 4.8-(iii) the set {(x,¢) :
u¥n(z,t) < A1} is a superflow with initial datum {u® < \;}, while {(z,t) : v¥"(z,t) < A2} is a
subflow with initial datum {v® < A2}. Thus, from Theorem 2.7 we deduce that {(z,t) : u¥"(z,t) <
A} C {(x,t) s v¥(2,t) < Ao} for all n. In turn, from the latter inclusion we easily deduce that

{(2,t) :u¥(2,t) < M} C {(2,8) s 0¥ (x,t) < Ao} C {(z,t) 1 0¥ (2, 1) < \}.

By the arbitrariness of A, we conclude that {(z,t) : u¥(z,t) < A} C {(z,t) : v¥(z,t) < A}.
Symmetrically, also the opposite inclusion holds. The equality between the closed sub-level sets

can be proven analogously. O

Remark 5.10 (Generalized motion). We observe that property (v) above allows one to consider

[ :={u¥(-,t) = 0} as defining a generalized motion starting from Iy := {u® = 0}.

Remark 5.11 (Star-shaped sets, convex sets and graphs). A natural question is to understand under
which circumstances fattening does not occur. To the best of our knowledge, no general results
are available, even for the classical mean curvature flow. On the other hand, it is well-known [46,
Sec. 9] that for the motion without forcing, strictly star-shaped sets do not develop fattening so
that, in particular, their evolution is unique. The proof of this fact, given for instance in [46] for
the mean curvature flow, works also for solutions in the sense of Definition 2.2 when the mobility
is ¢-regular, and in turn, by approximation, also for the generalized motion associated to level set
solutions in the sense of Definition 5.6, when v is general. Uniqueness also holds for motions with
a time-dependent forcing g(t) [14, Theorem 5] as long as the set remains strictly star-shaped. This
remark obviously applies to initial convex sets, which, in addition, remain convex for all times, as

was shown in [13, 18, 14] with a spatially constant forcing term.” The case of unbounded initial

7Convexity is preserved also with a spatially convex forcing term but uniqueness is not known in this case.
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convex sets was not considered in these references but can be easily addressed by approximation
(and uniqueness still holds with the same proof).

In the same way, if the initial set Ey = {anx < v%(x1,...,25_1)} is the subgraph of a uniformly
continuous functions v°, and the forcing term does not depend on x, then one can show that
fattening does not develop and E(t) is still the subgraph of a uniformly continuous function for all
t > 0, as in the classical case [27, 29] (see also [33] for the 2D crystalline case).

Eventually, we extend the stability property in Theorem 5.7-(ii) to varying anisotropies.

Proposition 5.12. Let ¢, g, and u® be as in Theorem 5.7, let {1} and {¢pn} be a sequences
of mobilities and anisotropies, respectively, such that v, — ¥ and ¢, — ¢ locally uniformly as
n — +00. Denote by u¥% the level set solution in the sense of Definition 5.6 with 1), ¢ replaced
by Y, én, respectively, and with initial datum u®. Then, u?% — u¥?® locally uniformly in

RN x [0, +00) as n — oo.

Proof. From Steps 1 and 3 in the proof of Theorem 5.7 combined with Remark 5.5, we have that for
every ¢, 3, T > 0 there exist positive dg, hg > 0 (depending also on g, u°, ¢, the dimension N, but
not on n) such that if 1); and 1, are two mobilities satisfying (5.2) and max¢|—; |1 (§) —2(£)| < do,
then for all n large enough ||uh2’¢" *uq}fl’d)" | oo (&N x[0,77) < € for all 0 < h < hg. Sending h — 0 we
deduce ||u¥2z:¢n — y¥1:én HLOO(RNX[O,T]) < ¢ for n large enough. Thus, in particular, we may choose
§ > 0 so small that letting ¥9 := v + §¢2, then

(5.16) [|u¥ndn — unon | oo (mY x[0,77) < € for n large enough.
Taking 0 smaller, if needed, thanks to Theorem 5.7-(ii) we may also impose

8
(5.17) lu?"? = u¥ | oo v x o,y < €

where 1 is defined as 9, with 1, replaced by 1. Note now that by construction 1?2 is ¢,-regular
with W¥n (0,1) satisfying an inner ¢,-Wulff shape condition of radius § (and thus uniformly in n)
and ¢0 — ¢°. By Remark 4.10 we then have u¥nitn —y 9’0 locally uniformly. Thus, for any
fixed compact set K C R¥, recalling also (5.16) and (5.17), we have

limsup [[u??" — u¥?| oo (5 po,17) < 26 -
n

The conclusion follows by the arbitrariness of €. O

6. CONCLUDING REMARKS

We conclude the paper with the following observations.

Remark 6.1 (Comparison with the Giga-Pozér solution). When ¢ is purely crystalline and g = ¢,
¢ € R, the unique level set solution in the sense of Definition 5.6 coincides with the viscosity
solution constructed in [41, 42].

Let ¢, be a sequence of smooth anisotropies such that {¢, < 1} is strictly convex for every n

and ¢,, — ¢. By Lemma 2.9 the unique viscosity level set solution u,, corresponding to the motion

V= =) (kg, +0)
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coincides with the level set solution in the sense of Definition 2.5. By Proposition 5.12, u,, — u
locally uniformly with u the unique level set solution in the sense of Definition 5.6 corresponding

to
V =—9(v)(kg + ).

But thanks to [41, Theorem 8.9], it turns out that u is also the viscosity solution in the sense of

Giga-Pozar. This argument also holds in higher dimension, for the solutions defined in [42].

Remark 6.2 (Approximation by anisotropic Allen-Cahn equations). In [40] the authors consider

the anisotropic Allen-Cahn equation

(6.1) v = (Vo) (div(¢(V@)V¢(V1})) - S%W/(U) + 29) ,

where 1, ¢ are respectively a smooth mobility and anisotropy, g = ¢, ¢ € R, is a constant forcing
term, W is a standard double-well potential with zeroes in £1, and A is a suitable constant
depending only on W.

Let now ug be a uniformly continuous function, let u be the corresponding solution to the level
set flow given by Theorem 4.8, and let v : R — R be the (unique) solution to —y” + W'(y) =0
with v(0) = 0 and lim,_,4 o0 y(z) = £1.

In [40, Theorem 2.2] it is shown that the solutions u® to (6.1) with initial data

) = (27 )

converge as € — 0 to a family of characteristic functions x g« with 0E(t) C {x : u(z,t) = 0} for
all ¢ > 0, where u is the level set solution corresponding to (1.1). This means that the solutions to
(6.1) converge to a (generalized) solution to (1.1) which is contained in the zero-level set of w.

In [40, Theorem 2.4] the authors also show that, given two sequences 1, ¢, of smooth mobilities
and anisotropies converging to (possibly nonsmooth) limit functions v, ¢, if the corresponding
level set solutions u,,, with initial datum wug, converge to a limit function u, then the corresponding
solutions uj, to (6.1) converge as ¢ — 0 and n — oo to a family of characteristic functions x g
with 0F(t) C {x : u(z,t) =0} for all £ > 0.

Thanks to Proposition 5.12 we know that the solutions u, do indeed converge to the unique
solution u given by Theorem 5.7, so that the convergence result in [40, Theorem 2.4] applies to
our solutions.

Notice also that the solutions u, converge as n — oo to the unique solution u® of the (non-
smooth) Allen-Cahn inclusion corresponding to (6.1) (see [15] for a precise definition), so that the
convergence result also applies to such solutions u®, thus significantly extending the convergence
result in [15].

Remark 6.3 (Non symmetric anisotropies). It is a notational simplification to have considered
symmetric (i.e., norms) anisotropies and mobilities, however that there is no particular difficulty
in extending the results of this paper to arbitrary convex, one-homogeneous functions ¢ and .
Note, though, that it requires more precision in the definitions and notation. To start with, one
should replace the signed “distance” function (2.4) with:

non o B
dp(@) == inf n(z —y) - inf nly - 2).
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Then in Definition 2.2, one should define the superflows with the differential inequality 0;d >
divz + g — Md out of E for d(x,t) := infycpu) ¢°(x —y) = (dgzt) ()T, and the subflow with
Oyd < divz + g — Md inside A for d(z,t) = —infygaq) v°(y —2) = 7(d7ﬁ2t) (z))~. The assumptions
and statements such as (in Theorem 2.7) distwo(EO, F%%) = A > 0 have to be properly adapted:
in that case for instance, one should ask that E° + W¥(0,A) C F°, where WY is still defined
by (2.3); similarly, comparison principles such as in Remark 3.7 have to be properly interpreted.
Eventually, the results in [18, 1] which we use in our proofs are easily seen not to depend either on

the symmetry assumption.
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