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A binary triangle of size n is a triangle of zeroes and ones, with n rows, built with the same local rule as the standard
Pascal triangle modulo 2. A binary triangle is said to be balanced if the absolute difference between the numbers of
zeroes and ones that constitute this triangle is at most 1. In this paper, the existence of balanced binary triangles of
size n, for all positive integers n, is shown. This is achieved by considering periodic balanced binary triangles, that
are balanced binary triangles where each row, column or diagonal is a periodic sequence.

Keywords: binary triangles, Steinhaus triangles, generalized Pascal triangles, balanced triangles, Steinhaus Problem,
periodic triangles, periodic orbits

1 Introduction

The Steinhaus triangle V.S associated with the finite sequence S = (ag,a1,...,a,—1), of length n > 1
in Z/2Z, is the triangle generated from S by the same local rule that defines the standard Pascal triangle
modulo 2, that is the doubly indexed sequence V'S = (a;,j)« ;< j<,,_ defined by:

1) ag, 5 :aj,forall() éjgn—l,
11) Q5 = Qj—1,5—1 + Ai—1,5, for all 1 <1 é] <n-—1

Note that the sum in fif)) is the sum modulo 2. The m-th row, column and diagonal of the Steinhaus
triangle V.S are the sequences (@m ;) m<j<n—1s (@i,m)o<i<m and (@i m+i)o<i<n—1—m. respectively, for

allm € {0,1,...,n — 1}. This kind of binary triangle was introduced in|Steinhaus| (1964)). For example,
the Steinhaus triangle V.S associated with S = 0010100 is depicted in Figure[T}
The generalized Pascal triangle A(S;, S,) associated with the finite sequences S; = (ag, az, ..., an—1)

and S, = (bp,b1,...,b,_1), of length n > 1 in Z/2Z and with ag = by, is the doubly indexed sequence
A(S1,5r) = (ai,j) o< j<icn 1 defined by:

1) ai,0 = @4 and Qi3 = bi, for all 0 <i1<n—1,
ii) Qi j = Qi—1,5—1 + ai—1,j, forall 1 < j<t<n—1

The m-th row, column and diagonal of the generalized Pascal triangle A(S;,S,) are the sequences
(am,j)o<j<ms (@im)m<i<n—1 and (@m4j,j)o<j<n—1—m, respectively, for all m € {0,1,...,n — 1}.
For example, the generalized Pascal triangle A (.S}, S,.) associated with .S; = 0000101 and S, = 0100001
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0010100

011110 001
10001
010
1 001
101 0110
11 11010
0 001110
1010011
V(0010100) A(0000101,0100001)

Fig. 1: Binary triangles

is depicted in Figure[I] Moreover, note that, for the constant binary sequences S; = S, = 11---1 of
size n, the triangle A(.S}, S;.) corresponds to the first 72 rows of the standard Pascal triangle modulo 2, the
Sierpinski triangle.

In this paper, a binary triangle is either a Steinhaus triangle or a generalized Pascal triangle. The size
of a binary triangle is the number of rows that constitute this triangle.

For any binary triangle 7', let m¢ denote its multiplicity function, that is, the function mp : Z/2Z — N
that assigns to each element x € 7 /27 its multiplicity in 7. The triangle T is said to be balanced if its
multiplicity function is constant or almost constant, i.e., if the multiplicity difference

6mT = \mT(l) — mT(0)|

is such that dm7 € {0, 1}. Since they contain 14 zeroes and 14 ones, the triangles depicted in Figure
are balanced binary triangles of size 7.

The goal of this paper is to prove that there exist balanced binary triangles of size n, for all positive
integers n and for the both kinds of binary triangles. This completely solves a generalization of a problem
posed in [Steinhaus| (1964).

Steinhaus Problem. Does there exist, for any positive integer n = 0 or 3 mod 4, a binary sequence S of
length n for which the associated triangle V.S contains as many zeroes as ones?

Since a binary triangle of size n contains (";rl) elements, the condition n = 0 or 3 mod 4 is a necessary

and sufficient condition for having a triangle of size n containing an even number of terms.

The Steinhaus Problem was solved for the first time in |Harborth| (1972). In his paper, Harborth con-
structively showed that, for every positive integer n = 0 or 3 mod 4, there exist at least four binary
sequences S of length n such that V.S is balanced. Since then, many solutions have appeared (Eliahou
and Hachez, 2004, 2005} |[Eliahou, Marin, and Revueltal 2007). All of them are constructive and corre-
spond to the search of sequences generating balanced triangles, that have some additional properties such
as being antisymmetric or zero-sum.

The possible number of ones in binary triangles was explored in |Chang| (1983); Harborth and Hurlbert
(2005)). The minimum number of ones is obviously 0 since the triangle of zeroes of size n is always a
binary triangle. The maximum number of ones in a Steinhaus triangle of size nis [2("$")]. As shown in
Chang| (1983)); [Harborth|(1972), this maximum number of ones is obtained, for instance, for the Steinhaus
triangle associated with the initial segment of length n of the 3-periodic sequence 110110110 - - - for all
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positive integer n. In Harborth and Hurlbert| (2005)), it was proved that the maximum number of ones in a

generalized Pascal triangle of size nis [ 2 ("1')] + ¢, where

2 ifn=1mod3,n#1,

~J 1 ifn=0,2mod 3,n # 38,
Y 0 ifn=1,
3 ifn=28.

The following result gives the average number of ones and zeroes in binary triangles.

e . . . . . 1 (n+1
Proposition 1.1. The average number of ones and zeroes in a binary triangle of size n is exactly 5( 5 )
Proof: We induct on n.

First, for the Steinhaus triangles, the result is trivial for n = 1. Suppose now that n > 2 and that the
result is true for any Steinhaus triangle of size n — 1. Let V.S be the Steinhaus triangle of size n — 1
generated from the sequence S = (ag, a1, ..., a,—2). There exist exactly two sequences S’ of length n
such that we retrieve V.S as the subtriangle V.S’ \ S’, that is, the last n — 1 rows of the Steinhaus triangle
V.S’ of size n. These sequences S’ are of the form

i—1 n—2

!

S = x,x—i—ao,x—i—ao—l—al,...,x—i—g aj,...,x—i—g aj |,
j=0 j=0

with o € Z/2Z. Moreover, for all positive integers m, it is clear that there are 2™ binary sequences of
length m and the same number of Steinhaus triangles of size m. It follows that, for all z € Z/27Z, the
total number of x in the set of all the Steinhaus triangles of size n is the sum of twice the total number of
x in the set of Steinhaus triangles of size n — 1 and the total number of x in the set of sequences of length
n. This leads to the result that the average number of x in a Steinhaus triangle of size n is

1 1/n 1/n+1

— (2 2n—1 - 2n—1 i

(x5 (5) 2 ) =5("5 ),
forall z € Z/27.

Now, for the generalized Pascal triangles. For n = 1 and n = 2, the result is clear. Suppose now
that n > 3 and that the result is true for any generalized Pascal triangle of size n — 2. Let A(S}, S,.) be
the generalized Pascal triangle of size n — 2 generated from the sequences S; = (ag,a1,...,a,—3) and
S, = (bo, b1, ...,bs—3), with ag = bg. There exist exactly 2* couples (5], S..) of sequences of length n
such that we retrieve A(S;, S,) as the subtriangle A(S], S7.) \ (S; U S). \ {ao}), that is, the generalized
Pascal triangle obtained from A (.S}, S..) by removing the left and right sides of the triangle. These couples
of sequences (S}, S..) are of the form

/
S; = (z1,22,a0 + a1,a1 + a2,...,0n—a + ap_3,23),

S;' = (1‘1,$2 +Cl0,b0 +b1;b1 +b2)- .- 7bn—4 +bn_3,$4),

where x1, X9, T3, x4 € Z/2Z. Moreover, for all positive integers m, it is clear that there are 22m—1 binary
sequences of length 2m — 1 and the same number of generalized Pascal triangles of size m. It follows
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that, for all z € Z/27Z, the total number of z in the set of all the generalized Pascal triangles of size n is
the sum of 24 times the total number of x in the set of generalized Pascal triangles of size n — 2 and the
total number of x in the set of sequences of length 2n — 1. This leads to the result that the average number
of x in a generalized Pascal triangle of size n is

1 1/n—1 1/n+1
- 24 22(?7,72)71 - 227172 m—1 ——
9201 ( % g )T =) =5, )

for all z € Z/27Z. This completes the proof. O

This result shows that the Steinhaus Problem and the following generalization are natural.

Problem 1. Does there exist, for any positive integer n, a balanced Steinhaus triangle and a balanced
generalized Pascal triangle of size n?

As already announced, this problem is solved in the positive in this paper. The solution presented here
is constructive and based on the analysis of periodic balanced binary triangles, that are balanced binary
triangles where each row or column is a periodic sequence.

Let us begin with some definitions and terminology. Let S = (aj)j 7, be a doubly infinite sequence of
Z/27.. The derived sequence 0S is the sequence obtained by pairwise adding consecutive terms of S, that
is,

95 = (aj-1+45) ez
This derivation process can be iterated and, for every positive integer 4, the i-th derived sequence 9'S is
recursively defined by 0" = 0 (8"~1S) with 0°S = S. The orbit Og is the sequence of all the iterated
derived sequences of S, that is,
Os = (97S), -

The orbit of S can also be seen as the doubly indexed sequence Og = (a;, j)(i,j) cnxz defined by
i) ag,; = aj, forall j € Z, and
i) a;; = aj—1,—1 +aj—1,,foralli > 1 and forall j € Z.
An example of orbit Og associated with the sequence
S=(..... ,0,0,1,0,1,0,1,1,0,0,0,0,1,1,0,0,0,0,1,0,0,1,1,1,0,....... )

is depicted in Figure 2]
Binary triangles can then been considered as appearing in orbits of binary sequences. Let V.S (i, jo, )
denote the triangle build from the base to the top, whose principal vertex is at the position (ig, jo) € NXZ

in the orbit Og = (aivj)(z}j)eNXZ and of size n, i.e., the Steinhaus triangle

VS(io, jo,n) = v(aimjoaaio,ju-i-lv S 7aio,jo+n—1) = (a’io+i,jo+j)ogigj<n_1 .

Let AS(ig, jo,n) denote the triangle build from the top to the base, whose principal vertex is at the
position (ig, jo) € N x Z in the orbit Og and of size n, i.e., the generalized Pascal triangle

AS(iOajOa ’fl) = A((a’iodo’ Aig+1,505 -+ +» ai0+n—1,j0)7 (aiodov Aig+1,50+15 - - - aai0+n—17jo+"—1))

= (aio+i,jo+j)0<j<¢<n—1 :
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0{0]1]0]1]0]1]1]0]0|0]O|1]1]0[0]0O|O]1]0O]JO|1|1]1]O
1{0]1)1]1]{1]1]{0[1]0({0]|0|1]|]0O|1[{0]|0|0O]|1|1]|O|1|0]|O]|1
1{1]1(0]0{0|O[1|{1]1]{0]|O|1]|1|1|[1]0[O]|1]|O|1|1|1]O]|1
1{0]0(1]0[{0]0[1[{0]0|1]0[1]0]|O[0O]|1|O]|1|1]|1]|0|O]1]|1
0]1]0|1]|1 111 0[{1(1[1]0]0]|1]|0|1]|0
1[1]1]1]0]1 0/0]0 110j0|1]|Of1]1]1]1
0(0]0]0]1]1]1 110]0 1/0]1]1|1]0|0]0
0(0]0]0]1]0]|0]O 111]0 1/1]0]0|1]0]0
0({0]0(0]1]1]0]0|O0 0/0]1 0/1]0(1]1]0
1{0]0{0]1]{0|1]0|0]0 1/0]1 1(1]1]0]1
1{1]0(0|1|{1|1[1[{0]O|1]|O|1]|1|1|0O]|1|1]1][0|0O|0|O]|1]|1
0({0]1](0]1]0]0]|0|1]0O|1]1]1]O]|O|1][1]0]O|1]O]|0O|O]1]O
L{O]1|1]1][1]O[O[1]1|1]O]OJ1]Of1]Of1]|O[I]1]O|O]T1]1
0[1]1]0]0]0]1]0|1]O|O]J1|OJ1|T|1]|1|1]1|1]O|1|O|1]|O

Fig. 2: Binary triangles appearing in an orbit Og

Example of triangles appearing in an orbit Og is represented in Figure[2]

The sets of all the Steinhaus triangles of size n and of all the generalized Pascal triangles of size n are
denoted by ST ,, and PT ,, respectively. It is clear that these sets are Z/2Z-vector spaces of dimension n
and 2n — 1, respectively. Moreover, as depicted in Figure[3] there exists an obvious isomorphism between
PT . and ST 2,1 since a generalized Pascal triangle of size n can be seen as the center of a Steinhaus
triangle of size 2n — 1.

olo[1]@]of1]1
01 1]0
1 1

0[1]0

1

0]

Fig. 3: Isomorphism between P7T ,, and ST 2,,—1

A binary triangle of size n is constituted by (";1) elements, the n-th triangular number. Therefore,

a binary triangle of size n contains an even number of terms for n = 0,3 mod 4 and an odd number of
terms for n = 1,2 mod 4. It follows that a binary triangle 7" of size n is balanced if and only if

S — 0 forn =0,3 mod 4,
M =11 forn = 1,2 mod 4.

In other words, a binary triangle 7' of size n is balanced if and only if either my(0) = myp(1), for
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n = 0,3 mod 4, or mp(0) = mp(1) £ 1, for n = 1,2 mod 4. Then, the Steinhaus Problem is solved if
we can determine whether there exist balanced Steinhaus triangles containing an even number of terms,
for all the admissible sizes.

The main result of this paper is the following

Theorem 1.2. There exists a binary doubly infinite sequence S such that its orbit Og contains balanced
Steinhaus triangles and balanced generalized Pascal triangles of size n, for all positive integers n.

This theorem completely and positively solves Problem[I} the generalization of the Steinhaus Problem
for the two kinds of triangles, even when the triangles contain an odd number of terms. Note that the
existence of balanced Steinhaus triangles with odd cardinality was first announced, without proof, in
Eliahou and Hachez| (2004). For the generalized Pascal triangles, the result is known but has not been
published.

This paper is organized as follows. In the next section, the behavior of the p-periodic sequences under
the action of the derivation process is studied and the set of p-tuples that generate p-periodic orbits is
determined, for all values of p. An equivalence relation on the set of p-periodic orbits is given in Section[3]
This permits us to only consider the equivalence classes of p-periodic orbits and considerably reduce
the number of orbits to analyse in the sequel. Let (ig,jo) be a fixed position in the orbit Og and r €
{0,1,...,p — 1} be a fixed residue class modulo p. In Section 4] necessary and sufficient conditions on
the family of Steinhaus triangles V.S (iq, jo, pk+1), for being balanced for all non-negative integers k, are
obtained. This leads to the proof of Theorem[I.2]in Section[5] Finally, we show in Section [6]that already
known results on balanced triangles modulo m can also be expressed by periodic balanced triangles.

2 Periodic orbits

For any n;-tuple X1 = (ag,ai,...,a,,—1) and any na-tuple Xo = (bg,b1,...,b,,—1) of elements in
Z/27., the concatenation X;.X5 is the (ny + ng)-tuple (ag, a1, ..., an,—1,bo0, b1, .., bn,—1). For any n-
tuple X, the kn-tuple X* is recursively defined by X* = X.X* 1! for all integers k > 2, with X' = X.
For any n-tuple X = (ag,a1,...,an—1), the doubly infinite sequence X*° = (b;);ez is defined by
bint; = ajforallk € Zandforall j € {0,1,...,n— 1}. For any doubly infinite sequence S = (a; ) cz
and any positive integer n, we denote by S[n] the initial segment of length n of S, that is, the n-tuple
Sln] = (ag,a1,...,an—1).

Let p be a positive integer and let S = (a;) jez be a doubly infinite sequence of elements of Z/2Z. The
sequence S is said to be periodic of period p, or p-periodic, if a4, = a; for all j € Z. The p-periodicity
of S is denoted by S = (ag, a1, ..., a,—1)"", where the p-tuple (ag, a1, ...,a,—1) is a period of length p
of S.

First, it is clear that the periodicity of .S is preserved under the derivation process.

Proposition 2.1. For any p-tuple (ag, a1, . . .,ap—1), we have
d(ag,ai,...,ap—1)" = (ap—1+ap,ap +ai,...,ap—2+ ap_1)>

An infinite sequence (A;);en is said to be pseudo-periodic of period p if there exists ig € N such that
Ai+p = Az for all ¢ = io.

Proposition 2.2. The orbit of a periodic sequence is a pseudo-periodic sequence.
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Proof: Let S be a p-periodic sequence of Z/2Z and let Og = (6"5)1. cn be its associated orbit. By

Proposition we know that, for every non-negative integer 4, the derived sequence 9% is a p-periodic
sequence. Since the number of p-tuples over Z /27 and thus the number of p-periodic sequences of Z /27
is finite, we deduce that there exist 0 < i; < iy such that 971§ = 972 S. This leads to

o=l g = gimhgig = 99" S = 9'S
for all 4 > i;. The sequence Og is then a pseudo-periodic sequence of period ia — %1. O

We can retrieve the case where the orbit is pseudo-periodic and not periodic in|Harborth!(1972); Eliahou
and Hachez| (2004). Here, we will study the special case where the orbit is fully periodic.

The orbit Og = (a; ;) (i.j)enxz 18 said to be periodic of period p, or p-periodic, if every row and every
column is a p-periodic sequence, i.e., if the equalities

Qijpp =i and  ajpp ;= a;;j

hold for all i € N and all j € Z. In other words, the orbit (a;, j)( i\ j)ENXZ is p-periodic if the equality

Qij = 45

holds, for all (i, j) € N x Z, where 7 is the remainder in the euclidean division of = by p. For example,
as depicted in Figured] the orbit O x - associated with the 6-tuple X = 010100 is 6-periodic. Note that a
binary triangle appearing in a periodic orbit is simply a periodic binary triangle, as defined above.

Fig. 4: The 6-periodic orbit Op10100°

Any square Py j, = (@ig+ijo+i)ogi j<p—1 Of Size p is said to be a period of the p-periodic orbit
Og. Remark that all the periods of a p-periodic orbit have the same multiplicity function, i.e., we have
mp, . =mp,, forall (ig,jo) € N x Z.

The set of p-tuples of Z /27 that generate p-periodic orbits is given in the following theorem, that also

appears in (1972).
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Theorem 2.3. The orbit Ox associated with the p-tuple X = (ag, a1, ...,ap—1) is p-periodic if and
only if the vector vx = (ag,a1,...,ap—1)" is in the kernel of the matrix W,, which is the Wendt matrix of
size p modulo 2, i.e., the circulant matrix of the binomial coefficients modulo 2

G G () ()
@ 0 G o G

W, =

G2 Gl Gy o ()

To prove this result, we use the following lemma where it is shown that each term of the orbit Og can
be expressed as a function of the elements of the sequence S. The proof of this lemma is a straightforward
induction.

Lemma 2.4. Let Og = (ai,j)(z‘ J)ENXZ be an orbit and let 19 be a non-negative integer. Then,

i .
2
Gig+i,j = E g ) Giod—k

k=0

forall (i,j) €e N x Z.

Proof of Theorem 2.3: Let X = (ag,a1,...,ap—1) be a p-tuple and let Ox~ = (ai>j)(i,j)eN><Z be its
associated orbit. Since, by definition, the sequence X *° is p-periodic, we already know from Proposi-
tion that the derived sequences 9°X>° are p-periodic for all non-negative integers i. Therefore the
equality a; j4+, = a;; is true for all (7, j) € N x Z. Thus, the orbit Oxe is p-periodic if and only if
Qiyp,; = a;j forall (4,7) € N x Z. The equality a;4, ; = a; ; holds for all (i, j) € N x Z if and only if
ap,; = ao,; for all j € Z. Moreover, since the sequences (ao ;) ez and (ap, ;) jez are p-periodic, the orbit
Oxee is p-periodic if and only if a, ; = ag; forall j € {0,1,...,p — 1}. From Lemma 2.4 we know
that a, ; = > 7_ (P)ag,j— forall j € {0,1,...,p — 1}. Therefore the orbit Ox is p-periodic if and
only if

(Dao—1+ (ao—2+---+ (ao,—p =0 (Dap-1+ ()ap—2+---+ (FJao =0
(Davo+ Gaos++ Qaopir =0 | Dot @aps +--+ (Jar =0
(2)angpms + Q)aopms -+ (ao 1 = 0 (D)ap-z+ B)aps +-+ D)ag1 = 0
i.e., if and only if the p-tuple X is in the kernel of the Wendt matrix W, = ((IZ P jl)) esie modulo
ILISP
2. O

The set of p-tuples X that generate p-periodic orbits Oy is denoted by PO,,. It is then a Z /2Z-vector
space isomorphic to the kernel of the Wendt matrix W, of size p modulo 2. Table [1| gives dim ker(1V),)
and [PO,| = 24imker(We) for the first few values of p.
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P 123456 7]8]9]10]11]12
dimker(W,) [ 0 o[ 2][o0o]o|l4a[6]0]|2]0]0]3

P 1314151617 18|19 [20 |21 [22 23| 24
dimker(W,) || 0 [12|14a[ ool a4]o]o|8|0]o0]16

Tab. 1: The first few values of dim ker(W,,)

For example, for p = 6, we have dim ker(Ws) = 4 and |[POg| = 2* = 16. There are then 16 different
6-tuples that generate a 6-periodic orbit. More precisely, the set POg is given by

POs = (000101,001010,010001, 100010)
= {000000, 000101, 001010,001111,010001,010100,011011,011110,
100010, 100111, 101000, 101101, 110011,110110,111001, 111100} .

We recall here that the 6-tuple X = 010100 generates a 6-periodic orbit as depicted in Figure 4]

3 Symmetry group of PO,

In this section, a symmetry group on the set of p-tuples that generate p-periodic orbits is defined. First,
the notion of translation and the action of the dihedral group D3 on periodic orbits are introduced.

3.1 Translation

Let Oxe = (GZJ)(Z',j)GNXZ be the p-periodic orbit associated with X = (ag, a1, ...,a,-1) € PO,. The
translate of X by the vector (u,v) € Z? is the p-tuple t,, ,(X) = (a— 7= )o<j<p—1. From Lemma
we know that

k=0 0<j<p—1
From the definition of t,, ,(X), it is clear that
O S — (a, g ) .
tu, v (X) T—u,j—v (i,/)ENXZ

Therefore t,, ,, is an automorphism of PO,,. Moreover, the application

(Z2,4) — (Aut(PO,),0)
(u,v) +— tuv

is a group morphism.
For example, the translate of the 6-tuple 010100 € POg (Figure[d) by the vector (2, 3) is tz,3(010100) =
101000, as we can see in its orbit O, ,010100)> = O101000> depicted in FigureE}
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Fig. 5: The translate t2 3(010100) = 101000

3.2 The dihedral group Ds

First, consider the Steinhaus triangles V.S = (a; ;)o<ic<j<n—1 of size n. The left and right sides of
VS are the sequences 1(S) = (an—1—in—1-i)ogi<n—1 and r(S) = (a; n—1)ogi<n—1, respectively.
From Lemma 2.4} we know that I(S) and r(S) can be expressed as functions of the elements of S =

(a3)o<j<n—1
and r(S) = (ki_o (;;)anlk> _

o (£ )

The reversed sequence of S is the sequence read from the right to the left, that is i(.S) = (an—1—;)o<j<n—1-

Due to the symmetries involved in the local rule that generates V.S, the Pascal local rule modulo 2, it is
known that the Steinhaus triangles VI(.S), Vr(.S) and Vi(S) correspond to the rotations of F120 degrees
around the center of the triangle V.S and the reflection across the vertical line through the center of V.S,
respectively. More precisely, for all integers 7 and j such that 1 < ¢ < j < n — 1, we have

0<i<n—1

Qi1 T Qi1 = Qjj = Qi1+ A j = Qi_1-1 < Qi—1-1 1 Qj = Qi1 j- 1)

Therefore
VI(S) = V(an-1-jn—1-j)o<i<n—1 = (@n—1—jn—1-j+i)0<i<i<n—1,

Vr(S) = V(ajn-1)ogicn—1 = (@j—in-1-i)o<i<i<n—1,

Vi(S) = V(aon-1-5)o<j<n—1 = (Gin—1+i—j)o<i<j<n—1-
Since
P =i%=(ir)? = id(z/2z)n s

the subgroup of (Aut((Z/2Z)"), o), the group of automorphisms of the vector space of n-tuples over
Z /27, generated by r and i is isomorphic to the dihedral group D3

(r,i|r* =i® = (ir)? = id(z/22)» ) = Ds.
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As depicted in Figure[f] it is easy to see that the multiplicity function of a Steinhaus triangle is invariant
under the action of the dihedral group Ds. Indeed, for any finite sequence S, we have

mys = Myrs) = Myi(s)-

~ |

0. 110 0 011/ \1010 010/ 0101/ 110

110 010 111 011 111 010
0|1/ 11 00 10 00 11
0 1 0

Vs vr(S) Vr2(S) Vi(S) Vri(S) Vr2i(S)

Fig. 6: Action of D3 on V(0100)

The study of rotationally symmetric triangles and dihedrally symmetric triangles, that are triangles V.S
such that S = r(S) and S = r(S) = i(5), respectively, can be found in Barbé|(2000); Brunat and Maureso
(2011).

Now, we consider the restrictions of r and i to the vector space PO, of p-tuples that generate p-periodic
orbits. Since we only consider these restrictions, they are also denoted by r and i in the sequel.

Proposition 3.1. For all positive integers p, we have

r(POp) =i(POy) =PO,.

Proof: Let X € 7?(91, and Ox~ = (ai,j)(m)eNXz. Then, by definition, F(X) = (aj}p_l)ogjgp_l and
I(X) = (ao7p_1_j)0<j<p_1. Let Or(X)oo = (bi,j)(i,j)eNxZ and Oi(X)oo = (Ci,j)(i,j)eNxZ- We will show
that b; j = a5—; ——7 and ¢; ; = a; ;—;—7 forall < € Nand all j € Z. We proceed by induction on i € N.
For ¢ = 0, by definition, we have that

boj =boz = 05,1 =051

and

Co,j = Co,5 = Qo p—1-5 = 4, =j—1
for all 7 € Z. Suppose that the formulas are verified for a certain value of # — 1 > 0 and for all j € Z.
Then, using (T)),

bij =bi—1,j-1 +bi—1,; = (i s el e o il G el e S el o |

and

Cij = Ci—1,j-1+ Ci—1j = 0G=77=;-1 T ;=1 i=;=3

Sy iy gl L ey G Rl Ly WIS Wy oy Wl Ly
for all j € Z. This verifies the formulas and we deduce that b; ; = b; > and ¢; ; = ¢; 7 forall © € N and
all j € Z. Then the orbit O,(x)~ and Oj x)= are p-periodic. Therefore r(X) and i(X) are in PO,,. This
proves that r (PO,,) C PO, and i (PO,) C PO, and implies that

PO, =13 (PO,) C ¥*(PO,) C r(PO,) C PO, and PO, =i (PO,)Ci(PO,)C PO,.
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This concludes the proof. O

It follows that r and i are automorphisms of the vector space PO,, and the subgroup of (Aut(PO,), o)
generated by r and i is also isomorphic to the dihedral group D3

Dy = (r,i) = {idpo,,r,r*,i,ri,r’i} .
More precisely, for any p-tuple X, we have
Oxe = (a77)(i.5)eNxz Oix)y= = (a7 7=7=1) (i.j)eNx 2
Or(X)"" = (aﬁ,ﬂ‘q)(i,j)ENxZ Ori(X)°° = (afj71,7i71)(i,j)EN><Z
Or2(X)°° = (aﬁ,i_ji'_l)(i,j)eNxZ Or?i(x)“’ = (aﬁj)(i,j)eNxZ

For instance, a representation of O 10100y~ for all g € Dj is given in FigurelZ}

Fig. 7: Action of D3 on Og10100%

3.3 The symmetry group of PO,,
Let G be the subgroup of (Aut(PO,,), o) generated by r, i, t1 o and to 1, that is,

G = <I’7 i,t1707t0’1> .

As in Dj, the equality ir = r?i holds in G. The equalities involving the translations are listed below.

Proposition 3.2. For all (u,v) € 72, the equalities rty, , = ty_y,—ur and ity = ty 4—yi hold.
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Proof: Let (u,v) € Z? and Oxo = (a;);)(m)eNXz be a p-periodic orbit. Then,

Ot X&:<a77) :Ot X)o°
rty, o (X) j—itu—v,—i—1+u (1./)ENXZ e, —uf(X)

and

Oitu,,u(X)"" = (aifu,i7j71+v7u)(i’j)eNXz = Otu,u_wi(X)‘”'

From these equalities, it is clear that each element g € G can be uniquely written as

g =ty rif

with u,v € {0,1,...,p— 1}, a € {0,1,2} and 3 € {0, 1}. Therefore G is a group of order |G| = 6p>.

3.4 Equivalence classes of PO,

Now, we consider the binary relation ~¢ on the set PO, defined by X; ~¢ Xs if and only if there
exists g € G such that X5 = ¢(X;). Since G is a subgroup of (Aut(PO,),0), it is clear that ~¢
is an equivalence relation on PO,,. Therefore, to search balanced triangles, it is sufficient to examine
only one representative of each equivalence classe in the set 737(9,) = PO,/ ~¢. In the sequel, the
equivalence class of the tuple X is denoted by X and the lexicographically smallest tuple X is used as
the representative of each equivalence class X.

For example, for p = 6, POg/ ~¢ consists of 3 equivalence classes that contain the 16 tuples of POg
generating 6-periodic orbits. More precisely,

POg = POs/ ~¢ = {{000000},{000101,001010,001111,010001,010100,011110, 100010,
100111, 101000, 110011, 111001, 111100} , {011011, 101101, 110110} }
= {000000, 000101, 011011 }

since

001010 = t0,5(000101)
001111 = t173(000101)
010001 = to,2(000101)
010100 = t,4(000101)
011110 = t; 2(000101)

100010 = to,1 (000101
100111 = t; 4(000101
101000 = t,3(000101
110011 = t; 5(000101
111001 = t;0(000101
111100 = t;1,1 (000101

~— —

101101 = t1(011011)
110110 = to5(011011)

The 6-periodic orbits associated with these 3 equivalence classes are depicted in Figure[8]
Table gives |P0p| for the first few values of p.

4 Family of periodic balanced Steinhaus triangles with the same
principal vertex

In this section, we determine necessary and sufficient conditions for obtaining, in a p-periodic orbit, an
infinite family of balanced Steinhaus triangles with the same principal vertex.
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Fig. 8: The set POg = {000000, 000101, 011011}

p 1| 2| 3 [4]5]6/|7]8]9]10]11] 12
PO || L | 1 | 22| 1|1 |2t]26] 1|22 1| 1]28
PO |1 |1 [ 2 [ 1|1 |33 ]1]|2|1]1]7

p 13|14 | 15 |16 | 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24
PO || T[22 | 2¥ | 1 | 1 24| 1|1 [28] 1|1 |2
PO, || 1 13|30 1| 1|3 |1 |1]6 | 1|1]92

Tab. 2: The first few values of "POp’
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Proposition 4.1. Let S = X with X € PO,, (ig,jo) € NxZandr € {0,1,...,p—1}. The Steinhaus
triangles
Ty := VS(io, jo, kp + )

are balanced for all non-negative integers k if and only if the triangle Ty, the multiset difference Ty \ T
and the period P are balanced, with p divisible by 4.

Proof: Suppose that (ig,jo) € N x Zandr € {0,1,...,p — 1} are fixed. Let k& € N. Then, from the
periodicity of Og, we know that the Steinhaus triangle Ty, = V S(4o, jo, kp + r) can be decomposed into
elementary blocks Ty, 77 \ Ty and P, as represented in Figure@]for k =5.

To
T\ To P P P P

Ty \ To P P P

-LH‘LL&Tl\To . .
HTl\TU N
ILH_HITl\TO

Fig. 9: Decomposition of T5

More precisely, the triangle T}, is constituted by one block T, k blocks T3 \ T and (g) blocks P. It
follows that the multiplicity function m7, of the triangle 7T}, must verify that

k
mp, = mg, + kal\TO + <2>mp.

First, suppose that Ty, T} \ Tp and P are balanced with p divisible by 4. Since p is divisible by 4, it is
clear that the cardinalities |77 \ To| = pr + (p;rl) and |P| = p? are even. Therefore, since the multiset
difference 77 \ Tp and the period P are balanced, the multiplicity functions my,\7, and mp are constant.
It follows that 7, = 07y, € {0, 1} and thus the triangles T}, are balanced for all non-negative integers k.

Conversely, suppose that the triangles 7}, are balanced for all non-negative integers k. Thus, the value
of (mg, (0) —mg, (1)) — (mg, (0) — mg, (1)) is in the set {—2, —1,0, 1, 2} for all & € N. Therefore,

(mTk (0) - mTk(]‘)> - (mTo(O) - mTo(l))

klgrolo k =0
It follows that o1
Jm (mry\7, (0) = my\ry (1)) + ——(mp(0) —mp(1)) = 0.
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Then, we deduce that mp,\ 7, (0) — mp\7, (1) = mp(0) — mp(1) = 0. Therefore the multiset difference
T1 \ Ty and the period P are balanced and with even cardinalities. Finally, since |P| = p? and |T} \ Tp| =
pr+ (p ;rl), we conclude that p must be divisible by 4 in this case. L]

This is the reason why, in the sequel of this paper, we only consider p-periodic orbits with a balanced
period and where p is divisible by 4.

Note that the period of the orbit generated from every element of a same equivalence class of PO,,
has the same multiplicity function. Let us denote by BPO,, the set of all the equivalence classes of PO,,
having a balanced period. Table [3|gives |BPOp| for the first few values of p divisible by 4.

P 48] 1271620 24
PO, || 11256 | 1 | 1 | 65536

POl |[1|1| 7 | 1|1 92

|BPO,||l0]0| 2 | 0|0 | 17

Tab. 3: The first few values of |B77(’)p]

More precisely, we obtain

BP0, = {Y1,Y2} = {000001110111, 000101000101 }

and BPOy4 = {X1,X5,...,X17}, where the 17 representatives X; are given in Table @ Note that
X16 = Y and X7 = Y. Therefore the orbits O xge and Oxee correspond to Oyee and Oy, respec-

tively. A representation of the orbits generated from the elements of BPO15 and BPO24 can be found in
Appendix

X, i X,
000000000110101101101011 10 |[ 000000101001110110011111
000000001001011110010111 11 || 000001000010010100100001
000000010010011000100111 12 [ 000001000101101101011111
000000010110111001101111 13 {[ 000001001000001110000111
000000010111110001111101 14 [ 000001001111110111111001
000000100001111100011101 15 || 000001100001100100011111
000000100010100100101011 16 || 000001110111000001110111
000000100011101100111001 17 || 000101000101000101000101
000000101000111110001101

O 00 | O U x| W| DN ] ==

Tab. 4: The representatives X; of BPO24 = {X71, 72, cee X17}

5 Periodic balanced triangles

In this section we will prove Theorem [I.2] the main result of this paper.
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Let X be a p-tuple of Z /27, with p divisible by 4, such that X isin BPO, and let S := X°°. Now, for
each remainder r € {0,1,...,p — 1} and for each position (ig, jo) € {0,1,...,p— 1}2, we test if the
blocks VS (ig, jo, ) and VS (ig, jo,p + 1) \ V.S (40, jo, r) are balanced. If this is the case, we know from
Proposition that the Steinhaus triangles V.S (ig, jo, kp + r) are balanced for all non-negative integers
k.

Let R+ denote the set of remainders r € {0,1,...,p — 1} for which there exists a position (4o, jo) €
{0,1,...,p— 1}2 such that the Steinhaus triangles V.S (i, jo, kp + ) are balanced for all non-negative
integers k.

From Table the first values of p, divisible by 4, for which BPO,, # () are 12 and 24. For p = 12,
we find that RY; = () for each of the two equivalence classes BPO15 = {71,72} For p = 24, we
find that R)T # () for the first 15 of the 17 equivalence classes of BPOay = {71, 72, e ,X717} Note
that the two equivalence classes X of BPO24 such that R = () are exactly of the form X = Y? with
Y € BPO;, (as already seen X5 = Y and X;7 = Y?). More precisely, Tablegives the exact number
of remainders constituting R~ for each X € BPOa,.

i X R
1 000000000110101101101011 18
2 000000001001011110010111 16
3 000000010010011000100111 23
4 000000010110111001101111 || 24
5) 000000010111110001111101 17
6 000000100001111100011101 || 24
7 000000100010100100101011 || 24
8 000000100011101100111001 || 24
9 000000101000111110001101 || 24
10 000000101001110110011111 23
11 || 000001000010010100100001 || 24
12 000001000101101101011111 23
13 000001001000001110000111 20
14 000001001111110111111001 20
15 000001100001100100011111 23
16 000001110111000001110111 0
17 000101000101000101000101 0

Tab. 5: |R«| forall X € BPOay

For six equivalence classes X of BPOs,, we find that \Ry| = 24 and thus, from these 24-tuples,
we obtain the proof of Theorem [[.2] for Steinhaus triangles, i.e., there exist periodic orbits containing
balanced Steinhaus triangles of size n for all n > 1.

For instance, in the orbit Oxgo associated with the 24-tuple Xg = 000000101000111110001101, the
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existence of balanced Steinhaus triangles for all the possible sizes can be obtained from at least 4 positions.
Table@gives positions (4o, jo) in the orbit O x e for which the Steinhaus triangles V X§° (io, jo, 24k + 1)
are balanced for all non-negative integers k and the corresponding 24-tuples Z such that VZ>°[24k + r| =
VXgO(io,jo, 24k + ’I").

r (40, Jo) 4
0,4,7,8,12,13,15,16,21,22,23 1 11) 010000100101110000011110

—~~

1,2,3,5,10,17, 18, 19, 20, 21 (1,6) || 111100100001001011100000
0,1,6,9, 14, 22, 23 (6,9) || 000111010101000101001100
11 (3,3) || 000110011101001011001011

Tab. 6: Balanced Steinhaus triangles V X§° (40, jo, 24k + 1) = VZ™[24k + 7]

The family of balanced Steinhaus triangles V X§°(6, 9, 24k +6), appearing in the orbit O x g for Xg =
000000101000111110001101, is depicted in Figure[I0] where empty and full squares correspond to 0 and
1 respectively. Indeed, we can verify that the blocks Tp := VX§°(6,9,6), Ty \ To := VX§°(6,9,30) \
VX§°(6,9,6) and the period P are balanced, since their multiplicity functions, given in Table [7| are
constant or almost constant.

T | M1y (JJ) Mr\T, (33) mp(l‘)
0 11 222 288
1 10 222 288

Tab. 7: The multiplicity functions of Ty, T1 \ To and P

The following proposition concludes the proof of Theorem by showing that in an orbit Ox gen-

erated from a p-tuple X such that X € BPO,, the existence of balanced Steinhaus triangles implies that
of balanced generalized Pascal triangles.
Proposition 5.1. Let S = X with X € BPO,, (io,jo) € Nx Z,r € {0,1,...,p — 1} and p divisible
by 4. Then, the Steinhaus triangles ¥V S (iq, jo, kp + r) are balanced for all non-negative integers k if and
only if the generalized Pascal triangles AS(ig +r + 1,50 + r,kp + (p — 1 — 1)) are balanced for all
non-negative integers k.

Proof: As depicted in Figure we consider in the orbit Og = (a;, j)(i’j)eNX 7 the elementary blocks

Uo = VS(io, jo, ),

Ur = VS(io, jo,p + 1) \ (VS(io, jo, ) UV S(ig + p, jo + p, 7)),
Vi = AS(ig, jo. "),

Vo = AS(ig, jo, p + ') \ (AS(ig, jo, ') U AS(ig + p, jo + p,77)),

where iy = io +r + 1, jij = jo+ 7 and ' = p — 1 — r, and the period

P = {G‘P-H’-i—i,j |Zvj € {0,1,...,})* 1}}
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The balanced Steinhaus triangles V. X§° (6,9, 24k + 6)

Fig. 10
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Since Og is p-periodic with P balanced and p divisible by 4, we already know from Proposition 41| that
the Steinhaus triangles V.S (i, jo, kp + r) are balanced for all non-negative integers k if and only if Uy
and U; U Uy are balanced.

Fig. 11: Decomposition of Qg into elementary blocks Uy, U1, Vp and V;

Similarly, the generalized Pascal triangles AS(ig + 7 + 1, jo + 7, kp + p — 1 — r) are balanced for all
non-negative integers k if and only if V7 and V U V; are balanced.
First, since
UgUVp=U,UV; =P

is balanced with an even cardinality, then we have my,yv, (z) = my,uv, (x) = % forallx € Z/2Z. 1t
follows that

my,uu, (2) = my, () + my, () = (p°/2 — my, (2)) + (p°/2 — my, () = p* — my,uv, (2)

for all z € Z/27Z. Therefore dmy,uy, = dmy,uy,. Moreover,

mUo(x) — My, (:L’) = (mUo (.’B) +my, (.’L’)) - (mUl (CU) +my, (l’)) = My,uu, (x) - p2/2 (2)

for all x € Z/27Z. Since p is divisible by 4, we already know from Proposition that Up U U; has an
even number of elements. Therefore, if Uy U U; is balanced, then §y,uy, = 0 and we deduce from @)
that

mUo(l) — My, (0) =my, (1) — My, (0)7
that is dy7, = Jv, . Similarly, we can see that if V;, U V; is balanced, then g7, = dv, . Therefore the blocks
Uy and Uy U Uy are balanced if and only if the blocks V7 and V[ U V7 are balanced. This concludes the
proof. O

Using Proposition |’5Lf| and the families of balanced Steinhaus triangles appearing in the orbit O xge
associated with the 24-tuple Xo = 000000101000111110001101 given in Table[f] we obtain the existence
of balanced generalized Pascal triangles for all the possible sizes. For all non-negative integers k, we know
that the generalized Pascal triangle AX$° (4o, jo, 24k + r) is balanced for the values of Table|8|since the
Steinhaus triangle VX&° (ig + r — p, jo + r + 1 — p, 24k + (23 — r)) is. The corresponding 24-tuples Z;
and Z, such that AX§° (io, jo, 24k + 1) = A(Z7°[24k + r], Z2°[24k + r]) are also given in Table|g]
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00TOTTT00000T00000TO0TTO | 00TOTTO000TO0TTO0000TOTO (1r'n 0 (11°2) | €z
TOOTTTO000TTTOTITOTOOTTIT | OTOOOTTIOTITO0TO00TTOTOT (9°1) I (L'e) | az
TTOOTTITO000TTTOTTIOTO0TT | O0TTTIOTO0TOTITO000TO0TT (9D 4 (87%) | 1g
TTT00TTT0000TTTOTITOT00T | 000TOTOOTTIO0TOTTITITO00T (9°7) g (6's) | 0g
0TT000TOTTIT00000T00000T0 | 0TO00TTOTOTOTO00TITOTITO (1r1'n i4 (cr'9) | 61
OTTTITOOTTITO000TITOTTIOT0 | OTOTO00TOTT0000T00TT0000 (9°1) G (1T°2) | 81
00T0000TT0000TTOTOTOOTTT | TTOTITO0T000TTOTOTOT000T (6'9) 9 (cr'er) | L1
0TOOTTO00TOTTT00000T0000 | OTTOTOTO000TTTTOOTTITOT00 (11'1) L (81'6) | 91
00T00TT000TOTITO0000T000 | 00TO0TTO0000TOTO00TOTIO0 (11'1) 8 (61°01) | o1
TTT00T0000TTO000TTOTOTO0 | TTTOTO00TTOTOTO000TTTIT00 (6°9) 6 (81°91) | ¥1
TTOTOOTTITO0TTI0000ITI0T | 00TOTTI0000TO0TTOOTITIOT (9°1) 01 (9121 | €1
OTTOTOTOTTTTITITOTO0TOT00 | OTOOTTO0TOTTOOTOTTITITITO (€¢) 1 (F1'g1) | @1
100000T00TTO00TOTTT00000 | T0TOTO00TTIOTITO0TO00TTO (11'1) 4 (eg'vD) | 11
0T00000TO0TTO00TOTITO000 | OTTOOTTITIOTO0TOTITO000TO (1r'n €1 (¥g‘s1) | 01
T0T00TTT00T0000TTO000TTO | T000TTOTOTOTO00TTITOTITIO0 (6°9) id! (¢z‘12) | 6
000T00000TOOTTO00TOTITIO0 | 000TTITOOTITOTO00TIOTOTO (1r‘'n 9 (9z°L1) | 8
0000T00000T00TTO00TOTTTO | 0000TOTO00TOTTO000TO0TTO (11'1) 91 (Lz81) | L
O0TTITOTTIOTOOTTITO0TITIO0 | 00TIOTOTOTO00TTIOTITO0TO (9D L1 (ez'61) | 9
000TTTOTTTOTOOTITITOOTTITO | 000TO0TTOOTTITIOTO0TOTTITO (9°1) 8T (72‘0z) | ¢
0000TTTOTTIOTOOTITIOOTITT | TTTI000T000T0TO0TTI00TOT (9D 61 (5c‘18) | ¥
T0000TTTOTTTOTOOTITITOOTT | OTOTO000TTITOOTITOT000TT (9°1) 02 (9z‘ce) | ¢
0TTTI00000T00000TO0TTO00T | TOTOOTOTITO000TO0TTO0TTT (1r1'n 1T (ce‘en) | @
T0TTT00000T00000T00TTO00 | TOOTTTOOTOTTTTTI000T000T0 (T11°1) (&4 (ee92) | 1
0TOTTT00000T00000T00TT00 | OTITOTO00TITOTOTO000TTTITO (1r1'n €z (7e‘cg) | 0

‘7 Iz (d=T4a4400'd—ut00) | u—T—d || (000) |

A(Z2 24k + 1], Z2°[24k + 7))

(i07j07 24k + T)

Balanced generalized Pascal triangles A X§°

.

Tab. 8
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Moreover, in the orbit O Xg° associated with the 24-tuple X9 = 000000101000111110001101, the
existence of balanced generalized Pascal triangles for all the possible sizes can also be obtained from only
6 positions. This result is not obtained by using Propositionbut by testing, at each position (4, jo) and
for each remainder r, if the elementary blocks V; and V; U V; are balanced, where Vi = AX§° (io, jo, )
and Vo = AX§®(ig, jo,p + 1) \ (AXS (40, jo,r) UAXS (ig + p, jo + p,7)). The corresponding values
appear in Table 9]

r (40, Jo) Z Zy
1,7,15,23 (0,9) 010001000111110100111001 | 000110010000010000011101
4,5,12,13,21 || (7,22) || 011111110100110100110010 | 001010010111111101010110
3,6,14,19,22 || (7,4) || 011110011111101110000010 | 010001001010001011100110
2,10,18,20 (4,15) || 100111011100010101011000 | 110100010100011010010111
0,8,16,22 (1,2) 001011100111100001010110 | 000010000011101000110010
1,3,9,11,17 (6,7) 011000100111011100010101 | 000001110100011001000001

Tab. 9: Other balanced triangles A X§° (io, jo, 24k + r) = A(Z7°[24k + 7], Z2°[24k + 7])

6 Periodic balanced triangles modulo m

The definitions of Steinhaus and generalized Pascal triangles can be extended in Z/mZ by considering
the sum modulo m as the local rule, instead of the sum modulo 2. Examples of Steinhaus and generalized
Pascal triangles modulo 7 are depicted in Figure[12]

2330445
5 6 3 41 2

420 5 3 106
6 25 1
o e 2.0 5
L 1256
0 530 4 2
31346 4
V(2330445) A(012153,065624)

Fig. 12: Steinhaus and generalized Pascal triangles in Z/77Z

The triangle T is said to be balanced if its multiplicity function is constant or almost constant, i.e., if
dmp = max {|mr(z1) — mr(x2)| | x1, 22 € Z/mZ} € {0,1}.

Note that, when the triangle T is of size n such that the triangular number (”J{l) is divisible by m, the

triangle T is balanced if dmy = 0, i.e., if the multiplicity function my is constant, equal to -- (";1) For
example, the triangles in Figure V(2330445) and A(012153,065624), are balanced in Z/7Z since
they contain all the elements of Z/7Z with the same multiplicity.
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This generalization was introduced in Molluzzo|(1978), where the author posed the following problem.

Molluzzo Problem. Does there exist, for any positive integers m and n such that the triangular number
(n+1

5 ) is divisible by m, a balanced Steinhaus triangle modulo m of size n?

This problem is still largely open. It is positively solved only for m = 2 (Steinhaus Problem), 4
(Chappelon and Eliahoul 2012)), 5, 7 (Chappelon, |2008a) and for all m = 3F with k € N (Chappelon),
2008alb)). It is also known (Chappelon, |2008a) that there exist some values of m and n for which there do
not exist balanced Steinhaus triangles: for n = 5 and m = 15 or n = 6 and m = 21.

In this section, some of these solutions are recalled because they involve balanced triangles that are also
periodic.

First, in |(Chappelon| (2008b), it was proved that, for any odd number m, the Steinhaus triangles gen-
erated from an arithmetic progression with an invertible common difference in Z/mZ and of length n
is balanced for all n = 0 or —1 mod ord,, (2™)m, where ord,, (2™) is the multiplicative order of 2™
modulo m. For instance, for (¢ mod m);cz, the sequence of the integers modulo m, the Steinhaus triangle
V(0,1,2,...,n — 1) is balanced in Z/mZ for all n = 0 or —1 mod ord,, (2™)m. In the proof of this re-
sult, it appears that the orbit generated from any arithmetic progression is periodic of period ord,, (2™)m.
This implies that all these balanced Steinhaus triangles modulo an odd number m are also ord,, (2™)m-
periodic. Note that a generalization of this result in higher dimensions for balanced simplices can be
found in|Chappelon| (2015) and these simplices also have periodic structure.

In |Chappelon| (2011), the following integer sequence S = (a; ), cz defined by

ag;j = Js
azjy1 = —1—27,
azjye = 147,

for all j € Z, is considered. Note that this sequence is an interlacing of three arithmetic progressions. It
was proved that, for every odd number m, the orbit of the projection of .S in Z/mZ contains balanced
Steinhaus triangles of size n, for all n divisible by m and for all n = —1 mod 3m, and balanced gener-
alized Pascal triangles of size n, for all n = —1 mod n and for all n divisible by 3m. It was proved in
Chappelon| (2011) that the orbit of this special sequence modulo m is periodic of period 6m. Thus, there
exist periodic balanced triangles of these size modulo m odd.

All these results lead to consider the following subproblem of the Molluzzo Problem.

Problem 2. Does there exist, for any positive integer m, infinitely many periodic balanced (Steinhaus or
generalized Pascal) triangles modulo m?

This problem is positively solved for any odd number m (Chappelon, 2008b}, [2011), for m = 2 (the
present paper), for m = 4 only for Steinhaus triangles (Chappelon and Eliahou, 2012) and for m €
{6, 8,10} (Eliahou and Gensane)). It remains to analyse the case where m is even and m > 12.
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A The 24-periodic orbits with balanced periods

In this appendix, the orbits of representatives X, for all the 17 elements of BP0y = {E, Xo,..., X 17},

are given. Moreover, we have also obtained the orbits of the elements of BPO15 = {71, 72} Indeed, as
already remarked, we have Oy~ = Ox and Oy = Oxee since X1 = YZ and X7 = Y2
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