N

N

Implicit MAC scheme for compressible Navier-Stokes
equations: Low Mach asymptotic error estimates
Thierry Gallouét, Raphaele Herbin, David Maltese, Antonin Novotny

» To cite this version:

Thierry Gallouét, Raphaele Herbin, David Maltese, Antonin Novotny. Implicit MAC scheme for
compressible Navier-Stokes equations: Low Mach asymptotic error estimates. 2017. hal-01462822

HAL Id: hal-01462822
https://hal.science/hal-01462822

Preprint submitted on 9 Feb 2017

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01462822
https://hal.archives-ouvertes.fr

Implicit MAC scheme for compressible Navier-Stokes equations: Low
Mach asymptotic error estimates

Thierry Gallouet Raphaele Herbin David Maltese Antonin Novotny

Aix-Marseille Université, CNRS, Centrale Marseille, I2M, UMR 7373, 13453 Marseille, France

Institut Mathématiques de Toulon, EA2134, University of Toulon
BP 20132, 839 57 La Garde, France

Abstract

We investigate error between any discrete solution of the implicit Marker and Cell (MAC) nu-
merical scheme for compressible Navier-Stokes equations in low Mach number regime and an exact
strong solution of the incompressible Navier-Stokes equations. The main tool is the relative energy
method suggested on the continuous level in [7], whose discrete numerical version has been developed
n [19]. We get unconditional error estimate in terms of explicitly determined positive powers of the
space-time disretization parameters and Mach number in the case of well prepared initial data, and
the boundedness of the error if the initial data are ill prepared. The multiplicative constant in the
error estimate depends on the suitable norm of the strong solution but is independent on the numeri-
cal solution itself (and of course, on the disretization parameters and the Mach number). This is the
first proof ever that the MAC scheme is unconditionally and uniformly asymptotically stable at the
low Mach number regime.

Key words: Navier-Stokes system, finite difference numerical method, finite volume numerical
method, Marker and Cell scheme, error estimate
AMS classification 35Q30, 66N12, 65N30, 76N10, 76N15, 76M10, 76M12

1 Introduction

In [20], we have derived unconditional error estimates for the Marker and Cell (MAC) numerical scheme
for the compressible Navier-Stokes equations. The goal of this paper is to investigate the low Mach
number asymptotic for this discretization. The aim is to estimate the error of the MAC discrete numerical
solution on a mesh of size h and time step 6t in the MAC discrete function space with respect to a
convenient projection to the discrete numerical space of the unique strong solution of the incompressible
Navier-Stokes equations in terms of the (positive) powers of h, 6t and Mach number €. The multiplicative
constant in this estimate must be independent of the numerical solution (and of course of h, dt and ¢);
it may however depend on the norm of the strong solution (II, V) of the target problem in a convenient
functional space of sufficiently regular functions. In particular, we shall not require any additional
information on the numerical solution than the information provided by the algebraic numerical scheme
itself.

Such type of estimates are referred as (unconditional) error estimates in the numerical analysis
of PDEs. The numerical schemes possessing this type of error estimates are referred as (uniformly)
asymptotic preserving. In spite of the importance of this property for applications, the mathematical
literature on this subject is in a short supply, mostly due to the complexity of the problem: the rigorous
asymptotic preserving error estimates are known solely on the level of the numerical schemes, and, in this
case the error estimate depends on the space-time discretization. This philosophy is pursued for example



in papers [1], [4], [16], [25], [33], [34], [35], [36]. This type of estimates does not provide any information on
the convergence of the scheme, and this is a serious drawback. To the best of our knowledge, we present
here the first unconditional and uniform result providing quantitatively an uniform convergence rate in
terms of space-time discretization (h,0t) and Mach number ¢ for the MAC scheme (compare with [8]
establishing asymptotic preserving estimates for an academic FEM/DG scheme). Its importance and
interest is underlined by the fact that the Marker and Cell scheme in its explicit or semi-implicit form
constitutes the basis for many industrially ran codes in fluid mechanics.

The relative energy method introduced on the continuous level in [11], [7], [9] and its numerical
counterpart developed in Gallouét et al. [19] seem to provide the convenient strategy to achieve this
goal.

We consider the compressible Navier-Stokes equations in the low Mach number regime in a space-
time cylinder Qr = (0,T) x Q, where T > 0 is arbitrarily large and Q C R? is a bounded Lipschitz
domain:

0o + divg(ou) =0, (1.1)
1
d¢(ou) + div,(pu @ u) + ?pr(g) = pAu+ (p+ \)Vdiveu, (1.2)

In equations (1.1-1.2) ¢ = o(t,z) > 0 and u = u(t,z) € R3, ¢t € [0,T), v € Q are unknown density and
velocity fields, p, A are viscosity coefficients

2
>0, )\+E,u20, (1.3)
p is a pressure characterizing the fluid via the constitutive relations

p € C%0,00) N C[0,00), p(0) =0, p'(p) >0 for all o >0, (1.4)

/ /
i 2@ b0, inf P ()
e—00 g7t 0€(0,1) @

=po>0

where v > 1. The (small) number ¢ > 0 is the Mach number. We notice that assumptions (1.4) are
compatible with the isentropic pressure law p(9) = o7 provided 1 < v < 2.
Equations (1.1-1.2) are completed with the no-slip boundary conditions

ulpo =0, (1.5)

and initial conditions
0(0,-) = 00, u(0,-) =ug, o > 0in Q. (1.6)

In parallel, we consider a strong solution of the incompressible Navier-Stokes equation

o(0V + V-V, V) + VI = pAV, divV =0, (1.7)
V]pa =0, 7 =const >0 (1.8)

endowed with initial data
V(0) = Vo, (1.9)

The solution of the incompressible target problem (1.7-1.9) is supposed to belong to the regularity
class

IT € Y2(Q) = {IT € C([0,T);C*(Q)), 9, € L*0,T;LP(Q))},2<p<o00,; VEXp(Q), (1.10)

Xr(Q) ={V e CY[0,T] x Q;R3), V2V € C([0,T] x Q;R?), (92V,8,VV) € L(0,T; L5/°(; R'2)).

{i1}

{i2}

{13}

{i4}

{i6}

{i7}

{ns1}

{ns1+}

{ns2}

{ns3}



2 The numerical scheme

2.1 MAC space and time discretization
2.1.1 Space discretization

We assume that the closure of the domain (2 is a union of closed rectangles (d = 2) or closed orthogonal
parallelepipeds (d = 3) with mutually disjoint interiors, and, without loss of generality, we assume that
the edges (or faces) of these rectangles (or parallelepipeds) are orthogonal to the canonical basis vectors,
denoted by (e, ..., e@),

Definition 2.1 (MAC grid - definition notations and basic properties). A discretization of Q with MAC
grid, denoted by D, is given by D = (T,E), where:

- The primal (or density or pressure) grid of domain Q denoted by T consists of union of possibly
non uniform (closed) rectangles (d=2) or (closed) parallelpipeds (d = 3), the edges (or faces) of
these rectangles (or parallelepipeds) are orthogonal to the canonical basis vectors; a generic cell of
this grid is denoted by K ( a closed set), and its mass center x . It is a conforming grid, meaning
that

Q = UgemK, where int(K) Nint(L) = 0 whenever (K, L) € M?, K # L, (2.1)

and if KN L #( then KN L is a common face or edge or vertex of K and L. A generic face (or
edge in the two-dimensional case) of such a cell is denoted by o (a closed set), its interior in the
R~ topology is denoted by inty_i(c) and its mass center x,. Symbol E(K) denotes the set of all
faces of K. We denote by n, i the unit normal vector to o outward K. The set of all faces of the
mesh is denoted by E; we have €& = Eny U Eext, where Eing (resp. Eext) are the edges of € that lie
in the interior (resp. on the boundary) of the domain. The set of faces that are orthogonal to the

ith unit vector Q(i) of the canonical basis of R is denoted by E9, fori=1,...,d. We then have
6 = 51(12 U Sé;)t, where 51(122 (resp. Séf()t) are the edges of EW) that lie in the interior (resp. on the

boundary) of the domain. Finally, fori = 1,....d and K € T, we denote ED(K) = E(K) N EW
and E)(K) = E(K)n &Y, e (k) = g(Kk)n el

int’ ~ext ext -

- For each o € £, we write that 0 = K|L if c = K N L and we write that o = I_(—|z if, furthermore,
o€ & and (xp —xx) - e >0 for somei € [1,d]={1,...,d}. A primal cell K will be denoted
K = [0d] if 0,0’ € EWK) for some i = 1,...,d are such that (€, — z,) - € > 0. For a face
o € &, the distance d, is defined by:

dlxg,xr) if o = K|L € &y,

dy = { ' (2.2)
dlxg,xs) if 0 € Eext NE(K)

where d(-,-) denotes the Euclidean distance in R?.
- A dual cell D, associated to a face o € £ is defined as follows:

xif 0 = K|L € &t then Dy = Dy U Dy 1, where Dy i - a closed set (resp. Dy, - a closed
set) is the half-part of K (resp. L) adjacent to o (see Fig. 1 for the two-dimensional case) ;
* if 0 € Eexy 15 adjacent to the cell K, then Dy = Dy .
The dual grid {Ds} e of 0 (sometimes called the i-th velocity component grid) verifies for each
fizedi e {1,...,d}

Q=U,_ gDy, int(Dy) Nint(Dyr) =0, 0,0" € EW o £o. (2.3)
- A dual face separating two neighboring dual cells Dy and Dy is denoted by € = olo’ or € = Dy| Dy

(a closed set). Symbol £(D,) denotes the set of the faces of Do; it is decomposed to the set of
external faces Eoxt(Dy) = {e € E(Dy)le C 00} and the set of internal faces Ent(Dy) = {€ €

{primalg

{dsigma]

{dualgrs:



E(D,)|intg_1e C Q}. Symbol EW denotes the set of the faces of the i-th dual grid (associated to the
i-th velocity component). It is decomposed into the internal and boundary edges: EW = 51(n*2 U Se(;)t,
where &) = {e = o|o’ | 0,0" € £} and £, = {e = 0D, NN | o € ED, 0D, N QA # B}. Finally,
for e € ED we write e = o? if (Tor — x5) - € > 0. We denote by ne p, the unit normal vector
to e € D, outward D, .

We denote for further convenience n. and n, a normal unit vector to face € and o, respectively.
We write € L o resp. o0 iff ne-n, = 0 resp. n, -ng = 0. Similarly we write € L el
resp. o L e iff n. and e resp. n, and e9) are parallel. We also denote by ab the segment
{a+t(b—a)lt €[0,1]}, where (a,b) € R??, and by x. resp. Tone the mass centers of the face e
resp. of the set o Ne (provided it is not empty).

- In order to define bi-dual grid, we introduce the set € (:9) ={e € g le L eW} of dual faces of
the i-th component velocity grid that are orthogonal to e(J). A bi-dual cell D, associated to a face
e =olo’ € & is defined as follows:
__% - Z . - ’L .
x Ife =o|o’ € gld ﬂgi(n)t then D. = € X @y, (see Figure 2). (We notice that, if 0,0’ € £
with K = [o0'] € T and ¢ = o|o’ then D, = K.)

x Ifee€ E’(i’j) ﬂg’(i) with € € f:’(DU) and i # j then D = € X Ty@one-

ext

In the list above we did not consider the sitution € € g0 N D with < € £(Dy). In this case

ext
e =0 C I, and we set for completeness D, = ().

It is to be noticed that, for each fized couple (i,j) € {1,...,d}>
Ueegtn De = Q, int(D.) Nint(Dor) =0, e £, e,6" € EGD, (2.4) {bidualg

To any dual face € € é’(i), we associate a distance d.

d(xo, x,0) if ¢ € £ A ED

de =3 d(xo,zone) if e € EY N EY, with e € £(D,) and i # 5, (2.5) {depsil
s ife € gl ﬂggx)t with & € £(Dy).

(We notice that the last line in the above definition is irrelevant and pure convention, since in that
case D =1).)

- We define the size of the mesh by
h = max{hg,K € T} (2.6) {stepsi:

— .
where hy stands for the diameter of K. Moreover if K = [o0”] where 0,0’ € ED NE(K) for some
i=1,...,d we will denote

) _ K] _ K]
po _ Kl K] 2.7
Kol T 1] 27
We measure the reqularity of the mesh through the positive real number nr defined by
T e e s (o D2 0L
nr = max{| ce&W, o € ,(i,9) € {1,...,d}*, i £ 5} (2.8) {reg}

a'l’
Finally, we denote by h, the diameter of the face o € £.

Some geometric notions presented in Definition 2.1 are sketched on Figures 1 and 2 below.



Definition 2.2 (Discrete spaces). Let D = (T,&) be a MAC grid in the sense of Definition 2.1. The
discrete density and pressure space L is defined as the set of piecewise constant functions over each of
the grid cells K of T, and the discrete i —th velocity space Hg) as the set of piecewise constant functions
over each of the grid cells Dy ;o € £9. As in the continuous case, the Dirichlet boundary conditions
(1.5) are (partly) incorporated in the definition of the velocity spaces, and, to this purpose, we introduce
Hg% C H(Z),i =1,...,d, defined as follows:
Hgo = {v € Hg), v(k) =0Vx € D,, 0 € ge(;)t, }

We then set He o = ?:1 Hg)o Since we are dealing with piecewise constant functions, it is useful to

introduce the characteristic functions X, K € T and Xp,,0 € £ of the density (or pressure) and velocity
cells. We can then write a function v € Hgg as v = (v1,...,vq) with v; = Z Vo Xp,, i € [1,d] and

g

int
a function q € L1 as q = Z qr X . If there is no confusion possible we shall write v, instead of v; s,
' KeT
where o € W,

/
K mo-/ g
e = olo’
de,
D,
€
§ o =K|L g
Ly b i
L
o0

Figure 1: Notations for control volumes and dual cells

M , N
g
D,
e =dglo’
~
K = L
Il
ol Do

Figure 2: Notations for bi-dual cells



2.1.2 Time discretization

We consider a partition 0 = t° < t! < ... < tN = T of the time interval (0,T), and, for the sake
of simplicity, a constant time step 0t = " — t"~!; hence t" = nét for n € {0,--- ,N}. We denote

ie{l,---,d},ne€{0,--- ,N}},and {o%, K € T,n € {1,--- ,N})

the sets of discrete velocity and density unknowns. For o € El(nz, i € {1,---,d} the value ul is an
expected approximation of the mean value over (t"~!,#") x D, of the i-th component of the velocity
of a weak solution, while for K € 7T the value g% is an expected approximation of the mean value
over (t"1,#") x K of the density of a weak solution. To the discrete unknowns, we associate piecewise
constant functions on time intervals and on primal or dual meshes, which are expected approximation

of weak solutions, For the velocities, these constant functions are of the form:

respectively by {uf, = ug,0 € 0

int>»

Z Z u XDG X(tn ltn)(t) (29)

n=1 ocel)

int

where X(yn-1ny is the characteristic function of the interval (t"~1,¢"). We denote by X e st the set of

such piecewise constant functions on time intervals and dual cells, and we set X¢ 5 = ngl X s5t- For
the density, the piecewise constant function is of the form:

€)= Y 0k (@)X () X1 m)(t) (2.10)
KeT

and we denote by Y7 s5; the space of such piecewise constant functions.
For a given u € Xg g associated to the set of discrete velocity unknowns {u},o € El(nz,z €
{1,---,d},n € {1,--- ,N}}, and for n € {1,---, N}, we denote by u]' € Hé% the piecewise constant

function defined by u'(x) = ug = uj!, for * € Dy,0 € £ and set um = (uft,...,u)t € Hgp. In a

int>

same way, given o € Y7 5 associated to the discrete density unknowns {o%, K € T,n € {1,--- ,N}} we
denote by ¢" € L the piecewise constant function defined by ¢"(x) = o} forx € K, K € T.

2.2 MAC discretization of differential operators

2.2.1 Upwind divergence and primal fluxes

The discrete "upwind" divergence is defined by

div%—p : Ly xHgo — LT

(0, u) > diviP (ou) = Z ] Z FUK 0.u) Xr,
KeT UES

(2.11)

where Fy; i (0, u) stands for the mass flux across o outward K, which, because of the Dirichlet boundary
conditions, vanishes on external faces and is given on the internal faces by:

Vo = K‘L € &, FU,K(Q; u') = ’U‘ Qgp Uo, K (212)
where u, i is an approximation of the normal velocity to the face o outward K, defined by:
U K = U e® ‘Mo K foraec‘:(i)ﬂé’(K). (2.13)

Thanks to the boundary conditions, us x vanishes for any external face o. The density at the internal
face 0 = K|L is obtained by an upwind technique:

| 0K if ug ik >0,
ot = (2.14)
or, otherwise.

{du}

{drho}

{eq:divnt

{eq:mass

{eq:edge

{eq:rho_



Note that any solution (", u™) € L xHg g to (2.40a) satisfy g% > 0, VK € T provided ¢fs ! > 0, VK €
7 and in particular p(¢") makes sense. The positivity of the density ¢" in (2.40a) is not enforced in the
scheme but results from the above upwind choice, see Proposition 2.1.

Note also that, with this definition, we have the usual finite volume property of local conservation of
the flux through a primal face

F, k(o,u) = —F, (0, u), where 0 = K|L. (2.15)

2.2.2 Discrete convective operator and dual fluxes

The discrete divergence of the convective term pu ® u is defined by

divg"” : L1 xHep — Hep
(0,u) — divgp(gu ®Ru) = (div(gl)(gum), - div(gd)(guud)), (2.16)
where for any 1 < i < d, the ith component of the above operator reads:
divy : Ly x Hgo — HY)
(0, u) — divg)(guui) = Z 1 Z F.,(0,u) uc Xp, . (2.17)

065@’ o|

int

Here for o € €9 and € € E(Dy) the quantity F., = Fc,(o,u) stands for a mass flux through the

int
dual faces of the mesh and are defined hereafter while u, stands for the centered approximation of i
(4)

component of the velocity over the face e: For internal dual face e = D,|D,s € €4,

o Ujo + Ui _ Us + Uy
Ue = U,L'75 = B = 5

(2.18)

The dual fluxes F, , are defined as follows:

Since we consider homogenous Dirichlet boundary condition, the flux through a dual face € included
in the boundary is taken equal to zero. (For this reason £(D,) in the sum (2.17) can be replaced by
Ent(Dy), and it is not necessary to define the value u. at the external dual faces ¢.)

Otherwise, we have to distinguish two cases (see Figure 2.2.2):

- First case — The vector e(? is normal to €, so € is included in a primal cell K, and we denote by o’
the second face of K which, in addition to o, is normal to e(?. We thus have € = D,|D,r. Then
the mass flux through ¢ is given by:

1
FG,O'(Q) u) =3 [FU,K(Qa u) Ne D, " No K + Fa’,K(Q; u) Ne.D, * na’,K] . (219)
2

- Second case — The vector e?) is tangent to e, and € is the union of the halves of two primal faces
7 and 7’ such that 7 € £(K) and 7/ € £(L). The mass flux through € is then given by:

Foolo,u) = % [F, x(0,u) + For g (0,)]. (2.20)

- Third case — The vector e is tangent to ¢, and e is the halve of a primal face 7 such that 7 € £(K).
(4)

In particular o € €.

The mass flux through € is then given by:

1
Feo(0,u) = §FT,K(9, u). (2.21)

{dod1}

{FLU}

{centere

{eq:flus

{eq:fluw



e C K
o =K|L
h

D,

Figure 3: Notations for the dual fluxes of the first component of the velocity.

Note that, with this definition, we have the usual finite volume property of local conservativity of
the flux through a dual face, D,|D,,

Fe,a(@y U) = _Fe,a’(97 U)

The density on a dual cell is given by:

for o € &y, 0 = K|L |Ds| 0p, = |Do,x| 0K + |Do.1| 0L (2.2)
for o € Eext, 0 € E(K), 0p, = OK- ’
and we denote '
for1<i<d, 9= > op,Ap,. (2.23)

ocg)

The definition of the dual mass fluxes and the dual density ensures the validity of the mass balance
equation over the diamond cells:

1

1
52

ob, —oh )+ Dl S R =0. (2.24)
7 Eeg(Do')

V1<i<d, Voe&W,

This equation is necessary later for the derivation of the discrete energy balance.

2.2.3 Discrete divergence and gradient

The discrete divergence operator divy is defined by:

divy : He — Ly
1
u — divyu = Z — Z lo|ue, k Xk, (2.25)
iwer 1Kl oeE(K)
where u, i is defined in (2.13).
The discrete divergence of u = (u1,...,uq) € He o may also be written as
d
divyru = Z Z (0;u;) k X, (2.26)
i=1 KeT
where the discrete derivative (0;u;)x of u; on K is defined by
e = 1ol th K = (00 0 o) € £0)
(O;u;) g = K] (ugr — ug) with K = [o0'],0,0" € EW. (2.27)
The gradient in the discrete momentum balance equation is defined as follows:
‘Zg: l}r — fIgQ
p+— Vep (2.28)

Vep(x) = (O1p(z), . .., dap(x))",

{eq:rho_

{rohat}

{eq:mass

{eq:div]

{discret

{eq:grac



where 0;p € H é% is the discrete derivative of p in the i-th direction, defined by:

o .
0;p = Z ||Dc|r| (pL — Pr)XD,, ©=1,...,d. (2.29)
o=KLl

int

Note that in fact, the discrete gradient of a function of Ly should only defined on the internal faces, and
does not need to be defined on the external faces; we set it here in Hg o (that is zero on the external
faces) for the sake of simplicity.

The gradient in the discrete momentum balance equation is built as the dual operator of the discrete
divergence. Indeed, we have the following lemma:

Lemma 2.1. /Discrete div — V duality/
Let g€ Lt and v € Hgy then we have:

/ q divyvdzx + / Veq-vdr =0. (2.30)
Q Q

2.2.4 Discrete Laplace operator

For i =1...,d, we classically define the discrete Laplace operator on the i-th velocity grid by:

AL | HE s H)
i 1
- A((S)U’L = Z |:‘Do-| Z ¢6,U(ui):| XDo-J (231)

UESi(IfZ ec€(Dy)

where £(D,), d, is defined in Definition 2.1, and

|;|(uw — u,;’gl) if e= O’IO'/ S 51(111):7

Geo(ui) = (2.32)
g Yo ife e ge(;)t NE(Dy).

Note that we have the usual finite volume property of local conservativity of the flux through an interface

e=o o

e (i) = —Geor(u), Ve=olo' € EY). (2.33)
Then the discrete Laplace operator of the full velocity vector is defined by

—Ag : Hg70 — Hg’()

2.34
u — _Agu = (—A(gl)ul, ey —A‘(gd)’LLd)t. ( )

Let us now recall the definition of the discrete H} inner product [5]; it is obtained by multiplying the
discrete Laplace operator scalarly by a test function v € Hg ¢ and integrating over the computational
domain. A simple reordering of the sums (which may be seen as a discrete integration by parts) yields,
thanks to the conservativity of the diffusion flux (2.33):

d
V(u,v) € He g%, /Q—Asu cvde = [u,v)1e0 = Y [ui,vily g0 0,
i=1
. € € 2.35
with [Ui, ’l)z']ljg(i)’o = Z |d‘ (U/i,O' - ui,cr’) (vi,O' - vi,ﬂ") + Z |d| Ui,o Vio ( )
eegi(rfz ‘ 56552 ‘
e=olo’ ec&(Dy)

{discdez

{Ndiscre

{eq:1api

{conserv

{ps}



HY) x HY) SR Heox Hep — R

(u, ) = [ui, vily g o (u,v) = [u,v]1¢0
and Hg o respectively, which induce the following discrete H{ norms:

The bilinear forms are inner products on H é%

€ €
||ui”i‘g<i)70 = [Ui,ul']l’g(i)’o = Z u (ui,g — ui70/)2 + Z ’d| uig for (2.36a) {normi}
el el
e=olo’ e€&€(Do)
d
)l g0 = [w,ulieo =D lluill} e o (2.36b) {normful
=1
o, € Lol
D.
Uy — U
8 — g ag
(O1u1)p, i
.,
D.
€ €
Ul Deugl | Uol
D.
€
Ugr — U, —u Uy

6 = 70 g 6 — g 6 u = —
( QUI)D6 de ( QUI)D6 d6 ( 2 1)DE de

Figure 4: Notations for the definition of the partial space derivatives of the first component of the
velocity, in two space dimensions.

We introduce the discrete gradient of velocity component u; as follows:

Vemu; = (01u4, . .., 0qu;) with 6]‘ui = Z (6]‘ui)D€ Xp, (2.37) A{partial
seg(i’j)
where S R N ‘
N g “Tife=o0lo’ € g4 ~i(rll)t,
(Ojui)p, = ‘ (2.38) {Ddiscre
~teel) ngp, ife € £ NEY NE(D,)

(see Figure 4). Recall that all notations used above are introduced in Definition 2.1. Note, that this
definition is compatible with the definition of the discrete derivative (d;u;)x given by (2.27). Finally

10



notice that the second line in (2.38) is equal to zero whenever ¢ = j (since u € Hg ). With this definition,
it is easily seen that

/ Vewu - Vemvdr = [u,v] g6 g, Yu,v € Hg%,w =1,....,d. (2.39)
Q kA K b

where [u, U]Lg(im is the discrete Hg inner product defined by (2.35). Now we define the discrete gradient
of the velocity field u,
Veu = (Vemu, ..., Vewuq)

and verify easily that
/ Veu: Vevdr = [u, v ¢ .
Q

We will need discrete Sobolev inequalites for the discrete approximations. The following Theorem is
proved in [5, Lemma 9.5].

Lemma 2.2. [Discrete Sobolev inequalities]

Let Q be a bounded domain of R, d = 2 or d = 3, compatible with the MAC grid and let D = (T, E)
be a MAC grid of Q. Let 1 < ¢ < 4+ ifd=2and gq=61ifd=3,i=1,...,d. Then there exists
c=c(q, |, n7) (independent of h) depending on n1 in a nondecreasing way such that, for all u € ng},

[ull o) < cllull; go o-

2.3 The numerical scheme

Given ¢° € Ly, 0° > 0 and u° € Hg, we consider an implicit-in-time scheme for unknown o™ € L,
u”" € Hg o, 1 <n < N, which reads

1 . u 7 n
5@ = ")+ div(e"u") =0, (2.40a)
1 —~@ , ——@ (i)

5@ = o ) divy (@t — pAg o]

o1 n :
—(p+N)0;divru” + 6—25@(@ ) =0, i=1,...,d (2.40b)

Equation (2.40a) is a finite volume discretization of the mass balance (1.1) over the primal mesh. Equa-
tion (2.40b) is the discretization of the momentum balance equation (1.2) on the dual cells associated
to the faces of the mesh. The discrete spaces L1, Hg o are defined in Section 2.1.1. We recall that the

quantities Eﬁ(l) are defined in (2.23), while the discrete differential operators appearing (2.40) are defined
in Sections 2.2.1-2.2.4.

Of course, the quantities (o, u) € Y rq,5¢ X Xg st (see Sections 2.1.1-2.1.2) depend tacitly on h, 6t and
e, meaning that (9,u) = (onste, Unote). However, in order to avoid a cumbersome notation, we shall
omit the subscripts h, dt, e in most formulas. We shall keep some of them only when a confusion could
arise.

It is well known that the (2.40) admits at least one solution. Indeed, the following existence theorem
is proved in [20, Appendix A].

Proposition 2.1. Let (¢°,u®) € L x Hg o such that ¢° > 0 (meaning that ¢% > 0 for any K € T).
There exists a solution (u, o) € Hg o x LT of Problem (2.40). Moreover any solution is such that ¢ > 0
a.e in Q (meaning that 0% >0 for anyn =1,...,N and for any K € T ).

Uniqueness remains an open problem.
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2.4 Projection operators

In this section we introduce several projection operators. We first define the mean-value interpolator
over L7

Pr: Llloc(Q) — Lt
© = Pro= Y ¢ Xk, (2.41)
KeT
with 1
ox = /K o(z)dz, VK € T. (2.42)

We also define over H gz) the following interpolation operator Pg):

PO (mi@) — b
® — Péisgoz Z Yo Xp,, (2.43)
oeell)
with 1
oo = 17 [ p@)dr(@), vo e £ (2:44)

where d~y is the (d — 1)—Lebesgue measure on o, and we denote
Pe = (P, ..., PY) € L(H{(Q)?, He o) (2.45)
the vector valued extension. This operator preserves the divergence in the following sense, see [21].
Lemma 2.3.
Yo € H&(Q)d,Vq € LT,/Qq divy Pevdx = /Qq dive dez. (2.46)
In particular, if dive = 0 then divyPg(v)) = 0.

The next lemma deals with the properties of the projections defined by (2.41) and (2.43). It can be

obtained by rescaling from the standard inequalities on the reference cell [0, 1], see e.g [5] or [20, Lemma
3.2].

Lemma 2.4. Mean value inequalities/
Let K = HZ 1(a;,b;) be a bounded open square of R, d > 1. Let 0 C OK be a face of K. Let 1 < p < o00.
There exists ¢ only depending on d and p such that Vv € WP (K),

v = vollLe) < ¢ diam(K)||Vol| po(xra), (2.47)

o = vcllzog) < ¢ diam(K) Vol o ez (2.48)
where v and v, are defined in (2.42), (2.44).

From Lemma 2.4 on deduces in almost straightforward way the following "global" properties of
projections Pr, Pg (see [20, Lemma 3.2]):

Lemma 2.5. Let D = (T,E&) be a MAC grid of the computational domain . Let 1 < p < co. There
exists ¢ > 0 only depending on d and p and |Q| such that for any i = 1,...d one has

Yo e LP(Q),  Prolloe) < vl (2.49)
Yo e WH(Q),  [[Prv— vl < ekl Vol oome),

Vo € WP (), 1P 0]l < ell Vol oomay. (2.50)
Yo € WoP(Q), [P0 — vl o) < chl|Vol| poomay.
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Lemma 2.6. Let D = (T,E) be a MAC grid of the computational domain . Let 1 < p < co. There
exists ¢ > 0 only depending on d and p and |Q| and on nr in a nondecreasing way such that for any
i=1,...d one has

Yo e WH(Q) N HHQ), (Ve POv] oaire) < el Vol oayzay, (2.51)

2 1 ‘ 2
Yo € W2R(Q) N HY(Q), 8,0 = 9vl| () < ehlIV20]l oo e,
Next we introduce and recall some properties of different velocity interpolators.
Definition 2.3. /Velocity interpolators/

1. Velocity reconstruction operator with respect to (i, j)
For a given MAC grid D = (T, &), we define, fori,j =1,...,d, the full grid velocity reconstruction
operator with respect to (i,7) by

RED HEY —» HY), v R =3 aiDap,, (2.52)
oeeld
where
- i - 1 ,
809 = v, ifo e Ei(nz, ) = card(V) Ug/ vy otherwise, N, ={c' € €D D,No" #0}.
(2.53)
2. Velocity reconstruction to Ly A
For any i =1, ...d, we also define a projector from Hg) into LT by
RY: HY 5 Ly, v RPv=3 vgli, (2.54)
KeT
where 1 1
VK = —/ v(z)de = = Z Ve (2.55)
IS 2 L et@ (k)
We then set
R+: H 1.4 _ —_(p®) (d)
7: He — L%, v = (v1,..v9) = R7v = (Ry v1,..., Ry vq). (2.56)

3. Upwind velocity reconstruction operator with respect to (i, j)
Let o = K|L € Y and let u € Héj()) We define

Kifu, g = uj,oe(j) ‘Ng i >0,
oyP = eT.
L if U, K = Uj,cre(]) Mo < 0

For any v € Hé% we define

R((;,J,U) (v) = Z UU;PX<DU) € Héj())
o—ef;(ﬁ)

The following Lemmas 2.7-2.9 are straightforward consequence of Definition 2.3, see [20, Lemma 4]
for the proofs.
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D,

o= K|L

D(T[)

K

Figure 5: Full grid velocity interpolate.

01 02

oc=K]J|L

g3 04

K

Figure 6: Set N, = {01, 02,03,04} with o € 5(])( K), j # i in two dimensions (i = 1, j = 2)

int

Lemma 2.7. There exists ¢ > 0 depending on d,p such that for any ¢ =1,...d, , for any v € Hé% and
for any 1 < p < oo one has

IRY vl oy < ellvllzo@y  1RY v = vllzog) < chlBivll oo (2.57)

Lemma 2.8. There exists ¢ > 0, depending only on d,p and on the regularity of the mesh (defined by
(2.8)) in a nondecreasing way, such that, for any v € LP(Q), for any 1 < p < oo and for anyi,j =1,...,d,

IRE wlin@) < ellvlliay IRE0 = vlliaa) < chIIVE ol poamey- (2.58)

Lemma 2.9. There exists ¢ > 0, depending only on d,p and on the regularity of the mesh (defined by
(2.8)) in a nondecreasing way, such that, for any v € LP(Q), for any 1 < p < oo and for anyi,j =1,...,d,

IRET v ey < ellollny,  IRE v = vllog@y < | VW] oy (2.59)

The following algebraic identity derived in [20, Lemma 5] in the spirit of [27] is useful to transform
terms involving the dual fluxes into terms involving primal fluxes.

Lemma 2.1. Let o € LT and w € Hg . Let i € {1,...,d} Let ¢ = Zo_eg(i) YoXD, € Hg%) be a discrete
. t K

scalar function. Let the primal fluzes be given by (2.12) and let the dualmﬂuxes F., be given by (2.19)
or (2.20) (depending on the direction of n. with respect to e® ). Then we have:

Z Z Fs,auesoa - Z ‘ Z Z FO',K(,R*?J) uz) -

UES&Z EEg(Dg) KeT j= 10'€5(J)(K)

int
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where

)= Y Y (e = (R Q)| ) Foclus = (RY w))

K i
€T geeld) (1)

PYOY e ®p) Y Y Y T (et |

KeT geell)(K) J=Li# g (k) o' ENT.o

int

In the last sum we have denoted
Nro = {0’ € €D |inty_17 Ninty_1(Dy|Dyr) # 0},

where o € Si(riz(K), T E gmt( ), J # i

™

= s
K U ] L
; I
T ol D,
\b Dl

Figure 7: Set N, = {0’} with 7 € Sl(nt)( K), 0 € ED(K), j # i in two dimensions (i = 1, j = 2)

2.5 Main result: asymptotic preserving error estimates

Now, we are ready to state the main results of this paper. For the sake of clarity, we shall state the
theorem and perform the proofs only in the most interesting three dimensional case. The modifications
to be done for the two dimensional case, which is in fact more simple, are mostly due to the different
Sobolev embedings and are left to the interested reader.

2.5.1 Relative energy and relative energy functional

Before the announcement of the main theorems, we introduce relative energy function
E :[0,00) x (0,00) = [0,00), E(g|z) = H(0) — H'(2)(0 — z) — H(z), where H(o) = o [ &3 ) ds. (2.60)
We notice that under assumption p’(g) > 0, function ¢ — H(p) is strictly convex on (0, c0); whence
E(p|z) >0 and E(p|z) =0 & o= z.
In fact E obeys stronger coercivity property.

Lemma 2.10. Let p satisfies assumptions (1.4). Let o > 0. Then there ezists ¢ = ¢(p) > 0 such that
for all p € [0,00) there holds

E(olo) > C<1R+\[§/2,2E](Q> + 0" 1R, \[5/2,.29)(0) + (0 — ?)21[5/2,251(@)- (2.61)

Finally we introduce the corresponding relative energy functional,

E(o,u|z,v) = /Q (g\u —v[* + éE(g\z))dx, (2.62)

where o0 > 0, z > 0, u, v are measurable functions on 2.
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2.5.2 Error estimates
We are at the point to announce the main theorem of the paper.

Theorem 2.1. [Error estimate in the low Mach number regime/
Let Q C R? be a bounded domain compatible with the MAC grid and let D = (T,&) be a MAC grid of
Q (see Definition 2.1] with step size h (see (2.6)) and regularity nr where nr is defined in (2.8). Let
us consider a partition 0 = t9 < t' < ... < tN =T of the time interval [0,T), which, for the sake of
simplicity, we suppose uniform where 6t stands for the constant time step.

Let (o,u) € Y75 x Xe 5t (see Section 2.1.2) be a solution of the discrete problem (2.40) emanating
from the initial data (0, ul) € LT x He o such that ¢@ > 0 and

1
Mo e =/QQS dz,  Eote =/520§!ug\2dm+;2/QE(@2\§) dz, (2.63)

where
Mo/2 < Mo < 2Mo, 0|2 = Mo, Eo7, < Ep, Ep >0 (2.64)

(existence of which is guaranteed by Proposition 2.1).
Suppose that [I1, V] is a classical solution to the initial-boundary value problem (1.7-1.9) in (0,T) x Q2
in the regularity class (1.10) with p = max(2,v’), emanating from the initial data V(0) = V° € L2(Q).
Then there exists a positive number

C = C(Mo, Eo0, 0, IV || xp () ||H”3’§(Q))

depending on these parameters in a nondecreasing way, on Ny in a nondecreasing way and dependent
tacitly also on |Q|, T, v, po, Pso (and independent in particular on h, §t, €) such that

N N
s & (e a2 V) + it 3 = VeI e+ (e kN6 [l — V) (265)
SNS n=1 n=1
<C (\/§+ pA +a+85(gg,u2 3, Vgo)) ,
where 5 3
A=min(Z1—21). (2.66)

Here we have denoted V&' = Pg(V (t,,)), where Pg is the projection to the discrete space Hg o defined in
Section 2.4. Operator divy is defined in (2.25) and the norm || -||1.¢,0 is given in (2.36a-2.56b). Finally,
in the above

HVHXT(Q) = ||VH01([0,T}X§;R3) + HV2VHC([0,T]X§;R27) (2.67)
H0V | 220165 :r2)) + 10V V | 120 7165 (0.9
IMlyr@) = 1oy + 10 L1010 ())-

Remark 2.1.

1. Due to (1.7) and (1.9-1.10), V¢ belongs necessarily to C1(Q; R3) and it is divergence free. If the
initial data are ill prepared, meaning that

[ B =< [ o - veE A,

we obtain in Theorem 2.1 for the error solely a bound independent of €. On the other hand, if the
initial data are well prepared, with a convergence rate, 5, &€ > 0, meaning

| Bllo) & [l - VR R
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Theorem 2.1 gives uniform convergence as (h,dt,e) — 0 of the numerical solution to the strong
solution of the incompressible Navier-Stokes equations, provided the strong solution exists, including
the rates of convergence. These results are in agreement with the theory of low Mach number limits
in the continuous case.

2. In view of Lemma 2.10, formula (2.65) provides the bound for the "essential part" of the solution

(where the numerical density remains bounded from above and from below outside zero):

—112 2
™ = 0llZ2anfo/2<om<aay) T I1u™ = VE L2 (anfo/2<om <))
and for the "residual part" of the solution, where the numerical density can be "close" to zero or
infinity:
— 2
(o™ < 0/2} 4+ [{e™ = 28} + 0" [} aggmsary + 710" = VE Pl @rggmsaa)-

In the above, for B C ), |B| denotes the Lebesgue measure of B.

Moreover, in the particular case of p(o) = 0°, we have E(o|r) = (o0 — r)? and the error estimate
(2.65) provides a bound for the Lebesgue norms

lo™ = al220) + o™ ™ = VELR] o).

3. Theorem 2.1 remains valid also for two dimensional bounded domains compatible with the MAC
disretization described in Setion 2.2.1 with any 0 < A < 277—72 ifve(1,2], and A=1 ify > 2.

3 Mesh independent estimates

3.1 Conservation of mass

Due to (2.15), summing (2.40a) over K € T, we obtain immediately the total conservation of mass,
Vn=1,..N, / g"dx:/ o’ dz. (3.1)
Q Q

3.2 Energy Identity

In the next theorem we report the energy identity for any solution of the numerical scheme (2.40).
This theorem shows that the scheme (2.40) is unconditionally stable meaning that the discrete energy
inequality holds without any extra assumptions on the discrete solution. The theorem whose detailed
proof can be find in [20, Theorem 4] reads

Lemma 3.1. [Energy identity/
Let (o,u) € Y75 x Xgst be a solution of with pressure obeying hypotheses (1.4)1. Then there

exists 0" € Ly, min(o) ', 0f) < i " < max(of ', o) and o} € [min(of, of), max(ok, o} )],

oc=KI|L¢eEn,n=1,...,N such that for alln =1,..., N we have,

11 _ 1 ni.n n—1y, n—
/QH(Q”)—H(@” 1)dw+7/ﬂg u"? — " Hu P de

ot e? 20t
1
2 ; 2 -1 —12
+MHU’HH1,S,O + (M_‘_}‘)HdlvTunH[;(Q) + T&/an ’U:n —u” | dx
11 _ _ 11
+ 3512 / H'(o" ) (" = 0" e+ 5 D ol H () ek — of)Plup k| = 0. (32)

20t e 9] 2¢e )

oc=K|L
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From now on, the letter ¢ denotes a positive number that may tacitly depend on 7', ||, v, Po, Poos
i, A and on 17 in a nondecreasing way. This dependence on the above parameters will not be indicated
in the argument of ¢. The number ¢ may be dependent further in a nondecreasing way on My, Fy, 0
(see (2.64)), and on given functions denoted (IL,U) € Xp(2) x YI(2), see (1.10). The dependence on
these quantities (if any) is always explicitly indicated in the argument of c.

The numbers ¢ can take different values even in the same formula. They are always independent of
the size of the discretisation dt and h and on the Mach number e.

Now, for fixed number g > 0 and fixed functions 0", n = 0,..., N, we introduce the residual and
essential subsets of Q (relative to ¢") as follows:

ess {SL’ S Q’ Q < 0 ( ) < QQ} Qres - Q\Qessv (33)

and we set
[gless (2) = g(2) 1o, (2), [glres(x) = g(2)1on, (2), =€ Q, g€ LY(Q).

Corollary 3.1. Let (p,u) € Y7 5t X X¢ 5t be a solution of (2.40) with pressure p obeying (1.4) emanating
from initial data (2.63-2.64). Then we have

1. Induced standard energy estimates:

lwllLz0,7:8e o(2) < € (3.4)
[l 220,706 (0sr3)) < € (3.5)
HQ|u’2HL°°(O,T;L1(Q)) <c¢ (3.6)
Orgnnang/QE(g [o)dx < ce (3.7)
< <g< < :
Jmax (1" oy, e’ 1<a <y, max Q] < e’ (3.8)

OglﬁgXNllg —2llLagap,) < c(0)?, 2 < g < .

2. Estimates of numerical dissipation

n\2

N
0 0 n
Y Y el )

n=1 oc=K|LEEins [max(,g

+ot > ol(ek — 0F) Lygery luf k| < (Mo, E)e®, (3.9)
o=K|LEEint

N -1
Z Z QK — 97}( )2 1 n—1,n
=1 Kem max(gK L on)j@-nt Hex "2l

N
+Y 0 > IKI(ek — ok )P lgninaay < e(Mo, Eg)e®. (3.10)

n=1KeM
m 3
SN IDolof Hup —ul P < e (3.11)
n=1li=1 065()

int

n—1,n

The quantities o and o are defined in Lemma 3.1.
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Proof of Corollary 3.1
Lemma 3.1 in combination with the conservation of mass (3.1) and the definition (2.60) of E(:|-), yields

11 1
- E(o"5) — E n—1 d 7/ ni2 _ n—l1 n712d
&82/9 (¢"0) = E(¢" "[o)dx + o5 | o"[u"[" — o \u °dw

(a4 Nl divy wlag) + 5 [ 0 —un P do

11 . . 11
+275t7/ H(" (" =" ) e+ 5 X [ol M (eh) ek — €f)*lug k] = 0. (3.12) {dodano
€ Ja < 0'651?:
oc=K|L

This yields immediately (after multiplication by d¢ and summation over n = 1,..., N) estimates (3.4),

(3.6), (3.7) and (3.11). We obtain (3.5) from (3.4) and the discrete Sobolev inequality reported in Lemma

2.2. We obtain (3.9) and (3.10) from the corresponding terms in Lemma 3.1 after employing (1.4)
Integrating inequality (2.61) we deduce

] +[@y] +[e-7] )de <@ [ B,
9] res res ess (9]

whence estimates (3.8) follow from (3.7). This completes the proof of Corollary 3.1.

u"|p,0)dz; (3.13) A{rentroy

4 Relative energy inequality for the discrete problem

4.1 Exact relative energy inequality for the discrete problem

In this Section, we report the exact relative energy inequality for the numerical scheme (2.40). The proof
of this inequality is available in [20, Proposition 2].
Theorem 4.1. [Exact discrete relative energy inequality/
Any solution (o,u) € Y75 x Xe 5t of the discrete problem (2.40) with pressure p obeying hypotheses
(1.4)1 satisfies relative energy inequality that reads:

1

5 (Ea(g", u”‘r", u") — Eg(gnfl, u"fllrnfl, U”*1)> (4.1) A{erelati

5
Hullu® = U7 g0+ (e + A divy(u” — U2, Z
for any couple of discrete test functions (r,U), 0 <r € Y75, U € Xg 5, where

[Tn—l —_pyn 1
n o __ n—1 i n—1 __ - n—1 n
T _/Qg - (w ;U U ) da,

HeY Y Y Rowor (u-ur)

=1 5eell) ce€(Dy),e=Dy| D,/

TP = p[U™ — u”, U™y e0+ (11 + A) / divr (U™ — u") divy U™ da,
Q

1
7 = — [ p(e") divy U™ da,
€2 JQ

I (M n—1
ngg/(r”—gn)}[(r) H(r )d+ /le (o"u™) H' (1) de.
g2 Ja ot
In the above formulas, flur Fe, is defined in (2.19-2.20), U = (Uio)i=1,23, see last alinea in Section
2.1.2, divr is defined in (2.25), the bilinear form [-, |1 £0 and corresponding norm | - |1 £0 are given in
(2.35), (2.86a-2.36b). Finally, the operation denoted by . is defined in (2.18), i.e. uj. = it gl if

2
0,0 € g o= D;|Dyr, ul = (uze)i:m,g, and similarly for UL.

int’
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4.2 Approximate relative energy inequality for the discrete problem

The exact relative energy inequality in Theorem 4.1 is an intrinsic inequality for the given MAC scheme.
In what follows, we shall write this inequality with particular discrete test functions r = 9 € Y7 s,
U = Pe(V"), where V is divergence free function with zero traces in the regularity class X7(€;R3). At
the same time we shall transform some of the terms in the resulting inequality to the form convenient for
comparison with an integral identity satisfied by any strong solution to problem (1.7-1.9). This identity
will be derived later. The modified relative energy inequality and the latter mentioned inequality will
give the wanted error estimate announced in Theorem 2.1. The lemma reads:

Lemma 4.1. [Approximate discrete relative energy/
Let (o,u) € Y75t x X 5¢ be a solution of the discrete problem (2.40) with pressure p satisfying relations
(1.4)y>3/2 emanating from initial data obeying (2.63-2.64) . Let V € C1([0,T] x Q; R?) be such that

W@Q = 0, divV = 0.

Then there exists
¢ = c(My, Ey, ||V, vv,atV”Loo(QT;Rls))

such that for allm =1,..., N we have:

56(Qm7 um @7 V,Sm) - 86(907 uO @7 ‘/80)

3

+oty (MHun — V& g0+ (1 + A divy(u” — Vg")”%%m) <Y Sk +RE s +GF e, (42) A{relatir
- k=1

where

Sl_étZ/ ol V‘g V )-(Vg"—u"),
52:Zi Z ‘U|< &K VZZU) nupvn @ ‘MoK (UZKivle)

i=1j=1 KETUEg(j)( )mg(]t)

S3 = ot Z plVE —u", Vi g0,

n=1

for any divergence free vector field V€ Xp(S;R3) (see (1.10)) vanishing at the boundary of Q. In the
above inequality,

m
|G el < cot Y Ec(0™, u™

n=1

| R 5| < e(V/ot +h™), (4.4)

o, Ve") (4.3)

and where A is by formula (2.66). Here, we have used the abbreviated notation V¢ = 77( )(Vi), Ve =
PeV = (Vig)i=1,23, where projections ’Pg), Ps are defined in Section 2.4. Further, Vie gk = [Viglk =
[R%l—)%7g]\1(, where the interpolator Ry = (R%l—))i:m,g is defined in Definition 2.3. Operator divy is

defined in (2.25), the bilinear form [-,-]1.¢,0 and corresponding norm || -||1.¢,0 are given in (2.35), (2.36a~
2.96b).

Proof of Lemma 4.1

We shall use in the relative energy inequality (4.1) test functions » = g and U = V. Since p is constant,
term 77" = 0. According to Lemma 2.3, divyVe = 0; whence T = 0. Term 73" will be kept as it stays.
It remains to transform terms 77" and 73'. This will be done in several steps.
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Step 1: Term 17'.
We have
1" =11, + R{) + RY o, (4.5)

- [ (2. -t

n o 1 n—1 ‘/Sn — Vé'nil n n—1 n _/ n—1 ‘/Sn — VSnil n n—1
11~ /Q 29 o (Ve Ve ) du, 1,2 — 0 o ot (u u"") dw.

By virtue of the first order integral Taylor formula applied to V in the interval (¢,—1,t,), definition

(2.43) of projection Pg, Cauchy-Schwartz inequality and numerical dissipation (3.11), we easily get
m
|0t Z RY | < 6te(Mo, |0V || poo(@pims)), 168y Ria| < Vote(Mo, Eo, |0V || pmey)-  (4.6)
n=1

Step 2: Term 13
This step will consist of several successive transformations performed in four movements.

Step 2a:
Employing Lemma 2.1 we get

3 3 ..
=3 Y (Vex Vi) Fex(eu") (RED () — Vi)

i=1j= IKETJES(J‘)(K)HSAO)

3?1 = Z RZ 4 l” V g) where R’ is defined in Lemma 2.1.

We have used the local conservation of primal fluxes (2.15) in order to replace in 13" expression V¢
by the difference V¢ , — V..
We easily see from definitions of the projections and interpolates in Section 2.4, and first order Taylor
formula that
Vi x = Viol < ch |VVill Lo (@rm3) (4.8)

Recalling definition of Fi; k(0n,u,) we obtain by Hélder’s inequality

3
> R (uf = Vi, Vite)| < cll o™l ooyl oo (ums) IR (u™ = V&) = (u” = V)| Lo(a,3), (4.9)
Where = —|— 2 G,fyo = min(v, 3). Due to Lemmas 2.5 2.7, and Lemma 2.2

IRTV"™ — V" La) < ch||VV"|| L),

[R7u"™ —u"|20) < chlu"llieo, [R7u" —u"|Ls) < cllu”(ie0;

whence interpolation of L? between L? and LS yields

270—3
[R7u”™ —uw"|La) < ch 0o [[u”(l1e0. (4.10)

Consequently, coming back to formula (4.9), we arrive to the estimate

|5tZR 1| < B e(Mo, Eo, 2, [IVa V| Lo (@riro)) (4.11)
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after employing the known bounds (3.4-3.8) derived in Corollary 3.1. Here A is defined in (2.66).

Step 2b:
We rewrite 73", by using the definition (2.12) of F}, x as follows
15 =135 + Ry, (4.12) {s2+}
where
3 3 '
T3y =3 S lol(Wex = Vi) o™ ufoeD noe (us g — Vi)
=1J=1 KT 5ce() (K)nel) ! I

3 3

=20 > Y lol((RY Vi) — Vi) an ™ e - mo i

i=1 =1 K€T yeet) ()nel)

—(0§) (1) n
x([url,” = V], = (g = Vi ).
J J

(e

7]7 ]

Here, the number [A~]Z the primal cell o, n, and the related operators Rg y Re used in the next

formulas are defined in items 1. and 3. of Deﬁnltlon 2.3. Using (4.8) and the Holder’s inequality, we get

IR < elle o oy 1 ooy iil IRE (uf — Vo) = RE™ (= Vi) pagey,  (413) (73
i=1 j=
,%0 + % = %, ~o = min(v, 3) as in (4.9). Due to Lemmas 2.8 and 2.9
IR (uf — Vo) = RE™ (= Vi) gy < eh Vg (ulf — Vi)l 2 sy,
IR (uf) = Vi) = RE™ (uff = Vie) oy < ellu? = Vil oo

where by the discrete Sobolev inequality evoked in Lemma 2.2
[u™ — V' Loy < [[u™ — V™10
Now, by interpolation of L? between L? and LS,

ij n n i,j,u? n n 270-3
IR (ui = Vi) = Re 7 (ui = Vi) Lago) < ch 0 (lu

1y

a)?

similarly as in (4.10). Consequently, employing formula (4.13), the above estimates and estimates (3.4),
(3.8) from Corollary 3.1, we get

6t 3" Ryl < e(Mo, Eo, 0, | Va V| oo (ko)) (4.14) {S2r+}
n=1m
Step 2c:
In the next step, we write
o =155+ Ry 4 (4.15) {sS2++}
with s 3
RIS > "7|( &K T ‘/'iflo') or Vel n, (ui,aﬁ — ‘/itlozg)
i=1j=1 KeTaeg(J)(K)mgi(gt) J j
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and
3 3
5s=D.>. > > |0'\( &K~ Vn) nup( fo = Vig)e? o (uiv”ﬁ_vﬁgvaﬁg);
i=17=1 KETUGE(j)(K)ﬂgi(gt) ! I

Noticing that

et dx—z Y (Dexleilitol + Do iloiluto )

- [oa} ocg®

and recalling the definition of the primal cell [-] v in Definition 2.3, formula (4.8) and definition of
relative energy E.(:|-) (see (2.62)), we conclude that

m
at| Z Ry 3| < c(IVV | poo(grimsy) Ot Z E (0", u" o, V). (4.16) {S2r++}
n=1
Step 2d:
Finally,
T33 =To} + Ry 4, (4.17)  {sS2+++}
where s 5
T£4 = Z Z Z ’U’( WK T Vifla) Qg’up‘/fae(j) "Moo K (U?K - ViflK)
=1 ]:1 KGTO'E(S J)(K)mg( 7)
and

3 3
=D Z |a|(ng Vi, ) oy Ve mg i

n n
. (uz,azp V uP - (ui,K - z,K))
J ]

Next, by the Holder and Minkowski inequalities and (4.8),

3 3
(i,j,’LL (2 n 7]» ) n 7 n
[BS4| < eIVl o= zon 1€ Lo 32 3 (1Rt~ RPu oy +HIRg ™ Vi~ ROV | ooy
i=1j=1

where ~y = min(yo, 2), 7% + % = 1. Now we estimate
(Z}J}u”) ]
IRl — RPu2 | 12y < ehl| Vgl 2y
and
B0 )
||Rg RT s < clluillzs) < ellVemui 2

by virtue of Lemmas 2.7, 2.9 and 2.2. Similar estimates are true if we replace ;' by V;"; in the argument
of R(g 745) and of Rgf). Consequently, by interpolation of L between L? and LS,

JU)

RS — RO aey < eh B0 |V gl 2

Putting together these estimates, and employing in addition estimates for the numerical solution deduced
in Corollary 3.1, we get

m 5v9—6
St Ry < h 0 (Mo, By, [|V V]| e (gpimo)): (4.18)  {S2r+++)

Now we put together formulas (4.5) and (4.17) together with estimates of remainders (4.6), (4.11),
(4.14), (4.16), (4.18) in order to get the required result. Lemma 4.1 is proved.
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5 An identity for the strong solution. Consistency error.

The goal of this section is to prove the following lemma.

Lemma 5.1. [Consistency error/
Let (0,u) € Y75t X Xg 5t be a solution of the discrete problem (2.40) with pressure p satisfying relations
(1.4)y>3/2 emanating from initial data obeying (2.63-2.64) . Let the couple (II, V') belonging to the
regularity class (1.10),—max(2,4) be a strong solution to the incompressible Navier-Stokes equations (1.7-
1.9).

Then there exists

C = C(M(), E(),@, HV, VV, VZV, VHHLOO(QT;R42)7 HatvvHL2(07T;L6/5(Q;R9)7 ”atHHLl(QT;Lp(Q)),

p = max(2,v") such that for allm =1,..., N we have

3
Z Sk + Ri'st =0, (5.1) {consist
k=1
where .
S — Vgn — ‘/Sni n n
S = 515;/99(&) (v ),
m 3 3 ]
82 = ot Z Z Z Z Z (VZLS,K - ‘/z'?a) @ijtlge(]) : na,K(uZK - ‘/iTLS,K)
n=1i=1j=1 KeT 5c£()(K)
Sy =0t plVE —u", VP]ieo,
n=1
and

[Rhst|l < c(h + 0t +¢).
Here we use the same notation as in Lemma 4.1.

The rest of this section is devoted to the proof of Lemma 4.1.

5.1 Getting started

Since (II, V') satisfies (1.7-1.9) on (0,7") x £ and belongs to the class (1.10), equation (1.7) can be
rewritten in the form

80,V +3V - VV + VII - pAV =0 in (0,T) x Q.

From this fact, we deduce the identity

4 m
ZétZTS":O’ m=1,...,N, (5.2) {strong(
s=1 n=1

where

%n:_/gl(MAVn).(V”_u")dx, ﬁ":—/KZVH"-u”da:.

In the steps below, we deal with each of the terms 7.
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5.2 Term with the time derivative

We proceed in two steps.
Step 1:

T =T +RLq, (5.3) {calst}
where

) VAL Vn—l " "
T = [ o (V- u") da,
Q

- V”—V"‘1> (

R3y = [ g0V (v V@) o+ | g(iav] ) (VE —u)de,
Q Q t

Realizing that
vr - yn-t
e e dzd
[0 V] Az 575/15" -, z,-)dzds,

we get by using Holder’s inequality (in particular with VZ — 4™ in L°(€;R?)), Lemma 2.5, Lemma 2.2
6t| ZR 1| < 5t—|—h) <M(),E0,@, HV,atV,VV)HLoo(QT;Rw), ”8t2vHLQ(O,T;L6/5(Q;R3)))7 (54) {calsir]

where we have used Lemma 2.2 and the energy bound (3.4) from Corollary 3.1 for u”

Step 2:
Finally, we write
T =T+ Ria, (5.5) {calsi+)
where
\ZiEn 74
7;7}2:/@75 5 (VZ — u™) da,
Q t
n (V"= vt an — ‘/‘En_l n n
12—/99( ot - ot )'(Vs —u")dz.
We have by Holder’s inequality and Lemma 2.5
VAl 1
R ol < e VY o IVE — " osqaz,

where Vw}i‘;nl = é fti1 0 VV (z,-)dz; whence after taking into account Corollary 3.1, we deduce

‘R’i?’ S }710(]\4'07 EO,@, HVHLOO(QT;RB)7 HatVVHL2(07T;L6/5(Q;R9))). (56) {calSlr-l

5.3 Convective term

Step 1:
We decompose term 75" as follows:
T3 =Teh + R34, (5.7) {cals2}
with
Tz" Z/QVgK vvn (VSK uj) dz,
KeT
=3 / V"IV (V= Vi - (u” — uf)) da + /K@(V” — Vi) - VV - (Vi — ul) da.

KeT
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Consequently, by Lemmas 2.7 2.5, 2.6 and estimate (3.4) in Corollary 3.1,
6t | Z R34 < he(Mo, Eo, 0, |V, VV)| oo (@rr'?))- (5.8) {cals2r)

Step 2:
Integrating by parts in 75 while using the fact that >, £(K) . Vi'k -mokx =0, we get

Th= Y loloVek nex(Vy = Ver)  (Vix — u).
KeT 0e&(K)

Now, we rewrite the last expression as follows
Toh = Tos + Ry, (5.9) {cals2+)
where

=2 > lofeVE nox(Vy = Ver) (Vi — uk)
KeT oe&(K)

and

Rip= 3 > lofa(Vék — Ve) -mosc(Vy' = Veu) - (Vi — ufo).
KeT ge&(K)

By Holder’s inequality, after application of Lemmas 2.5, 2.7 and 2.6, we get

ot| Z Ry ’ < h ¢(My, Ey,0,||V,VV) HLOO(QT R12)) (5.10) {cals2r+

Expression 7Ty, written explicitly in coordinates is exactly term Sy in formula (5.1)

5.4 Viscous term

Step 1:
73" =Ts1 + Riy, (5.11) {cals3}

T = [ nAV" (V= u)da,

f= [ HAVT (V- VE)da,
’ Q

where by virtue of the Cauchy-Schwartz inequality and Lemma 2.5
5t | ZR 1| <h eV VPV | oo m2))- (5.12) {calS3r!

Step 2:
In this step we decompose 73" as follows

3
7?’)7,11 = Z Z /D MA‘/zn(VZTJ - uZa)dx
i=1 gegtn /Do

3

=S Y [amen, V(0 - i)

i=1 gl cc&(Dy) " ©
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= 23: 23: Z /8j%(‘/i,a — Ujo — (Vi,a’ - ui,a’)>d7'
SN €

==l o7 €60 e el

N
]

- I
€

1
> le|d. [H /aaj‘/;dﬂ 0j(uie — Vie) I

—_— .
e=clo' €€ gleld)

i=1j=1

<.
Il

where we have used integration by parts and definition (2.37) of d;. Here dv is d — 1 dimensional
Hausdorff measure on . Consequently, we may write

T3 = Ts2 + Ry, (5.13) {cals3+)
752—22/61456 uig — Vig)dz,
i=17=1

50 = ZZ > |5|ds([|i| /EajVidv] - 6jVi£|D€) 0 (use — V%,s)) b

i=lj= 1€—a|o €€ e leld)

9
€

where, due to the Cauchy-Schwartz inequality, Lemma 2.6 combined with the first order Taylor formula
applied to {é IR @-Vz} —0;Vielp. and Corollary 3.1, we get

ot | ZR o <h e(Mo, Eo|[V,VV,V*V | oo (0559 (5.14) {calS3r:

5.5 Pressure term
Step 1: The following lemma about the consistency of the upwind discretization will be crucial.
Lemma 5.2. For any r,G € L7, any u € He o and any ¢ € C1(Q) there holds

/ru Vodx + Z Z Fo k(r,u)Gg

KeT gegl®

3
=2 > lollrk = )b — Gruip - Z X ol =G — Gului

=1 ,_K[Lee®)(K) Lo KLec (k)

where the primal fluzes Fy i are defined in (2.12).

Proof of Lemma 5.2
Using integration by parts,

/Qru Vodx = Z/ru (¢ — Gg)dx

KeT

3

= O|TK Uuzan *No K — OITK Kui#fn‘ ‘MoK
POD D DI [ S Y lelwGron®
=1

= KGTgeg(i)( ) = 1K€TU€5()(K)

lo|(rx —ri)(¢e — GK)Uio
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— GK)Uj o

3
=> > lollrx —ri)(4e
3
Z > ol (Gk — Gr)uie,

— .
o=K|Le&®

where for the latter term, we have
O To K

w

Z Z lo|reP G ki o1

3
lo|rP (G — GL)ui e =
i=1 KeT ge£®(K)

2 2

=1, K|L€5(’>
Lemma 5.2 is proved.

Step 2:
We shall now evaluate the error in the upwind disretization. We have
1
ViI"dz + - / (¢" —ou" - VII"de = T/ + R 1, (5.15) {cals41)

1
T = *:/ o"u”
0 JQ
(5.16) {cals4r)

where
ot| ZR 1| < e (Mo, Eo, 0, | VII|| oo (0,7) %))

by virtue of Holder’s inequality and estimates (3.5), (3.8) from Corollary 3.1
(5.17)  {cals4+)

. 1
Next we deduce from the discrete continuity equation (2.40a) and Lemma 5.2

T =J"+ T3 + T3,

where .
1 o" —o""
n n
=— | —— IId
Ji 0 /Q ot X’

L — 05" ") (W — T} )uis,

1 3
Jg' = EZ Z lo|(or,

where II% = PrII" is defined in (2.41).
Now we estimate each of terms J/*, J5', J3' separately.

Step 2a:
We get by direct calculation

(ﬁ%jn_&%/gn_gn—l .
n=1 1_571:1Q ot
1N

=3 [ (" =2~ (o — o a4 Z/

"l - g)) Mdx

1 & n
ZQ;/Q((Q -2)— (o
Vo) — 1) dx

n

Hn 1
7de.

n=1
1/{)(9"_9)11? /(Q—QH +5t2/ - 5
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Therefore, by virtue of Holders inequality, Lemma 2.5, the first order Taylor formula

N
5t| > T =< e(1 4 6t) e(Mo, Eo, 0, || oo (@r)» 10T 107 10(02))), P = max(2,7),
n=1

where we have used estimates (3.5) and (3.8) in Corollary 3.1.

Step 2b:
First, we have by using Holder’s inequality,

Z X lolleh - R - o,
|

1,- K|Le£< I(K)

% — o] 1/2
< V||V oo (0,1 x0) (Z Z lo|1g, (o) [Q : g \ Z‘\) /

max (g%, 0}

)

(Z X o) (Z X el

o KILe(K) Lo=K|Leg® (k)

1/2
VA VoI 1o (0.1 2 (Z X lolleong (o) [k - eb)® 1)

1,- K|Le£(2)(K)
1/2
(Z X el
1,- K|L€5(’)(K)

with any 0 < 6§ < v and any E; C £, where we have used estimate Lemma 2.5 to evaluate the difference
IT7} — II%. Now employing estimates (3.5), (3.8), (3.9) in Corollary 3.1 we obtain

N
5t Y| < eh'2e(Mo, Eo, 2, || VIL| oo (0.7 %))
n=1

where ev/h < %(52 + h). The same estimate as above holds also for J3' by the same argument.
Resuming calculations in step 2, we get

N
5t > [T < (e + h+ 6t) (Mo, Eo, 2, | V|| oo 0.1y x0)- |0l 10,7 po@y))s P = max(2,7).  (5.18)

n=1

The statement of Lemma 4.1 follows when we put together principal terms (5.3),(5.5), (5.7),(5.9),
(5.11), (5.13) and residual terms (5.4),(5.6), (5.8),(5.10), (5.12), (5.14) (5.16), (5.16),(5.17), (5.17).

6 A Gronwall inequality

In this Section we put together the relative energy inequality (4.2) and the identity (5.1) derived in the
previous section. The final inequality resulting from this manipulation is formulated in the following
lemma.
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Lemma 6.1. Let (o™, u™) be a solution of the discrete problem (2.40a-2.40b) with the pressure satisfying
(1.4), where v > 3/2, emanating from initial data (2.63), (2.64). Then there exists a positive number

¢ = c(Mo, Bo, 0, IV |l xp (@, [IHllyz(ey ) P = max(2,7)

such that for allm =1,..., N, there holds:

E(g™ w2 V) + 0t 3 (llu” = VEIR g0+ (V)| divr(u” = V)| Bage))

n=1

e[ 4 VB £ £l U2 VE(0))] + et 3 (" w2, Vi),
n=1
with any couple (I1, V) belonging to (1.10) satisfying (1.7-1.9) on [0,T) x Q, where A is defined in (2.66)
and & is given in (2.62).

Proof of Lemma 6.1
Gathering the formulae (4.2) and (5.1), one gets

E-(o™, w0, Vi) — £, ul[g, Vi (0)) (6.1) {relati

+5tz (”Hu - Ve H1€0+ (+ A divr (u” Vsn)H%2(Q)) <Pi1+P2+Q,

n=1
where . -
771=5t2/ <Qn71_g)(vfj _5;/5 ) (‘/gn_un>,
n=1

m 3 3
Pr=ot> 333 > (o) (Vex — Vi) Vive - mo(ulxe = Vie o),

Q =R7 hst +97 5t — Riho-
We use Holder’s inequality, together with the Taylor type formula (4.8) in order to get

P11 < 863" (1o Dl ey el + 116" ~ Pl | Ll |

n=1

V”—u” 6(0)-R3
Lo (QR3) & HL (;R3)»

V' —u"|| 15 (:r3)

Loo(Q;R3)

n=1

1Pl < TV (@it 3 (17eslatey 287+ 6" Bl 2yl [ V2|
+

where ¢ = min(~,2),

2) % = 1, and symbols []res, []esss and the sets Q. are defined in (3.3).
Evoking estimates (3. 8

1,1

r g
5) nd (3.8) from Corollary 3.1, one gets
[P1] + |P2| <& c(Mo, Eo, 0, |V, VV, 0V | Lo (qrr15))-

This formula, and the bounds of expressions R7 ), 5, GF 51, Rij's; evoked in (4.2), (5.1) yield the state-
ment of Lemma 6.1.

Lemma 6.1 implies immediately error estimate (2.65) by the standard discrete Gronwall inequality.
Theorem 2.1 is proved.

30



References

[1] G. Bispen, M. Lukédcova-Medvidové, and L. Yelash Asymptotic preserving IMEX finite volume
schemes for Low Mach number Euler equations with gravitation. Preprint JGU Mainz, 2016.

[2] F. Brezzi and M. Fortin. Mized and hybrid finite elements methods. Springer series in computational
mathematics.

[3] C. Cances, H. Mathis, and N. Seguin. Error estimate for time-explicit finite volume approximation of
strong solutions to systems of conservation laws. SIAM J. Numer. Anal., 2016, 54(2), pp. 1263-1287.

[4] P. Degond, and M. Tang. All speed scheme for the Low Mach number limit of the isentropic Euler
equations, Commun. Comput. Phys., 10(1): 1-31, 2011

[5] Robert Eymard, Thierry Gallouét, and Raphaele Herbin. Finite volume methods. Handbook of
numerical analysis, 7:713-1018, 2000.

[6] R. Eymard, T. Gallouét, M. Ghilani and R. Herbin. Error estimates for the approximate solutions
of a non-linear hyperbolic equation given by a finite volume scheme, IMA J. Numer. Anal. 18(4):
563-594, 1998

[7] E. Feireisl, B. J. Jin, and A. Novotny. Relative entropies, suitable weak solutions, and weak-strong
uniqueness for the compressible Navier-Stokes system. J. Math. Fluid Mech., 14(4):717-730, 2012.

[8] E. Feireisl, M. Lukacova-Medvidéva, and S. Necasova, A. Novotny, and B. She. Asymptotic preserving
error estimates for numerical solutions of compressible Navier-Stokes equations in the low Mach
number regime. Preprint Inst. Math. Cz. Acad. Sci, 2016.

[9] E. Feireisl and A. Novotny. Weak-strong uniqueness property for the full Navier-Stokes-Fourier
system. Arch. Ration. Mech. Anal., 204(2):683-706, 2012.

[10] E. Feireisl, A. Novotny, and H. Petzeltovd. On the existence of globally defined weak solutions to
the Navier-Stokes equations. J. Math. Fluid Mech., 3(4):358-392, 2001.

[11] E. Feireisl, A. Novotny, and Y. Sun. Suitable weak solutions to the Navier-Stokes equations of
compressible viscous fluids. Indiana Univ. Math. J., 60(2):611-631, 2011.

[12] M. Feistauer, J. Felcman, I. Straskraba. Mathematical and Computational Methods for Compressible
Flow. Clarendon Press, Oxford, 2003

[13] M. Feistauer, J. Felcman, M. Lukacova-Medvidova. Combined finite element - finite volume solution
of compressible flow. J. Comput. Appl. Math. 63:179 - 199, 1995

[14] M. Feistauer, J. Felcman, V. Dolejsi. Numerical simulation of compressible viscous flow through
cascades of profiles. ZAMM , 76: 297 - 300, 1996.

[15] M. Feistauer Analysis in compressible fluid mechanics, ZAMM, 78(9): 579-596, 1998.

[16] M. Feistauer, V. Kucera. On a robust discontinuous Galerkin technique for the solution of com-
pressible flow, J. Comput. Phys., 224: 208-221, 2007.

[17] T. Gallouét, L. Gastaldo, R. Herbin, and J.-C. Latché. An unconditionally stable pressure correction
scheme for the compressible barotropic Navier-Stokes equations. M2AN Math. Model. Numer. Anal.,
42(2):303-331, 2008.

[18] T. Gallouét, R. Herbin, and J.-C. Latché. A convergent finite element-finite volume scheme for the
compressible Stokes problem. I. The isothermal case. Math. Comp., 78(267):1333-1352, 2009.

31



[19] T. Gallouét, R. Herbin, D. Maltese, and A. Novotny. Error estimate for a numerical approximation
to the compressible barotropic Navier-Stokes equations. IMA Journal of Numerical Analysis, 2015
(published on-line).

[20] T. Gallouét, R. Herbin, D. Maltese, and A. Novotny. Implicit Mac Scheme for compressible Navier-
Stokes equations: Unconditional Error estimates https://hal.archives-ouvertes.fr/hal-01448698, 2017.

[21] T. Gallouét, R. Herbin, and J-C Latché. W1 stability of the Fortin operator for the mac scheme.
Calcolo, 49(1):63-71, 2012.

[22] T. Gallouét, R. Herbin, J-C Latché and D. Maltese. Convergence of the MAC scheme for the
compressible stationary Navier-Stokes equations https://hal.archives-ouvertes. fr/hal-01342840, 2016

[23] L. Gastaldo, R. Herbin, W. Kheriji, C. Lapuerta, J.C. Latché. Staggered discretizations, pressure
correction schemes and all speed barotropic flows, Finite volumes for complex applications. VI.
Problems and perspectives. Volume 1, 2, Springer Proc. Math., 4: 839-855, Springer, Heidelberg,
2011.

[24] L. Gastaldo, R. Herbin, J.-C. Latché and N. Therme Consistency result of an explicit staggered
scheme for the Euler equations Preprint I2M AMU, 2014.

[25] J. Haack, S. Jin. J.-G. Liu. An all-speed asymptotic preserving method for the isentropic Euler and
Navier-Stokes equations, Commun. Comput. Phys., 12: 955-980, 2012.

[26] R. Herbin, W. Kheriji, J.C. Latché. On some implicit and semi-implicit staggered schemes for the
shallow water and Euler equations, ESAIM Math. Model. Numer. Anal., 48(6): 1807-1857, 2014

[27] R. Herbin, J J-C. Latché, and N. Therme. Consistency results of a class of staggered schemes for
the compressible Euler equations. In preparation., 2015.

[28] T. K. Karper. A convergent FEM-DG method for the compressible Navier-Stokes equations. Numer-.
Math., 125(3):441-510, 2013

[29] D. Kroner. Directionally adapted upwind schemes in 2-D for the Euler equations. Finite approxi-
mations in fluid mechanics, Notes Numer. Fluid Mech., 25: 249-263, Friedr. Vieweg, Braunschweig,
1989.

[30] D. Kroner. Numerical schemes for the Euler equations in two space dimensions without dimensional
splitting. Nonlinear hyperbolic equations - theory, computation methods, and applications (Aachen,
1988), Notes Numer. Fluid Mech., 24 : 342-352, Friedr. Vieweg, Braunschweig, 1989.

[31] D. Kroner, M. Ohlberger. A posteriori error estimates for upwind finite volume schemes for non-
linear conservation laws in multidimensions, Math. Comp., 69:25-39, 2000.

[32] D. Kroner, M. Rokyta, M. Wierse. A Lax - Wendroff type theorem for upwind finite volume schemes
in 2-D, East-West J. Numer. Math., 4: 279-292, 1996

[33] S. Jin. Asymptotic preserving (AP) schemes for multiscale kineticand hyperbolic equations: a
review, Riv. Mat. Univ. Parma, 3: 177-216, 2012.

[34] R. Klein. Semi-implicit extension of a Godunov-type scheme based on Low Mach number asymp-
totics I. One-dimensional flow, J. Comput. Phys., 121(2): 213-237, 1995.

[35] M. Lukacova-Medvidova, A. Miiller, V.Wirth, L. Yelash. Adaptative discontinuous evolution
Galerkin method for dry atmospheric flow, J. Comput. Phys., 268: 106-133, 2014.

32



[36] C.-D. Munz, S. Roller, R. Klein, K.-J. Geratz. The extension of incompressible flow solvers to the
weakly compressible regime, Computers and Fluids., 32(2): 173-196, 2003.

[37] C. Rhode and V. Yovanovic Finite volume schemes for Friedrichs systems in multiple space dimen-
sions: a priori and a posteriori estimates. Numer. Meth. P.D.E., 21(1):104-131, 2005.

[38] J.P. Villa and P. Villedieu Convergence of an explicite finite volume scheme for first order symmetric
systems. Numer. Math., 94(3):573-602, 2003.

[39] V. Yovanovic. An error estimate for a numerical scheme for the compressible Navier-Stokes system.
Kragujevac J. Math., 30(1):263-275, 2007.

33



	Introduction
	The numerical scheme 
	MAC space and time discretization
	Space discretization
	Time discretization

	MAC discretization of differential operators
	Upwind divergence and primal fluxes
	Discrete convective operator and dual fluxes 
	Discrete divergence and gradient
	Discrete Laplace operator

	The numerical scheme
	Projection operators
	Main result: asymptotic preserving error estimates
	Relative energy and relative energy functional
	Error estimates


	Mesh independent estimates
	Conservation of mass
	Energy Identity

	Relative energy inequality for the discrete problem
	Exact relative energy inequality for the discrete problem
	Approximate relative energy inequality for the discrete problem

	An identity for the strong solution. Consistency error.
	Getting started
	Term with the time derivative
	Convective term
	Viscous term
	Pressure term

	A Gronwall inequality

