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Abstract

This paper addresses the attitude controllability problem for a multirotor un-
manned aerial vehicle (UAV) in case of one or several actuators failures. The
small time local controllability (STLC) of the system attitude dynamics is
analysed using the nonlinear controllability theory with unilateral control in-
puts. This analysis considers different actuators configurations and compares
their fault tolerance capabilities regarding actuators failures. Analytical re-
sults are then validated experimentally on a coaxial octorotor. A stabilization
control law is applied on the coaxial configuration under one, two, three and
four motors failures, when the system is controllable. Real-time experimental
results demonstrate the effectiveness of the applied strategy.

Keywords: Fault Tolerant Control, Nonlinear Controllability, Unmanned
aerial vehicles, Octorotor.

1. Introduction

Nowadays, a significant interest appears in the attitude control problem
of multirotor unmanned aerial vehicles (UAV) under actuators failures. A de-
sirable outcome consists in keeping a controllable attitude after one or more
actuators failures, preventing the UAV from flipping over and crashing. For
quadrotors, the attitude control problem after partial propellers failures has
been investigated in several works and a wide class of Fault Tolerant Con-
trol methods has been proposed to stabilize the vehicle (Zhang et al. (2013),
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Chamseddine et al. (2012), Ranjbaran & Khorasani (2010), etc.). However,
a complete propeller’s failure in a quadrotor results unavoidably in the loss of
the system full controllability. The authors in (Mueller & D’Andrea (2014))
demonstrated and validated the controllability of the reduced attitude in case
of one, two and three failures where the control of the yaw state is neglected.
Multirotors with redundant actuators have been proposed as a solution to
this controllability loss.
Different octorotors configurations exist, among them we list the coaxial
counter-rotating (Saied et al. (2015)), the PNPNPNPN (P:positive, N:negative)
star-shaped or the PPNNPPNN star-shaped (Alwi & Edwards (2013)) config-
urations, each with different fault tolerant capabilities. The investigation of
dynamics stabilization of these different configurations begin with the theo-
retical establishment of the necessary and sufficient conditions for the system
controllability and the control reconfigurability. A multirotor is a nonlinear
system having positive control inputs since the rotors only provide a unidirec-
tional thrust (we consider only in this study fixed-pitch rotors contributing
to the total vertical produced thrust). Thus classical controllability theory
of linear systems will have a major limitation if applied to a multirotor: the
unilateral constraints do not pass the Kalman Rank Test (Sontag (1991)).
This limitation is particularly problematic when dealing with multiple fail-
ures since we are working on an over-actuated system. In this paper, we pro-
pose the use of the non linear control theory with unilateral control inputs
to assess the controllability of different configurations of octorotors. Based
on this study, an experimental work is used to confirm the controllability of
a coaxial counter-rotating octorotor under some actuators failures, using a
control mixing and a feedback controller based on saturation functions.

2. Methodology

The controllability problem for linear systems has been actively developed
in the literature. The existing methodologies are based on the Kalman rank
criteria (Sontag (1991)). However, studying the controllability of a nonlin-
ear system is more complex. A nonlinear system is said to be controllable
if there exist admissible control inputs that will bring the system between
two arbitrary states in a finite time. A general set of necessary and suffi-
cient conditions for controllability of these systems does not currently exist.
Instead, the controllability is studied by investigating the local behaviour of
the system near equilibrium points. The simplest approach is to linearise
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the system around an equilibrium point and then to apply the Kalman Rank
Test. However, this is not a necessary proof since a nonlinear system can be
controllable even if though its linearisation is not.

A necessary condition for controllability from an initial state is given by
computing the accessibility algebra ∆ constructed by Lie Brackets. However,
this is not a sufficient condition since it only infers conclusions on the dimen-
sion of the reachable space from the initial one. Small Time Local Control-
lability is a stronger property than controllability. It means that the system
can be steered in any direction in a small amount of time. For second-order
systems, STLC is only possible from equilibrium states (Sussmann (1987)).
Sussmann presented sufficient conditions for STLC in (Sussmann (1987)) and
they will be summarized later.

However, having constraints on the inputs renders these conditions invalid
for testing the controllability and other tools are then necessary for this
purpose. Goodwine proposed in (Goodwine & Burdick (1996)) a method for
the controllability of systems with unilateral control inputs. We use these
results in our paper to investigate the possibility of stabilizing the octorotor
after multiple successive failures. Few works studied the controllability of
multirotors. In (Schneider et al. (2012)), the Attainable Control Set method
is used for the study of static controllability. It is based on the definition
of the limits in thrust and torque that can be allocated while satisfying the
speed constraints of the motors. In (Du et al. (2014)), the authors proposed
the use of a simplified test based on Brammer works (Brammer (1972)) to
prove the controllability of linear systems with positive inputs. For this
purpose, the linear dynamical model of their multirotor helicopter is derived
and used around hover conditions.

The main contribution of this paper resides in the application of a gener-
alized controllability analysis for the different configurations of multirotor un-
manned aerial vehicles using small-time local controllability theory (STLC),
in addition to the experimental validation of the obtained results of this
study on a coaxial counter-rotating octorotor, by proposing and applying a
system recovery strategy when the attitude of the octorotor was shown to be
completely controllable, even after four motors failures.

The paper is organised as follows: in section 2, the dynamic model of
a multirotor UAV is presented. In section 3, the controllability analysis is
detailed then applied on different octorotor configurations, after multiple
actuators failures, in order to compare their fault tolerance capabilities. In
section 4, a control mixing and state feedback controller are applied to the
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coaxial octorotor in case of failures when the system is still proved to be
controllable. The experimental validation is shown in section 5.

3. Dynamics Modelling

Different configurations of octorotors exist. According to the arrangement
and distribution of rotors, the most widely used layouts are:

• Coaxial octorotor: actuators aligned vertically but stacked in pairs so
as to resemble a quadrotor as in Figure 1.

• Star-shaped octorotor: actuators aligned vertically and equally spaced
around the vehicle. The rotor-turn directions can also be modified to
obtain different configurations: PNPNPNPN octorotor or PPNNPPNN
octorotor as in Figure 2.

Despite the difference in type and configurations, octorotor dynamics in
a hybrid coordinate system are given below where the vehicle’s mass center
translational dynamics are expressed in the inertial frame RI{OI , xI , yI , zI}
and its angular dynamics are expressed in the body frameRB{OB, xB, yB, zB}:

ẍ = (cosφ sin θ cosψ + sinφ sinψ) ∗ uf
m

ÿ = (cosφ sin θ sinψ − sinφ cosψ) ∗ uf
m

z̈ = (cosφ cos θ) ∗ uf
m
− g

ṗ = Iyy−Izz
Ixx

qr − Jr
Ixx
qΩ + 1

Ixx
τφ

q̇ = Izz−Ixx
Iyy

pr + Jr
Iyy
pΩ + 1

Iyy
τθ

ṙ = Ixx−Iyy
Izz

pq + 1
Izz
τψ

(1)

x, y and z are the coordinates of the UAV center of mass in the inertial
frame RI . m is the system mass and Ixx, Iyy and Izz are the moments of
inertia along xB, yB and zB directions respectively. φ, θ and ψ are the roll,
pitch and yaw Euler angles in the inertial frame RI and p, q and r are the
angular velocities in the body-fixed frame RB. τφ, τθ and τψ are the torques
inputs around the xB, yB and zB axes respectively. Jr is the moment of
inertia for each propeller and Ω is the overall residual propeller speed from
the unbalanced rotor rotation.

Ω =
8∑
i=1

ωi (2)
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where ωi, the ith propeller speed, is considered as positive or negative de-
pending on the sense of rotation of the motor i. The standard definition of
a positive rotation is used: this is defined as a counter-clockwise rotation
around the axis as seen from directly in front of the axis line.

The rotating speed relation between the body coordinates and the inertial
coordinates can be written as follows: φ̇

θ̇

ψ̇

 =

 1 sinφ tan θ cosφ tan θ
0 cosφ − sinφ
0 sinφ/ cos θ cosφ/ cos θ

 p
q
r

 (3)

In case of small angles, this matrix is identical to the identity matrix I3,
and the following approximations can be used: φ̇ = p, θ̇ = q and ψ̇ = r.

According to the geometry of the octorotor system, the mapping between
the rotor lift and the total thrust and torques inputs is given by the effec-
tiveness matrix B: 

uf
τφ
τθ
τψ

 = B ∗


F1

F2

.

.
F8

 (4)

where Fi is the lift produced by the motor i.
For any p-rotor UAV, the control effectiveness matrix in parametrised

form is given as:

B =


η1 η2 ... ηp

l1η1 sin γ1 l2η2 sin γ2 ... lpηp sin γp
−l1η1 cos γ1 −l2η2 cos γ2 ... −lpηp cos γp

η1d1 η2d2 ... ηpdp

 (5)

The parameters ηi ∈ [0, 1] are used to account for rotor failure. The sign
of di depends on the direction of rotor rotation and li is the length of the ith

arm. γi is the angle subtended by the ith arm with the x-axis as shown in
Figure 3. The rotor lift Fi and torque τi produced by each motor in the ZI
direction are given as:

Fi = Kfω
2
i

τi = Ktω
2
i

(6)

Kf and Kt are the thrust and reaction torques coefficients respectively.
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Figure 1: (a) The coaxial counter-rotating octorotor and (b) the coaxial co-rotating
octorotor schematic representations
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Figure 2: (a) The PPNNPPNN star-shaped octorotor and (b) the PNPNPNPN
star-shaped octorotor schematic representations
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Figure 3: General p-rotor vehicle

For a coaxial octorotor, the combined thrust produced by two coaxial
motors is given as:

Fij = αij ∗ (Fi + Fj) ∗ (1 + Ss

Sprop
) (7)

αij is the coefficient of loss of aerodynamic efficiency due to the aerodynamic
interference between the upper and lower rotors of each pair of coaxial rotors.
S = 1 + Ss

Sprop
represents the shape factor of the propellers, with Ss denoting

the propellers surface and Sprop the surface of the circle that the propeller
would make when rotating.

4. Controllability Analysis

Before analysing the STLC of the multirotor attitude dynamics, some
formal definitions and useful criteria need to be outlined. Let M be an n-
dimensional analytic manifold, U the set of admissible controls, and consider
a general nonlinear control system written in control affine form as follows:

ẋ = f(x, u) = f(x) +
∑m

i=1 gi(x)ui (x ∈M) (8)

where f(x) is the drift vector field, and g1, g2, ..., gm are the control vector
fields. The admissible control inputs ui are constrained to be non negative.
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Let R(x0, T ) be the set of states x such that there exists ui: [0, T ] → U
that steers the control system from x(0) to x(T ) = xf . We define R(x0,≤
T ) = ∪0<t≤TR(x0, T ) to be the set of states reachable up to time T .

Definition 1. [Goodwine & Burdick (1996)] A system is said to be accessible
from x0 if there exists τ > 0 such that the interior of R(x0,≤ T ) is not an
empty set for t ∈]0, τ [.

Definition 2. [Goodwine & Burdick (1996)] A system is said to be small-
time locally controllable (STLC) from x0 if there exists τ > 0 such that x0
lies in the interior of R(x0,≤ T ) for all t ∈]0, τ [.

Let L(∆) be the distribution of all independent vector fields that can be
obtained by applying subsequent Lie bracket operations to the system vector
fields f, g1, ..., gm, and let L be the accessibility distribution generated by
L(∆):

L(x) = span{X(x) : X ∈ L}, x ∈M (9)

if dim L(x0)=dim M , then the system satisfies the Lie Algebra Rank Con-
dition (LARC) at x0 (J. M. Coron (2007)). If the control-affine system is
driftless, the system is STLC if it verifies the LARC. However, with drift,
this condition is not sufficient and the combinations of the vectors used to
compose the Lie brackets of the Lie Algebra should be examined.

For a given Lie bracket X, consider the degree of a bracket with respect
to a vector field f or gi, denoted by δf (X) and δgi(X) respectively, to be the
number of times that the superscripted vector field appears in the bracket X.
We call a bracket X bad if δf (X) +

∑m
i=1 δ

gi(X) is odd and
∑m

i=1 δ
gi(X) 6=

1. Otherwise, the bracket is called good. Sussmann’s General Theorem on
Controllability (Sussmann (1987)) is reported below:

Theorem 1. [Sussmann (1987)] A system that satisfies the LARC by good
Lie bracket terms up to degree i is STLC if all bad Lie brackets of degree
j ≤ i are neutralized.

A bad Lie bracket can be neutralized if it can be written as a linear combi-
nation of good Lie brackets of lower degree.

In the Sussmann’s theorem, no constraints were considered on the control
inputs and the control vector fields can be followed in both directions. The
conditions for STLC for unilateral control inputs have been presented and
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generalized by Goodwine and Burdick in (Goodwine & Burdick (1996)). The
authors proposition, formally stated, is reported below:

Proposition 1. [Goodwine & Burdick (1996)] Assume that the system sat-
isfies the LARC (condition 1) and that there exist coefficients λi such that∑m

i=1 λigi(x) = 0 ∀x ∈ neighborhood of (x0) (10)

where λi ∈ (0, 1) (condition 2). Assume further that any bad bracket can be
written as a linear combination of brackets of lower total degree (condition
3). Then the system is STLC at x0.

The authors explained the intuition behind the restriction expressed in (10).
None of the control inputs can be negative, however (10) can be solved for
one −gi in terms of the other gi’s with positive coefficients and thus the
corresponding ui acts as negative input.

4.1. Controllability of an Octorotor

The attitude dynamics of an octorotor can be expressed in control-affine
form as in (8), where x = [φ φ̇ θ θ̇ ψ ψ̇]T ∈M = R6 is the state. The control
inputs ui are the thrusts Fi provided by each motor. The drift field f is
written as:

f =



φ̇
(Iyy−Izz)

Ixx
θ̇ψ̇

θ̇
(Izz−Ixx)

Iyy
φ̇ψ̇

ψ̇
(Ixx−Iyy)

Izz
φ̇θ̇


(11)

4.1.1. Coaxial Counter-Rotating Octorotor

The control vector fields of a coaxial octorotor are:
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g1 = [ 0 − A
Ixx

0 − A
Iyy

0 − 1
Izz

Kt

Kf
]T

g2 = [ 0 − A
Ixx

0 − A
Iyy

0 1
Izz

Kt

Kf
]T

g3 = [ 0 − A
Ixx

0 A
Iyy

0 1
Izz

Kt

Kf
]T

g4 = [ 0 − A
Ixx

0 A
Iyy

0 − 1
Izz

Kt

Kf
]T

g5 = [ 0 A
Ixx

0 A
Iyy

0 − 1
Izz

Kt

Kf
]T

g6 = [ 0 A
Ixx

0 A
Iyy

0 1
Izz

Kt

Kf
]T

g7 = [ 0 A
Ixx

0 − A
Iyy

0 1
Izz

Kt

Kf
]T

g8 = [ 0 A
Ixx

0 − A
Iyy

0 − 1
Izz

Kt

Kf
]T

(12)

with A = l
√
2
2

. When applying the controllability test with unilateral control
inputs, the Lie Algebra evaluates to:

L = span{g1, g2, g3, [f, g1], [f, g2], [f, g3]} (13)

with det(L)=
−16A4K2

t

I2xxI
2
yyI

2
zzK

2
f
6= 0, so that its dimension is equal to 6. The Lie

Algebra is constructed using the Philip Hall basis, which is a sequence ob-
tained through a breadth-first search that prunes all redundant vector fields
arising from the skew symmetry and Jacobi identity properties. It is shown
that three actuators are sufficient to ensure accessibility from equilibrium
position provided that there is no duality between any two failed motors
(two motors are called dual if they generate opposite torques in the three
directions). However, intuitively, this will not imply that the system will be
STLC with three actuators only. To prove that the system is STLC from
zero-velocity states, we have to verify the three conditions of proposition 1:

1. The LARC was verified with good Lie brackets of maximum degree 2,
see Eq.(13);

2. We have from (12)
∑8

i=1 gi(x) = 0;

3. The only bad bracket with degree lower than or equal to 2 is f . However
if we postulate that the octorotor is moving from an initial condition
with velocity close to zero, then f is neutralized;

Thus, the system is STLC from zero-velocity state. In this case, the LARC
can be used directly to prove STLC since the control vectors are symmetric
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and then the system can move forward and backward.

a- One motor failure:
For one motor failure, the LARC can be verified as in (13) by any three
control vectors corresponding to any three actuators, from the seven healthy
ones, such that no duality exist between two of them. Again, the only bad
Lie bracket that should be neutralized is f . Without loss of generality, we
consider for example that motor 1 failed. Condition 2 is then verified by
the following λi’s: λ2 = λ4 = λ8 = α, λ3 = λ5 = λ7 = 2

3
α, λ6 = 1

3
α with

α ∈ (0, 1).

b- Two motors failures:

The results of the controllability evaluation for two motors failures are
shown in Table I. Due to the system symmetry, and without loss of generality,
the calculations are developed only for 5 cases, where motors 1 and i fail,
with i = 2, 3, ..6 (the following combinations are symmetric: 1&3 and 1&7 on
one hand, 1&4 and 1&8 on the other hand). Conditions 1 and 3 are validated
as demonstrated in the previous subsection. Condition 2 is verified for the
different combinations using these λis:

C1: Motors 1 & 2: λ5 = λ6 = 0, λ3 = λ4 = λ7 = λ8 = α with α ∈ (0, 1);

C2: Motors 1 & 3: λ2 = λ4 = α, λ5 = λ6 = λ7 = λ8 = 1
2
α with α ∈ (0, 1);

C3: Motors 1 & 4: λ6 = λ7 = 0, λ2 = λ3 = λ5 = λ8 = α with α ∈ (0, 1);

C4: Motors 1 & 5: λ4 = λ8 = α, λ2 = λ3 = λ6 = λ7 = 1
2
α with α ∈ (0, 1);

C5: Motors 1 & 6: λi = α i = 2, ..., 8 with α ∈ (0, 1);

Two special cases should be considered (C1 and C3), where some coeffi-
cients λ are null, and so the system will be studied without considering the
actuators corresponding to the zeros coefficients.

Case 3 (same procedure for case 1): Consider the system with only four
actuators (2, 3, 5 and 8). The L(∆) is formed by considering the following
Lie Brackets:

{g2, g3, [f, g2], [f, g3], [g2, [f, g5]], [f, [f, g2]]} (14)
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det(L) =
(8d3K3

t ∗(Iyy−Izz)∗(I2yyKtθ̇+I2zzAKf ψ̇−IyyIzzKtθ̇−IyyIzzAKf ψ̇))

(I2xxI
4
yyI

4
zzK

4
f )

6= 0 if θ̇ 6= 0 or

ψ̇ 6= 0. The system is found to be accessible for all conditions except when
θ̇ = 0 or ψ̇ = 0. The LARC is not verified at the equilibrium position and
the system is not STLC from zero velocities states.

Motors failures Controllability Motors failures Controllability
1 & 2 Inaccessible from zero velocities 1 & 3 STLC
1 & 4 Inaccessible from zero velocities 1 & 5 STLC
1 & 6 STLC 1 & 7 STLC
1 & 8 Inaccessible from zero velocities 2 & 3 Inaccessible from zero velocities
2 & 4 STLC 2 & 5 STLC
2 & 6 STLC 2 & 7 Inaccessible from zero velocities
2 & 8 STLC 3 & 4 Inaccessible from zero velocities
3 & 5 STLC 3 & 6 Inaccessible from zero velocities
3 & 7 STLC 3 & 8 STLC
4 & 5 Inaccessible from zero velocities 4 & 6 STLC
4 & 7 STLC 4 & 8 STLC
5 & 6 Inaccessible from zero velocities 5 & 7 STLC
5 & 8 Inaccessible from zero velocities 6 & 7 Inaccessible from zero velocities
6 & 8 STLC 7 & 8 Inaccessible from zero velocities

Table 1: STLC analysis for the coaxial counter-rotating octorotor after two motors
failures

Note that, in this table, acessibility is not equivalent to small time local
controllability. However, the inaccessibility from zero velocity states imply
that the system is not small time locally controllable at the equilibrium given
the set of sufficient conditions used.
In 12 from the 28 combinations, the octorotor is not STLC from zero-velocity
states. The results are extended for a higher number of rotors failures (three
and four). It can be deduced that the octorotor is STLC just for 16 from
56 combinations of three motors failures (any three upper motors failures or
any three lower motors failures) and for just 2 combinations of four motors
failures: the four upper or the four lower motors.

The results obtained above representing the controllability status from
the equilibrium positions are the same of those obtained from the applica-
tion of the Attainable Control Set method as in (Schneider et al. (2012)).
However, the latter method is used for the study of static controllability,
which is based on the computation of the control authority and the attain-
able control, while neglecting the nonlinear dynamics of the multirotor.

c- Stabilizability analysis
We show that the system is not even stabilizable by a continuous state-
feedback control law in the cases where it is not small-time local controllable.
A necessary condition (Brockett 1983) for the existence of a continuous state
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feedback law that asymptotically stabilizes this system is that the image of
the mapping R6xRm → R6 defined by:

(x, u1, u2, ..., um)→ f(x) +
m∑
i=1

gi(x)ui (15)

contains a neighbourhood of zero. This condition is satisfied if and only if
the system

ε1
ε2
ε3
ε4
ε5
ε6

 =



φ̇
Iyy−Izz
Ixx

θ̇ψ̇

ψ̇
Izz−Ixx
Iyy

φ̇ψ̇

ψ̇
Ixx−Iyy
Izz

φ̇θ̇


+



0
− A
Ixx

0
− A
Iyy

0
− 1
Izz

Kt

Kf


u1+



0
− A
Ixx

0
− A
Iyy

0
1
Izz

Kt

Kf


u2+...+



0
A
Ixx

0
− A
Iyy

0
− 1
Izz

Kt

Kf


u8

(16)
is solvable for any ε = (ε1 ε2 ε3 ε4 ε5 ε6) near 0. Let ε1 = ε3 = ε5 = 0. This
implies φ̇ = θ̇ = ψ̇ = 0, Iyy−Izz

Ixx
θ̇ψ̇ = Izz−Ixx

Iyy
φ̇ψ̇ = Ixx−Iyy

Izz
φ̇θ̇ = 0 and (16)

becomes:

 ε2
ε4
ε6

 =

 − A
Ixx

− A
Ixx

− A
Ixx

− A
Ixx

A
Ixx

A
Ixx

A
Ixx

A
Ixx

− A
Iyy

− A
Iyy

A
Iyy

A
Iyy

A
Iyy

A
Iyy

− A
Iyy

− A
Iyy

− 1
Izz

Kt

Kf

1
Izz

Kt

Kf

1
Izz

Kt

Kf
− 1
Izz

Kt

Kf
− 1
Izz

Kt

Kf

1
Izz

Kt

Kf

1
Izz

Kt

Kf
− 1
Izz

Kt

Kf





u1
u2
u3
u4
u5
u6
u7
u8


(17)

For failures of motors 1 & 2, no points of the form ε = (0, 0, 0, δ, 0, 0), δ < 0,
are in the image of the mapping. Thus, the condition is violated. Same
calculations and conclusions are conducted for the cases where the system
was shown not to be controllable.

d- Controllability without yaw angle and angular velocity
Considering that we forsake control of the yaw angle and the angular velocity
in critical cases, we study in this section the controllability of the system
attitude including roll and pitch states. We will consider only the two cases
C1 and C3.
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Consider x = [φ φ̇ θ θ̇]T ∈ R4 as the attitude state vector. f and gi are
then written as:

f =


φ̇

(Iyy−Izz)
Ixx

θ̇ψ̇

θ̇
(Izz−Ixx)

Iyy
φ̇ψ̇

 (18)

g1 = [ 0 − A
Ixx

0 − A
Iyy

]T g2 = [ 0 − A
Ixx

0 − A
Iyy

]T

g3 = [ 0 − A
Ixx

0 A
Iyy

]T g4 = [ 0 − A
Ixx

0 A
Iyy

]T

g5 = [ 0 A
Ixx

0 A
Iyy

]T g6 = [ 0 A
Ixx

0 A
Iyy

]T

g7 = [ 0 A
Ixx

0 − A
Iyy

]T g8 = [ 0 A
Ixx

0 − A
Iyy

]T

(19)

In case of failures of motors 1&4, the Lie Algebra evaluates to:

L = span{g2, g3, [f, g2], [f, g3]} (20)

with det(L) = − 4A2

I2xx∗I2yy
6= 0 for Lie brackets of maximum degree of 2. Having

f = 0 at zero velocities states, and
∑
gi(x)ui = 0 , i = 2, 3, 5, 8, the LARC

guarantees that the system is STLC from the equilibrium when sacrificing
the yaw control.

In case of failures of motors 1&2, consider the reduced system composed
of the roll, pitch and yaw rates only. The Lie Algebra is:

L = span{g3, [f, g3], [f, [f, g3]]} (21)

det(L) 6= 0 if ψ̇ 6= 0 or ψ̇ 6= 0 & φ̇ 6= 0 or ψ̇ 6= 0 & θ̇ 6= 0. Thus, the reduced
attitude can be controlled if the system rotates around the z axis in a single
direction since ψ̇ can not be null. The difference between these two cases is
that the yaw state is not controlled when the motors 1&4 fail but the yaw
rate can be null. However, the octorotor must rotate continuously around
the z axis in the other case.

4.1.2. Coaxial Co-Rotating Octorotor

The configuration of the coaxial co-rotating octorotor is shown in Fig.
1.b.
The attitude system is also written as:

ẋ = f1(x) +
8∑
i=1

g1i(x)ui (22)
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where f1(x) = f(x) and g1i are as follows:

g11 = [ 0 − A
Ixx

0 − A
Iyy

0 − 1
Izz

Kt

Kf
]T

g12 = [ 0 − A
Ixx

0 − A
Iyy

0 − 1
Izz

Kt

Kf
]T

g13 = [ 0 − A
Ixx

0 A
Iyy

0 1
Izz

Kt

Kf
]T

g14 = [ 0 − A
Ixx

0 A
Iyy

0 1
Izz

Kt

Kf
]T

g15 = [ 0 A
Ixx

0 A
Iyy

0 − 1
Izz

Kt

Kf
]T

g16 = [ 0 A
Ixx

0 A
Iyy

0 − 1
Izz

Kt

Kf
]T

g17 = [ 0 A
Ixx

0 − A
Iyy

0 1
Izz

Kt

Kf
]T

g18 = [ 0 A
Ixx

0 − A
Iyy

0 1
Izz

Kt

Kf
]T

(23)

The same procedure as in section 4.1.1 is followed for this configuration.
Calculations details are omitted due to the lack in space. The small time local
controllability results after two, three and four motors failures are shown in
Tables 2, 3 and 4 respectively.

Motors failures Controllability Motors failures Controllability
1 & 2 Inaccessible from zero velocities 1 & 3 STLC
1 & 4 STLC 1 & 5 STLC
1 & 6 STLC 1 & 7 STLC
1 & 8 STLC 2 & 3 STLC
2 & 4 STLC 2 & 5 STLC
2 & 6 STLC 2 & 7 STLC
2 & 8 STLC 3 & 4 Inaccessible from zero velocities
3 & 5 STLC 3 & 6 STLC
3 & 7 STLC 3 & 8 STLC
4 & 5 STLC 4 & 6 STLC
4 & 7 STLC 4 & 8 STLC
5 & 6 Inaccessible from zero velocities 5 & 7 STLC
5 & 8 STLC 6 & 7 STLC
6 & 8 STLC 7 & 8 Inaccessible from zero velocities

Table 2: STLC analysis of the coaxial co-rotating octorotor after two motors failures.

Motors failures Controllability Motors failures Controllability
1 & 2 & 3 Inaccessible from zero velocities 1 & 2 & 4 Inaccessible from zero velocities
1 & 2 & 5 Inaccessible from zero velocities 1 & 2 & 6 Inaccessible from zero velocities
1 & 2 & 7 Inaccessible from zero velocities 1 & 2 & 7 Inaccessible from zero velocities
1 & 3 & 4 Inaccessible from zero velocities 1 & 3 & 5 STLC
1 & 3 & 6 STLC 1 & 3 & 7 STLC
1 & 3 & 8 STLC 1 & 4 & 5 STLC
1 & 4 & 6 STLC 1 & 4 & 7 STLC
1 & 4 & 8 STLC 1 & 5 & 6 STLC
1 & 5 & 7 STLC 1 & 5 & 8 STLC
1 & 6 & 7 STLC 1 & 6 & 8 STLC
1 & 7 & 8 Inaccessible from zero velocities

Table 3: STLC analysis of the coaxial co-rotating octorotor after three motors failures.

Motors failures Controllability Motors failures Controllability
1 & 2 & –& – Inaccessible from zero velocities 1 & 3 & 4 & - Inaccessible from zero velocities
1 & 3 & 5 & 6 Inaccessible from zero velocities 1 & 3 & 5 & 7 STLC
1 & 3 & 5 & 8 STLC 1 & 3 & 6 & 7 STLC
1 & 3 & 6 & 8 STLC 1 & 3 & 7 & 8 Inaccessible from zero velocities
1 & 4 & 5 & 6 Inaccessible from zero velocities 1 & 4 & 5 & 7 STLC
1 & 4 & 5 & 8 STLC 1 & 4 & 6 & 7 STLC
1 & 4 & 6 & 8 STLC 1 & 4 & 7 & 8 Inaccessible from zero velocities
1 & 5 & 6 & 7 STLC 1 & 5 & 6 & 8 STLC
1 & 5 & 7 & 8 Inaccessible from zero velocities 1 & 6 & 7 & 8 Inaccessible from zero velocities
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Table 4: STLC analysis of the coaxial co-rotating octorotor after four motors failures.

4.1.3. PPNNPPNN Star-Shaped Octorotor

For this configuration (see Fig. 2.a), the differential equations describing
the star-shaped octorotor dynamics are the same of those for coaxial octoro-
tor. However, the effectiveness matrix differs since the distribution of the
rotors is not the same.

Thus f2 = f and g2i are written as:

g21 = [ 0 1
Ixx
Kf l sin(γ1) 0 − 1

Iyy
Kf l cos(γ1) 0 1

Izz
Kt

Kf
]T

g22 = [ 0 1
Ixx
Kf l sin(γ2) 0 − 1

Iyy
Kf l cos(γ2) 0 1

Izz
Kt

Kf
]T

g23 = [ 0 1
Ixx
Kf l sin(γ3) 0 − 1

Iyy
Kf l cos(γ3) 0 − 1

Izz
Kt

Kf
]T

g24 = [ 0 1
Ixx
Kf l sin(γ4) 0 − 1

Iyy
Kf l cos(γ4) 0 − 1

Izz
Kt

Kf
]T

g25 = [ 0 1
Ixx
Kf l sin(γ5) 0 − 1

Iyy
Kf l cos(γ5) 0 1

Izz
Kt

Kf
]T

g26 = [ 0 1
Ixx
Kf l sin(γ6) 0 − 1

Iyy
Kf l cos(γ6) 0 1

Izz
Kt

Kf
]T

g27 = [ 0 1
Ixx
Kf l sin(γ7) 0 − 1

Iyy
Kf l cos(γ7) 0 − 1

Izz
Kt

Kf
]T

g28 = [ 0 1
Ixx
Kf l sin(γ8) 0 − 1

Iyy
Kf l cos(γ8) 0 − 1

Izz
Kt

Kf
]T

(24)

where γi denotes the angle between the arms of the vehicle and the major
x-axis as shown previously in Fig. 3.

The controllability results are also presented after two, three and four
motors failures in Tables 5, 6 and 7 respectively, and will be discussed later.

Motors failures Controllability Motors failures Controllability
1 & 2 Inaccessible from zero velocities 1 & 3 STLC
1 & 4 STLC 1 & 5 STLC
1 & 6 STLC 1 & 7 STLC
1 & 8 STLC 2 & 3 STLC
2 & 4 STLC 2 & 5 STLC
2 & 6 STLC 2 & 7 STLC
2 & 8 STLC 3 & 4 Inaccessible from zero velocities
3 & 5 STLC 3 & 6 STLC
3 & 7 STLC 3 & 8 STLC
4 & 5 STLC 4 & 6 STLC
4 & 7 STLC 4 & 8 STLC
5 & 6 Inaccessible from zero velocities 5 & 7 STLC
5 & 8 STLC 6 & 7 STLC
6 & 8 STLC 7 & 8 Inaccessible from zero velocities

Table 5: STLC analysis of the PPNNPPNN star-shaped octorotor after two motors
failures.

Motors failures Controllability Motors failures Controllability
1 & 2 & 3 Inaccessible from zero velocities 1 & 2 & 4 Inaccessible from zero velocities
1 & 2 & 5 Inaccessible from zero velocities 1 & 2 & 6 Inaccessible from zero velocities
1 & 2 & 7 Inaccessible from zero velocities 1 & 2 & 7 Inaccessible from zero velocities
1 & 3 & 4 Inaccessible from zero velocities 1 & 3 & 5 STLC
1 & 3 & 6 STLC 1 & 3 & 7 STLC
1 & 3 & 8 STLC 1 & 4 & 5 STLC
1 & 4 & 6 STLC 1 & 4 & 7 STLC
1 & 4 & 8 STLC 1 & 5 & 6 STLC
1 & 5 & 7 STLC 1 & 5 & 8 STLC
1 & 6 & 7 STLC 1 & 6 & 8 STLC
1 & 7 & 8 Inaccessible from zero velocities
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Table 6: STLC analysis of the PPNNPPNN star-shaped octorotor after three motors
failures.

Motors failures Controllability Motors failures Controllability
1 & 2 & –& – Inaccessible from zero velocities 1 & 3 & 4 & - Inaccessible from zero velocities
1 & 3 & 5 & 6 Inaccessible from zero velocities 1 & 3 & 5 & 7 STLC
1 & 3 & 5 & 8 STLC 1 & 3 & 6 & 7 STLC
1 & 3 & 6 & 8 STLC 1 & 3 & 7 & 8 Inaccessible from zero velocities
1 & 4 & 5 & 6 Inaccessible from zero velocities 1 & 4 & 5 & 7 STLC
1 & 4 & 5 & 8 STLC 1 & 4 & 6 & 7 STLC
1 & 4 & 6 & 8 STLC 1 & 4 & 7 & 8 Inaccessible from zero velocities
1 & 5 & 6 & 7 Inaccessible from zero velocities 1 & 5 & 6 & 8 Inaccessible from zero velocities
1 & 5 & 7 & 8 Inaccessible from zero velocities 1 & 6 & 7 & 8 Inaccessible from zero velocities

Table 7: STLC analysis of the PPNNPPNN star-shaped octorotor after four motors
failures.

4.1.4. PNPNPNPN Star-Shaped Octorotor

The control vector inputs of this configuration (see Fig. 2.b) are written
as:

g21 = [ 0 1
Ixx
Kf l sin(γ1) 0 − 1

Iyy
Kf l cos(γ1) 0 1

Izz
Kt

Kf
]T

g22 = [ 0 1
Ixx
Kf l sin(γ2) 0 − 1

Iyy
Kf l cos(γ2) 0 − 1

Izz
Kt

Kf
]T

g23 = [ 0 1
Ixx
Kf l sin(γ3) 0 − 1

Iyy
Kf l cos(γ3) 0 1

Izz
Kt

Kf
]T

g24 = [ 0 1
Ixx
Kf l sin(γ4) 0 − 1

Iyy
Kf l cos(γ4) 0 − 1

Izz
Kt

Kf
]T

g25 = [ 0 1
Ixx
Kf l sin(γ5) 0 − 1

Iyy
Kf l cos(γ5) 0 1

Izz
Kt

Kf
]T

g26 = [ 0 1
Ixx
Kf l sin(γ6) 0 − 1

Iyy
Kf l cos(γ6) 0 − 1

Izz
Kt

Kf
]T

g27 = [ 0 1
Ixx
Kf l sin(γ7) 0 − 1

Iyy
Kf l cos(γ7) 0 1

Izz
Kt

Kf
]T

g28 = [ 0 1
Ixx
Kf l sin(γ8) 0 − 1

Iyy
Kf l cos(γ8) 0 − 1

Izz
Kt

Kf
]T

(25)

This analysis shows that the attitude of the PNPNPNPN star-shaped
octorotor is STLC for all two-motors failures. For three and four motors fail-
ures, the results are stored in Tables 8 and 9 respectively. The experimental
applicability of these results will be discussed later.

Motors failures Controllability Motors failures Controllability
1 & 2 & 3 Inaccessible from zero velocities 1 & 2 & 4 STLC
1 & 2 & 5 STLC 1 & 2 & 6 STLC
1 & 2 & 7 STLC 1 & 2 & 8 Inaccessible from zero velocities
1 & 3 & 4 STLC 1 & 3 & 5 Inaccessible from zero velocities
1 & 3 & 6 STLC 1 & 3 & 7 Inaccessible from zero velocities
1 & 3 & 8 STLC 1 & 4 & 5 STLC
1 & 4 & 6 STLC 1 & 4 & 7 STLC
1 & 4 & 8 STLC 1 & 5 & 6 STLC
1 & 5 & 7 Inaccessible from zero velocities 1 & 5 & 8 STLC
1 & 6 & 7 STLC 1 & 6 & 8 STLC
1 & 7 & 8 Inaccessible from zero velocities

Table 8: STLC analysis of the PNPNPNPN star-shaped octorotor after three motors
failures.
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Motors failures Controllability Motors failures Controllability
1 & 2 & 3 & 4 Inaccessible from zero velocities 1 & 2 & 3 & 5 Inaccessible from zero velocities
1 & 2 & 3 & 6 Inaccessible from zero velocities 1 & 2 & 3 & 7 Inaccessible from zero velocities
1 & 2 & 3 & 8 Inaccessible from zero velocities 1 & 2 & 4 & 5 STLC
1 & 2 & 4 & 6 Inaccessible from zero velocities 1 & 2 & 4 & 7 STLC
1 & 2 & 4 & 8 Inaccessible from zero velocities 1 & 2 & 5 & 6 STLC
1 & 2 & 5 & 7 Inaccessible from zero velocities 1 & 2 & 5 & 7 Inaccessible from zero velocities
1 & 2 & 6 & 7 STLC 1 & 2 & 6 & 8 Inaccessible from zero velocities
1 & 2 & 7 & 8 Inaccessible from zero velocities 1 & 3 &4 & 5 Inaccessible from zero velocities
1 & 3 & 4 & 6 STLC 1 & 3 & 4 & 7 Inaccessible from zero velocities
1 & 3 & 4 & 8 STLC 1 & 3 & 5 & 6 Inaccessible from zero velocities
1 & 3 & 5 & 7 Inaccessible from zero velocities 1 & 3 & 5 & 8 Inaccessible from zero velocities
1 & 3 & 6 & 7 Inaccessible from zero velocities 1 & 3 & 6 & 8 STLC
1 & 3 & 7 & 8 Inaccessible from zero velocities 1 & 4 & 5 & 6 Inaccessible from zero velocities
1 & 4 & 5 & 7 Inaccessible from zero velocities 1 & 4 & 5 & 8 STLC
1 & 4 & 6 & 7 STLC 1 & 4 & 6 & 8 Inaccessible from zero velocities
1 & 4 & 7 & 8 Inaccessible from zero velocities 1 & 5 & 6 & 7 Inaccessible from zero velocities
1 & 5 & 6 & 8 STLC 1 & 5 & 7 & 8 Inaccessible from zero velocities
1 & 6 & 7 & 8 Inaccessible from zero velocities

Table 9: STLC analysis of the PNPNPNPN star-shaped octorotor after four motors
failures.

4.2. Discussion

The analysis presented above considers only the attitude controllability
problem. However, the multirotor should also maintain constant altitude
after failures occurrence. When trying to guarantee these two conditions,
motors limits can be violated. Equilibrium thrusts should be calculated for
each multirotor in each failure case in order to study this effect.

Without taking into consideration actuators limits, Table 10 presents a
comparison between the different octorotor configurations in terms of con-
trollability after two motors failures.

Arrangement %Controllability
Coaxial Counter-rotating 57.1 %

Coaxial Co-rotating 85.71 %
PPNNPPNN star-shaped 85.71 %
PNPNPNPN star-shaped 100 %

Table 10: Controllability comparison for different multirotor arrangements with two
rotor failures.

The results show that the PNPNPNPN arrangement is theoretically the best
in terms of fault tolerance since the octorotor can maintain stable attitude
after all combinations of two motors failures. However, the experimental
applicability of these results should also be studied in terms of the used
motors and the maximum thrust they can provide. For example, in case of
failures of motors 2 and 4 in a PNPNPNPN configuration, the equilibrium
states are: f1 = 0.58F , f3 = 2.82F , f5 = 0.58F , f6 = 2F , f7 = 0, f8 = 2F ,
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where fi denotes the commanded thrust of motor i, and F is the thrust
provided by each motor in nominal flight. It is possible that f3 exceeds the
thrust limit of the actuator and the equilibrium could not be implemented
on the octorotor.

On the other hand, the controllability analysis has shown that the three
presented octorotor configurations are better than the coaxial counter-rotating
octorotor in terms of fault tolerance capabilities. However when designing
a multirotor vehicle, there are other criteria to be taken into consideration.
For example, compared to the second configuration, the coaxial octorotor
has better thrust since two coaxial rotors spinning in the same direction
interfere with each other (Rinaldi (2014)). Compared to the star-shaped
configurations, a coaxial octorotor has advantages in terms of the UAV size.
A classical star octorotor needs more arms, and each arm needs to be longer
to guarantee adequate spacing among the rotors.

5. Control Mixing and State Feedback Control

The state feedback control law used in both normal and degraded sit-
uations for the attitude stabilization is the PD controller with saturations
for the roll and pitch control and the PID controller for the yaw control.
Both make use of information obtained from the Inertial Measurement Unit
(IMU).

τφ = Ixx
g

[σpy(kpy(y − yd)) + σdy(kdyẏ)−
σpφ(kpφφ)− σdφ(kdφφ̇)]

τθ = − Iyy
g

[σpx(kpx(x− xd)) + σdx(kdxẋ)−
σpθ(kpθθ)− σdθ(kdθθ̇)]

τψ = Kpe+Kdė+KI

∫ t
0
e(τ)dτ

(26)

All the terms kαγ and Kβ are the controller’s positive gains. σpy, σdy, σpφ,
σdφ, σpx, σdx, σpθ, and σdθ are saturation functions defined as follows:

σbi(s) = bi if s > bi
σbi(s) = s if −bi ≤ s ≤ bi
σbi(s) = −bi if s < −bi

(27)

After a failure occurrence, the attitude is stabilized via a state feedback
control law and a reconfiguration of the control mixing. A set of control
mixing laws, each matching a fault situation, are computed offline by resolv-
ing a constrained non linear optimization problem, see (Saied et al. (2015)).
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Figure 4: The experimental Octorotor

Based on the output of a Fault Detection and Isolation (FDI) module, the
corresponding law is applied.

6. Experimental Validation

The control mixing and the feedback control law introduced above were
coded in C++ and downloaded on the IGEP microcontroller to be run on-
board. Different experimental tests are presented to demonstrate the effec-
tiveness of the designed control system and to validate the controllability
analysis.

6.1. Experimental System

The Robotex coaxial octorotor UAV of the Heudiasyc laboratory is shown
in Figure 4. It uses Bl2827− 35 brushless motors driven with BLCTRLV 2
controllers (Mikrokopter) giving motors speeds measurements. It is equipped
with a Microstrain 3DMGX3 − 25 Inertial Measurement Unit (IMU) com-
posed of accelerometer, gyroscope, and magnetometer sensors giving Euler
angles and rotation speed measurements at 100 Hz, and an ultrasonic sen-
sor SRF08 giving altitude measurements. The control law is executed in
real time onboard the vehicle. The UAV program is connected to a ground
station where the parameters (control laws, filters...) are tuned during the
system development.

The octorotor inertia was extracted from the software Catia and was
found to be as follows: Ixx = Iyy = 4.2 ∗ 10−2Kg.m2, Izz = 7.5 ∗ 10−2Kg.m2.
The propeller inertia was neglected. The vehicle mass was measured to be
1.6kg, and the distance from the center of mass to the center of the propellers
is l = 0.23m. The propellers were characterized using a force/torque sensor.
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The thrust and reaction torque coefficients were estimated as Kf = 3 ∗
10−5Ns2/rad2 and Kt = 7 ∗ 10−7Nm/rad2.

6.2. Activity and Fault Injection

Different experiments were conducted where one, two, three and four
motors failures are considered:

1. Failure of motor 6;

2. Failures of motors 6 and 2;

3. Failures of motors 6 and 4;

4. Failures of motors 6 and 1;

5. Failures of motors 6, 2 and 4;

6. Failures of motors 6, 2, 4 and 8;

These scenarios represent all the non symmetric cases where the octorotor
was shown to be STLC.

To illustrate a total failure in the propeller system, a motor is turned off
by setting its power to zero from the ground station or by remote control.

6.3. Results

In these scenarios, the octorotor is brought to a hovering stable flight,
then the failures are injected. Due to the lack in space, only the results
of the experiment 6 will be presented where four failures are injected suc-
cessively. The other experiments are shown in the video accompanying the
paper [https : //youtu.be/P6o RFQGpps].

The motors 6, 2, 4 and 8 are turned off successively from the ground
station, at times t6 = 33.37s, t2 = 41.05s, t4 = 49.2s, and t8 = 57.6s. An FDI
module was also implemented, so that the control mixing was reconfigured
after 0.23s and 0.84s for motors 6 and 2 respectively and automatically after
1s without diagnosis for motors 4 and 8. The position in x and y of the
octorotor is controlled using a motion capture system.

The motors speeds are shown in Fig. 2. The altitude and angular speeds
are presented in Fig. 3 and 4. The results validate the controllability results
deduced above from the analysis, and the possibility to stabilize the octorotor
by a continuous state feedback law after one or more motors failures. This is
a motivation for using multirotors with redundant actuators instead of using
quadrotors.
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Figure 5: Motors speeds after four motors failures [rpm]; Faults are injected respectively
on motors 6, 2, 4 and 8 at times t6 = 33.73 s, t2 = 41.05 s, t4 = 49.2 s and t8 = 57.6 s.

The dashed lines indicate the fault injections times

Figure 6: Altitude after four motors failure [m]; The octorotor takes off at time t = 15 s,
then faults are injected respectively on motors 6, 2, 4 and 8 at times t6 = 33.73 s, t2 =
41.05 s, t4 = 49.2 s and t8 = 57.6 s. The octorotor lands at time t = 68 s. The dashed

lines indicate the fault injections times
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Figure 7: Euler angles after four motors failure [deg]. Faults are injected respectively on
motors 6, 2, 4 and 8 at times t6 = 33.73 s, t2 = 41.05 s, t4 = 49.2 s and t8 = 57.6 s. The

dashed lines indicate the fault injections times.
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7. Conclusions

A method has been applied to assess the controllability of multirotor
systems under actuators failures, based on the small time local controllabil-
ity theory with unilateral control inputs. This study is useful to establish
the existence of continuous control laws that can asymptotically stabilize
the system around the equilibrium. Analysis results have shown that octoro-
tors with different rotor configurations (coaxial or star-shaped) have different
fault tolerant capabilities. For example, a coaxial counter-rotating octorotor
can maintain roll, pitch and yaw control for 55.5% of all fault configurations
up to two random rotor failures and for 23.4% of fault configurations up to
any four rotor failures. The control of the reduced attitude (without yaw
control, see section 4.1.1) is possible for all the 162 possible fault combina-
tions considering that at least four motors are healthy.
An actuator failure recovery technique has been applied to this coaxial oc-
torotor for scenarios representing all the non symmetric cases where the oc-
torotor was shown to be STLC. Although the design and the study in this
paper are specifically aimed at the octorotor application, they can be applied
to any multirotor with actuator redundancy.

The controllability study presented in this paper was applied to the non-
linear model of the octorotor attitude, however, a comparative study shows
that the results obtained in this paper, are equivalent to those obtained from
the application of the linear theories (Heemels and Camlibel (2007)), on the
linearized model around the equilibrium, that consider the constraints on the
inputs. This can be explained by the fact that, in this paper, the controlla-
bility was studied near zero velocity states, and that the control vectors gi
are constant and independent of the variable states. In future works, we in-
tend to apply this theory for the controllability of the octorotor under motors
failures when following trajectories.
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