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Abstract—In this paper, we investigate on some efficient chan-
nel estimation methods for the aeronautical multipaths channel.
The proposed methods exploit both the particular form of
the channel impulse response and a priori knowledge of some
parameters (mainly delays) that can be inferred from geometrical
considerations based on geolocation. The first estimation method
is based on a parametric multipath channel model while the
second tries to exploit the relative sparsity of the channel impulse
response. In both cases, this reduces the number of variables to
be estimated and it provides better performance compared to a
direct classical least-square estimation of the discrete equivalent
channel impulse response.

I. INTRODUCTION

In wireless communication systems, the estimate of the
channel impulse response is necessary for the coherent demod-
ulation. For this, it is common to introduce training sequences
in the transmitted signal [1]. If the channel varies over time
and if one knows the coherence time, one can then define the
frames so that the channel can be assumed to be stationary
on each. When estimating directly the equivalent discrete
baseband channel impulse response, the use of the maximum
likelihood (ML) criterion leads to an optimal solution. How-
ever, this estimation process can be very complex due to the
memory channel which is generally long. In the presence
of Gaussian noise, ML estimation becomes equivalent to
the least square criterion (LS)[2] and reaches the Cramer-
Rao bound (CRB).Under some considerations, improvements
can be achieved if one is able to perform joint estimation
of both attenuations and delays of the continuous impulse
response which is generally practically achieved through an
iterative estimation procedure [2]. These methods are based
on a explicit multipath parametric model. However, in some
transmission systems, such as aeronautical communication
systems, some parameters for the continuous channel can be
determined in a very accurate manner, such as the delays of
the different paths, based on some geometrical considerations
from geolocation techniques [3]. This extra a priori allows
us to further reduce the unknowns of our system and leads to
more efficient multipath parametric based estimation methods.
Only the attenuation coefficients of the multipath channel will
be estimated. This has to be compared with the classical
estimation of all taps of the discrete equivalent channel as
usually done. Other features could be exploited such as the
sparsity of the channel [4].

In this paper, we are interested in the estimation of the
aeronautical multipath channel. Based on parametric models
for the impulse response of the multipath channel, we propose
simple but efficient channel estimation methods that benefit
from a known position of the mobile user. The proposed meth-
ods exploit both the particular form of the channel impulse
response and a priori knowledge of some parameters (mainly
delays) that can be inferred from geometrical considerations
based on geolocation. The first estimation method is based
on a parametric multipath channel model while the second
method tries to exploit the relative sparsity of the channel
impulse response. In both cases, this reduces the number of
variables to be estimated and it provides better performance
compared to a direct classical least-square estimation of the
discrete equivalent channel impulse response.

The paper is organized as follows. Section II reviews con-
ventional channel estimation methods using the least square
criterion (LS) with and without using a parametric multipath
model. Section III provides an application to aeronautical
communications via a satellite link and describes the two
proposed estimation methods. Simulation results are presented
in Section IV, while Section V concludes the article.

II. POSITION BASED CHANNEL ESTIMATION: A

MULTI-PATH PARAMETRIC APPROACH

A. System model

We consider a linear multipath channel with single input and
single output (SISO), that is time-invariant, where {hl, 0 ≤
l ≤ L − 1} is the equivalent channel impulse. Assuming
that the transmit and receive filters he(t) and hr(t) are both
Root Raised Cosine (RRC) filters with known parameters, the
impulse response of the global equivalent channel is given by:

h(t) =

Nt−1∑

n=0

an p(t− τn) (1)

where, an ∈ C and τn are respectively the attenuation and the
delay of the nth path and Nt is the number of paths.

After sampling at the symbol period Ts, the discrete equiv-
alent impulse response channel is given by:

hl = h(lTs) =

Nt−1∑

n=0

an p(lTs − τn) 0 ≤ l ≤ L− 1 (2)



where p(t) = he(t) ∗ hr(t).
We use a Np training sequence x = (x0, x1, . . . , xNp−1) ,

consisting of pilot symbols xi, i = 0, ..., Np − 1 with symbol
power σ2

p and Np ≥ L. Finally, the received signal can be
written as:

yk =

L−1∑

l=0

hlxk−l + wk (3)

, where wk, k = 0 · · ·Np− 1, are independent and identically
distributed additive white Gaussian (AWGN) noise samples
with variance σ2

w. The discrete channel impulse response h =
(h0, h1, . . . , hL−1)

T will be assumed constant over a frame
duration. Its memory L is supposed equal to the memory of
the raised-cosine filter p(t) and it is perfectly known at the
receiver side.

B. Unstructured LS estimator U-LSE

Unstructured LS estimation denotes the direct estimation
of the discrete equivalent channel h = (h0, h1, . . . , hL−1)

T

without any a priori. For ease of presentation, we review here
the main results of a direct estimation of h.

Assuming that h = (h0, h1, . . . , hL−1)
T is constant over

one transmission frame and unknown, the equation (3) can be
written using matrix notations as follows:

y = X h+w (4)

where

X =




xL−1 xL−2 . . . x0

xL xL−1 . . . x1

xL+1 xL . . . x2

...
... . . .

...

xNp−1 xNp−2 . . . xNp−L




, (5)

and y =
[
yL−1, yL, . . . , yNp−1

]T
, w =[

wL−1, wL, . . . , wNp−1

]T
. The corresponding Cramer-

Rao bound (CRB) for the estimation of h, noted CRBU(h),
can be obtained as follow:

CRBU(h) = F−1(h) (6)

where F (h) is the Fisher information matrix given by:

F (h) = E{∇h log(p(y,h)) [∇h log(p(y,h))]
H}

=
1

σ2
w

(
XHX

)

∇h denotes the gradient operator according to the vector
h and f(y/a) = 1

(
√

πσ2
w)Np−L+1

exp(− 1
σ2
w
||y − Xh||22).

An estimation according to the maximum likelihood criterion
(ML) can reach the CRB in the presence of AWGN noise.
In that case the unbiased ML estimator ĥML is exactly the
one given by the unbiased least-square (LS) solution ĥU−LS

given by:

ĥU−LS =
(
XHX

)−1
XH y (7)

Based on CRBU(h), a lower bound for the Mean Square
Error (MSE) MSE(ĥU−LS) = E{||ĥU−LS − h||22} is
classically given as:

MSE(ĥU−LS) = tr {CRBU(h)} = σ2
w tr

{
(XHX)−1

}

C. The Multipath Parametric Model: Structured LS estima-

tor S-LSE

The preceding approach does not take into account any
prior information on the propagation model. This approach can
be further improved by considering a parametric model and
applying joint estimation of the attenuations and the multipath
delays [2]. Thus, if we now write our model to introduce a
parametric dependence on the propagation delays equation,
equation(1) can be expressed as:

h = P (τ )a (8)

where a = (a0, . . . , aNt−1)
T , τ = (τ0 . . . , τNt−1) , and

P (τ ) =




p(0− τ0) . . . p(0− τNt−1)

p(Ts − τ0) . . . p(Ts − τNt−1)

... . . .
...

p((L− 1)Ts − τ0) . . . p((L− 1)Ts − τNt−1)




.

Equation (4) can be rewritten as:

y = X P (τ )a+w = S(τ )a+w (9)

with S(τ ) = X P (τ ). In the following, for ease of notation,
we omit the dependence on τ and we use P and S instead of
P (τ ) and S(τ ). We also use P̂ and Ŝ instead of P (τ̂ ) and
S(τ̂ ).

To evaluate the CRB CRBS(h) of this estimator, we
introduce two matrices Ṡ and Ṗ calculated as follows:

{Ṡ}kp =
∂

∂τp

L−1∑

l=0

x((L− 1) + k − l)p(lTs − τp) (10)

1 ≤ k ≤ (Np − L+ 1) ; 1 ≤ p ≤ Nt,

{Ṗ }lp =
∂

∂τp
p(lTs− τp) 1 ≤ l ≤ L ; 1 ≤ p ≤ Nt. (11)

Referring to [2] and considering ξ = (a, τ )T , we can
determine jointly the values of the attenuations a and the
delays τ . From the estimated vector ξ̂ = (â, τ̂ )T , we can
deduce the value of the estimated ĥ.

The log-likelihood function for ξ = (a, τ )T given the
observation y is:

log p(y, ξ) = −(Np − L+ 1

2
) log(πσ2

w)−
1

σ2
w

||y − S a||22
(12)

The complex Fisher information matrix for the parameter
vector as ξ = (a, τ )T is:

F (ξ) = E{∇h log p(y, ξ) [∇h log p(y, ξ)]
H}

=
1

σ2
w

(
SHS SHḂ

ḂHS 2ℜ{ḂHḂ}

)



where ℜ{(.)} stands for the real part of (.) and, Ḃ =
Ṡ diag(a), with diag(x) is a matrix which puts x on the
main diagonal.

The CRB of this structured LS estimator (S-LSE) of h is
calculated as follows [2]:

CRBS(h) = JF (ξ)−1JH ≤ CRBU(h). (13)

Considering Ȧ = Ṗ diag(a), J = [P , Ȧ] denotes the
Jacobian corresponding to equation (8).

Using the formula for the inverse of a block matrix F (ξ)
as well as the matrix inversion lemma, after some algebra we
obtain:

JF (ξ)−1JH = σ2
w P

(
SHS

)−1
PH +Φ (14)

where Φ is a term that depends on the CRB of the estimation
of the propagation delay τ , denoted CRB(τ ). Finally, Φ is
determined as follows:

Φ = P
(
S†Ḃ

)
CRB(τ )

(
S†Ḃ

)H

PH + Ȧ CRB(τ ) ȦH

+ Ȧ CRB(τ )
(
PS†Ḃ

)H

+ PS†Ḃ CRB(τ ) ȦH

where, x† = (xHx)−1 xH , is a generalized inverse matrix of
x (pseudo-inverse).

Given that CRB(τ ) is the second term diagonal of the
matrix F (ξ)−1, by identification we have the following ex-
pression [2]:

CRB(τ ) = σ2
w

[
2ℜ{ḂHḂ} − ḂHSS†Ḃ

]−1

. (15)

Since the impulse response can be expressed as a function of
the parameters via (8), the MSE for the estimation of ĥS−LS ,
a LS estimator based on the multi-path parametric model, is
lower bounded by:

MSE(ĥS−LS) ≥ tr {CRBS(h)} (16)

≥ σ2
w tr

{
P

(
SHS

)−1
PH

}

Indeed, equation (14) clearly shows that the amplitude esti-
mation is penalized when the delays are not known and it is
coupled with the delay error via the additional contribution
represented by the term Φ.

Let us now consider the particular interesting case when
the vector τ is known (based on geo-localization and a
geometrical model of the scene for example). We get:

CRB(τ ) = 0 ; Φ = 0 (17)

Thus, knowing the value of τ , the channel estimation is re-
duced to the estimation of the vector of the fading coefficients
â which is given by

{
âLS =

(
SHS

)−1
SHy

ĥS−LS = P âLS

In the presence of AWGN noise, the MSE of the estimated
vector ĥS−LS is given by:

MSE(ĥS−LS) = σ2
w tr

{
P

(
SHS

)−1
PH

}
(18)

In the following, we further assume that we have an ideal
training sequence satisfying

1

Np − L+ 1
XHX = σ2

p IL×L. (19)

By applying the assumption (19) and after some matrix
algebra, we obtain:

MSE(ĥU−LS) = tr {CRBU(h)} = σ2
w

σ2
p(Np − L+ 1)

L

MSE(ĥS−LS) = tr {CRBS(h)}

=
σ2
w

σ2
p(Np − L+ 1)

tr
{
P

(
PHP

)−1
PH

}
=

σ2
w

σ2
p(Np − L+ 1)

Nt

As a consequence, with the same number of pilot symbols
and the same value of signal-to-noise (SNR) ratio
SNR = σ2

p/σ
2
w, the structured and unstructured estimators

can reach two different values for the MSE and it can be
shown that

MSE(ĥS−LS) ≤MSE(ĥU−LS). (20)

The performance gain in terms of MSE given by the structured
estimator is given by:

GdB = 10 log10

(
MSE(ĥU−LS)

MSE(ĥS−LS)

)
= 10 log10

(
L

Nt

)
.

(21)
According to the above expression, the gain provided by the S-
LSE estimation with respect to the U-LSE estimation becomes
more important if the number of paths Nt is very small
compared to the channel memory L. The preceding study will
be used for the derivation of an efficient estimation method
for aeronautical communications via a satellite channel.

III. APPLICATION TO AERONAUTICAL COMMUNICATIONS

VIA A SATELLITE LINK

A. Channel model

The aeronautical satellite channel, proposed in [5], is char-
acterized by a strong line of sight (LOS) component that is
present most of the time. Depending on the type of ground
and the geometry of the scene, multiple delayed reflections
from the ground arrive at the aircraft with a given attenuation
compared to the LOS component (Fig.1). The delay spread
associated to these reflexions is very small compared to the
signal period.

The direct signal from the satellite, can also undergo
reflections on the surface of fuselage aircraft before being
intercepted by the receiver omnidirectional antenna. These
local scatterers have very small delays with respect to the
considered signal period. Thus, the line of sight (LOS) signal
is the sum of a direct signal and a non frequency selective
Rayleigh fading process due to the scatterers on the fuselage.



Fig. 1: Geometry illustration of the aeronautical communica-
tion channel.

In conclusion, the aeronautical channel is described as a
multipath channel consisting essentially of two main paths, a
direct path (noted LOS) between the satellite and the aircraft
to which is added a reflection path on the ground surface
(noted GR for Ground Reflexion) [5]. The LOS path has an
attenuation coefficient aLOS that follows a Rice distribution
with a Rice factor [kLOS ]dB ≈ 14 dB [6]. The direct path
is considered as the reference path in terms of time. The
GR path representing the reflection on the ground is delayed
by τGR and affected by an attenuation aGR which follows a
Rayleigh distribution [6]. The power of each path E{|aLOS |2}
and E{|aGR|2} is deduced by knowing the signal-to-multipath
power ratio, denoted C/M given by:





C/M = 10 log10

(
E{|aLOS |2}
E{|aGR|2}

)

with: E{|aGR|2}+ E{|aGR|2} = 1

Taking into account the geometrical properties of the scene,
it is possible to estimate τGR if some a priori information on
the position of the aircraft is available. This can be achieved
by using some geolocation techniques. An estimate of τGR

can be calculated from the knowledge of the elevation angle ε
between the aircraft and a geostationary satellite obtained by
GPS measurements [7]:

τ̂GR =
2H sin(ε̂)

c
where (22)

sin(ε̂) =
cos(θ̂1) cos(φ2 − φ̂1)− R+H

R+D√
1− 2 cos(θ̂1) cos(φ2 − φ̂1)

R+H
R+D

+ (R+H
R+D

)2

with θ1, φ1 and H respectively denote the latitude, longitude
and altitude of the aircraft, φ1 and D denote the longitude
and the altitude of a geostationary satellite. The latitude of the
geostationary satellite is approximately zero, c = 3 108m.s−1

is the speed of light and R = 6378, 14 km is the radius of
the earth.

By studying the distribution function of the relative error
value of τGR based on GPS measurements, it can be shown
that the percentage of error does not exceed 4, 5 10−3% (See
Fig. 2).

Fig. 2: CDF of the estimation error ∆τ = τ̂GR − τGR.

Therefore the estimation error for τGR can be neglected and
the assumption made in the previous section is valid (ie:
τ̂GR = τGR).

We now consider two different approaches for the estimation
of the aeronautical channel that exploit its main characteristics.

B. Channel Estimation using a Multipath Parametric Model

The aeronautical channel can be regarded as a combination
of two waveforms, aLOS p(t) and aGR p(t−τGR) (See Fig. 3).

h(t) = aLOS p(t) + aGR p(t− τGR) (23)

Fig. 3: An illustration for measured impulse responses for
airplane approaching the ground.

The equivalent channel impulse response depends on two
parameters: the delay τGR and the attenuation vector
(aLOS , aGR). The knowledge of these two parameters enables
us to deduce the value of the channel impulse response. This
is a multi-path parametric model, and so we can apply the
estimation method as described in II-C.

In this case, the parameters τ and a can be written as τ =
(0, τGR)

T and a = (aLOS , aGR)
T . In addition, by geometrical

considerations, we can determine with great accuracy the value
τGR. This a priori information can greatly reduce the variance
of the estimator. In fact, the estimation of h is only dependent
on the estimation of the parameter a which reduces to:

{
âLS =

(
SHS

)−1
SHy with, S = XP (τGR)

ĥ = P âLS



where

P (τGR) =




p(0) p(0− τGR)

p(Ts) p(Ts − τGR)

...
...

p((L− 1)Ts) p((L− 1)Ts − τGR)




(24)

Applying this method, an estimation gain with respect the use
of a classical LS estimator U-LSE can be achieved:

GdB = 10 log10(
L

2
) (25)

C. Channel Estimation as a Sparse Estimation Problem

To some extent, the discrete impulse response of an aero-
nautical channel can be considered as sparse [8] if some taps
are neglected. Indeed, there are two or three powerful taps and
other low power taps can be neglected (See Fig. 3). This can
be efficiently used for low complexity equalization [8] [9]. We
now show how it can be used to derive another method for
channel estimation in the aeronautical context.

To build the corresponding sparse channel h̃ from the
aeronautical channel impulse h, we neglect from h the low-
power paths. To this end, one chooses a power ratio threshold
s, normalized to the most powerful path, below which it is
assumed that impulse response is negligible and equal to zero
as the following:

h̃(i) =




h(i) if ||h(i)||22

max
i
{||h(i)||2

2} ≥ s

0 else
(26)

Starting with this assumption, we can use some estimation
methods in the literature [10] [11] which exploit the particular
form of the channel. Instead of estimating h, we will estimate
h̃ as a good approximation for h.

In the case of the aeronautical channel, we can follow the
work by Carbonelli and all [4]. The authors are interested in
joint estimation of non-zero positions and the corresponding
attenuation coefficients of a sparse multipath channel. For the
sparse vector h̃, we associate a binary sparse vector b which
detects the non-zero positions obtained as [4]:

b(i) =

{
1 if h̃(i) )= 0

0 else
(27)

In this case the vector of the samples received can be written
as follows [4]:

y = Xh̃+w = Xdiag(b)h+w = Xdiag(h)b+w (28)

In the general case where there is no a priori on the vector
position of non-zero coefficients b, the estimation is done in
two steps: first, estimation of vector b̂ that contains either 0
or 1, second, computation of an estimation of h̃ derived from
b̂ as follows [4]:





b̂ = argmax
b̃

{
|| y −

[
Xdiag

(
X†y

)]
b̃ ||2

}

̂̃
h =

(
X̂H

b X̂b

)−1

X̂H
b y ;where X̂b = Xdiag(b̂)

To avoid an exhaustive search to estimate b and reduce the
complexity of the problem, we can use for example the Viterbi
algorithm [12]. However, in the aeronautical channel case, the
complexity can be reduced. If, we assume that we can have
an accurate value of the delay τGR. Consequently, we can
accurately identify the positions of non-zero coefficients of
the channel considered as sparse (ie: b̂ = b).

Knowing the value of b, the estimation of the discrete sparse

channel ̂̃h is given by [4]:

̂̃
h =

(
Xb

HXb

)−1

Xb
H y

In the presence of AWGN noise, the variance of the estimator
of sparse channel reaches the Cramer Rao Bound [4]:

MSE(
̂̃
h) = tr

[
σ2
w

(
Xb

HXb

)†]

=
σ2
w

σ2
p(Np − L+ 1)

tr {diag(b)} (29)

Considering the channel as sparse is not really true. By doing
so, we introduced a bias in the calculation of the variance, due
to a mismatch of the channel model.

MSE(ĥ) = MSE(
̂̃
h) + E{||h− h̃||22} (30)

Assuming M = tr {diag(b)} is the number of the non-
zero coefficients in h̃, this method gives an estimation gain,
compared with the use of a LS estimator U-LSE given by:

GdB = 10 log10

(
MSE(ĥU−LS)

MSE(ĥ)

)

= −10 log10

(
M

L
+

E{||h− h̃||22}
MSE(ĥU−LS)

)
(31)

The gain achieved by this method depends on the choice of
non-zero coefficients M .

Referring to (31), we can prove that the achieved gain is
always positive whatever the choice of M , i.e:

GdB ≥ 0 ∀ 1 ≤M ≤ L (32)

To conclude, the sparse consideration enables a reduced
complexity method. However, it is not as efficient as the S-LS
method that considers the multipath parametric model. This
leads to complexity-versus performance trade-off.

IV. RESULTS

We consider in this section a channel length L = 20 and a
training sequence of length N = 25. In Figure4, we compare
in terms of Mean Square Error (MSE) the two estimation
techniques U-LS and S-LS. The Cramer-Rao bounds for both
methods tr (CRBU ), tr (CRBS) are also plotted. Since the
aeronautical channel has two paths, there is a gain of 10 dB
provided by the S-LSE technique compared to the U-LSE
technique.



Fig. 4: MSE, CRB-U and CRB-S for the unstructured and the
structured LS estimator.

Fig.5 and Fig.6 present the performance of BPSK (Binary
Phase Shift Keying) modulation in terms of bit error rate
(BER) for the uncoded case and the coded case, respectively.
For the coded case we use ARJA (accumulate-repeat jagged
accumulate) protograph based Low Density Parity Check
(LDPC) code of rate R = 4/5 with 50 iterations as channel
coding.

Fig. 5: Uncoded BER for the U-LS and the S-LS estimators.

Fig. 6: Coded BER for the U-LS and the S-LS estimators.

We only consider serial channel equalization and channel
decoding. At the reception we adopt an equalization scheme
according to the MAP criterion (Maximum a priori) based
on channel estimation. For the two figures, the blue curve is
relative to equalization using the U-LSE method for estimating
the discrete equivalent channel. The red and the green curves

are relative to equalization using the S-LSE channel estimation
method considering the parametric multipath model and the
sparse parametric model, respectively. The black curve rep-
resents the equalization based on a perfect knowledge of the
discrete channel response.

Results show that the S-LSE technique is better suited to
the MAP equalization and offers a significant gain in terms of
BER compared to the classical U-LS method. Furthermore, the
results show that the estimation technique using a parametric
Multipath model has the same performance than the technique
that uses the sparse consideration in the low SNR region.
However, for high SNR, we can see that the first technique
has better performances than the second one in terms of MSE
and BER.

V. CONCLUSION

In this paper, we proposed some efficient channel estimation
methods for aeronautical communications via a satellite link.
The proposed methods exploit both the particular form of the
channel impulse response and a priori knowledge of certain
parameters that can be determined by geometrical considera-
tions. This reduces the number of variables to be estimated and
provides better performances compared to algorithms that do
not exploit this knowledge. Future works will investigate on
these methods for turbo-equalization [13] to reduce the impact
of imperfect channel estimation. Moreover, impact on linear
equalization methods will also be considered.
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